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ANALYTICITY OF THE SCATTERING OPERATOR FOR
SEMILINEAR DISPERSIVE EQUATIONS

REMI CARLES AND ISABELLE GALLAGHER

ABSTRACT. We present a general algorithm to show that a scattering
operator associated to a semilinear dispersive equation is real analytic,
and to compute the coefficients of its Taylor series at any point. We il-
lustrate this method in the case of the Schrodinger equation with power-
like nonlinearity or with Hartree type nonlinearity, and in the case of
the wave and Klein—Gordon equations with power nonlinearity. Finally,
we discuss the link of this approach with inverse scattering, and with
complete integrability.

1. INTRODUCTION

The local and global well-posedness of semilinear dispersive equations has
attracted a lot of attention for the past years. In general, when global well-
posedness is established, the existence of a scattering operator, comparing
the nonlinear dynamics and the linear one, is a rather direct by-product.
Unlike in the linear case (see e.g. 5, K6, [64]), besides continuity, very few
properties of these nonlinear scattering operators are known. A first natural
question, which can be found in [55, pp. 121-122], consists in investigat-
ing the real analyticity of the scattering operators. A positive answer is
available in some very specific cases: see [0, 8, 4] for the cubic wave and
Klein—Gordon equation in 3D, and [48] for the Hartree equation in 3D. In
this paper, we extend these results to a more general class of dispersive
equations, including the nonlinear Schrodinger equation and the nonlinear
wave equation, in space dimension n < 4 (such an assumption is needed for
the power nonlinearity to be both analytic and energy-subcritical or criti-
cal). Moreover, unlike in [7, 8, B4l B8], we do not use an abstract analytic
implicit function theorem: we construct directly the terms of the series via
a general abstract lemma, thus extending the approach of S. Masaki [A7].
We then show that the series is converging, working in suitable spaces based
on dispersive properties provided by Strichartz estimates. In general, these
estimates are a direct by-product of the proof of the existence of a nonlinear
scattering operator.

Before being more precise about the results presented here, we briefly
recall the approach for (short range) scattering theory in the context of
semilinear dispersive equations. The main examples we have in mind are
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the nonlinear Schrédinger equation

(1.1) i0pu + %Au = Nu[P"lu, (t,z) € R x R",
the Hartree equation

(1.2) i0pu + %Au =A(Jz| 77 % [uf)u, (t,7) € R xR",
the nonlinear wave and Klein—-Gordon equations

(1.3) O*u—Au+ P =0, (t,z) €ERxR"

(1.4) O*u—Au+u+ P =0, (t,z) €RxR™

Up to considering the unknown (u,d;u) instead of u alone in ([3)), (T,
Duhamel’s formula reads, in all these examples,
t

(1.5) u(t) = U(t)up + / Ut —s) (F(u(s))ds,

to
where U(+) is the group associated to the linear equation (A = 0), and ¢y
corresponds to the time for which initial data are prescribed:

(1.6) U(—t)u(t)|t:t0 = .

In the study of the Cauchy problem, one usually considers the case ty = 0.
In scattering theory, the first standard step consists in solving the Cauchy
problem near infinite time: tg = £oo. To consider forward in time prop-
agation, assume tg = —oo. To define the wave operator W_, one has to
solve the Cauchy problem (LCI)-([CH) with ¢) = —oo, on some time interval
of the form | — oo, T'], for some finite T'. Classically, this step is achieved by
a fixed point argument in suitable function spaces. This may yield a time
T < —1, that is, “close” to —oo (but finite). Suppose that the classical
Cauchy problem enables us to define u up to time ¢ = 0. Then the wave
operator W_ is defined by

W,uo = u‘tzo.

The second step consists in inverting the wave operators. For initial data
prescribed at time ¢t = 0, suppose that we can construct a solution which is
defined globally in time (or in the future only, for our purpose). Inverting
the wave operators (that is, proving the asymptotic completeness) consists
in showing that nonlinear effects become negligible for large time, and that
we can find uy such that u(t) ~ U(t)us as t — +oo:

Uy = W_:1U‘t:0.
The scattering operator S is then defined by
Sug = WIIW_UO = Uy.

In general, for small data, the scattering operator .S can be constructed in
one step only, thanks to a bootstrap argument in spaces based on Strichartz
estimates. For large data, one must expect T' < —1 in general. The solution
is then made global thanks to a priori estimates, such as the conservation
of a positive energy (A > 0 in the above examples). The proof of asymptotic
completeness usually relies on different arguments: Morawetz estimates, or
existence of an extra evolution law (e.g. pseudo-conformal evolution law).
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In many cases, these arguments make it possible to define the scattering
operator. The continuity of this operator is usually an easy consequence
of its construction (provided that the proof does not rely on compactness
arguments). Finer properties, such as real analyticity, are not straightfor-
ward. We emphasize again that contrary to the case of the wave operators,
real analyticity of the scattering operator (for arbitrary data) cannot be a
mere consequence of the fixed point method used to construct solutions; we
show here that real analyticity of the scattering operator is very often a
consequence of the (global in time) estimates which are established in order
to show that there is scattering. In all this paper, by “analytic”, we mean
“real analytic”:

Definition 1.1. Let X and Y be Banach spaces, and consider an operator
A: X =Y. We say that A is real analytic (or simply analytic) from X
toY if A is infinitely Fréchet-differentiable at every point of X, with a locally
norm-convergent series: for all f € X, there exists eg > 0, such that for all
g€ X, |lgllx <1, we can find (w;)jen € YN such that for 0 < e < o,

> ellwylly < oo, and A(f +eg) = Alf) +e Y u;.
Jj=0 =0

First, it should be noted that the analyticity of scattering operators near
the origin can be obtained rather directly in general, by applying a fixed
point argument with analytic parameters. Of course, if the nonlinearity is
not analytic, one must not expect the scattering operator to be analytic.
As an illustration, consider the nonlinear Schrodinger equation (). As
noticed in [I7] (in the case n = 1), and following the approach of [25], the
first terms of the asymptotic expansion of the nonlinear scattering operator
S near the origin are given by:

+oo »
S(eu-)=ceu_ — z’sp/ e 28 (

— 00

. p—1 .
eléAu,‘ eléAu> dt + Oy (62p—1) .

The complete proof of this relation is available in [T8] in the L2-critical case
p = 14+ 4/n, for any n > 1. This shows that if p is not an integer, the
operator S is not analytic near the origin: it is Holder continuous, of order p
and not better. We shall therefore consider only analytic nonlinearities:
in (L3), (C4), we shall always assume that p is an integer, and in ([LII), we
shall assume that p is an odd integer. We can now state two typical results
of our approach. Denote

S={feH'R"), = Jz[f(x) € L*R")}.

This space is naturally a Hilbert space. The main results of the paper are
the following.

Theorem 1.2. Let 1 < n < 4 and A > 0. Assume that p > 3 is an odd
integer, with in addition

ep>5ifn=1.

ep=3orbdifn=3.

e p=3ifn=4.
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Then the wave and scattering operators associated to the nonlinear Schrd-
dinger equation ([ILII) are analytic from X to X. If moreover p > 7 forn =1
and p 2 5 for n = 2, then the wave and scattering operators associated to
C) are analytic from H(R") to H'(R™).

Theorem 1.3. Letn > 3 and A > 0. Assume that 2 < v < min(4,n). Then
the wave and scattering operators associated to the Hartree equation (L2)
are analytic from X to . If moreover v > 2, then the wave and scattering
operators associated to (C2) are analytic from H'(R™) to H'(R™).

Theorem 1.4. Let A > 0. Assume that either (n,p) = (3,5) or (n,p) =
(4,3). Then the wave and scattering operators associated to the monlinear
wave equation [3) are analytic H*(R™) x L*(R™) to HY(R™) x L*(R").

Theorem 1.5. Let 1 < n <4 and A > 0. Assume that p > 3 is an odd
integer, with

e p>T7ifn=1.

ep>5ifn=2

ep=3o0rdifn=3.

e p=3ifn=4.
The wave and scattering operators associated to the nonlinear Klein—Gordon
equation ([LA) are analytic from H'(R™) x L?(R™) to H'(R"™) x L?(R").

Notation. If A and B are two real numbers, we will write A < B if there
is a universal constant C, which does not depend on varying parameters
of the problem, such that A < CB. If A < B and B < A, then we will
write A ~ B.

2. AN ABSTRACT RESULT

In this section we intend to study an abstract semilinear equation, and to
present the assumptions we will make in order to conclude to the analyticity
of the nonlinear scattering operator associated to the equation. We begin
(in Section I by writing down in an informal way the equations and
the expected expansion of the solution around a given state. That will
motivate the computations of Section in which an abstract result is
proved, showing under what assumptions on the equation one can justify
such an expansion.

2.1. Setting of the problem. Consider a first order partial differential
equation, of the form
ou=L(0y)u, (t,x) e RxR" u:RxR"—CorR% d>1.

We assume that the evolution of the solution to this linear equation is de-
scribed by a group U(¢). In the semilinear equations we have in mind, the
nonlinearity will be a power law ® of degree p > 2. Let us consider any
solution u to the following equation

Ou = L(0y)u + ®(u).
Introduce the Duhamel formula associated to this equation:

(2.1) u(t) = U(t)ug + N(uw)(t),
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where we have defined

(2.2) Nw(®) = [ Ut =99 (ws) ds

0
In scattering theory, one must think of the initial time as being infinite,
to = —oo, in which case uy = u_ is an asymptotic state.

Ezxample 2.1. To make our discussion a little more concrete, we illustrate it
with the case of a nonlinear Schrédinger equation

1
(2.3) i0yu + §Au = |u[P~ .

In this case, U(t) = 28 and O(u) = —ilulP~tu.
Ezample 2.2. In the case of the nonlinear wave equation
(2.4) O*u — Au+uP =0,
we set u = *(u, Oyu). Denote
w= (=A% W(t)=w  sin(wt) ; W(t) = cos (wt).
Then ([Z4)) takes the form (ZI)-Z32), with

v = ( vy i) ¢ 2@=( g )=( )

The same holds in the case of the nonlinear Klein—Gordon equation
atzu—Au—l—u—l—up = 0.

The only adaptation needed in this case consists in substituting w with
A=(1-A)2

We suppose that this semilinear equation has global solutions in time
and that a nonlinear scattering theory is available (examples are provided
in Section B below). The discussion that follows is purely formal, and is
intended as a motivation to the computations carried out in the coming
paragraph.

Let us construct a solution to the equation associated with an initial data
which is a perturbation of u, written ug +cug where € is a small parameter,
and let us write the solution u® under the form u® = u+ w*. We are looking
for an expansion of the perturbation w® in powers of . Writing ®(u+w*®) in
terms of ®(u) using Taylor’s formula yields easily that the equation on w®
must be of the following type:

(2.5) w(t) = U(t)(sup) + Z/ Ut—s)®;(u(s), w(s),...,w(s))ds,
j=1"%

where from now on ®;(ag,ai,...,a;) denotes a multi-linear form, which
is (p—j)-linear in oy and linear in its j last arguments. In general, this multi-
linearity is on R only, since in the case of the nonlinear Schrodinger equation,
conjugation is involved in the above formula. To ease the notations, we
introduce

(2.6) Nj(u,w,...,w)(t) :/ U(t—s)®;(u(s),w(s),...,w(s))ds.

to
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Our aim is now to write an expansion of w¢ in powers of €, w® = eF L.
) k

keN
Two different situations can occur, according to the value of ugy: either uy

is identically zero (and the situation corresponds to the case of small data),
or it is not.

Case 1: Ezxpansion around zero. Suppose u, vanishes identically. In that
case the only ®; in ([ZH) which is not identically zero is when j = p, and
each wg can be computed explicitly: the only non vanishing terms in the
expansion are terms of the type wy(,_1), for k € N, with

wo(t) = U(t)UQ,

and where the other terms of the expansion are given by an explicit algo-
rithm, of the form

Wit 1)p—1) (1) = G (wo(t), wp-1(t), ..., w1y (1)), & =0.
Typically, wy and w,_1 are given by
wo(t) =U)ug 3 wp—1(t) = Np (wo(t),...,wo(t)).
Ezxample 2.3. In the above example of the nonlinear Schrodinger equa-

tion (Z3), this yields

wo(t, z) = €3 %ug(z),

-t

t
wp—1(t,x) = —i/ ez A <\eZ%Auo(ac)\p*IeZ%Auo(x)) ds.

—00

In other words, wy and wy,_1 solve

, 1
10pwo + §Aw0 =0 : U(—t)wo(t)‘tzioo = ug.
. 1 _
10ywp—1 + iAwp,l = |wq|? L ; U(—t)wl(t)‘tzioo =0.
It is obvious that eii%Awo (t,z) converges as t — 400, and part of the game

consists in showing that so does e 58y, (t,x).

Case 2: Expansion around any initial data. In that case all the ®;’s have to
be taken into account in ([ZH), so the series will be full if w # 0. Moreover
the wy’s are not computed explicitly. For instance the first two terms wyg
and wy of the expansion satisfy

wo(t) = U(t)ug + N1 (w, wp) (t) ;5 wi(t) = Ny (uw,wq) (t) + No (u, wo, wo) ().

Ezample 2.4. In our Schrédinger example (23)), this means that wy must
solve

i0ywo + %Awo = plulP wo + (p — HuP D2 2,
U(_t)w(](t) ‘t:,

Note that the above Hamiltonian is not self-adjoint in general. However,
this aspect will not be an obstruction to our analysis.

Oo:uo.
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Conclusion. To summarize the above considerations, the solution to the
equation

w(t) = U(t)(euo) + N (u7) (¢)

can be expanded as
oo
k(p—
u = 626 (p ka(p,l),
k=0

where the wy,—1) satisfy linear equations and can be computed explicitly
by induction. On the other hand, the solution to the equation

us(t) = U(t)(ug + euo) + N (u7) (t)

can be expanded as
oo
u =u-+e g ek,
k=0

where again the wj satisfy linear equations, but this time are only known
implicitly (again by induction). Those expansions allow to conclude that
the scattering operator is analytic, around any given state (small or large).
In order to make those heuristical remarks rigorous, we need to prove the
convergence of the series formally obtained above. This is performed in
the next section, where we prove an abstract result stating under what
conditions the series does converge.

2.2. An abstract lemma. In this section we adapt A7, Theorem 3.2] to
the case of a perturbation around any given state (in [47], the perturbation
is around zero only).

We keep the notation of the previous paragraph. Let us define D as the
Banach space in which the data lies, and F' the space in which the linear
flow transports the data. The space F is a space-time Banach space, which
we will write as F' = F} N Fy, where

Fy = (CNL>®)(R; D)
corresponds to the energy space, while
Fy, = LT"(R; X1) N L®(R; Xq), 1< q1,q2 < .

for some Banach spaces X7 and X5. Typically F5 should be thought of as a
Strichartz space, taking into account dispersive effects. In several applica-
tions, we will consider ¢; = ¢o and X; = X5. The main assumption on the
linear evolution is that

Assumption (H1). There exists Cy > 0 such that for all g € D,
1U()gllr < Collgllp-
This assumption will always be satisfied thanks to Strichartz estimates.

Example 2.5. Suppose that we consider the nonlinear Schrédinger at the L2
level. A natural choice is then D = L?(R"), F = (C N L*>)(R; L?(R")) N
L(R; L"(R™)) for some Strichartz admissible pair (¢,7) (with r = p + 1).
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As in the previous paragraph we consider a family of p-linear forms de-
noted by (Nj)igj<p, Who are (p — j)-linear in the first variable and linear
in each of the j remaining variables. We recall that the family (IV;)i1<j<p is
constructed as follows:

(2.7) V(a,b), N(a+b) => Nj(a ,b).
7j=1

We will consider the second assumption:

Assumption (H2). There exists 6,C > 0 such that for all w,u1,...,u; € F
and for all I interval in R, we have:

J
—5—7j P
LeerNj(w g, - . ug)lle < CllLierul % ™ T ludlr if 5 < p -1,
=1
[LterNp(u, - .. up)|[p < CZ Lo ruel|, lluel 30 H [[wer (| -
040

Remark 2.6. The definition of F' implies that if A and B are two disjoint
intervals of R, then

(2.8) ILtcauBfllF ~ Licafllr + [[Lien fllF-
Moreover Lebesgue’s theorem implies that

(2.9) Yo e, lim ||[1zrvlm = 0.
T—+400

Similarly, we notice that (H2), applied to j = 1, implies that R may be
decomposed into a finite, disjoint union of K intervals (Ij)1<r<x such that

1
(2.10) Vi€ F, en Ni(wo)llr < 5llerolr,

Fix ug in D. We construct by induction a family (wy)gen:
wo(t) = U(t)uo + Nl(g, wo)(t),

P
wmzz Z Nj(w, wey s - - - we, ),

J=1 jHlr4tl=m1
;>0
with the convention that Z = 0. We have the following important lemma.
0

Lemma 2.7. Let u € F solve [ZI) with initial data uy € D, and let ug
be a given function in D, with ||lug||p < M. Assume (H1) and (H2) hold.
Then there exists g = €o (||u|lp, M) > 0 such that for 0 < € < €9, the
series Z efwy, converges normally in F, and

keN

ut i =u+te Z efwy,  solves: wf(t) = U(t)(ug + cug) + N (uf) (t).
keN

Remark 2.8. Lemma B implies in particular the real analyticity of the wave
operators as functions of D, by considering the above result at time ¢ = 0,
since for g = —00, uf_q = W- (ug + €up).
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Proof. Let us start by finding a bound on wyg in F. Inequality (ZI0) allows
to write that

[Len,wollr < | leer,U()uollr + [[1eer, Ni(u, wo)|
1
< een UC)uollr + 5l Leer, woll -
This implies directly, using (Z8), that

lwollr < [1U()uollr

so by (H1) we infer that

(2.11) llwollF < Colluollp-
We prove by induction that there exists A > 1 such that for all m > 1,
(Rin) [wm|[F < A™.

We notice that if that is the case, then the convergence of the series Z eFwy

keN
in F' is obvious as soon as €A < 1.

Let us start by proving (Ry). We have by definition
wy = N1(u, wr) + Na(u, wo, wo),
and the same argument as in the case of wy gives
[Ltenwillr < [Ller, Ni(w, w1)l|F + || Lter, Na(u, wo, wo)|| F
1
< §H1telkwl||F + | Leer, Na(w, wo, wo) | r-
By (Z3), we infer that
[willF S [[V2(w, wo, wo)| £
The continuity property (H2) then implies that
-2
lwillr S Collull " llwol7
so finally by (1)
-2
lwillF S Collullz(Colluoll p)*.
-2
So we can choose A > 1+ Callul/y = (Colluol|p)? to get
[wi]lF < A.

Now let us turn to the hierarchy of equations on wy,, for m > 2. Supposing
that (Ry) holds for all 1 < ¢ < m — 1, let us prove (R,,;). To simplify the
notation we define

P
N(u,wg,...,wyp—1) = E g Nj(w, wey, - - -, we; ).
J=2 j+bi+--+Lj=m+1
£; >0

The same argument as above yields

ILien,wmllr < | Lier, N1(w, wn)llF + | Lier, N (w, wo, - - -, wm—1)||F

1 ~
< §”ltelkmeF + |1 1ter, N (w, wo, - -+, Wrn—1) || F-
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Obviously this implies, using ([Z8), that

lwmlle S 1IN @, wo, ..., wi1) || -

By (H2) and defining C' := max; <<, Cj, we get that

D J
lwmlle S C llulf? > T llwe, Il
=2

j+€1+---+5]~:m+1 =1
£; >0

b J
< Ol > TT A% (Colluol p)Hiti=0}
i—2

JHl+tl=mt =1
£;20

p
S C+ Colluollp + llullm)P Y - A™

j=2
< C+ Colluollp + [lufp)PA™

since A > 1. To summarize, choosing
AZ1+C+ Colluolp + llullr)”

we have ||wy,||r < A™, and (R,,) is proved for all m > 1. As remarked
above, this enables us to infer that as soon as € is small enough, the series
of general term Ekwk is convergent.

To conclude the proof of the lemma, let us prove that the solution of
(2.12) ut(t) = U(t)(ug + cup) + N (u°) (¢)

satisfies

u® :g+szskwk.
keN

We show that the solution u® of ([ZIZ) satisfies

n
ue—g—eg eFwy,

k=0

lim
n—oo

=0,
F

by writing the equation satisfied by w8 :=u® —u—¢e> ;_, ekapy,. Tt is here
that the exact definition of the multi-linear operators N; given in (1) is
used. First, we know that for eA < 1, the series 3" e¥wy, converges normally
in F. Therefore, w; has a limit in F' as n — oo, provided that ¢ is fixed
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such that eA < 1. On the other hand, by the definition of w3,

n
wy, =N (@Jrszekwwr@i) — N(u)
k=0
n

_52 Z Z Nj(g,wgl,...,ng)

=0 j=1 jtl4-+Llj=k+1
020

p n n

V4 ~c 4 ~g

:E N; y,sg alwgl—i—wn,...,ag edwy; + w,
£;=0

j=1 £1=0
n

P
—€ 6kz Z Nj(w, wey s - - -5 wy,)

k=0  j=1 j+li+--+Lj=k+1
2,20

From the above estimates, we can write

¢1=0

P n n

¢ ~ 2 ~ ~
g N; | u,e g etwy, W5, . .. € g edwy; +wy, | = Gy (wy)
j=1 £;=0

n
—i—ZN u azglwgl,...,gzggngj ,
£;=0

1=0

where G, is such that we can decompose R as a finite, disjoint union of
intervals J,, 1 < ¢ < @, independent of n, such that

_ 1 _
e, Gn (@)lIF < 5l1Ltes, @hllp-

We infer
p—1+pn
~c ~ 1+k
w;, = Gy, (wr) + E E E Nj(w, wey s - - -, we, ).
k=n+1 J=1 j+ly+-+Lj=k+1

0<ti<n

Using (Z8)) and summing over the intervals J;, we conclude

@il = 0 ((e4)"*) .

Since eA < 1 in order for all the above estimates to hold, Lemma B follows
from uniqueness for (ZI2)) in F', which in turn is a consequence of (H2). O

This result allows us to infer the analyticity of the scattering operator, as
shown in the following lemma.

Lemma 2.9. Let the assumptions (H1) and (H2) be satisfied. Assume
furthermore that U(-) is uniformly continuous in D. Then U(—t)u(t) con-
verges to a limit u, in D ast — 400, and for all k > 0, U(—t)wi(t) has
a limit in D, denoted by wJr Moreover, for € sufficiently small, the series

Y keN akwl,:r converges normally i D and the function

e .__ k. +
u .—g++526 wy,
keN
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is the limit of U(—t)u®(t) in D as t — +o0.
In particular, the scattering operator is analytic from D to D.

Proof. Let us start by proving the existence of u,. We have

/t . U(—s)®(u) ds

1

U (~t2)ults) — U~tDut) ) = ‘

D
= Hl[thtg}U(_t)N(u)HD
S Hl[tl,tz}N(Q)HFl S Hl[tth]N(g)HF

N [ TP 1 o

by assumption (H2). We conclude by the fact that the right-hand side goes
to zero as t1,ty go to infinity.

Now we prove the result on U(—t)wg(t) by induction on k. For k = 0 we
have, in the same fashion as above,

1U(=ta)wo(tz2) = U(=t)wo(t)lp = ||1jey,e0U (=) N1(w, wo)||
5 Hl[tl,tg]Nl(g,w(])HF
S [t el Il wole,

since wop belongs to F' due to [ZII]). We conclude as above.
Now suppose that for m > 1 and for all 0 < £ < m — 1, U(—t)w,(t) has a
limit. We prove the result for U(—t)w,(t). We have as above

|U(—t2)wm(t2) — U(=t1)wm(t1)|p <

p
S Z Z Hl[tl,tQ}U(—t)Nj(g,wgl,...,Wj)HD

§=1 jtbr+-Hly=m+1
620

SZ Z Hl[tl,tQ}Nj(anﬁr"7w5j)HF

J=1 j+l el j=m+1

£;>0
p—1 5 S J
<> 11y gl Ml TT Nl |l
=1 j+l++Lj=m+1 k=1
2,20
a d 4
17
+ Z Z Hl[tlth]ungFg ||u€kHF H ngk/HF
pHl+-+lp=m+1 k=1 K'#k
£;>0

The result follows as previously.
The convergence of the series defining 5 is due to Lemma E7, and
Lemma 29 follows directly. O

2.3. An easy and useful adaptation. For nonlinear Schrodinger and
wave equations, Lemmas 7] and are well adapted to study the wave
and scattering operators in energy spaces. On the other hand, as recalled in
the introduction, weighted Sobolev spaces are very useful in scattering the-
ory for these equations. Typically, for the nonlinear Schrédinger equation,
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the natural energy space is H'(R™), but more results concerning scattering
are available in Y, defined in the introduction. In the case of the energy
space H', we will see that the natural choice for the space F is

4p+4
F=CnL>®(R;H'(R")) N L"e-1 (R;WPTHR™)),
which is of the form considered in §ZZ with X = WLPTL(R"). When
working on 3, the natural choice for F' is
~ 4p+4
F=Fn {f €C(R;Y), J(t)f € LoD (R; LP+1(Rn))} ,

where J(t) = x + itV is the Galilean operator. It satisfies the important
property J(t) = U(t)zU(—t). The situation is fairly similar in the case of
the nonlinear wave equation.

It is therefore natural to adapt the framework of §221 For the same

spaces D and F, introduce
F=FnFs, where | flr = [flle@p) + 1 flLsmy),
for some Banach spaces E' and Y, and some operator J depending on time.
Define the space D and F5 by their norms
lgllp = llgllo +117O)gllz 5 1flz = 17 + 1T La@y)-

It is easy to check that Lemmas L7 and remain valid if F' is replaced
by F, provided that (H1) and (H2) are replaced by:
(H1) 3Co, Vge D, [IUCgl < Collglp:
and

Assumption (]-72) There exists §,C' > 0 such that for all u,uy,...,u; € F
and for all I interval in R, we have:

J
—§—j AP
LeerNj(u - uj) | 7 < OllLeerul|f lul B T luell i 5 < p - 1,
=1

p p
h) 1-6
LeerNp(us, ... wp)llz < C Y 1L ruel| G lluell 7 1T ez
(=1 040

In the applications, we shall also use the following lemma, whose proof
follows the same lines as the proofs of Lemmas 70 and BX3, and is left out.

Lemma 2.10. Let u € F solve ) with initial data uy € D, and let ug
be a given function in D, with ||lug|lz < M. Assume (H1) and (H2) hold.
Then there exists e = eq (|wl]|F, M) > 0 such that for 0 < & < gq, the

series E efwy, converges normally in F, and
keN

uti=u+e Z efwy,  solves: uf(t) = U(t)(ug + eug) + N (uf) (t).
keN
Assume furthermore that U (-) is uniformly continuous in D. Then U(—t)u(t)
converges to a limit u, in D ast — +oo, and for allk > 0, U(—t)wy(t) con-
verges to w,:' in D. Moreover, for e sufficiently small, the series ) ; 6’“102'
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converges in D and the function

k
ui =u, +¢€ E € w,':
keN

is the limit of U(—t)us(t) in D as t — +oo.
In particular, the scattering operator is analytic from D to D.

3. APPLICATION TO SEMILINEAR DISPERSIVE EQUATIONS

3.1. The Schroédinger equation.

3.1.1. General presentation. We consider the nonlinear Schrodinger equa-
tion with gauge invariant nonlinearity presented in the introduction:

1
(3.1) i0yu + §Au = |ulP"tu, (t,z) € R x R",

In order for the nonlinearity to be analytic, we assume that p is an odd
integer, with p > 3. Note that compared to Eq. (LIl), we have imposed
the value A = +1 for the coupling constant. We consider defocusing nonlin-
earities, for which the scattering theory is much richer than in the focusing
case, where the existence of solitons and finite time blow-up phenomenon
may prevent the solution u from scattering at infinity.

Two different frameworks seem particularly well suited to study scattering

for (I0): H'(R"), and
= {fe HIRY), zm |olf(z) e AR},

We apply Lemmas B and in the first case, and Lemma in the
second case. Note that another framework should be well suited as well,
which is the L? case. If p > 1+ 4/n, then the nonlinearity in 1) is
L2-supercritical: the results of [23] show that a scattering theory in L2
with continuous dependence on the data is hopeless. If p < 1+ 4/n, then
scattering is not known at the L? level, and does fail if p < 1+ 2/n ([I3,
26, 61, 62]). In the L2-critical case p = 1 + 4/n, scattering is known for
small data [20]. Note that p = 1+ 4/n is an odd integer only when n =1
or 2. For n = 1, scattering for large L? data is not known so far. For n = 2,
scattering for large L? radial data was proved in [#3]. To avoid an endless
numerology, we leave out the discussion on the L? case at this stage.

Note also that the case of non-Euclidean geometries could be considered.
In [T2], the existence of scattering operators was established in H' for so-
lutions to the nonlinear Schrédinger equation on hyperbolic space, in space
dimension three, for energy-subcritical nonlinearities: the nonlinearity is an-
alytic if it is cubic (and only in that case, since the energy-critical case has
not been treated so far). Also, from the results in [40)], scattering in H' is
available on the two-dimensional hyperbolic space. The analyticity of wave
and scattering operators in these cases can then be established by the same
argument as in §8.1.7] below.
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3.1.2. The case of H'. For p > 1+4/n, with p < 1+4/(n—2) when n > 3,
the existence and continuity of wave operators was established in [29]. If we
assume moreover that p > 14+4/n, then asymptotic completeness holds: this
was proved initially in [29] for n > 3 (see also [63] for a simplified proof), and
in [51), B3] for n = 1,2 (see also [19]). We assume 14+4/n <p < 1+4/(n—2).
In order to prove the second part of Theorem in the energy-subcritical
case, it suffices to exhibit spaces D and Fj such that (H1) and (H2) are
satisfied. We consider the energy-critical case p = 1+4/(n—2) in a different
paragraph, since the proof is slightly different.

We set naturally D = H!'(R"), hence F}; = (C' N L*®)(R; H'(R")). The

space F5 is motivated by Strichartz estimates:

4p+4
p—1)

Fy = Lno-0 (RyWHPHH(R™)) .

Note that the pair (¢,7) = (n‘t’;ﬁ) ,p+ 1) is L2-admissible:

1 1 2
—zn(———) =:4(r), 2<r< n2’ (n,q,7) # (2,2,00).
n_

The fact that (H1) is satisfied is a consequence of homogeneous Strichartz
inequalities ([30, B2]). To check (H2), we use inhomogeneous Strichartz
inequalities, and the following algebraic lemma:

Lemma 3.1. Letp > 1+4/n, withp <1+4/(n—2) ifn>3. Set

Then (q,r) is admissible. Set

_ptl Xn(p—l)—4

)
p—1 n(p—1)

Then 6 € [0,1]. Defines=r=p-+1 and k= q/(1 —0). Obviously,

1 1-0 0 1 1-0 0
s T p+1 ' k¢ 00
1 1 -1 1 1 -1
andwehcwe:—:——i-p—, and—:——i—p—_
r r s qJ q k

Recall that the nonlinear terms N; stem from an inhomogeneous term in
integral form, ([Z0). For a time interval I C R, inhomogeneous Strichartz
estimates yield, for 1 < 7 < p,

[LeerNj (w, w1, - -, )| poor.12ynLawsry < €

)

J
Ler |uf™ T] ud
(=1 La' (R;L™)
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for some constant C' independent of I, and u, u1,...,u; € F. Using Lemma[B.T]
we infer, if j <p—1:

—1—j
terNj (M oo r2apars S eerullpopr |Leerullye” H I Lecruellpers

0)(p—1— J) [ ”9(1? 1-7)

N ”1teIU”Lqu ”u”Lq Lo+l X

X H HWHLqu HWHLDOLPH

Using the embedding H!(R") — LPT1(R"), we deduce:

1—
1eerNj (- Moo renpars S ILeerull pope ™ H [[well -
/=1

The estimate for N, in L>®L?N LIL" follows from the same computation.
To estimate N; in L>®H'N LYW, we mimic the above computation. To
simplify the presentation, and to explain why Assumption (H2) is stated in
such an apparently intricate way, we consider only the case j = 1. All the
other cases can be deduced in the same fashion. We have obviously

LierVNT (w,u1)| S |Leerw? 2w Vu| + [Lieru?’ ™' Vg | .

Proceeding as above, we consider the L>®°L? N LYL" norm, and use Hélder’s
inequality, as suggested by Lemma BJl However, we do not have the same
room to balance the different Lebesgue’s norms: we do not want to use
Sobolev embedding to control the derivatives. We find
-2
1eer VN (w )| poo porparr S IVl pape 1Leerull7iy | Leerull e

+ |[Vui|l papr HltEIUHLkLS

0 2
< Nl g eerall S22 1l 2, |

1 0 1
+ [l 1 Leerull G2 w500,
0—2
< serul ol 2572 |

where we have used the same estimates as above (recall that p > 3). There-
fore, Assumption (H2) is satisfied, with 6 = 1 — #. Note that § > 0 because
we consider the energy-subcritical case, p < 14 4/(n —2).

Therefore, we can apply Lemmas 7] and with F' as above. This yields
the second part of Theorem [[Z, except for the energy-critical case. Note
that in the following two cases:

e n =1 and p =5 (quintic nonlinearity),
e n =2 and p = 3 (cubic nonlinearity),

which are L? critical p = 1 + 4/n, Lemma 1 shows that the wave oper-
ators are analytic on H'(R"). However, scattering in the energy space for
arbitrary data is not known in these cases.
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3.1.3. The case of %. To overcome the drawback mentioned at the end of
the previous paragraph, we shall consider the weighted Sobolev space ..
Generally speaking, working in 3 makes it possible to decrease the admissi-
ble values for p in order to have scattering, from p > 1+ 4/n, to p = po(n),
for some 14 2/n < pp(n) < 1+ 4/n; see 22, 27, 36, B4]. However, the gain
in the present context is rather weak, since we consider only integer values
for p: the gain corresponds exactly to the two cases pointed out above.

As suggested in §2.3l we consider the space
~ 4p+4
F=Fn {f € C(R;Y), J(t)f € LoD (R; LPH(R"))} ,

where J(t) = x + itV, and F was defined in the previous paragraph. We
can then mimic the above computation, in order to apply Lemma We
recall two important properties of the operator J which make it possible to
check Assumptions (H1) and (H?2):
e It commutes with the linear Schrédinger group: J(t) = U(t)zU(—t).
e It acts on gauge invariant nonlinearities like a derivative, since

J(t) = itelel/ )y (efumﬁ/(zt).) VL.

Lemma and the results of [27] yield Theorem in all the cases, but
the energy critical one, which is considered in the next paragraph.

3.1.4. The energy-critical case. To complete the proof of Theorem [[Z, two
cases remain, which correspond to the case p =1+4/(n — 2):

e n=3andp=>5.

e n=4andp=3.
Global existence and scattering for arbitrary data in H'(R™) were estab-
lished in [24] and [57], respectively. A crucial tool in the energy critical case
is the existence of Strichartz estimates for H'-admissible pairs, as opposed
to the notion of L?-admissible pairs used above. It is fairly natural that our
definition for F' is adapted in view of this notion. Recall that for n > 3, a
pair (¢,r) is H'-admissible if

2+n_n 1
g r 2 '
Denote

4 8
Y=24+— and vy =2+ ——.
n n—2

The pair (70,70) is L2-admissible, and (y1,71) is H'-admissible. We set
F =F NF,, with F; = (CNL>) (R; H'(R")), and
By =L (Ry WO (R™) N L™ (R x R™).
With such a space F', Assumption (H1) is satisfied, thanks to Strichartz
estimates, along with the Sobolev embedding H'(R") — L2/ (=2)(R™). To

check that Assumption (H2) is satisfied as well, we distinguish the two cases
we consider, for a more convenient numerology.
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The quintic case, with n = 3. In this case, we have vy = 10/3 and v, = 10.
For uy,...,us € F, we have, for K = 0 or 1, thanks to Strichartz estimates
and Holder’s inequality:

“VkAtU(t—s)(ulx...XU5 dH

Lo (I;L2)NLO/3 (I xR™)

A

Vk(ulx...qu,)‘

L10/7(I><Rn)

A
e

|7

Il
—_

5
L10/3 (I xRn) H Huz”Llo(Ian H HltEIUjHFQ )
J e

We also have, in view of Sobolev embedding,

” /t: U(t—s)(up X ... X us) (S)ds‘
5”/t:U(t—8) (ug X ... % u5)(3)d3‘

L10(IxR™)

LIO([;Wl,SO/IS)

1
< k ‘
5] KT S
k=0
thanks to Strichartz estimates. Using the above computation, we infer that
Assumption (H2) is satisfied.

The cubic case, with n = 4. In this case we have y9 = 3 and v = 6. For
u1,u2,u3 € F, we have, for k = 0 or 1, thanks to Strichartz estimates and
Hoélder’s inequality:

t
Hltgvk / U(t — s) (urugug) (s)ds
to

Syl

Jj=1

S [[v* tnaus)|
1uU2U3
LEL2nLy, ™ ( )

L3/2(IxR™)

3
L3(IxRn) HHW”LG(Ian H ILeeru;l, -
] J=1

We also have, in view of Sobolev embedding,

H /t: U(t — s) (urugus)(s)ds

< H /t: U(t — s) (uyugusg)(s)ds

LS(IXR™)

1
< k
Lo (Lwzs) ~ ;;) HV (u1u2u3)‘

thanks to Strichartz estimates. Using the above computation, we infer that
Assumption (H2) is satisfied.

Finally, it is easily checked that we can replace H' with ¥, as in the
previous paragraph. This completes the proof of Theorem

L3(IxRn)

Remark 3.2. At the level of H!, it is possible to have a unified presenta-
tion, that is, without distinguishing the H'-subcritical and H'-critical cases.
The price to pay consists in considering Besov spaces for the definition of
F5, instead of Sobolev spaces. We have chosen to work in Sobolev for the
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simplicity and the explicit form of the computations. A more synthetic
approach would consist in setting

Fy =L (R; B% »(RM) N L™ (R x R™),
-1 1 1

mnooo% W

4
with v9 =24 — and 2
n

Sobolev and Strichartz inequalities are replaced by

L0 RBl (Rn)))’

an estimate established in [51), §3]. Note that in the energy-critical case
p = 1+ =5, thisis the estlmate which we have used, up the replacing Besov

el e oy + Nl < <\|uo||H1+Hzatu+ Aul

spaces B;Q Wlth WP (a modification which is non-trivial since p # 2).

3.2. The Hartree equation. We now consider the Hartree equation ([C2)
with a defocusing nonlinearity, A = +1, in space dimension n > 3:

1
(3.2) i0yu + §Au = (Jz| 77« |u|2) u

Note that the nonlinearity u — (|~ * |u|*) u is always a smooth homo-
geneous (cubic) function of u. We assume 2 < v < min(4,n). A complete
scattering theory is available in the space ¥; see |28, 37]. If we assume more-
over v > 2, then X can be replaced by H'(R"); see [34, 50]. The counterpart
of Lemma BTl is:

Lemma 3.3. Letn > 3 and 2 <y < min(4,n). Set

&r)= <%’2n4ﬁ7> '

Then (q,r) is L?-admissible. Set @ =2 —4/~. Then 0 € [0,1[. Define s =r
and k = q/(1 —0). Obviously,

1 1-6 46 1 1-60 46

- = +- 5 s =—+—

s r r k q o0

2 1 1 2 1 2
and we have s < n,with—:——l———i—l—land—:——F—

n—-y r! r s n q k

We can then proceed as in the energy-subcritical case for the nonlinear
Schrodinger equation (B), in order to prove Theorem [[3. The only dif-
ference is the use of the Hardy-Littlewood—Sobolev inequality. Since the
computations are very similar to those presented in §8.11 we shall be rather
sketchy, and detail only the most important computation. We set

Fy=(CnL®)(R;H (RY) ; F=L"R;W"(R"Y),

where (g, ) is now given by Len_lma It follows from Strichartz estimates
that (H1) is satisfied. For t € R and I an interval in R, we have, for ¢ = 0
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or 1:

lte[vz/ Ut —7) (|27 * (uru2)) ug) (1)dr

to

L L2NLILY

N Hltelvz (] ™7 * (urug)) Us‘

!
q /
LYLy

< |l VPl el |,

gy * 12Vl sz

Ly (1)

o2 ||V
L [T PR R 1Y

‘
< 19wl TT gl
Jj=1 J'#i
where we have used Hoélder and Hardy—Littlewood—Sobolev inequalities in

the space variable. Using Holder’s inequality in time, we can estimate each
term of the above sum by:

L, .
|9

LY (1)

H (¥ k(T-
Lq(I;LT)j/;éjH ain (I;L7)

<[

~

1-6
sty L1 (5t oy g )

j/

3
10y 116
S Teerusls, sl %
j=1

where we have used the embedding H' — L". This estimate suffices to check
that Assumption (H2) is satisfied (with § =1 — 6 > 0), hence Theorem
in the case of H1(R™). In the case of X (which allows to consider the value
v = 2), one uses the operator J(t) = x + itV like in §8T3] to complete the
proof of Theorem

3.3. The wave equation. We now turn to the case of the nonlinear wave
equation

(3.3) Otu—Au+uP =0, (t,z) € RxR™

In order for the nonlinearity to be analytic, we assume that p is an integer.
Moreover, for the anti-derivative of the nonlinearity to have a constant sign,
we need to assume that p is odd; without this assumption, scattering for
arbitrary large data does not hold.

The existence of wave and scattering operators in

S2=A{(f.9) € H'(R") x L*(R"), x> [2[Vf(z),2+ |z[g(x) € L*(R")}

was established in [3T], under the assumption
4 4
1+ ——<p<ld——.
n—1 n

As a matter of fact, some values for p < 14+4/(n—1) are also allowed there.
See also [6] and [39] for n = p = 3. With these results, we could certainly
prove that the wave and scattering operators are analytic from g to Yo,
for 2 <n <4 and
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ep>5ifn=2
e p=3orbifn=3.
e p=3if n=4.
We leave out the discussion at this stage, since the estimates based on the
conformal decay are fairly long to write.
The existence of wave and scattering operators in H'(R") x L*(R") was
established in [9, 4T, 59, 60] for the energy-critical case

pzl%—i, n=3,4.
n—2

(The space dimensions 3 and 4 are the only ones for which the energy-critical
nonlinearity corresponds to an odd integer p.) As stated in Theorem [l we
shall content ourselves with these two cases. Note also that from [32], the
existence of scattering operators in the energy space is known for energy-
subcritical nonlinearities. However, this range for p does not include odd
integers, and we are left with the above two cases. Also, if we considered only
small data scattering, then more results would be available. We choose not
to distinguish too many cases, and restrict our attention to the framework
of Theorem [[4

Naturally, we have D = H'(R") x L?(R"), and
Fy = (C N L®)(R; HY(R™)) x (C' N L>®)(R; L2(R™)).

As in the case of the Schrodinger equations studied above, the space Fj is
defined using Strichartz estimates: we set

L° (R; L'(R%)) x L™ (R; L*(R?))  ifn =3,
2T {L3 (R; LS(RY) x L™ (R; LX(RY))  ifn=4.
Recall that for n > 3, and (g, ) satisfying

1 n n 2n 2n+ 2

q+7" 5 , r<ooitn — T S

if n >4,

Strichartz estimates yield (see e.g. [33, 42])
HuHLq(I;LT) + HUHLoo([;Hl) + HatuHLOO(I;L?)
< Gy (|lupoll g1 + N1oveemoll o + 1187 = A) ull a g 12))

for some constant C,. independent of the time interval I. Note that the pairs
(5,10) and (3,6) are admissible for n = 3 and n = 4, respectively.

In the case n = 3, and in view of Example 2, it is enough to control
|[urugusugus || p1(r,z2) by the product of the [lus|[ 15z, 10y, to verify Assump-
tion (H2). Such an estimate if of course trivially satisfied. Similarly, for
n = 4, [lugugus||p1(s,z2) is controlled by the product of the ||u;||z3(z,z6)-
Therefore, Theorem [L4] follows from Lemmas 27 and

3.4. The Klein—Gordon equation. We conclude with the case of the
Klein—Gordon equation

34 Pu—Au+u+uP =0, (t,z)eRxR"™
t
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As above, we assume that p is an odd integer. The natural energy space
is D = HYR") x L?(R"). For n > 3, scattering in the energy space was
established in [T6] for

4 4
1+—<p<<l+——7r
n n—1

and in [30] for

4 4

l+—<p<l+——.

n n—2
The case of the low dimensions n = 1 or 2 was treated by K. Nakanishi
[BI] (see also [B3]), for p > 1+ 4/n. The existence of wave and scattering
operators in the energy-critical case p = 1+ 4/(n — 2) in space dimension
n > 3 was established in [52]. All in all, scattering in the energy space is
known for p > 1+4/n, and p < 1+4/(n—2) when n > 3. Such values for p
corresponding to an odd integer are exactly those considered in Theorem [LH

As pointed out in [3I], this numerology is the same as in the case of
the nonlinear Schrédinger equation (BJ). The proof of Theorem [[H follows
essentially the same lines as the proof of Theorem [L2, up to the following
adaptation. For the space F}, we keep

F = (CnL®) (R; HY(R")).
For the space Fy, Sobolev spaces are replaced by Besov spaces:
Py = [0 <R; Bi({é(&“)) AL (R x R"),

-1 1 1
p b=
4! Y0 Yo

4
with 79 = 2+ — and
n

Equation (3.9) in [5I] yields the analogue of the estimate recalled in Re-
mark B2k
)

The proof of Theorem then follows the same lines as the proof of Theo-
rem [[L2 up to the technical modifications which can be found in [51].

[[ull oo () H 1Ol oo (s 22) + [[ull 7,

1

< (ol 0

4. SOME CONSEQUENCES

4.1. Invariant skew-symmetric forms. Let

(4.1) Wywave (U1, u2) (t) := / (u10pug — ugdyuy) (t, x)dx.

It is proved in [A9] that for the cubic three-dimensional Klein-Gordon equa-
tion (Eq. (B4) with n = p = 3), Wyave induces a skew-symmetric differential
form on some space F' (based on the energy space), which is invariant under
S. In [§], the space F' was replaced by the energy space, in the small data
case. Following the proof of [49], we have the following extension:
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Proposition 4.1. Form > 0, consider the equation (wave or Klein-Gordon)
O2u — Au +mPu +uP = 0.

Then under the algebraic assumptions of Theorem (case m = 0) or
Theorem [LA (case m > 0), wWyave induces a skew-symmetric differential
form on the energy space, which is invariant under S.

Sketch of the proof. Since the proof follows the same lines as in [49], we shall
simply recall the main steps. At least for smooth solutions, we compute

d
Ewwave(ula u2) = / (u2u11) - ulug) d.

If uq, uo and ug solve the above equation, then using the above relation and
expanding

Wwave (u2 — Ui, u3 — ul) = Wwave (u2, U3) + Wwave (uly u2) — Wwave (uly U3) 5

we find

%wwave (ug — uy,uz — uy) = / ((ug_l - u§_1> (ug — u1)u3> dx

. / <(u12)71 _ u’fl) (ug — uQ)U1> de.

Elementary computations show that (u; — ug2)(u; — us)(us — ug) can be
factored out in the above expression. Now let u_,v_ and w_ be in the
energy space (whose definition varies whether m = 0 or m > 0). In ([@3Z),
we consider up, ug and us with asymptotic states as ¢ — —oo given by u_,
u_ +ev_ and u_ +ew_, respectively. The results of Section Bl show that the
image of v_ under dS(u_) is v4, which is the asymptotic state as t — 400
of v, satisfying

(4.2)

02v — Av +m?v + puP~tv = 0,

with asymptotic state v_ as t — —oo (vy = v_ if u = 0: S is almost the
identity near the origin; v; is implicit otherwise, see §211). Integrating (E2)
over all £, we get:

Wwave (U2 — u1) 4, (U3 — u1) ) — Wyave (EV—,cw_) = O (63) )

from the factorization mentioned above. Simplifying by €2, the result follows
by letting ¢ — 0. U

In the case of the Schrédinger operator, introduce
WSchrad (U1, u2) (t) = Im (Tyus) (t,x)dx.
R?’L

Like above, if u; and wuo solve
1
i@tuj + §Au] = Fj,

then we have:

d

gy Wsehrad (u1,uz) = Re/ (Fiug —u Fy) .
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If uq, ug and ug solve ([B), we find:

d

7 WSehrid (ug —uy,uz —u1) = / (JuaP™ = Jus[P~) Re(ug — uq )i

+ / (|UQ|p71 — |U1|p71) RG(U3 — UQ)ﬂl.

Viewing the right hand side as a polynomial in three unknowns wy, us and
ug, we note that it is zero for u; = us, ug = uy and us = uz. We can then
use the same argument as above, to claim that it yields a contribution of
order O(g3). Proceeding as above, we have:

Proposition 4.2. Consider the equation
1
i0pu + §Au = |u[P~ .

Under the algebraic assumptions of Theorem [L3, wgchroq induces a skew-
symmetric differential form on H'(R™) (or X), which is invariant under S,
the scattering operator associated to the above equation.

Finally, if u1, us and ug solve
1
i@tuj + §Au] = (V * |uj|2) uj,

then we find

d
7 WSchrid (ug —ur,ug —uy) = / (V x (Jual?® — |us|?)) Re(us — u1)us

[V (uaP = ) Relus — oy
Proposition 4.3. Consider the equation
1
10 + §Au = (]x\”’ * \u]2) u.

Under the algebraic assumptions of Theorem [[3, wgchroq induces a skew-
symmetric differential form on H'(R™) (or %), which is invariant under S,
the scattering operator associated to the above equation.

4.2. Infinitely many conserved quantities. In [0, 8], the authors con-
sider the Klein-Gordon equations (L) with p = 3, and prove that the
analyticity of the scattering operator (which at the time was only known for
small data) implies the existence of a complete set of conserved quantities
with vanishing Poisson brackets. The proof of [§] relies upon the construc-
tion of invariant skew-symmetric forms, as in the previous section. Once the
form wyave is known, one can construct explicitly a complete set of integrals
of motion F}, with vanishing Poisson brackets. The statement is given be-
low, in all the cases studied in the paper. We refer to [§] for the proof of the
result, which can be directly adapted to the skew-symmetric form wgehrid-

Proposition 4.4. For each of the equations (L) to (1) considered in
this paper, and under the algebraic assumptions of Theorems LA to [L1 re-
spectively there is a family F; of analytic functionals acting from the space
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of initial data D into R, invariant under the nonlinear evolution, and such
that there is a vector field v; in D such that

dF; = w(vj, ")
where w denotes respectively wgehrsd and Wyave- Moreover, generically in u,

for any couple of vector fields (v,w) in T,,D such that dFjv = dFjw = 0, we
have w(v,w) = 0.

This result can be understood as the existence of a Birkhoff normal form
(see e.g. [0, B5] for a general definition and a presentation of results). How-
ever, for nonlinear equations, Birkhoff normal forms are usually employed to
establish long time existence results (see e.g. [I5l [I1]), whereas in our case,
they come as a consequence of asymptotic properties of solutions which are
already known to exist globally.

4.3. Inverse scattering. As noticed in A9, Theorem 2], knowing the scat-
tering operator near the origin for a nonlinear equation with analytic non-
linearity suffices to determine the nonlinearity, since the coefficients of its
Taylor series can be computed by induction.

In [58], the first term of the asymptotic expansion of the scattering op-
erator is shown to fully determine a nonlocal nonlinearity whose form is
known in advance (Hartree type nonlinearity). This approach is applied in
the Schrédinger case, as well as in the Klein—-Gordon case. In that case, the
nonlinearity need not be analytic, and only the first nontrivial term of the
asymptotic expansion of S near the origin is needed. Typically, in the same
spirit, consider the nonlinear Schrodinger equation

(4.3) i0yu + %Au = \u[P~tu,

with A € R (possibly negative), p > 1+4/nand p < 1+4/(n—2) if n > 3,
not necessarily an integer. For small data, solutions to ([3) are global in
time, and admit scattering states. To see this, recall that the nonlinearity
in (£3) is H*-critical, with
n 2
s = 5 -1 > 0.

In the small data case, Strichartz and Sobolev inequalities show that global
existence and scattering follow from a simple bootstrap argument (see e.g.
[20] in the case of s = 0, [2I] in the case s > 0). In addition, we have

+o0
Wi (e¢) = e + ide? / e 28 <
0
hence
+o0 ”
S(ep) =¢e9 — z’)\sp/ e 28 (

See [I§] for the proof in the case s = 0. The proof for s > 0 follow the same
lines, up to the modifications which can be found in [21]. Loosely speaking,
the leading order term of S(e¢) — ¢ suffices to determine A and p. For

instance,
L log||S(ep) — €| s
p = lim
e—0 loge

.t -1,
615A¢‘p eziAqﬁ) dt + Opys (azp_l) ,
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for ¢ a Gaussian function, so that the term in P cannot be zero.

4.4. On the complete integrability. When speaking of complete inte-
grability, one has to be rather cautious: several notions are present in the
literature [4), 65]. The weakest definition (which is in fact useful mainly in
a finite dimensional situation) consists in saying that there exists as many
conserved quantities as the number of degrees of freedom (infinitely many in
infinite dimensional situations), with vanishing Poisson brackets; this corre-
sponds to the discussion in Section above. One can observe that those
conserved quantities may not be relevant in terms of Sobolev norms (see
for example [I4]). In the Hamiltonian case, the quantities are the Hamil-
tonian and first integrals; see e.g. [I, 2 B]. At a higher (in the infinite
dimensional case) level of precision, there may exist a nonlinear change of
variables which makes the original equation linear. This is typically the case
of one-dimensional Schrédinger equations with cubic nonlinearity [66], and
is related to the existence of Lax pairs [46]. The strongest notion of inte-
grability consists in trivializing the equation on some Lie algebra; see e.g.
B35].
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