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This paper presents a fully bladed flexible rotor and outlines the associated stability analysis. From an energetic approach based on
the complete energies and potentials for Euler-Bernoulli beams, a system of equations is derived, in the rotational frame, for the
rotor. This later one is made of a hollow shaft modelled by an Euler-Bernoulli beam supported by a set of bearings. It is connected
to a rigid disk having a rotational inertia. A full set of flexible blades is also modelled by Euler-Bernoulli beams clamped in the disk.
The flexural vibrations of the blades as well as those of the shaft are considered. The evolution of the eigenvalues of this rotor, in
the corotational frame, is studied. A stability detection method, bringing coalescence and loci separation phenomena to the fore,
in case of an asymmetric rotor, is undertaken in order to determine a parametric domain where turbomachinery cannot encounter
damage. Finally, extensive parametric studies including the length and the stagger angle of the blades as well as their flexibility are
presented in order to obtain robust criteria for stable and unstable areas prediction.

Copyright © 2006 N. Lesaffre et al. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

1. INTRODUCTION

Rotor dynamics is a very particular and rich field of mechan-
ics, where plenty of phenomena [1–4] can be responsible
for the instabilities of rotating structures. A common par-
ticular interest of the rotating machinery industry is to un-
derstand correctly the vibration phenomena and to predict
the dynamic behaviour of flexible bladed rotors. Effectively,
a sufficient knowledge of the vibration phenomena is essen-
tial for considering adequate means to reduce or eliminate
vibrations and for designing rotating machinery. Thus, the
instability of propellers due to the interaction between the
dynamics of the blades and that of the engine suspension is
a well-known phenomenon and has attracted the interest of
Crandall and Dugundji [5]. This kind of instability may also
occur in bladed rotors, like those present in turbomachinery
[6].

The master of such structure is fundamental for indus-
try due to the fact that instabilities of bladed rotors can cause
severe damage. In order to avoid these problems, engineers
need therefore to find suitable devices to eliminate instabil-
ities. Unfortunately, this kind of study is quite complex and
must be performed using numerical models [7, 8]. However,
to obtain a closed-form solution suitable for a stability anal-
ysis, it is possible to resort to simplified models [9–11].

In this paper, a simplified model of a fully bladed flexible
rotor is firstly presented. In a second part, a stability analysis
and parametric studies are investigated in order to detect the
stable and unstable regions of this structure in case of asym-
metries. The paper closes with a discussion of some topics of
future interest and some conclusions.

2. MODEL FORMULATION

The rotor considered in this study has been developed on an
energetic approach based on the same kind of approxima-
tion as the one described by Sinha [9]. It consists of a shaft
modelled by an Euler-Bernoulli beam, connected to a rigid
disk modelled by a concentrated mass with rotational iner-
tia. Several Euler-Bernoulli beams are clamped in the disk
and model the blades. The shaft is set on bearings at multiple
locations, as indicated in Figure 1.

Two degrees of freedom are considered for the shaft: two
orthogonal translations u(z, t) and υ(z, t) in the disk’s plane,
and one degree of freedom for each blade defining its deflec-
tion η(s, t), as illustrated in Figure 2.

A Rayleigh-Ritz approximation is used to express the
degrees of freedom of these different parts. Thus, they
are expressed by a sum of shape functions multiplied by
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Figure 1: Model of flexible bladed rotor [9].
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Figure 2: Front view of the bladed disk.

time-dependent coefficients:

u(z, t) = Uo(t) +
mtot∑
m=1

Um(t)Wm(z),

υ(z, t) = Vo(t) +
mtot∑
m=1

Vm(t)Wm(z),

η(s, t) =
ntot∑
n=1

(
Xn(t)

)
j

(
Yn(s)

)
j ,

(1)

where z is the axis of the shaft and s the axis along the blade.
In these expressions, Uo(t) and Vo(t) are rigid body trans-
lations of the shaft. mtot and ntot are the number of modes
considered to express its motion and the flexure of the jth
blade, respectively. In this Rayleigh-Ritz approach, the shape
functions have only to verify the geometric boundary con-
ditions of the problem, so the shape functions of the blades
must verify

Yn(0) = 0, Y ′n(0) = 0, (2)

where prime denotes differentiation versus space coordi-
nates, because they are clamped in the rigid disk. Thus, the
chosen expression for the shape function of the blade deflec-
tion is

Yn(s) = ans + sin
(
βns
)
, (3)

with βn = (2n− 1)π/(2L), and an = −βn.
Concerning the shaft, since it is supported by bearings,

its shape function has no geometric boundary conditions to
verify. It can thus be defined by

Wm(z) = 1− cos
(
αmz

)
, (4)

with αm = (2m− 1)π/(2l). However, it could be noticed that
these functions verify

Wm(0) = 0, W ′

m(0) = 0, (5)

thus no motion is permitted at the end of the shaft (i.e., at
z = 0).

An energetic method is used to develop this model, thus
potentials have to be defined for the shaft and for the blades
as well. The model has been fully developed in the rotating
frame in order to avoid having time-dependent terms, re-
sulting from the periodicity of the rotating structure, in the
analytical formulation. Thus, the kinetic energy Tblade of the
jth blade, located at an angle ϕ j = 2π j/Ntot in this frame, as
indicated in Figure 2 and where Ntot is the total number of
blades, can be fully expressed by the following relation:

Tblade =

∫ L

0

1

2
ρbSb�V

2
S/R0

(G)ds +

∫ L

0

1

2
�ΩT
S/R0

I�ΩS/R0ds, (6)

where ρb and Sb are the density and the area, respectively, of

a blade cross-section. �VS/R0 (G), �ΩS/R0 , and I are the speed and
the rotation of the center of mass of a blade cross-section in
relation to the fixed frame and its inertia matrix, defined in
its inertial frame. It should be noticed that the complete ex-
pression of the kinetic energy should be considered because
in certain extreme geometric conditions, the approximated
kinetic energy can lead to unrealistic instabilities of the rotor.
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Figure 3: Campbell diagram for a twenty-eight-bladed rotor with blades of one meter in length.

The potential energy νintblade associated with the elastic de-
formation of the blade, a function of dissipation Fdblade asso-
ciated with the internal damping of the jth blade, and a pre-
stress potential taking into account the effect of the rotational
inertia are formulated:

νgblade =
1

2

∫ L

0
ρbSbΩ

2

[
R2
− (s + r)2

2

]
η′2(s, t)ds. (7)

In the same way, the kinetic energyTshaft, the potential energy
νintshaft associated with the elastic deformation of the shaft,
a function of dissipation Fdshaft associated with the internal
damping of the shaft, as well as a potential νbearings and a
function of dissipation Fdbearings associated with the bearings
are defined.

Then, Lagrange’s equations are used in order to obtain
the system of equations of the dynamic behaviour of the full
flexible bladed rotor. This system of equations can be written
under the following form:

MrotorẌrotor + C̃rotorẊrotor + K̃rotorXrotor = 0, (8)

where Mrotor, C̃rotor, and K̃rotor are the mass matrix, the gener-
alized damping matrix, and the generalized stiffness matrix,
respectively. Xrotor defines the generalized degree of freedom
vector of the rotor. It contains 2mtot + 2 + ntotNtot elements
and has the following expression:

Xrotor =

[
U0 V0 U1 V1 · · · Umtot Vmtot X11 X21 · · · Xntot1 · · · X1Ntot XntotNtot

]T
. (9)

All expressions of the energies and potentials are given in
Appendix A as well as those of the mass, damping, and stiff-
ness matrices, in Appendix B.

3. STABILITY ANALYSIS

One of the most important objectives for turbomachinery
designers is to define dangerous operating speed ranges and
the associated stable and unstable regions of bladed rotor vi-
brations.

The stability of the flexible bladed rotor is investigated
by determining the solution λ = a + ib of the characteristic
equation

det
(
λ2

Mrotor + λC̃rotor + K̃rotor

)
= 0. (10)

It becomes unstable if any one or more of the eigenvalues’
real parts a is positive. The imaginary parts define the fre-
quencies of the system.

In this following study, we consider a shaft supported by
three isotropic bearings located at z = 0 cm, z = 300 cm,
and z = 325 cm. The radial stiffness and viscous damping
coefficients for these bearings are kbearing = 2 · 107 N.m−1

and Dbearing = 2 · 103 N.s.m−1.

Figure 3 illustrates the evolution of the eigenfrequencies
of a flexible twenty-eight-bladed rotor of one meter in length,
plotted in a Campbell diagram. Figure 4 shows the evolution
of the eigenvalues in the complex plane. The evolutions of the
shaft’s eigenfrequencies, shown in Figure 3, are mainly due to
the gyroscopic effects. In the rotating frame, the downward
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Figure 4: Complex plane diagram for a twenty-eight-bladed rotor with blades of one meter in length.
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Figure 5: Zoom near extremity ❤1 in the complex plane diagram.

sloping lines are forward modes (precession motions in the
same sense of rotation as the own rotation of the shaft) and
the upward sloping ones are backward modes. The evolu-
tion of the blades’ eigenfrequencies (starting at 31 Hz), that
is, their stiffening, is due to the centrifugal effects included
in the prestress potential νgblade . Two loci separation phenom-
ena [12, 13] appear, as illustrated by the points A and B on
Figures 3 and 4. When two eigenvalues loci approach each
other, they either cross or do not cross; often in the latter
case, even though the loci nearly intersect, in fact they do not
but rather veer away from each other with high local cur-
vature. During these veering phenomena, mode shapes and
sense of rotation are switched between the eigenvalues that
veer away from each other. The two particular cases shown
in Figure 3 do not present high local curvature and their lo-
cations on the complex plane on Figure 4 are easy to find. In
this particular simple case of loci separation, the evolution
of the eigenvalues on both Figures 3 and 4 can be correlated.

The extremities of each curve are numbered in a round. Fig-
ures 5 and 6 are zooms of the extremities ✐1 and ✐2 , respec-
tively. The curves being “continuous,” the eigenfrequencies
at Ω = 0 RPM are not remarkable points. In this plane, loci
separations look obviously like loops.

This system is stable as shown in Figure 4. However, in
the particular case of a two-bladed rotor, instabilities can be
observed as illustrated in Figures 7 and 8 showing a Campbell
diagram and a decay rate plot (corresponding to the eigenval-
ues’ real parts), respectively. Figure 9 shows the evolution of
the eigenfrequencies in the complex plane. Loci separation
phenomena appear and are more present than in the latter
twenty eight-bladed rotor case.

In this case, two kinds of instabilities are observed. They
both result from an inertial asymmetry of the system. The
first and more common one is noted by ✐1 and occurs at the
first critical speed (intersection with the abscissa axis). The
second one, indicated by the marks 2b, 2c, and 2d, consists
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Figure 6: Zoom near extremity ❤2 in the complex plane diagram.
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Figure 7: Campbell diagram for a two-bladed rotor.

in mode couplings, that is, two separated mode shapes at a
rotational speed become two mode shapes having the same
eigenfrequency but one of them being stable and the other
being unstable with its amplitude increasing with respect to
time. The points indicated by X1 and X2 do not show insta-
bilities, but since the observed phenomenon is due to asym-
metries, the length of the blades may influence mode cou-
plings, and for sufficient length, may drive the two-bladed
rotor unstable at these configurations.

Figure 10 shows a stability map for a two-bladed rotor as
a function of its rotational speed and of its blade length, and
Figure 11 shows the unstable frequencies associated. These
two pictures confirm the two kinds of instabilities, the one
noted ✐1 corresponding to 0 Hz (in the rotating frame) and
the ones noted 2a, 2b, 2c, and 2d corresponding to mode
couplings. Figure 10 shows that up to 15 cm (in the case of
these particular two blades), the asymmetry of the rotor is
light enough to leave the system stable, but above this blade
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Figure 8: Decay rate plot for a two-bladed rotor.
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Figure 9: Complex plane diagram for a two-bladed rotor.

length, the rotor may experience several speed ranges where
it is unstable. Only the unstable frequencies different from
0 Hz and corresponding to mode couplings can be seen in
Figure 11, underlying the two kinds of instabilities. Thus, the
configuration noted X1 on Figures 7 and 9 can be an unsta-
ble one if the blade length is up to 1.1 m and corresponds to
the area noted 2a in Figure 10. It is the same phenomenon
for the points noted X2 on Figures 7 and 8 which correspond
to the area ✐1 just before 8000 RPM, in Figure 10, for blades
longer than 1.1 m.

As explained previously, these instabilities are mainly due
to asymmetries of the system but, the flexibility of the blades
can influence these phenomena. Figures 12 and 13 show the
stability map and the unstable frequencies’ evolution, respec-
tively, in the case of a two-rigid-bladed rotor. The differences
between this case and the latter concern mainly the first insta-
bility speed range. As a matter of fact, the unstable frequen-
cies corresponding to mode couplings between 2000 RPM
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Figure 10: Stability map of a two-bladed rotor as a function of its blade length and its rotational speed.
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Figure 11: Unstable frequencies of a two-bladed rotor as a function of its blade length and its rotational speed.

and 4000 RPM are lower than in the flexible case and the
blade length range concerned is shorter (see Figure 13, in
white ellispe). Thus, in the case of a two-rigid-bladed rotor,
the mass and inertia added by the two blades can, between
2000 RPM and 4000 RPM, lead to low-frequency modes cou-
plings between the horizontal and the vertical mode shape of
the rotor, if its blade length is between 1.1 m and 1.5 m. In the
case of flexible blades, if their eigenfrequencies are close to
those of the shaft (as in the latter example), mode couplings
can occur in this same speed range from a blade length of
1.1 m and involve mixed mode shapes.

Another parameter, the stagger angle (see Figure 14), can
influence the occurrence of instabilities. All cases studied
so far have been made with β = 60◦. Figures 15 and 16
show the stability map and the unstable frequencies’ evo-
lution, respectively, as a function of the stagger angle of a
two-flexible-bladed rotor of one meter in length. The two
kinds of instabilities can also be seen here. It appears that

the higher the stagger angle is, the shorter the unstable speed
ranges are, as it could be though intuitively. However, un-
stable speed ranges can appear or disappear as a function of
this stagger angle, showing the importance of this parame-
ter.

4. CONCLUSION

A flexible fully bladed rotor has been modelled in the ro-
tating frame using an energetic approach. Campbell dia-
grams have been plotted for this structure, what would not
have been possible if the model had been made in the fixed
frame. Then, its stability has been investigated, essentially by
using complex plane diagrams. It has been shown that with-
out rotating damping, the system may experience instabili-
ties if it is strongly asymmetric, typically in the case of a two-
bladed rotor. In this case, zero hertz unstable speed ranges
have been detected at the first critical speed as well as mode
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Figure 12: Stability map of a two-rigid-bladed rotor as a function of its blade length and its rotational speed.
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Figure 13: Unstable frequencies of a two-rigid-bladed rotor as a function of its blade length and its rotational speed.
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Figure 14: Up view of the bladed disk and the stagger angle β of the blades.

couplings at frequencies different from zero hertz whether
the blades are flexible or not. The influence of the stagger an-
gle of the blades in the occurrences of instabilities has also
been underlined. Thus, this model of a flexible bladed ro-
tor appears to be sufficiently simple and complete from a

phenomenological point of view to be used to design rotating
machinery, to eliminate vibrations due to instabilities, and
to study easily some complicated phenomenon in rotor dy-
namics as for instance travelling wave speed coincidence or
blade-tip/casing contact.
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Figure 15: Stability map of a two-flexible-bladed rotor as a function of its stagger angle and its rotational speed.

0
2000 4000 6000 8000 10000 12000

Ω (RPM)

100

20

60

80

40

0

St
ag

ge
r

an
gl

e
(◦

)

0

20

40

60

80

100

F
re

q
u

en
ci

es
(H

z)

Figure 16: Unstable frequencies of a two-flexible-bladed rotor as a function of its stagger angle and its rotational speed.

APPENDIX

A. EXPRESSIONS OF THE ENERGIES AND
POTENTIALS OF THE MODEL’S ITEMS

Tblade =

∫ L

0

1

2
ρbSb�V

2
S/R0

(G)ds +

∫ L

0

1

2
�ΩT
S/R0

I�ΩS/R0ds

=
1

2

∫ L

0
ρbSb

{
u̇2(l, t) + υ̇2(l, t) + η̇2(s, t)

− 2u̇(l, t)η̇(s, t) cosβ sinϕ j

+ 2υ̇(l, t)η̇(s, t) cosβ cosϕ j

}
ds

+
1

2

∫ L

0
ρbSb

×

{
u̇′2(l, t)(s + r)2 cos2 ϕ j

+ υ̇′2(l, t)(s + r)2 sin2 ϕ j

+ 2u̇′(l, t)υ̇′(l, t)(s + r)2 cosϕ j sinϕ j

}
ds

+
1

2

∫ L

0
ρbSb

{
2u̇′(l, t)η̇(s, t)(s + r) sinβ cosϕ j

+ 2υ̇′(l, t)η̇(s, t)(s + r) sinβ sinϕ j

}
ds

+
1

2

∫ L

0
ρbSb

{
2Ω
[
u(l, t)υ̇(l, t)− u̇(l, t)υ(l, t)

+
(
u(l, t) cosϕ j + υ(l, t) sinϕ j

)

× η̇(s, t) cosβ

−

(
u̇(l, t) cosϕ j + υ̇(l, t) sinϕ j

)

× η(s, t) cosβ
]}
ds

+
1

2

∫ L

0
ρbSbΩ

2
{
u2(l, t) + υ2(l, t) + η2(s, t) cos2 β

− 2u(l, t)η(s, t) cosβ sinϕ j

+ 2υ(l, t)η(s, t) cosβ cosϕ j

}
ds

+
1

2

∫ L

0
ρbSb

×

{
2(s + r)Ω2

[
u(l, t) cosϕ j + υ(l, t) sinϕ j

]
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+ 2(s + r)Ω
[
υ̇(l, t) cosϕ j − u̇(l, t) sinϕ j

]

+ Ω
2(s + r)2

}
ds

+
1

2

∫ L

0
ρbSb2(s + r)2

Ω

×

{
u̇′(l, t)u′(l, t) cosϕ j sinϕ j

− υ̇′(l, t)υ′(l, t) cosϕ j sinϕ j

− u̇′(l, t)υ′(l, t) cos2 ϕ j

− υ̇′(l, t)u′(l, t) cos2 ϕ j

}
ds

+
1

2

∫ L

0
ρbSb2(s + r)Ω

×

{[
η̇(s, t)u′(l, t) + η(s, t)u̇′(l, t)

]

× sinβ sinϕ j

−

[
η̇(s, t)υ′(l, t) + η(s, t)υ̇′(l, t)

]

× sinβ cosϕ j + η̇(s, t) cosβ
}
ds

−
1

2

∫ L

0
ρbSbΩ

2(s + r)2

×

{
u′2(l, t) cos2 ϕ j + υ′2(l, t) sin2 ϕ j

+ 2u′(l, t)υ′(l, t) cosϕ j sinϕ j

}
ds

−
1

2

∫ L

0
ρbSbΩ

2(s + r)

×

{
2η(s, t)υ′(l, t) sinβ sinϕ j

+ 2η(s, t)u′(l, t) sinβ cosϕ j

}
ds

+
1

2

∫ L

0
ρbIb

{
u̇′2(l, t) sin2 β cos2 ϕ j

+ υ̇′2(l, t) sin2 β sin2 ϕ j + η̇′2(s, t)

+ 2u̇′(l, t)η̇′(s, t) sinβ cosϕ j

+ 2υ̇′(l, t)η̇′(s, t) sinβ sinϕ j

}
ds

+
1

2

∫ L

0
ρbIb

{
2u̇′(l, t)υ̇′(l, t) sin2 β cosϕ j sinϕ j

}
ds

+
1

2

∫ L

0
ρbIb2Ω

×

{
υ̇′(l, t)

(
u′(l, t) sinϕ j − υ′(l, t) cosϕ j

)

× sin2 β sinϕ j + υ̇′(l, t) sinβ cosβ sinϕ j

− υ̇′(l, t)u′(l, t) cos2 β
}
ds

+
1

2

∫ L

0
ρbIb2Ω

×

{
u̇′(l, t)

(
u′(l, t) sinϕ j − υ′(l, t) cosϕ j

)

× sin2 β cosϕ j

+ u̇′(l, t) sinβ cosβ cosϕ j

}
ds

+
1

2

∫ L

0
ρbIb2Ω

×

{
η̇′(s, t) cosβ + η̇′(s, t)u′(l, t) sinβ sinϕ j

− η̇′(s, t)υ′(l, t) sinβ cosϕ j

}
ds

+
1

2

∫ L

0
ρbIbΩ

2

×

{
u′2(l, t) sin2 β sin2 ϕ j − u′2(l, t) cos2 β

+ υ′2(l, t) sin2 β cos2 ϕ j

− υ′2(l, t) cos2 β + cos2 β
}
ds

+
1

2

∫ L

0
ρbIb2Ω2

×

{
u′(l, t) sinβ cosβ sinϕ j

− υ′(l, t) cosβ sinβ cosϕ j

− u′(l, t)υ′(l, t) sin2 β cosϕ j sinϕ j

}
ds

+
1

2

∫ L

0
ρbIy

×

{
u̇′2(l, t) cos2 β cos2 ϕ j

+ υ̇′2(l, t) cos2 β sin2 ϕ j

+ 2u̇′(l, t)υ̇′(l, t) cos2 β sinϕ j cosϕ j

}
ds

+
1

2

∫ L

0
ρbIy2Ω

×

{
υ̇′(l, t)

(
u′(l, t) sinϕ j − υ′(l, t) cosϕ j

)

× cos2 β sinϕ j − υ̇′(l, t) sinβ cosβ sinϕ j

− υ̇′(l, t)u′(l, t) sin2 β
}
ds

+
1

2

∫ L

0
ρbIy2Ω

×

{
u̇′(l, t)

(
u′(l, t) sinϕ j − υ′(l, t) cosϕ j

)

× cos2 β cosϕ j

− u̇′(l, t) sinβ cosβ cosϕ j

}
ds

+
1

2

∫ L

0
ρbIy2Ω

{
η′(s, t)u̇′(l, t) sinβ sinϕ j

− η′(s, t)υ̇′(l, t) sinβ cosϕ j

}
ds

+
1

2

∫ L

0
ρbIyΩ

2

×

{
u′2(l, t) cos2 β sin2 ϕ j − u′2(l, t) sin2 β

+ υ′2(l, t) cos2 β cos2 ϕ j − υ′2(l, t) sin2 β

− η′2(s, t) sin2 β + sin2 β
}
ds

−
1

2

∫ L

0
ρbIy2Ω2

×

{
u′(l, t) sinβ cosβ sinϕ j

− υ′(l, t) cosβ sinβ cosϕ j

+ u′(l, t)υ′(l, t) cos2 β cosϕ j sinϕ j

}
ds

−
1

2

∫ L

0
ρbIy2Ω2

{
η′(s, t)u′(l, t) sinβ cosϕ j

+ η′(s, t)υ′(l, t) sinβ sinϕ j

}
ds

+
1

2

∫ L

0
ρbIz

{
u̇′2(l, t) sin2 ϕ j + υ̇′2(l, t) cos2 ϕ j

− 2u̇′(l, t)υ̇′(l, t) sinϕ j cosϕ j

}
ds
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+
1

2

∫ L

0
ρbIz2Ω

×

{
υ̇′(l, t)

(
u′(l, t) cosϕ j + υ′(l, t) sinϕ j

)

× cosϕ j + υ̇′(l, t)η′(s, t) sinβ cosϕ j

}
ds

−
1

2

∫ L

0
ρbIz2Ω

×

{
u̇′(l, t)

(
u′(l, t) cosϕ j + υ′(l, t) sinϕ j

)

× sinϕ j + u̇′(l, t)η′(s, t) sinβ sinϕ j

}
ds

+
1

2

∫ L

0
ρbIzΩ

2

×

{
u′2(l, t) cos2 ϕ j

+ υ′2(l, t) sin2 ϕ j + η′2(s, t) sin2 β
}
ds

+
1

2

∫ L

0
ρbIz2Ω

2
{
η′(s, t)u′(l, t) sinβ cosϕ j

+ η′(s, t)υ′(l, t) sinβ sinϕ j

+ u′(l, t)υ′(l, t) cosϕ j sinϕ j

}
ds,

νintblade =
1

2

∫ L

0
EbIb

(
η′′(s, t)

)2
ds,

Fdblade =
1

2

∫ L

0
ηbEbIb

(
η̇′′(s, t)

)2
ds,

νgblade =
1

2

∫ L

0
ρbAbΩ

2

[
R2
− (s + r)2

2

]
η′2(s, t)ds,

Tshaft =
1

2

∫ l

0
ρsAs

(
u̇2(z, t) + υ̇2(z, t)

)
dz

+

∫ l

0
ρsAsΩ

{
u(z, t)υ̇(z, t)− u̇(z, t)υ(z, t)

}
dz

+
1

2

∫ l

0
ρsAsΩ

2
(
u2(z, t) + υ2(z, t)

)
dz

+
1

2

∫ l

0
ρs
{
IsX υ̇

′2(z, t) + IsY u̇
′2(z, t)

}
dz

+

∫ l

0
ρsΩ

{
IsX υ̇

′(z, t)u′(z, t)− IsY u̇
′(z, t)υ′(z, t)

}
dz

+
1

2

∫ l

0
ρsΩ

2
{(
IsY − I

pol
s
)
υ
′2(z, t)

+
(
IsX − I

pol
s
)
u
′2(z, t)

}
dz

+
1

2

∫ l

0
ρsI

pol
s
(
Ω

2
− 2Ωυ̇′(z, t)u′(z, t)

)
dz

+
1

2
MD

(
u̇2(l, t) + υ̇2(l, t)

)

+ MDΩ
{
u(l, t)υ̇(l, t)− u̇(l, t)υ(l, t)

}

+
1

2
MDΩ

2
(
u2(l, t) + υ2(l, t)

)

+
1

2

{
JDX υ̇

′2(l, t) + JDY u̇
′2(l, t)

}

+ Ω
{
JDX υ̇

′(l, t)u′(l, t)− JDY u̇
′(l, t)υ′(l, t)

}

+
1

2
Ω

2
{(

JDY − J
pol
D

)
υ
′2(l, t) +

(
JDX − J

pol
D

)
u
′2(l, t)

}

+
1

2
J

pol
D

(
Ω

2
− 2Ωυ̇′(l, t)u′(l, t)

)
,

νintshaft =
1

2

∫ l

0
EsIs

(
u′′2(z, t) + υ′′2(z, t)

)
dz,

Fdshaft =
1

2

∫ l

0
ηsEsIs

(
u̇′′2(z, t) + υ̇′′2(z, t)

)
dz,

νbearings =

Nb∑

i=1

1

2

[
Sbxx
{
u
(
zi, t
)

cosΩt − υ
(
zi, t
)

sinΩt
}2

+ Sbyy
{
u
(
zi, t
)

sinΩt + υ
(
zi, t
)

cosΩt
}2
]

+
Nb∑

i=1

1

2

[
Bb
xx

{
u′
(
zi, t
)

cosΩt − υ′
(
zi, t
)

sinΩt
}2

+ Bb
yy

{
u′
(
zi, t
)

sinΩt + υ′
(
zi, t
)

cosΩt
}2
]

,

Fdbearings =

Nb∑

i=1

1

2

[
Db

xx

{
u̇
(
zi, t
)

cosΩt − u
(
zi, t
)
Ω sinΩt

− υ̇
(
zi, t
)

sinΩt − υ
(
zi, t
)
Ω cosΩt

}2
]

+
Nb∑

i=1

1

2

[
Db

yy

{
u̇
(
zi, t
)

sinΩt + u
(
zi, t
)
Ω cosΩt

+ υ̇
(
zi, t
)

cosΩt−υ
(
zi, t
)
Ω sinΩt

}2
]
.

(A.1)

B. EXPRESSIONS OF THE MASS, DAMPING, AND
STIFFNESS MATRICES FOR THE ROTOR

Considering that m ∈ [1,mtot], q ∈ [1,mtot], c ∈ [3,ntot +2],
p ∈ [3,ntot + 2], and j ∈ [1,Ntot], the coefficients of Mrotor,

K̃rotor, and C̃rotor are given by

Mrotor(1, 1) =Ms + MD + NtotMb,

Mrotor(1, 2) = 0,

Mrotor(1, 2m + 1)

=

∫ l

0
ρsAsWm(z)dz + MDWm(l) + NtotMbWm(l),

Mrotor(1, 2m + 2) = 0,

Mrotor

(
1, 2mtot + c + ( j − 1)ntot

)

= −

∫ L

0
ρbAbYc−2(s)ds cosβ sinϕ j ,

Mrotor(2, 1) = 0,

Mrotor(2, 2) =Ms + MD + NtotMb,

Mrotor(2, 2m + 1) = 0,

Mrotor(2, 2m + 2)

=

∫ l

0
ρsAsWm(z)dz + MDWm(l) + NtotMbWm(l),

Mrotor

(
2, 2mtot + c + ( j − 1)ntot

)

=

∫ L

0
ρbAbYc−2(s)ds cosβ cosϕ j ,
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Mrotor(2m + 1, 1)

=

∫ l

0
ρsAsWm(z)dz + MDWm(l) + NtotMbWm(l),

Mrotor(2m + 1, 2) = 0,

Mrotor(2m + 1, 2q + 1)

=

∫ l

0
ρsAsWq(z)Wm(z)dz +

∫ l

0
ρsIsyW

′

q(z)W ′

m(z)dz

+ MDWq(l)Wm(l) + JDyW
′

q(l)W ′

m(l)

+ NtotMbWq(l)Wm(l)

+
Ntot∑

j=1

Mb

{
r2 + Lr +

L2

3

}
W ′

q(l)W ′

m(l) cos2 ϕ j

+
Ntot∑

j=1

LρbIb sin2 β cos2 ϕ jW
′

q(l)W ′

m(l)

+
Ntot∑

j=1

LρbIy cos2 β cos2 ϕ jW
′

q(l)W ′

m(l)

+
Ntot∑

j=1

LρbIz sin2 ϕ jW
′

q(l)W ′

m(l),

Mrotor(2m + 1, 2q + 2)

=

Ntot∑

j=1

Mb

{
r2 + Lr +

L2

3

}
W ′

q(l)W ′

m(l) sinϕ j cosϕ j

+
Ntot∑

j=1

LρbIb sin2 β cosϕ j sinϕ jW
′

q(l)W ′

m(l)

+
Ntot∑

j=1

LρbIy cos2 β cosϕ j sinϕ jW
′

q(l)W ′

m(l)

−

Ntot∑

j=1

LρbIz cosϕ j sinϕ jW
′

q(l)W ′

m(l),

Mrotor

(
2m + 1, 2mtot + c + ( j − 1)ntot

)

= −

∫ L

0
ρbAbYc−2(s)dsWm(l) cosβ sinϕ j

+

∫ L

0
ρbAbYc−2(s)(s + r)dsW ′

m(l) sinβ cosϕ j

+

∫ L

0
ρbIbY

′

c−2(s)dsW ′

m(l) sinβ cosϕ j ,

Mrotor(2m + 2, 1) = 0,

Mrotor(2m + 2, 2)

=

∫ l

0
ρsAsWm(z)dz + MDWm(l) + NtotMbWm(l),

Mrotor(2m + 2, 2q + 1)

=

Ntot∑

j=1

Mb

{
r2 + Lr +

L2

3

}
W ′

q(l)W ′

m(l) sinϕ j cosϕ j

+
Ntot∑

j=1

LρbIb sin2 β cosϕ j sinϕ jW
′

q(l)W ′

m(l)

+
Ntot∑

j=1

LρbIy cos2 β cosϕ j sinϕ jW
′

q(l)W ′

m(l)

−

Ntot∑

j=1

LρbIz cosϕ j sinϕ jW
′

q(l)W ′

m(l),

Mrotor(2m + 2, 2q + 2)

=

∫ l

0
ρsAsWq(z)Wm(z)dz +

∫ l

0
ρsIsxW

′

q(z)W ′

m(z)dz

+ MDWq(l)Wm(l) + JDxW
′

q(l)W ′

m(l)

+ NtotMbWq(l)Wm(l)

+
Ntot∑

j=1

Mb

{
r2 + Lr +

L2

3

}
W ′

q(l)W ′

m(l) sin2 ϕ j

+
Ntot∑

j=1

LρbIb sin2 β sin2 ϕ jW
′

q(l)W ′

m(l)

+
Ntot∑

j=1

LρbIy cos2 β sin2 ϕ jW
′

q(l)W ′

m(l)

+
Ntot∑

j=1

LρbIz cos2 ϕ jW
′

q(l)W ′

m(l),

Mrotor

(
2m + 2, 2mtot + c + ( j − 1)ntot

)

=

∫ L

0
ρbAbYc−2(s)dsWm(l) cosβ cosϕ j

+

∫ L

0
ρbAbYc−2(s)(s + r)dsW ′

m(l) sinβ sinϕ j

+

∫ L

0
ρbIbY

′

c−2(s)dsW ′

m(l) sinβ sinϕ j ,

Mrotor

(
2mtot + p + ( j − 1)ntot, 1

)

= −

∫ L

0
ρbAbYp−2(s)ds cosβ sinϕ j ,

Mrotor

(
2mtot + p + ( j − 1)ntot, 2

)

=

∫ L

0
ρbAbYp−2(s)ds cosβ cosϕ j ,
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Mrotor

(
2mtot + p + ( j − 1)ntot, 2q + 1

)

= −

∫ L

0
ρbAbYp−2(s)dsWq(l) cosβ sinϕ j

+

∫ L

0
ρbAbYp−2(s)(s + r)dsW ′

q(l) sinβ cosϕ j

+

∫ L

0
ρbIbY

′

p−2(s)dsW ′

q(l) sinβ cosϕ j ,

Mrotor

(
2mtot + p + ( j − 1)ntot, 2q + 2

)

=

∫ L

0
ρbAbYp−2(s)dsWq(l) cosβ cosϕ j

+

∫ L

0
ρbAbYp−2(s)(s + r)dsW ′

q(l) sinβ sinϕ j

+

∫ L

0
ρbIbY

′

p−2(s)dsW ′

q(l) sinβ sinϕ j ,

Mrotor

(
2mtot + p + ( j − 1)ntot, 2mtot + c + ( j − 1)ntot

)

=

∫ L

0
ρbAbYp−2(s)Yc−2(s)ds +

∫ L

0
ρbIbY

′

p−2(s)Y ′c−2(s)ds,

K̃rotor(1, 1) = −MsΩ
2
−MDΩ

2 +
Nb∑

i=1

[
Sb
]
−MbNtotΩ

2,

K̃rotor(1, 2) = −
Nb∑

i=1

[
Db
]
Ω,

K̃rotor(1, 2m + 1) = −

∫ l

0
ρsAsΩ

2Wm(z)dz −MDΩ
2Wm(l)

+
Nb∑

i=1

[
Sb
]
Wm

(
zi
)
−NtotMbΩ

2Wm(l),

K̃rotor(1, 2m + 2) = −
Nb∑

i=1

[
Db
]
ΩWm

(
zi
)
,

K̃rotor

(
1, 2mtot + c + ( j − 1)ntot

)

=

∫ L

0
ρbAbΩ

2Yc−2(s)ds cosβ sinϕ j ,

K̃rotor(2, 1) =
Nb∑

i=1

[
Db
]
Ω,

K̃rotor(2, 2) = −MsΩ
2
−MDΩ

2 +
Nb∑

i=1

[
Sb
]
−MbNtotΩ

2,

K̃rotor(2, 2m + 1) =
Nb∑

i=1

[
Db
]
ΩWm

(
zi
)
,

K̃rotor(2, 2m + 2) = −

∫ l

0
ρsAsΩ

2Wm(z)dz −MDΩ
2Wm(l)

+
Nb∑

i=1

[
Sb
]
Wm

(
zi
)
−NtotMbΩ

2Wm(l),

K̃rotor

(
2, 2mtot + c + ( j − 1)ntot

)

= −

∫ L

0
ρbAbΩ

2Yc−2(s)ds cosβ cosϕ j ,

K̃rotor(2m + 1, 1) = −

∫ l

0
ρsAsΩ

2Wm(z)dz −MDΩ
2Wm(l)

+
Nb∑

i=1

[
Sb
]
Wm

(
zi
)
−NtotMbΩ

2Wm(l),

K̃rotor(2m + 1, 2) = −
Nb∑

i=1

[
Db
]
ΩWm

(
zi
)
,

K̃rotor(2m + 1, 2q + 1)

= −

∫ l

0
ρsAsΩ

2Wq(z)Wm(z)dz

−

∫ l

0
ρs
(
Isx − I

pol
s

)
Ω

2W ′

q(z)W ′

m(z)dz

−MDΩ
2Wq(l)Wm(l)−

(
JDx − J

pol
D

)
Ω

2W ′

q(l)W ′

m(l)

+

∫ l

0
EsIsW

′′

q (z)W ′′

m(z)dz +
Nb∑

i=1

[
Sb
]
Wq

(
zi
)
Wm

(
zi
)

+
Nb∑

i=1

BbW ′

q

(
zi
)
W ′

m

(
zi
)
−NtotMbΩ

2Wq(l)Wm(l)

+
Ntot∑

j=1

MbΩ
2

{
r2 + Lr +

L2

3

}
W ′

q(l)W ′

m(l) cos2 ϕ j

+
Ntot∑

j=1

LρbIbΩ
2 cos2 βW ′

q(l)W ′

m(l)

−

Ntot∑

j=1

LρbIbΩ
2 sin2 β sin2 ϕ jW

′

q(l)W ′

m(l)

+
Ntot∑

j=1

LρbIyΩ
2 sin2 βW ′

q(l)W ′

m(l)

−

Ntot∑

j=1

LρbIyΩ
2 cos2 β sin2 ϕ jW

′

q(l)W ′

m(l)

−

Ntot∑

j=1

LρbIzΩ
2 cos2 ϕ jW

′

q(l)W ′

m(l),

K̃rotor(2m + 1, 2q + 2)

= −

Nb∑

i=1

[
Db
]
ΩWq

(
zi
)
Wm

(
zi
)

+
Ntot∑

j=1

MbΩ
2

{
r2 + Lr +

L2

3

}
W ′

q(l)W ′

m(l) cosϕ j sinϕ j

+
Ntot∑

j=1

LρbIbΩ
2 sin2 β sinϕ j cosϕ jW

′

q(l)W ′

m(l)

+
Ntot∑

j=1

LρbIyΩ
2 cos2 β sinϕ j cosϕ jW

′

q(l)W ′

m(l)

−

Ntot∑

j=1

LρbIzΩ
2 cosϕ j sinϕ jW

′

q(l)W ′

m(l),
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K̃rotor

(
2m + 1, 2mtot + c + ( j − 1)ntot

)

=

∫ L

0
ρbAbΩ

2Yc−2(s)dsWm(l) cosβ sinϕ j

+

∫ L

0
ρbAbΩ

2Yc−2(s)(s + r)dsW ′

m(l) sinβ cosϕ j

+

∫ L

0
ρbIyΩ

2Y ′c−2(s)dsW ′

m(l) sinβ cosϕ j

−

∫ L

0
ρbIzΩ

2Y ′c−2(s)dsW ′

m(l) sinβ cosϕ j ,

K̃rotor(2m + 2, 1) =
Nb∑

i=1

[
Db
]
ΩWm

(
zi
)
,

K̃rotor(2m + 2, 2)

= −

∫ l

0
ρsAsΩ

2Wm(z)dz −MDΩ
2Wm(l)

+
Nb∑

i=1

[
Sb
]
Wm

(
zi
)
−NtotMbΩ

2Wm(l),

K̃rotor(2m + 2, 2q + 1)

=

Nb∑

i=1

[
Db
]
ΩWq

(
zi
)
Wm

(
zi
)

+
Ntot∑

j=1

MbΩ
2

{
r2 + Lr +

L2

3

}
W ′

q(l)W ′

m(l) cosϕ j sinϕ j

+
Ntot∑

j=1

LρbIbΩ
2 sin2 β sinϕ j cosϕ jW

′

q(l)W ′

m(l)

+
Ntot∑

j=1

LρbIyΩ
2 cos2 β sinϕ j cosϕ jW

′

q(l)W ′

m(l)

−

Ntot∑

j=1

LρbIzΩ
2 cosϕ j sinϕ jW

′

q(l)W ′

m(l),

K̃rotor(2m + 2, 2q + 2)

= −

∫ l

0
ρsAsΩ

2Wq(z)Wm(z)dz

−

∫ l

0
ρs
(
Isy − I

pol
s

)
Ω

2W ′

q(z)W ′

m(z)dz

−MDΩ
2Wq(l)Wm(l)−

(
JDy − J

pol
D

)
Ω

2W ′

q(l)W ′

m(l)

+

∫ l

0
EsIsW

′′

q (z)W ′′

m(z)dz +
Nb∑

i=1

[
Sb
]
Wq

(
zi
)
Wm

(
zi
)

+
Nb∑

i=1

BbW ′

q

(
zi
)
W ′

m

(
zi
)
−NtotMbΩ

2Wq(l)Wm(l)

+
Ntot∑

j=1

MbΩ
2

{
r2 + Lr +

L2

3

}
W ′

q(l)W ′

m(l) sin2 ϕ j

+
Ntot∑

j=1

LρbIbΩ
2 cos2 βW ′

q(l)W ′

m(l)

−

Ntot∑

j=1

LρbIbΩ
2 sin2 β cos2 ϕ jW

′

q(l)W ′

m(l)

+
Ntot∑

j=1

LρbIyΩ
2 sin2 βW ′

q(l)W ′

m(l)

−

Ntot∑

j=1

LρbIyΩ
2 cos2 β cos2 ϕ jW

′

q(l)W ′

m(l)

−

Ntot∑

j=1

LρbIzΩ
2 sin2 ϕ jW

′

q(l)W ′

m(l),

K̃rotor

(
2m + 2, 2mtot + c + ( j − 1)ntot

)

= −

∫ L

0
ρbAbΩ

2Yc−2(s)dsWm(l) cosβ cosϕ j

+

∫ L

0
ρbAbΩ

2Yc−2(s)(s + r)dsW ′

m(l) sinβ sinϕ j

+

∫ L

0
ρbIyΩ

2Y ′c−2(s)dsW ′

m(l) sinβ sinϕ j

−

∫ L

0
ρbIzΩ

2Y ′c−2(s)dsW ′

m(l) sinβ sinϕ j ,

K̃rotor

(
2mtot + c + ( j − 1)ntot, 1

)

=

∫ L

0
ρbAbΩ

2Yp−2(s)ds cosβ sinϕ j ,

K̃rotor

(
2mtot + c + ( j − 1)ntot, 2

)

= −

∫ L

0
ρbAbΩ

2Yp−2(s)ds cosβ cosϕ j ,

K̃rotor

(
2mtot + c + ( j − 1)ntot, 2q + 1

)

=

∫ L

0
ρbAbΩ

2Yp−2(s)dsWq(l) cosβ sinϕ j

+

∫ L

0
ρbAbΩ

2Yp−2(s)(s + r)dsW ′

q(l) sinβ cosϕ j

+

∫ L

0
ρbIyΩ

2Y ′p−2(s)dsW ′

q(l) sinβ cosϕ j

−

∫ L

0
ρbIzΩ

2Y ′p−2(s)dsW ′

q(l) sinβ cosϕ j ,

K̃rotor

(
2mtot + c + ( j − 1)ntot, 2q + 2

)

= −

∫ L

0
ρbAbΩ

2Yp−2(s)dsWq(l) cosβ cosϕ j

+

∫ L

0
ρbAbΩ

2Yp−2(s)(s + r)dsW ′

q(l) sinβ sinϕ j

+

∫ L

0
ρbIyΩ

2Y ′p−2(s)dsW ′

q(l) sinβ sinϕ j

−

∫ L

0
ρbIzΩ

2Y ′p−2(s)dsW ′

q(l) sinβ sinϕ j ,

K̃rotor

(
2mtot + p + ( j − 1)ntot, 2mtot + c + ( j − 1)ntot

)

= −

∫ L

0
ρbAbΩ

2Yp−2(s)Yc−2(s)ds cos2 β
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+

∫ L

0
EbIbY

′′

p−2(s)Y ′′c−2(s)ds

+

∫ L

0
ρbAbΩ

2 R
2
− (s + r)2

2
Y ′p−2(s)Y ′c−2(s)ds

+

∫ L

0
ρbIyΩ

2Y ′c−2(s)Y ′p−2(s)ds sin2 β

−

∫ L

0
ρbIzΩ

2Y ′c−2(s)Y ′p−2(s)ds sin2 β,

C̃rotor(1, 1) =
Nb∑

i=1

[
Db
]
,

C̃rotor(1, 2) = −2MsΩ− 2MDΩ− 2MbNtotΩ,

C̃rotor(1, 2m + 1) =
Nb∑

i=1

[
Db
]
Wm

(
zi
)
,

C̃rotor(1, 2m + 2)

= −2

∫ l

0
ρsAsΩWm(z)dz − 2MDΩWm(l)

− 2NtotMbΩWm(l),

C̃rotor

(
1, 2mtot + c + ( j − 1)ntot

)

= −2

∫ L

0
ρbAbΩYc−2(s)ds cosβ cosϕ j ,

C̃rotor(2, 1) = 2MsΩ + 2MDΩ + 2MbNtotΩ,

C̃rotor(2, 2) =
Nb∑

i=1

[
Db
]
,

C̃rotor(2, 2m + 1)

= 2

∫ l

0
ρsAsΩWm(z)dz + 2MDΩWm(l)

+ 2NtotMbΩWm(l),

C̃rotor(2, 2m + 2) =
Nb∑

i=1

[
Db
]
Wm

(
zi
)
,

C̃rotor

(
2, 2mtot + c + ( j − 1)ntot

)

= −2

∫ L

0
ρbAbΩYc−2(s)ds cosβ sinϕ j ,

C̃rotor(2m + 1, 1) =
Nb∑

i=1

[
Db
]
Wm

(
zi
)
,

C̃rotor(2m + 1, 2)

= −2

∫ l

0
ρsAsΩWm(z)dz − 2MDΩWm(l)

− 2NtotMbΩWm(l),

C̃rotor(2m + 1, 2q + 1)

=

Nb∑

i=1

[
Db
]
Wq

(
zi
)
Wm

(
zi
)

+

∫ l

0
ηsEsIsΩW ′′

q (z)W ′′

m(z)dz,

C̃rotor(2m + 1, 2q + 2)

= −2

∫ l

0
ρsAsΩWq(z)Wm(z)dz

−

∫ l

0
ρs
(
Isy + Isx

)
ΩW ′

q(z)W ′

m(z)dz

− 2MDΩWq(l)Wm(l)− 2
(
JDy + JDx

)
ΩW ′

q(l)W ′

m(l)

+

∫ l

0
ρsI

pol
s ΩW ′

q(z)W ′

m(z)dz + J
pol
D ΩW ′

q(l)W ′

m(l)

− 2NtotMbΩWq(l)Wm(l)

−

Ntot∑

j=1

LρbIbΩ sin2 βW ′

q(l)W ′

m(l)

+
Ntot∑

j=1

LρbIbΩ cos2 βW ′

q(l)W ′

m(l)

−

Ntot∑

j=1

LρbIyΩ cos2 βW ′

q(l)W ′

m(l)

+
Ntot∑

j=1

LρbIyΩ sin2 βW ′

q(l)W ′

m(l)

−

Ntot∑

j=1

LρbIzΩW ′

q(l)W ′

m(l),

C̃rotor

(
2m + 1, 2mtot + c + ( j − 1)ntot

)

= −2

∫ L

0
ρbAbΩYc−2(s)dsWm(l) cosβ cosϕ j

− 2

∫ L

0
ρbIbΩY ′c−2(s)dsW ′

m(l) sinβ sinϕ j ,

C̃rotor(2m + 2, 1)

= 2

∫ l

0
ρsAsΩWm(z)dz + 2MDΩWm(l)

+ 2NtotMbΩWm(l),

C̃rotor(2m + 2, 2) =
Nb∑

i=1

[
Db
]
Wm

(
zi
)
,

C̃rotor(2m + 2, 2q + 1)

= 2

∫ l

0
ρsAsΩWq(z)Wm(z)dz

+ 2

∫ l

0
ρs
(
Isx + Isy

)
ΩW ′

q(z)W ′

m(z)dz

+ 2MDΩWq(l)Wm(l)

+ 2
(
JDx + JDy

)
ΩW ′

q(l)W ′

m(l)

−

∫ l

0
ρsI

pol
s ΩW ′

q(z)W ′

m(z)dz − J
pol
D ΩW ′

q(l)W ′

m(l)
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+ 2NtotMbΩWq(l)Wm(l)

+
Ntot∑

j=1

LρbIbΩ sin2 βW ′

q(l)W ′

m(l)

−

Ntot∑

j=1

LρbIbΩ cos2 βW ′

q(l)W ′

m(l)

+
Ntot∑

j=1

LρbIyΩ cos2 βW ′

q(l)W ′

m(l)

−

Ntot∑

j=1

LρbIyΩ sin2 βW ′

q(l)W ′

m(l)

+
Ntot∑

j=1

LρbIzΩW ′

q(l)W ′

m(l),

C̃rotor(2m + 2, 2q + 2)

=

Nb∑

i=1

[
Db
]
Wq

(
zi
)
Wm

(
zi
)

+

∫ l

0
ηsEsIsΩW ′′

q (z)W ′′

m(z)dz,

C̃rotor

(
2m + 2, 2mtot + c + ( j − 1)ntot

)

= −2

∫ L

0
ρbAbΩYc−2(s)dsWm(l) cosβ sinϕ j

+ 2

∫ L

0
ρbIbΩY ′c−2(s)dsW ′

m(l) sinβ cosϕ j ,

C̃rotor

(
2mtot + c + ( j − 1)ntot, 1

)

= 2

∫ L

0
ρbAbΩYp−2(s)ds cosβ cosϕ j ,

C̃rotor

(
2mtot + c + ( j − 1)ntot, 2

)

= 2

∫ L

0
ρbAbΩYp−2(s)ds cosβ sinϕ j ,

C̃rotor

(
2mtot + c + ( j − 1)ntot, 2m + 1

)

= 2

∫ L

0
ρbAbΩYp−2(s)dsWq(l) cosβ cosϕ j

+ 2

∫ L

0
ρbIbΩY ′p−2(s)dsW ′

q(l) sinβ sinϕ j ,

C̃rotor

(
2mtot + c + ( j − 1)ntot, 2m + 2

)

= 2

∫ L

0
ρbAbΩYp−2(s)dsWq(l) cosβ sinϕ j

− 2

∫ L

0
ρbIbΩY ′p−2(s)dsW ′

q(l) sinβ cosϕ j ,

C̃
(
2mtot + p + ( j − 1)ntot, 2mtot + c + ( j − 1)ntot

)

=

∫ L

0
ηbEbIbY

′′

p−2(s)Y ′′c−2(s)ds.

(B.1)

NOMENCLATURE

mtot
Number of modes considered
for the shaft motion

ntot
Number of modes considered
for the blade motion

Ntot Number of blades
MD = 150 kg Mass of the disk
MS Mass of the shaft
Mb Mass of one blade
DL Axial length of the rigid disk
r = 50 · 10−2 m Disk radius

L Blade length

R = r + L Blade tip radius

Ab = 7.5 · 10−3 m2 Blade cross-sectional area

Ib =
4.55 · 10−7 m4

Blade area moment of
inertia for flexure

Iy =
8.93 · 10−5 m4

Blade area moment of inertia in
the other direction

Iz = Ix + Iy
Blade area polar
moment of inertia

l = 350 · 10−2 m Length of the shaft

r0 = 6 · 10−2 m Outside radius of the shaft

ri = 5.5 · 10−2 m Inside radius of the shaft

ρs = 7833 kg/m3 Mass density of the shaft material

β = 60◦ Blade stagger angle at the tip

Ω Rotor spin velocity

ES = 200·109 Pa
Elastic Young’s modulus of
the rotor shaft material

Eb = 117·109 Pa
Elastic Young’s modulus of
the blade material

ρb = 2000 kg/m3 Mass density of the blade material

AS = π(r2
0 − r2

i ) Shaft cross-sectional area

IS = π
(r4

0 − r4
i )

4
Shaft diametral area

= ISx = ISy moment of inertia

ISpol = π
(r4

0 − r4
i )

2

Shaft polar area moment
of inertia

JD=MD

(
r2

4
+
D2

L

12

)
Diametral mass moment of

= JDx= JDy inertia of the disk

J
pol
D =MD

(
r2

2

)
Polar mass moment of
inertia of the disk

ηb Blade damping

ηs Shaft damping

ϕ j
Angular position of the jth
blade in the rotating frame

Nb
Number of discrete bearings
supporting the shaft

zi Bearing support locations

Sbxx=Sbyy=Sb Stiffness in the bearing support

Db
xx=Db

yy=Db Viscous damping in the
bearing support

Bb
xx = Bb

yy =

Bb
= 0 N.m/rad

Moment (bending) stiffness
in the bearing support

z Axis of the shaft

s Axis along a blade
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