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Abstract

We consider the three-dimensional exterior problem for stationary Navier-Stokes equa-
tions. We prove, under assumptions of smallness of the data, existence and uniqueness
of solutions. By setting the problem in weighted spaces where the weights reflect the
anisotropic decay properties of the fundamental solution of Oseen, we show the better
decay of the solutions outside the wake region. Moreover, the solutions we obtained
have a finite Dirichlet integral and under additional assumptions on the weights they
are also PR-solutions in the sense of Finn [10]. The study relies on a L9-theory for

1 < g <.
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1 Introduction and Notation

Let €' be a simply-connected bounded domain in R? assumed to have at least a Lipschitz-
continuous boundary 99 and let € denotes the complement of €, in other words, the

exterior of . In this paper, we consider the stationary Navier-Stokes equations
—vAu+pu-Vu+Vp=pf in Q,
divu=0 in Q,

u= u, on IS,



describing the flow past the obstacle € of a viscous incompressible fluid with viscosity
v > 0, density p, velocity w and pressure p. Furthermore, the prescribed quantities f, u,
and uy, denote the external force field acting on the fluid, the velocity of the fluid at the
boundary 02 and its velocity at large distances from 0f, respectively. In a coordinate
frame attached to Q, we assume that u,, = hej, where e; = (1,0,0)! and h > 0. From
a physical point of view, such flow is expected to have some properties which are closely
connected with the behavior at large distances. The flow must indeed exhibit an infinite
wake extending, in this case, in the direction 1 > 0. Inside the wake region, the flow
gets turbulent and the rate of convergence of the velocity u to us outside the wake is
faster than inside it. To our knowledge, the first studies of (1.1) are due to Leray [19],
who proved the existence of weak solutions with finite Dirichlet integral [, |Vul’dz, so-
called D-solutions (see also [11], [14] and [18]). Then the investigation of the asymptotic
behaviour of D-solutions is first due to Finn [9, 10], who introduced the class of physically

reasonable solutions, so called PR-solutions, i.e.,
(@) — uso| = O(l2| 27, if us, #0, (1.2)

where € > 0 may be arbitrary small. Further investigations on the asymptotic behavior of
solutions to (1.1) are due for instance to Clark [4], Babenko [3], Galdi [12, 13, 14], Farwig
[5] (see also [7]), Farwig and Sohr [8] and references quoted there.

An important tool for the investigation of (1.1) is the study of linearized problems. We

linearize u at u = uo, and get the Oseen system ([20, 21]):

)
A A L Vp=f O

6.1‘1
divwv=0, in Q,
(1.3)
V= Uy — Uy 0N O,
lim v(x) =0,
|| — o0

for v = u—uo and A = ph > 0. The fundamental solution (O, P) of Oseen can be written

in the form (see for instance [13]):

Oyj(x) = (%’A - 8—3318—1:) ®(z), Pi(z) = pRApeEE

where
1 As(z)/2v 1— eft

WA t

dt, s(x) = |z| — x1.



It is well known that as |z| tends to infinity, we have the following behaviors,

O(z) = O(l2| 7' (1 + s()~"),
VO(2) = O */*(1 + s(z)~*/?),

82(’)(:1;) _ _ _ (14)
SO 01+ s(a) )
8;9(12) — O(|2l2(1 + s(x))L).

I

The term s(x) shows the existence of the wake region behind the obstacle. Indeed in
the set W = {z € R3, s(x) < 1} which is rotationally symmetric with respect to the
xr1-axis and which has a paraboloidal shape opening for 1 > 0, the fundamental solution
O decays as |z|~!. But in the set S = {z € R3, s(x) > |z|/2}, O decays as |z|~2 showing
the faster decay of O outside the wake.

The purpose of this paper is to prove, under suitable smallness assumptions, existence and
uniqueness of solutions to (1.1) that have better decay properties outside the wake region.
Since the flow domain is unbounded, the study is based on a L%-theory for 1 < ¢ < oo.
Next, in our approach, we choose to include the wake behavior of the solutions in the
definition of the function spaces. We therefore study the Navier-Stokes equations (1.1)
in weighted Sobolev spaces where the weights reflect the behaviour of the fundamental

solution of Oseen. In view of (1.4), weights of the type
ng(e) = (1+ |2)*(1 + s(2))’, a5 €R,

are used.

The study here is possible due to the investigation of the exterior Oseen problem in such
anisotropic weighted L7 spaces (see [23]). Note that this paper extends the existence and
uniqueness result proved by Farwig [5] where the study relies on a L2-theory.

This paper is organized as follow. In the next section, we introduce the anisotropic
weighted spaces and we recall some of their basic properties. In Section 3, we recall
the main result on the Oseen equations proved in [23] that we will use for the investi-
gation of the Navier-Stokes equations. In order to estimate the nonlinear term u - Vu,
in Section 4 we first prove imbedding theorems in weighted spaces. Here, we follow the
ideas developed by Farwig [5] where integral representations involving the fundamental
solution of a scalar model of the Oseen equations are used. We next prove pointwise decay
estimates of functions that belong to the anisotropic weighted spaces considered. Finally
Section 5 is devoted to the Navier-Stokes equations. After proving anisotropic weighted
estimates for the nonlinear term, we prove our main existence and uniqueness result using

the Banach’s fixed point theorem for sufficiently small data fand u, — us. The solutions



we obtained are D-solutions, i.e [, |Vu|?dz < co. Furthermore, under additional assump-

tions on the weight 75 (z), they are also PR-solutions in the sense of Finn [10] (see (1.2)).

We end this section with the Notations used throughout this paper. We denote by N
the set of all positive integer and ¢ is a real number in the interval |1,4+o00[. The dual
exponent of ¢ denoted by ¢’ is defined by the relation % + % = 1. Vector or matrix fields
will be denoted with boldface characters. A point in R? is denoted by = = (21, z2, z3) and
its norm by |2 = (27 + 2% + 22)'/2. For any multi-index m € N3, we denote by ™ the

differential operator of order m,

olml
= mi mo m3
O0x"' 0wy ? Oy

o™ |m| = my + mg + ms.

By the same way, we denote by 0; the differential operator 9y = 9/dx;. For any real
number k, we denote by [k] the integer part of k. We denote by D(£2) the space of C*
functions with compact support in . We recall that D'(Q) is the well-known space of
distributions defined on © and L%(Q2) is the usual Lebesgue space on Q. For m € N,
we recall the well-known Sobolev space W™4(€2). We shall write v € W,)"/(Q2) to mean
u € W™4(Q), for any bounded domain 2, with Q C Q. We introduce the trace space
Wit1/d.4(90Q) of functions which belong to W24(Q). For R > 0, we denote by Br(x) the
open ball of radius R centered at @ and Bj(z) the complement of Bg(z). To simplify
the notations, we denote by Bp the open ball centered at the origin. Finally, C', Cy, C
denote generic constants the values of which may change from line to line. Sometimes we

indicate some parameters such as ¢ these constants will depend on.
2 Anisotropic weighted spaces
Let us recall that s(x) = || — z; and

n3(x) = (1+2)*(1 + s(2)’, a,BeR.

Observe that we have

2 _ 25 ()

Vs(x) = =

2 st = wia)

2.5
and as |z| tends to infinity,

Vg (@) < Cn3 (@), oS (@)| < Cng (@) and (0% (@) < Cnfoi(a).  (26)

Let Q be an exterior domain of R?. Given «, 3 € R, we consider the following anisotropic

weighted spaces



L2 4(Q) = {v € D'(Q), njv e LUQ)},
X 4(Q) ={velL? (), Vv € L 5(2)},

B —38-3
27
Woh(Q) ={ve Ll | 4(), Vv e LL%’[}(Q), v e LY 5(2)},

572, 2,
Wa’%(Q) ={ve Wa’%(Q), O1v € Lg(ﬂ(Q)},
These are Banach spaces when endowed with their respective norms

HUHL‘;’ﬂ(Q) = ||77§U||Lq(9),

Iollxsagey = olles | @+ 1Vlcg o

1
2

_ 2
oz ) = Iollza_, o+ I90lie_, ) +18%0lz (0

||U||W§:%(Q) = H’UHW‘ijqﬂ(Q) + Halv‘|LZ‘75(Q)'

The space D(2) is dense in Lglﬂ(Q) and, proceeding as in [16], we can prove that the

space D(Q) is dense in X{i”%(Q), Wo%g,(Q) and Wig(Q) We have Li’ﬁ(Q) C L .(9) and,
by the same way, all the local properties of the spaces X{i”%(Q), Wg%(Q) and Wo%g,(Q)

coincide with those of the Sobolev spaces W14(Q) and W?24(Q) respectively. Hence, they
also satisfy the usual trace theorems on 92. Observe that the operator defined by

u € Liﬁ(Q) = npu € Li*d,,@*b(Q) (2.7)

is an isomorphism. For further properties of the anisotropic weighted Sobolev spaces

considered, the reader can refer to [6], [2] and [1].

3 The linear problem: the stationary Oseen equations

Now that the functional framework is introduced and before going any further, we recall
the existence and uniqueness result for the linearized problem proved in [23] that we will

use in the sequel. We consider the stationary Oseen equations in an exterior domain €2
—vAu+ \oiu+Vp=f in Q,
divu=0 in Q, (3.8)
u= u, on ON.

Theorem 3.1. Let Q be an exterior domain of R® and suppose that 0€) is of class C2. Let
a, B € R satisfy

) (3.9)

N =

L <a<
= o}
5 >

=

1 1 1 1
max((),———><ﬁ<1—— and -
2 g q q

5



Then for any f € LZH_l ﬂ(Q) and u, € WH/4:9(9Q), problem (3.8) has a unique solution
2’

N27q l,q .
(u,p) € Wa+%,ﬁ(9) X Xa+%,ﬁ(9)' Moreover, we have the estimate

—~ < / .
HUHqul () + ||PHX;’+‘1%£(Q) <C <Hf||LZ+%,/3(Q) + ||u*HW1+1/q ,q(ag)>

+1.8

4 Imbedding and asymptotic behavior results
In this section, we first prove two imbedding theorems which will allow to estimate the

nonlinear term w - Vu in anisotropic weighted spaces. We introduce

—s(z)/2
Oa) =~

dr |z
the fundamental solution of the following model equation

—Au+du=f inR3

Observe that we have

C
and, using (2.5) ,
c 1 1
VO@I < Gy <‘m‘3/2 + W) , VdeR. (4.11)

Next, let u € D(R3). Then we have the following integral representation

1

u(z) = — - O(z — y)(—Au(y) + d1u(y))dy. (4.12)

Besides, we need a technical lemma which is a version of a more general result proved by

Farwig (see [5], Section 3):
Lemma 4.1. Let a,b,c,d be real numbers satisfying:

a<b+1l, 0<b<l 0<c<2, d>1, a+b+c—2>0,
a+b#1, c+d#1, 2b+c+d#3.

(4.13)

Then we have
L@ e+ (o) dy < O @), (1.14)

Inequality (4.14) still holds if |x — y|=¢ is replaced by |x — y|=""7 for any v such that
c+y<3.



Remark 4.2. (i) Let us mention that in [5], Farwig has given conditions on a,b,¢,d, e, f

such that,
/R ) e — y)dy < On7 (@), (4.15)

The whole space R? is divided into 16 subdomains €;, i = 0,...,15 and in each €, i =
0,...,15, the inequalities

| i vy < o) (4.16)

are proved where e; = ¢;(a,b,c,d) and f; = fi(a,b,c,d). From these results and under the
assumptions (4.14), it is straightforward to verify that in each ;, i = 0,...,15, we have
nZ§i (@) < Oy (@),

(ii) A generalization of (4.15) to R", with n > 2 can be found in [17] (see also [22]).

(iii) Assume now that inequality (4.14) holds. First we write

/R ) a9 s ) dy = Ii(#) + (@),
where
I(z) = / ) |-y (1 + s(z - v)) "L dy
Bi(z)

and
B@) = [ ww)le— sl 0+ (o y) .
Bi(z)
Clearly we have
h(@) < [ i) la— i1+ st ) dy

Next, we have

L(2) < max "2 (y) / E2() e — y =1+ s(z— y)) 4 dy
yEB1 () B (x)

<O @ [ W e T (e )y
1T
Since ¢ + v < 3, we easily get

/B @y ste )y < O
1(x

This proves that inequality (4.14) still holds if | — y| ¢ is replaced by |&— y|~¢"7 for any
~ such that ¢+~ < 3.

The next results prove imbedding theorems in anisotropic weighted spaces.

1
7 <

Theorem 4.3. Let o, 3, q, v be real numbers such that % — % < Then for any

24 3
u € Wa+%,ﬁ(R ), we have

1
.



Proof. It is enough to consider a function u € D(R?). We split the proof into two parts.

1) In this first part, we assume

1 1 1
+-—-f<a<fB+=-—-. (4.17)
T 2 q

1
0<fB<1l—- and
q

QN

1
2

Now, for any y € R3, let g(y) = —Au(y) + 01u(y). Then from (4.12), we have

1 e—s(x—y)/2 p

u(x) = — _ )

() 4%/11{3 P 9(y) dy

Introducing two positive real numbers ¢ and §, with 0 < ¢ < 1, we can write
r—q

uwzﬁéxmw%)%ﬂ“x

e—s(@=y)t/2 r—q —s(z—y)(1-1)/2
q/r —(a+3)=946 e _

It follows from the Holder’s inequality with the exponents %, r and ¢/, that

1/r
(z— y)rt/2 1
(onr—)(rf )+or
u(z)| < CHgll (Rg (/ l9(y ot e T () dy) x
, (4.18)
ew(w—y)(H)q'/z Y 1/ ‘
We set
° esED0-0d/2
L@%—As|w_w1m,ngﬂwdy
From (4.10), we have
) < C’/ n_ ﬁq —y| O (14 s(z—y)) Cdy, Vd> 1.
We set a = 0¢’, b= ¢ and ¢ = (1 — t)q’. Choosing
2 1 1 2
then all the assumptions (4.13) of Lemma 4.1 are satisfied and we get
—5q'—(1-t)q'+2
(@) < Oy (@),
From (4.18) we deduce that
r + r— ( + )(r—gq)+dr
[ @ @de < ol [ ol ()
a+ o
(4.20)

—s(z—y)rt/2
€ —br+(a+L)r+rt—2



We set now

e~ s(@—yrt/2 —or+(a+ 2 )r+rt—2
Jo(y) = /11{3 eyt Mo ’ () d.

Using again (4.10), we have

_ [V
Jo(y) < C o ort(atg)rirt 2(:(:)|:t:— y|_”’(1 + s(z— y))_d de, Vd>1.

R3
Setting a = 6r — (o + 3)r —rt +2, b= 0, ¢ = rt and choosing

1 1 1 2
a+-<o<——+t+a+- and t< -, (4.21)
2 T 2 T

then the assumptions (4.13) are satisfied and we get

—r+(at+L)r
Jo(y) < Cn, ey,

Inserting this last inequality in (4.20), we easily obtain
®) < Cllglle | (®s) (4.22)
> at+35,8

which proves the statement of the theorem. Observe now that to get (4.22), we need to
choose d and t satisfying both (4.19) and (4.21). In other words, we need to choose ¢ and
t such that
max(—l—i—g,l) <t<min<1,2ﬂ+1,g), (57&1—1—ﬂ
q T q T q
and

2 1 1 1 1
max |1l——-+t—F,a+= | <d<min|-——+t+a+-,6+1—-].
q 2 T 2 q

1_1
q 2

2) In this second part, let o and [ be two arbitrary real numbers and consider v = n_]

The assumptions < % < % and (4.17) ensure that such ¢ and ¢ exist.
u7

where €, 7 € R. We can write
(a—1+2)r—2 (a+1—2+42)r—2
r 2 o r 2
L@ s @ = [ p@ragll T @ de

Setting now o/ = a+ 7, 8/ = 8 + ¢, choosing € and 7 such that 0 < ' < 1 — % and

i % +i-pf<ad<p+1i- % and using the first part, we easily get

(R3) < CH — Av+ 811)\|Lq
ol + 4

) B/(R3)'

a/,%Jrz,%’B/

< COllull
woie2 %,B’(R3) = ||UHW2;‘:%B(R3)

which ends the proof. [



Theorem 4.4. Let o, 3,q and r be real numbers such that = — i < % <

u € W 24 ﬁ(R?’), we have
27

%. Then for any

||VUHL;+2_2 S(B) < C||U\|ij

R3)"
q T %75( )

Proof. As for the proof of Theorem 4.3, it is enough to consider a function u € D(R?)
and we split the proof in two parts.

1) In this first part, we assume

1 2 1 1 1
0<pf<l—- and ——-+--fF<a<pfB+z—-. (4.23)
q q 2 q

For any y € R, we set g(y) = —Au(y) + d1u(y) and we can write

- 1 v e—s(x—y)/2 g
u(z) = E/R?’ W 9(y) dy.

Using (4.11), for any d > 1, we have

Vu(z)| < C (/RS(l +s(z—y) "z -y~ ?g(y)dy + /Rg(l +s(z—y) z- y\_Qg(y)dy>
= CO(I () + I(x)).

Introducing two positive real numbers ¢ and § with 0 < ¢t < 1 and since d is any real
number greater than 1, we can write

r—q

B = [ (\g< )l ”"(y))"_T|g<y>\q/r<1+s<m—y>>—d/r\m-y| LD )

/ _3(1— _
x (14 s(x— ) [z —y| 720 ") (y) dy.

From the Holder’s inequality with the exponents Tq%’q, r and ¢/, we have

q

w)§0< / \g(y)\qn;;?)%wdy) ‘
]R3

1/r
_ _srt  —(at3)(r—q)+or
< ([l s sta— ) o F g, gay)

, 1/q
([ st tle - S )

R?:

Let
(@) = [ w5 wle— o 00 (14 s(a— ).

We set a = 0¢', b= 3¢, c = %(1 —t)q" and we choose

2 3 1 1 4

Q

10



Then all the assumptions (4.13) are satisfied and Lemma 4.1 yields

—aq’ __(1 t)q’ +2($)'

111($) < C’I? Bq’ (4.25)

Proceeding by the same way for I5(x), we will have the term
—5d' _
(@) = [ B @le -yl 00 (14 s(o— )y
R3
—5q’' _ / _
:/ - () — gy 20707730700 (1 4 s(z— )" dy.
R3

Setting v = 3(1—t)¢/, then from Lemma 4.1, the condition ¢+~ < 3 yields the additional
assumption t > 1 — 2%, which is already satisfied by (4.24). Hence inequality (4.25) holds
if we replace I11(x) by Iz (x). Thus we deduce that

r (at+= ) r— a+ (r—q)+or
L 1vu@rag " @ de < Claly g, [l @)
(1+12-

e (4.26)
77; —or «
< ([ st ) tle - ¥ 0+ o= st D <w>dw) dy.
R
Let
_ _srt —8q+35t+(a+5)r—2
Ra() = [ (1 sta— ) o=y % 0, ) da
Setting a = 6r — 3t — (a+ 3)r +2, b =10, c = 2 and choosing
1 1 3t 1 4
a+§<5<—;+5+a+§, t<§, (4.27)
then all the assumptions (4.13) are satisfied and we get
—or+(a+3
Io(y) < O, (). (4.28)
Let
. _opt  —0r+35t 4 (at§)r—2
Ba(y) = [ (1 sta= ) o=y o) e
Then, again from Lemma 4.1, we have
—or+(a+3
In(y) < Oy (y) (4.29)

if 2rt < 3 which implies that ¢ < % But this condition is already satisfied by (4.27).

From (4.26), (4.28) and (4.29), it follows that
r (a+2)r—2 -
[ vu@rng " @de < Clalls ey
R3 at+3,8

To get this last inequality, 0 and ¢ must be chosen such that

ma 1—1—4 2 <t<min|(1 4
x| == =
3 3q "3r " 3r

11



and

1 2 3t 1 . 1 1 3t 1
max|(-——-+——fFa+- | <d<mn(f+1-—-,—+—+a+-),
2 q 2 2 q T 2 2

which summarize the assumptions (4.24) and (4.27). Since % — i < % < % and under the
assumptions (4.23), such ¢ and ¢ exist.

2) For arbitrary «, § € R, we proceed as in the proof of Theorem 4.3. O

Remark 4.5. The imbedding results proved previously are still valid if R3 is replaced by
Q. Indeed let u € Wif%ﬁ(ﬁ) Then the trace you € Wt1/44(9Q). Hence, recalling that
V' is the bounded domain complement of €2, there exists a unique @ € W29()') such that
(see for instance [15])

At =0 in€Q, @=yu on dN.

Moreover, we have the estimates

litllwzaer) < Clroullyrersaen < Cllulze - (4.30)
atd B

Consider the extension of w:
T=u inQ and w=a in Q.

Then, @ € ij; ﬁ(R:s) and, thanks to (4.30),

2 b
[l < Cllullgp. :
Wiy s ®) Wi,
From this last inequality, it is straightforward to prove that Theorems 4.3 and 4.4 are still
valid if R3 is replaced by €.

For the last result of this section, we study the asymptotic behavior of functions that

belong to anisotropic weighted Sobolev spaces.

Theorem 4.6. Assume 3 < g < 0o and let § = 2 — % —-[2- %] If u e Wz’g(R?’), then
there exists C' > 0 such that

vzeR?,  |u(z)| < Cn”X(a) ||UHW§3;(R3)-

Proof. 1) We assume first « = = 0. Let R > 0 be a real number. Using the following

partition of unity

¢1,02 ECP(R?), 0<1,02<1, o1 +¢p2=1 inR?

v1 =1 in Bg, supp ¢1 C Bry1.

12



we split u into v = w1 + wpy = uy + ue. Since 3 < q < oo, the Sobolev’s imbedding

2
theorems yield

Hu1||L°°(BR+1) < C||82u1”Lq(BR+1)

and
Vo e R?, [ua(@) — us(0)| < C0%us| a2’

By the definitions of 1, @9 and since 0 < § < 1, we have
Vo e B, [u(e)] < Onf(@) [ull g g

2) Let now «, 8 be two arbitrary real numbers and u € Wi’%(ﬂ@). Then thanks to (2.6)
and (2.7), nju € WOQ”(?(R?’) and we have

va e RS, nilu(@)| < Cul() [nfullyzs e
which implies that

Vo e R, fu(@)] < On’5 (@) [ully 2 o -

5 The stationary Navier-Stokes equations

Let Q be an exterior domain with boundary 9Q of class C2. For any w € Wjﬁ 1 5(9)7 we
27

introduce the nonlinear operator T such that v = T'w satisfies the problem

—vAv+ kO1v+ Vp = pf—pw-Vw in

diveo=0 in ,
(5.31)
V= Uy — Uso oON Of),
lim v(xz) = 0.
|| — o0

Our aim is to prove that the operator 71" has a fixed point. Using Section 4, we estimate

the nonlinear term in anisotropic weighted spaces.

Lemma 5.1. We assume % <qg<2.

. T2, :

(i) Let ve Waf%ﬁ(ﬁ), then v- Vo e Lga+%,2ﬁ(9) and satisfies
Y < Clvl% : 5.32
o Veliy o < Cllolian (5.32)

(ii) Let vy, vy € ijl ﬁ(Q)’ then we have the estimate
27
||’U1 . V’Ul — U2 V’UQHLq (Y)
2a+ 75,28

(5.33)

< Cllor — valpa. o172 + [lozlp :

13



Proof. (i) We have
(20+13) (2a+ )q
/Q‘”' Vol'ngg, * de < C/ﬂ 0]V |4y, 2" da.
Introducing a real number ¢ > 1, we can write
/ "U|q|V'U‘q d < C/ |’U‘q gq 2 )q t ‘v |q (a+1)q 2+ ! da

From the Hoder’s inequality and since g < 2, we have

/|v|qu|q (oct3)

1/t ’ 1/¢
(a qt 2 r (a+l)gt' — 2t’+2%)
e[ (e
1/t , 1t
qtf / (a+ )qt’ —
<C </| ‘qt ﬁqt > </ |V )4 Nogtr " dm) .

Since ¢ > %, we can choose ¢ such that 1 —4 < % < 4. Thus, the assumptions of Theorem

4.3 and Theorem 4.4 are both satisfied and we obtain
(2a+3%)q
q q
[ 1ottvolny Y o < ol s o

which ends the proof of (i).
(ii) Using the following identity,

v - Vv, — vy - Vg = (’01 — ’UQ) . V(’Ul — ’02) + vo - V(’Ul — ’02) + (’01 — ’UQ) - Vg

and the inequality (5.32), the proof of (5.33) is straightforward. [

We are now in a position to prove our main result.

Theorem 5.2. Let Q be an exterior domain of R® with boundary 092 of class C? and
% < q<2. Let a and B be two real numbers satisfying

1 1 1 1 1
max(O,———><ﬁ<1——, and 0<a<=——-40. (5.34)

2 q q 2 q
Then there are 8, > 0 such that for any external forces f € L%

a+%,,6’(Q) and boundary
velocity w, € WItY4:9(9Q) satisfying
s, @ Se and fo— wlyromaon <2
71

the stationary Navier-Stokes equations (1.1) have a unique solution (u,p) € VVfocq(Q)
La/a 52, 1,
W, 9(Q) such that (u— Ueo, p) € Waf%ﬂ(Q) X Xai%ﬂ(Q) and

= el o) <3
2)
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Moreover, there exists C'(§) > 0 such that
_ — < — ’ .
= selias, o+ Iolsoe, o OO0 (If1y, o+ It = tellpnsnion )
Assume in addition that % < q < 2. Then we have the following pointwise decay estimate
3-3-a
ule) — sl = 0 (1,7 (@) (5.35)
Proof. We apply the Banach’s fixed point theorem. Let § > 0 be a real number and
_ ,q .

1) The set K (6) is clearly a closed subset of W g(Q)

2)
2) Let us prove that T(K(d)) C K(§). Let we K(9), fe Li
satisfy

1+1/¢,
+%ﬂﬂb,u*elV 69

Hf||L‘1 o @ <€ and oo = uillyrrsaapn) <€
j?

Since o > 0 and 3 > 0, from Lemma 5.1, w- Vw € LY |

a+§,ﬁ(Q) and we have

lw- Vulle (@) < Cllwlfz.
at3,8 + B

@)’

Hence thanks to Theorem 3.1, problem (5.31) has a unique solution (v = Tw,p) €

ij L g(Q) x X ’f_ g(Q) Moreover the following estimate holds

[T w] 72 + [l .
W) X3ty 5@

SQ<WMZ19HWM—MMMHWNW4WM|M m)
at .

ats,

<y (2€+(52) .

Choosing now € < z2- and § < 20 , we have Cp(2¢+6%) < § which proves that T(K(§)) C
K (9).
3) Let us prove that T is a contraction. Let w;, wy € K(§) and v; = T'wy, vo = Twy. We
can write
[[v1 — 'UZHWMI @ = [Twy — T'w2||W2q ()
0<+§,5 + 8

< Co||p(w1 : le — w2 - V’wQ)HLqul ﬂ(Q)
aty,

< Cillw — wllgea g (lwlles g+ lwsllize o)
at+$.8 atd.8 at 3.8

< 2501”’11]1 — ’lU2||’V‘V’2,q Q)
a+%,,@‘
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where the second inequality is obtained thanks to Lemma 5.1 (ii). Choosing additionally
d < ﬁ, then the operator T : K(0) — K () is a contraction. Hence from the Banach’s
fixed point theorem, the statement of the theorem is proved. If % < q < 2, then Theorem
4.6 yields the pointwise decay (5.35). O

Remark 5.3. (i) We recall the wake W = {z € R?, s(x) < 1} and the set S = {z €
R3, s(x) > |z|/2}. For |z| — oo, the velocity u given by Theorem 5.2 satisfies |u(x) —
Uoo| = O(|$|%_%_a) in W and |u(x) — us| = O(|w|%_%_(a+ﬂ)) in S. Since § > 0, this
shows the better decay of the velocity outside the wake.

(ii) The decay properties of the velocity u for the case ¢ = 2 is proved in [5].

(iii) Observe that the velocity u given by Theorem 5.2 satisfies Vu € Lg{ﬂ ﬁ(Q), with a > 0
and 0 > 0. Then u is a D-solution, i.e. fR3 |Vu|?dx < co. Additionally, if we assume
8 > % — % and o > 2 — 2, then w is also a physically reasonable solution in the sense of
Finn [10] (see (1.2)).

Combining Lemma 5.1 and Theorem 5.2, we easily get the following stability result.

Corollary 5.4. We assume the assumptions of Theorem 5.2 to be satisfied. Let fi,

Foe L1, (Q) and ul, w? € WHVIUIQ), (ur,p1), (uz,p2) € Wil(Q) x Wi (Q) be
2’ —
solutions of (1.1), such that (u; — ux,p1) € ij%,g(Q) x XM (Q) and (up — uso, p2) €

o+l
N27q 17q s
wa+%,ﬁ(9) X Xa+%ﬁ(Q), with

||u1 — UOOHijl B(Q) < 0 and ||u2 — UOOHijl B(Q) < 0.
2 3

Then we have the estimate

1 2
||u1_u2||W§f%,ﬂ(9)+||pl_pZHXLf%,ﬂ(Q) < 0(5) <Hf1 _f2‘|Li+%,/3(Q) + HU* - u*HW1+1/q/,q(aQ)> .
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