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MOULD CALCULUS FOR HAMILTONIAN VECTOR FIELDS

by

Jacky Cresson & Guillaume Morin

Abstract. — We present the general framework of Ecalle’s moulds in the case of lineariza-
tion of a formal vector field without and within resonances. We enlighten the power of
moulds by their universality, and calculability. We modify then Ecalle’s technique to fit in
the seek of a formal normal form of a Hamiltonian vector field in cartesian coordinates. We
prove that mould calculus can also produce successive canonical transformations to bring a
Hamiltonian vector field into a normal form.

We then prove a Kolmogorov theorem on Hamiltonian vector fields near a diophantine
torus in action-angle coordinates using moulds techniques.
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1. Introduction

We deal in this text with formal normal forms for formal vector fields on C”. We use the
mould formalism by Jean Ecalle to obtain those. The idea in this formalism is to consider
vector fields as derivations on the algebra of formal power series Cl[x]] and work in the
general free Lie algebras framework associated to the algebra build on these derivations.
It was developed by Ecalle (see [B, B, []) but didn’t get the success it deserved yet. This
text comes back on Ecalle’s idea with some precise calculus we didn’t find in his works,
although it was said to be right. The Hamiltonian parts (sections [| and f) were also
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evoked by Ecalle in [@] but still not written: we hope to give here a little contribution to
his work and an educational aspect.

In order to make the reader familiar with moulds and mould calculus in the search
for formal normal forms, we recall in sections |l to | some of Ecalle’s work, and set a
global framework for moulds, which is the general free Lie algebras framework. Then, in
sections [ and f§ we present already known results, with the new techniques of moulds.

The search for formal normal forms of vector fields has a great first theorem from a great
mathematician: the linearization theorem by Poincaré. We give here a ”moulds proof”
of this theorem, which obviously make the small divisors appear, and moreover, arouses
a universal character of moulds: the linearization mould only depend on the graduation
(i.e. the decomposition) of the vector field X. This is of great interest, because when the
vector field is modified, the linearization mould is stil the same, as long as the graduation
of the vector field is the same.

The plan of this text is the following: sections f| to [f are of pedagogical interest, and
summarize the main definitions, results and techniques of Ecalle’s moulds we need. Most
of it can be found in [B, H, B, B, [, §]. The original work we did can be found in the last
two sections. More precisely:

Section [ recalls some basic definitions and results about mould formalism. In section
we define the main object of our concern: a prenormal form. That is, a vector field X
being given with a fixed diagonal linear part Xj;,, we look for a change of variables which
brings X into X, such that [Xji,, Xpor] = 0.

Section 3 deals with continuous prenormal forms, following Ecalle’s terminology; that is,
how does a prenormal form X, behave when the vector field X is modified, its linear part
being untouched? We give here a first application of the power of the mould formalism,
calculating a direct transform of linearization of X, according to Poincaré’s linearization
theorem.

The case of resonant vector fields rises in the next section 4: we obtain an analogous
result of the classical Poincaré-Dulac theorem; nevertheless the prenormal form calculated
here is not the Poincaré-Dulac normal form; Ecalle calls it the trimmed form.

The last two sections focus on Hamiltonian vector fields, which was the original goal of
this text: we make here a slightly modification in Ecalle’s formalism: where homogeneous
differential operators were used, we need another graduation (i.e. decomposition) of the
vector field X to prove that it is possible to make successive canonical transformations
to bring a formal Hamiltonian with a resonant linear part in cartesian coordinates into a
trimmed form, preserving the Hamiltonian character at each step.

Then, in section 7, following [L1]] we prove a formal Kolmogorov theorem on a formal
Hamiltonian near a diophantine torus using techniques shown in section fJ. We study
here perturbations in action-angle coordinates as trigonometric polynomials for technical
reasons.

2. Reminder about moulds

All proofs and details about this section can be found in []. We denote by A an
alphabet, finite or not, which is a semigroup for a law %. In this section, a letter of A
is denoted by a. A* denotes the set of all words a build on A i.e. the totally ordered
sequences aj - - a,,7 > 0, with a; in A and r = £ (a) the length of the word a. We set the
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convention that a word of length 0 is the empty word (). Moreover, A} denotes the set of
words of exact length r.

The natural operation on A* is the usual concatenation of two words a and b of A*,
which glues the word a to the word b, i.c. a e b, or often simply ab when there is no
ambiguity. Moreover, as A is a semigroup, we define ||a||, as the letter a; -+ x a, of A,
if r = ¢(a). Now here is the main "new” object we focus on:

Definition 2.1. — Let K be a ring, or a field, and A an alphabet. A K-valued mould
M?*® on A is a map from A" to K; the evaluation of the mould M*® on a word a is denoted
by M?.

The first important thing, is the natural one-to-one correspondence between moulds
and non-commutative formal power series.

2.1. Moulds and formal power series. — For r > 0, remember that A} is the set
of words of length r, with the convention that Aj = {0}. We denote by K(A) the set of
finite K-linear combinations of elements of A*, i.e. non-commutative polynomials on A
with coefficients in K, and by K, (A) the set of K-linear combinations of elements of Ay,
i.e. the set of non-commutative homogeneous polynomials of degree . We have a natural
graduation on K(A) by the length of words:

K(4) = P K.(A).
r=0

The completion of K(A) with respect to the graduation by length denoted by K((A)) is the
set of non-commutative formal power series with coefficients in K. An element of K((A))
is denoted by

> M%, M®cK,

acA*
where this sum must be understood as

Z Z M%a
r>0 \acAx
Let M* be a K-valued mould on A4; its generating series denoted by ®s belongs to K((A))
and is defined by
oy =Y M,
acA*

or in a condensed way as E M?®e. This correspondence provides a one-to-one mapping

from the set of K-valued moulds on A, denoted by Mg (A), and K((A)).

2.1.1. Moulds algebra. — The set of moulds Mg (A) inherits a structure of algebra from
K((A)). The sum and product of two moulds M*® and N* are denoted by M*® + N*® and
M*® - N® or M*® x N* respectively and defined by

(M0+No)a:Ma+Na’
(A40><va)a ZZ(AJ.-JV')GZZ zg: AlalfJai

ala’?=a

for all @ € A* where this latter sum corresponds to all the partitions of a in two words a'

and a? of A*. The product operation is associative.
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The neutral element for the mould product is denoted by 1° and defined by

o 1 ife=10,
0 otherwise.
Let M*® be a mould. We denote by (M*®)™! the inverse of M* for the mould product when
it exists, i.e. the solution of the mould equation:

M. (Mo)fl — (Mo)fl M = 1°.
The inverse of a mould M* exists if and only if M 9 # 0.

2.1.2. Composition of moulds. — Assuming that A possesses a semi-group structure, we
can define a non-commutative version of the classical operation of substitution of formal
power series.

We denote by % an internal law on A, such that (A,x) is a semi-group. We denote by
Il |l the mapping from A* to A defined by

[l : A" — A,
a=a1...Qp —— a1 %k Qp.

The % will be omitted when clear from the context.
The set K((A)) is graded by ||||x. A homogeneous component of degree a’ of A, of a
non-commutative serie ®; = Z M*®%a is the quantity

acA*
E M%a.

acA*
llallx=a’

Oy =) Y.

a€A

We have by definition

Definition 2.2 (Composition). — Let (A, ) be a semi-group structure. Let M*® and
N°*® be two moulds on Mg (A) and s, ¢ their associated generating series. The sub-
stitution of ®y in ®;;, denoted by ®; o P is defined by

Opody = Y MODE, (2.1)
acA*
where ®% is given by @4} ... ®Y for a =a; ... a,.
We denote by M*® o N® the mould of Mg(A) such that
Opody = Y (M*oN®)%a. (2.2)
acA*

Equation (2.2) defines a natural operation on moulds denoted by o and called composi-
tion. Using || |« we can give a closed formula for the composition of two moulds.

Lemma 2.3. — Let (A, *) be a semi-group and M®, N*® be two moulds of Mg(A).
For the empty word, (M*® o N')@ =M, and for all a € A* of length at least 1:

L(a)

(M*®oN*)® Z Z Allatllellak]l prat (2.3)

Lal. akta

1

where a' - - - a¥ = a denotes all the partitions of a such that a’ #0,i=1,... k.
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Definition 2.4. — The neutral element for the mould composition is denoted by I'* and
defined by:

o Ui =1,
0 otherwise,
where ¢ (o) denotes the length of a word of A*.
2.1.8. Ezponential and logarithm of moulds. — We denote by (K((A))). the set of non-
-commutative formal power series without a constant term. We define the exponential of

an element x € K((A)) , denoted by exp(z) using the classical formula:

n

exp(x) = Z %

n>0
The logarithm of an element 14z € 1+ (K((A))). is denoted by log(1+ x) and defined by
log(1+z) = Z(—l)"“%.
n>=0

These two applications have their natural counterpart in Mg (A).

Definition 2.5. — Let M*® be a mould of Mg (A) and ®,; the associated generating
series. Assume that exp(®,/) is defined. We denote by Exp M*® the mould satisfying the
equality

exp (Z M‘.) - ZExp M®e.

Simple computations lead to the following direct definition of Exp on moulds:

M.
Exp M*® = Z 7[ T]L'(xn)’

n>=0
where [M®] ), for n in N*, stands for
[M.](Xn) — M. Xoeee X M.
—_—

n times

and [M'](XO) = 1°. The same procedure can be applied to define the logarithm of a mould.

Definition 2.6. — Let M*® be a mould of Mg(A) and ®,; the associated generating
series. Assume that log(1 + ®jy) is defined. We denote by Log M*® the mould satisfying
the equality

log <1+ZM'.> - Z.:LogM'o.

A direct definition of Log is then given by
. [M*]
Log M*® = Z(—1)"+1%.
n>0
As exp and log satisfy exp olog = log o exp = Id, we have
Exp (Log M*) = Log (Exp M*®) = 1°.
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2.2. Algebraic aspects of moulds. — Let A be a set, we recall the concept of free
Lie algebra denoted by Lx(A) generated by A, see [L5],[L6]. Its elements are formal
expressions in Lie brackets [.,.] of A subject only to the Jacobi identity. We have
Lx(A) € K((A)), the enveloping algebra of Lx(A). We denote by Gx(A) the set of
automorphisms of A, i.e. the Lie group associated to Lk (A).

Let A : K({A)) — K((A4)) ® K((A)) be the algebra morphism defined for all a € A by
A(a) =a®1+1® a and extended to K((A)) by linearity. Using A we can characterize
the element of K((A)) belonging to Lk (A).

Definition 2.7. — An element P € K((A)) is called primitive if A(P) = P®1+1® P,
and group-like if A(P) = P® P.

An important result on free Lie algebras is:

Lemma 2.8. — An element P € Lx(A) if and only if P is primitive and P € Gg(A) if
and only if P is group-like.

This result can be formulated directly on coefficients leading to two symmetries for
moulds on A. In order to state the result, we define the combinatorial notion of shuffle
product on A*:

Definition 2.9. — The shuffle product denoted by m : A* x A* — P(A") is defined
inductively on A* by ame = ema = a and ramyb = z(amyb) U y(ramb) for all x,y € A,
a,be A*.

As an example, if @ = (z1,22) and b = (x3), we have
amb = {(z1,22,23), (21,23, 2), (23, 71, 22) }.
According to [[LF], we have
A(Z M%) = ) < > Mc>a®b.
acA* a,beA* \c€alb
Lemma P.§ can be formulated as follow:

Lemma 2.10. — An element P € K<<A>>, P= Z P%a is primitive (resp. group-like)

acA*
if and only if

Z M€=0 Va,be A"\ {e}, (%).

ccalllb
< Z Me = M*M® Va,be A%, resp.> (3%).
ccalllb

We now introduce Ecalle’s terminology for moulds corresponding to primitive or group-
like elements in K<<A>>

Definition 2.11. — A mould M*® € Mg(A) is called alternal (resp. symetral) if M*®
satisfies (x) (resp. (xx)).
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A primitive element of K<<A>> being given, we can easily obtain the corresponding
element of Lx(A). We denote by Z the ideal of K(A) generated by all polynomials without
a constant term. We denote by ¢ : T — Lg(A) the mapping defined for all a € A*,
a=(ay,...,a;) by

Y(a) = %[[ a1, ag),as), ... ], arl,

and extended by linearity to Z.
According to [L], we have the following result called the projection lemma by Ecalle:

Lemma 2.12. — We have 1/) |£K(A): IdLK(A)-

As a consequence, for an alternal mould M*® € Mgk (A), we have

S Mea= Y Mo(a) = Z% S MO [[ox, az), ag), ], ar).

acA* acA* r=l  acAr

3. Continuous prenormal forms of a vector field

From now on, v will be an integer, and X a vector field on C” such that X(0) =
0. We want to obtain some particular form of X within a change of variable. If m =

0

T

(mi,...,my) € Z", we use the notation ™ for z{"* - -z and 0, for

Definition 3.1. — A differential operator is an element of C[[z]][[0z,,...,0x,]] i.e. a
formal power series in the 0, whose coefficients are (commutative) formal power series in
x.

The order of a differential operator is the degree of the corresponding polynomial in the
variables 0y, ...,0,.

If n is in Z¥, a homogeneous differential operator of degree n is a differential operator
B, such that for all m in N”, there exists a 3, ,, in C, such that:

B,(z™) = Bn,mx"er.

We usually omit the composition operator o when composing homogeneous differential

operators: we write B1 -+ - Byr for Byi10---0B,r. Moreover, we denote By, for B,1 - -+ By

where n is the word n =n'---n".

Remark 3.2. — Finally, remark that if B, is a differential homogeneous operator of order

1 and degree n, B, = ZBn(xl)Bxl When there is no ambiguity, we denote Z M*®B,
i=1 .
for Z M™B,,.
neA(X)*
3.1. Resonant normal form. — Now consider a vector field X = ZXi(.%')axi on C”
i=1

(with X (0) = 0); it is always possible to write this vector field as

X=X+ > B,
neA(X)
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where the B,, are homogeneous differential operators of degree n and order 1, A(X) is an
appropriate part of Z” (that will be the alphabet) and Xj;,, the linear part. As an example,
for the following vector field on C? :
X = Mx0y + A2y0y + (a20x2 +anzry + a02y2)(9$ + (b20x2 + b1y + b02y2)8y, (3.1)
we have Xji, = A0, + A2y0, and the homogeneous differential operators are:
B1,0) = z(a200z + b11y9y),
Bo,1) = y(a1120; + bo2ydy),
B(_1,9) = ao2y°Or,
B, 1) = b20x28y.

The alphabet here is A(X) = {(1,0),(0,1),(—1,2),(2,—1)}. The linear part of X is always
supposed to be of a diagonal form (see [[L3] for instance); we have then:

14
Xiin = > AittiOa,,
i=1

where A = (A1,...,\,) € C” is the spectrum of X,.

Remark 3.3. — We use here the graduation by degree for the operators B, but it is not
unique; for instance, let us set Q@ = {A-n,n € A(X)} and B, = Z B,,; we still have

neA(X)
An=w

X = Xjin + Z B.. This graduation is used by Ecalle in [§] but the operators B, are not

weN
homogeneous. We also use this graduation in section [j.

Definition 3.4. — When the field X is written as follows:

i=1 )

neA(X

it is said to be in prepared form.

3.2. An algebraic point of view. — Starting from this writing, we look for a change
of variables h in C[[z]], from C” to C”, which is tangent to identity (i.e. h(z) =2 +---),
to simplify X. We define moreover the substitution morphism Oy as:

Oy, : Cllz]] — C[[=]]
pr—@oh

It will be denoted as ©® when no ambiguity. Remark that h is a change of variables, and
is then one-to-one. Hence © is an automorphism of C|[x]].
The natural action of the vector field on formal power series ¢ of Cl[[z]] is the derivation

v
0
¢ +— X - ¢ where X - ¢ = ZXj (ac)a—sp(x) Hence the change of variables h must let the
Lj

j=1
following diagram be commutative:

o _X X
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Hence, for all ¢ € C[[z]] we must have X0 (poh) = (X -p)oh, that is Xy (Op) = O(X ),
i.e. Xnor® = 00X, or Xyor = exe!. Now, the object we are looking for is the "new”
field, X,or, defined by:

Xpor = OXO71.

Definition 3.5. — We say that a field X, is a prenormal form of X if X, is conjugated
to X and [Xnor, th] = 0 where [,] are the usual Lie brackets.

We recall also the following definitions from Arnold [il], § 22, p.175 and p.178:

Definition 3.6. — The spectrum A = (Ay,...,\,) is resonant if there is at least one s
in {1,...,v} such that there exists m in N”, |m| > 2 such that:

)\s =m-\= Zy:mz)\l
1=1

Moreover, a vectorial monomial 20, is resonant if A\ =m -\, |m| > 2.

For a monomial 2™9,,, with m in N” and ¢ in {1,...,v}, we have

270y, Xiin] = 2™ (N = Y mjAs) Ou;

J=1

thus a prenormal form is only made of resonant monomials, i.e.

Xnor - Xlin + Z Z amxmaxi

i=1 me Ry (X)
with an, € C and R;j(X) = {m € Z" — {0}, |m| > 2, \; = m - A\}.

3.3. Non-unicity of prenormal forms. — For an integer k£ greater than 2 we denote
by Ej the set of all homogeneous vector fields on C” of degree k, that is vector fields on
C” whose each component is a homogeneous polynomial in x1,...,z, of degree k. Now,
let E be defined by:

E= @ E}.

E>2
Any vector field Y of E writes then Y = Z Y). where Y}, is in Ej.
E>2
The part Xy, being fixed, we denote by adx,,  the application defined by Y [Y, Xlin].
Remark that adx, (Ex) C Ej for any k > 2, and therefore that ady, may be defined on
E.

Z”: 5 adx, £ —F ( )
Proposition 3.7. — Let Xy, = AixiOg; and . Then, ker(adx,, ) =
in o iUz Y [Y, th] 1

{0} if and only if X is non-resonant.

Proof. — By linearity, it is sufficient to prove it for a homogeneous polynomial of de-

gree k, and even for a monomial 20,,. From definition B.g, if \ is non-resonant, then

(N — ij)\j) # 0 hence kerady,, = {0}. Conversely, if kerady,, = {0} then (\; —
j=1

Z mj)\j) = 0. Hence A is non-resonant. U
j=1
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Corollary 3.8. — If the spectrum A of Xy, is non-resonant, then Xyor = Xiin-
Proof. — Indeed, a prenormal form is a sum of Xj;, and only resonant monomials. O
In the case where the spectrum A is resonant, have the following proposition:

Proposition 3.9. — If the spectrum A of Xy, is resonant, a prenormal form of Xy is
not unique.

Proof. — Indeed, a prenormal form is defined up to a vector field Y in the kernel of adx, ,
which is not trivial, after proposition B.7. O

There is thus a choice to make, which could simplify the transformation. Baider [B] and
Gaeta [L0] have two interesting approaches of that.

We denote by Res(E) the kernel of adx,, . If X is in F, when looking for a prenormal
form of X, we want to write:

X = Xjin + Xyes, where X5 is in Res(E).
This writing infers the direct sum decomposition:
E = Res(E) GB S,

where S is a supplementary which can be chosen in many ways. A convenient way to chose
S is to provide ¥ with a scalar product such that

1
E = P Ex,

where Ej, is the homogeneous component of degree k of F.

3.4. Continuous prenormal forms. — We denote by C<<B>> for the algebra
C<<(Bn)n cA( X)>> of non commutative formal series build on the B,, operators.
Proposition 3.10. — There is a one-to-one correspondence between (C<<B>> and
C<<A(X)>> given by:
Z M™B,, — Z M™n.
neA(X)* neEA(X)*

As there is also a one-to-one correspondence between C{{A(X))) and Mc(A(X)), we
have the following writing;:

X = Xy, + ZI'B,.

If k = (ki,...,k,) is a v-uplet, we denote by

v

wik)=X-k=>Y_ Ak

i=1
where X is the (fixed) spectrum of Xjj,. Remember also that if @ = (a',...,a") is in A%,
we write ||a| = ||a|/+ = a' +--- 4+ a". We have the following result:

Lemma 3.11. — For any word n of A*, we have [Xin, Bn| = w(||n||)Bn.
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Proof. — We prove the result by induction on the length r of the word. Remember that
v

for a word n of length r =1, B,, = Z By, ()0, Hence
j=1

[Xlin, Bn] = XiinBn — BnXiin

= 3 (S At [Bata)] - Bl ),
j=1 Ni=1

By definition of B,,, homogeneous differential operator of degree n, we can write By, (z;) =
Bjxﬁf where (3; is a complex and 7; = (ni,...,n; +1,...,n,). Then for any (4,j) in
{1,...,v}?, 2;0,,[Bn(z;)] = Bj(ni + 0;5)z™ . Hence

[Xiin, Bn] = Z Bjx" (Z Ai(ni + 6i5) — Aj)
=1 i—1

= Z Biz™w(n) = w(n)By.
j=1

Now let be r > 2 fixed; we set the assumption that for every word m of length less than
r— 1, then [Xjin, Bm] = w(||m||)Bm. For a word m of length r we write n = mp where
¢(m)=r—1and {(p) =1. Then:
[Xiin, Br] = [Xiin: BmBy)

= XiinBmBp — BBy Xiin

= XiinBmBp — BinXiinBp + BmXiinBp — BmBpXiin

= [Xlim Bm] By + Bm [Xlinv Bp]

= w([lm|[)Bn + Bmw(p) By

= w([[n|)) Bn.

O

Notation 1. — For a letter n in A(X), w(n) stands for X -n. This notation extends to
words m in A(X)*, by w(||n||). We set the convention that w(() = 0.

Definition 3.12. — Let n be in A(X)*; n is resonant if
w(llnl) = A+ nl] = 0.
We can now define the particular forms we are looking for:

Definition 3.13. — The vector field X is said to be in continuous prenormal form with
respect to the alphabet A if there is a change of variable that conjugates X to X, so that

Xnor = Xiin + Z Pran™B,,, with Pran™ = 0 if w(||n||) # 0.
neA(X)*

Remark 3.14. — Notice that this definition implies that the mould Pran® must be an
alternal mould, as X, — Xjin 18 a vector field, hence a primitive element of (C<<B>>
Therefore, after lemma P.13, X,or — Xjin is an element of the Lie algebra spanned by the
{Bn,n € A(X)}. We are thus trying to write elements of keradyx, in the Lie algebra
spanned by the B,,. There is nevertheless no reason why all elements of that kernel should
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be writing that way. However this condition is justified as X, would then be intrinsic to
X. It is therefore Ecalle’s choice to look for elements of ker adx,, in that Lie algebra.

Remark 3.15. — A second remark, is that this definition of a continuous prenormal
form depends on the writing of X as a decomposition in the operators B,,, hence on the
alphabet A(X). We will see in section fl that some choices of decomposition may be better
than others.

We have then the following result:
Theorem 3.16. — A continuous prenormal form is a prenormal form.

Proof. — The result is obtained by applying lemma with the definition of a resonant
word. O

4. Effective aspects of continuous prenormal forms

We are looking for X, — Xjin to be in the free Lie algebra of C<<B>>, hence the
automorphism © must be in the corresponding Lie group. That is the reason why we
work in the universal enveloping algebra (C<<B >> Hence:

©=> ©°B,,

with the mould ©° being symetral as © must be an automorphism of C[[z]], i.e. a group-like
element of Lc(A).

4.1. The conjugation equation. — The conjugation equation also writes:
@71Xnor® = Xv
where Xor 18 the prenormal form looked for, with

Xoor = Xiin + Z Pran®B

The mould expansion gives:

Xiim + ZI‘B, = (Z ) 'B ) <le + Z Pran®B ) (Z ©°B >

i.e.

XWFZ I°B, = <Z(@' )th (Z@ B >+Z< xPran°><®°>B.. (4.1)

As we can see on this latter equation, the quantity Xj;, Be must be investigated.

Lemma 4.1. — Let M* be a mould in Mc(A(X)). Then:
Xiin (D M*B) = 3" VM B+ (3 M*B.) X,
where VM™ = w(||n|)M™ for all n in A(X)*.

Proof. — By linearity, it is sufficient to calculate Xj;,B,, for a word n = (nl, ...,n") in
A(X)* of length r. After lemma B.11], Xy, By, = w(||n||)Brn + BnXiin-
O
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Proposition 4.2. — The conjugation equation has the following mould form:
©° x I* = VO* + Pran® x ©°. (4.2)
Proof. — Using lemma [L.1], equation (1)) rewrites:
I*=(0°)"!' xVe* + (6°)"! x Pran® x ©°,
and, after left-multiplicating by ©°:
O° x I* =VO* + Pran® x 6°.

O

This equation gives us a relation between the normalisator © and the desired prenormal
form.

4.2. The non-resonant case. — In the case where A is non-resonant, we must have

Pran® = 0 for all e, i.e. Xpor = Xin (linearization of X), after corollary B.§. We have then
to solve an induction relation on the ©° to prove its existence
Equation ({.3) rewrites indeed:

O°* x I*=V0O°.

Remember definition 2.4 of I* on page f.
Hence for a word of length 0, By = Id and © is tangent to identity, so el =1.
For a word n of length 1, equation ([.2) rewrites 1 = w(n)©™; A is non-resonant therefore

1
0, thus ©" = —.
() 20, thus 07 =
For a word n = (n',...,n") of length r at least 2, equation (f£J) rewrites then:

nt,...n"1L
" =uw([n|)0™;

as A is non-resonant, we have still that w(||n||) # 0, hence the induction formula:

o _ @nl,.“,nr—l
w(llnl)
hence, by induction:
" = !
wi(wr +w2) (w14 +wp)
where w; stands for w(n’) for i in {1,...,7}. We must then be sure that © is an automor-

phism of C[[z]], i.e. that ©° is symetral. This is indeed true, see [[J] for a proof.

4.3. The resonant case. — In the case where ) is resonant, we set Pran™ = 0 if
w(||n||) # 0, to obtain a continuous prenormal form of X. However, equations on ©™
cannot be solved directly this time: we take equation (f.J) and try to solve it, by induction
on the length of words.

Remember first that 07 = 1, for © has to be tangent to identity; moreover, I™ = 1 if
¢(n) =1 and 0 otherwise; finally we set Pran™ = 0 if w(||n||) # 0.

For the empty word ), equation (f.2) rewrites %1% = ve + Pran’@” i.c. Pran® = 0.

For a word n of length 1, equation ([£.3) rewrites:

o’ + e = vo" + Pran"0” 4+ Pran’@”
<~ 1=w(n)O" 4+ Pran”.
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1
Thus, if w(n) # 0, Pran™ = 0 so we can solve this equation and ®" = ——. However,
w(n

if w(n) = 0, it gives Pran™ = 1 but we have no information on ©". It is therefore not
possible to deduce all ©™ for all words n in A(X)* from equation ([£.2) and the condition
we set on Pran®. At this moment, there are two possibilities:

— either add a condition, like a derivation condition on moulds (see [L7] p.25); it leads
to different prenormal forms, depending on the additional condition. This method
is the ”direct” method.

— The other possibility is an iterative method like Poincaré-Dulac. This is the method
we expose here.

As done usually (see [il] for instance), when looking for a (pre)normal form, we want to
write X — X)j, as a sum of resonant terms only. Hence we set the mould Pran® this way:

Pran™ = 0 if n is non-resonant.

Unfortunately, it seems too complicated to solve this equation at once. Nevertheless,
it is possible to do a calculable step-by-step procedure to obtain Pran® with the wanted
properties. The step-by-step procedure is explained in the next section.

5. A first approach to the Poincaré-Dulac normal form

5.1. The interest of being in a Lie algebra. — The idea of the step-by-step proce-
dure is to kill non-resonant terms B,, of order 1 (i.e. such that £(n) = 1) at each step.
We saw that the normalizator © is an automorphism of C[[z]], that is a group-like
element of the free Lie algebra L¢(A); it can therefore be written as an exponential of a
primitive element of this algebra, i.e. an exponential of a vector field V: we thus write

© =exp(V), where V = Z V*B,,

with V*® being alternal. After the mould writing of ©, and by definition of the exponential
of a mould, we have:

0°* = ExpV*,
hence equation ([£.2) rewrites then:

ExpV*® x I* = VExpV*® + Pran® x ExpV*°. (5.1)

Still we set Pran™ = 0 if w(||n||) # 0, but we have the same indetermination on V* as we
had on ©°: we choose here to kill only non-resonant terms of order 1. The exponential
form of the normalisator, with the help of the Baker-Campbell-Hausdorff formula, leads
us to the following lemma:

Lemma 5.1. — Let X = Xy, + Z By, a vector field in prepared form, with fixed
neA(X)
diagonal linear part Xy, of spectrum A.

Choosing © = exp(V'), where V is defined by:
1
v d o if £(n) =1 and w(n) # 0;
0 otherwise;

the conjugate vector field X,or = OXin©® ! has no resonant terms of order 1.
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Proof. — After the Baker-Campbell-Hausdorff formula (see [I3]) we have:

+00 n
Xnor = Z (_1) X(n),

n=0

where XY = [X™ V] and X = X. Hence:

Xnor = Xiim+ Y Bo — [Xiin, V] = -+

neA(X)
We set V = Z VPBp, then:
PEA(X)*
Xnor = Xjin + Z B, — Z W(H’TLH)Van—--- ,
neA(X) neA(X)*

after lemma [i.1]. Hence the given expression of V*.
O

Theorem 5.2. — Let V be the vector field V = ZV'B, where V* is the mould given

by:
1
v ={ w(n)

0 otherwise.

if £(n) =1 and w(n) # 0

We call simplified form of X the vector field Xgam = exp(V)X exp(—V) ; it writes:

Xsam = Xlin + Z Sam"Bn,
neA(X)*

and the mould Sam® has the following expression:
0
Sam™ =4{0 ifl(n)=1 and w(n) #
1

for the other words, the mould Sam® is given by the following equation:
Sam® = ExpV*® x I* x Exp(—=V)* — VExpV*® x Exp(—-V)°*.
Proof. — The field X = Xy, + ZI'B, has non-resonant terms only of length 1. If we

want them to vanish, we look for a simplified field Xg.m, = Xy + Z Sam®B,, where we

set the mould Sam® as follows:
0 ifn=20,
Sam™ =40 iff(n)=1and w(n)#0,
we do not know yet for other words n.

We keep the same equation as (B.1)):

ExpV*® x I* = VExpV*® + Sam® x ExpV*.
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By setting moreover that V™ = 0 if £(n) # 1 it is possible to solve this equation, and find

that:
0 if w(n) =0,
VT = 1 .
——  otherwise.
w(n)

Hence the simplified vector field Xgam:

Xsam:exp< Z ﬁBn>Xexp< Z —ﬁBn) (5.2)

neA(X)
w(n)#0 w(n)#0

The mould Sam® is then calculable, and we recall here its expression (see [B]):

Lemma 5.3. — The mould Sam® is given by:

— Sam’ = 0;
— iff(n) =1 and w(n) # 0, Sam" = 0 (kills the non-resonant terms);
— iff(n) =1 and w(s) =0, Sam" = 1;
—ifr=4~4(n) >2 and wy,...,w, are different from 0,
Ly~ Ml =B ok =
Wy Wy (k—Dl(r—k+1)! '

Sam™ =
k=1

— If only one w; vanishes,

(_1)7"—1
(’i - 1)'(7‘ - i)!wl Wi Wil W

Sam”™ = ,

If more than one w; vanishes, then Sam™ = 0.

5.2. Proof of lemma [.3. — Let us denote by V* the mould defined by:

1 i =1 and w(n
— m if /(n) =1 and ()750

0 otherwise

5.2.1. A first term...— We denote by C'* the mould C* = exp(V'*®) x I*. We have c? =o.

For a word n of length 1 we have:
C" = (exp(V*)P 1" = 1.
For a word n of length r > 2,

. 0 if at least one of the (w;)1<i<r—1 vanishes,

1
e = (exp(V*)" " = 1

otherwise.
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5.2.2. ...a second term...— We denote by D* = C*® x exp(—V*), so DY =0, and for a
word n of length 1, D" = C™ = 1.
For a word n of length r > 2 we have:

T

Dnl,...,nr — Cnl (eXp(_VO))n2,...,nT + Cnl,n2 (eXp(_VO))n?’,...,nT 44 Cnl,...,n )

There are then several cases:

— If at least one w; is zero, 1 < ¢ < r — 1, then every crn j, with j > 4 + 1 vanishes
(after the calculus of C™ in p.2.T)); also every (exp(—V'))"k""’"T vanishes for k < i.

Therefore D™ = C"lv---vnl(exp(_v°))ni“7---,n )
We have then for a word n:

e

0 if another (w;)i1<i<r vanishes;
141

D™ = 1 (_1)7"72‘
if no other wy,l # i is zero.

(i — 1)!&)1 et Wi (7“ — i)!wi+1 e We
. . 1 r
— if w, vanishes, D™ = C™ ™ therefore:

0 if one of the (w;)1<;<r—1 vanishes;

therwise.
= Dot w1 otherwise

— if no other w; vanishes then

Dnl,...,nr _ (_1)7471 + i % (_1)7172 4+ ...
(r—Dwe-w, w1 (r—2)ws - w,

that is:

1 r 1 d (—1)r7ku)k
pren” = .
w1 W kzz1 (k=D r —k)!

5.2.8. ...a third term...— We calculate now the following: E°®* = Vexp(—V*). Thanks
to the previous computations on the mould exponential, and by definition of V, we have
EY = 0; moreover, for a word n of length r > 1:

B = (wy o+ wp)(exp(— V)™,
then

. 0 if one at least of the (w;)i<i<, vanishes;
Ef=qit---+w)(=1"
rlwy - w,

otherwise.

5.2.4. ... the last term. — We finally calculate the mould product F** = exp(V*®) x E* ;
first, ¥ = 0 ; for a word of length 1, F™ = E" therefore F" = 0 if w(n)=0and F" = —1
if w(n) # 0 ; at last, for a word n of length r > 1 we have:

-1 s

Fnl,...,nT — (eXp(V.))wEn + (exp(VO))nlEnQ,...,nT I (eXp(V.))nl""’nT E"
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Thus, after the calculus of exp(V*®) and E®, F"™ vanishes if at least one of the w; is zero.
If no w; is zero, then:

rtien” (w1 + - F+w)(=1)" . 1 § (W + -+ +wy)(—=1)rL L
rlwy - wy w1 (r— Dlws - wr
1 (_1)wr
X .
+ (r —1)lwy - wr_y w,
Finally:
0 if one of the wj; is zero,
Fn: 1 T (_1)Tfk+l(wk+ +(A)7»)
therwise.
w1 Wy (r_k‘i‘l)'(]{?—l)' otherwise

k=1

5.2.5. Expression of the sought mould. — As Sam® = F* + D°®, we have
Sam’ = F? + DY = o.

For a word of length 1, we get:

{1 if w(n) =0,
Sam" =
0 ifw(n)#0.

The non-resonant terms of the field X thus vanish in the field X,,,,. Moreover, for a word
n of length r > 2, we get:

— if there exists ¢ and j, two different integers from {1,...,7} such as w; = w; =0
then D™ = F™ = 0 therefore

Sam™ = 0.
— if one w; exactly is zero, F™ = 0 and

1 (_1)7"—1
(i - 1)!(,()1 W1 (7“ — i)!wi+1 s wr'

n _

Sam

— if every (w;)i<i<r is non zero, then

1

wl...wr

(1) Fwy,
e —DI(r — k)

k=1

(=) " wp + -+ wy)
r—k+DI(k—D

and

— (=) (wp(r — k) —wpp1 — - wy)

(k—DYr—k+1)

Sam"™ =
w PEEErY w
1 T =1

The proof is now complete!

In order to put in evidence the universal feature of the moulds Sam we obtain under
the simplification procedure, we introduce the following one parameter family of complex
valued functions:
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Definition 5.4. — The Poincaré family is denoted by P = (Pq)qu* where P, : C7 — CY,
and defined by Pj(z) = 1if z = 0 and 0 otherwise, and for ¢ > 2
1 g 2k(q—Fk) — zpp1 — - — 2
—1)* 1. ifz e (C*)?,
zl---zqkzl( ) (k—=1D!g—k+1)! (©)
Pz1,...,24) = —1)2-1 1
Q(Zl ZQ) : ( ) : ) lf = Sq,i,
(t—1DNg—i) z1... 211241 ... 2
0 otherwise,
with S, ; = (C*)""! x {0} x (C*)7".
Lemma p.3 of this section can then be formulated as follows:
Lemma 5.5. — The simplification moulds Sam® is given by Sam’ = 1 and Sam™ =

The field X, has now no more non-resonant terms of length 1, but the transformation
X — Xgam, that we denote simp, introduces non-resonant terms of length greater than 1,
as Sam" is not always 0 when ¢ (n) > 2.

5.3. The first step. — Now that we have killed every non-resonant terms of length 1,
but introduced some more of length greater than 2, we have to iterate the transform...
however, if we want the iteration procedure to be writable in terms of moulds composition,
we must find a way to rewrite Xgam = Xiin + Z Sam™B,, as Xegam = Xlin + Z D,,
neA(X)* mell
where 2 is a new alphabet and (D,,)meco a new collection of homogeneous differential
operators. It is here natural at this time, since for every word m in A(X)*, B, is a
homogeneous differential operator of degree |n|| (nevertheless, do not forget that the
most natural choice may not always be the best, as we will see in section [). Hence the
new alphabet is:

A=A(XL)) = {lIn],n € A(X)*} c 2"

sam

Let us write then X (1) instead of Xsam, for it is the first of the iteration:

sam

Xs(alr)n = Xlin + Z Dm, with Dm = Z Saman’
meA neA(X)*
[lm][=m

and do the transformation simp again. We get a X§§2n and:

X =Xim+ Y Sam™Dy,

meA*

Writing this in the old alphabet, we have, by definition of the composition of two moulds:

XQ), = Xim + Z (Sam® o Sam®)" B,.
neA(X)*



20 JACKY CRESSON & GUILLAUME MORIN

6. The trimmed form

6.1. The simplification procedure. — We can construct a prenormal form by iterat-
ing the simplification procedure seen in the previous section.

Definition 6.1 (Trimmed form up to order r). — Let r be in N. The trimmed form

up to order r is defined as X}’ (") obtained from X after r successive simplifications:

sam’

X:Xs(gr)n simp; Xs(ir)n simpy simp,. X(T)

sam?’

where simp; is the automorphism of simplification defined by:
simp; = exp (V,),

with V; the vector field associated to the mould V* on the alphabet A(X () ) defined

sam
recursively by:

A( {HnH n < A(X(Z 1)) }

sam) sam

Theorem .9 leads us then to the following result:

Theorem 6.2. — For all v in N, the trimmed form up to order r Xs(gr)n has a mould

expansion, i.e. there exists a mould denoted by Sam; in Mc (A(X)) such that:

XS(M)n X + Z Sam; B

Moreover the mould Sam? can be defined with the help of Sam®: For all r in N, we have:

Sam; = Sam® o --- o Sam® .

r times

From now on, we denote either Sam? or (Sam')or for the composition of r copies of
Sam®. Let us investigate now what is happening: we already saw that after the first step,
non-resonant terms of length 1 —actually, there are no others— vanished. We have then:

Xs(;m th+ Z B + Z Z Sam"™B

neA(X) meA(X) neA(X)*
w(n) 0 Imll=m

D,

Now we see from such a writing, that the simplification introduces new terms, which may
not be (and usually are not) resonant.
The main property of Sam? is that it is "stationary” in this sense:

Theorem 6.3. — Let r be in N*. For any word n in A* of length at most r, we have:
Samg’ = Sam;", Vq >
This theorem is deduced from the following lemma;:

Lemma 6.4. — Let r be in N*. For any word n in A* of length at most r, we have:

n _ n
Sam;’, | = Sam;”.
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Proof of the lemma. — The proof is done by induction on the length 7.
For r = 1: let n be in A*, we have:

(Sam® o Sam')n = (Sam")2 = Sam”, after lemma [.3

We suppose now that r > 2 is fixed, and that for any p < r — 1, and any word n of length

1

at most p, Sam;ﬁrl = Samg. Let n =n"---n" be a word of length ». We have three cases:

(a). m is non-resonant, i.e. w(||n||) # 0. In this case we write:
Sam,’, | = (Sam' o Sam;)n

— Sa}l'rl”'n'”SarrliL _|_ E Sam”nlllv 7||nl||Sam;'7’1 e Sam?l.

2gI<r
ny---n=n

As w(||n])) # 0, by lemma [.3, Sam!™ = 0, hence SamI™Sam™ = Sam/™lSam™ ;.

Moreover, in the second term, as [ > 2, £ (ng) < r — 1 for any k in {1,...,l}, hence
by the induction assumption, Sam* = Sam*,. Finally,
Sam™ ; = Sam/™ISam™ | + Z Samlmill-lmillgam™ .. Gam™ |
2<I<r
ni-ny=n
= (Sam® o Samy_;)"
= Sam]".
(b). m is resonant, i.e. w(||n|) =0, and w(n’) = 0 for all 4 in {1,...,7}. In this case, we

write again:
Sam”,; = (Sam® o Sam?)"

— Sarrln'n'”SaIIliL + Z Sam”n1“7 7||nl||Sam;'7'l e Sam?l.
2<I<r
ny--n=n
On the one hand, after lemma [.3, Sam/I™! = 1, for w(||n||) = 0; on the other hand,
for I in {2,...,7}, w(||nk|) = 0 for all k in {1,...,l}, hence, still after lemma .3,

Il lmall — . Finally, Sam;* ; = Sam;".

Sam
(c). m is resonant, i.e. w(|[n|) = 0 and there is at least one (therefore two) n' in n such

that w(n’) # 0. After lemma [5.3, Sam™ = 0. In this last case, we write:

Sam”,; = (Sam} o Sam®)"

T

1
= g Sam/ml-lImdlgam™ ... Sam™ + Sam™Sam™ - - - Sam™ .

1<I<r—1
ny--ny=n

By the induction assumption, for every l in {1,...,r — 1},
[meall-llmall — meal-lImall,
Sam, = Sam,_; ;
moreover:
nill--lln n 1 T
E Samﬂ_i” Inlgamm ... Sam™ = (Samy_; o Sam®)" — Sam* ;Sam™ ---Sam" .
1<i<r—1

ni-ny=n

Hence Sam;* ; = Sam;" — SaIn;ZlSzMn"1 .- Sam" + Saun?Sam"1 ---Sam™ . Now,
after lemma f.J, the product Sam™ - --Sam™ is zero. Finally, Sam*, ; = Sam,".

O
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6.2. The Poincaré-Dulac theorem. — We can define now the mould Tram® as follows:

Definition 6.5. — The mould Tram® is defined by Tram” = 0, and for a word n in A*
of length r > 1,

Tram"™ = Sam;" = pgrfoo((Sam°)Op)n

The limit exists after theorem [.3.
We define then the trimmed form.

Definition 6.6. — The trimmed form of X is the limit of the simplification procedure.
It is given by:

Xiram = Xiin + Y _ Tram®B,.

Now this result shows that the trimmed form is what we are looking for:
Theorem 6.7. — The trimmed form is a continuous prenormal form.

Proof. — Remember that Tram? = 0. By definition of Tram®, for a word of length 1,
Tram™ = Sam", hence Tram™ = 0 if w(n) # 0. Now, for a word n of length greater than
2, by definition p.J of Tram® we have:

Tram® = Tram® o Sam* (6.1)

= Sam® o Tram®. (6.2)

We can then verify that Tram™ = 0 if w(||n||) # 0 by induction on the length r > 2 of n.

If n = n'n? is in A*, by definition of the composition of two moulds and after (H)E

Tram™ = Tram”?Sam™ + Tram™ Sam™ + Tram™Sam”
— Tram™ Sam™

1 2
= Sam” Sam" .

Now, after lemma .3, Tram™ # 0 if and only if w(n') = w(n?) = 0, and this is impossible
since w(n') + w(n?) # 0. Hence Tram™ = 0 if w(||n||) # 0.

We fix r > 3 and suppose that Tram™ = 0 if w(||n||) # 0, for any word n of length
less than r — 1. Then if n is a word of length 7 such that w(||n||) # 0 we have after

equation (B.9):

Tram™ = Sam/™!Tram™ + g Samlm - Imallram™ .. Tram™.

2<ILr
ni--n=n

The term Sam!™Tram™ is 0, for w(||n||) # 0. Now for each partition of n in I words

ny,...,ny, where [ > 2 there is at least one k in {1,...,l} such that w(||ng||) # 0 (for
l

w(|nl]]) = Zw(HnJH)) Hence by induction, Tram™ = 0. Therefore, Tram"™ = 0. O
j=1
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7. The Hamiltonian case

We discuss here the application of the preceding sections to Hamiltonian operators. H
is a Hamiltonian function, in cartesian coordinates:

H(z,y) =Y Azigi+ Y. anmz™y™,
i=1 (n,m)eA(H)

where A(H) stands for the set of higher degrees and A = (Ay,...,A,) an element of C”.
We will denote A when there is no ambiguity. The Hamiltonian vector field then writes:

XH - Xlin + Z Dnm7

(n,m)eA
where
14 14
Xiin = = Y Niti0z, + 3 Aiti0y,
i=1 i=1
and
1%
Dnm = Anm Z xniymi (nlyzayl - mlxlal‘l)a
i=1
and we denote n; = (n1,...,n; — 1,...,n,) (same for m;). Remark that D,,, is not an

homogeneous operator; however D,,,,; defined as follows is a homogeneous operator of
degree (n;,m;):
Dymi = anmxniymi (nlyzayZ - mlxlafl'z)’ (71)
v

and D, = Z Dy The preceding ”usual” decomposition in homogeneous operators of
section B.1] dzoels not lead to Hamiltonian operators. Nevertheless lemma [7.] gives a way
to obtain Hamiltonian operators... when starting also from Hamiltonian ones.

The interesting thing about D,,, is that it is a Hamiltonian operator, i.e. it defines
a Hamiltonian vector field. We will frequently denote s = (n,m) a letter of A, and D,
for Dp,. As previously, if s = s'---s" is a word in A*, Dg will be the composition
D --- Dgr. It is well-known that a prenormal form of a Hamiltonian vector field is also
a Hamiltonian vector field, and that the transformation which brings the former into the
latter is symplectic.

However, it is also important to keep in mind that we want successive canonical trans-
formations to preserve the Hamiltonian character, because, for example, if we want to
implement that prenormal form, a computer cannot do an infinite number of iterations.

Nevertheless, if we decompose X in homogeneous differential operators, as done before,
it is very difficult to know if we get Hamiltonian transformation!

The following lemma gives a first result on ”Hamiltonian-preserving” moulds and justi-
fies the use of the D,,,, operators instead of usual homogeneous operators. We will need
this result in the next subsection.

Lemma 7.1. — Let M*® be an alternal mould on an alphabet A*. Let So be a collection
of differential operators, such that S, is a Hamiltonian vector field for every u in A. Then
the sum Z M™YS,, defines a Hamiltonian vector field.

UucA*
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Proof. — The key is that if S, = Xy, and Sy = Xy, are Hamiltonian vector fields, then:
[Su’ St] = {XHu’XHt} = X{Hu,Ht},

where {,} is the usual Poisson bracket; hence [S,, S| is still Hamiltonian. Thus, by an

1--

induction on 7, for any word u = u" ---u" of A* of length r, S|, is a Hamiltonian vector

field. We now use the projection lemma R.13: M*® being alternal, we have, if u is a word
of length r and o(u) the set of words deduced from w by a permutation:

Z M%Su =7 Z M Sy,
uco(u) uEa(u)
Let us denote ~ the equivalence relation on A* defined by:

u ~t <= there exists one permutation 7 such as 7(u) = t.

+o0o +oo
We have u ~ t <= ((u) = {(t) therefore A*\{0} = HA; and A*/ = HA:/ ;
r=1 r=1

moreover M? = 0, for M* is alternal; hence the following equalities:

MGy =) ) M“S,

uceA* r>1 ucAx

Y X s,

'f‘>1 ueA*/ UEU(U

-y ¥ L% s

'f‘>1 ueA*/ 'LLGO'
=YY sy
r>1 uEA*

Hence the result. O
From now on, for s = (n,m) in A(H), we denote w(s) = w(n,m) Z Aji( . As

previously, a word s is resonant if w(]|s||) = 0. We have an analogous result as lemma [L.1]:

Lemma 7.2. — For s =s'---s" a word in A* of length r, we have:

XlinDs = Dlein + ||W(S)HDS

7.1. The limit of the simplification procedure. — We proceed as before, by asso-
ciating to Xy a simplified vector field Xsay, in the following way:

1 1
Xsam:exp< Z w(S)Ds>XHeXp< Z ——W(S)Ds>.
s€A(H) s€A(H)
()0 w(5)£0
The important thing is that
Xsam = Xlin + Z Samst,
scA(H)*

with Sam® ezactly the same mould as defined in lemma [.3 The only things that change
are the alphabet and the operators. But the fact that Sam® is alternal is still true of
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course: Xgam i then, by lemma [, a Hamiltonian vector field, and by definition of Sam®
a trimmed form of Xy up to order 1.
We then want to rewrite Xg,m as a sum Xj;, + Z A, where 20 would be a new alphabet,

ac?
and there would be a simple law x such that ||n||, = a for a word n of A(X)*. The second

step would then be given by the composition Sam® o Sam®. Unfortunately, we have not
been able, so far, to find such a new alphabet to make the iteration easy to formulate.
So, we changed —again!— the decomposition of the initial vector field Xy, therefore the
alphabet, so that a mould iteration can be done.

7.2. Canonical simplification. — We define a new alphabet Q(H), or 2 when there
is no ambiguity, by:
Q(H) = {w(s) with s € A(H)}.

Remark that € is thus part of C and not anymore of Z¥. We have then

1%
H(z,y) = Z Aiili + Z Z apma"y".
=1 weN (n7m)6A(H)
w(n,m)=w
Definition 7.3. — For w € Q, D, is the Hamiltonian vector field induced by the sum
of monomials H,(z,y) = Z anmx"y"™; we call this latter sum the Q-homogeneous

(n,m)EA(H)
w(n,m)=w
component of degree w of H. We write D, = Xp.

The ®,, are still Hamiltonian operators, as sum of such operators: in fact ®, =
Z D,m. We have thus Xy = X, + Z ®,. This gives us the action of Xy,

(n,m)eA(H) weN
w(n,m)=w

on the D,, (analogous to lemma [7.9):
Lemma 7.4. —
XiinDw = D Xiin + [|w||Dw for any word w € Q.

The simplified field X, is obtained exactly the same way as above:

1 1
Xsam = ( Z ;©w>XH< Z _;:Dw)a
weQ(H) wEQ(H)

w#0 w#0

and still:
Xsam = Xlin + Z Sam“’ii)w.
weN*
The mould Sam® is again defined as in lemma p.3, but on the alphabet €, so for w =
w(s!)---w(s") in QF, we set Sam* = Sam®. Sam® is alternal, then Xy is a Hamiltonian
vector field.
Now we want to iterate this process, as we did at the beginning of section f|. In order
to iterate, we must rewrite Xg,m as:
1
KXsam = Xiin + Z @é),

Y
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where Q is the new alphabet, and ’D(l) expresses with the ®, and is still Hamiltonian.

By definition, ©( ) is the Hamiltonian field coming from the sum Z nmx y" in the
w(n,m)=w

new Hamiltonian. So, for a w fixed, we must find the w such that D, gives rise to a vector

field coming from a Hz. The following theorem answers that question:

)

Theorem 7.5. — The new alphabet is Q= Q; moreover for any w in €, ’Dé} 1s Hamil-

tonian, and has the following expression:

o) = Z Sam“?®,,

weNs
llwl|=©

Proof. — Remember first that Sam® is alternal, so we can still write:

Z Sam“®,,, = Z% Z Sam“Di;

weN* rzl  weQr

and even

1
g Sam“®,,, = E . E Sam“D -
wEQ*N r>1 weNr
flewl|=w [|w||=a

For two operators, © 1 and 2, which respectively come from two Hamiltonians

Hi(x,y) = Z apmax"y™ and H, 2 (z,y) = Z apqxPy?,

n,m

.1 2
Wnm=w wpq—w

we have actually:
D1, De2] = {Xle’XHﬁ} - X{le,Hm}’
and

12
{Hw17 w2} = Z Z anmapqxn—’—piym-i_qi(mipi - Qini)§

=1 T,mM,p,q
Wnm=w
Wpq=w

this is a sum (indexed by ¢) of monomial Hamiltonians whose each term has the same w:
V’L <Vw(n+pz77ff—i_\qz)_w(n m)—i—w(p,q):wl—ka:&v)_

We thus can say that Q = {|w||,w € Q} = Q. Now, remember that ’Dg) is defined as
the Hamiltonian vector field coming from the 2-homogeneous component of degree w of
the new Hamiltonian H™"); we conclude therefore that [D,1,D,2] appears in (and only in)

3381) eE Conversely, if w is fixed, only the operators D, build on the words w such that
|wl|| = & will appear in D).

Hence the result:

1
= E ; E Sam“’Q[w} = E Sam“"Dw
rzl  weqy weN*
(e llwll=w

which concludes the proof. ]

We may now cite the following:
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Theorem 7.6. — The trimmed form of Xy is given by
Xiram = Xiin + Z Tram®D,

where the alphabet is Q(H) and Tram® the mould already defined in the previous section:
for a word w of length r,
Tram® = ((Sam®)*")“.

We know that, in case of Hamiltonian vector fields, there is only one prenormal (hence
normal) form. We have here a way to compute it; it would be interesting to compare it to
other classical ways.

8. Kolmogorov Theorem

In this section, we use the preceding trimmed form transformations to bring a Hamilto-
nian vector field into Kolmogorov’s normal form. The Kolmogorov’s theorem ensures the
persistence of a diophantine torus of a completely integrable Hamiltonian function under
a weak perturbation. We prove this theorem in the case of a perturbation of a special
form, see infra.

We define the algebra A, of functions f.(p,q) : C x C — C of the form f.(p,q) =
Zas fs(p,q) where the f; are trigonometric polynomials in ¢, the coefficients fsx(p) of
520
which being polynomials in p, writing fs(p,q) = Z fsk(p)

k| <K

We define A; the subset of A, of trigonometric polynomials in ¢, the coefficients of

eik-q‘

which being homogeneous polynomials in p of degree 1.
We denote by D(A.) the set of derivations over the algebra A., and by D'(A.) the
subset of D(A;), of derivations D of the form:

D - Aa(p7 Q)ap + B&‘(p7 q)8Q7

with A (p, q), Be(p,q) in AL.

Moreover, we denote by D}(A.) C D'(A.) the subset of derivations of the form
A:(p,q)0p + B:(p,q)0y, Ac and B. being in A;, of which all the coefficients of £°,s < r
have no dependence in q.

Following we deal here with Hamiltonian functions from R” x T" to R, where T is
the usual torus R/Z, and w a vector of R” being non-resonant, of the form:

He(p,q) =w-p+ %p2+€f(q)- (8.1)

The ”formal” Kolmogorov theorem is then:

Theorem 8.1. — Let H.(p,q) be defined as in (B.1) and w € R” being diophantine. There
erists a canonical formal transformation q = ¢ +¢e--- ,p = p' +e---, which brings H.
into Kolmogorov normal form:

H.(p,q) =w-p+ R(p,q,¢),
with R(p,q,e) = O(p*).

More precisely, we will prove the following theorem, denoting by X. the Hamiltonian
vector field coming from H., and by X, the constant vector field w - 0;:
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Theorem 8.2. — Let us suppose that X. has been brought into the following form:

T Ns Ms
Xr,e(p, Q) = w'aq+z 6S(as (p)ap+bs(p)aq) + Z e® <Z as,l(p)ell.qap‘{'z bs,l(p)ell.qaq> )
=1 =1

s=1 s>r+1
where as(p), bs(p), asi(p), bsi(p) are in AL. Then, there exists a canonical transformation
qg=q +e-,p=p +e--, such that X, c(p,q) = X110, ).
The theorem we want to prove may be rewritten as follows:
Theorem 8.3. — If X — X. € D} (A.), then Xeam — Xc € D}y (Ac).
Proof. — We write

X=X+> eXp)+ Y €S<X?(p) +> Xf(P7Q)>7

s=1 s>r+1 kezr

where X?(p) is independent of ¢ and X*(p, q) = 9 <as,k(p)0p + bs,k(p)8q>.
We set then By, = Z €SX5 for k #0 and By = Zeng.
s2r+1 s>1

Lemma 8.4. — For k € Z¥, By is a homogeneous differential operator of degree k in the
angles q. Moreover,
X:.Br =1i(k - w)Bg.

We can then write X = X, + Z I*By,, where A = Z" is the alphabet, and I® the
ke A*
mould already defined. We look for © = Z O°B,, with © = exp(V) and V = Z V*B,.

The Campbell-Baker-Hausdorff formula ensures that:

OX0 ' =X - [X,V]+--=X.+ > Bip—[Xc,V]+ hot. (8.2)
kezv

where h.o.t. stands for higher order (in €) terms. Moreover, we set:

1
—— if /(e) =1 and k- ;
Ve i(kz-w)l (o) an w #0;
0 otherwise.
Then,
(X, VI= > VFXe,Bel+ > V¥[Xe, Bi + -+,
kezv kcA*
o(k)>2

hence, (B.9) rewrites:

Xe+ 3 B =Y i(Wh)VFBe+ > VE[Xe, By + -
keA keA ke A*
0(k)>2
(*)

(¥)
The term (*x) is of order in € at least r + 2, therefore we do not worry about it. The
term (%) rewrites:

>y einf—Zi(w-k)Vk< > eSX§>,

keAs>r+1 keA s>r+1
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so, if we choose VF = W’ for k- w # 0, this latter expression vanishes, because
i(k-w
Xf_H =0 when &k -w = 0 (as w is non-resonant).

O

We have again our transformation simp which brings X into Xg,m. After the projection

lemma we can write:

Xsam = Xc + Z % Z Saka[k]

r>1 kEA*

Now we use the following lemma:

Lemma 8.5. —
VD, D € D'(A.), [D,D] € D'(A.).

That lemma and the projection lemma prove that Xg,,, is now in D,l, +1(Ag), hence, by
applying iteratively theorem B.3, we are able to prove theorem .9 therefore theorem R.1].

By this way, we are able to perform a trimmed form of a Hamiltonian vector field in
action-angle coordinates. It is defined by the mould Tram® exactly the same as before.

Moreover, remark that every simplification is a canonical transformation, so at every
step of the procedure is the vector field still Hamiltonian. That may be of great interest
in numerical applications.

9. Conclusion

We saw in this text different powerful aspects of moulds: the “complete calculability”
that is the universality, and the ability to be easily computed. A combinatory work (in
the free Lie algebras framework) lies underneath which induces a powerful union of results
both from algebra and analysis.

The principal tool we used here was the change of graduation in the decomposition of
a vector field, and we still hope to apply it to vector fields with no linear part, as E. Paul
in [[4] in a future work.

Moreover, the seek for normal forms has not to be limited to vector fields. We also
intend to develop this kind of techniques to apply in PDEs.
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