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ABSTRACT

Non-linear dynamics due to friction induced vibrations in a complex aircraft brake model are investigated. This
paper outlines a non-linear strategy, based on the center manifold concept and the rational in order to evaluate
the non-linear dynamical behaviour of a system in the neighbourhood of a critical steady-state equilibrium point.
In order to obtain time-history responses, the complete set of nonlinear dynamic equations may be integrated
numerically. But this procedure is both time consuming and costly to perform when parametric design studies are
needed. So it is necessary to use nonlinear analysis : the center manifold approach and the rational approximants
are used to obtain the limit cycle of the non-linear system and to study the behaviour of the system in the
unstable region. Results from these nonlinear methods are compared with results obtained by integrating the full
original system. These non-linear methods appear very interesting in regard to computational time and also
necessitate very few computer resources.

NOMENCLATURE

X vector of displacement

X vector of velocity

X vector of acceleration

Xo equilibrium point

X small perturbation

C damping matrix

K stiffness matrix

M mass matrix

FanL vector of linear and non-linear terms

ay, vector of the coefficients of the center manifold

v, vector of center variables

v, vector of stable variables

Ly friction coefficient at the Hopf bifurcation point
’ coefficients of the denominator of the approximants

d; coefficients of the numerator of the approximants

1 INTRODUCTION

Friction induced vibrations are a major concern in a wide variety of mechanical systems. Solving potential
vibration problems requires the consideration of the stability analysis and the determination of the non-linear
behaviour if the system is unstable. So, thus approaches can be divided onto two parts. As explained in Part | of
the paper, the first step is the static problem : the steady-state operating point for the full set of non-linear
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equations is obtained by solving them for the equilibrium point. One obtains the linearized whirl equations of
motion by introducing small perturbations about the equilibrium point into the non-linear equations. Stability is
investigated by determining eigenvalues of this linearized equations for each steady-state operating point of the
non-linear system.

The second step is the estimation of the limit cycle. The non-linear dynamic equations can be integrated
numerically to obtain a time-history response and this way the limit cycle. However this procedure is too much
time consuming. This is why the understanding of the behaviour of the non-linear models with many degrees of
freedom requires a simplification and a reduction of the equations due to the fact that the non-linear analysis can
be rather expensive and consumes considerable resources both in terms of the computation time and in terms of
the data storage requirements. The principal idea for the studies of these dynamical systems, is to use
simplification methods to reduce the order of the system and eliminate as many nonlinearities as possible in the
system of equations [1-6].

In this paper, the center manifold approach and the rational fractional approximants are used to reduce and
simplify the non-linear dynamical system. The principle of the center manifold method is based on the reduction
of the dimension of the original system [1-2]: the essential non-linear dynamic system characteristics in the
neighbourhood of an equilibrium point is governed by the center manifold associated with the part of the original
system characterised by the eigenvalues with zero real parts at the Hopf bifurcation. One chooses the use of the
rational approximants [7-10] after applying the center manifold approach. The prime advantage of the rational
polynomial approximants is that it may have a greater range of validity than the polynomial approach in any case
[7-10]. Moreover, the use of rational approximants allows the computation of an accurate approximation of a
function even at values for which the Taylor series of this function diverge [10].

In this paper, results are presented from analyses conducted using the non-linear dynamical model described in
Part | of the paper. Firstly, the general expressions of the non-linear model, the methodology for stability
analysis, and the determination of the equilibrium point are briefly reviewed. Secondly, the center manifold
approach and the rational approximants are used to obtain the limit cycle of the non-linear system and to study
the behaviour of the system in the unstable region. Results from these nonlinear methods are compared with
results obtained by integrating the full original system.

2 OVERVIEW

As explained in Part | of the paper [11], the non-linear 15-degree-of-freedom whirl system has the form [1]
M5 + Cx + KX = Fyressure + FnL (x) (1)
where %, x and x are the acceleration, velocity, and displacement response 15-dimensional vectors of the

degrees-of-freedom, respectively. M is the mass matrix, C is the damping matrix and K is the stiffness matrix.
Foressure 1S the vector force due to brake command and Fy, contains moreover the quadratic and cubic non-

linear terms.
In Part | of the paper, the first step is the static problem: the steady state operating point for the full set of non-
linear equations is obtained by their solving at the equilibrium point. Stability is investigated by calculating the

Jacobian of the system at the equilibrium point [12]. This equilibrium point X is obtained by solving the non-
linear static equations for a given net brake hydraulic pressure. This equilibrium point satisfies the following
conditions:

KX, = pressure T Fa (Xo) (2

Next, the second step is the estimation of the limit cycle amplitudes near the Hopf bifurcation point, if the
system is unstable. The Hopf bifurcation point is defined as follows [13]

Re(j’cemer (/,l)) X=Xg 4=ty =0 (3)
Re(inonfcenter (/Ll)) X=X, 1=y * 0

d

@(Re(ﬂ(ﬂ)))szc’#:ﬂ0 0

where the eigenvalues A

cner NAVE a pair of purely imaginary part while all of the other eigenvalues A

non—center

have nonzero real parts at (X = X,, &£ = 4y ).



The non-linear dynamic equations can be integrated numerically to obtain a time-history response and this way
the limit cycle amplitude. However this procedure is too much time consuming. So the center manifold
reduction and the rational approximants will be applied in order to obtain equations for the limit cycle.

3 NONLINEAR ANALYSIS

3.1 Classical approach

The time-history responses of the nonlinear dynamic system (1) can be calculated by using classical fourth-order
Runge-Kutta algorithm, as illustrated in Figures 1-4. One observes that the displacement and velocity growth
until one obtains the periodic oscillations. Figure 5 shows the evolution of the associated limit cycle amplitudes.
This procedure is rather expensive and consumes considerable resources both in terms of the computation time
and in terms of the data storage requirements. So, the understanding of the behaviour of this non-linear system
requires a simplification and a reduction of the equations. In order to obtain the non-linear simplified system, the
center manifold approach and the rational approximants will be used.

The complete non-linear expressions are expressed at the Hopf bifurcation point and by considering the

equilibrium point x, for small perturbations X (with X=X, +X). The determination of the Hopf bifurcation

point is determined by considering the equation (2).
The complete non-linear equations can be written as follow:

MX +CX + KX = F, (X) (4)
where X, X and X are the acceleration, velocity, and displacement response of the degrees-of-freedom,

respectively. M is the mass matrix, C is the damping matrix and K is the stiffness matrix. F,_(X) contains the
non-linear terms near the Hopf bifurcation point for a given equilibrium point.

3.2 The center manifold theory

The principle of the center manifold method is based on the reduction of the dimension of the original system
(Holmes [7], Nayfeh [8-9]): the essential non-linear dynamic system characteristics in the neighbourhood of an
equilibrium point is governed by the center manifold associated with the part of the original system characterised
by the eigenvalues with zero real parts at the Hopf bifurcation.

One considers reduction to lower dimensional problem by the consideration of the center manifold theory. The
non-linear equations are written in state variables and one projects these equations on the basis of its
eigenvectors

=J,
:J( ) c+H(v,, v, 1) (5)
=0

where v, eR? and vg e R"2 (with n=30 in this case). By considering the physically interesting case of the
stable equilibrium loosing stability, it may assume that v, contains the variables associated to the eigenvalues 1
with negative real part. G and H are polynomial non-linear functions.

Then, the expression of the variables v, can be expressed as a function of v, [14]. One defines v, =h(v,, i) as

a power series in (v, z) of degree m, without constant and linear terms (m>2):

V _h VC'lu Z zzaul CjZI&I (6)

p=i+j+1=2 j=0 1=0

where ay, are vectors of constant coefficients. This (n-2) -dimensional function h is substituted into the second

equation of (6) and then these results are combined with the first equation of (6).
By considering the tangency conditions at the fixed point (0,0,0) to the center eigenspace, one obtains



D, 5 (N(Ver 2))(3oVe +G(Ve (Voo f2), 22)) =D (Voo 1) =H(Vesh (V. 2), /2) =0

h=0

D, h(0)=0 for 1<i<n-2 ()
Do

Ot

where h (1<i<n-2) are the scalar components of h.

After h is identified [11], it is resubstituted into the first equation of (7) to obtain the reduced order structural
dynamic model, which is only a function of v_:

Vc =Jc(/&)vc+G(Vc’VsU&)
i1=0 ®)

Here, one reduces the number of equations of the non-linear system from 30 to 2.

3.3 Fractional approximants

The center manifold equations can have complicated non-linear terms, which can be simplified using further
non-linear methods. The main objective in the rational approximants is to approximate the non-linear terms by
using rational polynomial approximants [7-10]. The use of the rational approximants allows to simplify the non-
linear system and to obtain limit cycles more easily and rapidly. Moreover, the interest of these rational
approximants is that they need less terms than the associated Taylor series in order to obtain an accurate
approximation of the limit cycle amplitudes. In any case, the rational approximation has a greater range of
validity than the polynomial one.

Let f (x, y) be a function of 2-variables defined by a formal power series expansion

0

f(Xf)'):ZZCiniyj = Z Cijxiyj ©)

o0
i=0 j=0 (i,i)es

where S ={(i, j)‘i eN",j eN*}.
In this paper, on considers symmetric-off-diagonal (SOD) rational approximants [3-4] to f (x, y) of the form
2, Xy’
[ ]f( y) Z dijxlyj ( )
(i.i)es,
where S, ={(i,)0<i<m,0<j<m} and S, ={(i,})[0<i<n,0<j<n}. There are (m+1)" +(n+1)’
unknown coefficients in (10). dy, can be normalised to unity and the other coefficients n; and d; are then
related by matching terms in (9) and (10). It is useful to introduce a lattice space diagram to indicate the regions
in which the terms x'y! are to be matched, as illustrated in Figure 6. One defines the following sets (with
m'=min(m,n) and n'=max(m,n)):

P={(p.p)o<p<m} (11)
Rip ={(p.p)}U{(a p)[p<a<mU{(p.p)lp< p<m} (12
Ry.p ={(a, p)jm'<a<n'}U{(p,B)m'< p<n’| (13)
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Rs;p :{(0{, p)|n'<a£m+n— p}U{( p,ﬂ)ln'<ﬂ$m+”_ p} (14)

Rg.p ={(m+n-p+1p).(p.m+n-p+1)} (15)
Slzsmﬂsn ) SZZSmUSn\Sl (16,17)
S3:UR3;P , S4:UR4iP , 85:82\UR2;p (18, 19, 20)
peP peP peP
By multiplying the difference between f (x,y) and [m/n]_(X,y) by the denominator of [m/n] (X, y), one
obtains
( > diniijx( > cijxiyjj = > Xyl =) ey (21)
(i,))eS, (i.i)es (i.1)eSn (i,i)es
with
e; =0 (i: J) €Ry, U Rop U Rap and Zem+n—p+l,p pmin-ps1 = 0 (22 and 23)
p=0
Next, the equations obtained by matching coefficients in (24) are
Z d,C,y =N, peSy (24)
wes,
D e, =0,  pe(Sy\Sn)USs (25)
wes,
Z Z d,c,, =0 peP (26)
weR,, pes,

The developed form of the previous linear equations (24-26) may be rewritten in the following way for the first
and second center manifold variables previously defined

dk,oo =1 (27)
a B
D diConipi =Nup 0<a<m0<p<m (28)
i=0 j=0
D> deiCuip =0 O<a<mm<pB<m+n-«a (29)
i=0 j=0
n b
) dyiCuipg =0 m<a<m+n—p,0<B<m (30)
i=0 j=0
ZZ(dk,ijCk,o—i,m+n+l—a—j + dk,ijCk,m+n+l—o-—i,cr—j ) =0 1l<o=<n (31)
i=0 j=0

with 1<k<2. After normalizing d,, to unity as indicated in the first equation of (27), there are

kx((m +1)2+(n +1)2 —1) unknown coefficients in equations (28-31). The first step is the determination of the

kx((n +1)2—1) unknown coefficients d, ;. It is useful to introduce the lattice space diagram to indicate the

regions in which the terms x and y are to be matched, as illustrated in Figure 6. kx(n(n +1)/2) equations arise
from each of (29) and (30) which are obtained by matching terms of the two triangular regions S,. Now, kxn

equations arise from (31) obtained by equating to zero the sums of the coefficients of the pairs x“y” and x”y“.
These pairs are indicated in the regions S, by the two associated points A (with i=12,---,N ). Finally, the

kx((n +1)2 —1) coefficients d, ; can be achieved by solving kx((n +1)2 —1) linear equations (29-31). Next, the

kx(m +1)2 coefficients n,; may be found by directly solving the equations (28); the associated terms x“y” are
in the regions S, US,US;. In conclusion, It is easy to obtain the unknown coefficients n,; and d,; from

equations (28-31). However, the resolution of the kx((m+1)2+(n +1)2) linear equations may be both time
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consuming and costly to perform, and require a very large storage space. So it is possible to apply a special
process, called the ""prong method™ [9], to rapidly compute the coefficients by taking the equations (27-31) in a
special order. This computational process reduces the calculation of all the coefficients to linear algebra with a
lower triangular block by block resolution which greatly simplifies the determination of the coefficients n, ; and

Ao

The first step in the “prong method” consists of determining the denominator coefficients d, ;. As explained
previously, the determination of this coefficients can be achieved by considering the pairs of two regions S, and
S, that may be shown in Figure 5. However, it may be observed that the kx(n+1) coefficients d,;, (with
0<i<n) are matched by considering the segment of the lattice space (m+1<a<m+n,g=0). Similarly, the
kx(n+1) coefficients d,; (with 0< j<N) are located on the segment. Then, by normalizing equation d, ,, =1,
the two previous systems may be written in the following way

K.ij

Ck,o,m—n+1 "' Ck,o,m 0 "' 0 Ck,o,m+1 dk,o,n 0
Ck,O,m T Ck,O,m+n—l 0 T 0 Ck,O,ern dk,O,l 0
0 T 0 Ck,m—nJrl,O T Ck,m,O Ck,m+l,0 dk,n,O =40 (32)
0 T 0 Ck,m,O T Ck,m+n—1,0 Ck,m+n,0 dk,l,l
0 0 0 - 0 1 |ldeo] 12
This system may be written in the compact form
Ao =U, (33)

where d,, defines the (2xn+1)-dimensional vector of the coefficients d,,,, d,,; and d,;, (with 1<i<n). u,

defines the column vector of dimension (2xn+1) with unity in the (2xn+1)" place and zeros elsewhere.
Finally, the k" vector d,, may be obtained by considering

dk,o = Ak,O-luk (34)
Next, the kx(2xn-1) coefficients d,,,, d,;, and d,,; (with 2<i<n) are obtained by matching terms on the
segments of the lattice space (m+1<a<m+n,f=1) and (e =1, m+1< g <m+n)(defined in the two regions S,
by the lines marked (1) in Figure 7), and on the symmetrized linked pair of points (Lm+n) and (m+n,1)

(defined by the two points A in Figure 7). These equations of the determination of these coefficients may be
written in matrix form

Bk,lldk,o + Ak,ldk,l =0 (39)
where B, ,,d,, defines the (2xn-1) -dimensional vector of known quantity. d,, and A, , are given by
T
dk,l :{dk,l,n dk,1,2 dk,n,l dk,z,l dk,l,l} (36)
Ck,O,m—n+l t Ck,O,m—l 0 '“ 0 Ck,O,m
Ck,O,m—l t Ck,O,m+n—3 0 '” O Ck,0,m-¢-n—2
Ak,l = 0 0 Comnizo 7 Cmeo C.mo (37)
O T 0 Ck,m—l,O Ck,m+n—3,0 Ck,m+n—2,0
| Ck,O,m T Ck,O,m+n—2 Ck,m,o e Ck,m+n—2,0 Ck,m+n—1,0 + Ck,O,m+n—l_
. Finally, the k" vector d,, may be obtained by considering relation
dk,l = -Ak,l-lBk,lld k,0 (38)
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By using an iterative process, the overall system of the equations involving the determination of the d,, vector
with p=1---,n may be defined by

~ - |d u
A, 0 0 ko n
’ . . dk,l 0
Bk,ll Ak,l . d 0
B,,, B, A “*
k.21 k,22 k.2 ' ) dk’3 =<0 (39)
Biai Biz Bim Axs i : : :
. . . 0
B B B - B A ' '
| —knl k,n2 k,n3 k,nn kn | dk,n 0

Then, the (2n-2i+1)-dimensional vector d,; (with i=1--,n) may be obtained by a block by block inversion

process called the “prong method”. Finally, the kx(m +1)2 numerator coefficients n_; may be determined by
considering the block by block iterative process

N, - -

d
Cro 0 o . e 0 ko
Ny1 ’ . : dkl
’ Dk 11 Ckl : ’
nk,Z D ’ D ’ C dk,2
nk’3 — k.21 k.22 k,2 dK3 (40)
: Dk,31 Dk,32 Dk,33 Ck,3 :
. . . . 0
D D D - D C
nk’m | —kml k,m2 k,m3 k,mm km | dkym

where the matrices C,; (with i=0,---,m) and D,; (with i=1---,m and j=1---,m) and the vector d; (with
i=0,---,n) are known.

3.4 Numerical simulations

In this section, the center manifold and the rational approximants are applied to the aircraft brake system (1). The
basic parameters chosen for the parametric studies are:P/P, =0.3; o/, 0.0875; n/n,,, =0.04;

Krr/Krrmax = 0'78 '

First of all, approximations of orders 2 and 3 for the center manifold reduction are considered. Figures 8
illustrate the comparison of the limit cycle amplitudes of the original non-linear 15-degree-of-freedom system
calculated by using classical fourth-order Runge-Kutta algorithm, and approximated by applying the center
manifold of orders 2 or 3, respectively. It may be observed that an approximation of order 2 is not sufficient to
describe with low errors the non-linear behaviour of the system. However, using an approximation of order 3
allows good approximations of the limit cycles, even if the axial limit cycles of the stator and rotor (Figures 8(a)
and 8(e)) are not exactly the same than those obtained for the original system. It may be observed that the more
higher the polynomial order of the stable variables are, the more interesting the estimate limit cycles of the
reduced system is, but the more costly and time consuming the computations are. Consequently, the center
manifold reduction is validated and allows the reduction of equations of the original system from 30 to 2 (in state
variables) without losing the dynamics of the non-linear behaviour of the original system.

This is well known that the sole use of the center manifold approach is not very convenient due to the number of
non-linear terms generated during the reduction of the system.

In order to simplify the non-linear expressions of the reduced system, the rational fractional approximants are
applied. Effectively, they require fewer terms than the associated Taylor series in order to obtain an accurate
estimation of the non-linear expressions.

Using the symmetric-off-diagonal (SOD) rational approximants, the previous non-linear system (8), written by
considering the center manifold approach, can be written as follow

max



. eNL _ ] i=0 j=0 i=0 j=0
v =f(v,)=4—= — (41)
iy, iy,
dl uvcchZ d2.ichlV02
i=0 j=0 i=0 j=0
where fN" represents the non-linear expression in symmetric-off-diagonal (SOD) rational approximants form.

The determinations of the coefficients N, ;, n,; (for 0<i<m and 0< j<m)and dy;, dy; (for 0<i<n

and 0 < j<n) are obtained by using the procedure defined previously.

Figures 9-23 illustrate the comparison of the original limit cycle amplitudes and the estimated limit cycle
amplitudes by applying Padé approximation ([2/2], [4/2], [5/4], and [6/6]). First if all, it may be observed that the
fractional approximants [2/2] give a good estimation of the limit cycles for all degree-of-freedom. This clearly
indicates that the fractional approximants require fewer terms than the center manifold expressions for obtaining
an accurate approximation of the limit cycles. Moreover, the limit cycles obtained for the higher fractional
approximants appears to be not acceptable (for example Padé approximants [5/4] on Figures 9-23) or diverge (as
indicated in Table 1) . These results illustrates that, in some cases, the rational approximants may give a lower
estimation of the limit cycles even if the number of the retained non-linear terms increases.

Then, the limit cycles obtained by using the rational approximants appears to be closed to the original limit
cycles even if the polynomial approximation of the center manifold are not sufficient to obtain a very good
estimate of non-linear contributions of the original system and the associated limit cycles. This last point may be
clearly illustrated by comparing Figures 8(a), 8(e) (i.e. limit cycles by using the center manifold
approximations), and Figures 9, 13 (i.e. limit cycles by applying the Padé approximants).

Finally, results for another set of parameters (for P/Pna=0.1) are undertaken in order to show one of the most
difficult points due to the center manifold reduction. In this case, the second order approximation of the center
manifold diverge, since the approximation of the stable variable is not sufficient, as illustrated in Figures 24 and
25. However, applying the third-order polynomial approximation and the [3/2], (v,) symmetric-off-diagonal

rational permit to obtain a very good approximation of the limit cycles amplitudes, as illustrated in Figure
Figures 26. In this case, one has only 28 non-linear terms by using the rational approximants. So the center
manifold theory and the rational approximants appear very interesting in regard to computational time and also
necessitate very few computer resources, as indicated in Table 2.

Moreover, this example illustrates that one of the most difficult points using the center manifold reduction is the
determination of polynomial approximations and the estimate of the minimal power that defines the expressions
of stable variable versus center variables (as indicated in equation (8)). Effectively, obtaining the coefficients
associated with the stable variable may pose serious computational difficulties. So even if the more complex the
expressions of the stable variables are, the more interesting the non-linear reduced system is, in practice, the
estimate of the lower power of the stable variables that allows us to obtain a good approximation of the non-
linear limit-cycles may be one of the most important key points. Then, this is why the extension of the center
manifold approach by using the rational approximants is very interesting due to the fact that the rational
approximants require fewer terms than the associated Taylor series and augment the domain of validity the series
obtained by the center manifold reduction [10].

4 SUMMARY AND CONCLUSION

A nonlinear analysis of mode aircraft brake whirl has been developed. The center manifold theory and the
rational approximants are used in order to reduce and to simplify the non-linear system while retaining the
essential features of the dynamic behavior near the Hopf bifurcation point. Excellent agreements are found
between the results obtained by these methods and the complete solution of the non-linear system. However,
these methods are very interesting when time history response solutions of the full set of non-linear equations are
time consuming to perform when extensive parametric design studies are needed.

Moreover, the interest of these rational approximants is that they need less terms than the associated Taylor
series in order to obtain an accurate approximation of the limit cycle amplitudes; the rational approximation has
a greater range of validity than the polynomial one obtained by using the center manifold approach.
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Padé approximants Limit cycles estimation

[2/2] Good approximation
[3/2] Divergence
[3/3] Divergence
[4/2] Good approximation
[4/3] Divergence
[4/4] Divergence
[5/2] Bad approximation
[5/3] Bad approximation
[5/4] Good approximation
[5/5] Good approximation
[6/6] Good approximation

Table 1: Comparison between the original system and the Padé reduced system

Original system Reduced system
CPU Time 5 hours 5 minutes
Number of degree-of-freedom in states variables 30 2
Number of non-linear terms 108000 28

Table 2: Comparison between the original system and the reduced system (for P/Py,.=0.1)
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Figure 1: Axial displacement of the rotor (z =1.014,)
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Time (s)

Figure 3 : Axial velocity of the rotor («=1.014,)
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Figure 2: Zoom of the axial displacement of the rotor

(1=1014)
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Figure 4 : Zoom of the axial velocity of the rotor
(=10Lu,)
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a ] n m m+n o

Figure 6 : Lattice space Figure 7: The “prong method” and associated regions
in the lattice space

12



3 — e
/" \\\ —— Original —— Original T ~1— Original
ol / N --- Order2 15 B e il --- Order2 e -~ ZZ7~_ |--- Order2
/ ISR --- Order3 : o7 ~~_ |-~ Order3 e { - - Order3
{ z B - ~ . ~
( v p i - R , g ) \
1 . 1 , . N N 4 \
! ! !} S NN 1 S 8
\ \ c,
of\ ' - @ 050/ @ / [
z N\ / @ o 2, )
£ \ / B oo . k] R ' ]
=10\ 7/ = ofl! i = : E i |
5 \ / = [ =
2 \ / 5 | \ / ; 5.,
35 \ X ' ' X
-2 N y T -05 | °
\\ I y4 -2
-3 N /// -1 SOTNITTII T S e et
N — . Sl
“ g . -3
4 e -15
. -2 -4
0.8085 0.009 0.0095 0.01 00105 0.011 00115 0.012 -1 -05 0 0.5 1 15 -2 -1 0 1 2 3
X (m) X (rad.) X107 X (rad.) 3

~—

(a) Limit cycle (xg,%s) (b) Limit cycle (6s,6;) (c) Limit cycle (v y7)

0.8 5 2
— Original SN — Original — Original
0.6 A B Order 2 4 L T~~.|--- Order2 15 s U --- Order2
: Order 3 e - - Order3 ’ L7 .-o7m-. |-~ Orders
0.4 e 3 N 1 e S
3 0. o 5 2 e : R % 05 , RN
g / Lo € T ' 5 / \ \
£ i 1 =4 ! i} g o - T
5 0. i Coop ey i i 3 -05 . Fod
—0.4 E ! B | \’_/ ! ’ -1
s = pre \ o N g ! N S
-0.6| RS - - AN 30 -15 B T
08 0 2 —a 6 8 Tis s 5.5 6 6.5 7 75 8 s -1 -05 0 05 1 15
X (rad.) x107 X (m) x107° X (rad.) x107°
(d) Limit cycle (g, ¢s) (e) Limit cycle (x,, %) (f) Limit cycle (6.6,
4 0.4 0.04
— Original — Original PR b — Original
Emmts --o - Order2 P --- Order2 L P "
M R "~ - - Order3 03 B N - - Order3 0.03 B I e
g Y S = 02 o St 0.0: S hl
31 pe & 0l @ 001 Sy
2 [ ; LN
i /0 \ e Vi i g Vit
AL S R ) fa )}
= H Vo = '
B S 01 3 _o01 o
[N * ; /!
- o -0.2 N < 0.0 /
~ _
- Treluioo Lot -03 S _0.0: -
% -1 0 1 2 3 ) 0 2 4 ) -2 -1 1 2 3
X (rad.) X107 X (m) x10™ X (rad.) x10°
(g) Limit cycle (v, v ) (h) Limit cycle (y,,Yy) (i) Limit cycle (.6, )
08 0.08r 0.051
— Original R —— Original P — Original
o TS --- Order2 0.06} jenl TT-i_ | --- Order2 0.04f S “=<|--- Order2
- == onders : o ~| - - Order3 0.3l AT PO S - - Order3
04 - o 0.04 . ’ ‘ . Y
S SR 0.02
& 02 et AR % 002 Lo | \\ = 001k Lo X
£ / / \ : B G Lot £ P L
5 O L = 9 Vo ! 5 O N
R \ g 3 Vo ! 2 \ [
3, \ \ / 0 3 -0.02} L ’ 3 —o01 b S
NN P . ;
. A S \ -0.02
-04 g -0.04
N == > N . — ) -0.03 ~
Y = - -0.061 \\*—n ) -0.041 \‘\\
0% -2 0 2 4 6 -0.08 -2 0 2 4 6 8 -0.05 -2 -1 0 1 2 3 4
X (m) X107 X (rad.) X108 X (m) x10°
() Limit cycle (zy,2,) (k) Limit cycle (V/b Wb) (1) Limit cycle (y,,¥a)
)
0.02 0.1 0.04
. — Original —— Original —— Original
- - S--l --- Order2 0.08 PPt SR --- Order2 mmmes -
o1 R I “~{ - - Order3 00 P AN - - Order3 00 JPtad ~
0.01 ‘ e SN N o o0 0.0 = S
SN 0.04f X . ) N R
3 0005 : | & oozl S @ 001 / ,
E Lo Vi e Voo 3 i \
= o (R 5 o P < o0 ! [
s i )i s 0y )] s 1 ,
S -0.005 , ©00em ; 3 -0.01 5 e
‘ —0.0af N "
-0.01 < St DU J -0.0: < T
0015 e 008 e S -0.03 B s Ser
0.0z, -0.5 0.5 1 15 1 0.5 1 15 -0.04 0 1 2 3 4
X (rad.) X107 X (m) «10” X (rad.) <10

(m) Limit cycle (6,,6,) (n) Limit cycle (z,,24) (0) Limit cycle (a7 )

Figure 8: Comparison between the original system and the reduced system obtained by using the center manifold

13



dX/dt (rad./s)

3r 157
—— Original —— Original
--- Padé 2/2 ' , - - - Padé 2/2
2r -~ Padé 4/2 1h - = ~ .| - - Padé4/2
Padé 5/4 £ Padé 5/4
" —— Padé 6/6 e R —— Padé 6/6
__o5¢ [/ N
or kel g ! \\ \
© i ! | \
i’ or i : | |
-1f ! A e
© \ /
-0.5¢ ' .
-2t ;
-1F o +77 .
-3F e —— =
4 ‘ ‘ ‘ ‘ 15 ‘ ‘ ‘ ‘ ‘
0.009 0.01 0.011 0.012 -1 -0.5 0 0.5 1 1.5
X (m) X (rad.) X107
Figure 9: Limit cycle (xs,Xs) for z=1.01, Figure 10: Limit cycle (65,6, ) for u=1.014,
3r 0.6
— Original — Original
-~ Padé 2/2 -~ Padé 2/2
2r -~ Padé 4/2 0.41 - - Padé 4/2
Padé 5/4 Padé 5/4
4L —— Padé 6/6 02k —— Padé 6/6 |
; @ i
or i g Or
i £
-1t § -0.2¢
©
-2t -0.4f
-3F -0.61
4 ‘ ‘ ‘ ‘ ‘ ‘ ‘ 08 ‘ ‘ ‘ ‘ ‘
-1 -05 0 0.5 1 15 2 25 -2 0 2 4 6 8
X (rad.) x 107 X (rad.) x10™
Figure 11: Limit cycle (s y7 ) for u =1.014, Figure 12: Limit cycle (¢g,¢g) for 12 =1.014,
4r 2r
—— Original — Original
-~ Padé 2/2 15 -~ Padé 2/2
3r | - - Padé 4/2 : - - Padé 4/2
Padé 5/4 Padé 5/4
ol —— Padé 6/6 T —— Padé 6/6
g 05r 7
1 = /
© |
) |
(0] 8 !
S o5k g
-1+ _1 |
-2F _15l T
3 ‘ ‘ ‘ ‘ ‘ ‘ 5 ‘ ; ‘ ‘ ‘
5 5 5.5 6 6.5 7 7.5 A -0.5 0 0.5 1 15
X (m) x107° X (rad.) x107°
Figure 13: Limit cycle (x,, %, ) for =101z, Figure 14: Limit cycle (6,6, ) for u=1.014,

14



dX/dt (rad./s)

uA/uL (1au./D)

dX/dt (rad./s)
Q

3,
— Original
--- Padé 2/2
2 - - Padé 4/2
Padé 5/4
| —— Padé 6/6

= -1 0 1 2 3

X (rad.) x107°

Figure 15: Limit cycle (y; v, ) for u =1.014,

0.04r
—— Original
L --- Padé 2/2
0.03 - - Padé 4/2
Padé 5/4
0.02r —— Padé 6/6
0.01F
or \'
1
-0.01f
-0.02F
-0.03F R
_0.04 ‘ ‘ ‘ ‘ ‘
0 0—2 -1 1 2 3

0
X (rad.)
Figure 17: Limit cycle (6,6, ) for u =1.014,

0.061
—— Original
-~ - Padé 2/2
0.04r - - Padé 4/2
Padé 5/4
0.02} —+— Padé 6/6
or |
1
-0.02F
-0.04F
-0.06|" e
-0.08, 0 2 4 6 8
X (rad.) x107°

Figure 19: Limit cycle (v vy ) for 4 =1.014,

15

0.4r

—— Original
-~ Padé 2/2
0.3 o - - Padé 4/2
o Ny Padé 5/4
0ol —— Padé 6/6
@ L
E 0.1
5
2 0
]
-0.1f
-0.2}
03, -1 0 1 2 3
X (m) x10™
Figure 16: Limit cycle (yy, yy ) for 2 =1.014,
0.61
o — Original
e -~ Padé 2/2
0.4r . - - Padé 4/2
Padé 5/4
0.2 —— Padé 6/6
D
E Y
ke]
X -0.2f
kel
-0.4f
-0.6f
08, -2 0 2 4 6
X (m) x107*
Figure 18: Limit cycle (z,,2,)for u =1.014,
0.041
—— Original
i w | --- Padé2/2
0.03 - - Padé 4/2
Padé 5/4
0.021 —— Padé 6/6
7 001 ‘
£ ‘,
= of |
g 1
>< 1
T -0.01F ;
-0.02f
-0.03f
-0.04
0.04, -1 0 1 2 3 4
X (m) x107°

Figure 20: Limit cycle (yg,y,) for z=1.014,



dXx/dt (rad./s)

0.015¢
— Original
--- Padé 2/2
0.01r - - Padé 4/2
Padé 5/4
0.005f —+— Padé 6/6
\
o |
1
-0.005
-0.01F
~0.015] R
~0.02 ‘ ‘ ‘ ‘ ‘
4 -05 0 0.5 1 15
X (rad.) x107°

Figure 21: Limit cycle (o

dX/dt (rad./s)

6, ) for u=1.01,

dX/dt (m/s)

0.08r

—— Original
0.06[ : e G G| - - - Padé 2/2
o S | -- Padé4r
0.04f B R Padé 5/4
A ~. N —— Padé 6/6
0.02f g R\
i , \\ \
i 1 \ \
or I 1 f ]
\\ \ // /r
-0.02 oty R
-0.04r S
-0.06¢ o
-0.08} il
04 ‘ ‘ ‘ ‘ ‘ ‘
0 02 0.4 06 0.8 1 12
X (m) x107
Figure 22: Limit cycle (z,,2,) for x4 =1.01,

0.03r
—— Original
| - -~ Padé 2/2
0.02r - - Padé 4/2
Padé 5/4
0.01r | —— Padé 6/6
of \
1
-0.01F
-0.02f
-0.03r
~0.04 ; ; ; ; i
0 0—1 0 1 3 4
X (rad.) x107°

Figure 23: Limit cycle (75 ) for u =101,

16



3
Divergence
ol
Q
g 1r
ke]
x Or
©

B \Divergence
0.1r

0 05 1 15
X(m) x107

Figure 25: divergence for the limit cycle (yy, yp)

2 | |
-15 -1 -0.5

17



1.
° —— Original system
- Reduced system
! E LN
2 05 o
E y \
3 0 g :
] \ A
05| N
-15
4.5 5 55
X (m) x10°
(a) Limit cycle (xs,Xs)
— Original system ‘
- - - Reduced system
0.15
T
0.1 d TN

dX/dt (rad./s)
o
°

)

-0.0!
-0.1 = 5
-5 0 10 15
X (rad.) x10°
(d) Limit cycle (og,0s)
1
—— Original System
0.8 - - - Reduced system
06 i B
@ =
- 04 /
8 /
5 02 /
X !
°ooof
I\
-0.2
-0.4 \ P
-0.6 Ssel ot
~—ioo--otT
0% -2 0 2 4 6
X (rad.) x 10
(g) Limit cycle (v, v )
— Original system
- - - Reduced system
0.151 1
_ o1 ot
2 D
£ 4 D
= 005 / b
3 / )
X q \
o
0|
| J
| ,
-0.05 8 i
-0.1 <
S
-1 -075 -05 -025 0 025 05 075 1
X (m
24X 10
3]
G2
°
g
1
3
3
0
-1
-2
=2 -1 0 1 2
X (rad.) x107°

(m) Limit cycle (0 ,éa)

dX/dt (rad./s)

m/s)

dX/dt

dX/dt (m/s)

-0.02

-0.04

-0.06|

-0.08

dX/dt (m/s)

—— Original system
- - - Reduced system

o
X

o

°
-~

o
L

|
o

|
o
)

X (rad.) x10™

(b) Limit cycle (0 ,H'S)

‘ —— Original system
|- - - Reduced system

0.8

0.6

0.4

0.2

-0.2]

-0.4
-0.6]
-0.8] 1

22 24 26

(e) Limit cycle (x, %)

0.08, —— Original system
- Reduced system

=)

-5 -2.5 0 25 5

(h) Limit cycle (yy,¥p)

0.0:
—— Original system
- - - Reduced system
0015 bt
001 A h
0.005 / g \
0 )

e oo

1 -0.5 0 0.5 1 15
X (rad.) x10°

(k) Limit cycle (y 7y )

0.02 {

—— Original system

0.015 sEET T T - - - Reduced system

001/ «

0.005 (,
'
'

0

| |
-0.005

-0.01

-0.015

-0.025 0 5 ) 15 20

(n) Limit cycle (z4,2,)

—— Original system
- - - Reduced system
0.6 -
@ 04 R
k) .
) ,
Zo , \
g )
0 i /
0. \ . ’/'
-0.4 N
-4 -2 0 2 4 6
X (rad.) X107
(c) Limit cycle (s ys)
0.5
—— Original system
04r \M
0.3 e
- 0.2 -
8 / A\
g 0.1 \
s

-0 .
N .
-0.2 N 5
-03 P g
o4 -2 -1 0 1 2 3
X (rad.) x10™
() Limit cycle (6,6, )
x10° ‘ ‘
8 —— Original system
Reduced system
6 4

)0<(rad.) ’ «10°
(i) Limit cycle (.6, )

‘ —— Original system
| - - - Reduced system
—

0.006| “ =

6 -4 -2

(0) Limit cycle (v )

Figure 26: Comparison between the original and reduced system for P/Py.=0.1
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