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SINGULAR BOUNDARY CONDITIONS AND REGULARITY FOR
THE BIHARMONIC PROBLEM IN THE HALF-SPACE

CHERIF AMROUCHE, YVES RAUDIN

Laboratoire de Mathématiques Appliquées
Université de Pau et des Pays de I’Adour
IPRA, Avenue de I’Université
64000 Pau, France

ABSTRACT. In this paper, we are interested in some aspects of the biharmonic
equation in the half-space Rf, with N > 2. We study the regularity of gener-
alized solutions in weighted Sobolev spaces, then we consider the question of
singular boundary conditions. To finish, we envisage other sorts of boundary
conditions.

1. Introduction. The purpose of this paper is the resolution of the biharmonic
problem with nonhomogeneous boundary conditions

A?u=f in Rf,
(P) Su=go onI'=RN-L
Onu=g¢g; onl.

Since this problem is posed in the half-space, it is important to specify the behaviour
at infinity for the data and solutions. We have chosen to impose such conditions by
setting our problem in weighted Sobolev spaces, where the growth or decay of func-
tions at infinity are expressed by means of weights. These weighted Sobolev spaces
provide a correct functional setting for unbounded domains, in particular because
the functions in these spaces satisfy an optimal weighted Poincaré-type inequality.
Our analysis is based on the isomorphism properties of the biharmonic operator
in the whole space and the resolution of the Dirichlet and Neumann problems for
the Laplacian in the half-space. This last one is itself based on the isomorphism
properties of the Laplace operator in the whole space and also on the reflection
principle inherent in the half-space. Note here the double difficulty arising from the
unboundedness of the domain in any direction and from the unboundedness of the
boundary itself.

In a previous work (see [7]), we established the existence of generalized solutions
to problem (P), i.e. solutions which belong to weighted Sobolev spaces of type
le’p (Rf ). For the sake of convenience, we shall recall the necessary results of this
paper in Section 2.4. Here, we are interested both in the existence of more regular
solutions, as for instance strong solutions which belong to spaces of type W;ig (Rf ),

and singular solutions which belong to Wlo_’g (Rf ) in the case f = 0 with singular
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2 CHERIF AMROUCHE, YVES RAUDIN

boundary conditions. We also establish the existence of solutions which belong to
intermediate spaces as for example V(/Iif RY).
As we saw (see [7]), it turns out that the use of classical Sobolev spaces is

inadequate in this case, contrary to the study of elliptic problems of type:
(Q) u4 A%y = f ian, u=gg and Oyu=g; onT,

where it is more reasonable to consider data and solutions in standard Sobolev
spaces. For example, if f € L2(RY), go € H/2(RVN~1) and ¢g; € H?(RN-1),
problem (Q) admits an unique solution u € H*(RY). In the case of problem (P),
if we assume that f € L?(RY), the solution u can not be better than in WS’Q(Rf)
and its traces ulr and dyulp respectively in Wi/*2(RN=1) and Wg/*2(RN-1).
Moreover, we can observe that H*(R%Y) is a subspace of W, ’2(Rf ) and the same
remark holds for the traces spaces.

On the one hand, we can find in the literature an approach via homogeneous
spaces. For instance, when f € L?(RY), that consists in finding solutions to (P)

4
satisfying V4u € Lz(Rf )N , but that gives no information on the other derivatives,
nor specifes the behavior at infinity for the data and solutions.

On the other hand, Boulmezaoud has established (see [9]) in a Hilbertian frame-
work, the existence of solutions u € H};;(RY) for data f € H_y*(RY) and the
corresponding regularity result. However, owing to some critical cases, this frame-
work excludes in particular the dimensions 2 and 4 (see Section 3.3).

To reduce the set of critical values, we have used a special class of weighted
Sobolev spaces with logarithmic factors (see Section 2.2 and Remark 2.1). We shall
show the part of these logarithmic factors in the weights particularly in the question
of singular boundary conditions.

This paper is organized as follows. Section 2 is devoted to the notations, func-
tional setting and main results of our previous paper on the biharmonic operator,
which is the source of the present work. In Section 3, we study the regularity of the
solutions to problem (P) according to the data. After that, we give a panorama of
basic cases and we recall the Boulmezaoud theorem to throw light on our contribu-
tion in this study. In Section 4, we come back to the homogeneous problem (f = 0)
with singular boundary conditions. Lastly, in Section 5, we shall consider the bihar-
monic equation, but with different types of boundary conditions. The main results
of this paper are Theorem 3.1 for the regularity and Theorem 4.4 for the singular
boundary conditions. In a forthcoming work, we shall use these results to solve the
Stokes system.

2. Notations, functional framework and useful results.

2.1. Notations. For any real number p > 1, we always take p’ to be the Holder
conjugate of p, i.e.

11

~- 4 - =

p P
Let Q be an open set of RN, N > 2. Writing a typical point € RN as x = (2/, xx),
where 2/ = (z1,...,2x_1) € R¥N"tand zxy € R, we will especially look on the upper

half-space RY = {z € RY; zn > 0}. We let RY denote the closure of RY in RY and
let I' = {z € RY; xy = 0} = RV~ denote its boundary. Let |z| = (224 - -+2%)1/2



BIHARMONIC PROBLEM IN THE HALF-SPACE 3

denote the Euclidean norm of =, we will use two basic weights

o= (1+z[>)'/? and lgp=1In(2+ |z[?).

0 0?
We denote by 9; the partial derivative e similarly 92 = 9; 0 0; = Frek % =
o2 l
0;00; = , ... More generally, if A\ = (A\1,...,An) € NV is a multi-index,
8$ial'j
then

IR
oxl oy
In the sequel, for any integer ¢, we shall use the following polynomial spaces:

— P, is the space of polynomials of degree smaller than or equal to g;
— @qA is the subspace of harmonic polynomials of Z;

P =M RN = , where |A| = A\; 4 -+ + Ay

— @qAQ is the subspace of biharmonic polynomials of y;

— JquA is the subspace of polynomials of :@qA, odd with respect to x, or equiva-
lently, which satisfy the condition ¢(z’,0) = 0;

— %A is the subspace of polynomials of ﬁ(f‘, even with respect to x, or equiva-
lently, which satisfy the condition Oy p(z’,0) = 0;

with the convention that these spaces are reduced to {0} if ¢ < 0.

For any real number s, we denote by [s] the integer part of s.

Given a Banach space B, with dual space B’ and a closed subspace X of B, we
denote by B’ 1. X the subspace of B’ orthogonal to X, i.e.

B'1X={feB; YweX, (f,v) =0} = (B/X)".
Lastly, if k € Z, we shall constantly use the notation {1, ..., k} for the set of the first

k positive integers, with the convention that this set is empty if & is nonpositive.

2.2. Weighted Sobolev spaces. For any nonnegative integer m, real numbers
p > 1, a and (3, we define the following space (see [3], Section 7):

W' () :{u €7'(Q); 0 <N <k, o ™ (Ig )71 0Mu € LP(Q);

1)
F+1< A <m, o2 (1g0)? 0 e L2() },

where
~1 if & 4+ad{l,...,m},

k= N )
m—-— —a 1f%+a€{1,...,m}.

Note that W," () is a reflexive Banach space equipped with its natural norm:

a—m — p
lllyr ey = (32 102+ (g o)L Pull, g
0<|A[<k

a—m D 1/p
Y NN g Ml )
E+1<|A|<m
We also define the semi-norm:

1/p
[ulwrr @) :( D et (lgg)"ﬁkullip(m) .
[A|=m
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The weights in the definition (1) are chosen so that the corresponding space satisfies
two fundamental properties. On the one hand, Z(RY) is dense in W" i (RY). On
the other hand, the following Poincaré-type inequality holds in W7’ (RY) (see [5],
Theorem 1.1): if

%—i—agﬁ{l,...,m} or (B—1)p+#—1, (2)

then the semi-norm | - |Wm,ﬁp(R$) defines on Wf’ﬁp(Rf)/ﬂq/ a norm which is equiv-

alent to the quotient norm,
vu e WhF(RY), lullwm r @y, < Clulym @y, (3)
with ¢’ = inf(q,m — 1), where ¢ is the highest degree of the polynomials contained
in W,/ (RY). Now, we define the space
° — - hwme p ey
W ®RY) = GERY) e,

which will be characterized in Lemma 2.2 as the subspace of functions with null
traces in W7/ (RY). From that, we can introduce the space W_7""5(RY) as the

—a, —
o

dual space of W;nﬂp(Rf) In addition, under the assumption (2), | - |Wm,ﬁp(R$) isa
norm on I/f/’ZLg(Rf) which is equivalent to the full norm || - Hmep(Rf)'

We will still recall some properties of the weighted Sobolev spaces W;n ’Bp (Rf ). We
have the algebraic and topological imbeddings:

N
Wg’}bp(Rﬁ) — ng_l}’ﬁp(Ri\_]) (SO TN Wngm,B(Rf) if E +ad¢ {1, .. .,m}.

N
When — +a =j € {1,...,m}, then we have:
p

m,p m—j+1,p m—j,p 0,p
Wos = = Wajiis @ Wajipr = 2 Woln

N
Note that in the first case, for any v € R such that — + a — v ¢ {1,...,m} and
p
m € N, the mapping
uwe W RY) — ue WP J(RY)
is an isomorphism. In both cases and for any multi-index A € NV, the mapping
ue WIPRY) — e WA P(RY)

is continuous. Finally, it can be readily checked that the highest degree ¢ of the

polynomials contained in W,."/(RY) is given by
%—i—ae {1,...,m} and (B8—1)p>—1,

m<+04>1a lf or
= p T tae{jez j<0} and fp> -1,

N .
[m — ( + a)] , otherwise.
p
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Remark 2.1. In the case § = 0, we simply denote the space W["7 () by Wi ?(Q).
In [11], Hanouzet introduced a class of weighted Sobolev spaces without logarith-
mic factors, with the same notation W2 P(Q). We recall his definition under the
notation HJ"P(Q):

Hg»P () = {u €7'(Q); 0< [N <m, o* " u e LP(Q)}.

N
It is clear that if — +«a ¢ {1,...,m}, we have W"P(Q) = HI"P(Q). The fun-
p

damental difference between these two families of spaces is that the assumption
(2) and thus the Poincaré-type inequality (3), hold for any value of (N, p, a) in

N
W P(Q), but not in HI"P(Q) ifg—i-oze{l,...,m}. O

2.3. The spaces of traces. In order to define the traces of functions of W7 ?(RY)
(here we don’t consider the case 8 # 0), for any o € |0, 1], we introduce the space:

WPRY) = {u € 7'RY); wue IP(RY) and Vi=1,...,N,

+o0 (5)

/ t—imop dt/ lu(z + te;) — u(z)|P dz < oo},
0 RN

where w = ¢ if N/p # o and w = o(lgp)'/? if N/p = o, and ey,...,ey is the
canonical basis of RY. It is a reflexive Banach space equipped with its natural
norm:

u
lulhgrem = (|

p N +o0 ) 1/p
+ / t— P dt/ u(z + te;) — u(x) pdx)
RS o ey TR

which is equivalent to the norm

_ P l/P
(Hu v +/ u(z) — u(y)| dmdy> .
w? RN xRN

L2 (RN) |z —y|NFor
Similarly, for any real number a € R, we define the space:

W P(RY) = {u € 77RY); w* %u € LP(RY),

0%(2) u(e) — () uly)]?
/RNW g TS °°}’

where w = g if N/p+a # o and w = o(Igp)'/“~® if N/p+ a = o. For any
s € RT, we set

Wer@®Y) = {ue Z®Y); 0 <N <k, ot (Igo)t Pu e IPRY);

E+1< <[] -1, 0N 0w e IP®Y); A = [5], 9w e WEP®Y) ),
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where k=s— N/p—aif Nlp+a€{o,...,0+[s]}, witho =s—[s] and k = —1
otherwise. It is a reflexive Banach space equipped with the norm:

—s — p
||U||W;=P(RN) = ( Z [[o® o+l (Ig0) 18A’U’HLP(RN)

0<|A[<k
a—s+|A| A, (P p A
> e )+ D 10Ul -
k+1<|A|<[s]—1 [A[=[s]

We can similarly define, for any real number 3, the space:
Wo BRY) = {v € 7'RN); (Igo)fve Wj’p(RN)},

We can prove some properties of the weighted Sobolev spaces W

;:g(RN). We have
the algebraic and topological imbeddings if N/p+ « ¢ {o,...,0 + |

s]—1}
Wi:g(RN) s W;:}%(RN) e Wg’_p[s],ﬁ(RN),
WIBRY) = WL | JRY) = o WO (RY).

When N/p+a=j€{o,...,0+ [s] — 1}, then we have:

Wig s WETITLE ST E L TP

o—jt1.B a—j, -1 o [s], A1
5,p [s],p [s]—j+1,p [s]—j,p 0,p
Wois = Woil—s8 = = Walo i1 = Waoljp1 = = Wols 51

If u is a function on Rf , we denote its trace of order j on the hyperplane I' by:
VieN, yu:a’ € RNt — au(a’,0).
Let’s recall the following trace lemma due to Hanouzet (see [11]) for the functions of

HmP(RY) and extended by Amrouche-Necasové (see [5]) to the class of weighted
Sobolev spaces W™ P(RY):

Lemma 2.2. For any integer m > 1 and real number «, the mapping
. m—1
¥ =(Y0sY1, -, Ym—1) : @(Rf) — H (RN,
§=0
can be extended to a linear continuous mapping, still denoted by -y,
m—1
v W @y) — [ W@,

§=0
Moreover v is surjective and Kery = WZ“P(Rf).

2.4. Previous results on A2. First note that if we replace Rf by a bounded open
set 2 of RY in problem (P), the natural functional framework in which we find the
solution u is the one of classical Sobolev spaces. But as the things are well made,
in this case the weighted spaces coincide with the classical spaces. Concerning
the regularity results on bounded domains, we can refer to Luckhaus (see [12]) for
Dirichlet boundary conditions and to the Appendix B in the paper by R. van der
Vorst (see [15]) for boundary conditions on (u, Awu) that we shall see in Section 5.

In unbounded domains, we must recall the mains results of our previous paper
on the biharmonic equation (see [7]), which are the start point of this study. First,
let’s give the global result for the biharmonic operator in the whole space:
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Theorem 2.3 (Amrouche-Raudin [7]). Letl € Z and m € N and assume that
N N
— ¢ {1,...,l+min{m, 2}} and — ¢{1,...,—l—m}, (6)
p p

then the biharmonic operator
m R 2 m—2, 2
AQ : VVm—tl2 p(RN)/'@éflfN/p] - I/Vrn+l2 p(RN) 1 ,92[%+Z7N/p,]

is an isomorphism.

About the half-space, the first point concerns the kernel ™ of the operator

(A% 49,71) in Wﬁ:f’p(Rf). For any ¢ € Z, we introduce the space %, as a

subspace of SZqAQ:
%q:{uef@qu; uz@Nu:OonF}.
Then we define the two operators IIp and Iy by:

1 [
Vre o, Tlpr= 3 / tr(a t)dt,
0

1 N
Vs e M2, Tlys= 5901\[/ s(a',t) dt,
0

satisfying the following properties:
VTEJkaA, Allpr =r in Rf, IIpr =0nIIpr =0 onT,
VSG%A, Allys = s in Rf, IIys=0nxIIns=0 onT.

So we have the following characterizations for this kernel (see [7], Lemma 4.4): let
l € Z and m € N and assume that

N, —l—m), (7)
p
then
A = Bomi-nyp) = MDAy S TNMD - (8)
Everywhere in the sequel, we shall denote this kernel by %_;_n/,. Now, the

fundamental result that we showed and which is the pivot of the present work,
concerns the generalized solutions to problem (P):

Theorem 2.4 (Amrouche-Raudin [7]). Let | € Z and assume that
N N
?§é{1,...7l} and ;¢{1,...,—l}. (9)

For any f € Wl72’p(Rf), go € Wl2_1/p’p(I‘) and g1 € VVll_l/p’p(F) satisfying the
compatibility condition
Vi € Bovi-np)» (10)
_ 10
<f7 SD>WZ72,p(R$)XV€/2;lp/(Rf) + <917 ALID>I‘ - <907 8NA§0>F = 07

problem (P) has a solution u € VVl2

with the estimate

’p(RiY), unique up to an element of Bja_1_n/p|s

inf + , <
qe%’[;{lsz/m e q||Wz2 PRY) =

C (I w2y + 0llyy - m gy + 91y o270 ey ) -
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We also established a global result for the homogeneous problem in the half-space:
A?u=0 inRY,
(P°) fu=go  onT,

Onu=g¢g; onl.

Proposition 2.5 (Amrouche-Raudin [7]). Let ! € Z and m € N and assume that

N N
—¢{1,...,l} and —¢&{l,...,~l—m}. (11)
p p
For any go € W;Tnif*l/p’p(f‘) and g1 € Wxillfl/p’p(lj), satisfying the compatibility
condition
Vo € Bloyi-n/p s (91, A0)p — (g0, ONAp) = 0, (12)

problem (P°) admits a solution u € WHTLQ’I’(Rf), unique up to an element of
Bla—1-N/p), With the estimate

i m+2, < m2— m1— .
qe%[;l_llf_mp] [lu+ qHWmLz"’(Rf) <C <||90||Wm++12 Urep ey ||91||Wle 1/p,p(F))
3. Weak solutions, strong solutions and regularity. The first part of the
present work consists in the study of solutions to problem (P) for more regular
data. We shall now establish a global result which extends our previous result to
different types of data.

3.1. Extension of Theorem 2.4.

Theorem 3.1. Let Il € Z and m € N. Under hypothesis (6), for any f €

Wm_27p(Rf), go € Wr’:”*l/p’p(I‘) and g1 € W$+171/p’p(1’) satisfying the com-

m+l +1 +1
patibility condition (10), problem (P) has a solution u € W;":lz’p

to an element of Ba_1_n/p), with the estimate

(]R_IX ), unique up

i .
qe@[;{ll,wp] [lu+ QHW::L?. P(RY)

S C (Hf”W;Ln;LZ,p(Rf) + ||go||W7'r7:ir1271/pyP(l—x) + ||gl||WT"r'LLJ:rl1—1/p>P(F)) .

Proof. Note at first that if m = 0, we find Theorem 2.4. The kernel has been globally
characterized by (8) (see [7], Lemma 4.4). Let’s recall that this kernel is reduced
to {0} if [ > 0 and symmetrically the compatibility condition (10) vanishes if [ <

0. Moreover under hypothesis (6), the imbeddings W:l:lz’p (RY) — W, 2P(RY),

WPy e WP and WTYPP(T) <o WP P(T) hold for all
I > 1, hence the necessity of (10) for any m € N. So it suffices to show the existence
of a solution. By Lemma 2.2, we can consider the problem with homogeneous
boundary conditions
A?u=f in Rf ,
(P*) Cu=0 onT,
Oyu=0 onT,
with f L Za11-nyp)- This orthogonality condition naturally corresponds to the
compatibility condition (10). For more details on these questions, see [7].
Let’s now give the plan of the proof of the existence for m > 1:
i) If I < —2, we establish globally the existence of a solution.
i) If I > —1 and m = 1, we show that by a direct construction.
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iii) If I > —1 and m > 1, we show that by induction on m from the previous case

(m = 1), thanks to a regularity argument.
i) Assume that [ < —2. Then hypothesis (6) is reduced to (7). Let f €
Wg;:f’p (Rf ). Let’s first suppose m > 2. We know that there exists a con-
tinuous linear extension operator from W' »P(RY) to W/ »P(RN) and thus

l m-+1
f e W 2P(RN) which extends f to RY. +Then we use Th;rorem 2.3 to obtain
zZ e Wg:jf’p(RN) such that f = A2Z in RY and thus f = A2z in RY, with
z= 2|R£ € Wxilz’p(Rf). Then Proposition 2.5 asserts the existence of a solution
v e WP P(RY) to the homogeneous problem
A%y =0 ian, v=2z and Oyv=0Nz onT,

with 2| € W:nnjlzfl/p’p(l“) and Onz|p € WnTillfl/p’p(F). We remark again that
Bloyi—-N/p] = {0} because I < 0, thus there is no compatibility condition. Then
the function u = z — v answer to problem (P*) in this case.
Let’s now consider the case m =1, i.e. f € Wllll’p(Rf). As we did for the
distributions of Wf2’p(Rf) in [7], we can show that there exists F' = (F});;«n €
N N

0.p NN IR o : ‘

W T (RY)  such that f = div F = Zl 0;F;, with the estimate Zl ||FZ||Wlo+,lp(Rf) <

C ||f||Wl111,p(Rf). Let’s denote by F € Wﬁ;f(RN)N the extension by 0 of F to R,
N -

Since n ¢ {1,...,—l—1}, by Theorem 2.3, there exists ¥ € Wl‘i’_i’(RN)N such that

F = A2 in RV, Setting ¢ = div¥ and ¢ = 1;|Rf7 so we have ¢ € W P(RY) and
by Proposition 2.5, there exists v € Wﬁ_f(]Rf) such that

A% =0 ian, v=1 and dyv=090n% onT.

The function u =9 —v € Wl‘lf (RY) is a solution to Problem (P*) in this case.

ii) Assume that { > —1 and m = 1. Note that the distribution f € Wl:_ll’p(Rf)
defines the linear functional L on JA/[ZAH_ NJp] by

L:r—(f,r) _
oy

o ’
S PERY)xw b (RY)

and introduce the inner product ¢ on ”Qf[l%rz— N/p X sz[f_ﬂ_ NJp) defined by

D (,u,r)»—>/g’_2l_1_N/p+N/p/ Onp Onrda’.
r

Note that
e e = O o € 17(D),
and

pe %[lﬁ%N/p'] = 'Q{[ﬁQ*N/;DLFN/pr/p] — I NPENY P g€ LP(T).

Thus, thanks to Holder inequality, ® is well-defined. Then, there exists an unique
e (!Zf[ﬁ%N/p,] such that

Vr e JZf[ﬁ27N/p/], L(r) = ®(u,r),
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i.e.

Vr € 'Q{[IA+27N/p’]7

13)
= /=21—1-N/p+N/p’ / (
(£ir) ®Y)xWh P (®Y) /FQ OnpOnrda’.

—1,p
Wz+1

Let’s set & = o ~2~1=N/PtN/P" g1 then we have & € Wll_;ll/p’p(f‘) and (13)
becomes

e ol
(fir)yy

That is precisely the compatibility condition of the Dirichlet problem
A& = in RY,
Q) E=171 +
f = 60 on Fv

Thus (see [5], Theorem 3.1), (Q) admits a solution £ € Wll_s_f (RY) under hypothesis
(6). Here we shall use the characterization (8):

(14)
Wb PN it ) 0 ONT s oy

Bivi-N/p) = DAy S TN
Since f L PBa1i1-nyp, we have

Vre Aty (AT = (f,TIpr) = 0.

Wk PRY) Wb (RY)

By a Green formula, we can deduce that

Vr € ESZ{[ﬁN/p/], <€, AHDT) = O7

WL PRY ) x W E (RY)
because Wl 11
is excluded by (6), and since [ > —1, the only problematic case is [ = —1. But then
[l — N/p'] <0 and the condition vanishes. Thus, we have

Ve Aty (€ >

N N
PRY) — W,_ 11 P(RY) unless — = —l or — = I. The second possibility
p p

-1, =0,
LR RY) XL (RY)

which is the compatibility condition for the Dirichlet problem

(RY) AY=¢ ian,
J4=0 onT.

Thus (see [5], Corollary 3.4), (R*) admits a solution ¥ € W, +f (RY) under hypoth-
esis (6). Similarly we have

A _ _
Vs € M2 N/ <A§,HNS>WH1 PR W, R (f,llns) =0,
therefore as previously, we have
Vs € ‘/V[ZA—N/p’]7 <€7 > = 0,

(]RN)XWI B (RY)
which is the compatibility condition for Neumann problem

s {Agg in RY,
ON(=0 onT.
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As for problem (R*), we can show that (S*) admits a solution ¢ € Wg’p(Rf) under

hypothesis (6) (see [7], Theorem 2.8). Then the function defined byH_1
u=znOn((—19)+ (15)
is a solution to (P*). It remains to show that u € V[/lif (RY).
If % # —I, then we have the imbedding Wﬁ_f(Rf) — W2P(RY) therefore

u € V[/l2’P (RY). Moreover u satisfies the system
o [Au=20%(C—-9)+¢ mRY,
(T7) ¢
u=20 on I,

with 20% (¢ —9) + € € Wllﬁ)(Rf). As for (R*), we know that problem (7*) has a
solution y € WP (RY). We can deduce that u —y € &f[QA_l_N/p] C WHP(RY), ie.

I+1 1+1
3,
u € W]l\_;rf RY).
If — = —I, then we have necessary [ = —1 and moreover the imbedding
p

N N
W P(RY) — Wz’fj_l(Rf) with | — v I+ e N = —N < 0, therefore no

compatibility condition for (7*). So we can still deduce that u € V[/lgjrf RY).
iii) Assume that [ > —1 and m > 1. Consider f € W >P(RY) L Blori-N/p)-

m-+l
Remark at first that we have the imbedding

m— - .. N
W EPRY) — WV PRY) if ?¢z+2 or m=1.

Then, thanks to the previous step, there exists a solution u € Wl‘if (Rf ) to problem
(P*). Let’s prove by induction that, under hypothesis (6),

FeWnBPRY) — uwe WiiPPRY). (16)

For m = 1, (16) is true. Assume that (16) is true for 1,2,...,m and suppose that
fe Wi LP(RY). Let’s prove that u € Wi P(RY). Let’s first observe that

W;’:;fﬁ;(Rf) — W;”_FZQ’]”(RJX), hence u belongs to ngﬁ*p(Rﬂ\_’) thanks to the

induction hypothesis. Now, for any i € {1,..., N — 1},
2 N -1 1
A(o0;u) = 0 Adju + Ez.vaiu + (,Q + Q3> O;u.

2 N -1 1
Then let’s set v; = —z.Vo;u + ( + 3> O;u. We can remark that v; €
0 1Y 0

W, T (RY) and moreover we can write
A?%(p0iu) = A(p Adju) + Av;,
with Av; € WZZJ:ZQ”’(R_]X). It remains to see the first term, i.e.
2 N -1 1
A(e0;Au) = 00, f + E;v.V@-Au + (Q + Q3> 0; Au.
We can see that A(ed;Au) € Wi 2P(RY), hence A%(0d;u) € Wi »P(RY).
Let’s set z; = p0;u and f; = A%z; € WTTSJ:IQ”’(RQI). A priori, we only have z; €
Wm+1,p

o141 (Rf) However, we know that you = y3u = 0, then we can deduce that

Yozi = (00;u)|p =0 and 12 = (Ono0;u+ 092yu)|p = 0 since i # N.
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Therefore
A’z;=f; in Rf, 2z =0nz =0 onT,

with f; € W:;J:IQ”’(Rf) — I/Vl_Q’p(Rf) under hypothesis (6). Moreover, thanks to

the Green formula, we have for any ¢ € Zoq1_ny/p:
2, — (> A2 _
<A Zi, ¢>Wl_2’p(Rf)XV?/2_’lp/(Rf) = <Zu A ¢>V?/L2’p(Rf)XW__12’p/(Rf) =

So the orthogonality condition f; 1 %[a4;_ N/, is satisfied for the problem

A% =f; inRY,
(Qi) $¢ =0 on T,

81\](1‘ =0 on F,
which admits, by the induction hypothesis, a solution ¢; € Wrzlif’p (RY), unique
up to an element of Bp_;_n/p. Thus z; — (; € Ba_;_nyp), hence we can deduce

that z; € Wm+2’p(Rf). Since z; = p O;u, that implies

ml1
Vie{l,...,N—1}, due W hRY) (17)
and consequently, for any (i,7,k) € {1,...,N}> x {1,...,N — 1},
05 (Onu) = O n (Ohu) € WD BT (RY). (18)

Furthermore, (17) gives us

V(i,j) €{l,...,N} x {1,...,N =1}, 920%ue W' LP(RY),

which implies

N
Oyu=f— 3 OO e WiIILIRY). (19)
ij=1
(4,5)#(N,N)
- N®
Then combining (18) and (19), we obtain that V3(dyu) € W;@nﬂlﬁ(Rf) and
knowing that dyu € Wyt P(RY), we can deduce that dyu € Wit BR(RY), be-
N
cause m > 1. Adding this last point to (17), we have Vu € W;Z:fﬁ(Rf) , hence
we can conclude that u € W:::ffl’ RY). O

3.2. Panorama of basic cases. The purpose of this part is to extract the ba-
sic cases included in Theorem 3.1. We give them for the lifted problem (P*).
There is no orthogonality condition in these cases because | € {—2,—1,0}, hence
Bati1-n/p] = 10}. For m > 3, we introduce the notation

WePRY) = {ue W P(RY); u=0yu=0onT}.

Corollary 3.2. The following biharmonic operators are isomorphisms:
i) Forl =0

AT WETRY) — Wy PP(RY).
A% WPPRY) — WiBPRY),  if N/p' # 1L
A2 WyPRY) —  WPPRY),  if N/p' ¢ {1,2}.
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it) Forl=—1

A2 WAPRY)/Byny — WPPRY), i N/p#£ 1L

A2 WEPRY)/Biany — Wi lP(RY).

A2 WEPRN)/Bis_ny — WEPRY),  if NJp £ 1.
iii) Forl = —2

A% WRRRY)/Bunp — WIIPRY), i N/p ¢ {1.2).
A% WEPRY)/Buony — WIPRY), i Nfp#L
A Wy PRY)/ Buonm —  DPRY).
Remark 3.3. Note that we have without any critical value, the isomorphism A? :
I/f/g’p(Rf)/%[g_N/m — Wy "P(RY). On the other hand, we have the isomorphism
A2 WEPRY) N WEPRY)/Bis_n/p — Wy BP(RY) only if N/p # 1, which
is necessary for the imbedding WS P(RY) — Wf’lp (RY). Hence the specificity of
spaces I/f/;n’p(Rf). O
3. What is new? Recall the Boulmezaoud theorem on the biharmonic problem
(see [9]), using the spaces HZ"P(RY) instead of W/ P(RY) (see Remark 2.1):

Theorem (Boulmezaoud). Letl € Z and m € N and assume that

N

5 ¢ {1,...,|l|+2}.
For any f € H;THEF?(RN) go € Hm:[l‘zf 2( ) and g1 € Hmili/f 2(F) satisfying the
compatibility condition (10), problem (P) has a solution u € H:,';jr'l?ﬁ (RN), unique
up to an element of Bja_1_ny2) and this solution continuously depends on the data
with respect to the quotient norm.

The most important point is about the regularity of data. In Theorem 3.1,
we can take f € VVfQ’z(]R_IX)7 go € W3/ ?(T') and g1 € W1/2’2( I'), whereas the

lower level in Boulmezaoud theorem is for f € H Q(RN ), go € H, 5/2, 2(T') and

I+1 I+1
g € H 13 Jg 2(I‘). The second point is about critical values which appear for all the

even dimensions. Particularly for the dimensions N = 2 or N = 4, the Boulmezaoud
theorem unfortunately does not give any answer to problem (P), whereas we can see
in Corollary 3.2 that Theorem 3.1 gives solutions with f in W * 2(Rf), wyh 2(Rf)
or L*(RY) ... The last point concerns the underlying functional setting of our work,
which is that of Lebesgue spaces LP(2), with 1 < p < oo.

4. Singular boundary conditions. The second part of this work consists now
to find some solutions to the homogeneous problem (P°) for singular boundary
conditions. Theorem 4.4 and Theorem 4.5 answer to this question.

4.1. Extension of traces. In this section, we establish the existence of traces in
special cases we shall use for the study of singular boundary conditions.
For any [ € Z, we introduce the spaces
N 0,pmNY. 0,p N
YPRY) = {ve WRERY); A% e WEERY)},

V(D) = {v e WRIRY); A% e Wi, (R}
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They are reflexive Banach spaces equipped with their natural norms:
lollyy ey = Ivllwo.p @y + 1A% 0lyo @)
[vllye, @y = [1vllwe.p @y + HAz’U”W&';l(Rf)‘

Lemma 4.1. Letl € Z such that

N N
el I=2) and {14 2), (20)

then the space 2(RY) is dense in Y;"(RY) and in Y7 RY).

Proof. 1) We use an extension of the Riesz representation theorem to weighted
Sobolev spaces: Given T € (Y}p(Rf))l, there exists a unique pair (uj, uz) €

(Lp/ (Rf)) ’ such that

Vo € YP(RY), (T,9) =/ uy Ql_zsodx+/ up 0 A%pdx. (21)
R

¥ RY
Let’s suppose that T' = 0 on @(@), thus on Z(RY). Then we can deduce from
(21) that

072 uy + A2 (Ql+2 us) =0 in RY. (22)
We set v1 = 0'~2u; and vy = 0'*? uy, and we respectively denote by ¥; and @ the
extensions by 0 of v; and vy to RY. We have for any ¢ € Z(RY),

/ 1 <pd;v+/ U AQQDd:E:/ U1 <pdx+/ v A2pdr =0, (23)
RN RN RY RY
+ +

according to the assumption on 7', since ‘F’|Rf €9 (@) Therefore we can deduce

that ¥, + A%20y = 0 in RY. We know that ¢, € Wg’lf_/?(RN), then we also have

A5y € WE’IZ:Q(RN ). Moreover, we have the following Green formula: for any
€ Z(RY),

2~ e A2

<A Vg, (p>WE’li/2(RN)XW10;§(RN) - <U2; A SO>WE’111I2(RN)><WZOJ;§(RN) ) (24)
and we know that @[%il_ N/p) C Wi B (RY) — W2E(RY) under the hypothesis
N
" ¢ {1,...,—1+2}. Since Z(R") is dense in W;ig(RN), we can deduce that (24)

holds for any ¢ € @[%il_N/p] and consequently that A2d, L @éil_N/p]. Thanks to
Theorem 2.3, with m = 2, —[ instead of | and exchanging p and p’, we can deduce
that under hypothesis (20), we have 0y € Wf’liQ(]RN ). Since 72 is an extension

by 0, it follows that vy € I/(I)/'i’li2(Rﬂ\_'). Now, thanks to the density of Z(RY) in

I/f/‘i’l’iQ (RY), we have the following Green formula:

Vo € Y/(RY), Yw e WhEL,RY) nWEZ,RY),
25
/ @Azwdx:/ wA?pdz. (25)

R R

N N
+ +
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Then it suffices to come back to (21) and to use (25) with w = ve which belongs to
T/(I)/i’fi2 RY)N Wg’l’i/Q(Rf), to obtain for any ¢ € ;' (RY):

<T7(p>:/ vlapdx—i—/ U2A2<pdx:/ (v1+A21)2) pdx =0,
RY RY RY

according to (22). Then we have proved that 7' = 0 on Y;”(RY), and the Hahn-
Banach theorem assures us that 2 (@) is dense in Y,”(RY).

ii) Likewise, we can prove the density of .@(@) in Y}, (RY). The differences
only concern the logarithmic factors in the weights.

Given T € (Yfl(Rf))/, there exists a unique pair (u1, uz) € (LP/ (Rf))Z such
that

Vo € Y/ (RY), <T,<p>=/ ulgl”wdwr/
R

ug 02 g o A% da. (26)
]RN

N
+ +

Let’s suppose that T'= 0 on @(@), then we have

072 uy + A? (QH_Q lggug) =0 in Rf. (27)

We set v; = 072 u; and vy = 0'*? Ig ous, and we respectively denote by ¥; and

U9 the extensions by 0 of v; and vy to RY. We have the analog of identity (23)
for any ¢ € 2(RY). Therefore we can deduce that o, + A%g; = 0 in RY. We

know that @ € WE}ZIQ(RN% then we also have A2y € WE}IIQ(RN), whence the
analog of Green formula (24) where the duality of the right side is replaced by

0,p’ 0, . 2 4, 0,
WflILQ,fl(RN) X Wz+§,1(RN)- Since ‘@éflfN/p] - VVH%J(RN) - szg(RN)

N
if — ¢ {1,...,—1+ 2}, we can deduce by density that this formula holds for any
p

pE ,@éilfN/p] and consequently that A29, L '@[Lz\isz/p]- Thanks to Theorem 2.3,

we can deduce that under hypothesis (20), we have 0y € Wf’lﬁ;(RN ). It follows

that vy € V?/f’l’iz(Rf). We also have the analog of Green formula (25) for any

w e W‘i’ﬁ;Q(Rf) N Wffi;’fl(Rf). The end of the proof is quite similar to the
previous case. O

Thanks to this density lemma, we can prove the following result of traces:
Lemma 4.2. Let | € Z. Under hypothesis (20), the mapping
— 1.2
(rYOa 71) : Q(R-]‘,Y) - @(RN 1) )
can be extended to a linear continuous mapping
~1/p, —1-1/p,
(0, 1) 2 Yy (RY) — WP P (D) < Wiy /7 P(n),
and we have the following Green formula:
v € Y7L (RY), Vo € WhELRY),
<A2rU7 <)0>W0v P

42,1

2
®RY)xWOP, (®Y) T (v,A ‘P>Wl°;g(Rf)xWSvli’2(M) (28)
= <’U7 aNASD>W1112/p’p(F)XWE/Li’Zp/(F) - <6NU, ASD>W111271/P,P(F)Xwiltiélup/(l—w) -
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* /
Proof. Let’s first remark that for any ¢ € W‘i’ﬁ_z (Rf ), we have
Ap = 0% and IyAp =0%¢p onT.

Moreover, we always have the imbedding Wf’lﬁ;(Rf) — WE;Ij’Qﬁl(Rﬁ). So we
can write the following Green formula:

w0 e (RY), o € WhE,RY),

/ @A%dx—/ UAQQOdl‘:/U(()NAgde,—/aNUA(pdl‘/.
R R r r

In particular, if ¢ € Wf’lﬁ;(Rf) and such that ¢ = dnp = 03¢ = 0 on I, we have

(29)
N N
+ +

!/
Jvonacdr| < ol ) Il ooy

For all g € Wil_iép/’p/ ("), thanks to Lemma 2.2, there exists a lifting function

wo € Wf’lfrlz(Rf) such that pg = dnpo = 0300 = 0 on I’ and 939 = g on T,

satisfying moreover
||(pOHWE’lil2(R£) <C ||g||Wil*+1£P’p’(F)7

where C' is a constant not depending on ¢y and g. Then we have

/vgdx'
r

Thus

< |‘U||}/lf’1(Rf) ”SOOHWf'zi'z(Rﬁ) <C ||UHY;’1(1R$) ||g||WL‘j§”"”'(F)'

Movlly vy < C lvllve,@y)-

Therefore, the linear mapping 7o : v —— v| defined on _@(@) is continuous for
the norm of v}", (RY). Since Z(RY) is dense in Y7 (RY), 70 can be extended by
continuity to a mapping o € £ (Y,"; (RY); WY r ).

To define the trace 71 on Y;", (RY), we consider ¢ € whr (RY) such that

142
0 =0Np=0%p=0onT. In this case, we have

/ Onv Apda’
r

< HUHYZPI(]Rf) HSO”WEII:Q(Rf)

For all g € WE;_:Z/p/’p/ (T'), thanks to Lemma 2.2, there exists a lifting function
wo € Wf’li/Q(Rf) such that pg = dnwo = O30 = 0 on I’ and 9309 = g on T,
satisfying moreover

||S00HWE’Z3—’2(R4]Y) S C ||g||WEl_<:ép/’p/(F)7

where C' is a constant independent of ¢y and g. Once again, the linear mapping
71 : v — Onvlp, defined on Z(RY) is continuous for the norm of Y (RY), and it
. . —1-1/p,
can be extended by continuity to a mapping v; € ﬁ(Yfl(Rf); W, /p P(I)).
To conclude this proof, we can deduce the formula (28) from (29) by density of

2(RY) in Y7, (RY). O
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Remark 4.3. Note that the logarithmic factors are unnecessary in the case where
N /

o ¢ {l—1,1,1+ 1,1+ 2}, because the imbedding W4H_2(Rf) — WP, (RY)
holds. So we can replace the space Y}”, (RY) by YP(RY) in the lemma, with a

Green formula without logarithmic factors, i.e. where the first term of the left side
s 2

is replaced by <A v’¢>Wlﬁ§(Rf)XWE’l’i’2(Rf)' |
4.2. Singular boundary conditions. We now come back to the homogeneous

problem, and we consider here singular boundary conditions. Let gg € VVI:12/ PP
and g, € W,_ 1 1/p.p P(T), we search u € WZO_’g(Rf) solution to the problem

A?u=0 in Rf,
(P {u=go onT,
Onu=g¢g; onl.

Let’s first remark that if u € Wlo’g(RN) verifies (P°) under hypothesis (20), then
it belongs to Ylpl(RN) and thanks to Lemma 4.2, you € W,_3 pp P(T) and yiu €

I/Vl__l2 1/ "P(T), which gives a sense to (P?).

Theorem 4.4. Let | € Z. Under hypothesis (20), for any go € I/Vl:é/p’p(F) and
g1 € W, 1=1/p, "P(T) satisfying the compatibility condition

Vo € Bori-n/p s (91, A0)p — (90, ONA@) = 0, (30)

problem (PY) has a solution u € W'lo_’g(Rf), unique up to an element of Bja_1_n/p|s
with the estimate

ety 1T Wiy S C (190l + 191y vy )

Proof. Let .# —2 denote the kernel of the operator associated to this problem. We
can observe that problem (PY) is equivalent to the formulation:

Q) Find u € Y/, (RY)/# 2 such that for any v € W4l+2 M,
<u A U>W0 p(RN)XWO (RN) = <917Av> <gOa8NAU>F’

where we have used the Green formula (28) of Lemma 4.2.
Now, let’s solve problem (Q). For any f € W_ Z+Q(Rf) L Bja_1_nyp), according
to Theorem 3.1, with m = 2, —[ instead of [ and exchanging p and p’, the problem

A?v=f in Rf,
(P*) Sv=0 on T,
Onv=0 onT,

admits an unique solution v € W* l+2( f)/%[erl,N/p/], under hypothesis (20).
Moreover, v satisfies the estimate

<
”vHWf’zi/z(Rf)/%[zﬂ—N/p’] <C Hf”WE'zi;(Rf)’

where C' denotes as usual a generic constant not depending on v and f. Consider the
linear form T': f +—— (g1, Av)—(go, OnAv)y. defined on Wo’lﬁ2( ) L Broi-np)-
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We have for any q € Bjaq1—n/p,

T = | (91, A0 + D) = g0, On A + @)y |

< C ||U + qHWj’Lilz(Rf) (HgO”Wlilz/%P(p) =+ ”ngWl:l;l/p’p(F))'
Thus
|T(f)| S C HU”Wf’zi/Q(Ri)/%’[szN/p’] (||go||Wz:12/p’p(F) + ”ngWl*_l;l/p,p(F))
S C “f||ngi/2(R$) (HQOHWI—}Q/%F(F) + \\91||Wl112—1/p,p(r)).

Hence T is continuous on W. l+2(]R_1X) L Ba_1_nyp), and according to Riesz rep-
resentation theorem, there exists an unique u € W% (RY)/PBjo—1—nN/p) such that
T(f) = (u, f>Wl°;§(R$)xWE’li'2(R$)' This means that v is a solution to problem (Q)

and # 2 = 33[2,1,]\7/1,]. ]

4.3. Intermediate boundary conditions. We also need for the sequel to solve
(PY) for the data gg € Wll:ll/p’p(F) and g1 € Wlill/p’p(F).

Theorem 4.5. Let | € Z such that

ﬁ,¢{1,...,z_1} and E¢{1,...,—z+1}. (31)

For any go € I/Vl1 1/ P(T) and g, € Wl_l/p P(T) satisfying the compatibility condi-
tion (30), problem (P°) has a solution u € T/Vll_f(Rf), unique up to an element of
Bla—1-N/p), With the estimate

e e+ dallwrr@yy < C(IIQoHW;;;/w<p>+Hglllwl;ll/pvp(r))-

Remark 4.6. We can give a very quick proof of this result by interpolation between
the previous case and the regular case, i.e. gy € W, VPP (1) and ¢, € Wll_l/p’p(l“).
But the problem with this reasoning is that we must combine the critical values of
hypotheses (9) and (20), and then we obtain two supplementary values with respect
0 (31). Thus we shall give a direct proof similar to the singular case, with however
some new arguments. a

For any [ € Z, we introduce the space

VP RY) = {ve whrRY); A% ewiz RY)}.

It’s a reflexive Banach space equipped with it’s natural norm:

2
ol yy = Mollwe pyy + 1A wo g | @y)-

We also define the subspace of Y} Lp RY)

viP®RY) = {oe Wit ®Y); A% e Wit (®RY)}.
Lemma 4.7. Let | € Z. Under hypothesis (31), the space Q(T) is dense in
Y (RY).
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Proof. Let P be an extension operator mapping W,"?(RY) into W,"?(RN). For ev-
ery continuous linear form T € (Yl’p(RN)), there exists (u1, uz) € W2 (RV) x

I+1
Wg’llil (RN) such that for any v € Y ’p(RN)
2
<T7'U> <U17PU>W (RN)XWI P(RN) + AN ug A“vdz.
¥

Moreover, since T' depends only on v and not on the restriction of Pv to RY, the
support of u; is contained in RY.

Thanks to the Hahn-Banach theorem, it suffices to show that any 7" which van-
ishes on @(RN) is actually zero on Y}LP(RN). Indeed for any ¥ € Z2(RY), we
have

(u1,¥) + <112, AQ\I!> = (uy, Py) —|—/ us A%pda =0,
RN

y
where i is the extension by 0 of uy to R and ¢ = \II|R$. It follows that
A2’l~1,2 = —UuU in RN

Thus we have A2y, € W~ l—f-f (RN). Since @y € WE;{'Z_l(Rf), we also have
A%y L 32[2_1 N/p]" Now, thanks to Theorem 2.3, we can deduce that under
hypothesis (31), we have uy € W° l+1(RN)' It follows that ug € I/f/?:’lil(RﬂY). By
density of .@(RN) in W l+1( ), there exists a sequence (pg)ren C Z(RY) such
that ¢ — ug in W H_1(IRN) Thus for any v € Yll’p(RN) we have

(T,v) = klim {<A2¢k,Pv> + / o A% d:c}
— 00 Rﬁ
= lim {—/ vA2<pkdx—|—/ kaQde}
k—oo RN RN
+ +
=0.
Thus T is identically zero. O

Lemma 4.8. Let | € Z. Under hypothesis (31), the mapping
71t 2(RY) — RN,
can be extended to a linear continuous mapping
NV RY) — WP,
and we have the following Green formula:
Yo e YIP(RY), Vo € WL (RY),
(A%0,0) 0.5

2
oL@, ey T (A @>W; P RN )WL (RY) (32)

141
<8N’U AQO> 1/P P(F)le/:ﬂ p’ ("
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Proof. Since we always have the imbedding W3l+1(Rf) — WE}IjZ, 71(Rf), we can
write the following Green formula:
Vo e 2(RY), Vp € WE L (RY),
33
/ o A%vdr + Vo.VApdr = — / Onv Apda’. (33)
RY RY r

This implies that

/ Onv Apda’
r

< ||U‘|}/ﬁ,1p(Rf) HQOHWE’liII(Rf)'

For all g € WllJrll/p 24 (T"), thanks to Lemma 2.2, there exists a lifting function

Yo € WgH_l(Rf) such that ¢y = dypo = 0 on I' and 0%p9 = g on I, satisfying
moreover

||SDOHWE)$/1(]R$) <C ”gHWil_i{p/’pl(F)’

where C' is a constant not depending on ¢y and g. Then we have

/ g Onvda’
r

Therefore

< ”v”Yl%'lp(Rf) ||@0‘|Wili’1(R$) < C ||U||YZ}*IP(R1) ||g||Wil—Ji1/p’,p’(F)~

nelhyyor < C ol
Thus the linear mapping 71 : v — Oyvl. defined on 2(RY) is continuous for the
norm of Y1 P(RY). Since 9(@) is dense in Yl’p(RN), ~1 can be extended by
continuity to a mapping 71 € .Z (Y, VP (RY); Wl_l/p’ IT)).

By density of 2 (]RiN) in Yll’lp (RN ), we can generalize the formula (33) to any
v E Y}l’lp(RN). Furthermore, thanks to the of Z(RY) in Wl’p(RN), we have for
any v € Wl’p(RN) and ¢ € W?’lH(RN)

(Vo,VAp),, = (v,A%p) o,

DY RY ) x WP

z+1(RN)

W (R )XW} 141 (RN).
So we obtain the Green formula (32). O

Proof of Theorem 4.5. The first step is to reduce to zero the boundary condition
on u in Problem (PY). Let’s consider the problem

(R {Aw —0 inRY,
w=g¢gp onl.
Thanks to (8), we know that Zja 1 n/p) = HD,Qfl N/ @ HNJVZ Ny , thus the
compatibility condition (30) on (P°) implies

Vr e ;zf[lA_N/p,], (g0, ONT) =0,

WPy xw ()

which is the compatibility condition on (R°). Thus problem (R") admits a solution
w E Wzl 'P(RY) under hypothesis (31) (see [5], Theorem 3.1 & 3.2). It follows that
w € Yl?’lp(Rf), and thus yyw = h; € I/Vl__ll/p’p(I‘). Let’s set v = u — w, then
problem (P°) is equivalent to the following

A%y =0 ian, v=0 and Oyv=g1 —h; onT. (34)
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Let .# ~! denote the kernel of the operator associated to this problem. We can
observe that Problem (34) is equivalent to the formulation:

Find v € }%{’f(Rf)/f%/_l such that for any ¢ € V?/?i’fil(Rf),

(Q) 2 — (g —
(.8 S0>v‘€z§’_‘1(M)xw_’f;f’(M) = (o1 = h, Ao,
where we have used the Green formula (32) of Lemma 4.8.

Now, let’s solve Problem (Q). For any f € W:llﬁ’/ (Rf) L PBo_i1—nyp), according

to Theorem 3.1, with m = 1, —[ instead of [ and exchanging p and p’, the problem
A?z={f in Rf,
(P*) z=0 on T,
Onz=0 onT,
admits an unique solution z € Wi’lf_ll (RY)/PBlo+1-Nyp, under hypothesis (31).
Moreover, v satisfies the estimate
’ < — ! .
||Z||Wiylil(Rf)/‘%D#»lfN/p’] = C ”fHW_zl.J ®Y)
Consider the linear form 7' : f +— (g1 —h1,Az). We can show that it is
continuous on W:ﬁ_;_f (Rf ) L Ba_i_nyp)- Then, according to the Riesz repre-
o
sentation theorem, there exists an unique v € W}’fi(Rﬁ)/%[g,l,N/p] such that
T(f) = o / . Thi that v i lution to Probl
f) <U’f>W};’{(Rﬁ)ijf+’f ®Y) is means that v is a solution to Problem (Q)

and %_1 = 33[2,[,]\]/;0]. O

5. Other boundary conditions. The last part of this study is devoted to the
biharmonic equation with other kinds of boundary conditions. These results will be
useful in a forthcoming work on the Stokes problem with different types of boundary
conditions.

5.1. First case. The biharmonic equation with boundary conditions on v and Au
A?u=f in Rf ,
(Q qu=go onT,
Au=g; onl.

Theorem 5.1. Let | € Z. Under hypothesis (9) and for any f € I/Vl_l’p(Rf),
go € Wl?’_l/p’p(l") and g1 € Wll_l/p’p(I‘) satisfying the compatibility condition

2
Vo € '!y[lA+l7N/p’]7

_ (35)
<f7 @>W1717P(R$)XIX/1_’ZP/(R$) - <gla 3N<P>r - <9078NA§0>F - 07

problem (Q) has a solution u € W/l&p(Rf), unique up to an element of sz[?jl_N/p},
with the estimate

1121f ||u+q||Wl3,p(R$) <

IEAET 1N/

C (I lw2-r @y + 0llyy - gy + 91270y ) -
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5.1.1. The kernel. We must characterize the kernel of the operator

(A2,70,704) : WPPRY) — WV PRY) x WP P(T) x WP,

N
Since — ¢ {1,..., =1}, we know that Z3_;_n/p C VVl?”p(Rf). Let u be a function
b

of this kernel and set

., u(x’,xn) if xy >0,
u(a’,xy) = :
—u(z',—zn) if xy <O0.

Thus we have @ € ./(RY) and we show that A% = 0 in RY. We can deduce
that @, and consequently u, is a polynomial. By identification in the half-space
xy < 0, we obtain that u is odd with respect to x. Conversely it is clear that
any polynomial u odd with respect to xy verifies v = Au = 0 on I'. Furthermore
u € V[/lg’p(]Rj\_[) implies that its degree is at the most [3 — 1 — N/p]. So we have
characterized this kernel as the space of biharmonic polynomials, odd with respect
to xn, of degree smaller than or equal to [3—1— N/p]. We denote it by 427[:?_21_1\[/1)}.

5.1.2. The compatibility condition. Problem (Q) admits a solution u in Wl3’p(]Rf)
only if the compatibility condition (35) is satisfied, where (g1, On¢)p denotes the du-

ality bracket (g1, 5‘N50>W11_1/p, Py (1) and (go, On Ag)p the duality bracket

<g07 8NA<)O>WL3*1/P: P(F) XW:f*l/le p’ () .

Note that if I < 0, then "27[1A+217N/p'] = {0} and thus there is no compatibility

condition. Let’s now remark that if ¢ € %fjl_N/p,], then ¢ € Wf’lfrll (RY) and thus

vy € Wil;ll/p’yp' T) — W:ll/P"p,(I‘). But we also have ¢ € Wf’lf_/g(Rf) and
thus OnAp € Wil;lépl’p,(F) — W:lzfl/p/’pl (T'). This gives a sense to (35). As in
our first study of Problem (P) (see [7]), we can verify that these imbeddings hold
under hypothesis (9) for [ > 1 and we can prove in a similar fashion the necessity

of condition (35).
5.1.3. Proof of Theorem 5.1. Let’s first consider the Dirichlet problem
Av:fian, v=g; onl,

which admits a solution v € Wll’p (RY), if the following compatibility condition is
satisfied (see [5], Theorem 3.1 and Theorem 3.2):

Vi€ Ay Ny (T 19>Wl

Then, we must solve the second Dirichlet problem

ity @) 9N =0 (36)
— ; N _
Au=v in R, u=gg onl,

which admits a solution u € Wl‘o”p (Rf ), if the following compatibility condition is
satisfied (see [5], Corollary 3.4):

V’lﬂ S ﬂf[él+l,]\7/p/]a <v’w>wll*P(Rﬂj)ijﬁp' (RI_;_’) - <9076Nw>r‘ =0. (37)

Now, let’s show that the compatibility condition (35) of problem (Q) implies the
conditions (36) and (37). Condition (35) must be satisfied for any ¢ € ,QZ[AQ

T+1—N/p']®
thus for any ¥ € M[IAH_ NJp]> and then it is reduced to
ooyt @y, ~ (00O 0e =0,
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i.e. precisely the condition (36). Now, note that by (35), v satisfies

2
Vo € ANy

(A bty it @y ~ (0 ONPIR = {90, O A)r = 0.
It remains to write for such a ¢, the Green formula
<AU7 ¢>W171,p(R$)XI;/EZP/(R$) = <'U, A§0>Wll,p(]R$)><W:ll,p/(]Rf) + <U76NS0>F

to deduce the condition
A? _
VQO S "Q{[l-‘,-l—N/p’]’ <U7 A¢>Wl1‘p(Rf)><W:ll‘pl (Rﬁ) - <gO’ aNA(p>F =0.
If we finally remark that any ¢ € ”Q{[él#»lfN/p’] can be written ¢ = Ayp with
pE ‘Q{1+l Ny We exactly find the condition (37).
Remark 5.2. Problem (Q) is ill-posed for f € Wl72’p(Rf). However, if f =0, we
can consider less regular boundary conditions gg and ¢;. O

5.1.4. Regularity of solutions to Problem (Q). To complete Theorem 5.1, we can
give a result for different types of data.

Theorem 5.3. Letl € Z and m > 1 be two integers and assume that
N N
—/gé{l,...,lJrl} and —¢{1,...,flfm}. (38)

For any f € Wn":Hl’p(RN) go € Wm+‘3 1/pp P(T) and g1 € Werl 1/p.p P(T) satisfy-

ing the compatibility condition (35), problem (Q) has a solutzon u € W:ZLS P(RY),

unique up to an element of JZ{[SAjlfN/p]’ with the estimate

1121f ||u+q||W:y?il3p(R£\—7) S

IEAET 1N/

c (HfHW::;LLP(Rf) + ||90||W:jjf’1/”"’(r) + ||gl||WT",'fL1’1/””’(F)) .
It can be readily checked that the kernel is unchanged under the hypothesis
N
— ¢ {1,...,—l—m}. We also keep the compatibility condition (35) and the proof
p

of the existence of a solution is similar to that employed for Theorem 5.1 by means
of the regularity result for the two Dirichlet problems.

5.2. Second case. The biharmonic equation with boundary conditions on dyu
and Oy Au
Ay=f in RY,
(R) aNU =90 on F7
OnAu=g¢g; onT.

Theorem 5.4. Let |l € Z and assume that
N N
ggé{l,...,l} and —%{1,...,—l+1}. (39)

For any f € I/Vlo’p(]Rf), go € WZQ__ll/p’p(I‘) and g1 € W;_7 Lp, "P(T) satisfying the
compatibility condition

2
ch S ’/V[ZA—N/p’]7 <fa >W0 P RN)XWO p’ (]RN) + <917‘p>1“ + <90’A90>F = 0’ (40)
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problem (R) has a solution u € VVﬁ_f(Rf), unique up to an element of J/[ﬁl_N/p],
with the estimate

H%f HUJF‘]”WLf*_’f(Rf) =

A
IEMG 1 N/)

C (”fHWlOp(]Ri’) + ||90||Wl2:11/pxp(p) + ”ngWl:ll/p’p(F)) .

5.2.1. The kernel. We must characterize the kernel of the operator

3, -1, 2-1/p, ~1/p,

(A%, 91,mA)  WETRY) — W P(RY) x W27 P(1) x W2 PP (D).

Let u be a function of this kernel and set

(e, o) = u(x’,xn) s% TN >0,

u(z',—zn) sizy <O0.

Here again, @ € .%/(RV) and we show that A?4 = 0 in RY. We can deduce
that @, and consequently u, is a polynomial. By identification in the half-space
xy < 0, we obtain that u is even with respect to . Conversely it is clear that any
polynomial u even with respect to xy verifies Oyu = Oy Au = 0 on I'. Furthermore
u € VV;’_{(R_IX) implies that its degree is at the most [4 — I — N/p]. So we have

characterized this kernel as the space of biharmonic polynomials, even with respect
to x v, of degree smaller than or equal to [4 —1— N/p|. We denote it by </V[4A—21_N/p]-

5.2.2. The compatibility condition. Problem (R) admits a solution u in Wl?’_”f(Rf)
only if the compatibility condition (40) is satisfied, where (g1,®)r denotes the
duality bracket (gl,ga)Wl__ll/p,p(P)Xwil_j{p/,p,(F), and (go, Ap) the duality bracket

The arguments are exactly the same as in the other cases.

{90, APy PO)xW ISy

5.2.3. Proof of Theorem 5.4. We solve this case in the same way that the precedent,
but this time by two successive Neumann problems.

Av=f ian, Onyv=g¢g1 onl,

which admits a solution v € Wll_”f (Rf ), if the following compatibility condition is
satisfied (see [6], Theorem 3.7):

A _
V€ MmO r@anyawe,s @y T 91 9 =0 4D
Then
Au=v ian, Onu =gg on T,

which admits a solution u € ng_’f (RY), if the following compatibility condition is

satisfied (see [7], Theorem 2.8):
A

Y€ MmUYyt @ywon @y 90 ¥ = 0. (42)

Here again the compatibility condition (40) of problem (R) implies the conditions

(41) and (42). On the one hand condition (40) must be satisfied for any ¢ €
=/V[1A—N/p/]’ and that gives (41).

On the other hand if we introduce the equations Av = f in Rf and Onyv = 91

on I, in condition (40); with the Green formula

<A'U7 §0> Wzil1’p(R$)><Wi’zi/1 ®RY) = <Ua A¢>Wzlif(Rf)XW:ﬁrf/(Rf) - <8N1}, ‘P>F s
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and the remark that any 1 € C/V[_AZ_H_N/p,} can be written ¢ = Ap with ¢ €
Ji/[lA_iV/p/], then we obtain (42).

5.2.4. Regularity of solutions to Problem (R). To complete Theorem 5.4, we can
give a result for different types of data.

Theorem 5.5. Let | € Z and m € N. Under hypothesis (11), for any f €

WI(RY), go € Wsils_l/p’p(l“) and g1 € W;nrll_l/p’p(r) satisfying the com-

m+l
patibility condition (40), problem (R) admits a solution u € W;’:jl’p(Ri\_’), unique

up to an element of </V[4A_21_N/p], with the estimate

inf Hu+q||wm+4,p(RN) <
GEMEE Ny e

C (”fHW::ﬁ’(]Rf) + ”gOHWrT:ILSil/p'p(F) + ”ngW:Izlil/p’p(F)) .

It can be readily checked that the kernel is unchanged under the hypothesis
N
— ¢ {1,...,—l — m}. We also keep the compatibility condition (40) and the

proof for the existence is similar to that employed in Theorem 5.4 by means of the
regularity result for the two Neumann problems.

5.3. Third case. Consider now the problem
A%y =f in Rf, Au=g9 and OyAu=g¢; onT.

Let’s first note that these boundary conditions do not satisfy the complementing
condition by Agmon-Douglis-Nirenberg (see [2]). Thus this problem is ill-posed.
Indeed, if we set v = Au, we obtain

Av=f ian, v=go and Oyv=g; onl,

i.e. a Laplace equation with both Dirichlet and Neumann boundary conditions.
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