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❆❜str❛❝t

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ st✉❞② t❤❡ ❙t♦❦❡s s②st❡♠ ✐♥ t❤❡ ❤❛❧❢✲s♣❛❝❡ R
N
+ ✱ ✇✐t❤ N ≥ 2✳

❲❡ ❣✐✈❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss r❡s✉❧ts ✐♥ ✇❡✐❣❤t❡❞ ❙♦❜♦❧❡✈ s♣❛❝❡s✳ ❆❢t❡r t❤❡
❝❡♥tr❛❧ ❝❛s❡ ♦❢ t❤❡ ❣❡♥❡r❛❧✐③❡❞ s♦❧✉t✐♦♥s✱ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ str♦♥❣ s♦❧✉t✐♦♥s ❛♥❞
s②♠♠❡tr✐❝❛❧② ✐♥ ✈❡r② ✇❡❛❦ s♦❧✉t✐♦♥s ❜② ♠❡❛♥s ♦❢ ❛ ❞✉❛❧✐t② ❛r❣✉♠❡♥t✳

❑❡② ✇♦r❞s✿ ❙t♦❦❡s ♣r♦❜❧❡♠✱ ❍❛❧❢✲s♣❛❝❡✱ ❲❡✐❣❤t❡❞ ❙♦❜♦❧❡✈ s♣❛❝❡s
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✶ ■♥tr♦❞✉❝t✐♦♥

❚❤❡ ♣✉r♣♦s❡ ♦❢ t❤✐s ♣❛♣❡r ✐s t❤❡ r❡s♦❧✉t✐♦♥ ♦❢ t❤❡ ❙t♦❦❡s s②st❡♠
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−∆u + ∇π = f ✐♥ R
N
+ ,

div u = h ✐♥ R
N
+ ,

u = g ♦♥ Γ = R
N−1,

∗ ❚❤❡ ✇♦r❦ ♦❢ t❤❡ s❡❝♦♥❞ ❛✉t❤♦r ✇❛s s✉♣♣♦rt❡❞ ❜② t❤❡ ❣r❛♥t ◆✳ ✷✵✶✵✺✵✵✵✺ ❢r♦♠
t❤❡ ●r❛♥t ❆❣❡♥❝② ♦❢ t❤❡ ❈③❡❝❤ ❘❡♣✉❜❧✐❝ ❛♥❞ ❜② ■♥st✐t✉t✐♦♥❛❧ ❘❡s❡❛r❝❤ P❧❛♥ ♥♦✳
❆❱✵❩✶✵✶✾✵✺✵✸✳
❊♠❛✐❧ ❛❞❞r❡ss❡s✿ ❝❤❡r✐❢✳❛♠r♦✉❝❤❡❅✉♥✐✈✲♣❛✉✳❢r ✭❈❤ér✐❢ ❆♠r♦✉❝❤❡✮✱

♠❛t✉s❅♠❛t❤✳❝❛s✳❝③ ✭➆ár❦❛ ◆❡↔❛s♦✈á ✮✱ ②✈❡s✳r❛✉❞✐♥❅❡t✉❞✳✉♥✐✈✲♣❛✉✳❢r ✭❨✈❡s
❘❛✉❞✐♥✮✳

Pr❡♣r✐♥t s✉❜♠✐tt❡❞ t♦ ❊❧s❡✈✐❡r ❙❝✐❡♥❝❡ ❏✉❧② ✶✾✱ ✷✵✵✼



✇✐t❤ ❞❛t❛ ❛♥❞ s♦❧✉t✐♦♥s ✇❤✐❝❤ ❧✐✈❡ ✐♥ ✇❡✐❣❤t❡❞ ❙♦❜♦❧❡✈ s♣❛❝❡s✱ ❡①♣r❡ss✐♥❣ ❛t
t❤❡ s❛♠❡ t✐♠❡ t❤❡✐r r❡❣✉❧❛r✐t② ❛♥❞ t❤❡✐r ❜❡❤❛✈✐♦r ❛t ✐♥✜♥✐t②✳ ❲❡ ✇✐❧❧ ♥❛t✉r❛❧❧②
❜❛s❡ ♦♥ t❤❡ ♣r❡✈✐♦✉s❧② ❡st❛❜❧✐s❤❡❞ r❡s✉❧ts ♦♥ t❤❡ ❤❛r♠♦♥✐❝ ❛♥❞ ❜✐❤❛r♠♦♥✐❝
♦♣❡r❛t♦rs ✭s❡❡ ❬✺❪✱ ❬✻❪✱ ❬✼❪✱ ❬✽❪✮✳ ❲❡ ✇✐❧❧ ❛❧s♦ ❝♦♥❝❡♥tr❛t❡ ♦♥ t❤❡ ❜❛s✐❝ ✇❡✐❣❤ts
❜❡❝❛✉s❡ t❤❡② ❛r❡ t❤❡ ♠♦st ✉s✉❛❧ ❛♥❞ t❤❡② ❛✈♦✐❞ t❤❡ q✉❡st✐♦♥ ♦❢ t❤❡ ❦❡r♥❡❧ ❢♦r
t❤✐s ♦♣❡r❛t♦r ❛♥❞ s②♠♠❡tr✐❝❛❧② t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ ❞❛t❛✳ ■♥ ❛
❢♦rt❤❝♦♠✐♥❣ ✇♦r❦✱ ✇❡ ✇✐❧❧ ❝♦♠♣❧❡t❡ t❤❡s❡ r❡s✉❧ts ❢♦r t❤❡ ♦t❤❡r t②♣❡s ♦❢ ✇❡✐❣❤ts
✐♥ t❤✐s ❝❧❛ss ♦❢ s♣❛❝❡s✳

❆♠♦♥❣ t❤❡ ✜rst ✇♦r❦s ♦♥ t❤❡ ❙t♦❦❡s ♣r♦❜❧❡♠ ✐♥ t❤❡ ❤❛❧❢✲s♣❛❝❡✱ ✇❡ ❝❛♥ ❝✐t❡
❈❛tt❛❜r✐❣❛✳ ■♥ ❬✶✶❪✱ ❤❡ ❛♣♣❡❛❧s t♦ t❤❡ ♣♦t❡♥t✐❛❧ t❤❡♦r② t♦ ❡①♣❧✐❝✐t❧② ❣❡t t❤❡
✈❡❧♦❝✐t② ❛♥❞ ♣r❡ss✉r❡ ✜❡❧❞s✳ ❋♦r t❤❡ ❤♦♠♦❣❡♥❡♦✉s ♣r♦❜❧❡♠ ✭f = 0 ❛♥❞ h = 0✮✱
❢♦r ✐♥st❛♥❝❡✱ ❤❡ s❤♦✇s t❤❛t ✐❢ g ∈ Lp(Γ) ❛♥❞ t❤❡ s❡♠✐✲♥♦r♠ |g|

W
1−1/p, p
0 (Γ)

<∞✱

t❤❡♥ ∇u ∈ Lp(RN
+ ) ❛♥❞ π ∈ Lp(RN

+ )✳

❙✐♠✐❧❛r r❡s✉❧ts ❛r❡ ❣✐✈❡♥ ❜② ❋❛r✇✐❣✲❙♦❤r ✭s❡❡ ❬✶✷❪✮ ❛♥❞ ●❛❧❞✐ ✭s❡❡ ❬✶✹❪✮✱ ✇❤♦
❛❧s♦ ❤❛✈❡ ❝❤♦s❡♥ t❤❡ s❡tt✐♥❣ ♦❢ ❤♦♠♦❣❡♥❡♦✉s ❙♦❜♦❧❡✈ s♣❛❝❡s✳ ❖♥ t❤❡ ♦t❤❡r
❤❛♥❞✱ ▼❛③✬②❛✲P❧❛♠❡♥❡✈s❦✐✟✙✲❙t✉♣②❛❧✐s ✭s❡❡ ❬✶✽❪✮✱ ✇♦r❦ ✇✐t❤✐♥ t❤❡ s✉✐t❛❜❧❡ s❡t✲
t✐♥❣ ♦❢ ✇❡✐❣❤t❡❞ ❙♦❜♦❧❡✈ s♣❛❝❡s ❛♥❞ ❝♦♥s✐❞❡r ❞✐✛❡r❡♥t s♦rts ♦❢ ❜♦✉♥❞❛r② ❝♦♥❞✐✲
t✐♦♥s✳ ❍♦✇❡✈❡r✱ t❤❡✐r r❡s✉❧ts ❛r❡ ❧✐♠✐t❡❞ t♦ t❤❡ ❞✐♠❡♥s✐♦♥ 3 ❛♥❞ t♦ t❤❡ ❍✐❧❜❡r✲
t✐❛♥ ❢r❛♠❡✇♦r❦ ✐♥ ✇❤✐❝❤ t❤❡② ❣✐✈❡ ❣❡♥❡r❛❧✐③❡❞ ❛♥❞ str♦♥❣ s♦❧✉t✐♦♥s✳ ❚❤✐s ✐s
❛❧s♦ t❤❡ ❝❛s❡ ♦❢ ❇♦✉❧♠❡③❛♦✉❞ ✭s❡❡ ❬✶✵❪✮✱ ✇❤♦ ♦♥❧② ❣✐✈❡s str♦♥❣ s♦❧✉t✐♦♥s✳ ❖t❤✲
❡r✇✐s❡✱ ❛❧✇❛②s ✐♥ ❞✐♠❡♥s✐♦♥ 3✱ ❜② ❋♦✉r✐❡r ❛♥❛❧②s✐s t❡❝❤♥✐q✉❡s✱ ❚❛♥❛❦❛ ❝♦♥s✐❞✲
❡rs t❤❡ ❝❛s❡ ♦❢ ✈❡r② r❡❣✉❧❛r ❞❛t❛✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ✈❡❧♦❝✐t✐❡s ✇❤✐❝❤ ❜❡❧♦♥❣ t♦
W

m+3, 2
2 (R3

+)✱ ✇✐t❤ m ≥ 0 ✭s❡❡ ❬✶✾❪✮✳

▲❡t ✉s ❛❧s♦ q✉♦t❡✱ ❢♦r t❤❡ ❡✈♦❧✉t✐♦♥ ❙t♦❦❡s ♦r ◆❛✈✐❡r✲❙t♦❦❡s ♣r♦❜❧❡♠s✱ ❋✉❥✐❣❛❦✐✲
▼✐②❛❦❛✇❛ ✭s❡❡ ❬✶✸❪✮✱ ✇❤♦ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ❜❡❤❛✈✐♦✉r ✐♥ t→ +∞❀ ❇♦❝❤❡rs✲
▼✐②❛❦❛✇❛ ✭s❡❡ ❬✾❪✮ ❛♥❞ ❑♦③♦♥♦ ✭s❡❡ ❬✶✼❪✮✱ ❢♦r t❤❡ LN ✲❉❡❝❛② ♣r♦♣❡rt②❀ ❯❦❛✐
✭s❡❡ ❬✷✵❪✮✱ ❢♦r t❤❡ Lp✲Lq ❡st✐♠❛t❡s ❛♥❞ ●✐❣❛ ✭s❡❡ ❬✶✺❪✮✱ ❢♦r t❤❡ ❡st✐♠❛t❡s ✐♥
❍❛r❞② s♣❛❝❡s✳

❚❤✐s ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ❙❡❝t✐♦♥ ✷ ✐s ❞❡✈♦t❡❞ t♦ t❤❡ ♥♦t❛t✐♦♥s✱
❢✉♥❝t✐♦♥❛❧ s❡tt✐♥❣ ❛♥❞ r❡❝❛❧❧s ❛❜♦✉t t❤❡ ❙t♦❦❡s s②st❡♠ ✐♥ t❤❡ ✇❤♦❧❡ s♣❛❝❡✳
■♥ ❙❡❝t✐♦♥ ✸✱ ✇❡ ❣✐✈❡ s♦♠❡ r❡s✉❧ts ♦♥ ❤♦♠♦❣❡♥❡♦✉s ♣r♦❜❧❡♠s ✇✐t❤ s✐♥❣✉❧❛r
❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛♥❞ ✇❡ ❝♦♠♣❧❡t❡ t❤❡♠ ❜② ❚❤❡♦r❡♠ ✸✳✺ ✇✐t❤ ❛ ❞❡t❛✐❧❡❞
♣r♦♦❢✱ ✇❤✐❝❤ ✐s ❛ ♠♦❞❡❧ ❢♦r ❛♥❛❧♦❣♦✉s r❡s✉❧ts✳ ■♥ ❙❡❝t✐♦♥ ✹✱ ✇❡ st❛rt ♦✉r st✉❞②
♦❢ t❤❡ ❙t♦❦❡s s②st❡♠ ✐♥ t❤❡ ❤❛❧❢✲s♣❛❝❡ ❜② t❤❡ ❝❡♥tr❛❧ ❝❛s❡ ♦❢ ❣❡♥❡r❛❧✐③❡❞ s♦✲
❧✉t✐♦♥s ✇❤✐❝❤ ✐s t❤❡ ♣✐✈♦t ♦❢ t❤✐s ✇♦r❦✳ ■♥ ❙❡❝t✐♦♥ ✺✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ str♦♥❣
s♦❧✉t✐♦♥s ❛♥❞ ❣✐✈❡ r❡❣✉❧❛r✐t② r❡s✉❧ts ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❞❛t❛✳ ■♥ ❙❡❝t✐♦♥ ✻✱ ✇❡
✜♥❞ ✈❡r② ✇❡❛❦ s♦❧✉t✐♦♥s t♦ t❤❡ ❤♦♠♦❣❡♥❡♦✉s ♣r♦❜❧❡♠ ✇✐t❤ s✐♥❣✉❧❛r ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥s✳ ❚❤❡ ♠❛✐♥ r❡s✉❧ts ♦❢ t❤✐s ♣❛♣❡r ❛r❡ ❚❤❡♦r❡♠ ✹✳✷ ❢♦r t❤❡ ❣❡♥❡r❛❧✐③❡❞
s♦❧✉t✐♦♥s✱ ❚❤❡♦r❡♠s ✺✳✷ ❛♥❞ ✺✳✻ ❢♦r t❤❡ str♦♥❣ s♦❧✉t✐♦♥s✱ ❚❤❡♦r❡♠s ✻✳✼ ❛♥❞
✻✳✾ ❢♦r t❤❡ ✈❡r② ✇❡❛❦ s♦❧✉t✐♦♥s✳

✷



✷ ◆♦t❛t✐♦♥s✱ ❢✉♥❝t✐♦♥❛❧ ❢r❛♠❡✇♦r❦ ❛♥❞ ❦♥♦✇♥ r❡s✉❧ts

✷✳✶ ◆♦t❛t✐♦♥s

❋♦r ❛♥② r❡❛❧ ♥✉♠❜❡r p > 1✱ ✇❡ ❛❧✇❛②s t❛❦❡ p′ t♦ ❜❡ t❤❡ ❍ö❧❞❡r ❝♦♥❥✉❣❛t❡ ♦❢
p✱ ✐✳❡✳

1

p
+

1

p′
= 1.

▲❡t Ω ❜❡ ❛♥ ♦♣❡♥ s❡t ♦❢ R
N ✱ N ≥ 2✳ ❲r✐t✐♥❣ ❛ t②♣✐❝❛❧ ♣♦✐♥t x ∈ R

N ❛s
x = (x′, xN)✱ ✇❤❡r❡ x′ = (x1, . . . , xN−1) ∈ R

N−1 ❛♥❞ xN ∈ R✱ ✇❡ ✇✐❧❧ ❡s♣❡❝✐❛❧❧②

❧♦♦❦ ♦♥ t❤❡ ✉♣♣❡r ❤❛❧❢✲s♣❛❝❡ R
N
+ = {x ∈ R

N ; xN > 0}✳ ❲❡ ❧❡t RN
+ ❞❡♥♦t❡

t❤❡ ❝❧♦s✉r❡ ♦❢ R
N
+ ✐♥ R

N ❛♥❞ ❧❡t Γ = {x ∈ R
N ; xN = 0} ≡ R

N−1 ❞❡♥♦t❡ ✐ts
❜♦✉♥❞❛r②✳ ▲❡t |x| = (x2

1 + · · · + x2
N)1/2 ❞❡♥♦t❡ t❤❡ ❊✉❝❧✐❞❡❛♥ ♥♦r♠ ♦❢ x✱ ✇❡

✇✐❧❧ ✉s❡ t✇♦ ❜❛s✐❝ ✇❡✐❣❤ts

̺ = (1 + |x|2)1/2 ❛♥❞ lg ̺ = ln(2 + |x|2).

❲❡ ❞❡♥♦t❡ ❜② ∂i t❤❡ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡
∂

∂xi

✱ s✐♠✐❧❛r❧② ∂2
i = ∂i ◦ ∂i =

∂2

∂x2
i

✱

∂2
ij = ∂i ◦ ∂j =

∂2

∂xi∂xj

, . . . ▼♦r❡ ❣❡♥❡r❛❧❧②✱ ✐❢ λ = (λ1, . . . , λN) ∈ N
N ✐s ❛

♠✉❧t✐✲✐♥❞❡①✱ t❤❡♥

∂λ = ∂λ1
1 · · · ∂λN

N =
∂|λ|

∂xλ1
1 · · · ∂xλN

N

✱ ✇❤❡r❡ |λ| = λ1 + · · · + λN .

■♥ t❤❡ s❡q✉❡❧✱ ❢♦r ❛♥② ✐♥t❡❣❡r q✱ ✇❡ ✇✐❧❧ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣♦❧②♥♦♠✐❛❧ s♣❛❝❡s✿
✖ Pq ✐s t❤❡ s♣❛❝❡ ♦❢ ♣♦❧②♥♦♠✐❛❧s ♦❢ ❞❡❣r❡❡ s♠❛❧❧❡r t❤❛♥ ♦r ❡q✉❛❧ t♦ q❀
✖ P∆

q ✐s t❤❡ s✉❜s♣❛❝❡ ♦❢ ❤❛r♠♦♥✐❝ ♣♦❧②♥♦♠✐❛❧s ♦❢ Pq❀

✖ P∆2

q ✐s t❤❡ s✉❜s♣❛❝❡ ♦❢ ❜✐❤❛r♠♦♥✐❝ ♣♦❧②♥♦♠✐❛❧s ♦❢ Pq❀
✖ A∆

q ✐s t❤❡ s✉❜s♣❛❝❡ ♦❢ ♣♦❧②♥♦♠✐❛❧s ♦❢ P∆
q ✱ ♦❞❞ ✇✐t❤ r❡s♣❡❝t t♦ xN ✱ ♦r

❡q✉✐✈❛❧❡♥t❧②✱ ✇❤✐❝❤ s❛t✐s❢② t❤❡ ❝♦♥❞✐t✐♦♥ ϕ(x′, 0) = 0❀
✖ N∆

q ✐s t❤❡ s✉❜s♣❛❝❡ ♦❢ ♣♦❧②♥♦♠✐❛❧s ♦❢ P∆
q ✱ ❡✈❡♥ ✇✐t❤ r❡s♣❡❝t t♦ xN ✱ ♦r

❡q✉✐✈❛❧❡♥t❧②✱ ✇❤✐❝❤ s❛t✐s❢② t❤❡ ❝♦♥❞✐t✐♦♥ ∂Nϕ(x′, 0) = 0❀
✇✐t❤ t❤❡ ❝♦♥✈❡♥t✐♦♥ t❤❛t t❤❡s❡ s♣❛❝❡s ❛r❡ r❡❞✉❝❡❞ t♦ {0} ✐❢ q < 0✳
❋♦r ❛♥② r❡❛❧ ♥✉♠❜❡r s✱ ✇❡ ❞❡♥♦t❡ ❜② [s] t❤❡ ✐♥t❡❣❡r ♣❛rt ♦❢ s✳
●✐✈❡♥ ❛ ❇❛♥❛❝❤ s♣❛❝❡ B✱ ✇✐t❤ ❞✉❛❧ s♣❛❝❡ B′ ❛♥❞ ❛ ❝❧♦s❡❞ s✉❜s♣❛❝❡ X ♦❢ B✱
✇❡ ❞❡♥♦t❡ ❜② B′ ⊥ X t❤❡ s✉❜s♣❛❝❡ ♦❢ B′ ♦rt❤♦❣♦♥❛❧ t♦ X✱ ✐✳❡✳

B′ ⊥ X = {f ∈ B′; ∀v ∈ X, 〈f, v〉 = 0} = (B/X)′.

▲❛st❧②✱ ✐❢ k ∈ Z✱ ✇❡ ✇✐❧❧ ❝♦♥st❛♥t❧② ✉s❡ t❤❡ ♥♦t❛t✐♦♥ {1, . . . , k} ❢♦r t❤❡ s❡t ♦❢
t❤❡ ✜rst k ♣♦s✐t✐✈❡ ✐♥t❡❣❡rs✱ ✇✐t❤ t❤❡ ❝♦♥✈❡♥t✐♦♥ t❤❛t t❤✐s s❡t ✐s ❡♠♣t② ✐❢ k ✐s
♥♦♥♣♦s✐t✐✈❡✳

✸



✷✳✷ ❲❡✐❣❤t❡❞ ❙♦❜♦❧❡✈ s♣❛❝❡s

❋♦r ❛♥② ♥♦♥♥❡❣❛t✐✈❡ ✐♥t❡❣❡r m✱ r❡❛❧ ♥✉♠❜❡rs p > 1✱ α ❛♥❞ β✱ ✇❡ ❞❡✜♥❡ t❤❡
❢♦❧❧♦✇✐♥❣ s♣❛❝❡✿

Wm, p
α, β (Ω) =

{

u ∈ D′(Ω); 0 ≤ |λ| ≤ k, ̺α−m+|λ| (lg ̺)β−1 ∂λu ∈ Lp(Ω);

k + 1 ≤ |λ| ≤ m, ̺α−m+|λ| (lg ̺)β ∂λu ∈ Lp(Ω)
}

,
✭✷✳✶✮

✇❤❡r❡

k =











−1 ✐❢ N
p

+ α /∈ {1, . . . ,m},

m−
N

p
− α ✐❢ N

p
+ α ∈ {1, . . . ,m}.

◆♦t❡ t❤❛tWm, p
α, β (Ω) ✐s ❛ r❡✢❡①✐✈❡ ❇❛♥❛❝❤ s♣❛❝❡ ❡q✉✐♣♣❡❞ ✇✐t❤ ✐ts ♥❛t✉r❛❧ ♥♦r♠✿

‖u‖W m, p
α, β

(Ω) =
(

∑

0≤|λ|≤k

‖̺α−m+|λ| (lg ̺)β−1 ∂λu‖
p

Lp(Ω)

+
∑

k+1≤|λ|≤m

‖̺α−m+|λ| (lg ̺)β ∂λu‖
p

Lp(Ω)

)1/p

.

❲❡ ❛❧s♦ ❞❡✜♥❡ t❤❡ s❡♠✐✲♥♦r♠✿

|u|W m, p
α, β

(Ω) =
(

∑

|λ|=m

‖̺α (lg ̺)β ∂λu‖
p

Lp(Ω)

)1/p

.

❚❤❡ ✇❡✐❣❤ts ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ✭✷✳✶✮ ❛r❡ ❝❤♦s❡♥ s♦ t❤❛t t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s♣❛❝❡

s❛t✐s✜❡s t✇♦ ❢✉♥❞❛♠❡♥t❛❧ ♣r♦♣❡rt✐❡s✳ ❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ D
(

RN
+

)

✐s ❞❡♥s❡ ✐♥

Wm, p
α, β (RN

+ )✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ❢♦❧❧♦✇✐♥❣ P♦✐♥❝❛ré✲t②♣❡ ✐♥❡q✉❛❧✐t② ❤♦❧❞s
✐♥ Wm, p

α, β (RN
+ ) ✭s❡❡ ❬✺❪✱ ❚❤❡♦r❡♠ ✶✳✶✮✿ ✐❢

N

p
+ α /∈ {1, . . . ,m} ♦r (β − 1)p 6= −1, ✭✷✳✷✮

t❤❡♥ t❤❡ s❡♠✐✲♥♦r♠ | · |W m, p
α, β

(RN
+ ) ❞❡✜♥❡s ♦♥ Wm, p

α, β (RN
+ )/Pq∗ ❛ ♥♦r♠ ✇❤✐❝❤ ✐s

❡q✉✐✈❛❧❡♥t t♦ t❤❡ q✉♦t✐❡♥t ♥♦r♠✱

∀u ∈ Wm, p
α, β (RN

+ ), ‖u‖W m, p
α, β

(RN
+ )/Pq∗

≤ C |u|W m, p
α, β

(RN
+ ), ✭✷✳✸✮

✇✐t❤ q∗ = inf(q,m − 1)✱ ✇❤❡r❡ q ✐s t❤❡ ❤✐❣❤❡st ❞❡❣r❡❡ ♦❢ t❤❡ ♣♦❧②♥♦♠✐❛❧s
❝♦♥t❛✐♥❡❞ ✐♥ Wm, p

α, β (RN
+ )✳ ◆♦✇✱ ✇❡ ❞❡✜♥❡ t❤❡ s♣❛❝❡

◦
W

m, p
α, β (RN

+ ) = D(RN
+ )

‖·‖
W

m, p
α, β

(R
N
+

)
;

✇❤✐❝❤ ✇✐❧❧ ❜❡ ❝❤❛r❛❝t❡r✐③❡❞ ✐♥ ▲❡♠♠❛ ✷✳✷ ❛s t❤❡ s✉❜s♣❛❝❡ ♦❢ ❢✉♥❝t✐♦♥s ✇✐t❤ ♥✉❧❧
tr❛❝❡s ✐♥Wm, p

α, β (RN
+ )✳ ❋r♦♠ t❤❛t✱ ✇❡ ❝❛♥ ✐♥tr♦❞✉❝❡ t❤❡ s♣❛❝❡W−m, p′

−α,−β(RN
+ ) ❛s t❤❡

✹



❞✉❛❧ s♣❛❝❡ ♦❢
◦
W

m, p
α, β (RN

+ )✳ ■♥ ❛❞❞✐t✐♦♥✱ ✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥ ✭✷✳✷✮✱ | · |W m, p
α, β

(RN
+ )

✐s ❛ ♥♦r♠ ♦♥
◦
W

m, p
α, β (RN

+ ) ✇❤✐❝❤ ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❢✉❧❧ ♥♦r♠ ‖ · ‖W m, p
α, β

(RN
+ )✳ ❲❡

✇✐❧❧ ♥♦✇ r❡❝❛❧❧ s♦♠❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ✇❡✐❣❤t❡❞ ❙♦❜♦❧❡✈ s♣❛❝❡sWm, p
α, β (RN

+ )✳ ❲❡
❤❛✈❡ t❤❡ ❛❧❣❡❜r❛✐❝ ❛♥❞ t♦♣♦❧♦❣✐❝❛❧ ✐♠❜❡❞❞✐♥❣s✿

Wm, p
α, β (RN

+ ) →֒ Wm−1, p
α−1, β (RN

+ ) →֒ · · · →֒ W 0, p
α−m, β(RN

+ ) ✐❢
N

p
+ α /∈ {1, . . . ,m}.

❲❤❡♥
N

p
+ α = j ∈ {1, . . . ,m}✱ t❤❡♥ ✇❡ ❤❛✈❡✿

Wm, p
α, β →֒ · · · →֒ Wm−j+1, p

α−j+1, β →֒ Wm−j, p
α−j, β−1 →֒ · · · →֒ W 0, p

α−m, β−1.

◆♦t❡ t❤❛t ✐♥ t❤❡ ✜rst ❝❛s❡✱ ❢♦r ❛♥② γ ∈ R s✉❝❤ t❤❛t
N

p
+ α − γ /∈ {1, . . . ,m}

❛♥❞ m ∈ N✱ t❤❡ ♠❛♣♣✐♥❣

u ∈ Wm, p
α, β (RN

+ ) 7−→ ̺γu ∈ Wm, p
α−γ, β(RN

+ )

✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✳ ■♥ ❜♦t❤ ❝❛s❡s ❛♥❞ ❢♦r ❛♥② ♠✉❧t✐✲✐♥❞❡① λ ∈ N
N ✱ t❤❡ ♠❛♣♣✐♥❣

u ∈ Wm, p
α, β (RN

+ ) 7−→ ∂λu ∈ W
m−|λ|, p
α, β (RN

+ )

✐s ❝♦♥t✐♥✉♦✉s✳ ❋✐♥❛❧❧②✱ ✐t ❝❛♥ ❜❡ r❡❛❞✐❧② ❝❤❡❝❦❡❞ t❤❛t t❤❡ ❤✐❣❤❡st ❞❡❣r❡❡ q ♦❢
t❤❡ ♣♦❧②♥♦♠✐❛❧s ❝♦♥t❛✐♥❡❞ ✐♥ Wm, p

α, β (RN
+ ) ✐s ❣✐✈❡♥ ❜②

q =







































m−

(

N

p
+ α

)

− 1, ✐❢



















N
p

+ α ∈ {1, . . . ,m} ❛♥❞ (β − 1)p ≥ −1,

♦r
N
p

+ α ∈ {j ∈ Z; j ≤ 0} ❛♥❞ βp ≥ −1,
[

m−

(

N

p
+ α

)]

, ♦t❤❡r✇✐s❡.

✭✷✳✹✮

❘❡♠❛r❦ ✷✳✶✳ ■♥ t❤❡ ❝❛s❡ β = 0✱ ✇❡ s✐♠♣❧② ❞❡♥♦t❡ t❤❡ s♣❛❝❡ Wm, p
α, 0 (Ω) ❜②

Wm, p
α (Ω)✳ ■♥ ❬✶✻❪✱ ❍❛♥♦✉③❡t ✐♥tr♦❞✉❝❡❞ ❛ ❝❧❛ss ♦❢ ✇❡✐❣❤t❡❞ ❙♦❜♦❧❡✈ s♣❛❝❡s

✇✐t❤♦✉t ❧♦❣❛r✐t❤♠✐❝ ❢❛❝t♦rs✱ ✇✐t❤ t❤❡ s❛♠❡ ♥♦t❛t✐♦♥✳ ❲❡ r❡❝❛❧❧ ❤✐s ❞❡✜♥✐t✐♦♥
✉♥❞❡r t❤❡ ♥♦t❛t✐♦♥ Hm, p

α (Ω)✿

Hm, p
α (Ω) =

{

u ∈ D′(Ω); 0 ≤ |λ| ≤ m, ̺α−m+|λ| ∂λu ∈ Lp(Ω)
}

.

■t ✐s ❝❧❡❛r t❤❛t ✐❢
N

p
+ α /∈ {1, . . . ,m}✱ ✇❡ ❤❛✈❡ Wm, p

α (Ω) = Hm, p
α (Ω)✳ ❚❤❡

❢✉♥❞❛♠❡♥t❛❧ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡s❡ t✇♦ ❢❛♠✐❧✐❡s ♦❢ s♣❛❝❡s ✐s t❤❛t t❤❡ ❛s✲
s✉♠♣t✐♦♥ ✭✷✳✷✮ ❛♥❞ t❤✉s t❤❡ P♦✐♥❝❛ré✲t②♣❡ ✐♥❡q✉❛❧✐t② ✭✷✳✸✮✱ ❤♦❧❞ ❢♦r ❛♥② ✈❛❧✉❡

♦❢ (N, p, α) ✐♥ Wm, p
α (Ω)✱ ❜✉t ♥♦t ✐♥ Hm, p

α (Ω) ✐❢
N

p
+ α ∈ {1, . . . ,m}✳ �

✺



✷✳✸ ❚❤❡ s♣❛❝❡s ♦❢ tr❛❝❡s

■♥ ♦r❞❡r t♦ ❞❡✜♥❡ t❤❡ tr❛❝❡s ♦❢ ❢✉♥❝t✐♦♥s ♦❢Wm, p
α (RN

+ ) ✭❤❡r❡ ✇❡ ❞♦♥✬t ❝♦♥s✐❞❡r
t❤❡ ❝❛s❡ β 6= 0✮✱ ❢♦r ❛♥② σ ∈ ]0, 1[✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ s♣❛❝❡✿

W σ, p
0 (RN) =

{

u ∈ D′(RN); w−σu ∈ Lp(RN) ❛♥❞

∫

RN×RN

|u(x) − u(y)|p

|x− y|N+σp
❞x ❞y <∞

}

,

✭✷✳✺✮

✇❤❡r❡ w = ̺ ✐❢ N/p 6= σ ❛♥❞ w = ̺ (lg ̺)1/σ ✐❢ N/p = σ✳ ■t ✐s ❛ r❡✢❡①✐✈❡
❇❛♥❛❝❤ s♣❛❝❡ ❡q✉✐♣♣❡❞ ✇✐t❤ ✐ts ♥❛t✉r❛❧ ♥♦r♠✿

‖u‖W σ, p
0 (RN ) =

(

∥

∥

∥

∥

u

wσ

∥

∥

∥

∥

p

Lp(RN )
+
∫

RN×RN

|u(x) − u(y)|p

|x− y|N+σp
❞x ❞y

)1/p

.

❙✐♠✐❧❛r❧②✱ ❢♦r ❛♥② r❡❛❧ ♥✉♠❜❡r α ∈ R✱ ✇❡ ❞❡✜♥❡ t❤❡ s♣❛❝❡✿

W σ, p
α (RN) =

{

u ∈ D′(RN); wα−σu ∈ Lp(RN),

∫

RN×RN

|̺α(x)u(x) − ̺α(y)u(y)|p

|x− y|N+σp
❞x ❞y <∞

}

,

✇❤❡r❡ w = ̺ ✐❢ N/p + α 6= σ ❛♥❞ w = ̺ (lg ̺)1/(σ−α) ✐❢ N/p + α = σ✳ ❋♦r ❛♥②
s ∈ R

+✱ ✇❡ s❡t

W s, p
α (RN) =

{

u ∈ D′(RN); 0 ≤ |λ| ≤ k, ̺α−s+|λ| (lg ̺)−1 ∂λu ∈ Lp(RN);

k + 1 ≤ |λ| ≤ [s] − 1, ̺α−s+|λ| ∂λu ∈ Lp(RN); |λ| = [s], ∂λu ∈ W σ, p
α (RN)

}

,

✇❤❡r❡ k = s − N/p − α ✐❢ N/p + α ∈ {σ, . . . , σ + [s]}✱ ✇✐t❤ σ = s − [s] ❛♥❞
k = −1 ♦t❤❡r✇✐s❡✳ ■t ✐s ❛ r❡✢❡①✐✈❡ ❇❛♥❛❝❤ s♣❛❝❡ ❡q✉✐♣♣❡❞ ✇✐t❤ t❤❡ ♥♦r♠✿

‖u‖W s, p
α (RN ) =

(

∑

0≤|λ|≤k

‖̺α−s+|λ| (lg ̺)−1 ∂λu‖
p

Lp(RN )

+
∑

k+1≤|λ|≤[s]−1

‖̺α−s+|λ| ∂λu‖
p

Lp(RN )

)1/p

+
∑

|λ|=[s]

‖∂λu‖W σ, p
α (RN ).

❲❡ ❝❛♥ s✐♠✐❧❛r❧② ❞❡✜♥❡✱ ❢♦r ❛♥② r❡❛❧ ♥✉♠❜❡r β✱ t❤❡ s♣❛❝❡✿

W s, p
α, β(RN) =

{

v ∈ D′(RN); (lg ̺)β v ∈ W s, p
α (RN)

}

.

❲❡ ❝❛♥ ♣r♦✈❡ s♦♠❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ✇❡✐❣❤t❡❞ ❙♦❜♦❧❡✈ s♣❛❝❡s W s, p
α, β(RN)✳ ❲❡

❤❛✈❡ t❤❡ ❛❧❣❡❜r❛✐❝ ❛♥❞ t♦♣♦❧♦❣✐❝❛❧ ✐♠❜❡❞❞✐♥❣s ✐♥ t❤❡ ❝❛s❡ ✇❤❡r❡ N/p + α /∈

✻



{σ, . . . , σ + [s] − 1}✿

W s, p
α, β(RN) →֒ W s−1, p

α−1, β(RN) →֒ · · · →֒ W σ, p
α−[s], β(RN),

W s, p
α, β(RN) →֒ W

[s], p
α+[s]−s, β(RN) →֒ · · · →֒ W 0, p

α−s, β(RN).

❲❤❡♥ N/p+ α = j ∈ {σ, . . . , σ + [s] − 1}✱ t❤❡♥ ✇❡ ❤❛✈❡✿

W s, p
α, β →֒ · · · →֒ W s−j+1, p

α−j+1, β →֒ W s−j, p
α−j, β−1 →֒ · · · →֒ W σ, p

α−[s], β−1,

W s, p
α, β →֒ W

[s], p
α+[s]−s, β →֒ · · · →֒ W

[s]−j+1, p
α−σ−j+1, β →֒ W

[s]−j, p
α−σ−j, β−1 →֒ · · · →֒ W 0, p

α−s, β−1.

■❢ u ✐s ❛ ❢✉♥❝t✐♦♥ ♦♥ R
N
+ ✱ ✇❡ ❞❡♥♦t❡ ✐ts tr❛❝❡ ♦❢ ♦r❞❡r j ♦♥ t❤❡ ❤②♣❡r♣❧❛♥❡ Γ

❜②✿

∀j ∈ N, γju : x′ ∈ R
N−1 7−→ ∂j

Nu(x
′, 0).

▲❡t✬s r❡❝❛❧❧ t❤❡ ❢♦❧❧♦✇✐♥❣ tr❛❝❡ ❧❡♠♠❛ ❞✉❡ t♦ ❍❛♥♦✉③❡t ✭s❡❡ ❬✶✻❪✮ ❛♥❞ ❡①t❡♥❞❡❞
❜② ❆♠r♦✉❝❤❡✲◆❡↔❛s♦✈á ✭s❡❡ ❬✺❪✮ t♦ t❤✐s ❝❧❛ss ♦❢ ✇❡✐❣❤t❡❞ ❙♦❜♦❧❡✈ s♣❛❝❡s✿

▲❡♠♠❛ ✷✳✷✳ ❋♦r ❛♥② ✐♥t❡❣❡r m ≥ 1 ❛♥❞ r❡❛❧ ♥✉♠❜❡r α✱ t❤❡ ♠❛♣♣✐♥❣

γ = (γ0, γ1, . . . , γm−1) : D
(

RN
+

)

−→
m−1
∏

j=0

D(RN−1),

❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ ❛ ❧✐♥❡❛r ❝♦♥t✐♥✉♦✉s ♠❛♣♣✐♥❣✱ st✐❧❧ ❞❡♥♦t❡❞ ❜② γ✱

γ : Wm, p
α (RN

+ ) −→
m−1
∏

j=0

Wm−j−1/p, p
α (RN−1).

▼♦r❡♦✈❡r γ ✐s s✉r❥❡❝t✐✈❡ ❛♥❞ Kerγ =
◦
Wm, p

α (RN
+ )✳

✷✳✹ ❚❤❡ ❙t♦❦❡s s②st❡♠ ✐♥ t❤❡ ✇❤♦❧❡ s♣❛❝❡

❖♥ t❤❡ ❙t♦❦❡s ♣r♦❜❧❡♠ ✐♥ R
N

(S) : −∆u + ∇π = f ❛♥❞ div u = h ✐♥ R
N ,

❧❡t✬s r❡❝❛❧❧ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ r❡s✉❧t ♦♥ ✇❤✐❝❤ ✇❡ ❛r❡ ❜❛s❡❞ ✐♥ t❤❡ s❡q✉❡❧✳ ❋✐rst✱
❢♦r ❛♥② k ∈ Z✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ s♣❛❝❡

Sk =
{

(λ, µ) ∈ Pk × P∆
k−1; div λ = 0, −∆λ + ∇µ = 0

}

.

❚❤❡♦r❡♠ ✷✳✸ ✭❆❧❧✐♦t✲❆♠r♦✉❝❤❡ ❬✶❪✮✳ ▲❡t ℓ ∈ Z ❛♥❞ ❛ss✉♠❡ t❤❛t

N/p′ /∈ {1, . . . , ℓ} ❛♥❞ N/p /∈ {1, . . . ,−ℓ}.

✼



❋♦r ❛♥② (f , g) ∈
(

W
−1, p
ℓ (RN) ×W 0, p

ℓ (RN)
)

⊥ S[1+ℓ−N/p′]✱ ♣r♦❜❧❡♠ (S) ❛❞✲

♠✐ts ❛ s♦❧✉t✐♦♥ (u, π) ∈ W
1, p
ℓ (RN) ×W 0, p

ℓ (RN)✱ ✉♥✐q✉❡ ✉♣ t♦ ❛♥ ❡❧❡♠❡♥t ♦❢
S[1−ℓ−N/p]✱ ✇✐t❤ t❤❡ ❡st✐♠❛t❡

inf
(λ, µ)∈S[1−ℓ−N/p]

(

‖u + λ‖
W

1, p
ℓ

(RN ) + ‖π + µ‖W 0, p
ℓ

(RN )

)

≤ C
(

‖f‖
W

−1, p
ℓ

(RN ) + ‖g‖W 0, p
ℓ

(RN )

)

.

❲❡ ❛❧s♦ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ❢♦r ♠♦r❡ r❡❣✉❧❛r ❞❛t❛✿

❚❤❡♦r❡♠ ✷✳✹ ✭❆❧❧✐♦t✲❆♠r♦✉❝❤❡ ❬✶❪✮✳ ▲❡t ℓ ∈ Z ❛♥❞ m ≥ 1 ❜❡ t✇♦ ✐♥t❡❣❡rs
❛♥❞ ❛ss✉♠❡ t❤❛t

N/p′ /∈ {1, . . . , ℓ+ 1} ❛♥❞ N/p /∈ {1, . . . ,−ℓ−m}.

❋♦r ❛♥② (f , g) ∈
(

W
m−1, p
m+ℓ (RN) ×Wm, p

m+ℓ(R
N)
)

⊥ S[1+ℓ−N/p′]✱ ♣r♦❜❧❡♠ (S)

❛❞♠✐ts ❛ s♦❧✉t✐♦♥ (u, π) ∈ W
m+1, p
m+ℓ (RN)×Wm, p

m+ℓ(R
N)✱ ✉♥✐q✉❡ ✉♣ t♦ ❛♥ ❡❧❡♠❡♥t

♦❢ S[1−ℓ−N/p]✱ ✇✐t❤ t❤❡ ❡st✐♠❛t❡

inf
(λ, µ)∈S[1−ℓ−N/p]

(

‖u + λ‖
W

m+1, p
m+ℓ

(RN ) + ‖π + µ‖W m, p
m+ℓ

(RN )

)

≤ C
(

‖f‖
W

m−1, p
m+ℓ

(RN ) + ‖g‖W m, p
m+ℓ

(RN )

)

.

◆♦t❡ t❤❛t ✐❢ ✇❡ s✉♣♣♦s❡ ℓ = 0✱ t❤❡♥ S[1−N/p′] = P [1−N/p′] × {0} ❛♥❞ t❤❡
♦rt❤♦❣♦♥❛❧✐t② ❝♦♥❞✐t✐♦♥ (f , g) ⊥ S[1−N/p′] ✐s ❡q✉✐✈❛❧❡♥t t♦ f ⊥ P [1−N/p′]✳

✸ ❍♦♠♦❣❡♥❡♦✉s ♣r♦❜❧❡♠s ✇✐t❤ s✐♥❣✉❧❛r ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s

❚❤❡ ✇❛② ✇❡ ✇✐❧❧ t❛❦❡ t♦ s♦❧✈❡ t❤❡ ❙t♦❦❡s s②st❡♠ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❡①✐st❡♥❝❡ ♦❢
✈❡r② ✇❡❛❦ s♦❧✉t✐♦♥s t♦ ❤♦♠♦❣❡♥❡♦✉s ♣r♦❜❧❡♠s ✇✐t❤ s✐♥❣✉❧❛r ❜♦✉♥❞❛r② ❝♦♥❞✐✲
t✐♦♥s✳ ❚❤❡ ✜rst ♦♥❡ ✐s t❤❡ ❜✐❤❛r♠♦♥✐❝ ♣r♦❜❧❡♠✿ ✜♥❞ u ∈ W 1, p

ℓ−1(R
N
+ ) s♦❧✉t✐♦♥ t♦

t❤❡ ♣r♦❜❧❡♠

(P) : ∆2u = 0 ✐♥ R
N
+ , u = g0 ❛♥❞ ∂Nu = g1 ♦♥ Γ,

✇❤❡r❡ g0 ∈ W
1−1/p, p
ℓ−1 (Γ) ❛♥❞ g1 ∈ W

−1/p, p
ℓ−1 (Γ) ❛r❡ ❣✐✈❡♥✳ ❲❡ ❜❡❣✐♥ t♦ ❞❡✜♥❡ ❢♦r

❛♥② ✐♥t❡❣❡r q✱ t❤❡ ♣♦❧②♥♦♠✐❛❧ s♣❛❝❡ Bq ❛s ❢♦❧❧♦✇s✿

Bq =
{

u ∈ P∆2

q ; u = ∂Nu = 0 ♦♥ Γ
}

.

✽



❚❤❡♦r❡♠ ✸✳✶ ✭❆♠r♦✉❝❤❡✲❘❛✉❞✐♥ ❬✽❪✮✳ ▲❡t ℓ ∈ Z ❛♥❞ ❛ss✉♠❡ t❤❛t

N/p′ /∈ {1, . . . , ℓ− 1} ❛♥❞ N/p /∈ {1, . . . ,−ℓ+ 1}. ✭✸✳✶✮

❋♦r ❛♥② g0 ∈ W
1−1/p, p
ℓ−1 (Γ) ❛♥❞ g1 ∈ W

−1/p, p
ℓ−1 (Γ) s❛t✐s❢②✐♥❣ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t②

❝♦♥❞✐t✐♦♥
∀ϕ ∈ B[2+ℓ−N/p′] , 〈g1,∆ϕ〉Γ − 〈g0, ∂N∆ϕ〉Γ = 0, ✭✸✳✷✮

♣r♦❜❧❡♠ (P) ❛❞♠✐ts ❛ s♦❧✉t✐♦♥ u ∈ W 1, p
ℓ−1(R

N
+ )✱ ✉♥✐q✉❡ ✉♣ t♦ ❛♥ ❡❧❡♠❡♥t ♦❢

B[2−ℓ−N/p]✱ ✇✐t❤ t❤❡ ❡st✐♠❛t❡

inf
q∈B[2−ℓ−N/p]

‖u+ q‖W 1, p
ℓ−1

(RN
+ ) ≤ C

(

‖g0‖W
1−1/p, p
ℓ−1

(Γ)
+ ‖g1‖W

−1/p, p
ℓ−1

(Γ)

)

.

❘❡♠❛r❦ ✸✳✷✳ ✐✮ ■♥ t❤❡ ❝❛s❡ ✇❤❡r❡ ℓ = 1✱ ✐❢ 1−N/p′ < 0✱ t❤❡♥ B[3−N/p′] = {0}
❛♥❞ ✐❢ 1 −N/p′ ≥ 0✱ t❤❡♥ B[3−N/p′] = B2 = R x2

N ✳

✐✐✮ ❲❡ ❛❧s♦ ❡st❛❜❧✐s❤❡❞ ❛ r❡s✉❧t ❢♦r t❤❡ ❧♦✇❡r ❝❛s❡✱ ✇✐t❤ u ∈ W 0, p
ℓ−2(R

N
+ )✱ ❜✉t ✇❡

❞♦ ♥♦t ✉s❡ ✐t ✐♥ t❤✐s ♣❛♣❡r✳ �

❲❡ ✇✐❧❧ ❛❧s♦ ♥❡❡❞ ❛ r❡s✉❧t ♦❢ t❤✐s t②♣❡ ❛❜♦✉t t❤❡ ◆❡✉♠❛♥♥ ♣r♦❜❧❡♠ ❢♦r t❤❡
▲❛♣❧❛❝✐❛♥✿ ✜♥❞ u ∈ W 0, p

ℓ−2(R
N
+ ) s❛t✐s❢②✐♥❣ t❤❡ ♣r♦❜❧❡♠

(Q) : ∆u = 0 ✐♥ R
N
+ ❛♥❞ ∂Nu = g ♦♥ Γ,

✇❤❡r❡ g ∈ W
−1−1/p, p
ℓ−2 (Γ)✳

❚❤❡♦r❡♠ ✸✳✸ ✭❆♠r♦✉❝❤❡ ❬✻❪✮✳ ▲❡t ℓ ∈ Z ❛♥❞ ❛ss✉♠❡ t❤❛t

N/p′ /∈ {1, . . . , ℓ− 2} ❛♥❞ N/p /∈ {1, . . . ,−ℓ+ 2}. ✭✸✳✸✮

❋♦r ❛♥② g ∈ W
−1−1/p, p
ℓ−2 (Γ) s❛t✐s❢②✐♥❣ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥

∀ϕ ∈ N∆
[ℓ−N/p′], 〈g, ϕ〉

W
−1−1/p, p
ℓ−2

(Γ)×W
2−1/p′, p′

−ℓ+2
(Γ)

= 0, ✭✸✳✹✮

♣r♦❜❧❡♠ (Q) ❛❞♠✐ts ❛ s♦❧✉t✐♦♥ u ∈ W 0, p
ℓ−2(R

N
+ )✱ ✉♥✐q✉❡ ✉♣ t♦ ❛♥ ❡❧❡♠❡♥t ♦❢

N∆
[2−ℓ−N/p]✱ ✇✐t❤ t❤❡ ❡st✐♠❛t❡

inf
q∈N∆

[2−ℓ−N/p]

‖u+ q‖W 0, p
ℓ−2

(RN
+ ) ≤ C ‖g‖

W
−1−1/p, p
ℓ−2

(Γ)
.

❲✐t❤ t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts ❛s ❢♦r ❚❤❡♦r❡♠ ✸✳✸✱ ✇❡ ❝❛♥ ♣r♦✈❡ ❛♥ ✐♥t❡r♠❡❞✐❛t❡
r❡s✉❧t ❢♦r t❤✐s ♣r♦❜❧❡♠✿

❚❤❡♦r❡♠ ✸✳✹✳ ▲❡t ℓ ∈ Z✳ ❯♥❞❡r ❤②♣♦t❤❡s✐s ✭✸✳✶✮✱ ❢♦r ❛♥② g ∈ W
−1/p, p
ℓ−1 (Γ)

s❛t✐s❢②✐♥❣ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✭✸✳✹✮✱ ♣r♦❜❧❡♠ (Q) ❛❞♠✐ts ❛ s♦❧✉t✐♦♥
u ∈ W 1, p

ℓ−1(R
N
+ )✱ ✉♥✐q✉❡ ✉♣ t♦ ❛♥ ❡❧❡♠❡♥t ♦❢ N∆

[2−ℓ−N/p]✱ ✇✐t❤ t❤❡ ❡st✐♠❛t❡

inf
q∈N∆

[2−ℓ−N/p]

‖u+ q‖W 1, p
ℓ−1

(RN
+ ) ≤ C ‖g‖

W
−1/p, p
ℓ−1

(Γ)
.

✾



◆♦✇✱ ✇❡ ✇✐❧❧ ❡st❛❜❧✐s❤ ❛ s✐♠✐❧❛r r❡s✉❧t ❛❜♦✉t t❤❡ ❉✐r✐❝❤❧❡t ♣r♦❜❧❡♠ ❢♦r t❤❡
▲❛♣❧❛❝✐❛♥ ✇✐t❤ ✈❡r② s✐♥❣✉❧❛r ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✿ ✜♥❞ u ∈ W−1, p

ℓ−2 (RN
+ ) s❛t✐s✲

❢②✐♥❣ t❤❡ ♣r♦❜❧❡♠

(R) : ∆u = 0 ✐♥ R
N
+ ❛♥❞ u = g ♦♥ Γ,

✇❤❡r❡ g ∈ W
−1−1/p, p
ℓ−2 (Γ)✳

❚❤❡♦r❡♠ ✸✳✺✳ ▲❡t ℓ ∈ Z✳ ❯♥❞❡r ❤②♣♦t❤❡s✐s ✭✸✳✸✮✱ ❢♦r ❛♥② g ∈ W
−1−1/p, p
ℓ−2 (Γ)

s❛t✐s❢②✐♥❣ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥

∀ϕ ∈ A∆
[1+ℓ−N/p′], 〈g, ∂Nϕ〉W−1−1/p, p

ℓ−2
(Γ)×W

2−1/p′, p′

−ℓ+2
(Γ)

= 0, ✭✸✳✺✮

♣r♦❜❧❡♠ (R) ❛❞♠✐ts ❛ s♦❧✉t✐♦♥ u ∈ W−1, p
ℓ−2 (RN

+ )✱ ✉♥✐q✉❡ ✉♣ t♦ ❛♥ ❡❧❡♠❡♥t ♦❢
A∆

[1−ℓ−N/p]✱ ✇✐t❤ t❤❡ ❡st✐♠❛t❡

inf
q∈A∆

[1−ℓ−N/p]

‖u+ q‖W−1, p
ℓ−2

(RN
+ ) ≤ C ‖g‖

W
−1−1/p, p
ℓ−2

(Γ)
.

❋✐rst❧②✱ ✇❡ ♠✉st ❣✐✈❡ ❛ ♠❡❛♥✐♥❣ t♦ tr❛❝❡s ❢♦r ❛ s♣❡❝✐❛❧ ❝❧❛ss ♦❢ ❞✐str✐❜✉t✐♦♥s✳
❲❡ ✐♥tr♦❞✉❝❡ t❤❡ s♣❛❝❡s

Yℓ(R
N
+ ) =

{

v ∈ W−1, p
ℓ−2 (RN

+ ); ∆v ∈ W 0, p
ℓ+1(R

N
+ )
}

,

Yℓ, 1(R
N
+ ) =

{

v ∈ W−1, p
ℓ−2 (RN

+ ); ∆v ∈ W 0, p
ℓ+1, 1(R

N
+ )
}

.

❚❤❡② ❛r❡ r❡✢❡①✐✈❡ ❇❛♥❛❝❤ s♣❛❝❡s ❡q✉✐♣♣❡❞ ✇✐t❤ t❤❡✐r ♥❛t✉r❛❧ ♥♦r♠s✿

‖v‖Yℓ(R
N
+ ) = ‖v‖W−1, p

ℓ−2
(RN

+ ) + ‖∆v‖W 0, p
ℓ+1

(RN
+ ),

‖v‖Yℓ, 1(RN
+ ) = ‖v‖W−1, p

ℓ−2
(RN

+ ) + ‖∆v‖W 0, p
ℓ+1, 1

(RN
+ ).

▲❡♠♠❛ ✸✳✻✳ ▲❡t ℓ ∈ Z✳ ❯♥❞❡r ❤②♣♦t❤❡s✐s ✭✸✳✸✮✱ t❤❡ s♣❛❝❡ D
(

RN
+

)

✐s ❞❡♥s❡

✐♥ Yℓ(R
N
+ ) ❛♥❞ ✐♥ Yℓ, 1(R

N
+ )✳

Pr♦♦❢✳ ❋♦r ❡✈❡r② ❝♦♥t✐♥✉♦✉s ❧✐♥❡❛r ❢♦r♠ T ∈
(

Yℓ(R
N
+ )
)′
✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡

♣❛✐r (f, g) ∈
◦
W

1, p′

−ℓ+2(R
N
+ ) ×W 0, p′

−ℓ−1(R
N
+ )✱ s✉❝❤ t❤❛t

∀v ∈ Yℓ(R
N
+ ), 〈T, v〉 = 〈f, v〉 ◦

W
1, p′

−ℓ+2
(RN

+ )×W−1, p
ℓ−2

(RN
+ )

+
∫

RN
+

g∆v ❞x. ✭✸✳✻✮

❚❤❛♥❦s t♦ t❤❡ ❍❛❤♥✲❇❛♥❛❝❤ t❤❡♦r❡♠✱ ✐t s✉✣❝❡s t♦ s❤♦✇ t❤❛t ❛♥② T ✇❤✐❝❤
✈❛♥✐s❤❡s ♦♥ D

(

RN
+

)

✐s ❛❝t✉❛❧❧② ③❡r♦ ♦♥ Yℓ(R
N
+ )✳ ▲❡t✬s s✉♣♣♦s❡ t❤❛t T = 0 ♦♥

D
(

RN
+

)

✱ t❤✉s ♦♥ D(RN
+ )✳ ❚❤❡♥ ✇❡ ❝❛♥ ❞❡❞✉❝❡ ❢r♦♠ ✭✸✳✻✮ t❤❛t

f + ∆g = 0 ✐♥ R
N
+ ,

✶✵



❤❡♥❝❡ ✇❡ ❤❛✈❡ ∆g ∈
◦
W

1, p′

−ℓ+2(R
N
+ )✳ ▲❡t f̃ ∈ W 1, p′

−ℓ+2(R
N) ❛♥❞ g̃ ∈ W 0, p′

−ℓ−1(R
N)

❜❡ r❡s♣❡❝t✐✈❡❧② t❤❡ ❡①t❡♥s✐♦♥s ❜② 0 ♦❢ f ❛♥❞ g t♦ R
N ✳ ❚❤❛♥❦s t♦ ✭✸✳✻✮✱ ✐t ✐s

❝❧❡❛r t❤❛t f̃ + ∆g̃ = 0 ✐♥ R
N ✱ ❛♥❞ t❤✉s ∆g̃ ∈ W 1, p′

−ℓ+2(R
N)✳ ◆♦✇✱ t❤❛♥❦s t♦ t❤❡

✐s♦♠♦r♣❤✐s♠ r❡s✉❧ts ❢♦r t❤❡ ▲❛♣❧❛❝❡ ♦♣❡r❛t♦r ✐♥ R
N ✭s❡❡ ❬✹❪✮✱ ✇❡ ❝❛♥ ❞❡❞✉❝❡

t❤❛t g̃ ∈ W 3, p′

−ℓ+2(R
N)✱ ✉♥❞❡r ❤②♣♦t❤❡s✐s ✭✸✳✸✮✳ ❙✐♥❝❡ g̃ ✐s ❛♥ ❡①t❡♥s✐♦♥ ❜② 0✱ ✐t

❢♦❧❧♦✇s t❤❛t g ∈
◦
W

3, p′

−ℓ+2(R
N
+ )✳ ❚❤❡♥✱ ❜② ❞❡♥s✐t② ♦❢ D(RN

+ ) ✐♥
◦
W

3, p′

−ℓ+2(R
N
+ )✱ t❤❡r❡

❡①✐sts ❛ s❡q✉❡♥❝❡ (ϕk)k∈N ⊂ D(RN
+ ) s✉❝❤ t❤❛t ϕk → g ✐♥

◦
W

3, p′

−ℓ+2(R
N
+ )✳ ❚❤✉s✱

❢♦r ❛♥② v ∈ Yℓ(R
N
+ )✱ ✇❡ ❤❛✈❡

〈T, v〉 = 〈−∆g, v〉 ◦

W
1, p′

−ℓ+2
(RN

+ )×W−1, p
ℓ−2

(RN
+ )

+ 〈g,∆v〉 ◦

W
3, p′

−ℓ+2
(RN

+ )×W−3, p
ℓ−2

(RN
+ )

= lim
k→∞

{

〈−∆ϕk, v〉 ◦

W
1, p′

−ℓ+2
(RN

+ )×W−1, p
ℓ−2

(RN
+ )

+ 〈ϕk,∆v〉 ◦

W
3, p′

−ℓ+2
(RN

+ )×W−3, p
ℓ−2

(RN
+ )

}

= lim
k→∞

{

−
∫

RN
+

ϕk ∆v ❞x+
∫

RN
+

ϕk ∆v ❞x

}

= 0,

✐✳❡✳ T ✐s ✐❞❡♥t✐❝❛❧❧② ③❡r♦✳

❋♦r t❤❡ ❞❡♥s✐t② ♦❢ D
(

RN
+

)

✐♥ Yℓ, 1(R
N
+ )✱ t❤❡ ♦♥❧② ❞✐✛❡r❡♥❝❡ ✐♥ t❤❡ ♣r♦♦❢ ❝♦♥❝❡r♥s

t❤❡ ❧♦❣❛r✐t❤♠✐❝ ❢❛❝t♦rs ✐♥ t❤❡ ✇❡✐❣❤ts✱ ✇✐t❤ g ∈ W 0, p′

−ℓ−1,−1(R
N
+ )✳

❚❤❛♥❦s t♦ t❤✐s ❞❡♥s✐t② ❧❡♠♠❛✱ ✇❡ ❝❛♥ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ♦❢ tr❛❝❡s✿

▲❡♠♠❛ ✸✳✼✳ ▲❡t ℓ ∈ Z✳ ❯♥❞❡r ❤②♣♦t❤❡s✐s ✭✸✳✸✮✱ t❤❡ tr❛❝❡ ♠❛♣♣✐♥❣ γ0 :

D
(

RN
+

)

−→ D(RN−1)✱ ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ ❛ ❧✐♥❡❛r ❝♦♥t✐♥✉♦✉s ♠❛♣♣✐♥❣

γ0 : Yℓ(R
N
+ ) −→ W

−1−1/p, p
ℓ−2 (Γ) ✐❢ N/p′ /∈ {ℓ− 1, ℓ, ℓ+ 1},

(

resp. γ0 : Yℓ, 1(R
N
+ ) −→ W

−1−1/p, p
ℓ−2 (Γ) ✐❢ N/p′ ∈ {ℓ− 1, ℓ, ℓ+ 1}

)

.

▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ●r❡❡♥ ❢♦r♠✉❧❛

∀v ∈ Yℓ(R
N
+ ), ∀ϕ ∈ W 3, p′

−ℓ+2(R
N
+ ) s✉❝❤ t❤❛t ϕ = ∆ϕ = 0 ♦♥ Γ,

〈∆v, ϕ〉
W 0, p

ℓ+1
(RN

+ )×W 0, p′

−ℓ−1
(RN

+ )
− 〈v,∆ϕ〉

W−1, p
ℓ−2

(RN
+ )×

◦

W
1, p′

−ℓ+2
(RN

+ )

= 〈v, ∂Nϕ〉W−1−1/p, p
ℓ−2

(Γ)×W
2−1/p′, p′

−ℓ+2
(Γ)

✭✸✳✼✮

(

r❡s♣✳ t❤❡ ●r❡❡♥ ❢♦r♠✉❧❛ ❢♦r v ∈ Yℓ, 1(R
N
+ )✱ ✇❤❡r❡ t❤❡ ✜rst t❡r♠ ♦❢ t❤❡ ❧❡❢t✲❤❛♥❞

s✐❞❡ ✐s r❡♣❧❛❝❡❞ ❜② 〈∆v, ϕ〉
W 0, p

ℓ+1, 1
(RN

+ )×W 0, p′

−ℓ−1, −1
(RN

+ )

)

✳

Pr♦♦❢✳ ❋✐rst❧②✱ ❧❡t✬s r❡♠❛r❦ t❤❛t ❢♦r ❛♥② ϕ ∈ W 3, p′

−ℓ+2(R
N
+ )✱ t❤❡ ❜♦✉♥❞❛r② ❝♦♥✲

❞✐t✐♦♥ ϕ = ∆ϕ = 0 ♦♥ Γ ✐s ❡q✉✐✈❛❧❡♥t t♦ ϕ = ∂2
Nϕ = 0 ♦♥ Γ✳ ▼♦r❡♦✈❡r✱ ✐❢

✶✶



N/p′ /∈ {ℓ − 1, ℓ, ℓ + 1}✱ ✇❡ ❤❛✈❡ t❤❡ ✐♠❜❡❞❞✐♥❣ W 3, p′

−ℓ+2(R
N
+ ) →֒ W 0, p′

−ℓ−1(R
N
+ )✳

❙♦ ✇❡ ❝❛♥ ✇r✐t❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ●r❡❡♥ ❢♦r♠✉❧❛✿

∀v ∈D
(

RN
+

)

, ∀ϕ ∈ W 3, p′

−ℓ+2(R
N
+ ) s✉❝❤ t❤❛t ϕ = ∆ϕ = 0 ♦♥ Γ,

∫

RN
+

ϕ∆v ❞x−
∫

RN
+

v∆ϕ ❞x =
∫

Γ
v ∂Nϕ ❞x′.

✭✸✳✽✮

❙✐♥❝❡ ∆ϕ = 0 ♦♥ Γ✱ ✇❡ ❤❛✈❡ t❤❡ ✐❞❡♥t✐t②

∫

RN
+

v∆ϕ ❞x = 〈v,∆ϕ〉
W−1, p

ℓ−2
(RN

+ )×
◦

W
1, p′

−ℓ+2
(RN

+ )
.

❚❤✐s ✐♠♣❧✐❡s

∣

∣

∣

∣

〈v, ∂Nϕ〉W−1−1/p, p
ℓ−2

(Γ)×W
2−1/p′, p′

−ℓ+2
(Γ)

∣

∣

∣

∣

≤ ‖v‖Yℓ(R
N
+ ) ‖ϕ‖W 3, p′

−ℓ+2
(RN

+ )
.

❇② ▲❡♠♠❛ ✷✳✷✱ ❢♦r ❛♥② µ ∈ W
2−1/p′, p′

−ℓ+2 (Γ)✱ t❤❡r❡ ❡①✐sts ❛ ❧✐❢t✐♥❣ ❢✉♥❝t✐♦♥ ϕ ∈

W 3, p′

−ℓ+2(R
N
+ ) s✉❝❤ t❤❛t ϕ = 0, ∂Nϕ = µ ❛♥❞ ∂2

Nϕ = 0 ♦♥ Γ✱ s❛t✐s❢②✐♥❣

‖ϕ‖
W 3, p′

−ℓ+2
(RN

+ )
≤ C ‖µ‖

W
2−1/p′, p′

−ℓ+2
(Γ)
,

✇❤❡r❡ C ✐s ❛ ❝♦♥st❛♥t ♥♦t ❞❡♣❡♥❞✐♥❣ ♦♥ ϕ ❛♥❞ µ✳ ❚❤❡♥ ✇❡ ❝❛♥ ❞❡❞✉❝❡ t❤❛t

‖γ0v‖W
−1−1/p, p
ℓ−2

(Γ)
≤ C ‖v‖Yℓ(R

N
+ ).

❚❤✉s t❤❡ ❧✐♥❡❛r ♠❛♣♣✐♥❣ γ0 : v 7−→ v|Γ ❞❡✜♥❡❞ ♦♥ D
(

RN
+

)

✐s ❝♦♥t✐♥✉♦✉s ❢♦r

t❤❡ ♥♦r♠ ♦❢ Yℓ(R
N
+ )✳ ❙✐♥❝❡ D

(

RN
+

)

✐s ❞❡♥s❡ ✐♥ Yℓ(R
N
+ )✱ γ0 ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ ❜②

❝♦♥t✐♥✉✐t② t♦ ❛ ♠❛♣♣✐♥❣ st✐❧❧ ❝❛❧❧❡❞ γ0 ∈ L
(

Yℓ(R
N
+ ); W

−1−1/p, p
ℓ−2 (Γ)

)

✳ ▼♦r❡♦✈❡r✱

✇❡ ❛❧s♦ ❝❛♥ ❞❡❞✉❝❡ t❤❡ ❢♦r♠✉❧❛ ✭✸✳✼✮ ❢r♦♠ ✭✸✳✽✮ ❜② ❞❡♥s✐t② ♦❢ D
(

RN
+

)

✐♥

Yℓ(R
N
+ )✳ ❚♦ ✜♥✐s❤✱ ♥♦t❡ t❤❛t ✐❢ N/p′ ∈ {ℓ − 1, ℓ, ℓ + 1}✱ ✇❡ ♦♥❧② ❤❛✈❡ t❤❡

✐♠❜❡❞❞✐♥❣ W 3, p′

−ℓ+2(R
N
+ ) →֒ W 0, p′

−ℓ−1,−1(R
N
+ )✱ ❤❡♥❝❡ t❤❡ ♥❡❝❡ss✐t② t♦ ✐♥tr♦❞✉❝❡

t❤❡ s♣❛❝❡ Yℓ, 1(R
N
+ ) ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ●r❡❡♥ ❢♦r♠✉❧❛ ✇✐t❤ ❧♦❣❛r✐t❤♠✐❝

❢❛❝t♦rs ❢♦r t❤❡s❡ t❤r❡❡ ❝r✐t✐❝❛❧ ✈❛❧✉❡s✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✺✳ ❲❡ ❝❛♥ ♦❜s❡r✈❡ t❤❛t s♦❧✈❡ ♣r♦❜❧❡♠ (R) ✐s ❡q✉✐✈❛❧❡♥t

t♦ ✜♥❞ u ∈ Yℓ(R
N
+ ) ✐❢ N/p′ /∈ {ℓ − 1, ℓ, ℓ + 1}

(

r❡s♣✳ u ∈ Yℓ, 1(R
N
+ ) ✐❢ N/p′ ∈

{ℓ− 1, ℓ, ℓ+ 1}
)

✱ s❛t✐s❢②✐♥❣

∀v ∈ W 3, p′

−ℓ+2(R
N
+ ) s✉❝❤ t❤❛t v = ∆v = 0 ♦♥ Γ,

〈u,∆v〉
W−1, p

ℓ−2
(RN

+ )×
◦

W
1, p′

−ℓ+2
(RN

+ )
= −〈g, ∂Nv〉W−1−1/p, p

ℓ−2
(Γ)×W

2−1/p′, p′

−ℓ+2
(Γ)
.

✭✸✳✾✮

✶✷



■♥❞❡❡❞ t❤❡ ❞✐r❡❝t ✐♠♣❧✐❝❛t✐♦♥ ✐s str❛✐❣❤t❢♦r✇❛r❞✳ ❈♦♥✈❡rs❡❧②✱ ✐❢ u s❛t✐s✜❡s ✭✸✳✾✮
t❤❡♥ ✇❡ ❤❛✈❡ ❢♦r ❛♥② ϕ ∈ D(RN

+ )✱

〈∆u, ϕ〉
W−3, p

ℓ−2
(RN

+ )×
◦

W
3, p′

−ℓ+2
(RN

+ )
= 〈u,∆ϕ〉

W−1, p
ℓ−2

(RN
+ )×

◦

W
1, p′

−ℓ+2
(RN

+ )
= 0,

t❤✉s ∆u = 0 ✐♥ R
N
+ ✳ ▼♦r❡♦✈❡r✱ ❜② t❤❡ ●r❡❡♥ ❢♦r♠✉❧❛ ✭✸✳✼✮✱ ✇❡ ❤❛✈❡

∀v ∈ W 3, p′

−ℓ+2(R
N
+ ) s✉❝❤ t❤❛t v = ∆v = 0 ♦♥ Γ,

〈g, ∂Nv〉W−1−1/p, p
ℓ−2

(Γ)×W
2−1/p′, p′

−ℓ+2
(Γ)

= 〈u, ∂Nv〉W−1−1/p, p
ℓ−2

(Γ)×W
2−1/p′, p′

−ℓ+2
(Γ)
.

❇② ▲❡♠♠❛ ✷✳✷✱ ❢♦r ❛♥② µ ∈ W
2−1/p′, p′

−ℓ+2 (Γ)✱ t❤❡r❡ ❡①✐sts v ∈ W 3, p′

−ℓ+2(R
N
+ ) s✉❝❤

t❤❛t v = 0, ∂Nv = µ, ∂2
Nv = 0 ♦♥ Γ✳ ❈♦♥s❡q✉❡♥t❧②✱

〈u− g, µ〉
W

−1−1/p, p
ℓ−2

(Γ)×W
2−1/p′, p′

−ℓ+2
(Γ)

= 0,

✐✳❡✳ u− g = 0 ♦♥ Γ✳ ❚❤✉s u s❛t✐s✜❡s (R)✳

❋✉rt❤❡r♠♦r❡✱ ❢♦r ❛♥② f ∈
◦
W

1, p′

−ℓ+2(R
N
+ )✱ ✇❡ ❦♥♦✇ t❤❛t ✭s❡❡ ❬✺❪✮ t❤❡r❡ ❡①✐sts ❛

✉♥✐q✉❡ v ∈ W 3, p′

−ℓ+2/A
∆
[1+ℓ−N/p′] s✉❝❤ t❤❛t

∆v = f ✐♥ R
N
+ , v = 0 ♦♥ Γ,

✇✐t❤ t❤❡ ❡st✐♠❛t❡

‖v‖
W 3, p′

−ℓ+2
(RN

+ )/A∆
[1+ℓ−N/p′]

≤ C ‖f‖
W 1, p′

−ℓ+2
(RN

+ )
,

✇❤❡r❡ C ❞❡♥♦t❡s ❛ ❣❡♥❡r✐❝ ❝♦♥st❛♥t ♥♦t ❞❡♣❡♥❞✐♥❣ ♦♥ v ❛♥❞ f ✳ ◆♦✇✱ ❧❡t✬s
❝♦♥s✐❞❡r t❤❡ ❧✐♥❡❛r ❢♦r♠ T : f 7−→ −〈g, ∂Nv〉W−1−1/p, p

ℓ−2
(Γ)×W

2−1/p′, p′

−ℓ+2
(Γ)

❞❡✜♥❡❞

♦♥
◦
W

1, p′

−ℓ+2(R
N
+ )✳ ❚❤❛♥❦s t♦ ✭✸✳✺✮✱ ✇❡ ❤❛✈❡ ❢♦r ❛♥② q ∈ A∆

[1+ℓ−N/p′]✱

|Tf | =
∣

∣

∣

∣

〈g, ∂N(v + q)〉
W

−1−1/p, p
ℓ−2

(Γ)×W
2−1/p′, p′

−ℓ+2
(Γ)

∣

∣

∣

∣

≤ C ‖g‖
W

−1−1/p, p
ℓ−2

(Γ)
‖v + q‖

W 3, p′

−ℓ+2
(RN

+ )

≤ C ‖g‖
W

−1−1/p, p
ℓ−2

(Γ)
‖v‖

W 3, p′

−ℓ+2
(RN

+ )/A∆
[3−N/p′]

≤ C ‖g‖
W

−1−1/p, p
ℓ−2

(Γ)
‖f‖

W 1, p′

−ℓ+2
(RN

+ )
.

❚❤✉s ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t ❚ ✐s ❝♦♥t✐♥✉♦✉s ♦♥
◦
W

1, p′

−ℓ+2(R
N
+ ) ❛♥❞ t❤❡♥✱ ❛❝❝♦r❞✐♥❣

t♦ ❘✐❡s③ r❡♣r❡s❡♥t❛t✐♦♥ t❤❡♦r❡♠✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ u ∈ W−1, p
ℓ−2 (RN

+ ) s✉❝❤
t❤❛t Tf = 〈u, f〉

W−1, p
ℓ−2

(RN
+ )×

◦

W
1, p′

−ℓ+2
(RN

+ )
✳ ❙♦ ✇❡ ❤❛✈❡ ✭✸✳✾✮ ❛♥❞ u ✐s t❤❡ ✉♥✐q✉❡

s♦❧✉t✐♦♥ t♦ ♣r♦❜❧❡♠ (R)✳

❙✐♠✐❧❛r❧② t♦ t❤❡ ◆❡✉♠❛♥♥ ♣r♦❜❧❡♠✱ ✇❡ ❝❛♥ ❣✐✈❡ ❛♥ ✐♥t❡r♠❡❞✐❛t❡ r❡s✉❧t✿

✶✸



❚❤❡♦r❡♠ ✸✳✽✳ ▲❡t ℓ ∈ Z✳ ❯♥❞❡r ❤②♣♦t❤❡s✐s ✭✸✳✶✮✱ ❢♦r ❛♥② g ∈ W
−1/p, p
ℓ−1 (Γ)

s❛t✐s❢②✐♥❣ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✭✸✳✺✮✱ ♣r♦❜❧❡♠ (R) ❛❞♠✐ts ❛ s♦❧✉t✐♦♥
u ∈ W 0, p

ℓ−1(R
N
+ )✱ ✉♥✐q✉❡ ✉♣ t♦ ❛♥ ❡❧❡♠❡♥t ♦❢ A∆

[1−ℓ−N/p]✱ ✇✐t❤ t❤❡ ❡st✐♠❛t❡

inf
q∈A∆

[1−ℓ−N/p]

‖u+ q‖W 0, p
ℓ−1

(RN
+ ) ≤ C ‖g‖

W
−1/p, p
ℓ−1

(Γ)
.

✹ ●❡♥❡r❛❧✐③❡❞ s♦❧✉t✐♦♥s t♦ t❤❡ ❙t♦❦❡s s②st❡♠ ✐♥ R
N
+

❲❡ ✇✐❧❧ ❡st❛❜❧✐s❤ ❛ ✜rst r❡s✉❧t ❛❜♦✉t t❤❡ ❣❡♥❡r❛❧✐③❡❞ s♦❧✉t✐♦♥s t♦ (S+) ✐♥ t❤❡
❤♦♠♦❣❡♥❡♦✉s ❝❛s❡✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ✐s q✉✐t❡ ♥❛t✉r❛❧ ❛♥❞ ✇❡ ❝❛♥ ✜♥❞
s✐♠✐❧❛r r❡s✉❧ts ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ❛❧t❤♦✉❣❤ ♥♦t ❡①♣r❡ss❡❞ ✐♥ ✇❡✐❣❤t❡❞ ❙♦❜♦❧❡✈
s♣❛❝❡s ✭s❡❡ ❡✳❣✳ ❋❛r✇✐❣✲❙♦❤r ❬✶✷❪✱ ●❛❧❞✐ ❬✶✹❪✱ ❈❛tt❛❜r✐❣❛ ❬✶✶❪✮✳ ▼♦r❡♦✈❡r✱ ✇❡
t❛❦❡ ✉♣ s♦♠❡ ✐❞❡❛s ✐♥ ❬✶✷❪ ❛♥❞ ✇❡ ❝♦♥s✐❞❡r❛❜❧② s✐♠♣❧✐❢② t❤❡ ♣r♦♦❢✳

Pr♦♣♦s✐t✐♦♥ ✹✳✶✳ ❋♦r ❛♥② g ∈ W
1−1/p, p
0 (Γ)✱ t❤❡ ❙t♦❦❡s ♣r♦❜❧❡♠

−∆u + ∇π = 0 ✐♥ R
N
+ , ✭✹✳✶✮

div u = 0 ✐♥ R
N
+ , ✭✹✳✷✮

u = g ♦♥ Γ, ✭✹✳✸✮

❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ (u, π) ∈ W
1, p
0 (RN

+ ) × Lp(RN
+ )✱ ✇✐t❤ t❤❡ ❡st✐♠❛t❡

‖u‖
W

1, p
0 (RN

+ ) + ‖π‖Lp(RN
+ ) ≤ C ‖g‖

W
1−1/p, p
0 (Γ)

. ✭✹✳✹✮

Pr♦♦❢✳ ✶✮ ❋✐rst❧②✱ ✇❡ ✇✐❧❧ s❤♦✇ t❤❛t s②st❡♠ ✭✹✳✶✮✕✭✹✳✸✮ ❝❛♥ ❜❡ r❡❞✉❝❡❞ t♦ t❤r❡❡
♣r♦❜❧❡♠s ♦♥ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ♦♣❡r❛t♦rs ∆2 ❛♥❞ ∆✳

❆♣♣❧②✐♥❣ t❤❡ ♦♣❡r❛t♦r ❞✐✈ t♦ t❤❡ ✜rst ❡q✉❛t✐♦♥ ✭✹✳✶✮✱ ✇❡ ♦❜t❛✐♥

∆π = 0 ✐♥ R
N
+ . ✭✹✳✺✮

◆♦✇✱ ❛♣♣❧②✐♥❣ t❤❡ ♦♣❡r❛t♦r ∆ t♦ t❤❡ s❛♠❡ ❡q✉❛t✐♦♥ ✭✹✳✶✮✱ ✇❡ ❞❡❞✉❝❡

∆2u = 0 ✐♥ R
N
+ . ✭✹✳✻✮

❋r♦♠ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✭✹✳✸✮✱ ✇❡ t❛❦❡ ♦✉t

uN = gN ♦♥ Γ, ✭✹✳✼✮

❛♥❞ ♠♦r❡♦✈❡r ❞✐✈′ u′ = ❞✐✈′ g′ ♦♥ Γ✱ ✇❤❡r❡ ❞✐✈′ u′ =
N−1
∑

i=1

∂iui✳

❙✐♥❝❡ div u = 0 ✐♥ R
N
+ ✱ ✇❡ ❛❧s♦ ❤❛✈❡ div u = 0 ♦♥ Γ✱ t❤❡♥ ✇❡ ❝❛♥ ✇r✐t❡

✶✹



∂NuN + ❞✐✈′ u′ = 0 ♦♥ Γ✱ ❤❡♥❝❡

∂NuN = −❞✐✈′ g′ ♦♥ Γ. ✭✹✳✽✮

❈♦♠❜✐♥✐♥❣ ✭✹✳✻✮✱ ✭✹✳✼✮ ❛♥❞ ✭✹✳✽✮✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❜✐❤❛r♠♦♥✐❝ ♣r♦❜❧❡♠

(P) : ∆2uN = 0 ✐♥ R
N
+ , uN = gN ❛♥❞ ∂NuN = −❞✐✈′ g′ ♦♥ Γ.

❚❤❡♥✱ ❝♦♠❜✐♥✐♥❣ ✭✹✳✺✮ ✇✐t❤ t❤❡ tr❛❝❡ ♦♥ Γ ♦❢ t❤❡ Nt❤ ❝♦♠♣♦♥❡♥t ✐♥ t❤❡
❡q✉❛t✐♦♥s ✭✹✳✶✮✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ◆❡✉♠❛♥♥ ♣r♦❜❧❡♠

(Q) : ∆π = 0 ✐♥ R
N
+ ❛♥❞ ∂Nπ = ∆uN ♦♥ Γ.

▲❛st❧②✱ ✐❢ ✇❡ ❝♦♥s✐❞❡r t❤❡ N − 1 ✜rst ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ❡q✉❛t✐♦♥s ✭✹✳✶✮ ❛♥❞
✭✹✳✸✮✱ ✇❡ ❝❛♥ ✇r✐t❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❉✐r✐❝❤❧❡t ♣r♦❜❧❡♠

(R) : ∆u′ = ∇′π ✐♥ R
N
+ ❛♥❞ u′ = g′ ♦♥ Γ.

✷✮ ◆♦✇✱ ✇❡ ✇✐❧❧ s♦❧✈❡ t❤❡s❡ t❤r❡❡ ♣r♦❜❧❡♠s✳

❙t❡♣ ✶✿ Pr♦❜❧❡♠ (P)✳ ❙✐♥❝❡ g ∈ W
1−1/p, p
0 (Γ)✱ ✇❡ ❤❛✈❡ gN ∈ W

1−1/p, p
0 (Γ)

❛♥❞ ❞✐✈′ g′ ∈ W
−1/p, p
0 (Γ)✳ ❙♦ (P) ✐s ❛♥ ❤♦♠♦❣❡♥❡♦✉s ❜✐❤❛r♠♦♥✐❝ ♣r♦❜❧❡♠ ✇✐t❤

s✐♥❣✉❧❛r ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱ ❛♥❞ ✇❡ ❝❛♥ ❛♣♣❧② ❚❤❡♦r❡♠ ✸✳✶ ♣r♦✈✐❞❡❞ t❤❡
❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✭✸✳✷✮ ✐s ❢✉❧✜❧❧❡❞✳ ■❢ 1 −N/p′ < 0✱ t❤❡♥ B[3−N/p′] = {0}
❛♥❞ t❤❡ ❝♦♥❞✐t✐♦♥ ✈❛♥✐s❤❡s✳ ■❢ 1 − N/p′ ≥ 0✱ t❤❡♥ B[3−N/p′] = R x2

N ❛♥❞ t❤✐s
❝♦♥❞✐t✐♦♥ ✐s ❡q✉✐✈❛❧❡♥t t♦

〈❞✐✈′ g′, 1〉
W

−1/p, p
0 (Γ)×W

1/p, p′

0 (Γ)
= 0. ✭✹✳✾✮

❙✐♥❝❡ D(RN−1) ✐s ❞❡♥s❡ ✐♥ W
1/p, p′

0 (Γ)✱ ✇❡ ❦♥♦✇ t❤❛t t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡

(ϕk)k∈N ⊂ D(RN−1) s✉❝❤ t❤❛t ϕk → 1 ✐♥ W
1/p, p′

0 (Γ)✱ ❤❡♥❝❡ ✇❡ ❝❛♥ ❞❡❞✉❝❡

〈❞✐✈′ g′, 1〉
W

−1/p, p
0 (Γ)×W

1/p, p′

0 (Γ)
= − lim

k→∞

∫

RN−1
g′ .∇ϕk ❞x

′ = 0.

❚❤✉s t❤❡ ♦rt❤♦❣♦♥❛❧✐t② ❝♦♥❞✐t✐♦♥ ✐s ❢✉❧✜❧❧❡❞ ❛♥❞ ♣r♦❜❧❡♠ (P) ❤❛s ❛ ✉♥✐q✉❡
s♦❧✉t✐♦♥ uN ∈ W 1, p

0 (RN
+ )✱ s❛t✐s❢②✐♥❣

‖uN‖W 1, p
0 (RN

+ ) ≤ C
(

‖gN‖W
1−1/p, p
0 (Γ)

+ ‖❞✐✈′ g′‖
W

−1/p, p
0 (Γ)

)

≤ C ‖g‖
W

1−1/p, p
0 (Γ)

. ✭✹✳✶✵✮

❙t❡♣ ✷✿ Pr♦❜❧❡♠ (Q)✳ ❙✐♥❝❡ ∆2uN = 0 ✐♥ R
N
+ ✱ ✇❡ ❤❛✈❡ ∆uN ∈ Y2(R

N
+ ) ❛♥❞

❛❧s♦ ∆uN ∈ Y2, 1(R
N
+ )✱ ❤❡♥❝❡ ∆uN |Γ ∈ W

−1−1/p, p
0 (Γ) ❜② ▲❡♠♠❛ ✸✳✼✳ ❚❤❡♥ ✇❡

❝❛♥ ❛♣♣❧② ❚❤❡♦r❡♠ ✸✳✸✱ ♣r♦✈✐❞❡❞ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✭✸✳✹✮ ✐s ❢✉❧✜❧❧❡❞✱
✐✳❡✳

∀ϕ ∈ N∆
[2−N/p′], 〈∆uN , ϕ〉W−1−1/p, p

0 (Γ)×W
2−1/p′, p′

0 (Γ)
= 0.

✶✺



❑♥♦✇✐♥❣ t❤❛t N∆
[2−N/p′] ⊂ P1✱ ❛♥ ❛r❣✉♠❡♥t s✐♠✐❧❛r t♦ t❤❛t ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥

✭✹✳✾✮ ✐♥ st❡♣ ✶ ❣✐✈❡s ✉s t❤✐s r❡❧❛t✐♦♥✳ ❲❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t ♣r♦❜❧❡♠ (Q) ❤❛s
❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ π ∈ Lp(RN

+ )✱ s❛t✐s❢②✐♥❣

‖π‖Lp(RN
+ ) ≤ C ‖∆uN‖W

−1−1/p, p
0 (Γ)

≤ C ‖∆uN‖Y2(RN
+ ) = C ‖∆uN‖W−1, p

0 (RN
+ )

≤ C ‖uN‖W 1, p
0 (RN

+ ) ≤ C ‖g‖
W

1−1/p, p
0 (Γ)

. ✭✹✳✶✶✮

❙t❡♣ ✸✿ Pr♦❜❧❡♠ (R)✳ ❇② st❡♣ ✷✱ ✇❡ ❤❛✈❡ ∇′π ∈ W−1, p
0 (RN

+ )
N−1

❛♥❞ ♠♦r❡✲

♦✈❡r g′ ∈ W
1−1/p, p
0 (Γ)

N−1
✳ ❙✐♥❝❡ A∆

[1−N/p′] = {0}✱ ✇❡ ❦♥♦✇ t❤❛t ♣r♦❜❧❡♠ (R)

❤❛s ❛♥ ✉♥✐q✉❡ s♦❧✉t✐♦♥ u′ ∈ W 1, p
0 (RN

+ )
N−1

✭s❡❡ ❬✺❪✱ ❚❤❡♦r❡♠ ✸✳✶✮✱ s❛t✐s❢②✐♥❣

‖u′‖
W 1, p

0 (RN
+ )

N−1 ≤ C
(

‖∇′π‖
W−1, p

0 (RN
+ )

N−1 + ‖g′‖
W

1−1/p, p
0 (Γ)

N−1

)

≤ C
(

‖π‖Lp(RN
+ ) + ‖g′‖

W
1−1/p, p
0 (Γ)

N−1

)

≤ C ‖g‖
W

1−1/p, p
0 (Γ)

. ✭✹✳✶✷✮

✸✮ ■♥ ♦r❞❡r✱ ✇❡ ❤❛✈❡ ❢♦✉♥❞ uN ✱ π ❛♥❞ u′✱ ✇❤✐❝❤ s❛t✐s❢② ✭✹✳✸✮ ❛♥❞ ♣❛rt✐❛❧❧②
s❛t✐s❢② ✭✹✳✶✮✱ ✐✳❡✳

−∆u′ + ∇′π = 0 ✐♥ R
N
+ .

■t r❡♠❛✐♥s t♦ s❤♦✇ t❤❡② s❛t✐s❢② ✭✹✳✷✮ ❛♥❞ t❤❡ Nt❤ ❝♦♠♣♦♥❡♥t ♦❢ ✭✹✳✶✮✱ ✐✳❡✳

−∆uN + ∂Nπ = 0 ✐♥ R
N
+ .

❚❤❛♥❦s t♦ ✭✹✳✺✮ ❛♥❞ ✭✹✳✻✮✱ ✇❡ ♦❜t❛✐♥

∆(∆uN − ∂Nπ) = ∆2uN = 0 ✐♥ R
N
+ .

❲✐t❤ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ♦❢ (Q)✱ ✇❡ ❝❛♥ ❞❡❞✉❝❡ t❤❛t t❤❡ ❞✐str✐❜✉t✐♦♥
∆uN − ∂Nπ ∈ W−1, p

0 (RN
+ ) s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❉✐r✐❝❤❧❡t ♣r♦❜❧❡♠

∆(∆uN − ∂Nπ) = 0 ✐♥ R
N
+ , ∆uN − ∂Nπ = 0 ♦♥ Γ.

❚❤❛♥❦s t♦ ❚❤❡♦r❡♠ ✸✳✺✱ ✇❡ ♥❡❝❡ss❛r✐❧② ❤❛✈❡ ∆uN − ∂Nπ = 0✳ ❚❤✉s (u, π)
❝♦♠♣❧❡t❡❧② s❛t✐s✜❡s ✭✹✳✶✮✳

◆♦✇✱ ❛♣♣❧②✐♥❣ t❤❡ ♦♣❡r❛t♦r ❞✐✈ t♦ ✭✹✳✶✮✱ ✇❡ ❤❛✈❡ −∆ div u + ∆π = 0 ✐♥ R
N
+ ✱

❛♥❞ ❜② t❤❡ ♠❛✐♥ ❡q✉❛t✐♦♥ ♦❢ (Q)✱ ✐✳❡✳ ✭✹✳✺✮✱ ✇❡ ♦❜t❛✐♥ ∆ div u = 0 ✐♥ R
N
+ ✳

▼♦r❡♦✈❡r✱ ❢r♦♠ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✐♥ (R)✱ ✇❡ ❣❡t ❞✐✈′u′ = ❞✐✈′g′ ♦♥ Γ✳
❚❤❡♥✱ ✇✐t❤ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ✐♥ (P)✱ ✇❡ ❝❛♥ ✇r✐t❡

div u = ❞✐✈′u′ + ∂NuN = ❞✐✈′g′ − ❞✐✈′g′ = 0 ♦♥ Γ.

❙♦✱ ✇❡ ❤❛✈❡
∆ div u = 0 ✐♥ R

N
+ , div u = 0 ♦♥ Γ,

✶✻



✇✐t❤ div u ∈ Lp(RN
+ ) ❛♥❞ t❤❡♥ ❜② ❚❤❡♦r❡♠ ✸✳✽✱ ✇❡ ❝❛♥ ❞❡❞✉❝❡ t❤❛t div u = 0

✐♥ R
N
+ ✱ ✐✳❡✳ ✭✹✳✷✮ ✐s s❛t✐s✜❡❞✳

✹✮ ❋✐♥❛❧❧②✱ ❧❡t✬s r❡♠❛r❦ t❤❛t t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ (u, π) ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡
✉♥✐q✉❡♥❡ss ♦❢ t❤❡ s♦❧✉t✐♦♥s t♦ ♣r♦❜❧❡♠s (P), (Q) ❛♥❞ (R)✳ ▼♦r❡♦✈❡r✱ t❤❡
❡st✐♠❛t❡ ✭✹✳✹✮ ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❡st✐♠❛t❡s ✭✹✳✶✵✮✱ ✭✹✳✶✶✮ ❛♥❞ ✭✹✳✶✷✮✳

◆♦✇✱ ✇❡ ❝❛♥ s♦❧✈❡ t❤❡ ❝♦♠♣❧❡t❡ ♣r♦❜❧❡♠ (S+)✳ ❋♦r t❤✐s✱ ✇❡ ✇✐❧❧ s❤♦✇ t❤❛t ✐t
❝❛♥ ❜❡ r❡❞✉❝❡❞ t♦ ❛♥ ❤♦♠♦❣❡♥❡♦✉s ♣r♦❜❧❡♠✱ s♦❧✈❡❞ ❜② Pr♦♣♦s✐t✐♦♥ ✹✳✶✳

❚❤❡♦r❡♠ ✹✳✷✳ ❋♦r ❛♥② f ∈ W
−1, p
0 (RN

+ ), h ∈ Lp(RN
+ ) ❛♥❞ g ∈ W

1−1/p, p
0 (Γ)✱

♣r♦❜❧❡♠ (S+) ❛❞♠✐ts ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ (u, π) ∈ W
1, p
0 (RN

+ ) × Lp(RN
+ )✱ ❛♥❞

t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C s✉❝❤ t❤❛t

‖u‖
W

1, p
0 (RN

+ ) + ‖π‖Lp(RN
+ ) ≤

C
(

‖f‖
W

−1, p
0 (RN

+ ) + ‖h‖Lp(RN
+ ) + ‖g‖

W
1−1/p, p
0 (Γ)

)

. ✭✹✳✶✸✮

Pr♦♦❢✳ ❋✐rst❧②✱ ❧❡t✬s ✇r✐t❡ f = div F✱ ✇❤❡r❡ F = (F i)1≤i≤N ∈ Lp(RN
+ )

N
✱ ✇✐t❤

t❤❡ ❡st✐♠❛t❡
‖F‖

L
p(RN

+ )
N ≤ C ‖f‖

W
−1, p
0 (RN

+ );

❛♥❞ ❧❡t✬s r❡s♣❡❝t✐✈❡❧② ❞❡♥♦t❡ ❜② F̃ = (F̃ i)1≤i≤N ∈ Lp(RN)
N

❛♥❞ h̃ ∈ Lp(RN)
t❤❡ ❡①t❡♥s✐♦♥s ❜② 0 ♦❢ F ❛♥❞ h t♦ R

N ✳ ❇② ❚❤❡♦r❡♠ ✷✳✸✱ ✇❡ ❦♥♦✇ t❤❛t t❤❡r❡
❡①✐sts (ũ, π̃) ∈ W

1, p
0 (RN) × Lp(RN) s♦❧✉t✐♦♥ t♦ t❤❡ ♣r♦❜❧❡♠

(S̃) : −∆ũ + ∇π̃ = div F̃ ❛♥❞ div ũ = h̃ ✐♥ R
N ,

♣r♦✈✐❞❡❞ t❤❡ ❝♦♥❞✐t✐♦♥ div F̃ ⊥ P [1−N/p′] ✐s ❢✉❧✜❧❧❡❞✳ ■❢ 1 − N/p′ < 0✱ ✇❡
♦❜✈✐♦✉s❧② ❤❛✈❡ P [1−N/p′] = {0}✱ t❤✉s t❤❡ ❝♦♥❞✐t✐♦♥ ✈❛♥✐s❤❡s✳ ■❢ 1 −N/p′ ≥ 0✱
t❤❡♥ ✇❡ ❤❛✈❡ P [1−N/p′] = R

N ❛♥❞ t❤✐s ❝♦♥❞✐t✐♦♥ ✐s ❡q✉✐✈❛❧❡♥t t♦

∀i = 1, . . . , N,
〈

div F̃ i, 1
〉

W−1, p
0 (RN )×W 1, p′

0 (RN )
= 0.

❚❤✐s ✐s ❡①❛❝t❧② t❤❡ s❛♠❡ ❛r❣✉♠❡♥t ❛s ❢♦r t❤❡ ❝♦♥❞✐t✐♦♥ ✭✹✳✾✮ ✐♥ t❤❡ ♣r❡✈✐♦✉s
♣r♦♦❢✳ ❚❤✉s t❤❡ ♦rt❤♦❣♦♥❛❧✐t② ❝♦♥❞✐t✐♦♥ ✐s ❢✉❧✜❧❧❡❞✱ ❤❡♥❝❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢
(ũ, π̃) ∈ W

1, p
0 (RN) × Lp(RN) s♦❧✉t✐♦♥ t♦ ♣r♦❜❧❡♠ (S̃)✱ s❛t✐s❢②✐♥❣

‖ũ‖
W

1, p
0 (RN ) + ‖π̃‖Lp(RN ) ≤ C

(

‖ div F̃‖
W

−1, p
0 (RN ) + ‖h̃‖Lp(RN )

)

≤ C
(

‖f‖
W

−1, p
0 (RN

+ ) + ‖h‖Lp(RN
+ )

)

. ✭✹✳✶✹✮

❈♦♥s❡q✉❡♥t❧②✱ ✇❡ ❝❛♥ r❡❞✉❝❡ t❤❡ s②st❡♠ (S+) t♦ t❤❡ ❤♦♠♦❣❡♥❡♦✉s ♣r♦❜❧❡♠

(S♯) : −∆v + ∇ϑ = 0 ❛♥❞ div v = 0 ✐♥ R
N
+ , v = g♯ ♦♥ Γ,

✶✼



✇❤❡r❡ ✇❡ ❤❛✈❡ s❡t g♯ = g − ũ|Γ ∈ W
1−1/p, p
0 (Γ)✳ ◆♦✇✱ t❤❛♥❦s t♦ Pr♦♣♦s✐t✐♦♥

✹✳✶✱ ✇❡ ❦♥♦✇ t❤❛t (S♯) ❛❞♠✐ts ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ (v, ϑ) ∈ W
1, p
0 (RN

+ )×Lp(RN
+ )✱

s❛t✐s❢②✐♥❣

‖v‖
W

1, p
0 (RN

+ )+‖ϑ‖Lp(RN
+ ) ≤ C ‖g♯‖

W
1−1/p, p
0 (Γ)

≤ C
(

‖f‖
W

−1, p
0 (RN

+ ) + ‖h‖Lp(RN
+ ) + ‖g‖

W
1−1/p, p
0 (Γ)

)

. ✭✹✳✶✺✮

❚❤❡♥✱ (u, π) = (v + ũ|RN
+
, ϑ + π̃|RN

+
) ∈ W

1, p
0 (RN

+ ) × Lp(RN
+ ) ✐s s♦❧✉t✐♦♥ t♦

(S+) ❛♥❞ t❤❡ ❡st✐♠❛t❡ ✭✹✳✶✸✮ ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❡st✐♠❛t❡s ✭✹✳✶✹✮ ❛♥❞
✭✹✳✶✺✮✳ ❋✐♥❛❧❧②✱ t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ s♦❧✉t✐♦♥ t♦ (S+) ✐s ❛ str❛✐❣❤t❢♦r✇❛r❞
❝♦♥s❡q✉❡♥❝❡ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✶✳

❘❡♠❛r❦ ✹✳✸✳ ■♥ ❛ ❢♦rt❤❝♦♠✐♥❣ ✇♦r❦✱ ✇❡ ✇✐❧❧ s❤♦✇ t❤❛t ✉♥❞❡r ❤②♣♦t❤❡✲
s❡s ♦❢ ❚❤❡♦r❡♠ ✹✳✷ ❛♥❞ ✐❢ ♠♦r❡♦✈❡r f ∈ W

−1, q
0 (RN

+ )✱ h ∈ Lq(RN
+ ) ❛♥❞

g ∈ W
1−1/q, q
0 (Γ)✱ ❢♦r ❛♥② r❡❛❧ ♥✉♠❜❡r q > 1✱ t❤❡♥ t❤❡ s♦❧✉t✐♦♥ (u, π) ❣✐✈❡♥

❜② ❚❤❡♦r❡♠ ✹✳✷ ✈❡r✐✜❡s✱ ❜❡s✐❞❡s✱ (u, π) ∈ W
1, q
0 (RN

+ ) × Lq(RN
+ )✳ �

✺ ❙tr♦♥❣ s♦❧✉t✐♦♥s ❛♥❞ r❡❣✉❧❛r✐t② ❢♦r t❤❡ ❙t♦❦❡s s②st❡♠ ✐♥ R
N
+

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ❡①✐st❡♥❝❡ ♦❢ str♦♥❣ s♦❧✉t✐♦♥s ✭❛♥❞ t❤❡♥
t♦ r❡❣✉❧❛r s♦❧✉t✐♦♥s✱ s❡❡ ❈♦r♦❧❧❛r✐❡s ✺✳✺ ❛♥❞ ✺✳✼✮✱ ✐✳❡✳ ♦❢ s♦❧✉t✐♦♥s (u, π) ∈
W

2, p
ℓ+1(R

N
+ ) ×W 1, p

ℓ+1(R
N
+ )✳ ❍❡r❡✱ ✇❡ ❧✐♠✐t ♦✉rs❡❧✈❡s t♦ t❤❡ t✇♦ ❝❛s❡s ℓ = 0 ♦r

ℓ = −1✳ ◆♦t❡ t❤❛t ✐♥ t❤❡ ❝❛s❡ ℓ = 0✱ ✇❡ ❤❛✈❡ W 2, p
1 (RN

+ ) →֒ W 1, p
0 (RN

+ ) ❛♥❞

W 1, p
1 (RN

+ ) →֒ Lp(RN
+ )✳ ❚❤❡ ♣r♦♣♦s✐t✐♦♥ ❛♥❞ t❤❡♦r❡♠ ✇❤✐❝❤ ❢♦❧❧♦✇ s❤♦✇ t❤❛t

t❤❡ ❣❡♥❡r❛❧✐③❡❞ s♦❧✉t✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✹✳✷✱ ✇✐t❤ ❛ str♦♥❣❡r ❤②♣♦t❤❡s✐s ♦♥ t❤❡
❞❛t❛✱ ✐s ✐♥ ❢❛❝t ❛ str♦♥❣ s♦❧✉t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✺✳✶✳ ❆ss✉♠❡ t❤❛t
N

p′
6= 1✳ ❋♦r ❛♥② g ∈ W

2−1/p, p
1 (Γ)✱ t❤❡ ❙t♦❦❡s

♣r♦❜❧❡♠ ✭✹✳✶✮✕✭✹✳✸✮ ❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ (u, π) ∈ W
2, p
1 (RN

+ ) ×W 1, p
1 (RN

+ )✱
✇✐t❤ t❤❡ ❡st✐♠❛t❡

‖u‖
W

2, p
1 (RN

+ ) + ‖π‖W 1, p
1 (RN

+ ) ≤ C ‖g‖
W

2−1/p, p
1 (Γ)

.

Pr♦♦❢✳ ❚❤❡ ❛r❣✉♠❡♥ts ❢♦r t❤❡ ❡st✐♠❛t❡ ❛r❡ ✉♥❝❤❛♥❣❡❞ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡
♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✶✳ ❋♦r t❤❡ s✉r❥❡❝t✐✈✐t② ❛♥❞ t❤❡ ✉♥✐q✉❡♥❡ss✱ ♥♦t❡ t❤❛t ✇❡
❛❧✇❛②s ❤❛✈❡ t❤❡ ✐♠❜❡❞❞✐♥❣ W

2−1/p, p
1 (Γ) →֒ W

1−1/p, p
0 (Γ)✳ ❇② Pr♦♣♦s✐t✐♦♥ ✹✳✶✱

✇❡ ❝❛♥ ❞❡❞✉❝❡ t❤❛t ♣r♦❜❧❡♠ ✭✹✳✶✮✕✭✹✳✸✮ ❛❞♠✐ts ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ (u, π) ∈
W

1, p
0 (RN

+ )×Lp(RN
+ )✱ s❛t✐s❢②✐♥❣ t❤❡ ❡st✐♠❛t❡ ✭✹✳✹✮✳ ❚❤❡♥✱ ✐t s✉✣❝❡s t♦ ❣♦ ❜❛❝❦

t♦ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✶ ❛♥❞ t♦ ✉s❡ t❤❡ ❡st❛❜❧✐s❤❡❞ r❡s✉❧ts ❛❜♦✉t ♣r♦❜✲
❧❡♠s (P)✱ (Q) ❛♥❞ (R)✱ t♦ s❤♦✇ t❤❛t ✐♥ ❢❛❝t (u, π) ∈ W

2, p
1 (RN

+ )×W 1, p
1 (RN

+ )✳

✶✽



■♥ ♦r❞❡r✱ ❢♦r ♣r♦❜❧❡♠ (P)✱ ✇❡ ✜♥❞ uN ∈ W 2, p
1 (RN

+ ) ✭s❡❡ ❬✼❪✱ ▲❡♠♠❛ ✹✳✾✮❀ ❢♦r

♣r♦❜❧❡♠ (Q)✱ t❤❛♥❦s t♦ ❚❤❡♦r❡♠ ✸✳✹✱ ✇❡ ✜♥❞ π ∈ W 1, p
1 (RN

+ )❀ ❢♦r ♣r♦❜❧❡♠ (R)✱

✇❡ ✜♥❞ u′ ∈ W 2, p
1 (RN

+ )
N−1

✭s❡❡ ❬✺❪✱ ❚❤❡♦r❡♠ ✸✳✸✮✳ ◆♦t❡ t❤❛t ❢♦r t❤❡s❡ t❤r❡❡
r❡s✉❧ts✱ t❤❡ ❝♦♥❞✐t✐♦♥ N/p′ 6= 1 ✐s ❛❧✇❛②s ♥❡❝❡ss❛r②✳

◆♦✇✱ ✇❡ ❝❛♥ st✉❞② t❤❡ str♦♥❣ s♦❧✉t✐♦♥s ❢♦r t❤❡ ❝♦♠♣❧❡t❡ ♣r♦❜❧❡♠ (S+)✳ ❆s ❢♦r
t❤❡ ❣❡♥❡r❛❧✐③❡❞ s♦❧✉t✐♦♥s✱ ✇❡ ✇✐❧❧ s❤♦✇ t❤❛t ✐t ✐s ❡q✉✐✈❛❧❡♥t t♦ ❛♥ ❤♦♠♦❣❡♥❡♦✉s
♣r♦❜❧❡♠✱ s♦❧✈❡❞ ❜② Pr♦♣♦s✐t✐♦♥ ✺✳✶✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ✇❛s ❡st❛❜❧✐s❤❡❞ ✐♥
t❤❡ ❝❛s❡ N = 3✱ p = 2✱ ❜② ▼❛③✬②❛✲P❧❛♠❡♥❡✈s❦✐✟✙✲❙t✉♣②❛❧✐s ✭s❡❡ ❬✶✽❪✮✳

❚❤❡♦r❡♠ ✺✳✷✳ ❆ss✉♠❡ t❤❛t
N

p′
6= 1✳ ❋♦r ❛♥② f ∈ W

0, p
1 (RN

+ ), h ∈ W 1, p
1 (RN

+ )

❛♥❞ g ∈ W
2−1/p, p
1 (Γ)✱ ♣r♦❜❧❡♠ (S+) ❛❞♠✐ts ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ (u, π) ✇❤✐❝❤

❜❡❧♦♥❣s t♦ W
2, p
1 (RN

+ ) ×W 1, p
1 (RN

+ )✱ ✇✐t❤ t❤❡ ❡st✐♠❛t❡

‖u‖
W

2, p
1 (RN

+ ) + ‖π‖W 1, p
1 (RN

+ ) ≤

C
(

‖f‖
W

0, p
1 (RN

+ ) + ‖h‖W 1, p
1 (RN

+ ) + ‖g‖
W

2−1/p, p
1 (Γ)

)

.

Pr♦♦❢✳ ❍❡r❡ ❛❣❛✐♥✱ t❤❡ ❛r❣✉♠❡♥ts ❢♦r t❤❡ ❡st✐♠❛t❡ ❛r❡ ✉♥❝❤❛♥❣❡❞ ✇✐t❤ r❡s♣❡❝t
t♦ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✷✳ ❋♦r t❤❡ s✉r❥❡❝t✐✈✐t② ❛♥❞ t❤❡ ✉♥✐q✉❡♥❡ss✱ ♥♦t❡
t❤❛t t❤❡ ✐♠❜❡❞❞✐♥❣ W 0, p

1 (RN
+ ) →֒ W−1, p

0 (RN
+ ) ❤♦❧❞s ✐❢ N/p′ 6= 1✳ ▼♦r❡♦✈❡r✱ ✇❡

❤❛✈❡ W 1, p
1 (RN

+ ) →֒ Lp(RN
+ ) ❛♥❞ W

2−1/p, p
1 (Γ) →֒ W

1−1/p, p
0 (Γ)✳ ❚❤✉s✱ t❤❛♥❦s t♦

❚❤❡♦r❡♠ ✹✳✷✱ ✇❡ ❦♥♦✇ t❤❛t ♣r♦❜❧❡♠ (S+) ❛❞♠✐ts ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ (u, π) ∈
W

1, p
0 (RN

+ ) × Lp(RN
+ )✱ s❛t✐s❢②✐♥❣ t❤❡ ❡st✐♠❛t❡ ✭✹✳✶✸✮✳ ❚♦ s❤♦✇ t❤❛t (u, π) ∈

W
2, p
1 (RN

+ )×W 1, p
1 (RN

+ )✱ ✇❡ ✇❛♥t t♦ ✜♥❞ ❛♥ ❡①t❡♥s✐♦♥ f̃ ♦❢ f t♦ R
N ✱ s✉❝❤ t❤❛t

t❤❡ ♦rt❤♦❣♦♥❛❧✐t② ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ ❡①t❡♥❞❡❞ ♣r♦❜❧❡♠ t♦ t❤❡ ✇❤♦❧❡ s♣❛❝❡ (S̃)
❤♦❧❞s✳ ❚♦ t❤✐s ❡♥❞✱ ✇❡ st✐❧❧ ❝❛♥ ✇r✐t❡ f = div F✳ ■♥❞❡❡❞✱ ✐❢ N/p′ 6= 1✱ ❢♦r ❛♥②
f ∈ W

0, p
1 (RN

+ )✱ t❤❡ ❉✐r✐❝❤❧❡t ♣r♦❜❧❡♠

∆w = f ✐♥ R
N
+ , w = 0 ✐♥ Γ,

❛❞♠✐ts ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ w ∈ W
2, p
1 (RN

+ ) ✭s❡❡ ❬✺❪✱ ❚❤❡♦r❡♠ ✸✳✸✮✳ ❙♦✱ ✐❢ ✇❡

❝♦♥s✐❞❡r F = ∇w ∈ W
1, p
1 (RN

+ )
N
✱ ✇❡ ❤❛✈❡ f = div F✳ ◆♦✇✱ ✐t s✉✣❝❡s t♦ ❣♦

❜❛❝❦ t♦ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✷✳ ❍❡r❡ ❛❣❛✐♥✱ ✇❡ ❦♥♦✇ t❤❛t t❤❡r❡ ❡①✐sts ❛
❝♦♥t✐♥✉♦✉s ❧✐♥❡❛r ❡①t❡♥s✐♦♥ ♦♣❡r❛t♦r ❢r♦♠ W 1, p

1 (RN
+ ) t♦ W 1, p

1 (RN)✱ s♦ ✇❡ ❣❡t

f̃ = div F̃ ∈ W
0, p
1 (RN) ❛♥❞ h̃ ∈ W 1, p

1 (RN)✱ ❤❡♥❝❡ t❤❡ ❡①t❡♥❞❡❞ ♣r♦❜❧❡♠
(S̃)✱ ✇❤✐❝❤ ❤❛s✱ ❜② ❚❤❡♦r❡♠ ✷✳✹✱ ❛ s♦❧✉t✐♦♥ (ũ, π̃) ∈ W

2, p
1 (RN) ×W 1, p

1 (RN)✳

❚❤❡♥✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❡q✉✐✈❛❧❡♥t ♣r♦❜❧❡♠ (S♯) ✇✐t❤ g♯ ∈ W
2−1/p, p
1 (Γ) ❛♥❞ t❤✐s

♣r♦❜❧❡♠ ✐s s♦❧✈❡❞ ❜② Pr♦♣♦s✐t✐♦♥ ✺✳✶✳

❘❡♠❛r❦ ✺✳✸✳ ❚♦ ❣✐✈❡ ❛ ✈❛r✐❛♥t t♦ t❤✐s ♣r♦♦❢✱ ✇❡ ❛❧s♦ ❝❛♥ ❝♦♥s✐❞❡r t❤❡ ❡①t❡♥✲

✶✾



s✐♦♥ f̃ ∈ W
0, p
1 (RN) ♦❢ f t♦ R

N ❞❡✜♥❡❞ ❜②✿

f̃(x′, xN) =











f(x′, xN) ✐❢ xN > 0,

−f(x′, −xN) ✐❢ xN < 0,

❛♥❞ h̃ ∈ W 1, p
1 (RN) ❛♥ ❡①t❡♥s✐♦♥ ♦❢ h t♦ R

N ✳ ❚❤❡♥ ❜② ❚❤❡♦r❡♠ ✷✳✹✱ t❤❡r❡ ❡①✐sts
(ũ, π̃) s♦❧✉t✐♦♥ t♦ t❤❡ ♣r♦❜❧❡♠

(S̃) : −∆ũ + ∇π̃ = f̃ ❛♥❞ div ũ = h̃ ✐♥ R
N ,

♣r♦✈✐❞❡❞ t❤❡ ♦rt❤♦❣♦♥❛❧✐t② ❝♦♥❞✐t✐♦♥ f̃ ⊥ P [1−N/p′] ✐s ❢✉❧✜❧❧❡❞✳ ❍❡r❡ ❛❣❛✐♥✱ ✐❢
1 −N/p′ < 0 t❤✐s ❝♦♥❞✐t✐♦♥ ✈❛♥✐s❤❡s ❛♥❞ ✐❢ 1 −N/p′ > 0✱ ✇❡ ❤❛✈❡

∀i = 1, . . . , N,
∫

RN
f̃ i(x

′, xN) ❞x = 0.

❚❤✉s t❤❡ ♦rt❤♦❣♦♥❛❧✐t② ❝♦♥❞✐t✐♦♥ ❤♦❧❞s✳ ❚❤❡ r❡st ♦❢ t❤❡ ♣r♦♦❢ ✐s ✐❞❡♥t✐❝❛❧✳ �

❘❡♠❛r❦ ✺✳✹✳ ❙✐♠✐❧❛r❧② t♦ ❘❡♠❛r❦ ✹✳✸✱ ✇❡ ❝♦✉❧❞ s❤♦✇ t❤❛t ✉♥❞❡r ❤②♣♦t❤❡s❡s
♦❢ ❚❤❡♦r❡♠ ✺✳✷ ❛♥❞ ✐❢ ♠♦r❡♦✈❡r f ∈ W

0, q
1 (RN

+ )✱ h ∈ W 1, q
1 (RN

+ ) ❛♥❞ g ∈

W
2−1/q, q
1 (Γ)✱ ✇✐t❤ ❛♥ ❛r❜✐tr❛r② r❡❛❧ ♥✉♠❜❡r q > 1✱ t❤❡♥ t❤❡ s♦❧✉t✐♦♥ (u, π)

❣✐✈❡♥ ❜② ❚❤❡♦r❡♠ ✹✳✷ ✈❡r✐❢②✱ ❜❡s✐❞❡s✱ (u, π) ∈ W
2, q
1 (RN

+ ) ×W 1, q
1 (RN

+ )✳ �

❲❡ ✇✐❧❧ ♥♦✇ ❡st❛❜❧✐s❤ ❛ ❣❧♦❜❛❧ r❡❣✉❧❛r✐t② r❡s✉❧t ♦❢ s♦❧✉t✐♦♥s t♦ t❤❡ ❙t♦❦❡s
s②st❡♠ (S+)✱ ✇❤✐❝❤ ✐♥❝❧✉❞❡s t❤❡ ❝❛s❡ ♦❢ str♦♥❣ s♦❧✉t✐♦♥s ❛♥❞ ✇❤✐❝❤ r❡sts ♦♥
❚❤❡♦r❡♠ ✹✳✷ ❛♥❞ ❛ r❡❣✉❧❛r✐t② ❛r❣✉♠❡♥t✳

❈♦r♦❧❧❛r② ✺✳✺✳ ▲❡t m ∈ N ❛♥❞ ❛ss✉♠❡ t❤❛t
N

p′
6= 1 ✐❢ m ≥ 1✳ ❋♦r ❛♥②

f ∈ W m−1, p
m (RN

+ ), h ∈ Wm, p
m (RN

+ ) ❛♥❞ g ∈ W m+1−1/p, p
m (Γ)✱ ♣r♦❜❧❡♠ (S+)

❛❞♠✐ts ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ (u, π) ∈ W m+1, p
m (RN

+ )×Wm, p
m (RN

+ )✱ ✇✐t❤ t❤❡ ❡st✐♠❛t❡

‖u‖
W

m+1, p
m (RN

+ ) + ‖π‖W m, p
m (RN

+ ) ≤

C
(

‖f‖
W

m−1, p
m (RN

+ ) + ‖h‖W m, p
m (RN

+ ) + ‖g‖
W

m+1−1/p, p
m (Γ)

)

.

Pr♦♦❢✳ ❙✐♥❝❡ ✇❡ ❤❛✈❡ Wm−1, p
m (RN

+ ) →֒ W−1, p
0 (RN

+ )✱ Wm, p
m (RN

+ ) →֒ Lp(RN
+ ) ❛♥❞

Wm+1−1/p, p
m (Γ) →֒ W

1−1/p, p
0 (Γ)✱ t❤❛♥❦s t♦ ❚❤❡♦r❡♠ ✹✳✷✱ ✇❡ ❦♥♦✇ t❤❛t ♣r♦❜❧❡♠

(S+) ❛❞♠✐ts ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ (u, π) ∈ W
1, p
0 (RN

+ ) × Lp(RN
+ )✳ ❲❡ ✇✐❧❧ s❤♦✇

❜② ✐♥❞✉❝t✐♦♥ t❤❛t

(f , h, g) ∈ W m−1, p
m (RN

+ ) ×Wm, p
m (RN

+ ) × W m+1−1/p, p
m (Γ)

⇒ (u, π) ∈ W m+1, p
m (RN

+ ) ×Wm, p
m (RN

+ ).
✭✺✳✶✮

❋♦r m = 0✱ ✭✺✳✶✮ ✐s tr✉❡✳ ❆ss✉♠❡ t❤❛t ✭✺✳✶✮ ✐s tr✉❡ ❢♦r 0, 1, . . . ,m ❛♥❞ s✉♣♣♦s❡

t❤❛t (f , h, g) ∈ W
m, p
m+1(R

N
+ ) × Wm+1, p

m+1 (RN
+ ) × W

m+2−1/p, p
m+1 (Γ)✳ ▲❡t✬s ♣r♦✈❡

✷✵



t❤❛t (u, π) ∈ W
m+2, p
m+1 (RN

+ )×Wm+1, p
m+1 (RN

+ )✳ ❙✐♥❝❡Wm, p
m+1(R

N
+ ) →֒ Wm−1, p

m (RN
+ )✱

Wm+1, p
m+1 (RN

+ ) →֒ Wm, p
m (RN

+ ) ❛♥❞ W
m+2−1/p, p
m+1 (Γ) →֒ Wm+1−1/p, p

m (Γ)✱ ✇❡ ❦♥♦✇
t❤❛t (u, π) ∈ W m+1, p

m (RN
+ ) ×Wm, p

m (RN
+ ) t❤❛♥❦s t♦ t❤❡ ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s✳

◆♦✇✱ ❢♦r ❛♥② i ∈ {1, . . . , N − 1}✱ ✇❡ ❤❛✈❡

−∆(̺ ∂iu) + ∇(̺ ∂iπ)

= ̺ ∂if +
2

̺
x.∇∂iu +

(

N − 1

̺
+

1

̺3

)

∂iu +
1

̺
x ∂iπ.

❚❤✉s✱ −∆(̺ ∂iu) + ∇(̺ ∂iπ) ∈ W m−1, p
m (RN

+ )✳ ▼♦r❡♦✈❡r✱

div(̺ ∂iu) =
1

̺
x ∂iu + ̺ ∂ih.

❚❤✉s✱ div(̺ ∂iu) ∈ Wm, p
m (RN

+ )✳ ❲❡ ❛❧s♦ ❤❛✈❡ γ0(̺ ∂iu) = ̺′ ∂iγ0u = ̺′ ∂ig ∈

W m+1−1/p, p
m (Γ)✳ ❙♦✱ ❜② ✐♥❞✉❝t✐♦♥ ❤②♣♦t❤❡s✐s✱ ✇❡ ❝❛♥ ❞❡❞✉❝❡ t❤❛t

∀i ∈ {1, . . . , N − 1}, (∂iu, ∂iπ) ∈ W
m+1, p
m+1 (RN

+ ) ×Wm, p
m+1(R

N
+ ).

■t r❡♠❛✐♥s t♦ ♣r♦✈❡ t❤❛t (∂Nu, ∂Nπ) ∈ W
m+1, p
m+1 (RN

+ ) ×Wm, p
m+1(R

N
+ )✳ ❋♦r t❤❛t✱

❧❡t✬s ♦❜s❡r✈❡ t❤❛t ❢♦r ❛♥② i ∈ {1, . . . , N − 1}✱ ✇❡ ❤❛✈❡

∂i∂Nu = ∂N∂iu ∈ W
m, p
m+1(R

N
+ ),

∂2
Nui = −∆′ui + ∂iπ − fi ∈ Wm, p

m+1(R
N
+ ),

∂2
NuN = ∂Nh− ∂N div′ u′ ∈ Wm, p

m+1(R
N
+ ),

∂Nπ = fN + ∆uN ∈ Wm, p
m+1(R

N
+ ).

❍❡♥❝❡✱ ∇(∂Nu) ∈ W
m, p
m+1(R

N
+ )

N
❛♥❞ ❦♥♦✇✐♥❣ t❤❛t ∂Nu ∈ W m, p

m (RN
+ )✱ ✇❡ ❝❛♥

❞❡❞✉❝❡ t❤❛t ∂Nu ∈ W
m+1, p
m+1 (RN

+ )✱ ❛❝❝♦r❞✐♥❣ t♦ ❞❡✜♥✐t✐♦♥ ✭✷✳✶✮✳ ❈♦♥s❡q✉❡♥t❧②✱

✇❡ ❤❛✈❡ ∇u ∈ W
m+1, p
m+1 (RN

+ )
N
✳ ▲✐❦❡✇✐s❡✱ ✇❡ ❤❛✈❡ ∇π ∈ W

m, p
m+1(R

N
+ )✳ ❋✐♥❛❧❧②✱

✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t (u, π) ∈ W
m+2, p
m+1 (RN

+ ) ×Wm+1, p
m+1 (RN

+ )✳

◆♦✇✱ ✇❡ ❡①❛♠✐♥❡ t❤❡ ❜❛s✐❝ ❝❛s❡ ℓ = −1✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ f ∈ Lp(RN
+ )✳ ▼♦r❡

♣r❡❝✐s❡❧②✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❚❤❡♦r❡♠ ✺✳✷✿

❚❤❡♦r❡♠ ✺✳✻✳ ❋♦r ❛♥② f ∈ Lp(RN
+ ), h ∈ W 1, p

0 (RN
+ ) ❛♥❞ g ∈ W

2−1/p, p
0 (Γ)✱

♣r♦❜❧❡♠ (S+) ❛❞♠✐ts ❛ s♦❧✉t✐♦♥ (u, π) ∈ W
2, p
0 (RN

+ ) × W 1, p
0 (RN

+ )✱ ✉♥✐q✉❡ ✐❢
N > p✱ ✉♥✐q✉❡ ✉♣ t♦ ❛♥ ❡❧❡♠❡♥t ♦❢ (R xN)N−1 × {0} × R ✐❢ N ≤ p✱ ✇✐t❤ t❤❡
❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡ ✐❢ N ≤ p ✭❡❧✐♠✐♥❛t❡ (λ, µ) ✐❢ N > p✮✿

inf
(λ, µ)∈(R xN )N−1×{0}×R

(

‖u + λ‖
W

2, p
0 (RN

+ ) + ‖π + µ‖W 1, p
0 (RN

+ )

)

≤

C
(

‖f‖L
p(RN

+ ) + ‖h‖W 1, p
0 (RN

+ ) + ‖g‖
W

2−1/p, p
0 (Γ)

)

.

✷✶



Pr♦♦❢✳ ❚❤❡ ✐❞❡❛ ✐s t♦ ❣♦ ❜❛❝❦ t♦ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✷ ❛♥❞ ✇❡ ✇✐❧❧ t❤r♦✇
❧✐❣❤t ♦♥ t❤❡ ♠♦❞✐✜❝❛t✐♦♥s✳ ■♥ ❝♦♥tr❛st t♦ ❚❤❡♦r❡♠ ✺✳✷✱ t❤❡ ❡①t❡♥s✐♦♥ f̃ ♦❢
f ✐s ♦❢ ♥♦ ✐♠♣♦rt❛♥❝❡ ❜❡❝❛✉s❡ t❤❡r❡ ✐s ♥♦ ♦rt❤♦❣♦♥❛❧✐t② ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡
❡①t❡♥❞❡❞ ♣r♦❜❧❡♠ (S̃) ✭s❡❡ ❚❤❡♦r❡♠ ✷✳✹✮✳ ❚❤❡♥✱ ✇❡ ❣❡t t❤❡ r❡❞✉❝❡❞ ♣r♦❜❧❡♠
(S♯)✳ ◆♦✇✱ t♦ s♦❧✈❡ (S♯)✱ t❤✐s ✐s t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✶✳ Pr♦❜❧❡♠ (P)
②✐❡❧❞s ❛ ✉♥✐q✉❡ uN ∈ W 2, p

0 (RN
+ )✱ ♣r♦❜❧❡♠ (Q) ❣✐✈❡s π ∈ W 1, p

0 (RN
+ ) ✉♥✐q✉❡ ✉♣

t♦ ❛♥ ❡❧❡♠❡♥t ♦❢ N∆
[1−N/p]❀ ❛♥❞ (R) ②✐❡❧❞s u′ ∈ W 2, p

0 (RN
+ )

N−1
✉♥✐q✉❡ ✉♣ t♦ ❛♥

❡❧❡♠❡♥t ♦❢ (A∆
[2−N/p])

N−1
✳ ❚❤❡ ♣♦✐♥t ✸✮ ♦❢ t❤❡ ♣r♦♦❢ ✐s ✐❞❡♥t✐❝❛❧ ❢♦r ❛❧❧ N ❛♥❞

p ✭t❤❡ ❦❡r♥❡❧s ♦❢ t❤❡ t✇♦ ❉✐r✐❝❤❧❡t ♣r♦❜❧❡♠s ❛r❡ ❛❧✇❛②s r❡❞✉❝❡❞ t♦ ③❡r♦✮✳ ❚❤❡
❧❛st ♣♦✐♥t ❝♦♥❝❡r♥s t❤❡ ❦❡r♥❡❧ ♦❢ t❤❡ ♦♣❡r❛t♦r ❛ss♦❝✐❛t❡❞ t♦ t❤✐s ♣r♦❜❧❡♠✳ ■❢
N > p✱ ✐t ✐s ❝❧❡❛r❧② r❡❞✉❝❡❞ t♦ ③❡r♦ ❛♥❞ ✐❢ N ≤ p✱ ✇❡ ❤❛✈❡ A∆

[2−N/p] = R xN

❛♥❞ N∆
[1−N/p] = P[1−N/p] = R✳

❚❤❛♥❦s t♦ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✐♠❜❡❞❞✐♥❣s✱ ✇❡ ❝❛♥ ❣✐✈❡ ❛ r❡❣✉❧❛r✐t② r❡s✉❧t ✇✐t❤
t❤❡ s❛♠❡ ♣r♦♦❢ ❛s ❈♦r♦❧❧❛r② ✺✳✺✳

❈♦r♦❧❧❛r② ✺✳✼✳ ▲❡t m ∈ N✳ ❋♦r ❛♥② f ∈ W m, p
m (RN

+ ), h ∈ Wm+1, p
m (RN

+ ) ❛♥❞

g ∈ W m+2−1/p, p
m (Γ)✱ ♣r♦❜❧❡♠ (S+) ❛❞♠✐ts ❛ s♦❧✉t✐♦♥ (u, π) ∈ W m+2, p

m (RN
+ )×

Wm+1, p
m (RN

+ )✱ ✉♥✐q✉❡ ✐❢ N > p✱ ✉♥✐q✉❡ ✉♣ t♦ ❛♥ ❡❧❡♠❡♥t ♦❢ (R xN)N−1×{0}×R

✐❢ N ≤ p✱ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡ ✐❢ N ≤ p ✭❡❧✐♠✐♥❛t❡ (λ, µ) ✐❢ N > p✮✿

inf
(λ, µ)∈(R xN )N−1×{0}×R

(

‖u + λ‖
W

m+2, p
m (RN

+ ) + ‖π + µ‖W m+1, p
m (RN

+ )

)

≤

C
(

‖f‖W
m, p
m (RN

+ ) + ‖h‖W m+1, p
m (RN

+ ) + ‖g‖
W

m+2−1/p, p
m (Γ)

)

.

✻ ❱❡r② ✇❡❛❦ s♦❧✉t✐♦♥s ❢♦r t❤❡ ❙t♦❦❡s s②st❡♠

❚❤❡ ❛✐♠ ♦❢ t❤✐s s❡❝t✐♦♥ ✐s t♦ st✉❞② t❤❡ ❙t♦❦❡s ♣r♦❜❧❡♠ ✇✐t❤ s✐♥❣✉❧❛r ❞❛t❛
♦♥ t❤❡ ❜♦✉♥❞❛r②✳ ❆t ✜rst✱ ✇❡ ♠✉st ❣✐✈❡ ❛ ♠❡❛♥✐♥❣ t♦ s✐♥❣✉❧❛r ❞❛t❛ ❢♦r t❤❡
❙t♦❦❡s ♣r♦❜❧❡♠ ✐♥ t❤❡ ❤❛❧❢✲s♣❛❝❡✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ ✇❛♥t t♦ s❤♦✇ t❤❛t ❛
❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ♦❢ t❤❡ ❢♦r♠ g ∈ W

−1/p, p
ℓ−1 (Γ) ✐s ♠❡❛♥✐♥❣❢✉❧✳ ■♥ ♠✐♥❞ ♦❢

t❤✐s ♣❛♣❡r✱ ✇❡ ❧✐♠✐t ♦✉rs❡❧✈❡s t♦ t❤❡ t✇♦ ❝❛s❡s ℓ = 0 ♦r ℓ = 1✱ ✐✳❡✳ t♦ g ∈
W

−1/p, p
−1 (Γ) ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛ s♦❧✉t✐♦♥ (u, π) ∈ W

0, p
−1 (RN

+ )×W−1, p
−1 (RN

+ )✱ ♦r

g ∈ W
−1/p, p
0 (Γ) ❝♦rr❡s♣♦♥❞✐♥❣ t♦ (u, π) ∈ Lp(RN

+ )×W−1, p
0 (RN

+ )✳ ■♥ t❤❛t ✇❛②✱
❢♦r ❡✈❡r② ℓ ∈ Z✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ s♣❛❝❡

M ℓ(R
N
+ ) =

{

u ∈ W
2, p′

−ℓ+1(R
N
+ ); u = 0 ❛♥❞ div u = 0 ♦♥ Γ

}

.

▲❡♠♠❛ ✻✳✶✳ ❋♦r ❛♥② ℓ ∈ Z✱ ✇❡ ❤❛✈❡ t❤❡ ✐❞❡♥t✐t②

M ℓ(R
N
+ ) =

{

u ∈ W
2, p′

−ℓ+1(R
N
+ ); u = 0 ❛♥❞ ∂NuN = 0 ♦♥ Γ

}

✭✻✳✶✮

✷✷



❛♥❞ t❤❡ r❛♥❣❡ s♣❛❝❡ ♦❢ t❤❡ ♥♦r♠❛❧ ❞❡r✐✈❛t✐✈❡ γ1 : M ℓ(R
N
+ ) → W

1/p, p′

−ℓ+1 (Γ) ✐s

Zℓ(Γ) =
{

w ∈ W
1/p, p′

−ℓ+1 (Γ); wN = 0 ♦♥ Γ
}

. ✭✻✳✷✮

Pr♦♦❢✳ ▲❡t u ∈ W
2, p′

−ℓ+1(R
N
+ ) s✉❝❤ t❤❛t u = 0 ♦♥ Γ✳ ❚❤❡♥ div u = ∂NuN ♦♥ Γ

❛♥❞ t❤❡ ✐❞❡♥t✐t② ✭✻✳✶✮ ❤♦❧❞s✳

▼♦r❡♦✈❡r✱ ✐t ✐s ❝❧❡❛r t❤❛t Im γ1 ⊂ Zℓ(Γ)✳ ❈♦♥✈❡rs❡❧②✱ ❣✐✈❡♥ w ∈ Zℓ(Γ)✱ ❜②

▲❡♠♠❛ ✷✳✷✱ t❤❡r❡ ❡①✐sts u ∈ W
2, p′

−ℓ+1(R
N
+ ) s✉❝❤ t❤❛t u = 0 ❛♥❞ ∂Nu = w ♦♥

Γ✳ ❙✐♥❝❡ wN = 0 ♦♥ Γ✱ ✇❡ ❤❛✈❡ u ∈ M ℓ(R
N
+ ) ❛♥❞ w ∈ Im γ1✳

❋♦r ❛♥② ♦♣❡♥ s✉❜s❡t Ω ♦❢ R✱ ✇❡ ❛❧s♦ ❞❡✜♥❡ t❤❡ s♣❛❝❡

W
1, p′

−ℓ (div; Ω) =
{

v ∈ W
1, p′

−ℓ (Ω); div v ∈ W 1, p′

−ℓ+1(Ω)
}

,

✇❤✐❝❤ ✐s ❛ r❡✢❡①✐✈❡ ❇❛♥❛❝❤ s♣❛❝❡ ❢♦r t❤❡ ♥♦r♠

‖v‖
W

1, p′

−ℓ
(div; Ω)

= ‖v‖
W

1, p′

−ℓ
(Ω)

+ ‖ div v‖
W 1, p′

−ℓ+1
(Ω)

;

❛♥❞ t❤❡ ❢♦❧❧♦✇✐♥❣ s✉❜s♣❛❝❡ ♦❢ W
1, p′

−ℓ (div; R
N
+ )

Xℓ(R
N
+ ) =

{

v ∈
◦

W
1, p′

−ℓ (RN
+ ); div v ∈

◦
W

1, p′

−ℓ+1(R
N
+ )
}

.

▲❡♠♠❛ ✻✳✷✳ ❋♦r ❛♥② ℓ ∈ Z✱ t❤❡ s♣❛❝❡ D(RN
+ ) ✐s ❞❡♥s❡ ✐♥ Xℓ(R

N
+ )✳

Pr♦♦❢✳ ▲❡t v ∈ Xℓ(R
N
+ ) ❛♥❞ ṽ t❤❡ ❡①t❡♥s✐♦♥ ❜② 0 ♦❢ v t♦ R

N ✱ t❤❡♥ ✇❡ ❤❛✈❡

ṽ ∈ W
1, p′

−ℓ (div; R
N)✳

❲❡ ❜❡❣✐♥ t♦ ❛♣♣❧② t❤❡ ❝✉t ♦✛ ❢✉♥❝t✐♦♥s φk✱ ❞❡✜♥❡❞ ♦♥ R
N ❢♦r ❛♥② k ∈ N✱ ❜②

φk(x) =















φ

(

k

ln |x|

)

, ✐❢ |x| > 1,

1, ♦t❤❡r✇✐s❡,

✇❤❡r❡ φ ∈ C∞([0, ∞[) ✐s s✉❝❤ t❤❛t

φ(t) = 0, ✐❢ t ∈ [0, 1]; 0 ≤ φ(t) ≤ 1, ✐❢ t ∈ [1, 2]; φ(t) = 1, ✐❢ t ≥ 2.

◆♦t❡ t❤❛t t❤✐s tr✉♥❝❛t✐♦♥ ♣r♦❝❡ss ✐s ❛❞❛♣t❡❞ t♦ t❤❡ ❧♦❣❛r✐t❤♠✐❝ ✇❡✐❣❤ts ✭s❡❡
▲❡♠♠❛ ✼✳✶ ✐♥ ❬✸❪✮✳ ❚❤❡♥ ✇❡ ❤❛✈❡

φk ṽ = ṽk →
k→∞

ṽ ✐♥ W
1, p′

−ℓ (RN)

❛♥❞
div(φk ṽ) = φk div ṽ + ṽ · ∇φk →

k→∞
div ṽ ✐♥ W 1, p′

−ℓ+1(R
N).

✷✸



◆♦✇✱ ❢♦r ❛♥② r❡❛❧ ♥✉♠❜❡r θ > 0 ❛♥❞ x ∈ R
N ✱ ✇❡ s❡t ṽk, θ(x) = ṽk(x − θ eN)✳

❚❤❡♥ ṽk, θ ∈ W
1, p′

−ℓ (div; R
N) ❛♥❞ supp ṽk, θ ✐s ❝♦♠♣❛❝t ✐♥ R

N
+ ✱ ♠♦r❡♦✈❡r

lim
θ→0

ṽk, θ = ṽk ✐♥ W
1, p′

−ℓ (div; R
N).

❈♦♥s❡q✉❡♥t❧②✱ ❢♦r ❛♥② r❡❛❧ ♥✉♠❜❡r ε > 0 s♠❛❧❧ ❡♥♦✉❣❤✱ ρε ∗ ṽk, θ ∈ D(RN
+ ) ❛♥❞

lim
ε→0

lim
θ→0

lim
k→∞

ρε ∗ ṽk, θ = ṽ ✐♥ W
1, p′

−ℓ (div; R
N),

✇❤❡r❡ ρε ✐s ❛ ♠♦❧❧✐✜❡r✳

▲❡t X ′
ℓ(R

N
+ ) ❜❡ t❤❡ ❞✉❛❧ s♣❛❝❡ ♦❢ Xℓ(R

N
+ )✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ s♣❛❝❡s✿

T ℓ(R
N
+ ) =

{

v ∈ W
0, p
ℓ−1(R

N
+ ); ∆v ∈ X ′

ℓ(R
N
+ )
}

,

T ℓ, σ(RN
+ ) =

{

v ∈ T ℓ(R
N
+ ); div v = 0 ✐♥ R

N
+

}

,

✇❤✐❝❤ ❛r❡ r❡✢❡①✐✈❡ ❇❛♥❛❝❤ s♣❛❝❡s ❢♦r t❤❡ ♥♦r♠

‖v‖T ℓ(R
N
+ ) = ‖v‖

W
0, p
ℓ−1

(RN
+ ) + ‖∆v‖X

′

ℓ(R
N
+ ),

✇❤❡r❡ ‖ · ‖X
′

ℓ(R
N
+ ) ❞❡♥♦t❡s t❤❡ ❞✉❛❧ ♥♦r♠ ♦❢ t❤❡ s♣❛❝❡ X ′

ℓ(R
N
+ )✳

▲❡♠♠❛ ✻✳✸✳ ▲❡t ℓ ∈ Z✳ ❯♥❞❡r ❤②♣♦t❤❡s✐s ✭✸✳✶✮✱ t❤❡ s♣❛❝❡ D

(

RN
+

)

✐s ❞❡♥s❡

✐♥ T ℓ(R
N
+ )✳

Pr♦♦❢✳ ❋♦r ❡✈❡r② ❝♦♥t✐♥✉♦✉s ❧✐♥❡❛r ❢♦r♠ z ∈
(

T ℓ(R
N
+ )
)′
✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡

♣❛✐r (f , g) ∈ W
0, p′

−ℓ+1(R
N
+ ) × Xℓ(R

N
+ )✱ s✉❝❤ t❤❛t

∀v ∈ T ℓ(R
N
+ ), 〈z,v〉 =

∫

RN
+

f · v ❞x+ 〈∆v, g〉
X

′

ℓ(R
N
+ )×Xℓ(R

N
+ ) . ✭✻✳✸✮

❚❤❛♥❦s t♦ t❤❡ ❍❛❤♥✲❇❛♥❛❝❤ t❤❡♦r❡♠✱ ✐t s✉✣❝❡s t♦ s❤♦✇ t❤❛t ❛♥② z ✇❤✐❝❤
✈❛♥✐s❤❡s ♦♥ D

(

RN
+

)

✐s ❛❝t✉❛❧❧② ③❡r♦ ♦♥ T ℓ(R
N
+ )✳ ▲❡t✬s s✉♣♣♦s❡ t❤❛t z = 0 ♦♥

D

(

RN
+

)

✱ t❤✉s ♦♥ D(RN
+ )✳ ❚❤❡♥ ✇❡ ❝❛♥ ❞❡❞✉❝❡ ❢r♦♠ ✭✻✳✸✮ t❤❛t

f + ∆g = 0 ✐♥ R
N
+ ,

❤❡♥❝❡ ✇❡ ❤❛✈❡ ∆g ∈ W
0, p′

−ℓ+1(R
N
+ )✱ g ∈

◦
W

1, p′

−ℓ (RN
+ ) ❛♥❞ div g ∈

◦
W

1, p′

−ℓ+1(R
N
+ )✳

▲❡t f̃ ∈ W
0, p′

−ℓ+1(R
N) ❛♥❞ g̃ ∈ W

1, p′

−ℓ (RN) ❜❡ r❡s♣❡❝t✐✈❡❧② t❤❡ ❡①t❡♥s✐♦♥s ❜②

0 ♦❢ f ❛♥❞ g t♦ R
N ✳ ❋r♦♠ ✭✻✳✸✮✱ ✇❡ ❣❡t f̃ + ∆g̃ = 0 ✐♥ R

N ✱ ❛♥❞ t❤✉s ∆g̃ ∈

W
0, p′

−ℓ+1(R
N)✳ ◆♦✇✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ✐s♦♠♦r♣❤✐s♠ r❡s✉❧ts ❢♦r ∆ ✐♥ R

N ✭s❡❡ ❬✹❪✮✱

✇❡ ❝❛♥ ❞❡❞✉❝❡ t❤❛t g̃ ∈ W
2, p′

−ℓ+1(R
N)✱ ✉♥❞❡r ❤②♣♦t❤❡s✐s ✭✸✳✶✮✳ ❙✐♥❝❡ g̃ ✐s ❛♥

✷✹



❡①t❡♥s✐♦♥ ❜② 0✱ ✐t ❢♦❧❧♦✇s t❤❛t g ∈
◦

W
2, p′

−ℓ+1(R
N
+ )✳ ❚❤❡♥✱ ❜② ❞❡♥s✐t② ♦❢ D(RN

+ )

✐♥
◦

W
2, p′

−ℓ+1(R
N
+ )✱ t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ (ϕk)k∈N ⊂ D(RN

+ ) s✉❝❤ t❤❛t ϕk → g

✐♥ W
2, p′

−ℓ+1(R
N
+ )✳ ❚❤✉s✱ ❢♦r ❛♥② v ∈ T ℓ(R

N
+ )✱ ✇❡ ❤❛✈❡

〈z,v〉 = −
∫

RN
+

v · ∆g ❞x+ 〈∆v, g〉
X

′

ℓ(R
N
+ )×Xℓ(R

N
+ )

= lim
k→∞

{

−
∫

RN
+

v · ∆ϕk ❞x+ 〈∆v,ϕk〉D′(RN
+ )×D(RN

+ )

}

= 0,

✐✳❡✳ z ✐s ✐❞❡♥t✐❝❛❧❧② ③❡r♦✳

❲❡ ❛❧s♦ ❝❛♥ s❤♦✇ t❤❛t✱ ✉♥❞❡r ❤②♣♦t❤❡s✐s ✭✸✳✶✮✱
{

v ∈ D

(

RN
+

)

; div v = 0
}

✐s

❞❡♥s❡ ✐♥ T ℓ, σ(RN
+ )✳ ❚♦ st✉❞② t❤❡ tr❛❝❡s ♦❢ ❢✉♥❝t✐♦♥s ✇❤✐❝❤ ❜❡❧♦♥❣ t♦ T ℓ, σ(RN

+ )✱
✇❡ s❡t

W
0, p
ℓ (div; R

N
+ ) =

{

v ∈ W
0, p
ℓ−1(R

N
+ ); div v ∈ W 0, p

ℓ (RN
+ )
}

❛♥❞ t❤❡✐r ♥♦r♠❛❧ tr❛❝❡ ❛r❡ ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✿

▲❡♠♠❛ ✻✳✹✳ ❆ss✉♠❡ t❤❛t ℓ ∈ Z ✇✐t❤ N/p′ 6= ℓ✳ ❚❤❡ ❧✐♥❡❛r ♠❛♣♣✐♥❣

γeN
: D

(

RN
+

)

−→ D(RN−1)

v 7−→ vN |Γ,

❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ ❛ ❧✐♥❡❛r ❝♦♥t✐♥✉♦✉s ♠❛♣♣✐♥❣

γeN
: W

0, p
ℓ (div; R

N
+ ) −→ W

−1/p, p
ℓ−1 (Γ).

▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ t❤❡ ●r❡❡♥ ❢♦r♠✉❧❛✿

∀v ∈ W
0, p
ℓ (div; R

N
+ ), ∀ϕ ∈ W 1, p′

−ℓ+1(R
N
+ ),

∫

RN
+

v · ∇ϕ ❞x+
∫

RN
+

ϕ div v ❞x = −〈vN , ϕ〉W−1/p, p
ℓ−1

(Γ)×W
1/p, p′

−ℓ+1
(Γ)
.

✭✻✳✹✮

Pr♦♦❢✳ ◆♦t❡ t❤❛t t❤❡ ❛ss✉♠♣t✐♦♥ N/p′ 6= ℓ ✐s ♥❡❝❡ss❛r② ❢♦r t❤❡ ✐♠❜❡❞❞✐♥❣

W 1, p′

−ℓ+1(R
N
+ ) →֒ W 0, p′

−ℓ (RN
+ )✱ ✇❤✐❝❤ ✐s ✉♥❞❡r❧②✐♥❣ ✐♥ t❤❡ ●r❡❡♥ ❢♦r♠✉❧❛✳ ❲❡ ✇✐❧❧

s❤♦✇ ✐♥ r❡♠❛r❦ ❤♦✇ t♦ ❞♦ ✇✐t❤♦✉t✳

❍❡r❡ ❛❣❛✐♥✱ ✇❡ ❝❛♥ s❤♦✇ ❜② tr✉♥❝❛t✐♦♥ ❛♥❞ r❡❣✉❧❛r✐③❛t✐♦♥ t❤❛t D

(

RN
+

)

✐s

❞❡♥s❡ ✐♥ W
0, p
ℓ (div; R

N
+ ) ❛s ✐♥ ❬✸❪✳

▲❡t v ∈ D

(

RN
+

)

❛♥❞ ϕ ∈ D
(

RN
+

)

✱ t❤❡♥ ❢♦r♠✉❧❛ ✭✻✳✹✮ ♦❜✈✐♦✉s❧② ❤♦❧❞s✳ ❙✐♥❝❡

✷✺



D
(

RN
+

)

✐s ❞❡♥s❡ ✐♥ W 1, p′

−ℓ+1(R
N
+ ) ❛♥❞ t❤❡ ♠❛♣♣✐♥❣

γ0 : W 1, p′

−ℓ+1(R
N
+ ) −→ W

1/p, p′

−ℓ+1 (Γ)

ϕ 7−→ ϕ|Γ

✐s ❝♦♥t✐♥✉♦✉s✱ ❢♦r♠✉❧❛ ✭✻✳✹✮ ❤♦❧❞s ❢♦r ❡✈❡r② v ∈ D

(

RN
+

)

❛♥❞ ϕ ∈ W 1, p′

−ℓ+1(R
N
+ )✳

❇② ▲❡♠♠❛ ✷✳✷✱ ❢♦r ❡✈❡r② µ ∈ W
1/p, p′

−ℓ+1 (Γ)✱ t❤❡r❡ ❡①✐sts ϕ ∈ W 1, p′

−ℓ+1(R
N
+ ) s✉❝❤

t❤❛t ϕ = µ ♦♥ Γ✱ ✇✐t❤ ‖ϕ‖
W 1, p′

−ℓ+1
(RN

+ )
≤ C ‖µ‖

W
1/p, p′

−ℓ+1
(Γ)

✳ ❈♦♥s❡q✉❡♥t❧②✱

∣

∣

∣

∣

〈vN , µ〉W−1/p, p
ℓ−1

(Γ)×W
1/p, p′

−ℓ+1
(Γ)

∣

∣

∣

∣

≤ C ‖v‖
W

0, p
ℓ

(div; RN
+ ) ‖µ‖W

1/p, p′

−ℓ+1
(Γ)
.

❚❤✉s

‖vN‖W
−1/p, p
ℓ−1

(Γ)
≤ C ‖v‖

W
0, p
ℓ

(div; RN
+ ).

❲❡ ❝❛♥ ❞❡❞✉❝❡ t❤❛t t❤❡ ❧✐♥❡❛r ♠❛♣♣✐♥❣ γeN
✐s ❝♦♥t✐♥✉♦✉s ❢♦r t❤❡ ♥♦r♠ ♦❢

W
0, p
ℓ (div; R

N
+ )✳ ❙✐♥❝❡ D

(

RN
+

)

✐s ❞❡♥s❡ ✐♥ W
0, p
ℓ (div; R

N
+ )✱ γeN

❝❛♥ ❜❡ ❡①t❡♥❞❡❞

❜② ❝♦♥t✐♥✉✐t② t♦ γeN
∈ L

(

W
0, p
ℓ (div; R

N
+ ); W

−1/p, p
ℓ−1 (Γ)

)

❛♥❞ ❢♦r♠✉❧❛ ✭✻✳✹✮

❤♦❧❞s ❢♦r ❛❧❧ v ∈ W
0, p
ℓ (div; R

N
+ ) ❛♥❞ ϕ ∈ W 1, p′

−ℓ+1(R
N
+ )✳

❘❡♠❛r❦ ✻✳✺✳ ■❢ N/p′ = ℓ✱ t❤❡ ✐♠❜❡❞❞✐♥❣W 1, p′

−ℓ+1(R
N
+ ) →֒ W 0, p′

−ℓ (RN
+ ) ❢❛✐❧s✱ ❜✉t

✐♥ t❤❛t ❝❛s❡ ✇❡ ❤❛✈❡W 1, p′

−ℓ+1(R
N
+ ) →֒ W 0, p′

−ℓ,−1(R
N
+ )✳ ❚❤✉s✱ ✐t s✉✣❝❡s t♦ ✐♥tr♦❞✉❝❡

t❤❡ s♣❛❝❡ W
0, p
ℓ, 1(div; R

N
+ ) =

{

v ∈ W
0, p
ℓ−1(R

N
+ ); div v ∈ W 0, p

ℓ, 1 (RN
+ )
}

✐♥st❡❛❞ ♦❢

W
0, p
ℓ (div; R

N
+ )✳ ❚❤❡♥✱ ✇✐t❤ t❤❡ s❛♠❡ ♣r♦♦❢✱ ✇❡ ❝❛♥ s❤♦✇ t❤❛t D

(

RN
+

)

✐s ❞❡♥s❡

✐♥ t❤❡ s♣❛❝❡ W
0, p
ℓ, 1(div; R

N
+ ) ❛♥❞ t❤❛t t❤❡ ♠❛♣♣✐♥❣ γeN

✐s ❝♦♥t✐♥✉♦✉s ❢r♦♠

W
0, p
ℓ, 1(div; R

N
+ ) t♦ W

−1/p, p
ℓ−1 (Γ)✱ ✇✐t❤ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ●r❡❡♥ ❢♦r♠✉❧❛✳ �

■t ❢♦❧❧♦✇s t❤❛t t❤❡ ❢✉♥❝t✐♦♥s v ❢r♦♠ T ℓ, σ(RN
+ ) ❛r❡ s✉❝❤ t❤❡✐r ♥♦r♠❛❧ tr❛❝❡

vN ❜❡❧♦♥❣s t♦ W
−1/p, p
ℓ−1 (Γ)✳ ❋✉rt❤❡r♠♦r❡✱ ❢♦r ❛♥② v ∈ D

(

RN
+

)

✇❡ ❤❛✈❡ t❤❡
❢♦❧❧♦✇✐♥❣ ●r❡❡♥ ❢♦r♠✉❧❛✿

∀ϕ ∈ M ℓ(R
N
+ ),

∫

RN
+

∆v · ϕ ❞x =
∫

RN
+

v · ∆ϕ ❞x+
∫

Γ
v · ∂Nϕ ❞x′.

▲❡t✬s ♥♦✇ ♦❜s❡r✈❡ t❤❛t t❤❡ ❞✉❛❧ s♣❛❝❡ Z ′
ℓ(Γ) ♦❢ Zℓ(Γ) ❝❛♥ ❜❡ ✐❞❡♥t✐✜❡❞ ✇✐t❤

t❤❡ s♣❛❝❡
{

g ∈ W
−1/p, p
ℓ−1 (Γ); gN = 0 ♦♥ Γ

}

,

❛♥❞ ♠♦r❡♦✈❡r t❤❛t ∂Nϕ s✇❡❡♣s Zℓ(Γ) ✇❤❡♥ ϕ s✇❡❡♣s M ℓ(R
N
+ )✳ ❚❤✉s✱ t❤❛♥❦s

t♦ t❤❡ ❞❡♥s✐t② ♦❢ D

(

RN
+

)

✐♥ T ℓ(R
N
+ )✱ ✇❡ ❝❛♥ ♣r♦✈❡ t❤❛t t❤❡ t❛♥❣❡♥t✐❛❧ tr❛❝❡

♦❢ ❢✉♥❝t✐♦♥s ❢r♦♠ T ℓ, σ(RN
+ ) ❜❡❧♦♥❣s t♦ W

−1/p, p
ℓ−1 (Γ)✳ ❙♦✱ t❤❡✐r ❝♦♠♣❧❡t❡ tr❛❝❡

✷✻



❜❡❧♦♥❣s t♦ W
−1/p, p
ℓ−1 (Γ) ❛♥❞ ✇❡ ❤❛✈❡

∀ϕ ∈ M ℓ(R
N
+ ), ∀v ∈ T ℓ, σ(RN

+ ),

〈∆v,ϕ〉
X

′

ℓ×Xℓ
= 〈v,∆ϕ〉

W
0, p
ℓ−1

×W
0, p′

−ℓ+1

+ 〈v, ∂Nϕ〉
W

−1/p, p
ℓ−1

×W
1/p, p′

−ℓ+1

. ✭✻✳✺✮

❲❡ ♥♦✇ ❝❛♥ s♦❧✈❡ t❤❡ ❤♦♠♦❣❡♥❡♦✉s ❙t♦❦❡s ♣r♦❜❧❡♠ ✇✐t❤ s✐♥❣✉❧❛r ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥s✳ ❲❡ ✇✐❧❧ ❣✐✈❡ s❡♣❛r❛t❡❧② t❤❡ r❡s✉❧ts ❢♦r ℓ = 0 ❛♥❞ ℓ = 1✳ ❚❤❡ ♣r♦♦❢s
❛r❡ q✉✐t❡ s✐♠✐❧❛r ❛♥❞ ✇❡ ✇✐❧❧ ❥✉st ❞❡t❛✐❧ t❤❡ ✜rst ❝❛s❡✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥
❛♥❞ ❝♦r♦❧❧❛r② ②✐❡❧❞ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ✈❡r② ✇❡❛❦ s♦❧✉t✐♦♥s ✇❤❡♥ t❤❡ ❞❛t❛ ❛r❡
s✐♥❣✉❧❛r✱ s♦ ❡①t❡♥❞✐♥❣ Pr♦♣♦s✐t✐♦♥ ✹✳✶✳ ◆♦t❡ t❤❛tW 1, p

0 (RN
+ ) →֒ W 0, p

−1 (RN
+ ) ❛♥❞

W
1−1/p, p
0 (Γ) →֒ W

−1/p, p
−1 (Γ) ✐❢ N 6= p✳

Pr♦♣♦s✐t✐♦♥ ✻✳✻✳ ❆ss✉♠❡ t❤❛t
N

p
6= 1✳ ❋♦r ❛♥② g ∈ W

−1/p, p
−1 (Γ) s✉❝❤

t❤❛t gN = 0✱ t❤❡ ❙t♦❦❡s ♣r♦❜❧❡♠ ✭✹✳✶✮✕✭✹✳✸✮ ❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ (u, π) ∈
W

0, p
−1 (RN

+ ) ×W−1, p
−1 (RN

+ )✱ ✇✐t❤ t❤❡ ❡st✐♠❛t❡

‖u‖
W

0, p
−1 (RN

+ ) + ‖π‖W−1, p
−1 (RN

+ ) ≤ C ‖g‖
W

−1/p, p
−1 (Γ)

.

Pr♦♦❢✳ ✶✮ ❲❡ ✇✐❧❧ ✜rst s❤♦✇ t❤❛t ✐❢ t❤❡ ♣❛✐r (u, π) ∈ W
0, p
−1 (RN

+ )×W−1, p
−1 (RN

+ )
s❛t✐s✜❡s ✭✹✳✶✮ ❛♥❞ ✭✹✳✷✮✱ t❤❡♥ ✇❡ ❤❛✈❡ u ∈ T 0, σ(RN

+ ) ❛♥❞ t❤✉s t❤❡ ❜♦✉♥❞❛r②
❝♦♥❞✐t✐♦♥ ✭✹✳✸✮ ♠❛❦❡s s❡♥s❡✳ ❲✐t❤ t❤✐s ❛✐♠✱ t❤❛♥❦s t♦ ▲❡♠♠❛ ✻✳✷✱ ♦❜s❡r✈❡
t❤❛t ✐❢ π ∈ W−1, p

−1 (RN
+ )✱ t❤❡♥ ✇❡ ❤❛✈❡ ∇π ∈ X ′

0(R
N
+ ) ❛♥❞

‖∇π‖X
′

0(RN
+ ) ≤ C ‖π‖W−1, p

−1 (RN
+ ),

❙♦✱ ✇❡ ❤❛✈❡ ∆u ∈ X ′
0(R

N
+ ) ❛♥❞ t❤❡ tr❛❝❡ γ0u ∈ W

−1/p, p
−1 (Γ)✳

✷✮ ▲❡t✬s s❤♦✇ t❤❛t t❤❡ ♣r♦❜❧❡♠ ✭✹✳✶✮✕✭✹✳✸✮ ✇✐t❤ gN = 0 ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡
✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥✿ ❋✐♥❞ (u, π) ∈ W

0, p
−1 (RN

+ ) ×W−1, p
−1 (RN

+ ) s✉❝❤ t❤❛t

∀v ∈ M 0(R
N
+ ), ∀ϑ ∈ W 1, p′

1 (RN
+ ),

〈u,−∆v + ∇ϑ〉
W

0, p
−1 (RN

+ )×W
0, p′

1 (RN
+ )

− 〈π, div v〉
W−1, p

−1 (RN
+ )×

◦

W
1,p′

1 (RN
+ )

= 〈g, ∂Nv〉
W

−1/p, p
−1 (Γ)×W

1/p, p′

1 (Γ)
.

✭✻✳✻✮

■♥❞❡❡❞✱ ❧❡t (u, π) ❜❡ ❛ s♦❧✉t✐♦♥ t♦ ✭✹✳✶✮✕✭✹✳✸✮ ✇✐t❤ gN = 0❀ t❤❡♥ t❤❡ ●r❡❡♥
❢♦r♠✉❧❛ ✭✻✳✺✮ ②✐❡❧❞s ❢♦r ❛❧❧ v ∈ M 0(R

N
+ )✱

〈−∆u + ∇π,v〉
X

′

0×X0
= −〈u,∆v〉

W
0, p
−1 (RN

+ )×W
0, p′

1 (RN
+ )

−

− 〈g, ∂Nv〉
W

−1/p, p
−1 (Γ)×W

1/p, p′

1 (Γ)
− 〈π, div v〉

W−1, p
−1 (RN

+ )×
◦

W
1, p′

1 (RN
+ )

= 0.

▼♦r❡♦✈❡r✱ ✉s✐♥❣ t❤❡ ❞❡♥s✐t② ♦❢ t❤❡ ❢✉♥❝t✐♦♥s ♦❢ D

(

RN
+

)

✇✐t❤ ❞✐✈❡r❣❡♥❝❡ ③❡r♦

✷✼



✐♥ T 0, σ(RN
+ )✱ ✇❡ ♦❜t❛✐♥ ❢♦r ❛❧❧ ϑ ∈ W 1, p′

1 (RN
+ )✱

〈u,∇ϑ〉
W

0, p
−1 (RN

+ )×W
0, p′

1 (RN
+ )

= − 〈div u, ϑ〉Lp(RN
+ )×Lp′ (RN

+ ) −

− 〈uN , ϑ〉W−1/p, p
−1 (Γ)×W

1/p, p′

1 (Γ)
= 0.

❙♦ ✇❡ s❤♦✇ t❤❛t (u, π) s❛t✐s✜❡s t❤❡ ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥ ✭✻✳✻✮✳ ❈♦♥✈❡rs❡❧②✱
✇❡ ❝❛♥ r❡❛❞✐❧② ♣r♦✈❡ t❤❛t ✐❢ (u, π) ∈ W

0, p
−1 (RN

+ ) × W−1, p
−1 (RN

+ ) s❛t✐s✜❡s t❤❡
✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥ ✭✻✳✻✮✱ t❤❡♥ (u, π) ✐s ❛ s♦❧✉t✐♦♥ t♦ ♣r♦❜❧❡♠ ✭✹✳✶✮✕✭✹✳✸✮✳

✸✮ ▲❡t✬s s♦❧✈❡ ♣r♦❜❧❡♠ ✭✻✳✻✮✳ ❆❝❝♦r❞✐♥❣ t♦ ❚❤❡♦r❡♠ ✺✳✷✱ ✇❡ ❦♥♦✇ t❤❛t ✐❢
N

p
6= 1✱

❢♦r ❛❧❧ f ∈ W
0, p′

1 (RN
+ ) ❛♥❞ ϕ ∈

◦
W

1, p′

1 (RN
+ )✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ (v, ϑ) ∈

M 0(R
N
+ ) ×W 1, p′

1 (RN
+ ) s♦❧✉t✐♦♥ t♦

−∆v + ∇ϑ = f ❛♥❞ div v = ϕ ✐♥ R
N
+ , v = 0 ♦♥ Γ,

✇✐t❤ t❤❡ ❡st✐♠❛t❡

‖v‖
W

2, p′

1 (RN
+ )

+ ‖ϑ‖
W 1, p′

1 (RN
+ )

≤ C
(

‖f‖
W

0, p′

1 (RN
+ )

+ ‖ϕ‖
W 1, p′

1 (RN
+ )

)

.

❚❤❡♥
∣

∣

∣

∣

〈g, ∂Nv〉
W

−1/p, p
−1 (Γ)×W

1/p, p′

1 (Γ)

∣

∣

∣

∣

≤ C ‖g‖
W

−1/p, p
−1 (Γ)

‖v‖
W 2, p′

1 (RN
+ )

≤ C ‖g‖
W

−1/p, p
−1

(

‖f‖
W

0, p′

1

+ ‖ϕ‖
W 1, p′

1

)

.

■♥ ♦t❤❡r ✇♦r❞s✱ ✇❡ ❝❛♥ s❛② t❤❛t t❤❡ ❧✐♥❡❛r ♠❛♣♣✐♥❣

T : (f , ϕ) 7−→ 〈g, ∂Nv〉

✐s ❝♦♥t✐♥✉♦✉s ♦♥ W
0, p′

1 (RN
+ )×

◦
W

1, p′

1 (RN
+ )✱ ❛♥❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❘✐❡s③ r❡♣r❡✲

s❡♥t❛t✐♦♥ t❤❡♦r❡♠✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ (u, π) ∈ W
0, p
−1 (RN

+ ) × W−1, p
−1 (RN

+ )

✇❤✐❝❤ ✐s t❤❡ ❞✉❛❧ s♣❛❝❡ ♦❢ W
0, p′

1 (RN
+ )×

◦
W

1, p′

1 (RN
+ )✱ s✉❝❤ t❤❛t

∀(f , ϕ) ∈ W
0, p′

1 (RN
+ )×

◦
W

1, p′

1 (RN
+ ),

T (f , ϕ) = 〈u,f〉
W

0, p
−1 (RN

+ )×W
0, p′

1 (RN
+ )

+ 〈π,−ϕ〉
W−1, p

−1 (RN
+ )×

◦

W
1, p′

1 (RN
+ )
,

✐✳❡✳ t❤❡ ♣❛✐r (u, π) s❛t✐s✜❡s ✭✻✳✻✮✳

❲❡ ♥♦✇ ❝❛♥ ❞r♦♣ t❤❡ ❤②♣♦t❤❡s✐s gN = 0✳

❚❤❡♦r❡♠ ✻✳✼✳ ❆ss✉♠❡ t❤❛t
N

p
6= 1✳ ❋♦r ❛♥② g ∈ W

−1/p, p
−1 (Γ)✱ t❤❡ ❙t♦❦❡s

♣r♦❜❧❡♠ ✭✹✳✶✮✕✭✹✳✸✮ ❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ (u, π) ∈ W
0, p
−1 (RN

+ ) ×W−1, p
−1 (RN

+ )✱

✷✽



✇✐t❤ t❤❡ ❡st✐♠❛t❡

‖u‖
W

0, p
−1 (RN

+ ) + ‖π‖W−1, p
−1 (RN

+ ) ≤ C ‖g‖
W

−1/p, p
−1 (Γ)

.

Pr♦♦❢✳ ❲❡ ❦♥♦✇ t❤❛t ✭s❡❡ ❈♦r♦❧❧❛r② ✸✳✻ ✐♥ ❬✻❪✮ ✐❢
N

p
6= 1✱ t❤❡♥ t❤❡r❡ ❡①✐sts

ψ ∈ W 1, p
−1 (RN

+ ) ✉♥✐q✉❡ ✉♣ t♦ ❛♥ ❡❧❡♠❡♥t ♦❢ N∆
[2−N/p] s♦❧✉t✐♦♥ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣

◆❡✉♠❛♥♥ ♣r♦❜❧❡♠✿

∆ψ = 0 ✐♥ R
N
+ , ∂Nψ = gN ♦♥ Γ.

▲❡t✬s s❡t w = ∇ψ ❛♥❞ g∗ = g − γ0w✳ ❚❤❡♥ w ∈ T 0, σ(RN
+ ) ❛♥❞

‖w‖T0(RN
+ ) = ‖w‖

W
0, p
−1 (RN

+ ) ≤ C ‖g‖
W

−1/p, p
−1 (Γ)

.

❋✉rt❤❡r♠♦r❡✱ g∗ s❛t✐s✜❡s t❤❡ ❤②♣♦t❤❡s❡s ♦❢ Pr♦♣♦s✐t✐♦♥ ✻✳✻✱ ❤❡♥❝❡ t❤❡ ❡①✐st❡♥❝❡
♦❢ ❛ ✉♥✐q✉❡ ♣❛✐r (z, π) ✇❤✐❝❤ s❛t✐s✜❡s

−∆z + ∇π = 0 ❛♥❞ div z = 0 ✐♥ R
N
+ , z = g∗ ♦♥ Γ.

❚❤❡♥ t❤❡ ♣❛✐r (z + w, π) ✐s t❤❡ r❡q✉✐r❡❞ s♦❧✉t✐♦♥✳ ❚❤❡ ✉♥✐q✉❡♥❡ss ♦❢ t❤✐s
s♦❧✉t✐♦♥ ✐s ❛ str❛✐❣❤t❢♦r✇❛r❞ ❝♦♥s❡q✉❡♥❝❡ ♦❢ Pr♦♣♦s✐t✐♦♥ ✻✳✻✳

❍❡r❡ ✐s t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ r❡s✉❧ts ❢♦r t❤❡ ❝❛s❡ ℓ = 1✳

Pr♦♣♦s✐t✐♦♥ ✻✳✽✳ ❋♦r ❛♥② g ∈ W
−1/p, p
0 (Γ) s✉❝❤ t❤❛t gN = 0✱ ❛♥❞ g′ ⊥ R

N−1

✐❢ N ≤ p′✱ t❤❡ ❙t♦❦❡s ♣r♦❜❧❡♠ ✭✹✳✶✮✕✭✹✳✸✮ ❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ (u, π) ∈
Lp(RN

+ ) ×W−1, p
0 (RN

+ )✱ ✇✐t❤ t❤❡ ❡st✐♠❛t❡

‖u‖L
p(RN

+ ) + ‖π‖W−1, p
0 (RN

+ ) ≤ C ‖g‖
W

−1/p, p
0 (Γ)

.

Pr♦♦❢✳ ❚❤❡ t✇♦ ❞✐✛❡r❡♥❝❡s ❢r♦♠ t❤❡ ✇❡✐❣❤t ℓ = 0 ❛r❡ t❤❡ ❛❜s❡♥❝❡ ♦❢ ❝r✐t✐❝❛❧
✈❛❧✉❡ ✭t❤❡ r❡❛s♦♥ ✐s t❤❛t ❤❡r❡✱ t❤❡ ❞✉❛❧ ♣r♦❜❧❡♠ s♦❧✈❡❞ ❜② ❚❤❡♦r❡♠ ✺✳✻ ❤❛s
♥♦ ❝r✐t✐❝❛❧ ✈❛❧✉❡✮✱ ❛♥❞ t❤❡ ♦rt❤♦❣♦♥❛❧✐t② ❝♦♥❞✐t✐♦♥ ✐♥ t❤❡ ❝❛s❡ N ≤ p′ ✭✇❤✐❝❤
❝♦rr❡s♣♦♥❞s ❜② ❞✉❛❧✐t② t♦ t❤❡ ♥♦♥✲③❡r♦ ❦❡r♥❡❧ ✐♥ ❚❤❡♦r❡♠ ✺✳✻ ✐❢ N ≤ p✮✳ ❚❤❡
r❡st ♦❢ t❤❡ ♣r♦♦❢ ✐s s✐♠✐❧❛r✳

❚❤❡♦r❡♠ ✻✳✾✳ ❋♦r ❛♥② g ∈ W
−1/p, p
0 (Γ) s✉❝❤ t❤❛t g ⊥ R

N ✐❢ N ≤ p′✱
t❤❡ ❙t♦❦❡s ♣r♦❜❧❡♠ ✭✹✳✶✮✕✭✹✳✸✮ ❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ (u, π) ∈ Lp(RN

+ ) ×

W−1, p
0 (RN

+ )✱ ✇✐t❤ t❤❡ ❡st✐♠❛t❡

‖u‖L
p(RN

+ ) + ‖π‖W−1, p
0 (RN

+ ) ≤ C ‖g‖
W

−1/p, p
0 (Γ)

.

❘❡♠❛r❦ ✻✳✶✵✳ ▲❡t p > 1 ❜❡ ❛ r❡❛❧ ♥✉♠❜❡r✳ ■❢ p < N ❛♥❞ r = Np/(N − p)✱

t❤❡♥ ✇❡ ❤❛✈❡ W
1−1/p, p
0 (Γ) →֒ W

−1/r, r
0 (Γ)✳ ■♥❞❡❡❞✱ ❢♦r ❡✈❡r② g ∈ W

1−1/p, p
0 (Γ)✱

✷✾



t❤❡r❡ ❡①✐sts u ∈ W 2, p
0 (RN

+ ) s✉❝❤ t❤❛t

∆u = 0 ✐♥ R
N
+ , ∂Nu = g ♦♥ Γ,

✭s❡❡ ❬✻❪✱ ❈♦r♦❧❧❛r② ✸✳✸✮✳ ❙✐♥❝❡ ✇❡ ❤❛✈❡ t❤❡ ✐♠❜❡❞❞✐♥❣ W 2, p
0 (RN

+ ) →֒ W 1, r
0 (RN

+ )✱

✇❡ ❝❛♥ ❞❡❞✉❝❡ t❤❛t v = ∇u ∈ Lr(RN
+ ) ❛♥❞ div v = 0 ∈ W 0, r

1 (RN
+ )✱ ✐✳❡✳

v ∈ W
0, p
1 (div; R

N
+ )✳ ▼♦r❡♦✈❡r✱ ❛s r′ 6= N ✱ ❛❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✻✳✹✱ ✇❡ ❣❡t

γeN
v = ∂Nu|Γ = g ∈ W

−1/r, r
0 (Γ)✳ ❈♦♥s❡q✉❡♥t❧②✱ ✐❢ g ∈ W

1−1/p, p
0 (Γ) →֒

W
−1/r, r
0 (Γ)✱ Pr♦♣♦s✐t✐♦♥ ✹✳✶ ❛♥❞ ❚❤❡♦r❡♠ ✻✳✾ r❡s♣❡❝t✐✈❡❧② ②✐❡❧❞ t❤❡ ✉♥✐q✉❡

s♦❧✉t✐♦♥s (u, π) ∈ W
1, p
0 (RN

+ ) × Lp(RN
+ ) ❛♥❞ (v, ϑ) ∈ Lr(RN

+ ) ×W−1, r
0 (RN

+ )✱

✇❤✐❝❤ ❛r❡ ✐❞❡♥t✐❝❛❧ t❤❛♥❦s t♦ t❤❡ ❙♦❜♦❧❡✈ ✐♠❜❡❞❞✐♥❣s W 1, p
0 (RN

+ ) →֒ Lr(RN
+ )

❛♥❞ Lp(RN
+ ) →֒ W−1, r

0 (RN
+ )✳ �

❘❡❢❡r❡♥❝❡s

❬✶❪ ❋✳ ❆❧❧✐♦t✱ ❈✳ ❆♠r♦✉❝❤❡✱ ❚❤❡ ❙t♦❦❡s ♣r♦❜❧❡♠ ✐♥ R
N ✿ ❛♥ ❛♣♣r♦❛❝❤ ✐♥ ✇❡✐❣❤t❡❞

❙♦❜♦❧❡✈ s♣❛❝❡s✱ ▼❛t❤✳ ▼❡t❤✳ ❆♣♣❧✳ ❙❝✐✳✱ ✾✲✺ ✭✶✾✾✾✮✱ ✼✷✸✕✼✺✹✳

❬✷❪ ❈✳ ❆♠r♦✉❝❤❡✱ ❱✳ ●✐r❛✉❧t✱ ❉❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ✈❡❝t♦r s♣❛❝❡s ❛♥❞ ❛♣♣❧✐❝❛t✐♦♥ t♦
t❤❡ ❙t♦❦❡s ♣r♦❜❧❡♠ ✐♥ ❛r❜✐tr❛r② ❞✐♠❡♥s✐♦♥✱ ❈③❡❝❤♦s❧♦✈❛❦ ▼❛t❤❡♠❛t✐❝❛❧ ❏♦✉r♥❛❧✱
Pr❛❤❛✱ ✹✹✲✶✶✾ ✭✶✾✾✹✮✱ ✶✵✾✕✶✹✵✳

❬✸❪ ❈✳ ❆♠r♦✉❝❤❡✱ ❱✳ ●✐r❛✉❧t✱ ❏✳ ●✐r♦✐r❡✱ ❲❡✐❣❤t❡❞ ❙♦❜♦❧❡✈ s♣❛❝❡s ❢♦r ▲❛♣❧❛❝❡✬s
❡q✉❛t✐♦♥ ✐♥ R

N ✱ ❏✳ ▼❛t❤✳ P✉r❡s ❆♣♣❧✳✱ ✼✸✲✻ ✭✶✾✾✹✮✱ ✺✼✾✕✻✵✻✳

❬✹❪ ❈✳ ❆♠r♦✉❝❤❡✱ ❱✳ ●✐r❛✉❧t✱ ❏✳ ●✐r♦✐r❡✱ ❊q✉❛t✐♦♥ ❞❡ P♦✐ss♦♥ ❡t ❡s♣❛❝❡s ❞❡ ❙♦❜♦❧❡✈
❛✈❡❝ ♣♦✐❞s ❝r✐t✐q✉❡s✱ P✉❜❧✐❝❛t✐♦♥s ❞✉ ▲✳ ▼✳ ❆✳ ❞❡ ❧✬❯♥✐✈❡rs✐té ❞❡ P❛✉✱ ✵✻✴✷✺✳

❬✺❪ ❈✳ ❆♠r♦✉❝❤❡✱ ❙✳ ◆❡↔❛s♦✈á✱ ▲❛♣❧❛❝❡ ❡q✉❛t✐♦♥ ✐♥ t❤❡ ❤❛❧❢✲s♣❛❝❡ ✇✐t❤ ❛
♥♦♥❤♦♠♦❣❡♥❡♦✉s ❉✐r✐❝❤❧❡t ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✱ ▼❛t❤❡♠❛t✐❝❛ ❇♦❤❡♠✐❝❛✱ ✶✷✻✲✷
✭✷✵✵✶✮✱ ✷✻✺✕✷✼✹✳

❬✻❪ ❈✳ ❆♠r♦✉❝❤❡✱ ❚❤❡ ◆❡✉♠❛♥♥ ♣r♦❜❧❡♠ ✐♥ t❤❡ ❤❛❧❢✲s♣❛❝❡✱ ❈✳ ❘✳ ❆❝❛❞✳ ❙❝✐✳ P❛r✐s✱
❙ér✐❡ ■✱ ✸✸✺ ✭✷✵✵✷✮✱ ✶✺✶✕✶✺✻✳

❬✼❪ ❈✳ ❆♠r♦✉❝❤❡✱ ❨✳ ❘❛✉❞✐♥✱ ◆♦♥❤♦♠♦❣❡♥❡♦✉s ❜✐❤❛r♠♦♥✐❝ ♣r♦❜❧❡♠ ✐♥ t❤❡ ❤❛❧❢✲
s♣❛❝❡✱ Lp t❤❡♦r② ❛♥❞ ❣❡♥❡r❛❧✐③❡❞ s♦❧✉t✐♦♥s✱ ♦♥ ❧✐♥❡ ✐♥ ❏♦✉r♥❛❧ ♦❢ ❉✐✛❡r❡♥t✐❛❧
❊q✉❛t✐♦♥s ✭❞♦✐✿✶✵✳✶✵✶✻✴❥✳❥❞❡✳✷✵✵✼✳✵✶✳✵✶✽✮✳

❬✽❪ ❈✳ ❆♠r♦✉❝❤❡✱ ❨✳ ❘❛✉❞✐♥✱ ❙✐♥❣✉❧❛r ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛♥❞ r❡❣✉❧❛r✐t② ❢♦r t❤❡
❜✐❤❛r♠♦♥✐❝ ♣r♦❜❧❡♠ ✐♥ t❤❡ ❤❛❧❢✲s♣❛❝❡✱ t♦ ❛♣♣❡❛r ✐♥ ❈♦♠✳ P✉r❡ ❆♣♣❧✳ ❆♥❛❧✳

❬✾❪ ❲✳ ❇♦❝❤❡rs✱ ❚✳ ▼✐②❛❦❛✇❛✱ L2 ❉❡❝❛② ❢♦r t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s ✢♦✇ ✐♥ ❍❛❧❢s♣❛❝❡s✱
▼❛t❤✳ ❆♥♥✳✱ ✷✽✷ ✭✶✾✽✽✮✱ ✶✸✾✕✶✺✺✳

❬✶✵❪ ❚✳ ❩✳ ❇♦✉❧♠❡③❛♦✉❞✱ ❖♥ t❤❡ ❙t♦❦❡s s②st❡♠ ❛♥❞ t❤❡ ❜✐❤❛r♠♦♥✐❝ ❡q✉❛t✐♦♥ ✐♥ t❤❡
❤❛❧❢✲s♣❛❝❡✿ ❛♥ ❛♣♣r♦❛❝❤ ✈✐❛ ✇❡✐❣❤t❡❞ ❙♦❜♦❧❡✈ s♣❛❝❡s✱ ▼❛t❤❡♠❛t✐❝❛❧ ▼❡t❤♦❞s ✐♥
t❤❡ ❆♣♣❧✐❡❞ ❙❝✐❡♥❝❡s✱ ✷✺ ✭✷✵✵✷✮✱ ✸✼✸✕✸✾✽✳

✸✵



❬✶✶❪ ▲✳ ❈❛tt❛❜r✐❣❛✱ ❙✉ ✉♥ ♣r♦❜❧❡♠❛ ❛❧ ❝♦♥t♦r♥♦ r❡❧❛t✐✈♦ ❛❧ s✐st❡♠❛ ❞✐ ❡q✉❛③✐♦♥✐ ❞✐
❙t♦❦❡s✱ ❘❡♥❞✳ ❙❡♠✳ ▼❛t✳ P❛❞♦✈❛✱ ✸✶ ✭✶✾✻✶✮✱ ✸✵✽✕✸✹✵✳

❬✶✷❪ ❘✳ ❋❛r✇✐❣✱ ❍✳ ❙♦❤r✱ ❖♥ t❤❡ ❙t♦❦❡s ❛♥❞ ◆❛✈✐❡r✲❙t♦❦❡s ❙②st❡♠ ❢♦r ❉♦♠❛✐♥s ✇✐t❤
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