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STABILITY OF MINIMIZERS OF REGULARIZED LEAST SQUARES
OBJECTIVE FUNCTIONS I: STUDY OF THE LOCAL BEHAVIOR

S. DURAND* AND M. NIKOLOVA 1

Abstract. Many estimation problems amount to minimizing an objective function composed
of a quadratic data-fidelity term and a general regularization term. It is widely accepted that the
minimizers obtained using nonsmooth and/or nonconvex regularization terms are frequently good
estimates. However, very few facts are known on the ways to control properties of these minimizers.
This work is dedicated to the stability of the minimizers of such nonsmooth and/or nonconvex
objective functions. It consists of two parts: in this part, we focus on general local minimizers,
whereas in a second part, we derive results on global minimizers. Here we demonstrate that the data
domain contains an open, dense subset whose elements give rise to local and global minimizers which
are necessarily strict. Moreover, we show that the relevant minimizers are stable under variations of
the data.

Key words. stability analysis, regularized least-squares, non-smooth analysis, non-convex anal-
ysis, signal and image processing

1. Introduction. This is the first of two papers devoted to the stability of
minimizers of regularized least squares objective functions as customarily used in
signal and image reconstruction. In this part, we deal with the behavior of local
minimizers whereas in the second part we draw conclusions about global minimizers.

In various inverse problems such as denoising, deblurring, segmentation or recon-
struction, a sought-after object & € R” (such as an image or a signal) is estimated
from recorded data y € R? by minimizing with respect to & an objective function
£ :RP xR!— R,

(1) & := argmin&(z, y),

where O C R? is an open domain. In other words, & € R? is a local minimizer of the
objective function £(.,y) since £(&,y) is the minimum of £(.,y) over O. This work is
dedicated to objective functions of the form

(2) E(x,y) = ||Lz — y||* + @ (),

where L : R? — RY is a linear operator, || . || denotes the Euclidean norm and
® : R? — R is a piecewise C™-smooth regularization term. More precisely,

(3) D(z) = Z(pi(Gix),
i=1

where for every ¢ € {1,...,r}, the function ¢; : R®* — R is continuous on R* and C™-
smooth everywhere except at a given §; € R®, and G; : R? — R’ is a linear operator.
Since the publication of [36], objective functions of this form are customarily used
for the restoration and the reconstruction of signals and images from noisy data
y obtained at the output of a linear system L [6]. The operator L can represent
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the blur undergone by a signal or an image, a Fourier transform on an irregular
lattice in tomography, a wavelet in seismology, as well as other observation systems.
The quadratic term in (2) thus accounts for the closeness of the unknown z to data
y. The operators G; in the regularization term & usually provide the differences
between neighboring samples of z. For instance, if z is a one-dimensional signal,
usually G,z = x;41 — x; or in some cases G;& = x;41 — 2z; + x;—1. Typically, for all
i€{1,...,r}, we have 0; = 0 and ; reads

(4) pi(z) = o(llzl), vie{l,...,r},

where ¢ : Ry — R is an increasing function, often called potential function. Several
functions ¢, among the most popular, are the following [20, 5, 21, 29, 22, 33, 11, 35, 7]:

L o) =1t%, 1 <a <2,
Lorentzian B(t) = at? /(1 + at?),
Concave o(t) = alt|/(1 + alt]),
(5) Gaussian (t) =1 — exp (—at?),
Truncated quadratic ¢(t) = min {at?, 1},
2 if |t <«
Huber o(t) = { ala+2)t—a]) if It} > .

Objective functions as specified above are based either on PDE’s [29, 33, 2, 13, 12, 37],
or relay on probabilistic considerations [4, 20, 16].

Most of the potential functions cited in (5) are “irregular” in the sense that they
are non-convex and/or nonsmooth. Indeed, several authors pointed out the possibility
of getting signals involving jumps and images with sharp edges by using nonconvex
regularization functions [26, 21, 29]. On the other hand, non-smooth regularization
has been shown to avoid Gibbs artifacts and to enforce local homogeneity [19, 18,
1, 27]. In spite of this, very few facts are known about the behavior, and especially
about the stability, of the local minimizers relevant to non-convex objective functions.
Precisely, we study how a local minimizer & of an objective function of the form (2)-
(3) behaves under variations of data y. Let us mention that the principal difficulty
arises in the context of nonconvex objective functions, whereas the stability of convex
objective functions is already well understood [31, 23].

Readers may associate the problem of the stability of a minimizer & with the
problem of the stability of the minimum-value £(Z,y). Remark that the stability of a
minimizer does imply the stability of the relevant minimum-value, but the inverse is
false in general. Some results have been obtained on the minimum-values of nonconvex
functions [32, 10, 9] but they do not have a direct relation to the problem we consider.

2. Motivation and definitions. Studying the stability of local minimizers
(rather than restricting our interest to global minimizers only) is a matter of crit-
ical importance in its own right for several reasons. In many applications, smooth-
ing is performed by only locally minimizing a nonconvex objective function in the
vicinity of some initial solution. Second, it is worth recalling that no minimization
algorithm guarantees the finding of the global minimum of a general nonconvex ob-
jective function. Some algorithms allow the finding of the global minimum only with
high probability, under demanding requirements (e.g. simulated annealing) [20, 19].
Others allow the finding of a local minimum which is expected to be close to the
global minimum [8]. The practically obtained solutions are thus frequently only local
minimizers, hence the importance of knowing their behavior.
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Our first goal is to catch the set of all y € R? for which the relevant objective
function &(.,y) might exhibit nonstrict minima. We shall demonstrate that all these
ys are contained in a negligible subset of R, provided that L is injective (one-to-
one). A further question is to know whether, and in what circumstances, the strict
local minimizers of £(.,y) give rise to a continuous local minimizer function as defined
below.

DEFINITION 2.1. A function X : O — RP, where O is an open domain in R?, is
said to be a minimizer function relevant to £ if every X(y) is a strict (i.e. isolated)
local minimizer of £(.,y) whenever y € O.

Our second goal is therefore to show that local minimizer functions are smooth
on an open, dense subset of their domains. From a practical point of view, saying
that a property holds for data belonging to an open, dense subset of R? means that
it is systematically satisfied since it could fail only for a negligible subset of R? which
noisy data have no chance of coming across. So, we will quantify with respect to the
Lebesgue measure on R? the amount of data y € R? which assuredly give rise either
to strict local minimizers, or to local minimizer functions X which remain smooth on
some neighborhoods. The set given below corresponds to these properties.

DEFINITION 2.2. Let E(.,y) be C™ (with m > 1) almost everywhere on R?, for
every y € RY. Denote

if T is a minimizer of E(.,y) then there is
(6) Q=< yc RI: aC™ ! minimizer function X : O — RP
such that y € O C R? and & = X (y)

The set §2, or equivalently its complementary 2¢, can be explicitly calculated in
the following examples.
ExaMmpPLE 1. Consider the function

g(xay) = (l’ - y)2 + @(1‘),
where

[ 1—(z|-1)% if 0<|z| <1,
(I)(x)_{ 1 it |z > 1.

It is not difficult to check that the minimizer & of £(.,y) takes different forms according
to the values of y.
- If |y| > 1, the minimizer is strict and reads & = y.
- If y =1, every & € [0,1] is a nonstrict minimizer.
- If y = —1, every & € [—1,0] is a nonstrict minimizer.
- If y € (—1,1), the minimizer is strict and constant, & = 0.
Thus we find that Q¢ = {—1, 1} which means that Q is open and dense in R.
ExXAMPLE 2. Consider

E:R*xR—R,
(z,9) — (z1 — 32 — y)* + B(21 — 22)?,

where 8 > 0. For all y € R, every # € R?, such that &; — @5 = y/(1 4 ), is a
minimizer of £(.,y). Hence Q° = R.
ExaMpPLE 3. Consider

E:R’xR—R,
(2,y) = (x1 — 2 — y)? + |21] + |22].
3



The minimizers & of £(.,y) are obtained after a simple computation.
-ty > 1/2, every & = (o, — y + 1/2) for o € [0,y — 1/2] is a nonstrict
minimizer.
- If y € (—1/2,1/2), the only minimizer is Z = (0,0).
-Ify < —1/2, every & = (a,a — y — 1/2) for a € [y + 1/2,0] is a nonstrict
minimizer.
Consequently, = (—1/2,1/2).

Let us remark that L is injective in Example 1 whereas it is non-injective in
Examples 2 and 3. We can construct many other examples of objective functions £
involving L non-injective for which €2¢ is non-negligible. This suggests we make the
following assumption:

H1. The operator L : RP — R? in (2) is injective, i.e. rank L = p.

It is not a necessary condition to have a negligible ¢, but it allows us to obtain
results which are strong enough.

REMARK 1. We do not focus properly on the question whether or not £ admits
minimizers when y ranges over R?. The results presented in the following are mean-
ingful if, for all y € RY, the objective function £(.,y) admits at least one minimizer,
although the results formulated next remain trivially true in the opposite situation.
This comes from an astuteness in the definition of 2 in (2.2) allowing it to contain y’s
for which £(.,y) does not admit minimizers. Practically, every objective function used
for the estimation on an unknown magnitude z admits minimizers. Let us recall that
E(.,y) is guaranteed to admit minimizers if it is coercive, i.e. if £(x,y) — oo along
with ||z|| — oo [15, 32]. For instance, this situation occurs, for all y € R? when L is
injective and ® does not decrease faster or equally as fast as —||Lz||? as ||z|| — oo.
This is trivially satisfied in practice where ® is bounded below.

For any function f : R? — R, we denote by Vf(z) € R? the gradient of f at
a point * € R” and by V2f(x) € R” x R? the Hessian matrix of f at x. Although
& depends on two variables (x,y), we will be concerned only with its derivatives
with respect to . For simplicity, V&€ and V2€ will systematically be used to denote
gradient and Hessian with respect to the first variable z. By B(z, p) we will denote a
ball in R"™ with radius p and center x, for whatever dimension n appropriate to the
context. Furthermore, the letter S will denote the unit sphere in R™ centered at the
origin. When necessary, the superscript n is used to specify that S™ is the unit sphere
in R". Last, we denote Ry = {t e R:¢ > 0}.

The reasoning underlying our work is based upon the necessary conditions for
minimum, and also upon some sufficient conditions for strict minimum. We also
make a recurrent use of the implicit functions theorem [3], Sard’s Theorem [3] and of
several results about the minimizers of a non-smooth objective function £ of the form
(2)-(3) [28]. The subsequent considerations are split into two parts according to the
differentiability of ®.

3. C™-smooth objective function. The characterization of €2, developed in
this section, is based on the next Lemma, which constitutes a straightforward exten-
sion of the Implicit functions Theorem [3].

LEMMA 3.1. Suppose £ : RP x R? — R is any function which is C"™, with m > 2,

with respect to both arguments. Fizy € R?. Let & be such that VE(&,y) = 0 and
V2E(2,y) is positive definite.



Then there exist p > 0 and a unique C™~'-minimizer function X : B(y, p) — RP
such that X(y) = %.

Proof. Since VE(Z,y) = 0 and V2£(Z,y) is an isomorphism from R” to R?, the
Implicit functions theorem tells us that there exist p > 0 and a unique C™~!-function
X : B(y,p) — R? satisfying

VEX(Y),y') =0 forall y' € By, p).

In other words, each X(y’) is a stationary point of &(z,y’) if y' € B(y,p). Since
X is continuous, for p sufficiently small, the constant rank theorem [3] ensures that,
for every y' € B(y, p), we have rank V2E(X (y'),y’) > rank V2E(&,y) = p, and hence
rank V2E(X(y'),y') = p. Then every X (y'), relevant to y' € B(y, p), is a strict local
minimizer of £(.,y"). O

In the following, we focus on objective functions £ of the form (2) where ® is any
C™ function on RP, with m > 2. If for a given y € R?, a point & € RP? is a strict or
non-strict local minimizer of £(.,y), then

(7) VE(L,y) =0,
(8) where  VE(x,y) = 2LT (Lx — y) + VO(x).

Using the fact that

(9) VE(#,0) = 2LT Li + V®(&),

the variables & and y can be separated in equation (7) which then becomes:
(10) 2Ly = VE(2,0).

A point Z, satisfying (10), is guaranteed to be a strict minimizer of £(., y) if the Hessian
of £(.,y) at &, namely V2&(#,y), is positive definite. Furthermore, the Hessian of
E(.,y) at an arbitrary x reads

(11) V2E(x,y) = 2LTL + V?®(2).

We emphasize the fact that the Hessian of £(.,y) is independent of y at any x € RP,
by writing V2&(x,0) instead of V2€(x,y). Based on Lemma 3.1, we cannot guarantee
that a point 7 satisfying (7) is a strict minimizer of £(.,y) if V2£(%,0) is singular.
Hence all the ys leading to a nonstrict minimizer, or to a non-continuous minimizer
function, are contained in a set 2§ as specified below.

LEMMA 3.2. Suppose € is as in (2) where ® is an arbitrary C™-function on RP,
with m > 2. Consider the set

(12) Qo :={y € R": 3i € Hy satisfying 2Ly + VE(7,0)},
where
(13) Hy = {z € R : det V*E(z,0) = 0} .

Then we have

Qo C Q,
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where Q) is the set introduced in Definition 2.2.

Observe that Hy is the set of all the critical points of VE(z,y). Since V2E(x,0)
is independent of y, the set Hy is independent of y as well.

REMARK 2. If V2&(z,0) is positive definite for all x € R?, the set Hy is empty
and Lemma 3.2 shows that 2 = R?. It is a tautology to say that in this case, there is
a unique C™~! minimizer function X as stated in Definition 2.2. The above condition
on V2&(x,0) is satisfied whenever L is injective and ® is convex. This is readily seen
from (11) where LT L is positive definite and all the eigenvalues of the second term
are non-negative.

However, Hj is generally non-empty if ® is non-convex. This is the reason why,
in the following, we rather focus on non-convex functions ®. More specifically, we

consider functions which satisfy the following assumption.

H2. Ast — oo, we have V@t(tv)

— 0 uniformly with v € S.

This assumption is satisfied by the regularization functions used by many au-
thors [21, 29, 22]. The theorem stated next provides the principal result of this
section.

THEOREM 3.3. Suppose & is as in (2) where ® is an arbitrary C™ function on
RP, with m > 2. Suppose that H1 is satisfied. Then we have the following:

(i) The set Q°, the complementary of Q specified in Definition 2.2, is negligible

in RY.

(ii) Moreover, if H2 is satisfied, Q¢ is a negligible subset of R?.

REMARK 3. The results (i) and (ii) of the theorem remain true if we replace € by
Qo, as defined in (12). In fact, the proof of the theorem establishes these results for
Qp. The ultimate conclusions are obtained using Q¢ C Qf, according to Lemma 3.2.

REMARK 4. It is straightforward that under the conditions of Theorem 3.3, the
minimum-value function y — &(X(y),y) is C™~* smooth. The same conclusion can
be drawn also for nonsmooth objective functions as considered in Theorem 4.2.

Proof. As mentioned in Remark 3, it is sufficient to prove Theorem 3.3 for )
instead of €. The proof of this theorem is based on three auxiliary statements which
are given below. These statements are presented in a more general form which allows
their application in the context of nonsmooth regularization functions, considered
later in § 4.

LEMMA 3.4. Let L be an injective linear operator between two finite-dimensional
spaces M and N. Consider an arbitrary subset V. C M which is negligible in M.
Define:

W::{yEN:LTyEV}.

Then we have

(i) W is negligible in N;

(i) W is closed if V' is closed.
PrROOF OF LEMMA 3.4. Since V is negligible, for every € > 0 there is a sequence of
balls {B;} such that

Vc U B; and Zmeasure(Bi) <e.
i=1 i=1

6



Then

wclJ{yeN:LTyeBi}.

i=1

However, for every ¢ we have

1
(14) measure ({y € N : LTy € B;}) < mmeasure(BiL
where A is the singular value of L which is the smallest in magnitude. By assumption
H 1, we are guaranted that A\ £ 0. It follows from (14) that

1 o0
measure(WW) < B Zmeasure(Bi) < ﬁ
i=1
The point (i) is proven.
Suppose now that V is closed. The closeness of W follows from the continuity of
L. O

The next two results concern gradient-type functions of the form (9).

THEOREM 3.5 (Sard’s theorem). Let M and N be two affine vector spaces of the
same dimension. For U an open subset of M, let G : U — N be a C*-function and H
denote the set of the critical points of G:

H:={zxeU:detVG(z) =0}.

Then G(H) :={G(z):x € H} is a negligible subset of N.

The proof of this statement can be found e.g. in [30, 25].

LEMMA 3.6. Let M and N be two real vector spaces of the same finite dimension.
Consider a closed subset H of M. Let G be a continuous function from H to N such
that

1. G(H) is a negligible subset of N;
2. there is a point xy € H as well as a positive constant C, such that for all
x € H satisfying ||z — zo|| > C we have ||G(z) — G(x0)|| > C'||x — z0l|.

Then G(H) is included in a closed and negligible subset of N.

PrROOF OF LEMMA 3.6. Let 9 € H and C' > 0 be as required in assumption 2. Then
for all @ > C,

(15) G(H) N B(G(x0),Ca) C G (HﬂB(mo,a)) c G(H).

The second inclusion is evident. The first one comes from the following facts. Let

y€GH)\G (Hﬁ B(aco,a)). Hence there is x such that y = G(x) and ||z — z¢| >
a > C. By assumption 2, we get [|G(xz) — G(xo)|| > Ca. This means that y ¢
G(H)N B(G(xo), Ca).

Furthermore, as G is continuous and H N B(zo, ) is compact, G (H N B(zo, a))

is also compact. By the last inclusion in (15), G(H N B(z, o)) is a negligible subset of
N. Then, by the first inclusion, G(H) N B(xg, Ca) is included in a negligible compact
set. This is true for all a, so by making a tends to infinity, we obtain the desired
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conclusion. O

Let us now come back to the Proof of Theorem 3.3. Note that the complementary
set of g given in (12) can also be expressed as

Q5 = {y e R*: LTy € VE(Hy,0)},

where VE(z,0) is given in (9) and Hy in (13). By applying now Theorem 3.5 with
the associations G = V&(.,0), H = Hy and M = N = RP, we find that VE(H,0)
is a negligible subset of RP. We now apply Lemma 3.4 where we identify V with
VE(Hy,0) and N with R?. Thus (%) is proven.

We complete our reasoning in order to prove (ii). By the continuity of V&(.,0),
the set Hy is closed. Let us check whether assumption 2 of Lemma 3.6 is true for
G =VE&(.,0) and H = Hy. We have

IG(@@)Il > 2I|L7 La|| - [V@(2)]]-

Moreover, |LT Lz| > A2?||z|| for any € R, where A2 is the least eigenvalue of LT L;
since L is injective, A2 > 0. Next, assumption H2 means that there is C' > 0 such that
|lz|| > C leads to |[V®(z)|| < A?|lz||. Hence, the assumption 2 of Lemma 3.6 is true
for xy = 0, which fact allows us to deduce that VE(Hy,0) is contained in a closed,
negligible subset of RP. The statement (7i) is obtained by applying Lemma 3.4 again.
O

REMARK 5. Even if the chances of getting a point y, yielding a nonstrict mini-
mizer, is “almost null”, it is legitimate to ask what is the shape of Hy, as defined in
(13), since it contains all the non-strict minimizers of £(.,y), for all y. A key point
in Theorem 3.3 is that VE(Hy, 0) is negligible although Hj itself may be of positive
measure. However, we observe that for the most important classes of functions @, the
set Hy is negligible as well. For instance, such is the case if L is injective, ® is analytic
and there is 2o € R? for which the Hessian matrix V2®(z) has all its eigenvalues
non-negative. Indeed, assume that Hy is of positive measure. Being closed, Hy con-
tains an open p-cell. As V2£(.,0) is analytic on RP, it follows that det V2&(x,0) =0
for all x € RP. However, the latter is impossible because by assumption there is xg
such that

(16) V2E(x0,0) = 2L L + V2®(xp)

is positive definite, as being the sum of a positive definite and of a semi-positive
definite matrix.

More specifically, the assumption about the positive definiteness of V2®(z) holds
for y = 0 whenever ® is of the form of (3)-(4) with ¢ analytic and symmetric,
and ¢”(0) > 0-—this comes from the fact that V2®(0) = ¢”(0)>_'_, GI'G;. These
requirements are satisfied by the objective functions used in [21, 24, 29] where the
typical choices for ¢ read

(17) H(t) = —
(18) $(t) =1—e ",



where o > 0 is a parameter.

Let us come back to the expression of V2&(xg,0) in (16). Observe that if there is a
point g such that V2®(z) is positive definite, the set Hy is negligible independently
of the injectivity of L.

4. Objective function involving nonsmooth regularization. We shall now
consider regularization terms ® as introduced in (3), namely

(19) o) =Y pilGiw),
i=1

where G; : R? — R? are linear operators, for alli =1,...,r. We will assume that for
each i = 1,...,r, there is a constant §; € R® such that ¢; is C™ on R® \ {6;}, with
m > 2, and continuous on R®. Typically, ¢; is nonsmooth at #;. Potential functions
which are non-smooth at more than one point, say 6;, can be seen as a combination
of several ;, which are nonsmooth at 6;, applied to the same G;x. Notice that the
regularization function studied in §3 can be seen as a special case of (19) corresponding
tor =1, Gy = I and ¢1 € C™(R"). In the context of piecewise smooth potential
functions, the assumption H2 is specified as it follows:

t

H3. For every i and fort € R, we have — 0 uniformly with u € S*

when t — oco.

We restrict our attention to potential functions ¢; which admit at 6; directional
derivatives for every direction u € R®.

DEFINITION 4.1. Consider a function f : M — R with M a finite-dimensional
real affine space. For x € M and u in the relevant vector space, f is said to admit
a one-sided directional derivative at x in the direction of u, denoted by d* f(x)(u), if
the difference quotient t — [f(x + tu) — f(x)]/t for t € R has a limit when t \, 0:

i ) = f(2)
dt f(x)(u) := }{I(l) . .

In order to simplify the notations, we introduce the normalization application N
which, with each vector v, associates its projection on the relevant unit sphere, 7.e.

(20) N(v)

v
lvll

Whenever ¢; is nonsmooth at 6;, the directional derivative d*¢;(6;)(u) is a nonlinear
function of the direction u. We will focus on functions ¢; for which d*p;(6;)(u) can be
expressed as the scalar product of the direction v and a direction-dependent vector,
that we call directional gradient. More rigourously, we will focus on functions ¢; which
satisfy the following property:

H4. For every net h € R® converging to 0 and such that limy,_o N (h) exists, the
limit limy, o Vi (0; + h) exists and depends only on limy_o N (h). We put

(21) V0 (0) (,{igg)/\/(h)) i~ lm Vigu (65 + ).

By a slight abuse of notation, we extend this definition to every v € R® in the following
way:

(22) V*ei(0:)(u) = { X FeB) () i Zﬁg



The vector Vo, (6;)(u) is the directional gradient of ¢; at ; for u, as it was mentioned
above. In particular, if ¢; is smooth at ;, for every u # 0, we have VT ¢;(6;)(u) =
Vi(0;), i.e. we get the gradient of ¢; at 6;. This fact suggests we extend the
definition of V*ty,; on R’ by taking V*ty;(2)(u) = V;(z) for every z # 6; and for
every u # 0. When the directional gradient V¢, (6;) exists, the one-sided directional
derivative dtp;(6;) is well defined and, more generally, for any z € R® and for any
u € R?, we have

izt tu) — i(z)
i) () = lim t

= }{% ut' V(2 + ritu) for sy € (0,1) [by the mean value theorem]
(23) =uTVrp(2)(u).

We will also use two other assumptions which are given below.

H5. For every i € {1,...,r}, the application u — VT ;(0;)(u) is Lipschitz on
S9.

REMARK 6. Under assumption H5, the relation reached in (23) shows that the
application u — d*;(0;)(u) is Lipschitz on R”.

H6. For every i € {1,...,r}, the application u — V;(0; + hu) converges to
VT;i(0;) as h ™\, 0, uniformly on S*.

Definition 4.1 and the last assumptions are illustrated in the context of the most
typical potential functions as mentioned in (4).

ExAMPLE 4. Consider

pi(z2) = &(|z — 0;]]) for z € R’

where ¢ € C"™(R4), m > 2, and ¢'(0) > 0. The latter inequality implies that ¢; is
nonsmooth at 6;. By applying (21)-(22), it is easily obtained that

—0; .
wxz):oﬁ’(Hz—ein)m if 2 2 6;,
V+oi(0;)(u) = ¢/<o+>ﬁ if 2= 0,

Both assumptions H5 and H6 are clearly satisfied. The assumption H3 amounts to
saying that ¢'(t)/t — 0 when t — oco. This is satisfied by all the functions cited in
(5). By (23), the directional derivative of ¢; at 6; for u reads

(24) d*0i(0:)(u) = u"VFi(0:) () = ¢/ (0%)]u]].

Below we extend Theorem 3.3 to objective functions involving nonsmooth regu-
larization terms.

THEOREM 4.2. Suppose € is as in (2)-(3). For alli € {1,...,1}, let p; be C™
on R\ {6;} with m > 2 and continuous at 0; where the assumptions H, H5 and H6
hold. Suppose that H1 is satisfied. Then we have the following:

(i) The set Q°, the complementary of 0 specified in Definition 2.2, is negligible

in RY.

(ii) Moreover, if H3 is satisfied, Q¢ is a negligible subset in RY.
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The proof of this theorem relies on several propositions and lemmas. Before we
present them, let us first exhibit some basic facts entailed by the non-smoothness of
®. Let & be a minimizer of £(.,y). If G;& # 6; for all i = 1,...,r, then (&,y) is
contained in a neighborhood where £ is C™. So every minimizer 2’ of £(.,y’) satisfies
VE(#',y') = 0 and the second differential V2£(.,y’) is well defined on this neighbor-
hood. For all (#',y) in the neighborhood, we can apply the theory about smooth
regularization developed in § 3. Otherwise, all minimizers & of £(.,y), involving at
least one index 7 for which G;& = 6;, belong to the following set,

(25) Fi=|J{z eR”: Gz =0,}.

i=1
If G; # 0, Vi € {1,...,r}, it is obvious that F is both closed and negligible in R”.
Then it is legitimate to ask what is the chance of a minimizer of £(.,y), for some

y € R, coming across to F. It has been shown in [27] that if the ¢; are C? on
R®\ {6;} and such that

dti(0:)(v) > —dT@i(0:)(—v), Vv e R\ {0},

the minimizers & of £(.,y) involve numerous indices ¢ for which G;& = 0, that is
Z € F. When {G,} yield the first-order differences between adjacent neighbors, this
amounts to the stair-casing effect which has been experimentally observed by many
authors [17, 14].

The conditions for a point & € F' to be a minimizer of £(., y) are now more tricky
than in the case when £(.,y) is smooth in the vicinity of Z. For every & € F', and for
every i € J, where

(26) J:{ze{l,,r}Gl:i:@},

the function ¢;(G;.) is nonsmooth at &. Otherwise, for i € Jc={i e {1,...,r}:i &
J}, the function © — ¢;(G;x) is differentiable on a neighborhood of Z in the usual
sense. This suggests we introduce the following partial objective function,

Es(x,y) = [|ILe —y|I* + Z ¢i(Giz),
i€Je
which is C™ on a neighborhood of &. Moreover, for every y € RY, we see that £;(.,y)

is C™ at any x belonging to the set

Gix=40; forall ieJ
L D . (2 7 ’
(27) 91._{xeR.[Gﬂ¢9i for all ieJC}

By the way, © is an affine space and O is a differentiable manifold. The relevant
tangent space at any point of O is denoted T'; and satisfies

(28) TJ = ﬂ Ker G,L
i€J

Notice that the family of all © 7, when J ranges over P({1,...,r}), forms a partition
of R? (i.e. a covering of R? composed of disjoint sets). We can notice also that

U {y € R?: 3& € ©; minimizer of £(.,y)}
JeP({1,-,r})
11



is a covering of R? provided that for every y the objective function admits at least
one minimizer. In particular, this is a partition of RY if £(.,y) admits a unique strict
minimizer for all y.

Any minimizer Z of £(.,y) satisfies

dt&(z,y)(v) >0, Yo e RP.

Let J be associated with & according to (26). For any x € ©, and for any v € RP,
we have

(29) At E(x,y)(v) = v VE(x,y) + > vTGTV i(0;)(Gv),
ieJ
with
(30) VEs(z,y) =2L" (Lz —y) + Y GIVii(Gix).
1eJe

Below we shall evoke &g, (., y)—the restriction of £(.,y) to the manifold O .
Note that

g‘®J('7y) :gJ|@J<'7y)+K where K = Z‘pi(ai)a
ieJ
and consequently £|g,(.,y) is C™ on © ;. Based on these expressions, we formulate a
result which extends Lemma 3.1. The proofs of all statements given in what follows
are detailed in the appendix.

PROPOSITION 4.3. Consider £ defined as in (2)-(8) and y € R?. For all i €
{1,...,7}, let v; be C™ on R\ {0;} with m > 2 and continuous at 0; where the
assumptions H4, H5 and H6 hold. Focus on & € RP and let J be defined as in (26).
Suppose & is a local minimizer of €|o,(.,y) such that:

(A) VZ(€le,) (&,y) is positive definite;

(B) if J is nonempty,

d*€(&,y)(v) >0, YveTinSs.

Then there exist p > 0 and a unique C™~ local minimizer function X : B(y, p) —
R? such that & = X(y). Moreover, X(y') € O for all y' € B(y, p).

All data points y € RY for which all local minimizers of £(.,y) satisfy the con-
ditions of Proposition 4.3 clearly belong to 2. Reciprocally, its complementary Q€ is
included in the set of those data points y for which the conditions of Proposition 4.3
are liable to fail. As previously, we will try to confine the latter set to a closed
negligible subset of RY.

COROLLARY 4.4. Let € be as in Proposition 4.3. For J € P({1,...,r}), define

(31) Hf :={x€0;: detV?*(&|e,)(r,0) =0},
(32) Wy = {w €Ty : vTw< ZUTGZTVJF%(O,»)(GQU), Yv € TJL} .
icJ
Let 117, be the orthogonal projection onto Ty. Put
(33) Ay :={ye R : 20y, Ly €V (Elo,) (HJ,0)},
(34) By = {y € R : 20Ty € VES(©,0) + aTJLWJ},
12



where 8’1} W is the boundary of Wy considered in T7 .
Then Q°, the complement of Q in R? introduced in Definition 2.2, satisfies

(35) ac  |J  (4,uBy).
JeP({1,...,r})

The reasoning underlying Corollary 4.4 can be summarized in the following way.
The set A in (33) contains all the y € R? which lead to a stationary point of £|g, (., )
belonging to © ; where the Hessian of £|g, (., y) is singular, i.e. for which the condition
(A) of Proposition 4.3 is not valid. For any J nonempty, By contains all y for which
E(.,y) can exhibit minimizers for which the condition (B) of Proposition 4.3 fails. It
remains to consider the extent of the sets A; and B;. The set A is addressed next.

PROPOSITION 4.5. Let £ be as in Proposition 4.3. We have the following state-
ments.

(i) The set Ay, defined in (33), is negligible in R?.

(i) If all ¢; satisfy H3, the closure of Ay is a negligible subset of RY.

Although the proof is totally different, we have a similar statement for the sets
Bj.

PROPOSITION 4.6. Let £ be as in Proposition 4.3. We have the following state-
ments.

(i) The set By, defined in (34), is negligible in R?.

(i) If the assumption HS is true, the closure of By is a negligible subset of RY.

The proof of Theorem 4.2 is a straightforward consequence of Corollary 4.4 and
Propositions 4.5 and 4.6.

5. Appendix.

Proof of Proposition 4.3. As a first stage we will consider the consequences
of the assumption (A). The point & satisfies

(36) V(&le,) (&,y) =0,
(37) V2 (€le,) (4,0) is positive definite.

By the Implicit functions theorem, there are p > 0 and a unique C™!-function
Xy : B(y,p) — O such that

(38) V(&le,) (Xs(y),y") =0 when y' € B(y,p).

In addition, by (37) and the fact that V2 (€|e,) is continuous, there is > 0 such that
V2 (€le,) (x,0) is positive definite whenever z € B(Z,7). Since X is continuous, for p
small enough, we have X; (B(y, p)) C B(#,7). In other words, V? (£le,) (Xs(¥'),y)
is positive definite on B(y, p). This fact, combined with (38) shows that X  is a local
minimizer function on B(y, p), relevant to the restricted objective function &£|g,.

By taking into account also the consequences of assumption (B), we will show
that for every y’ belonging to a neighborhood of y, the point &’ := X;(y/) € O is a
strict minimizer of the relevant non-restricted objective function £(.,y"). To this end,
we analyze the growth of £(.,y’) near to &’ along arbitrary directions v € RP. Since
any v € RP is decomposed in a unique way into

v:quij‘ with vy €Ty and vj‘GTj‘,
13



we can write
(39) E@ +uv,y)—E@ ) = E@ +vs+vr,y) —E@ +v1,9)]
+ [5(@’ + vy, y,) - g(ilv y/)]

The sign of the two terms between the brackets will be checked separately. The fact
that G;2' # 6; for all « € J¢ entails that there is v5 € (0,v1) such that G;(&' +v) # 6;
for all ¢ € J¢, if ||v]| < v2. In such a case, &’ + vy € O, so we have

g(ij + UJ)?J/) - g(i‘/7y/) = g|®] (i‘/ + vy, y/) - 8|@J (i‘/a y/)

Because, by construction, &’ is a minimizer of £|e, (.,y’), for any v’ € B(y, p) there
exists v; > 0 such that

(40) Elo, (@ +vs,y) —Ele, (@, y) >0 if 0<|vs| <.

Now we focus on the first term on the right side of (39) which will be shown to be
positive when ||v|| is small enough. Instead of &' +v; € O, we consider any ' € O
in a neighborhood of #. We show that for any 3’ near y, the function £(.,y’) reaches
a strict minimum at such a 2’ in the direction of T'7.

Since by H5, u — d¥p;(0;)(u) is lower semi-continuous on S*, we see that u
dTE(Z,y)(u) is lower semi-continuous on SP. Then the assumption (B) implies that

n:= inf dTE(Z,y)(u) >0,
ueT}NS

where the positivity of 7 is due to the compactness of T' j‘ N S. It follows that
A N
(41) d* (@, y)(vy) > 5 llozll, Yoy € Ty \ {0}

Then we see that (2’ +v+,y’) — E(2',y") will be positive for (z',y’,v7) on a neigh-
borhood of (&,y,0) if

(42) E(a’ +vr,y) — E@@,y) — dTE(@, ) (v7)] < g lvz -

In order to show this statement, for vf eT }, let us define
I={ic{l,---,r}: Gows =0}.

Then for 2’ € ©; near Z, we have

@' +vr,y) —E@,Y)
=2(v7) L (La’ —¢') + |1 Lo7 |* + Y [pi(Gia’ + Givy) — @il Gia')].
iele
The one-sided derivative of £ given in (29), is written
d+E(@,y) () = 20T LT (Lé — y)
+ > ) CIVei(Gia)+ Y () GIV T ei(0:)(Givg).

icJenle ieJnlile
14



Based on the last two equations,

‘5(37/ + U‘#’y/) - g(l’/,y/) - d+g(§:7y)(’0§>‘
)

(43) < |(v5)" (2LTL(2' — &) —2L"(y —y) + L" Lvy

(44) - ) Gl(VeilGit) - V@i(Gix’))>
ieJenie

(45) + Z lpi(Gia' + Givy) — ¢i(Gia') — (v5)TGT Vi (Gia)|
ieJenile

(46) + Y @il + Givg) — 9i(8:) — dTi(6:)(Givy)]
ieJnIe

The expression in (43)-(44) is bounded by

lorll  QILTLI " = 2l + 201 L]y =yl + LT L] o |

+ Y GilllIVei(Gid) — V%(Gﬂ/m) :

ieJenie

The term between the parentheses will be smaller than 7/6 if (2/,y,v7) is close
enough to (#,y,0). Hence the term in (43)-(44) is upper bounded by (1/6)|v+|. As
the functions ; are at least C' in a neighborhood of G;x’ when i € J° N I¢, the
expression in (45) can be bounded above by (1/6)|v+|. Last, by hypothesis H6,
the expression (46) can be bounded by (1/6)||vF|| as well. We thus obtain that the
expression in (42) is smaller than n|jvs|. Hence the conclusion.

Proof of Corollary 4.4. Let y € Q°, then £(.,y) admits at least one minimizer
% € R? such that the conclusion of Proposition 4.3 fails. Let J be calculated according
to (26), then & € ©;. Clearly Z is also a stationary point of £|g, (., ¥), which means
that

V(&le,) (,y) = 0.

By noticing that for every direction v € Ty we have £(& + v,y) = E5(& + v,y) + K,
where K = Z%(ei) is independent of v, we see that

ieJ
U7, VEs(2,y) =V (Ele,) (Z,y).
We deduce
(47) oAy, LTy =y, VE,(,0) = V (Ee,) (£,0)

Since y is in ¢, at least one of the conditions (A) or (B) of Proposition 4.3 is not
satisfied. If (A) fails, we have

det V2 (gleJ (jj>y)) =0

which means that & € Hy. Since # satisfies (47) as well, it follows that y € A;. It is
easy to see that these considerations are trivially satisfied if J = ().

Next, we focus on the case when (B) fails. In the particular case when J = 0,
(32) shows that Wy = 0, since Ty = RP. Consequently, By = @) as well. Let us now
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consider the case when J is nonempty. The fact that & is a minimizer of £(.,y) implies
that

dTE(&,y)(v) = v"VEN(#,0) = T LTy + Y " GIV i(6:)(Giv) >0, Vv e Ty
ieJ
which expression comes from (29). Using the definition of Wy in (32), the latter
expression is equivalent to

2HTj_LTy — 2 VES(2,0) € Wy

Saying that (B) fails means that Jv € T3, v # 0 such that d*€(#,y)(v) = 0. Hence
we can write down

2M0ys LTy —Tps VES(2,0) € Ot W
Since & minimizes £(.,y), (47) is true. Adding it to the expression above yields
2Ly € VE;(2,0) + A Wy

Hence y € Bj.

Proof of Proposition 4.5. By applying Sard’s Theorem (see Theorem 3.5) to
M = 6], N=T;,U=0;and G = V(5|@J) (.,0), the set V(5|@J) (H(‘)I,O), with H(‘)]
as in (31), is negligible in T;. Next, we notice rank Iy, LT = dimT;. By identifying
7, LT with the operator LT of Lemma 3.4, and V (€le,) (Hg,0) with V, we obtain
(7). Similarly to Theorem 3.3, the assumptions H1 and H3 shows that G satisfies the
condition 2 of Lemma 3.6. The same Lemma then implies that V (€|e,) (H{,0) is
negligible in 7. Applying again Lemma 3.4 along with V = V (€|e,) (Hy,0) yields

Proof of Proposition 4.6. The proof of this proposition relies on the following
theorem.

THEOREM 5.1. Let U be an open subset of R" and f : U — R" a locally Lipschitz
function. If W is a negligible subset of U, then f(W) is a negligible subset of R".

The proof of this theorem can be found for instance in [34].

Proof of Proposition 4.6.. As By = (), we just have to prove the proposition for
J # (. Since Wy is convex, aTj_ W is negligible in T]l7 hence the set ©; + 8Tj_ W
is negligible in R?. By noticing that the function x + & — VE&;(x,0) + 7 is C! on
©; +T7 = RP, Theorem 4.6 shows that VE;(0,0) + 8Tf W is also negligible in
RP. Then Lemma 3.4 applied to V =VE;(0,0) + Or1 Wy leads to (i).

In order to prove (i), we show that under the assumption H3, B} is also negligible
in R?. Based on Lemma 3.4 again, this is true provided that VE;(©,,0) + 0p Wy is
negligible in R?. The development below is dedicated to show the latter statement.
The term VE;(©;,0) reads

Vg](@Jvo)
(48) = { lim V&;(x,,0): z, €Oy, Vn €N and lim VE;(z,,0) exists}.

Assumption H3, joined to the fact that VE;(x,,0) is bounded when n — oo, implies
that {z,}, .\ is also bounded. Consequently, {z,}, N admits a subsequence which
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converges in O ;; by a slight abuse of notation, the latter will be denoted by {zn},, N
again. Let Z :=lim,,— o . Then T € O where

7= e
cre

Since all the sets O jy; in the above union are disjoint, there is a unique set Iy C J¢
such that € O ;yy,.
If Iy = (), we can write down that

lim V&;(x,,0) = VE;(Z,0).

n—oo

For Iy # (), the considerations are more intricate and are developed in several

stages. Starting with Iy, for every k = 1,2, --- we define recursively
(49) wi= Tim N (T o Ker gy (@ =)
(50) I = {’L'GIk,1 : Gluk:()}

The limit in (49) is taken over an arbitrary convergent subsequence. More precisely,
for every k, we recursively extract a subsequence of {x,,} that is denoted {x,} again,
and which ensures the existence of the limit. Clearly, uy is well defined only when
I,—1 # 0. The definitions in (49) and (50) are considered in the following intermediate
statements:

LEMMA 5.2. There exists K, 1 < K <, such that the sequence {Iy}rc{o,... Kk}
18 strictly decreasing with respect to the inclusion relation, and Iy = 0.
Proof of Lemma 5.2. For k small enough, the definition of wy shows that wu; &
Nr,_, Ker G, hence there exists i € I}, for which G;uy # 0. Consequently {I;.}, N
is strictly decreasing whenever Iy, is nonempty. The existence of K is straightforward.
O

LEMMA 5.3. For every k € {1,---, K} we have uy, € Uy where

1
(TJ N (ﬂielk—l\lk Ker Gi) N (ﬂielk Ker GZ))
Uy = \(Uier o, Ker Gi) - if k<K,
L .
<TJ N (mieIK,l Ker G’i) > \ (Uiekal\Ik, Ker Gi> if k=K.

Proof of Lemma 5.3. By the definitions of u; and of Iy,
1L

ur € Ty N ﬂ Ker G; and wu € ﬂ Ker G,
i€l;_1 i€y,

respectively. Hence, ug belongs to the intersection of the above sets. By using the
following trivial decomposition when k < K,
1 1L

ﬂ Ker G; = ﬂ Ker G; | N <m Ker Gi>

i€l €11\ Ik i€y,
17



1

il
= ﬂ Ker G; + (ﬂ Ker Gi>

1€l _1\Ix 1€l
we find that
1 1
ur € Ty N ﬂ Ker G; —|—<ﬂ Ker Gi> ﬁ(ﬂ Ker Gi>
€1k —1\ Ik i€l i€l
1
=|7;n ﬂ Ker G; ﬁ(ﬂKeer)
€I, 1\ Ik i€l
1
+ | Ty N (ﬂ Ker Gi> N (ﬂ Ker GZ-)
i€l i€}
1
=T;N ﬂ Ker G; ﬁ(ﬂ Ker GZ-)
ielk,l\lk iEIk
We obtain the result relevent to k = K likewise. O

LEMMA 5.4. Ifi € Iy_1 \ I,
lim Vo (Gizn) = VT 0i(0:) (N (Giug)).-

Proof of Lemma 5.4. From the hypothesis H4, we have
lim Vy;(Gizy,) = lim Vo,;(0; + Gi(z, — T))

= Vte;(6;) ( lim N (G;(z, —j)))

n—oo

provided that the limit between the parentheses is well defined. Let us examine the
latter question. The fact that x,, and T are elements of ©; implies that x,, — T € Ty
and moreover

Gi(ﬁbn — T) =G; HTJ(a:n — f)
=G; HTJﬂ(ﬂ]-EIk_lKer Gj)+ (mn - j) + GiHTJﬂ(ﬁjejk_lKer Gj)(xn - j)

= Gilly,n(nyer, Ker 6)t (Tn — )
Hence,
N (Gilan = 7)) = N (GiTlry ey, scer )2 (0 = 7))
= N (G’LN (HTJﬂ(njeIkilKel‘ C;fj)L ('Tn - f)))
Letting n — 0o, we obtain
lim A (Gl =) = N (Gi lim N (T, e (0 = 7)) )

- N (Giuk)
18



The last expression is well defined since i & I}, ensures G;uy # 0. a

We now come back to the proof of the proposition. Given I C {1,---,r}, let us
introduce the function

Fr:R? \ {UieIKer Gz} — ]R,p,
(51) u— Fi(u) = ZGzTV+<Pi(9i)(N(GiU))

iel

By the definition of Iy in (50), ur. & Ujer, _,\1, Ker G;. Then, according to lemma 5.4,

dim Y GIVei(Girn) = Fr_ o, (un).

’L'lefl\fk
Hence, from the definition of £;, we have

K
lim VE;(wn,0) = VEsus,(T,0) + Y Fr, 1, (k).

n— 00
k=1

Based on (48) and Lemma 5.3, we can write

VEJ(G)J, 0) C VEJ(G)J, 0)

r K
(52) ul U U (v&uh(@]uﬂ,oHZmM (Uk>> :

K=1 {1}K cZx k=1
where
Ik = {{Ie}t—y C (P({1, -+, 7})" : {I;}}, is strictly decreasing and I = 0} .
LEMMA 5.5. Let {I;}E_, be a strictly decreasing sequence (with respect to the

inclusion relation) and {Uy}£_, are defined as in Lemma 5.3. Then we have Uy, LU,
for every k #1 and

K
Ty =T, ® (@ Fk> .
k=1

Remark that Uy # {0} since uy € Uy and uy # 0. It follows that

1
dim U Ker G; | <dim | Ty N m Ker G; N (ﬂ Ker Gi>
€I, 1\ Ik €I, 1\ Ik 1€}
Then Uy, is a vector space which reads
1
m:ij ﬂ Ker G; ﬂ(m Ker Gz)
1€l 1\ Iy 1€l
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Proof of Lemma 5.5. This proof is based on the following identity:

ﬂ Ker G; = m Ker G; | N (ﬂ Ker GZ)
i€l L \é€lx—1\Ix i€},
r 1
&) ﬂ Ker G; N (ﬂ Ker Gi>
i€l 1\ Ik i€l
= ﬂ Ker G;
i€l 1
r 1
%) m Ker G; N (ﬂ Ker G1> [by I, C Ik—l]
1€l 1\Ik i€l
Consequently
(53) T;N (ﬂ Ker Gl> = |T;nN m Ker G; @ Uy,.
i€l i€l

By using recursively the obtained identity we get

T;=T5;N m Ker G; | @ ﬂ Ker G;
i€l 1 i€l _1
= |T7;N m Ker G; EBU_K

L i€l 1 i

= (TyN ﬂ Ker G; ®Ux_10Ux [by (53)]

i€l _2

(e (@)

i€l
K JE—
=Tyu00 ® (EB Uk>
k=1

The proof is complete. o

We can now complete the proof of the proposition. By Lemma 5.5, we have the
following inclusion

K
<®JUIO+ZUk+8TjWJ> - (@J-F&Tj_WJ)
k=1
20



Since 8’1} W is negligible in 7', the expression in the right side above determines a
set which is negligible in R”. Hence the term in the left side is negligible as well.

Let & € O g, be given, then O 5,7, = {Z} + Tyur,- By Lemma 5.5, any = € RP
can be decomposed in a unique way in the form

$:j+$JU[O+x1+"'+xK+x§
where  z 01, € Tyur,
v, €Uy, Vke{l,--- K}
xy €Ty

Based on this decomposition and using Fj defined in (51), the function

K
Osur + > Uk +T7 — RP
k=1
K
=~ 1 ~ 1
Ftagon ot rrtay o VEuL(E +205.0) + Y Fr_ (@) + o7
k=1

is locally Lipschitz since VE;yy, is C! and Fp,_\1, is Lipschitz by H5. Its image when
x ranges over O g, + Eszl Uk + 8T]L W, that is

K

VEu1,(©ur,,0) + Z ka—l\fk (Ux) + 8TJLWJ’
k=1

is consequently negligible in RP.
We prove the same way that VE;(0,,0) + aTj_ W is negligible in RP. Thus, ac-

cording to (52), VE;(0,,0) + Or+ Wy is a negligible subset of RP?, as being a finite
union of negligible subsets. The proof is complete.
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