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Abstract

We study a Curie-Weiss model with a random external field gener-
ated by a dynamical system. Probabilistic limit theorems (weak law of
large numbers, central limit theorems) are proven for the correspond-
ing magnetization. Our results extend those already obtained in [f

and [§.

1 Introduction

The Curie-Weiss model is a well-known approximation to the Ising model
(see [). Probabilistic limit theorems for the Curie-Weiss model have been
proven by the following authors: Ellis and Newman [§], Ellis, Newman and
Rosen [g... The purpose of the present paper is to prove limit theorems for
the Curie-Weiss model with random external field generated by a dynamical
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system, namely weak law of large numbers and central limit theorems for the
associated magnetization. Our main motivation is the understanding of the
statistical properties of the following physical model: consider n particles
(iron atoms for instance) distributed along a lattice I' = {1,...,n}. The
value of +1 at a site represents the spin, or magnetic moment, of the particle
at that site. The particles are placed in a magnetic field which is given in
terms of a dynamical system S = (E, A, u,T), that is a probability space
(B, A, ), T a transformation of E and a function f defined on E with values
in [0,1]. Let 8 > 0 be the inverse temperature and J a coupling constant
assumed strictly positive.

Given a configuration 0 = (0y)i=1...n € Q = {—1,+1}" and = € E, we
define the Hamiltonian,

2 4
BJ [ 1 — T'x
Hy (o) = o <ZZ1 Ji) + 3 izllog (%) ;.

We denote by Q,, . the Gibbs measure on €2, defined by

Qnz(o) = exp[Hy z(0)]

Zﬁx

where Z,, , is the normalizing constant, called partition function

Zn@ = Z eXp[ngg(O')]-

o€Qp

Equivalently, Q,, , is the probability measure defined on (£2,,P(2,)) such
that, for any A € P(Qy,),

1
Qne(A) = =— [ exp[Hnz(0)]dPp(0)
nx JA
where P,, is the uniform distribution on €, (i.e. for any o € Q,,, P, (0) = 5+)

and me is the partition function

Zpg = /Qn exp[H, (o) dPy (o).

For each configuration o = (0;)i=1,..n we define the associated magnetiza-

tion (or total spin)
n
A4ﬁ :IEE:(Tﬁ
i=1



Remark that when f = 1/2 our model corresponds to the Curie-Weiss model
without external field studied in [, §, f]. Moreover it is worth remarking
that any field (g(T%z));>1 can be considered by choosing the function f as
e9/(14€9). In particular, it includes the case where the field is given in terms
of a sequence of independent and identically Bernoulli random variables
taking the values —¢ and ¢ with probability 1/2 considered in [R1]] and [fL1].
We will be mostly interested in the special case when the dynamical system
is the irrational rotation on the torus which corresponds to a quasiperiodic
random field; we refer to [[[J] for a complete and precise discussion about
the relevance of this model in the modelization of certain physical models.
We are interested in studying the asymptotic behaviour of M, in the so-
called thermodynamical limit n — +oc. In [[] a physical interpretation of
this limit behaviour is given in relation with stable states (mixed or pure) and
metastable states of the underlying physical system. An illustrative example
derived from thermodynamics is given, namely a detailed description of
states as well as the phase transition in a gas-liquid system.

At infinite temperature (i.e. § = 0) the probability measure Q,, , is equal
to the product measure

n

[ (F(T'2)60 + (1 = £(T2))5-1)

i=1

This implies that the random variable M, is just a sum of independent
random variables o; taking the value 1 with probability f(T%z) and —1 with
probability 1 — f(T%z). So, in this particular case, the sequence of random
variables (Mp)n>1 is a so-called dynamic Z—random walk (see Section 2).
The dynamic Z-random walks were introduced by the second author in [[[4],
then generalized to dimension d > 1 in [[I]]. Theoretical results about
dynamic random walks and their applications can be found in the recent
book [[[J]. We are mainly interested in limit theorems (i.e. strong law of large
numbers, central limit theorem and large deviation principle) for dynamic
Z-random walks. We recall some of them here under simplified assumptions:
assume that F is a compact metric space, A the associated Borel o-field, T a
continuous transformation of E. If there exists an unique invariant measure
wie. (E, A u T) is uniquely ergodic and if f is continuous with integral
equal to 1/2, then for every x € E, (M,,/n)y>1 converges almost surely to 0
as n goes to infinity. Moreover, if we assume that a = fE 4f(1 — f)du >0
and that

n

Y U (Te) = 1/2] = o(V/n) (1)

=1



then the sequence (M,,/v/n),>1 converges in distribution as n — +o0 to the
Normal distribution N (0,a). Let us recall that an important feature of cer-
tain Ising model is the existence of a critical value G, of 3: For 0 < (6 < S,
the spins are weakly correlated and the probabilistic limit theorems obtained
at 0 = 0 are valid. For 8 > (., the correlation between the spins is strongly
positive and the limit results are completely different. The model is then
said to present a phase transition at 8§ = .. We will prove for our model
that the limit theorems obtained at § = 0 for the dynamic random walk are
still valid for any 8 < (. under the same hypotheses. The critical value [,
is shown to fluctuate between 1/J and 1/(Ja) according to the dynamical
system and the function f we consider. For an explicit class of dynamical
systems and functions f, we are able to prove that (. is equal to 1/(Ja)
and that at § = (., under suitable assumptions on f, there exists some
v € (0,1) so that as n — +oo, (M,,/nY), converges in distribution to an
explicit non Gaussian random variable. For G > (., the situation is not
so well understood. Let us recall that for the Curie-Weiss model with zero
external field (e.g. f = 1/2), the sequence (M, /n), converges in distribu-
tion to 1/2(d,, + d_,) where m > 0 (see for instance Theorem IV.4.1 in
[)- In Section 4 we show that if the function f is not identically equal to
1/2, when 3 > f3., the sequence (M, /n), does not converge in distribution.
We conjecture that Theorem 1 in [RI]] should be true for our model, under
suitable assumptions; this work is in progress.

In [[[9], the authors extended the Pirogov-Sinai theory to a class of models
with small quasiperiodic interactions as perturbations of the periodic ones.
More precisely, the low temperature phase diagram for spin systems with
periodic hamiltonians perturbated by quasiperiodic interactions is studied.
Under diophantine conditions and derivability conditions on the interaction
potentials they prove that the low temperature phase diagram is a homeo-
morphic deformation of the phase diagram at zero temperature. Our model
in the case when the dynamical system S is an irrational rotation on the torus
belongs to this class of hamiltonians perturbated by quasiperiodic ones. In
Section 5 the same kind of conditions on the diophantine approximation of
the irrational angle and on the smoothness of the function f will be needed
in order to state the limit theorems.

The outline of the paper is as follows: In Section 2, we define the dynamic
Z-random walk and recall some results which will be useful in the sequel.
In Section 3, we state and prove our results under general assumptions. In
Section 4, we apply results of Section 3 when the integral of f is equal to



1/2 and a > 0. In Section 5, we study the case when the dynamical system
is given by an irrational rotation on the torus.

2 Dynamic Z-random walks

The dynamic random walks were introduced in [[[4] and generalized to upper
dimensions in [I§]. We now recall some of the results obtained in dimen-
sion one. Let S = (E, A, 1, T) be a dynamical system where (E, A, u) is a
probability space and T is a measure-preserving transformation defined on
E. Let f be a measurable function defined on E with values in [0, 1]. For
each x € E, we denote by P, the distribution of the time-inhomogeneous
random walk:

So =0, Sn:ZXi for n>1

i=1
with step distribution
f(Tiz) if z=1
Po(X;=2)={ 1—f(Tz) if z= -1 (2)
0 otherwise.

The expectation with respect to P, will be denoted by E,. It is worth re-
marking that if the function f is not constant, (S,,)nen is a non-homogeneous
Markov chain. This Markov chain can be classified in the large class of ran-
dom walks evolving in a random environment. In most of the papers (see
for instance [[J], [{],...), the environment field takes place in space but it
can also take place in space and time (see []). Following the formalism
used in the study of these random walks, when z is fixed, the measure
P, is called quenched and the measure averaged on values of x defined as
P(.) = [5Ps(.) du(z) is called annealed. In the quenched case, the ran-
dom variables X;,7 > 1 are independent, but not necessarily identically
distributed. In the annealed case, the X's defines a stationary sequence of
dependent random variables whose the correlations are related to the ones
of the underlying dynamical system. We refer to [[q] (Section 2.1) for a
more precise discussion of these two cases.

Let Cy/2(S) denote the class of functions f € L'(u) satisfying the following
condition: for every x € E,

S (i) - | tin)

i=1

:0(\/5).




Let us assume that f € Cy/5(S); if [, fdp = 1and a = Jpaf(l—f)du >
0, then, for every x € E, the sequence of random variables (S, /v/n)n>1
converges in distribution to the Normal law AN (0,a) (see [1§]). A strong
law of large numbers for the dynamic Z-random walk can be obtained for
p-almost every point x € F from Kolmogorov’s theorem assuming that the
function f is measurable (see Chapter 2 in [[[J] for details). The limit is
then given by 2[E(f|Z) — 1 where 7 is the invariant o-field associated to the
transformation T'. So, (Sp/n),>1 is a good candidate for a large deviation
principle. Let us recall what is a large deviation principle: Let T' be a
Polish space endowed with the Borel o-field B(I'). A good rate function
is a lower semi-continuous function A* : I' —[0, co] with compact level sets
{z;A*(x) < a},a € [0,00[. Let v = (v,)n T 00 be an increasing sequence
of positive reals. A sequence of random variables (Y;,), with values in I'
defined on a probability space (2, F,P) is said to satisfy a Large Deviation
Principle (LDP) with speed v = (vy,), and the good rate function A* if for
every Borel set B € B(T),

1
— inf A* < liminf —logP(Y,, € B
nf () < im inf - ogP(Y,, € B)

1
< limsup —log P(Y,, € B) < — inf A*(x).
n Un z€B
Theorem 2.1. 1. For p-almost every x € E, the sequence (Sy/n)y, sat-
isfies a LDP with speed n and good rate function

X'(y) = sup{< Ay > ~A(N)

where
AN =E (log (&f +(1- f)e*’\)‘ I) ,

I being the o-field generated by the fized points of the transformation
T.

2. Assume that E is a compact metric space, A the associated Borel
o-field and T a continuous transformation of E. If (E, A, u,T) is
uniquely ergodic (i.e. there exists an unique invariant measure p) and
if f is continuous, then 1. holds for every x € E.

The rate function is then deterministic and equal to

A = /E tog (€f(2) + (1 f(a))e ™) ).



Let us mention that an annealed large deviations statement for (S, /n),
under the measure P can easily be proved using results of [§] (Remark that
E is assumed to be compact). The proof of the above theorem can be found

in [H].

3 Limit theorems for the magnetization

In this section, F is assumed to be a compact metric space, A the associated
Borel o-field, p a probability measure on (E,.A), T a continuous measure-
preserving transformation of F, f a continuous function from E to [0,1]
and z a fixed point of F. The system (E, A, u, T) is asumed to be uniquely
ergodic. In the sequel, the sequence (.S,,),, will denote the dynamical random
walk introduced in Section 2 and (M,,), the magnetization defined in the
introduction.

3.1 Weak law of large numbers for the magnetization

For every n > 1, we define the function
1
Gn(s) = —/s —Elog E,(exp(B8JsSy))
BJ 5, 1 :
= —s°— = L(f(T"
5" n; (F(T"x), B]5)

where the function L is defined on [0, 1] x R by

L(g,5) = log (6 ¢ + (1 - 9) e™*).
We also define the function G by

_BJ a2

Gls) = =

/E L(f(y). B.7s) du(y).

Theorem 3.1. The function G is real analytic, and the set where G achieves
its minimum is non-empty and finite.

Definition 3.1. We will denote by g = min{G(s);s € R} the minimum of
G and by mq,--- ,m, the points where G is minimal. Let us define the type



2k; and the strength \; > 0 of the minimum m; by
2k; = min{j >1 | GY(m;) # 0},
A= G (my).

Let us remark that g is nonpositive since G(0) = 0.

For every a € [0, 1], we define C,(S) the class of p-integrable functions
h: E — R satisfying the following condition: for every point x € F,

\Z (1) [ ma)| = o).

Remark that since the dynamical system is uniquely ergodic, the class C1(5)
always contains the set of continuous functions on E.

Theorem 3.2. 1. Assume that for every i € {1,...,r} and every j €
{1,...,2k;}, the function
E — R_
y — L(f(y),8Im)
belongs to the set Cj /o, (S).

Then, for every bounded continuous function h, the expectation of
h(My/n) under Q, 5 is equivalent, as n goes to infinity, to

=1

r
5 bi,n
=1

where

—+00
b = n /2K gmnGn(ma) \ ~1/2ki / exp(—s2F /(2k;)!) ds.

’ i
—0o0
In particular, if G achieves its minimum at a unique point m, then
the distribution of My, /n under Q. converges to 6, the Dirac mass
at m.



2. The distribution of My /n under Qy, , verifies a large deviation princi-
ple with speed n and good rate function

) = A0 = G - () - )

where A* is defined in Theorem P.1.

3.2 Scaling limit for the magnetization

Theorem 3.3. Assume that G has a unique global minimum m of type 2k
and strength A and that for every j € {1,...,2k}, the function %L(f(), BJm)
belongs to the set C;/o(S). Then, the following convergence of measures

holds: M
n— nm ~
ey Tl Z(2k,\)

where Z(2k, 5\) is the probability measure with density function
Cexp <—5\32k/(2k)!) ,

where C is a normalizing constant and X is defined by

X:{ (i_ﬁ%)_l it k=1

A it k>2

Remark: Note that the case of a minimum of type 2 yields a central limit
theorem: the fluctuations of M, /n around m are of order n~/? and Gaus-
sian. When the type of the minimum is greater than 4, the limit distributions
are non standard.

3.3 Technical lemmas

Lemma 3.1. Let Y be a random variable with distribution N(0,1/(8J)),
independent of M, for everyn > 1. Then, given m and -y real, the probability
density function of the random variable

Y M, —nm
nl/2— nl—




s equal to
exp (—nGp(m + sn™7))

Jz exp (—nGp(m + sn=7))ds’

Proof:
The probability density function of the random variable n'/2Y + M, is given

by
L B [ _gi(s—a)2/(2n) BJa2/2n 1~
7\ 27T7”L/6 e dpn ()

with p, = p1 % ... * p, where p; = f(T%x)d1 + (1 — f(T°x))6_1. It can be
rewritten as
L [ B _grs2/onm . BJsS
Y E s$Sn/n
n 27Tne o(e )
So, by a change of variables, the probability density function of the random

: Y My—nm : :
variable —75— + F#=0" is given by

i @n1/2f'yefﬁJn(m+sn_'V)2/2Em(eBJ(ersn_'V)Sn)
Z, \ 2w

The lemma is then easily deduced.

The previous lemma suggest that the behaviour of the sequence of ran-
dom variables M,, and of the sequence of functions G,, are linked together.

Lemma 3.2. The sequence of functions (Gp)n>1 converges to G uniformly
on compacta of R as n goes to infinity. Furthermore, for every k > 1, the
sequence of derivative functions (ch))nzl converges to G®) uniformly on
compacta of R as n goes to infinity.

Proof:
Note that the function L is of class C* on [0, 1] x R, so that for any s € R,
the function y — %L(f(y), (BJs) is continuous. For any s € R and k£ > 0,

8k
5 OsF

n_ ok
P (5)-G®(s) = (B [ -3 %L(f(Tiw), B.s) ~ L(f(y), 3Js)dp(y)
i=1

The unique ergodicity hypothesis implies that this quantity converges to 0
as n goes to infinity.

10



We prove the uniform convergence with the following majoration of the
difference |G$Lk)(s) — G™)(s)| on the compact [—a; al:

G (s) = GW ()] < |G10(0) =GP (0)] + / G (s) = GEF(s) ds.

—Q

The unique ergodicity hypothesis implies that for any s € R, ]G,(fﬂ)(s) —
G*+1 ()| converges to zero as n goes to infinity. Furthermore, the function
%L is bounded on the compact set [0,1] x [—8Ja, fJa], and hence the
difference ]Gslkﬂ)(s) — G*+1)(s)| is uniformly bounded on [—a, a]. Finally,
by dominated convergence theorem,

G =G0 )] <1600 -6+ [ 16 ()64 (5] ds — 0,

—Q
and the convergence is uniform for s € [—a, a].

Lemma 3.3. Let m be a global minimum of G of type 2k and strength .
Suppose that for every j € {1,...,2k}, the function y — %L(f(y),ﬁJm)
belongs to the class C ; (S). Then, for every s € R,

2k

82k

. —1/2k _
(e () ) rl @
Furthermore, there exist 6 > 0 and N > 1 such that for every n > N and
s € [—ont/?k; gnl/2k],

A S2k 2k—1 ‘
—1/2k‘ _ > - _ J
n (Gn (m—l—sn > Gn(m)> 2 3R ]Zl |s]7. (4)
Proof:
Let s € R and v = sn~ Y2k, Taylor’s formula implies that
2k - ~(4)
Gn 5
G(m +u) — Gu(m) = Y j'(m) W + Ry (u),
=1 7

where the remainder R,, has the integral form

_ L yzhgeky
R, (u) = (1-0)*G (m + 6u) do.
(2K)! Jo "

11



The j-th derivative of G,, at point m is equal to

IV s 97 ‘
BIE S L (), pim),
i=1

GE(m) = P;(m) -

n

where
BJm if j=1
Pj(m) = 6J if j =2
0 otherwise

As n goes to infinity, this quantity converges to
G) [
GOm) = Pym) = (3 | Z5L( (), 5m) du().

The hypothesis that the function y — %L(f(y), BJm) belongs to the class

C (S) implies that for every j € {1,...,2k},
2k
n|GY) (m) — GY) (m)| = 0<n%).
Since the point m is a global minimum of G of type 2k and strength A,

G (m) = 0 for every j € {1,...,2k — 1} and G®*)(m) = XA > 0. This
implies that as n goes to infinity, for every j € {1,...,2k — 1},

Gg)(m)nl_% — 0, (5)
and that for j = 2k,
G (m) — A (6)

The integral remainder satisfies

g2k+1,-1/2k 1
n R (sn” ") = W/ (1 — 0)* GV (m + 9sn~1/?%) dg.
: 0

The fact that the functions Gﬁ?’”l) are uniformly bounded on the compact

set [m — |s|, m+|s|] implies that the integral is bounded as n goes to infinity,
so that

Hence the formula

)
(G ) =) =35 G,



yields the limit A\s?¥/(2k)! as n goes to infinity and this proves equation (fg).
Let us prove ([), from (f) and (f), there exists N > 1 such that for every
n > N, and every j € {1,...,2k — 1},

ng)(m)nl_j/zk

J!

<1

and, for j = 2k,
G2 (m) > 3A/4.

There also exists § > 0 such that for every n > 1, and every s € [—on'/?#; §nl/2k],

1
s/ / (1= 0)*GP*D (m + 9sn™1/*) do| < A/,
0

which implies that for every n > 1 and every s € [—on'/?F; §nl/2k],

A S2k:
—1/2ky 5 _ A
nR,(sn ) > eI

(There exists M such that |G,(12k+1)(5)| < M for every n > 1 and every
s € [m —1,m + 1], then choose 0 as the minimum of (2k + 1)\/(4M) and 1

).

This implies that for every n > N and every s € [—dn'/?*; gnl/2k],

(6 (o) < Gu) > 5y = S e
j=1

Lemma 3.4. Let V' be any closed subset of R containing no global minima
of G. There exists € > 0 such that

e /V exp (—nGy(s))ds = (’)(e*”e).

Proof:
Since |Sy,| < n, the expectation E,(exp(5JsSy)) is bounded above by exp(nf3J|s|)
and the function G,, satisfies for every s € R

Gn(s) > %]52 — BJ]s|.

This implies that for any s such that |s| > 3, G,(s) > 22L > ¢ (since

2
G(0) =0, g is nonpositive).
From Lemma B.9, on the compact set W = V N {s;|s| < 3}, the sequence

13



of functions G,, converges uniformly to G. Hence, the sequence infy G,,(s)
converges to infy G(s) > g. Let
36J

1
€= min(i(ial/fG(s) -9), 5 = g) > 0.

Then, for large n, G,,(s) > g + € on the set V. Hence, for large n,

/ exp (—nGp(s)) ds < e (" o+e) / e~Gn) g,
Vv R

The inequality
—Gn(s) BJ 5
e < exp -5 + B J|s|
implies that

e"g/ exp (—nGp(s))ds < ede~(m1)e / exp <—%32 + BJ!S!) ds = O(e™").
\%4 R

3.4 Proof of Theorem B.1|

For every y € E fixed, the function s — L(f(y), s) is real analytic. Moreover,
if s € [—a, a], then for every y € E, |L(f(y),s)| < a. This implies that the
functions s — [, L(f(y),s)du(y) and G are real analytic.

We now prove that G has a finite number of global minima. The function
G goes to infinity as s goes to infinity, since for every s € R,

G(s) > %]32 — BJ|s|.

This implies that the continuous function G is bounded below and has a
global minimum. Furthermore, the set where G achieves its mimimum is
bounded. Since G is a non constant analytic function, the set where its first
derivative G(!) vanishes is discrete. The set where G is minimum is thus
discrete. Being also bounded, it must be a finite set.

Remark: It is worth remarking that every minimum point of G is of finite
type. Indeed, if G has a minimum m of infinite order, then G(j)(m) =0
for every 7 > 1. Since G is analytic, this implies that G is constant. It
contradicts the fact that G tends to infinity when s goes to infinity.

14



3.5 Proof of Theorem .2

A consequence of Lemma B.1 is that the density of *%” + % is equal to

exp(—nGp(s))
[ exp(—nGy(s))ds

Note that the contribution of the Gaussian random variable % vanishes in

the limit n — +o00. We thus have to prove that for any bounded continuous
function A,

[ exp(—nGr(s))h(s)ds i binh(my) o(1)

Jexp(=nGu(s))ds Y bin
For every i € {1,...,7}, m; is a minimum of G of type 2k; and strength ;.
For every minimum m;, we apply Lemma B.d. Then, for every i € {1,...,r},

there exist §; > 0 and N; > 1 such that ([]) holds. Let N be the maximum of
(N;)i=1,..r and let § be such that 6 < min;—; __, d; and the sets Jm;—d, m;+0|
be disjoint. Let V' be the closed set

V =R\ Imi—d&mi+d[.
=1

Lemma B4 yields

/Vexp(—nGn(s))h(s) ds = (’)(e*”e*"g).

Use a change of variables and Lemma B.J to estimate the contribution of
the set Jm; — §, m; + 4|,

m;+9
/ » exp(—nGp(s))h(s)ds

6n1/2ki

n—l/Qk‘ie—nGn(mi)/ exp (—n(Gn(mi + Sn_l/%i) _ Gn(ml))> h(mi + Sn—l/Qki) ds

_onl/2k;

+oo
= 7 1/ZkigmnGn(mi) [ / exp(—)\iszki/@ki)!)h(mi)ds+0(1)]

—00

where the last equality is obtained by combining (f), (]) and dominated
convergence. Hence, the integral is equivalent as n goes to infinity to

bi,n h(mz)

15



where

—+00
bin = nl/%ie"Gn(mi),\Al/%i/ exp(—s2Fi /(2k;)!) ds.

(2
o0
This yields the asymptotic

J exp(—=nGy(s))h(s)ds _ 2199 binh(m;)
J exp(=nGn(s))ds 219‘9 bin

To prove the large deviations property, we use Laplace method. From Theo-
rem P.], the distribution of S, /n under P, satisfies a large deviation principle
with speed n and good rate function A*. The distribution Q,, . is absolutely
continuous with respect to P, with density

d n,x JSn 2
(%P):; :;exp<n7ﬁ (2/n) >

n,x

Since S,,/n takes its values in [0,1] and that the function z — (£J22/2 is
continuous and bounded on [0, 1], it follows from Varadhan integral lemma
(see [@]) that the distribution of M, /n under Q,, , satifies a large deviation
principle with speed n and good rate function

Ioalz) = A*(2) = 527~ int(A°(2) - 551 27).

3.6 Proof of Theorem .3

From Lemma B.1], the probability density function of

M, —nm Y
nl-1/2k + nl/2—1/2k

is given by
exp(—nGy,(m + sn~1/2k))
[ exp(—nGy(m + sn=1/2k))ds
The theorem is a consequence of the following result: for any bounded con-
tinuous function h,

[ exp(—nGy(m + sn~2F))h(s) ds ~ [ exp(—=As* /(2k)!)h(s) ds 7)
[ exp(—nG,(m + sn=1/2k)) ds [ exp(—As?:/(2k)!) ds
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Let 6 given by Lemma B.3 and let V =R\ |m — §,m + §[. Lemma B.4 yields
the following estimation

/ exp(—nGy(m + sn™Y2F))h(s) ds

\S|25n1/2k

= nl/%/ exp(—nGy(s))h((s — m)nt/?) ds
\%4

— Ofn!/2emrea) ®

From Lemma and dominated convergence,

/ exp(—nGp(m + sn™ ) h(s) ds

|s|<ént/2k

— ¢ "Gn(m) / exp <—n(Gn(m + Snfl/zk) - Gn(m))> h(s)ds
|s|<ént/2k

= ¢ "Gn(m) [ /R exp(—As% /(2k))h(s) ds+0(1)] (9)

By combining equations (§) and (fJ) we obtain ([d).

4 The phase transition

In this section, we keep the hypotheses of the previous section and we focus
on the case where [, fdu = 1 and a = [,4f(1 — f)du > 0. We prove
that a phenomenon of phase transition occurs: at high temperature (i.e. (3
small), the system has the same behaviour as at infinite temperature (i.e.
B = 0). We prove that for § < [, the magnetization vanishes in the
thermodynamical limit (i.e. M, /n converges in distribution to zero) and we
also give a caracterization of the critical inverse temperature 8.. The study
of the system at lower temperature (5 > f3.) is quite difficult since the study
of the minima of GG strongly depends on the dynamical system S and on the
function f. We will give some general conditions under which the minima
of G are well known, and also study some examples.

4.1 The critical temperature

In this section the parameter (3 is not fixed and we write G instead of G
to enhance this dependency.
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Definition 4.1. Let (. be the critical inverse temperature defined by the
relation
Be=sup{B>0|Vse R, Gg(s) >0}.

We recall that Gg(s) = ﬁ—2‘732 — A(BJs), where

Aly) = /E log (F(2)e? + (1 — f(2))e™?) d(z).

It follows from the change of variables u = Js that (. is also defined by

2
ﬂc:sup{ﬂ>0‘Vu€R, A(u)gzz—J}

Equivalently, the critical temperature is defined by the more explicit relation

1 - A(uw)
2Bcj_u€]1£* u2 ‘

Proposition 4.1. The critical inverse temperature 3. satisfies

1 1
— < < —.
J_BC_JCL

Furthermore, if B < 3., then Gg has a unique minimum at point 0.

Proof :
We use the fact that A(u) ~ %u? as u — 0. Hence, u — % is continuous
on R*, tends to a/2 as u — 0 and to 0 as u — +oo. This implies that

a A(u)
o S sup 2
2 uecR* U

and then 3. < ﬁ Note that the equality 8. = ﬁ holds if and only if
Au)

u + —3 reaches its maximum at point 0. The inequality §. > % follows
from the fact that the second derivative of A is bounded above by 1 which
implies that A(u) < Su?.

The relation
s\ s 1 1 5
G <B_J> =G (@J) * (w ch) °

implies that if 3 < (3., the function Gg has a unique minimum at point 0
equal to 0.
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Theorem 4.1. Let us assume that f € Cy/2(S). Then, for every 3 < f,
the distribution of M, under Q, , satisfies a law of large numbers:

1
—M, = 6, asn — oo
n

and a central limit theorem:

1
—M, = N(0,6%) , asn — oo
n

NG
with 0% = a/(1 — BJa).

Proof:

The law of large numbers is an application of Theorem B.3 and the central
limit theorem is an application of Theorem B.3J. We verify that the assump-
tions of these theorems are satisfied. From Proposition [L.1], the hypothesis
Jg fdu = % and 3 < 3. implies that the function Gz has a unique minimum

at point m = 0 of type 2k = 2 and strength A = Gg) (0) =pJ(1—-pJa) > 0.
Since the function y — %L(f(y), 0) is equal to BJ(2f — 1), the hypothesis
[ € Cy/2(S) implies that y +— %L(f(y),O) belongs to C;/5(S). Moreover,
the function y — aa—;L(f(y),O) is equal to (8J)% (4f(1 — f)) which belongs
to C1(S) since f is continuous.

4.2 General study for a specific class of systems

We consider here a class of systems for which we can study the minima of
the function G for every 3 > 0. We suppose that the system satisfies the
following hypothesis

(H) The function A is even and its derivative is concave on (0, +00).

Before introducing our main results, we exhibit some cases where the hy-
pothesis (H) is satisfied. Note that (H) is an assumption on the function

Aiur / log (f(z)e" + (1 — f(z))e ™) du(z)
E

that does not really depend on the dynamical system S = (E, A, u,T) but
only on the image distribution of  under the application f, that we denote
by py that is the measure on [0, 1] such that for every Borel set A,

pp(A) = p(f~1(A)).
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Proposition 4.2. The hypothesis (H) is satisfied in the following cases:

1. the measure iy is equal to 1jg () dz.

2. the measure iy is equal to 3 (6)\ +d1-)), with % _ V3 <A<
0<A<3— i the hypothesis (H) is not satisfied.)

3. the measure [y has its support included into [3 — Tg,% + Y31 and
satisfies the symmetry condition: jip = pq_y.

Proof:
1.: In this case, the function A is equal to
! e =1 0
Alu) = /0 log (" + (1 — 2)e~) dr — { A f; v

It is an even function. In order to prove the concavity of A’, we compute
the third derivative A®) for u € (0, +00) :

2(1 — tanh(u)?)

AP (u) = tanh (u)*

(3tanh(u) — 3u + u tanh(u)?)

which is negative on (0,400), so A satisfies the hypothesis (H).
2.: When py = %(5>\ + 01-»), the function A is equal to

Alu) = % [log()\ e+ (1=X)e ") +log((1—X) e+ A e‘“)]
= log(cosh(u)) + %log (1 - (2x — 1)*tanh(u)?),

which is an even function and its third derivative is given for u € (0, 400)
by

2t(1 —2)(1 — g%)
A®) 2 =3P+ (34> — 1
(u) = TEEIsE [9°(g" = 3)t" + (3¢° — 1)]
with ¢ = tanh(u) € (0,1) and ¢ = 2X — 1 € (—1,1). The fraction is
V3

nonnegative and for every A E [% - % %] the bracket is nonpositive since
G2 (g? —3)t2 + (36> — 1) < (3¢ — 1) < 0. Thus, A®) is negative on (0, +00)

and assumption (H) is satisfied.
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3.: The condition that f and 1 — f have the same distribution under p
implies that the function A is even : for every u € R,

Au) = [E log (f(z)e" + (1 — f())e™) duz)

- /E log (1= f(x))e" + (1 (1= £(z)))e™") dp(x)
= A(—u).

Writing A(u) = W yields the following expression :

A(u) = log(cosh(u)) + % /Elog (1 —(2f(x) — 1) tanh(u)?) du(z).

We compute the third derivative using this last formula. This yields

LW 2 2 2 2
(1 —g(m)2t2)3 [g(x) (9(x)* = 3)t" + (3g(x) 1)] du(z)

with ¢t = tanh(u) € (=1,1) and g = 2f — 1. When the measure ¢ has its

support included into [% — %, %—l— %], then (3¢g2 —1) is u-almost everywhere

nonpositive and hence A®) (u) and —u are of the same sign, so assumption
(H) is satisfied.

A®) (u) = 2t(1—?) /
E

We are now ready to give a complete description of the minima of the
function G in function of the inverse temperature 3 and to show a phase
transition at the critical inverse temperature 8 = (..

Theorem 4.2. Let us assume that hypothesis (H) is satisfied. Then, the
following results hold:

1. the critical inverse temperature (. is equal to 1/(Ja).

2. for B < B, Gg admits 0 as unique minimum of type 2 and strength
BJ(1— BJa).

3. for 8= (., Gg admits 0 as unique minimum of type > 4.

4. for B> B, Gg admits two global minima at points £m (with m > 0),

of same type equal to 2 and same strength. The point m called spon-
taneous magnetization is the unique positive solution of the equation

o / tanh(GJm) + (2f — 1)
- Jg 1+ (2f — 1) tanh(BJm)
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Proof:
1.: We prove that for every u € R,

Au) < qu. (10)
This implies that
L _ su Au) <2
260!] _ueﬂg* u2 2

and hence that G, > ﬁ From Proposition [i.T], the equality is proved.

We now prove inequality ([[() using hypothesis (H). Since A’ is concave on
(0, +00), its derivative A is a nonincreasing function. Hence, for every
u >0, A®(u) < A®(0) = a. The function A’ vanishes at point 0 and has
a derivative bounded above by a: this implies that A’(u) < au. Integrating
one more time yields A(u) < %u? for every u > 0. Since the function A is
even, the same inequality holds for 4 < 0 and this proves inequality ([L(]).
2.: This result is contained in Proposition f.1].

5.: From assumption (H) the function G5(s) equal to 8.J(s — A'(B8Js)) is
odd and convex on (0,+00). For 8 = f,, G/B(O) = G(;)(O) =0, so from con-
vexity, G/ﬁ is nonnegative on (0, +00). The point 0 is the only point where
G;; vanishes. Otherwise, if there exists some u > 0 such that G;;(u) =0, the
convex function would be identically zero on [0, u] , and being real analytic,
it would be identically zero on R, which is not the case. Thus zero is the only
point where G/ﬁ vanishes, and the function G 3 has a unique global minimum
at point 0.

4.: For B > (., under assumption (H), the function G/ﬁ is odd and con-
vex on (0,+00), moreover, G/B(O) =0, Gg)(()) = BJ(1 — BJa) < 0 and
limg_ 1 oo G;a,(s) = +oo. Hence, there exists an unique real m € (0,+00)
such that G/ﬁ(m) = 0, thus the function G/B vanishes only at points —m, 0
and m. The function Gy reaches its global minimum at points —m and m,
and has a local maximum at 0. Since A is even, the minima m and —m have
same type and same strength.

We now prove that the type of m is equal to 2: by the mean value theorem
there exists mg € (0, 3Jm) such that

AN(BIm) 1

A (mo) = =577 = 55

The real analytic function A® is not constant on [0, +-00| (since A?)(0) =
a > 0and lim,_ ;o A®(s) = 0). Then, since A®) is nonpositive on (0, +00),
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the function A is strictly decreasing on (0, +00). It follows that A (mg) >
A®)(BJm) and that

G (0m) = (52 (5 = A3 m) ) = (377 (A2 amo) = A (B5m)) > 0.

This completes the proof of the theorem.

As a consequence, the asymptotic behaviour of M,, under Q,, , for 8 > 3.
is deduced for the systems satisfying assumption (H). Recall that Theorem
[ treats the case 3 < f. for general systems.

Theorem 4.3. Assume that assumption (H) is satisfied.

1. When B = B, denote by 2k > 4 and X\ the type and the strength of
m = 0 the minimum of Gg. Assume that for every j € {1,...,2k},
the function f7 belongs to Cjax(S). Then,

and

where Z is the probability measure with density function
Cexp (—Ast/(Qk)!) ,

C being the normalizing constant.

2. When 8 > (., assume that the functions %L(f(.),iﬂJm) belong to
the set Cy/2(S).
Then, for every bounded continuous function h, the expectation of
h(M,,/n) under Qy, 4 is equivalent, as n goes to infinity, to

b (M) + b_pn h(—m)
bm,n + bfm,n

where

b = [ ( F(TIz) 7™ 4 (1 — f(Tx)) e—ﬂJm) .

Jj=1
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Remark: A straightforward computation gives
GY(0) = 2(8J)" (314 — 4L + 1)

where I = [,(2f —1)* dp and Iy = [,(2f — 1)* du. So, when 8 = f, the
type of 0 is equal to 4 if and only if 314 — 415 + 1 > 0. It is always verified
1 V31 + @]
&l

when the support of f is strictly included into [5 — *5*, 5

5 A particular case: the rotation on the torus

In this section we treat the particular case of the irrational rotation on the
torus which corresponds to a quasiperiodic random field already mentioned
in [I9]. It is one of the dynamical systems S in ergodic theory for which we
are able to provide a large subclass of C,(5). In the first section we first give
a precise description of this subclass in terms of the diophantine properties
of the irrational angle. In the second one we apply results of Section 4 to this
particular dynamical system when the function f is the identity function.

5.1 Some Results on Diophantine Approximations

Let us consider the dynamical system (T",B(T"),\,T,) where X is the
Lebesgue measure on the torus T" and T, is the irrational rotation over
T" defined by x — = + « mod 1. It is well known that under these condi-
tions this dynamical system is ergodic and for every f € L'()), for almost
every x € T"|

n— oo

_1g Loy -
Mn_n;f(Tax) Trf(t)dt 0

When f is with bounded variation, this result holds for every = € T" and it
is possible to determine the speed of convergence of the sequence M, to 0
in terms of arithmetic properties of the irrational vector . When r = 1, for
all irrational badly approximated by rationals, Denjoy-Koksma’s inequality
gives us a majorization of M,, uniformly in x for n large enough. But when
r > 2, Denjoy-Koksma’s inequality does not hold (see Yoccoz [P4]) and the
method of low discrepancy sequences has to be used.
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5.1.1 Case of one-dimensional torus

Let « be an irrational. We call a rational % with p, g relatively prime such
that o —Z| < q%, a rational approximation of . When « has the continued

fraction expansion o = [a] + [a1,...,ap,.. ], the n-th principal convergent
of a is Z—: where, Vn > 2,

Pn = npPp—1 + Pn—2

Qn = QpQn—1 + qn—2;

the recurrence is given by defining the values of pg, p1 and qq, q1.

Denjoy-Koksma’s inequality Let f : R — [0,1] be a function with
bounded variation V(f) and g a rational approximation of a. Then, for

every x € T?,
q

l J—
> @) —a [ 10 < V().

=1

Proposition 5.1. Let f be a function with bounded variation V(f). For
every irrational o such that the inequality a,, < m't¢, where € > 0, is
satisfied eventually for all m,

sup Z (f(Téx) ~ /. f(t)dt)‘ = O(log*™¢n).

1
e€l™ =1

Proof:
The sequence of integers (¢;);>1 being strictly increasing, for a given n > 1,
there exists m,, > 0 such that

dm, S n < dm,+1-

By Euclidean division, we have n = by, ¢m,, +1m,,—1 With 0 < npp 21 < g, -
We can use the usual relations

g =1,q =a

Qn = QnQn—1 + gn—2,M > 2. (11)

25



We obtain that (am, +1 + 1)G@m, > Gm,+1 > n and 0 by, < ap,, +1. If my, >
0, we may write Ny, —1 = bm,,—1@m,—1 + "m, —2 With 0 < npy 0 < @, —1-
Again, we find by,,—1 < aGp,,. Continuing in this manner, we arrive at a
representation for n of the form

Mn
n=> b
i=0

with 0 < b; < aj41 for 0 < i < m, and b,,, > 1. Using Denjoy-Koksma’s
inequality, we get

S @) —n [ sl < VY
=1 T i=0
< V() Z Qit1-
i=0
By hypothesis, there exists mg > 1 such that,
am < M Ym > mo.
Let n be such that m,, > mg. Thus,
n mo—1
> #The) —n [ FO@H VY aia+ o+ 1779)
=1 i=0

We need to know the asymptotic behavior of m,,. When « is the golden ratio,
an =1, ¥n > 1 and the relation ([[1]) implies that g, ~ %a”“. Let o be
another irrational; its partial quotients a, satisfy necessarily a], > 1. Using
the relation ([), we see that ¢/, > g,,¥n > 1. Therefore, m, = O(logn)
and the proposition is proved.

5.1.2 Generalization to r—dimensional torus

We recall some definitions and well known results from the method of low
discrepancy sequences in dimension r > 1.

Suppose we are given a function f(z) = f(z, ... 2(")) with r > 1. By
a partition P of [0,1]", we mean a set of r finite sequences néj ), 77? ), R

n,(gg.(jzl,...,r), WithO:néj)gngj) S...Sn%} =1lforj=1,...,r. In
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connection with such a partition, we define, for j = 1,...,r an operator A;

by

A]f(x(l)’ R 733(]71)? /’71(])7 x(]+1)? R 7x(r)) = f(x(l)? R ’x(.]il)’nfj-‘,-)l’

20D a0) = fa®, L 20D ) g0 ),

7

for 0 <i < m;.
Definition 5.1. 1. For a function f on [0,1]", we set

mi1—1 my—1

—sup Z Z A1, 77@1 7"'777@(:))’7

Zl =0 ZT—O

where the supremum is extended over all partitions P of [0,1]". If
V)(f) is finite, then f is said to be of bounded variation on [0,1]"
the sense of Vitali.

2. For 1 < p <randl < i <ig < ... < 1ip < 1, we denote by
V(p)(f; i1,...,%p) the p-dimensional variation in the sense of Vitali of
the restriction of f to

Ef i, =A{(t,... . ty) €[0,1]";t; = 1 whenever j is none of the
ir, 1 <7 < p}.

If all the variations VP (f;iy, ... ,ip) are finite, the function f is said
to be of bounded variation on [0,1]" in the sense of Hardy and Krause.

Let x1, ..., 2, be a finite sequence of points in [0, 1]" with z; = (xy,,...,z.)
for 1 <[ <n. We introduce the function
A tl, PN ,t n
Ry(t1,...,t;) = % —t1 ...ty

for (¢1,...,t,) € [0,1]", where A(t1,...,t,;n) denotes the number of ele-
ments x;,1 <1 <n, for which x;; <t; for 1 <7 <.

Definition 5.2. The discrepancy D}, of the sequence x1,...,x, in [0,1]"
defined to be

D} = sup |Ry(t1,. .. t)].
(tlv"'vtr)e[()?l]r
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For a real number ¢, let [|t|| denote its distance to the nearest integer,
namely,

ltl = inf|t—n]
nel

— inf({t},1 - {t})

where {t} is the fractional part of t.

Definition 5.3. For a real number n, a r-tuple « = (aq,...,q,) of irra-
tionals is said to be of type n if n is the infimum of all numbers o for which
there exists a positive constant ¢ = c¢(o;aq,...,q,) such that

r?(h)|| < hya > > ¢

holds for all h # 0 in Z", where r(h) = [[i_; max(1, |h;]) and < -,- >

denotes the standard inner product in R".

The type 1 of « is also equal to

sup{~y : hei(%f;)* r7(h)|| < h,a > | = 0}.

We always have n > 1 (see [PZ]). Now we give a result (see [B(]) which
yields the asymptotic behavior of the discrepancy of the sequence w = (z1 +
log,...,xp+loy),l =1,2,... as a function of the mutual irrationality of the
components of a.

Proposition 5.2. Let a = (ai,...,q,) be an irrational vector. Suppose
there exists n > 1 and ¢ > 0 such that

r'’"(h)|| < hya> | > ¢

for all h # 0 in Z". Then, for every x € [0,1]", the discrepancy of the se-

quence w = (x1+lay, ..., x+la,), 1 = 1,2,... satisfies DY (w) = O(n""log" ! n)

1
forn=1 and D} (w) = O(n" =0+ logn) for n > 1.

The proof is based on the Erdos-Turdan-Koksma’s theorem: For h € Z",
define p(h) = maxi<j<, |hj|. Let z1,..., 2, be a finite sequence of points in
R". Then, for any positive integer m, we have

n
1 l 2 :627ri<h,xl>
n

=1

1
* L - § -
Dy < G m + r(h)

0<p(h)<m
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where C). only depends on the dimension r. This theorem combined with
the results of [R0] (p.131) gives us the result.

Theorem 5.1 (Hlawka, Zaremba). Let f be of bounded variation on
[0,1]" in the sense of Hardy and Krause, and let w be a finite sequence of
points x1,...,2, in [0,1]". Then, we have

!% > fl) - /TT HOLIESY > VO(fsir,... i) Dy (Wir..ip )
=1

p=11<i1<ia<...<ip<r

where D;(wilmip) 1s the discrepancy in E{lmip of the sequence Wiy...i, Obtained
by projecting w onto E;"llp

Proposition 5.3. Let f be a function with bounded variation in the sense
of Hardy and Krause, and « an irrational vector of type n, then

n

@
> (F(Thw) — [ (o) ={ o

=1

(log"'n) if n =1

sup 1———L ,
(n (=Dr+D) logn) if n > 1.

zeTr

Proof:
Let 1/ be such that n <7’ <1+ % There exists ¢ > 0 such that

(W) < hya > || > ¢

holds for all h # 0in Z". Suppose we are given a p-tuple oy, = (i, ..., 4,),1 <
p <, of a, then
rT (W <h,ap>| =c

holds for all h # 0 in ZP,1 < p < r. Thus, every p-tuple, 1 < p < r, is of
type d such that 1 < 6 < n and (aj,,...,q,) is an irrational vector. For
every p,1 < p <r, we define w;,__;, by the projection of w on Ej, ; . From
the previous proposition, we have for every p,1 <p <r,
nD}(wi,.i) = O(logPtin)ifé=1
1
nD}(wi,.q,) = O(n' " 17D logn) if 1 < § < 1.

Now, Vp=1,...,r,

1

n<i-——<1—-—— <1
- 6—-—1p+1— m—1r+1—

Therefore, using Hlawka-Zaremba’s theorem, we obtain Proposition f.J.
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5.2 A particular example: f(z) ==z

Consider the irrational rotation on the one-dimensional torus with angle of
type n and we choose f(x) = x. Clearly, the integral of f is equal to 1/2
and a = 2/3. We apply Theorems 4.2 and 4.3 for this particular example.

Theorem 5.2. The following results hold:

1. The critical inverse temperature 3. is equal to 3/(2.J).

2. When B < B, ifn < 2,
M,

"=y, asn — o0
n

and Y
= = N(0,0%), asn — o0
n

\/_
with 02 =2/(3 —28J) .

3. When = [, ifn <4/3,

M
=5y, asn — o0
n

and M
L =7, asn— o0
n3/4

where Z is the probability measure with density function

@ exp (—9s*/80) .

V2 V5

Proof:

Assertion 1. comes from a direct application of Theorem 4.1. To prove 2.
remark that this particular example corresponds to 1. from Proposition 5.3,
so (H) is satisfied. Moreover, from the remark following Theorem 4.3, it is
easy to prove that the type of the unique minimum 0 is equal to 4. Finally,
by combining Theorem 4.3 and Proposition . we get the result.
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