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M-band Filtering and Non-redundant DiretionalWaveletsSylvain DurandLAMFA UMR 6140{Universit�e de Piardie 33 rue Saint-Leu, 90039 Amiens CedexCMLA UMR 8536{ENS de Cahan, 61 av. du Pr�esident Wilson, 94235 Cahan Cedexe-mail: sdurand�mla.ens-ahan.frAbstratThis artile introdues families of nonadaptive diretional wavelets. Unlikeurvelets and ontourlets, they are non-redundant and form orthonormal basesfor L2(R2 ). Their implementation derives from a single nonseparable �lter bankstruture with non-uniform sampling. We give several examples of frequenypartitioning, inluding onstrutions based on separable multiresolution analy-ses. We show how to obtain orthonormal bases of wavelets with fast deay, andompatly supported, biorthogonal wavelet bases. Some aliasing phenomenathat an our in these onstrutions are disussed.1 IntrodutionIn some signal and image proessing appliations suh as ompression and denoising,one is led to searh for sparse representations. For instane, the wavelet transformis very popular as it provides good non-linear approximations of peaewise smoothsignals. Wavelet basis on R2 are generally obtained by tensor produt, but separa-ble wavelets are not well suited to images that have disontinuities positioned alongregular urves. In order to apture geometrial strutures of images, many authorsproposed new transformations as natural extensions of wavelets on R2 . Some ap-proahes onsist in adapting separable wavelets to the strutures of eah image. Forexample, bandelets [11℄ are obtained by warping wavelets along the geometrial ow ofthe image. Some authors onsidered however nonadaptive transformations. Althoughrepresentations of images by suh transformations may be less sparse, the algorithmsare generally faster. Moreover, no bits are wasted in the desription of the geometry,when dealing with ompression.Due to its high diretionality, the urvelet frame introdued by Cand�es and Donoho[3℄, provides an optimal approximation of pieewise smooth images with C2 edges.Originally developed in the ontinuous ase, the urvelets are, however, diÆult toimplement on disrete images. In order to irumvent this problem, Do and Vetterli[7℄ introdued the ontourlets that have the same geometry as urvelets but are di-retly de�ned on a disrete lattie. Although they perform very well in low bit rateompression, ontourlets are still redundant frames (with redundany fator 1.33)that make them non adapted to hight bit rate and lossless ompression. Lu and Do[12℄ introdued a diretional �lter bank that provides a frequeny partitioning whihis lose to the urvelets' but with no redundany. It onsists in splitting the image on



four diretional subbands and then applying a multisaling algorithm on eah band.Although it has the same geometry as one of the examples we onsider below (Ex-ample B), this onstrution does not derives from a multiresolution analysis (MRA)of L2(R2 ) whih vouhes for the obtaining of a basis for L2(R2 ). The same frequenypartitioning was studied very reently by Nguyen and Oraintara [17℄. The proposedtransformation is based on a non-uniform �lter bank as it is the ase for the trans-formations onsidered in this artile. But the �lters are obtained by an optimizationmethod that ensures approximate reonstrution only.Several other transformations have been proposed. All of these approahes em-phasize the diÆulty to have simultaneously non-redundany (it fails for [3, 7, 10℄),sharp diretionality (see [10, 13℄), spae loalization (see [2, 10℄) and an easy imple-mentation (see [2, 3℄) with a natural relation between ontinuous and disrete ases(see [9, 12℄).The aim of this artile is to develop ideas introdued in a short artile [8℄ in orderto meet these objetives. The transformation we proposed is generated by an MRA.It uses a single �lter bank struture with non-uniform sampling. In setion 2, wegives a ondition for perfet reonstrution non-uniform �lter banks. In Setion 3, wefous on Shannon �lters in order to de�ne the ideal frequeny supports of diretionalwavelets. Several examples are onsidered. Setion 4 is devoted to the design ofsome spei� two-band �lters that are used in the next setions. Three examples offrequeny partitionings are studied in more details, in the last setions. We onstrutsmooth approximations of Shannon �lters in order to obtain orthogonal wavelets withfast deay and ompatly supported biorthogonal wavelets. The problem of aliasingthat appears in some onstrutions is also adressed.2 M-band �ltering with non-uniform samplingDenote by k : k the Eulidean norm and by h : ; : i the salar produt on Rn . Given(ek)nk=1 a basis for Rn , one de�nes a point lattie by� = nXk=1Z ek:Its reiproal lattie is de�ned by�� = f 2 Rn : h�; i 2 2�Z; 8� 2 �g;so that the Fourier transformation is an isometry between l2(�) and L2(Rn=��). Fortwo latties �1 and �2 with �2 � �1, de�ne also the quotient lattie �1=�2 = f : 2 �1g, where  = fÆ 2 �1 : Æ�  2 �2g. Denote by jEj the ardinal number of anyset E.Given an original lattie � � Rn , a �lter bank ((Mk;fMk)k2K ; D) is de�ned bytransfer funtions (Mk)k2K and (fMk)k2K in L2(Rn=��), and a subsampling mapD. The latter must preserve the lattie � in the sense that it satis�es the ondition� = D� � �. The original signal x 2 l2(�) is �ltered on jKj subbands using thetransfer funtions (Mk)k2K where Mk(�) stands for the omplex onjugate of Mk(�).Subbands are next subsampled on the ommon lattie �. At reonstrution, thesubband of index k is resampled on � by adding zeroes and �ltered using the transferfuntion fMk. The jKj obtained �ltered signal are added in order to generate the2



reonstruted signal ex. One says that the �lter bank performs a perfet reonstrutionif and only if x = ex.Notie that, at this point, the hoie of the subsampling map D is not fundamental(one only needs to know � = D�). It interferes only when the �lter bank is reiteratedon, at least, one of the subbands as it is the ase for wavelets. For simpliity, this hoiewill remain indeterminate (although it will be lear in the onstrutions below). Wewill use therefore the notation ((Mk;fMk)k2K ;�! �) instead of ((Mk;fMk)k2K ; D).A neessary and suÆient ondition for perfet reonstrution [19℄ is thatM(�)� fM(�) = j�=�j Idj�=�j; (1)for a.e. � 2 R2 , whereM(�) = (Mk(�+))2��=��; k2K , fM(�) = (fMk(�+))2��=��; k2K ,M(�)� is the onjugate transpose of the matrixM(�) and Idj�=�j is the j�=�j�j�=�j-identity matrix. A simple way to show this result is to express the Fourier transformof the reonstruted signal ex asbex = 1j�=�j Xk2KMk fMk bx+ 1j�=�j X2(��=��)nf0gXk2KMk( : + )fMk bx( : + ):Condition (1) means that the �rst term on the right hand side is equal to bx, theFourier transform of the original signal x, while the other terms vanish. For example,((eih�; : i; eih�; : i)�2�=�; �! �) performs a perfet reonstrution. It amounts, indeed,to subsample the original signal on the shifted latties f� + �g�2�=� whose union isthe whole lattie �.More generally, let us assume that the subbands are subsampled on di�erent lat-ties f�kgk2K with �k � �, for all k 2 K. Denote by � a ommon sublattie of allthe latties �k. (In other words, one has � � �k, 8k 2 K. Notie that suh a lattie� exists beause �k � �, 8k 2 K.) De�neM(�) = �eih�k;�+iMk(� + )�2��=��; k2K; �k2�k=� ;and fM(�) = �eih�k;�+i fMk(� + )�2��=��; k2K; �k2�k=� :Then we have the following reonstrution resultProposition 1 The �lter bank (Mk; fMk;�! �k)k2K performs a perfet reonstru-tion if and only if M(�)� fM(�) = j�=�j Idj�=�j (2)for a.e. � 2 Rn .Proof. Equation (2) amounts to say that the �lter bank de�ned by the transferfuntions (eih�k; : iMk; eih�k; : i fMk)k2K; �k2�k=� and the ommon subsampling lattie�, performs a perfet reonstrution. The latter an however be seen as a ombinationof (Mk;fMk;� ! �k)k2K and the �lter banks ((eih�; : i; eih�; : i)�2�k=�;�k ! �) thatare applied to the subbands of index k respetively. The proof derives from the fatthat �lter banks ((eih�; : i; eih�; : i)�2�k=�; �k ! �) perform perfet reonstrutions. �In the sequel, in order to obtain non-redundant transformations, we assume thatPk2K j�k=�j = j�=�j. This ondition means that the matrix M(�) is square.3



3 Admissible frequeny partitioningWe onsider, in this setion, the speial ase of �lter banks and wavelets whih haveideal loalization in the Fourier domain, in the sense that the transfer funtion ofthe �lters and the Fourier transforms of the wavelets are indiator funtions. Thesewavelets, known as Shannon wavelets, su�er a bad loalization in the spae domainsine they do not belong to L1(R2 ). Their study is motivated by the design of theideal frequeny partitioning that we will try to approximate. In the next setions, weshow how to obtain a better spae loalization. A �rst step onsists in haraterizingthe admissible partitions for �lter banks, as they are de�ned below.One alls partition or set partition of Rn , a olletion of disjoint subsets of Rnwhose union is Rn . A family of sets fAkgk2K is said to be a partition of Rn=�� ifand only if fAk + ��gk2K is a partition of Rn . For onveniene, sets are de�nedmodulo a set of Lebesgue measure zero. Given a lattie � � Rn , a reiproal ell is aset C � Rn suh that (C + fg)2�� is a partition of Rn . We onsider only Voronoireiproal ells C de�ned by � 2 C ) k�k � k� + k, 8 2 ��. Let us denote by �Ethe indiator funtion of a set E.De�nition 1 A partition fAkgk2K is said to be admissible if and only if there existlatties � � Rn and �k � �, 8k 2 K, suh that the �lter bank (Mk;fMk;�! �k)k2Kde�ned by Mk = fMk =pj�=�kj �Ak+�� ; 8k 2 K; (3)performs a perfet reonstrutionProposition 2 The partition fAkgk2K is admissible if and only if there exist latties� 2 Rn and �k � �, 8k 2 K, suh thatfAkgk2K is a partition of Rn=��; (4)and fAk + g2��k=�� is a partition of Rn=��; 8k 2 K: (5)Proof. On one hand, Condition (4) implies that, for a.e. � 2 Rn ,Xk2K X�k2�k=� eih�k;�iMk(�) eih�k;�i fMk(�) = Xk2K X�k2�k=��pj�=�kj �Ak+��(�)�2= Xk2K j�k=�j j�=�kj �Ak+��(�)= j�=�j:On the other hand, Condition (5) implies that �Ak(�)�Ak (� + k) = 0, for all k 2 Kand k 2 ��k, whih leads toXk2K X�k2�k=� eih�k;�iMk(�) eih�k;�+ki fMk(� + k) = 0:By Proposition 1, (Mk;fMk;�k)k2K performs therefore a perfet reonstrution. Con-versely, if equation (2) is satis�ed, one obtains by the same alulation as above,Xk2K (�Ak+��(�))2 = 1;4



A0

A

A
A

A
3

4A
A6

A

A

A
A A A A

5

7

8

2

4 5
6

A1 A
A

3

7

8

1

2

Figure 1: No lattie orresponds to this ideal frequeny partitioning.whih proves (4). Similarly,X2��=�� eih�k;�+iMk(� + ) eih�k;�+i fMk(� + ) = j�=�j; 8k 2 K; 8�k 2 �k;proves that X2��k=�� (�Ak+��(� + ))2 = 1; 8k 2 K;whih leads to (5). �The wavelets that are onsidered in this artile derive from an MRA. The notationM0 is assigned to the re�nement �lter. We require heneforth that 0 belongs to theinterior of A0. Moreover, we require M0 to be as muh isotropi as possible in thesense that the set A0 satis�es some invariane by rotation property. There are mainlytwo possible hoies: square or hexagonal shape.In order to have �lters with real oeÆients, and onsequently to have real valuedwavelets, we require the sets Ak to be symmetri with respet to 0. For instane,when n = 2, given an original lattie � � R2 with reiproal ell C, putAk = f� 2 C nA0 : Artan �2=�1 2 [�k�1; �k℄ + �Zg;for some parameters (�k)k2K (see Figure 1). Clearly, fAkgk2K is a partition of C.The question is therefore to �nd A0, (�k)k2K and (�k)k2K suh that the partitionfAk;�kgk2K is admissible, or equivalently, the families fAk + g2��=�� form parti-tions of R2=��, for all k 2 K. We give here examples on R2 although the study ouldbe generalized to Rn .Example A Let � = Z2. Then we have C = [��; �℄2. Consider the ase of quinunxMRA where the re�nement �lter is de�ned by the setA0 = f� 2 R2 : j�1 � �2j < 2� and j�1 � �2j < 2�g:The assoiated sublattie is �0 = � 1 11 �1 �Z2:5



A

AA

A A

A

A

4

0

14

32

1

A3 A2 AA

A

A

A A

A

A
A A

2

6

3

1 2

4

4

55

6

A1

A3

A0 A0

A5

A

A

A
A1

AA2 A3

A

A

A

A
A3 A2

A1A4

8

7

6

5

4

6

7

8A B C
A0

A

AA

A

AA

1

23

1

2 3

A0
A

A3

A A1

2
A

A
A

1

2

5
6A4

A5 A4
A3A6

D EFigure 2: Examples of admissible frequeny partitionings.The quinunx Shannon wavelet orresponds to the ase of 1 diretion. More preisely,we have A1 = [��; �℄2 n A0 and �1 = �0. One an however obtain 2 diretions byputting �k = k� and �k = 2Z2, or 4 diretions with �k = k�=2 and �k = 2�0 (seeFigure 2{A).Example B Let � = Z2 and onsider the well-known ase of a separable, dyadiMRA. We have A0 = [��=2; �=2℄2 and �0 = 2Z2. We an have 6p diretions (withp 2 N n f0g). For instane, if p = 1, putA1 = f� 2 [��; �℄2 nA0 : �1 � �2 � 3�1 or 3�1 � �2 � �1gA2 = f� 2 [��; �℄2 nA0 : 3j�1j � �2 or �2 � 3j�1jgA3 = f� 2 [��; �℄2 nA0 : (��1; �2) 2 A1gA4 = f� 2 [��; �℄2 nA0 : (�2; �1) 2 A1gA5 = f� 2 [��; �℄2 nA0 : (�2; �1) 2 A2gA6 = f� 2 [��; �℄2 nA0 : (�2; �1) 2 A3g (6)These sets are shown on Figure 2{B. The 6 wavelets subbands are sampled on thesame lattie � = 2 � 1 �11 1 �Z2; (7)with reiproal lattie �� = �2 � 1 �11 1 �Z2: (8)One heks easily that eah set Ak an be split in p subsets in order to obtain more6



diretions (see Figure 3{B). The 6p wavelets subbands are sampled on the latties8>><>>: �k = � 4 2p0 2p �Z2; if k 2 f1; : : : ; 3pg;�k = � 2p 02p 4 �Z2; if k 2 f3p+ 1; : : : ; 6pg:The latters orrespond to the reiproal latties8>><>>: ��k = � �=2 0��=2 �=p �Z2; if k 2 f1; : : : ; 3pg;��k = � �=p ��=20 �=2 �Z2; if k 2 f3p+ 1; : : : ; 6pg:Example C Let � = Z2 again and onsider the ase of the triadi (separable) MRAde�ned by A0 = f� 2 R2 : j�1j < 2�=3 and j�2j < 2�=3gand �0 = 3Z2We an obtain this time 8p diretions (with p 2 N n f0g) as it is shown Figure 2{C.Compared to the dyadi MRA, this onstrution permits to have a larger frequenysupport and, onsequently, a better spae loalization in the diretion of osillations.Example D Let � = Z2 andA0 = f� 2 R2 : j�1j < �; j2�1 + 3�2j < 2� and j2�1 � 3�2j < 2�g (9)whih is assoiated with the subsampling lattie�0 = � 2 01 2 �Z2: (10)The boundary of this set A0 is, in some sense, loser to a irle than the previousexamples, although it is only invariant by rotation of �. As the lattie �0 is notobtained from � by dilation and rotation, the same �lter bank should not be used atthe next level of the deomposition in order to keep the isotropy property. It an bereplaed by a �lter bank designed on the basis of the next example whih deals withhexagonal MRA. The generated wavelets will not derived therefore from an MRA ina usual sense.In this example, one an obtain 3 diretions only. They are given byA1 = f� 2 [��; �℄2 nA0 : j�2j � 2j�1j=3gA2 = f� 2 [��; �℄2 nA0 : �2 � 3�1=2 � 0 or 0 � 3�1=2 � �2gA3 = f� 2 [��; �℄2 nA0 : (��1; �2) 2 A2g (11)(see Figure 2{D). However, if one allows some aliasing, it is possible to obtain 6pdiretions as it is shown Figure 3{D. Notie that the aliased areas are in the ornersof the spetrum. Images onentrate generally very few energy on these regions sinemost optis have irulary symmetri lenses.Example E The example of the hexagonal MRA is interesting as it allows to havea more isotropi re�nement �lter. (It is invariant by rotation of �=3.) The assoiated7



diretional �lter banks generate therefore frequeny partitionings that are loser tothe ideal partitioning of Figure 1. Let� = � 1 01=p3 2=p3 �Z2;with reiproal lattie �� = � 2� ��0 p3� �Z2:Hene, the reiproal ell isC = f� 2 R2 : j�1j < � & j�1 +p3�2j < p3� & j�1 +p3�2j < p3�g:A natural hoie for the re�nement �lter is given byA0 = f� 2 R2 : 2� 2 Cg and �0 = 2�:One an have 3p diretions (with p 2 N n f0g{see Figure 2{E) where the waveletsubbands are sampled on three di�erent latties that are obtained one from anotherby rotation of ��=3. For p = 1, one has �k = �0. It orresponds to the usualhexagonal wavelets [6℄.When they are applied reursively, all these �lter banks generate Shannon waveletswhose frequeny supports are given on Figure 3. An anisotropy saling law [4℄ anbe presribed to the generated basis as for urvelet and ontourlet frames. It onsistsin doubling the number of diretions when re�ning from oarse to �ne (see Figure 3{B,C,D,E).4 Regular 2-band �lter banksThe bad loalization in the spae domain of Shannon wavelets is due to the lak ofregularity of their Fourier transforms and of the transfer funtions of the assoiated�lter bank. The next setions are devoted to the onstrution of smooth approxi-mations of the Shannon �lters onsidered above. As regular M-band �lter banks arediÆult to obtain, their design is always limited to 2 bands. The smooth transferfuntions will be onstruted by produts and sums of 2-band �lters.Given an original image de�ned on � = Z2, the two bands generated by perfetreonstrution quinunx �lters (Qk; eQk)k2f0;1g are subsampled on the quinunx lattie� = QZ2 with sampling matrix Q = � 1 11 �1 � : (12)The design of these �lters is restrited to Q0 and eQ0 sine one sets, in pratie,Q1(�) = ei�1 eQ0(� + (�; �)) and eQ1(�) = ei�1Q0(� + (�; �)), 8� = (�1; �2) 2 R2 . IfQ0 = eQ0 = p2 �A0+2�Z2;the perfet reonstrution ondition is satis�ed if and only if fA0; A0 + (�; �)g is apartition of T2 = R2=��. When Q0 and eQ0 are smooth, their energy is, in general,mostly onentrated on a set A0 that satis�es the above ondition and that we all8



A B C
D EFigure 3: Examples of frequeny supports of Shannon diretional wavelets.ideal support of Q0 (and eQ0). In order to obtain a regular �lter whose supportapproximates the set A0, put, for instane,Q0 = eQ0 = p2 g � �A0+2�Z2�P2��=2�Z2 jg � �A0+2�Z2( : + )j2�1=2 ; (13)where ��=2�Z2 = f(0; 0); (�; �)g and g 2 C1(R2 ) is non-negative and even. Notiethat, for all � > 0 and all p � 1, there is a funtion g suh that kQ0��A0kp < �. Thisremark will be used in Setion 6. Transformation of variable (generalized MClellantransformation) [18℄ permits to get �nite impulse response (FIR) biorthogonal �ltershaving similar shape.The most ommonly used quinunx �lters are diamond shaped �lters that areharaterized by the ideal supportf� 2 [��; �℄2 : j�1 + �2j < � & j�1 � �2j < �g+ 2�Z2(see Figure 4{left). Symmetri (biorthogonal or in�nite impulse response{IIR) dia-mond shape �lters are usually designed from 1D �lters using MClellan transformation[16℄: if m0 is a symmetri 1D �lter with ideal support [��=2; �=2℄ + 2�Z, writem0(�) = P(os �); 8� 2 R:Then put Q0(�) = P �os �1 + os �22 � ; 8� 2 R2 :9
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Wj)j , (Wj
Vj)j and (Wj
Wj)jgenerated by separable wavelets [14℄, the �lter bank (Nk; eNk)k2f0;1g leads to the samefrequeny partitioning as omplex wavelets [10℄ without redundany (see Figure 6).
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Figure 6: Frequeny partitioning of omplex wavelets.Given 1D dyadi �lters (mk; emk)k2f0;1g, we an equivalently de�neM0(�) = m0(�1)m0(�2);M1(�) = m0(�1)m1(�2)N1(2�);M2(�) = m0(�1)m1(�2)N0(2�);M3(�) = m1(�1)m0(�2)N1(2�);M4(�) = m1(�1)m0(�2)N0(2�);M5(�) = m1(�1)m1(�2)N1(2�);M6(�) = m1(�1)m1(�2)N0(2�); (15)and de�ne the same way the onjugate �lters. This onstrution was suggested in [8℄and developed independently by Lu and Do in [13℄.De�ne also L0 with ideal support A0 [A2 as de�ned in (9-11) (see Figure 5{right)and subsampling lattie � = � 2 00 1 �Z2:It an be designed using (13) (hanging A0 in A0 [ A2, and with ��=2�Z2 = f(0; 0);(�; 0)g) or using [18℄.At last, we will use �lters (Nk; eNk)k2f0;1g that have the same geometry as (Nk;eNk)k2f0;1g, but whih satisfy the only onstraintsN0 eN0+N1 eN1 = 1 andNk( � ; (�; �))= Nk, 8k 2 f0; 1g. They an be obtained by putting, for example, Nk = Nk=p2, butmore degrees of freedom are possible in their design.11



Figure 7: Ideal frequeny supports of a quinunx wavelet, a diretional �lter and theobtained diretional wavelet.5 Quinunx diretional wavelets (Example A)The example of quinunx MRA is interesting as it uses, already implemented, diamond-shaped �lters (and the assoiated fan �lters) only. The obtained wavelets have how-ever limited diretionality. For 2 diretions, putM0(�) = Q0(�);M1(�) = Q1(�)R0(Q�);M2(�) = Q1(�)R1(Q�);where the matrix Q and the funtions Qk and Rk are de�ned in the previous setion.De�ne the same way the synthesis �lters fMk. This onstrution amounts to applying,�rst, the �lters (Q0; Q1) (followed by the adapted subsampling), then to applying the�lters (R0; R1) to the high frequeny band. To obtain 4 diretions, apply (R0; R1)twie (see Figure 7), or put equivalently,M0(�) = Q0(�);M1(�) = Q1(�)R0(Q�)R0(Q2�);M2(�) = Q1(�)R0(Q�)R1(Q2�);M3(�) = Q1(�)R1(Q�)R1(Q2�);M4(�) = Q1(�)R1(Q�)R0(Q2�):6 Dyadi diretional wavelets with separable re�ne-ment �lter (Example B)The wavelets introdued in example B have the noteworthy property that they an beonstruted from a separable MRA. The design and the regularity of separable MRAhave already been widely studied. Moreover, the assoiated �lters are implementedin faster algorithms.For simpliity, we �rst onsider the ase of orthonormal wavelets or, in other words,the ase when fMk =Mk, 8k 2 f0; : : : ; 6g. In order to regularize the diretional �ltersde�ned in Example B, it is not possible to use the same approah as Meyer wavelets(see [14℄) as it is shown by the following proposition. Denote by B(0; �) the unit ballof radius � and by supp f the support of a funtion f .Proposition 3 Let � 2 (0; �=(6p2)) and let the sets fAkgk2f0;:::;6g be de�ned by (6).There do not exist funtions (Mk)k2f0;:::;6g in L2(T2) suh that the three followingproperties are satis�ed simultaneously 12



i) the matrix j�=�j�1=2M is unitary,ii) the funtions Mk are ontinuous, for all k 2 f0; : : : ; 6g,iii) their supports satisfy supp Mk � Ak +B(0; �), for all k 2 f0; : : : ; 6g.This kind of property has already been onsidered as the permissibility ondi-tion [5℄. One says that the passband supports of Figure 2{B are nonpermissible.Proof. The idea of the proof is to show that the onditionX2��=(Z2)�M1( : + )M3( : + ) = 0; (16)whih is a onsequene of i), is in ontradition with ii) and iii) sine, by the latteronditions, the terms of the sum (16) annot anel. Indeed, by ondition iii),supp M1M3 � E = ([��;��=3℄ [ [�=3; �℄)� f�g+B(0; �) + 2�Z2:Thussupp M1M3\ supp M1( : + )M3( : + ) = ;; 8 2 ��=(Z2)� n f(0; 0); (�; 0)g; (17)where �� is de�ned by (8), whilesupp M1M3 \ supp M1( : + (�; 0))M3( : + (�; 0)) � F;with F = ([�2�=3;��=3℄[ [�=3; 2�=3℄)� f�g+B(0; �) + 2�Z2:Condition (16) implies therefore that supp M1M3 � F . PutG = f� 2 E n F : k� � �k � �; 8� 2 Ai; 8i 6= 1; 3g:As � < �=(6p2), the set G is non empty. Clearly, Mi = 0 on G, for i 6= 1; 3, andthe ondition P6i=0 jMij2 = 1 beomes jM1j2 + jM3j2 = 1 on G. Moreover, on theboundary of eah onneted omponent of G, there is a point �1 suh thatM3(�1) = 0and onsequently jM1(�1)j = 1, and there is a point �3 suh that M1(�3) = 0 andjM3(�3)j = 1. This ontradits the fat that M1M3 = 0 on G and M1, M3 areontinuous. �This proposition means that, in some sense, regularized �lters have aliased om-ponents, and it an be seen as a drawbak of the proposed transformation. We havehowever the following property.Proposition 4 Let � > 0, p 2 [1;1) and let the sets fAkgk2f0;:::;6g be de�ned by (6).There exist fMkgk2f0;:::;6g in L2(T2) suh thati) the matrix j�=�j�1=2M is unitary,ii) the funtions Mk are C1, for all k 2 f0; : : : ; 6g,iii) we have k jMkj � �Akkp < �, for all k 2 f0; : : : ; 6g.13



Figure 8: Ideal supports of � 7! P0(2�), � 7! m0(�1)m1(�2) and � 7!M2(�).A straightforward orollary of the proposition amounts to hanging ondition iii)into the weaker onditionZAk jMk(�)j2 d� < �; for all k 2 f0; : : : ; 6g;where Ak is the omplementary set of Ak in [��; �℄2. It shows that the energy of Mkis mostly onentrated on Ak.We give in the sequel a onstrution that an be used as a proof of the aboveproposition. Consider a separable MRA with 1-D quadrature mirror �lters (m0;m1).Going bak to (15), and hanging (N0; N1) in (R0; R1) or (P0; P1), we learly obtainnew, perfet reonstrution, �lter banks. Think , for instane, atM0(�) = m0(�1)m0(�2);M1(�) = m0(�1)m1(�2)P1(2�);M2(�) = m0(�1)m1(�2)P0(2�);M3(�) = m1(�1)m0(�2)P1(2�);M4(�) = m1(�1)m0(�2)P0(2�);M5(�) = m1(�1)m1(�2)R1(2�);M6(�) = m1(�1)m1(�2)R0(2�): (18)This �lter bank does not orresponds to the sought frequeny partitioning. However,using the �lters (N0;N1), we an also de�neM0(�) = m0(�1)m0(�2);M1(�) = m1(�1)m1(�2)R0(2�)N1(2�) +m0(�1)m1(�2)P1(2�)N0(2�);M2(�) = m0(�1)m1(�2)P0(2�);M3(�) = m0(�1)m1(�2)P1(2�)N1(2�)�m1(�1)m1(�2)R0(2�)N0(2�);M4(�) = m1(�1)m1(�2)R1(2�)N0(2�) +m1(�1)m0(�2)P0(2�)N1(2�);M5(�) = m1(�1)m0(�2)P1(2�);M6(�) = m1(�1)m0(�2)P0(2�)N0(2�)�m1(�1)m1(�2)R1(2�)N1(2�): (19)Notie that, for all k, the energy ofMk is mostly Conentrated on Ak as it is illustratedby the example given on Figure 8. The modulus of these funtions an be arbitrarilylose to the orresponding Shannon �lters in the sense of the Lp-norm, sine theassoiated two-band �lters satisfy this property. Moreover, we have the followingresult.Lemma 1 The �lter bank de�ned by (19) performs a perfet reonstrution.14



Proof. The matrix j�=�j�1=2M de�ned by (2) and (19) is unitary. Indeed, to provethat X2��=(Z2)�Mk(� + )Ml(� + ) = 8 Ækl; 8k; l 2 f1; : : : ; 6g (20)notie that Nk(2�) = Nk(2(� + )), for all  2 ��=(Z2)� and k 2 f0; 1g. Fatorizewith Nk(2�), then use jN0(�)j2 + jN1(�)j2 = 1and the orthogonality of the �lter bank de�ned by (18). This orthogonality is astraightforward onsequene ofmk(�j)ml(�j) +mk(�j + �)ml(�j + �) = 2 Ækl; 8k; l 2 f0; 1g;8j 2 f1; 2gand Tk(�)Tl(�) + Tk(� + (�; �)) Tl(� + (�; �)) = 2 Ækl; 8k; l 2 f0; 1g;where T stands for P or Q. When k or l = 0, hange M0 in M0 eih�; : i with � = (0; 0)or (1; 1), in (20). �The tehnique used in the design of this �lter bank ould be developed in a moregeneral form that inlude the method introdued by Maas [15℄ and Ayahe [1℄ for thedesign of nonseparable �lters.More diretions are generated by applying speially designed �lters to eah waveletsubband. These �lters are obtained by ombining some linear operators with N0, N1,P0 or P1. By this onstrution, we an have orthonormal bases for L2(R2 ) wherethe wavelets have fast deay. Using FIR �lters, we get ompatly supported waveletshaving at least the same regularity and the same number of diretional vanishingmoments as the separable wavelets generated by (m0;m1). Notie indeed that thesediretional wavelets are �nite sums of separable wavelets.The method an be generalized to biorthogonal �lters in order to have Riesz basesfor L2(R2 ). Indeed, onsider the �lter bankM0(�) = m0(�1)m0(�2);M1(�) = m1(�1)m1(�2)R0(2�) eN1(2�) +m0(�1)m1(�2)P1(2�)N0(2�);M2(�) = m0(�1)m1(�2)P0(2�);M3(�) = m0(�1)m1(�2)P1(2�)N1(2�)�m1(�1)m1(�2)R0(2�) eN0(2�);M4(�) = m1(�1)m1(�2)R1(2�) eN0(2�) +m1(�1)m0(�2)P0(2�)N1(2�);M5(�) = m1(�1)m0(�2)P1(2�);M6(�) = m1(�1)m0(�2)P0(2�)N0(2�)�m1(�1)m1(�2)R1(2�) eN1(2�);and fM0(�) = em0(�1) em0(�2);fM1(�) = em1(�1) em1(�2) eR0(2�)N1(2�) + em0(�1) em1(�2) eP1(2�) eN0(2�);fM2(�) = em0(�1) em1(�2) eP0(2�);fM3(�) = em0(�1) em1(�2) eP1(2�) eN1(2�)� em1(�1) em1(�2) eR0(2�)N0(2�);fM4(�) = em1(�1) em1(�2) eR1(2�)N0(2�) + em1(�1) em0(�2) eP0(2�) eN1(2�);fM5(�) = em1(�1) em0(�2) eP1(2�);fM6(�) = em1(�1) em0(�2) eP0(2�) eN0(2�)� em1(�1) em1(�2) eR1(2�)N1(2�):The same kind of arguments as above proves that it performs a perfet reonstrution.15



7 Dyadi diretional wavelets with hexagonal re-�nement �lter (Example D)The hexagonal MRA has several advantages on the square MRA. First, hexagonallatties satisfy some interesting mathematial properties: they permit to avoid someonnetivity problems that arise on square latties, and they require the least numberof samples to represent images with irulary spetrum. It is also possible to designre�nement �lters that are invariant by rotation of �=3. Moreover the number ofwavelets an be restrited to 3 diretions, and in suh a ase, we will show that thealiasing phenomenon revealed by Proposition 3 an be alleviated.Sine images are generally de�ned on square latties, we onsider Example Dinstead of Example E. Notie that these two transformations have the drawbak ofusing nonseparable re�nement �lters. One again, we onsider the ase of orthonormalwavelets, although the extension to biorthogonal wavelets is straightforward.The partitioning of Figure 2-D an be ahieved using the same tehnique as inSetion 6. Put, for instane,M0(�) = P0(�2; 2�1)m0(�1);M1(�) = P0(�2; 2�1)m1(�1);M2(�) = P1(�2; 2�1) (N0(2�1; �2)m0(�1) +N1(2�1; �2)m1(�1));M3(�) = P1(2�2; �1) (N0(2�1; �2)m0(�1)�N0(2�1; �2)m1(�1)):In order to redue the aliasing alluded above, one an also de�neM0(�) = L0(�)L0(��1; �2);M1(�) = L1(�)L1(��1; �2);M2(�) = L0(�)L1(��1; �2);M3(�) = L1(�)L0(��1; �2):One obtains 6 diretions by using the �lters (N0; N1). For instane, apply � 7!N0(�1; �2=2) to the 1st wavelet subband (see Figure 9{left). Equivalently, de�neM0(�) = L0(�)L0(��1; �2);M1(�) = L1(�)L1(��1; �2)N0(2�1; �2);M2(�) = L1(�)L1(��1; �2)N1(2�1; �2);M3(�) = L0(�)L1(��1; �2)N0(D1�);M4(�) = L0(�)L1(��1; �2)N1(D1�);M5(�) = L1(�)L0(��1; �2)N0(D2�);M6(�) = L1(�)L0(��1; �2)N1(D2�);where D1 = � 1 3=2�1 1=2 � and D2 = � �1 3=2�1 �1=2 � :As in setion 6, more diretions are obtained by applying �lter bans that are designedby ombining well adapted linear operators with (P0; P1) or (N0; N1) (see Figure 9).By (10), at the next levels of the pyramidal algorithm, original latties are� = 2j � 1 01=2 1 �Z2; for j � 1:16
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Figure 9: Ideal supports of � 7! N0(2�1; �2), P1 ÆF and N0ÆG for two linear operatorsF and E.
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Figure 10: Ideal supports of � 7! P0(E�) and � 7! N0(2�1; �2).By a hange of sale, they ome down to the ase j = 0. In other words,� = � 1 01=2 1 �Z2 and �� = � 2� �0 2� �Z2:One an distort hexagonal �lters [6℄ to obtain 3 diretions. Sine the lattie is notinvariant by rotation of �=3, one does not need to design �lters that satisfy thisinvariane property. Therefore, we an use (see Figure 10{left)M0(�) = P0(E �)P0(E(��1; �2));M1(�) = P1(E �)P1(E(��1; �2));M2(�) = P0(E �)P1(E(��1; �2));M3(�) = P1(E �)P0(E(��1; �2));where E = � 1 �1=21 3=2 � :One again, more diretions are obtained by using (N0; N1) (see Figure 10{right) and(P0; P1). More preisely, for 6 diretions, letM0(�) = P0(E �)P0(E(��1; �2));M1(�) = P1(E �)P1(E(��1; �2))N0(2�1; �2);M2(�) = P1(E �)P1(E(��1; �2))N1(2�1; �2);M3(�) = P0(E �)P1(E(��1; �2))N0(D1�);M4(�) = P0(E �)P1(E(��1; �2))N1(D1�);M5(�) = P1(E �)P0(E(��1; �2))N0(D2�);M6(�) = P1(E �)P0(E(��1; �2))N1(D2�):17



Figure 11: Ideal (left) and real (right) frequeny support of a passband diretional�lter.As it is mentioned above, Proposition 3 does not extend to the proposed frequenypartitioning (and the assoiated partitioning of Example E) in the ase of 3 diretions.To obtain a ounterexample, putM0 = 2 g � �A0+���P2��=�� jg � �A0+��( : + )j2�1=2 ; (21)where A0 is de�ned by (9), ��=�� = f(0; 0); (�; 0); (�=2; �); (��=2; �)g and g 2C1(R2 ) is non-negative, even and suh that supp g � B(0; �). Clearly M0 is sup-ported on A0+B(0; �)+��. (One an also de�neM0(�) = S0(�1; �2)P0(�2; 2�1) whereS0 and P0 are well loalized.) As M0 is real-valued, the wavelet �lters an be de�nedby M1(�) = ei(�1��2=2)M0(� + (�; 0));M2(�) = ei(�1+�2=2)M0(� + (�=2; �));M3(�) = ei�2 M0(� + (��=2; �)):One heks easily that the so de�ned matrix 2�1 (Mk(� + ))k2f0;:::;3g;2��=�� is uni-tary.Unfortunately, this result does not extend to the ase of 6 diretions (or 6 � 2pdiretions, more generally). Indeed, in order to show that the passband support ofthe �lters are nonpermissible, one an adapt the proof of Proposition 3 to the sets A1and A2 of Figure 2-E, for instane. However we an design �lters that have very fewaliasing by using (N0; N1) that are obtained by (13-14). For more diretions, use again(N0; N1) and (P0; P1) designed by the same method (see Figure 9 and Figure 11).Referenes[1℄ A. Ayahe, \Constrution of non separable dyadi ompatly supported orthonormal waveletbases for L2(R2) of arbitrarily high regularity", Revista Matematia Iberoameriana, 15(1):37{58, 1999.[2℄ E. J. Cand�es and D. L. Donoho, \Ridgelets { a key to higher dimensional intermitteny ?",Phil. Trans. R. So. Lond. A., pp:2495{2509, 1999.[3℄ E. J. Cand�es and D. L. Donoho, \Curvelets { a suprizingly e�etive nonadaptive representationfor objets with edges", Curve and Surfae Fitting, Vanderbuilt Univ. Press, 1999.18
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