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BACK TO THE KELLER-OSSERMAN CONDITION FOR
BOUNDARY BLOW-UP SOLUTIONS.

S. DUMONT, L. DUPAIGNE, O. GOUBET, V. RADULESCU

ABSTRACT. This article is concerned with the existence, uniqueness
and numerical approximation of boundary blow up solutions for ellip-
tic PDE’s as Au = f(u) where f satisfies the so-called Keller-Osserman
condition. We characterize existence of such solutions for non-monotone
f . As an example, we construct an infinite family of boundary blow
up solutions for the equation Au = u2(1 + cosu) on a ball. We prove
uniqueness (on balls) when f is increasing and convex in a neighborhood
of infinity and we discuss and perform some numerical computations to
approximate such boundary blow-up solutions.

2000 AMS Mathematics Subject Classification. 35J60.
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In memory of Thomas Lachand-Robert

1. INTRODUCTION

1.1. Setting the problem. . Let f be a nonnegative function defined on
[0, +00] such that f(0) = 0. We assume, for the sake of simplicity that f is
a C! function. Considering € a smooth bounded domain of RP, D > 1, we
seek u > 0 a smooth function such that

Au = f(u)in Q,
{ u = 400 on 01,

(1)

where the boundary condition is to be understood as :

lim u(x) = +o0 Vo € 0N

T—xQ
To prove existence of such a boundary blow-up solution, it is classically
assumed that f is a nondecreasing function with suitable growth rate at
infinity, as demonstrated independently by Keller [10] and Osserman [14].

In this article, we study existence, asymptotic behaviour, uniqueness and

numerical approximation of solutions of (1), when f may exhibit non mono-
tone behaviour.

Date: 27 April 2006.
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1.1.1. Ezistence results. Existence of solutions of (1) is closely related to
the following growth conditions : for s € [0,400), let F(s) = [; f(t)dt and
define @ : (0, +00) — (0, +0o0] by

1 [ ds
"= 5 ), T

where we let by convention ®(«) = +00, whenever the integral is divergent
or F(s) = F(«) on a set of positive measure.

Definition 1.1. We say that f satisfies the Keller-Osserman condition
whenever

(2) dJa>0 P(a)< oco.
We say that f satisfies the Sharpened Keller-Osserman condition whenever
(3) liminf ®(a)) = 0.

Clearly, the Sharpened Keller-Osserman condition implies the classical
one. Under fairly weak assumptions on the nonlinearity f, it turns out that
both conditions are equivalent :

E(t)

Proposition 1.2. Assume there exist n,T" > 0 such that t — =5~ is non-
decreasing for t > T. Assume (2) holds for some a > 0. Then,

lim ®(«a) = 0.

a—0o0

See the Appendix for a proof. In the special case f(u) = u?(1 + cosu),
lim sup,,_, ., ®(a) = +o00. However, (3) still holds (see the Appendix). This
raises the following question :

Open Problem 1. Does there exist a nonnegative C* function f such that
(2) holds for some av > 0 but liminf,_.oo ®(a) € (0,400] ¢

With these definitions in mind, our main results concerning existence read
as follows :

Theorem 1.3. f satisfies the Keller-Osserman condition if and only if (1)
admits (at least) a positive boundary blow-up solution on some ball.

Theorem 1.4. f satisfies the Sharpened Keller-Osserman condition if and
only if (1) admits (at least) a positive boundary blow-up solution on any
(smooth bounded) domain Q.

In particular, Theorem 1.4 implies existence of boundary blow-up solu-
tions for functions such as f(u) = u?(1 + cosu).

1.1.2. Asymptotic behaviour. The blow-up rate of solutions of (1) is deter-
mined implicitely by the following theorem :
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Theorem 1.5. Assume §) satisfies an interior and an exterior sphere con-
dition at every point of its boundary. Assume (3) holds and let u denote any
positive solution of (1). Then,

/OO dt
lim u(z) \/ 2F(t) 1

a—o d(z) ’
where §(x) = dist(x, 00Q).

1.1.3. Uniqueness results. In view of the maximum principle, it seems nat-
ural to only assume that f is nondecreasing in order to obtain uniqueness.
To the best of our knowledge, no proof (or counter-example) of such a state-
ment has been given yet. Extra requirements such as the convexity of f or
the monotony of f(u)/u are needed in the proofs found in the literature (see
e.g. [13]). When the domain is a ball, we relax such assumptions as follows:

Theorem 1.6. Assume that f is nondecreasing and that f is convex in
a neighborhood of +0o. Assume also that f satisfies the Keller-Osserman
condition (2). Then on any ball B(0, R) there exists a unique boundary blow
up solution of (1).

Remark 1.7. The same result also holds if f is nondecreasing, f(u)/u is
nondecreasing in a neighbourhood of +00 and (2) holds.

In dimension D = 1, a necessary and sufficient condition for uniqueness can
be derived. Namely, we have the following

Proposition 1.8. Assume that f satisfies the Sharpened Keller-Osserman
condition. Then (1) admits a unique solution on Q0 =| — R, R| if and only if
the equation

®(a) =R
admits exactly one solution.

As a straightforward consequence, we obtain

Corollary 1.9. Assume that f satisfies the Sharpened Keller-Osserman
condition. (1) admits a unique solution on any domain 2 =] — R, R| if and
only if ® : (0,00) — (0,00) is one-to-one.

Remark 1.10. In particular, if f is nondecreasing, one can easily show that
® is one-to-one.

2. EXISTENCE OF BOUNDARY BLOW-UP SOLUTIONS

2.1. Minimality Principle. We restate the well-known sub and supersolu-
tion method (see [5] and [6]) and derive elementary but important corollaries.
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Proposition 2.1. Consider Q a bounded domain of RP such that all bound-
ary points are reqular, f € C(R) and g € C(0N). Assume there ezist two

functions u, w € C(2) such that u <u and

@ {Auszwnvam (resp. AT < f(@) in D'(Q))

u < g on 02, (resp. w > g on 0N2),

Then problem

) {Au:f@unvam

u = g on 0f).

possesses at least one solution u € C(Q, R) such that u < u < .

Corollary 2.2. (Minimality Principle) Make the same assumptions as in
Proposition 2.1. Then there exists a unique solution u € C(2) of (5) such
that u < w and ul|, < U for any open subset w of Q and any function

v € C(w) satisfying

(6)

We call u the minimal solution of (5) relative to w.

A complete proof of Corollary 2.2 is given in the Appendix. We present
here a short proof in the case where f is a locally Lipschitz function.
Proof:

Uniqueness : Let u1, ug be two such solutions. Choosing w =) and 7 =
uo in the statement of Corollary 2.2, we conclude that u; < ug. Reversing
the roles of w1 and ug, we conclude that uq = wuo.

FExistence :

Let A = sup  |f'|, uo = u and for k > 1, define u;, € C(Q) inductively

[min u,max @]

by

Auy, — Auy, = f(up_1) — Aug_1 in D'(Q),
ui = g on 0€.

Then it is known that the sequence (uy) is nondecreasing and converges to
a solution u € C?(2) N C(Q) of (5), which satisfies in addition u < u < 7.

Let v € C(w) verify (6) and assume by contradiction that the set wy :=
{z €ew : ¥(z) < u(z)} is non empty. Clearly w; is open. Working if nec-
essary with a connected component of wy, we assume that w; is connected.
We prove by induction that v > wj in w; for all £ € N. Passing to the limit
as k — oo, we then obtain a contradiction with the definition of w;.

By assumption, 7 > u = ug in wy. Given k > 1, assume that ¥ > ug_1 in
wi. In particular, we have that 7(z) € [minu, maxu| for z € w;.
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Observe that if © € dw; then either v(z) = u(x), either z € dw, whence
v(z) > u(z). Since u > uy, we conclude that v > u > uy on dw;. Hence,

A(@ — uk) — A(@ — uk) < f(@) - f(uk_l) — A(@ - uk_l) <01 Dl(wl)
T —u > 0on dw.

By the (weak) Maximum Principle, T > uy in w;.

Remark 2.3. Applying the Minimality Principle to (5) with nonlinearity
—f, we also obtain the existence and uniqueness of a maximal solution
relative to u, defined in the straightforward way.

Remark 2.4. Assume ) = Bp is a ball centered at the origin and ¢ is a
positive constant. If u is radial , one easily sees that the minimal solution u
relative to w is radial : just apply the Minimality Principle 2.2 with v(z) =
u(O(x)), where O € Op is an arbitrary rotation of the Euclidean space. A
well-known result of Gidas-Ni-Nirenberg [9] states that any solution u > g
is radially symmetric, provided f is e.g. locally Lipschitz.

Finally, letting ¢(r) = u(x) for r = |z|, it follows from standard ODE
theory that ¢’(0) =0 and ¢'(r) > 0 in (0, R).

Corollary 2.5. (Minimality Principle for blow-up solutions) Let Q2 be a
bounded domain of RP such that all boundary points are regular, f € C(R).
Assume there exist a function u € C(Q) such that Au > f(u) in D' () and
a function v € C(Q) such that Av < f(v) in D'(R), limgy_,, v(x) = +00 for
all g € 09 and v > u.

Then there ezists a unique solution u € C(Q2) of (1) such that u < u and

ul, <0 for any open subset w C 2 and any v € C(w) satisfying

AT < f(v) in D'(w),
(7) v>u in w,
lim v(z) =400 for all g € Ow.

T—T0

We call u the minimal solution of (1) relative to w.
For a proof, see the Appendix.

Remark 2.6. In contrast with Remark 2.3, there does not exist in general a
maximal boundary blow-up solution of (1). See Section 6.3 for enlightening
counter-examples.

2.2. Existence of solutions on some ball. In this section, we prove that
(2) implies the existence of a boundary blow-up solution on some ball. First,
we state and prove a useful technical lemma

Lemma 2.7. Let ¢ € C%(0, R) be a nondecreasing function solving

8 '+ P2 = [(9) i (OR)
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Then, given 0 <1y <7ro < R,

/ N " (1 - <2>D2> /

if D # 2 and
1 ¢(T2) 1 79
— ds > riln—,
V2 Jor) VF(s) = F((r1)) 1
if D =2.
Proof: for r € (r1,r2), (8) is equivalent to
d _ _
9) (P ) =P f(9).

Multiplying the above equation by r”?~1¢/ and integrating between r; and

r, we obtain

1

S0 ) 2 5 (PP () - P (¢ )?)

- / "D ()6 (1) dt

1

> riP 2 (F(8(r) — F(o(r1)) -
So,

1 ¢'(r) - ( 1>D !
V2 VF@(r) = Flg(r)) — \r
Integrating the above equation between r; and re, we obtain the desired
result. O
Assume now (2) holds for some @ > 0. If D # 2, assume temporarily that
P(a) < ID - Applying Proposition 2.1 with uw = 0 and @ = «, let u be the
minimal solution relative to uw of

{Au = f(u) in By,

u =« on 0B;.

Using Remark 2.4 and letting & = u(0), ¢(r) := u(z) for r = |z| solves
(8), subject to the initial conditions ¢(0) = & and ¢'(0) = 0. ¢ can thus be
extended on some maximal interval (0, R). Assume temporarily that R < co.
Then u is a boundary blow-up solution on Bg. Indeed, by definition of R, we
must have either ¢(R) = +oo or ¢'(R) = 4+o00. In the latter case, multiply
(8) by ¢’ and integrate between 0 and r to obtain that 3(¢/)? < F(¢).
Hence F(¢(R)) = 00, ¢(R) = +00 and u is a boundary blow-up solution.
It remains to prove that R < oc.

Assume by contradiction that R = co. Apply Lemma 2.7 between r; = 1

and ro > 1 :
1 1\ P2
) > 1—(—
@%—D—2< (m) >’
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if D >3 and

®(a) > Inro,
if D = 2. Letting ro converge to co, we obtain a contradiction if either
D:20r@(a)<T£2‘.

If D # 2 and ®(«o) > ﬁ, choose K > 0 so large that +®(a) < T£2I'
The above proof provides a boundary blow-up solution u of (1) on some
ball Bg, when f is replaced by K2f. @(x) := u(x/K) is then a boundary
blow-up solution of (1) with nonlinearity f on Brg. O

Remark 2.8. Let B be a ball of radius R and assume u € C(B) is such
that Au > f(u) in B. Assume (2) holds for some a > supg u and let @ = a.
Using Proposition 2.1, let v be the minimal solution relative to u of
Au = f(u)in B,
u=caondB.
Repeating the above proof, we conclude that u can be extended to a radially

symmetric boundary blow-up solution on some ball B of radius R > R,
satisfying v > u in B.

2.3. Existence of solutions on small balls. Assume (3) holds. By The-
orem 1.3, (1) has a solution on some ball and we may define

Ry :=inf{R >0 : (1) has a solution in Bg}

We assume by contradiction that Ry > 0. Let (3,) be a sequence of real
numbers increasing to infinity and satisfying

lim ®(5,) =0.

Bn—00

Applying Proposition 2.1 with u = 0 and w = ,, let u, be the minimal
solution relative to w of

{Aun = f(uy) in Bry /2,

Uy = Bp On 3BR0/2.

By Remark 2.4, letting ay, = u,(0), ¢n(r) := uy(x) for r = |z| solves (8)
with initial conditions ¢,,(0) = ay, and ¢/,(0) = 0. By definition of Ry, ¢y,
can be extended so that ¢,, remains a solution of (8) in (0, Ry). Now apply
Lemma 2.7 with r = Ry/2 and 7, = Ry :

1 Ry 1\ P2
(By) > D_2 32 (1 - <2> > ;
Ry

®(Bn) > o In(2),

if D = 2. Passing to the limit as n — oo, we obtain a contradiction in both
cases. We have just proved that

(10) inf{R >0 : (1) has a solution in Br} = 0.

if D> 3 and
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Remark 2.9. Let B be a ball of radius R and assume u € C(B) is such that
Au > f(u) in B. Using Remark 2.8 and working as above, one can show
that inf{R > R : (1) has a solution u in By such that u > v in B} = R.

2.4. Existence of solutions on smooth domains. We assume here that
(3) is valid. Applying Proposition 2.1 withu =0andu= N, N € N, let uy
be the minimal solution relative to u of (5) with ¢ = N. For = € €, choose
a ball B(x,r) C £ such that there exists a boundary blow-up solution w, on
B(x,r). This is always possible since (10) holds. Applying the Minimality
Principle 2.2 with ¥ = wu,, we conclude that 0 < uy < w, in B(z,r). In
particular, the sequence (uy) is uniformly bounded in B(z,r/2).

Let K denote an arbitrary compact subset of 2. Covering K by finitely
many balls B(z;,7;/2), we conclude that (up) is uniformly bounded on K by
a constant depending only on K and f. Applying the Minimality Principle
2.2 with ¥ = un4+1, we can also infer that (uy) is a nondecreasing sequence.
Using these two facts and elliptic regularity, we conclude that (uy) converges
to a function u solving Au = f(u) in Q.

Fix a point zp € 92 and an arbitrary sequence (xj) in  converging to
xg. Then, since u > uy,

liminfu(zg) > liminfuy(z,) = N.
k—oo k—o0

Letting N converge to infinity, we conclude that u is a boundary blow-up
solution of (1) in Q.

2.5. Proof of Theorem 1.3 completed. By Section 2.2, we know that if
(2) holds, there exists a blow-up solution on some ball. Conversely, assume
that u > 0 solves (1) on some ball B of radius R centered at the origin.
By Corollary 2.5, we may always assume that u is the minimal solution
relative to uw = 0 of (1). In particular u is radial and we define ¢(r) = u(x)
for » = |z|, so that ¢ solves (9) in (0, R). Multiplying (9) by r?~1¢’ and
integrating between 0 and r, we obtain

37020 = [ B 0)0(0) de <272 F(6() - FlO0)].

Integrating once more between 0 and R,
i ¢'(r)
11 0<
. /o V2IF(6(r) — F((0))]
which implies (2) with a = ¢(0).

dr < R,

2.6. Proof of Theorem 1.4 completed. By Section 2.4, we know that if
(3) holds, there exists a blow-up solution on any domain. Conversely, given
n € N, assume that u,, > 0 solves (1) on the ball B of radius 1/n centered at
the origin. By Corollary 2.5, we may always assume that u,, is the minimal
solution relative to uw = 0. In particular u,, is radial. Let now (3, = u,(0).
We claim that (3,) is unbounded. Taking a subsequence if necessary, we
then have that lim,, 3,, = co and (3) follows from (11) applied with R = 1/n.
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It remains to prove that ((3,) is unbounded. If not, up to a subsequence,
(Br) converges to some 3 > 0. By (11) applied with R = 1/n, we have

> dt
dr n.
V= Bn \/2 [F(t) - F(ﬂn)] : 1/

By Fatou’s lemma, we conclude that

0,

e dt
/ NAROE O

which is not possible.

3. ASYMPTOTIC BEHAVIOUR OF SOLUTIONS
3.1. Blow-up rate of radially symmetric solutions.

Proposition 3.1. Assume that f satisfies the Keller-Osserman condition
(2). Assume ¢ is a radially symmetric and monotone boundary blow-up
solution on the unit ball. Then, forr ~ 1,

oo dt
(12) / ~V2(1—r)

o) V()

Proof: Multiplying (9) by 7?~'¢/ and integrating by parts, we easily
obtain that given r € (0, 1),
o) (r

(13) ) _ Plor) - Golr).
where

2D —2 [T /5\2D-1

Gotr) = 2= [ ()" Plots)as.

We claim that
(14) Gy(r) = o(F(o(r))), as r — 1.

Let indeed € > 0. Then, since F' is nondecreasing,

Gy(r) _ 2D -2 /0“ (2)°7 Eee),,

Fo(r) 7 P Few)
9D —2 [T /5\2D-1 F(¢(s))
T /16(7) Flor) ™
< oFel=9) 4 Ce.

F(o(r))

Letting » — 1 and then ¢ — 0, we obtain the desired result. Returning to

(13), we obtain
o [ Gy ]1/2
S R -
2F () F(¢)
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Combining this with (14), it follows that for r ~ 1,
¢’ Gy
2F(p) 2F(9)

and, integrating between r and 1,

1-—

—r)— ” ~ ' _Gyls) s=o
=) /¢<r>wrp<t> L 2F(a(s) = O
which implies (12).

3.2. Blow-up rate of solutions on smooth domains. Let u be a blow-
up solution on a domain §2, which satisfies an interior and an exterior sphere
condition at any boundary point. Fix zg € 99 and let Br C 2 denote a
small ball which is tangent to dQ at xo. Fix n € (0,1). Let u := u|p, ;. By
Remark 2.8, there exists a radial boundary blow-up solution v defined on
some ball B D Byg, such that v > w in B;g. Let K > 0 such that KB = Bp
and let vi(x) := v((z — x1)/K + z1), where z; is the center of Br. Then
v solves

1 .
Avg = ﬁf(vK) in Bg,
v = +00 on 0BR.

Since u(z1) < v(z1) = vk (1), Proposition 3.1 implies that

+oo o dt oo dt
K / ——— ~V2R.
u(z1) \/ v (1) F(t)

Letting R — 0, we then have
f+00 dt

K liminf — V"
b 5(95) > V2

By Remark 2.9, we may take K arbitrarily close to 1/n. Also, 0 < n <1
was chosen arbitrarily, so letting K, — 1, we finally obtain

“+00

u(x) /
lim inf \f
mind 5

Choose another ball Bpr € RY \ Q which is tangent to 09 at xg and a
concentric ball Brs with R” > R’ so large that Q C Bpgr. Finally, let
A = Bpgr \ Br. Let v denote the minimal boundary blow-up solution
(relative to u = 0) on A. By the Minimality Principle 2.5, we deduce that
u > v in . Applying Proposition 3.1 (which still holds on an annulus) with
v, we conclude that

+oo +oo

limsup —————= < limsup ———~——

T—T0 5( ) T—x0 5( )
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This finishes the proof of Theorem 1.5. More can be said about the asymp-
totic behaviour of solutions provided F satisfies some extra growth assump-
tion :

Lemma 3.2. Let u,v denote two radially symmetric boundary blow-up so-
lutions deﬁned on the um’t ball B. Assume there exist 3 > 0 and M > 0

such that v) > BQF 5> whenever M < u < wv. Then u(r) ~ v(r) on 0B.

Proof: We recall from the proof of of Proposition 3.1 that for ¢ a radially
symmetric boundary blow up solution and for r ~ 1,

&0 dt ! G¢
w=n- [ vars <) weo<C [ vRem

Using that % ~ 1, we then obtain that, introducing K (r) such that

__ [©%© dt
"= fK(T) V2F(t)’
#(r) dt 0 ¢
15 / gc/ o

Since F' is increasing, we thus obtain

16) (1_%)) . Cﬁ«f(r» /oo) o

F(

BQF W for u < v large enough, (16) implies that

(%) <5 L, v

The classical Keller-Osserman (2) condition gives the result. [J

Corollary 3.3. Assume either that f is convexr on some interval [a,+00)
or that f(t)/t is nondecreasing on [a,+00). Then the result of the previous
lemma holds.

Proof : Assume f is convex in [a, +00) and let G(t) = F(t4+a)—F(a)— f(a)t.
Then G(0) = G'(0) = 0 and G’ is convex in R*. So G(t)/t? is nondecreasing,
ie. t — w is nondecreasing, where L(t) = F(a) + f(a)t is affine.
Observe that limy_,. F(t)/t> = 400 since the Keller-Osserman condition

(2) implies

u u
— < =o(1 as u — 0o.
2/ F(u) — / W)
It follows that there exists 8 > 0 such that £ > 32 Fu for u < v large

enough and we may apply Lemma 3.2. The case where f(t)/t is nondecreas-
ing on [a,+00) is similar, so we skip it.
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4. THE UNIQUENESS RESULT

Lemma 4.1. Assume that f is nondecreasing on [0,400) and convez in a
neighborhood of +oo (say [a,+00)). Consider two radially symmetric bound-
ary blow-up solutions such that u(r) < v(r) on B(0,R) then in fact u = v
everywhere.

Proof: Set R = 1 for the sake of simplicity. Since f is nondecreasing,
either (0) = v(0) (and then u = v everywhere) or u(r) < v(r) everywhere
since A(rP1(v — 1)) = rP71(f(v) — f(u)) so the map r — v(r) — u(r) is
nondecreasing. Assume then u(0) < v(0).

Let € > 0. Consider the set w. = {r € [0,1);Vs < r, (1 +e)u(s) < v(s)}.
If € is small enough, 0 € w.. Due to lemma 3.2, R = 1 ¢ w, since u ~ v close
to the boundary. Then introduce 7“2 = sup we, which satisfies 0 < 7“2 < 1.
We now have

(17) v(0) = u(0) < v(r?) — u(rd) = eu(r?).

Then either r0 converges towards R = 1 when ¢ — 0 or, letting ¢ — 0
u(0) = v(0) and the proof is over.

Introduce now a such that f is convex on [a, +00). Introduce Ry such that
u(r) > a for r > Rg. Then for ¢ small enough 7 > Ry. Set w(r) =
(14 &)u(r). Then, on the annulus Ry < s < 2, using the convexity

A(v —w) = f(v) = (1 +¢)f(u)
(18) > f(0) = (1+2)(f(w) — fl@)—— — (1 +2)f(a)
> f(v) - f(w) + ——(af(w) ~ wf(a).

Observe now that the map X — w is majorized by some constant
C for X > a. Then introducing x that satisfies —Ay = 1 with homogeneous
Dirichlet condition at R =1 (x(1) =0)

(19) Alv—w—Cex) >0

and by the maximum principle, for any 7 in Ry < r < r?

(20) v(r) — w(r) — Cex(r) < max(—Cex(r?),v(Ry) — w(Ry) — Cex(Rp)).
Then letting ¢ — 0 we obtain that for any fixed r such that Ry <r < 1,

(21) v(r) —u(r) < v(Ry) — u(Rp).

Since the map r — v(r) —u(r) is nondecreasing, this implies that v(r) —u(r)
is constant on [Ry, 1). By standard ODE theory, this implies that v and u
coincide everywhere on [0, 1]. O
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Remark 4.2. Since f is nondecreasing, there exists U, U the minimal and
the maximal boundary blow-up solutions of the problem (the latter can be
obtained e.g. as the monotone limit of u(R) as R — 17, where u(R) denotes
the minimal boundary blow-up solution on Bg). Clearly both U and U are
radial and they coincide by the previous lemma. Since any solution u of the
problem must stay between U and U, Theorem 1.6 follows. Alternatively,
according to a result of Poretta-Veron [15], any boundary blow-up solution
is radially symmetric if f is convex in a neighborhood of 400, whence again
Theorem 1.6 follows from the previous lemma.

Remark 4.3. The previous lemma is still valid if we substitute the assump-
tion @ increasing in a neighborhood of infinity to the convexity assump-
tion. Since the proofs are easier they are left as an exercice to the reader.

5. DISCRETE EQUATIONS

We are concerned with finite difference approximations of (1) when D = 1
or D = 2 on a cube or a ball. After introducing some notation, we observe
that both the maximum principle and the minimality principle extend to
the case of finite difference operators. We conclude this section with some
theoretical error estimates, assuming that f is a nondecreasing function.

5.1. Finite differences. To begin with, consider the interval [—1, 1] or the
unit square [—1,1]%. Consider a uniform grid ), which mesh size is h =
for some integer L. The nodes on the grid are respectively jh if D=1,
—L<j<L,or (ih,jh)if D=2, with —L <14,j < L.

The discrete Laplace operator is then defined on each point/node of the
grid respectively by

1
(22) (ApU)j = +5(=2U; + U1 + Uj-1),
if D=1 and
1
(23)  (ApU)ij; = ﬁ(—‘le‘,y‘ + Uijt+1 + Uij—1 + Ui1j + Ui—1,5),

if D = 2. In the above, U is a vector in R*+1 (or RZL+12 in 2D) which
components are the U; ~ u(jh) (or U;; ~ u(ih,jh)). If D = 2, we then
solve ApU = f(U), ie. (ApU);; = f(U; ) for all interior nodes (i,j) and
set Ut j = Uj+r, = N at all boundary nodes, where N is a fixed large
constant. We work accordingly when D = 1.

It is standard to prove that the matrix A has positive inverse, i.e. the
entries of the inverse matrix are positive. Therefore, the maximum principle
is valid (see [4]). Actually, if U satisfies AU < 0 on the interior nodes of
the grid and U > 0 on the boundary, then U > 0 everywhere. Here and
throughout this section we write U > 0 iff U; ; > 0 for all (4, j) nodes of the
grid. We shall use the same notation for B a matrix: B > 0 iff the entries
of B are all non negative.
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When working on the unit ball, we use a slightly modified scheme. Fo-
cussing on radially symmetric functions, we approximate the equation
10, Ou
-——(r=) = f 0,1).
r@r(rar) / orr € (0,1)
Discretize [0,1] by setting Lh = 1, 0 < 57 < L. At j = Lset U, = N
(boundary condition). For 0 < j < L solve
(25)

(24)

1 1 o —2U0;+Uj1+U;—1 Ujp1 —Uj
Z9(rou) ~ — DV (ihD~U) = J J J J J
~0(rdu) h ( ) 72 L
where (DTU); = M, (DU); = % It remains to define the
equation at j = 0. For that purpose, we use the symmetry property u(h) =
u(—h) and the approximation @ = 4(0) to set
4

ﬁ(—Uo + Ul) = Fyp.

This approximation of the Laplace operator satisfies the maximum principle.
Indeed, it can be easily checked that if F; > 0 then j — Uj is increasing.

The maximum principle follows promptly.

= F]’

5.2. Computing an approximation. We aim to solve the following prob-
lem

Apup = f(up) in Q,

(26) up = N on 01,

for N large enough.

We expect that uy is an approximation for u, the minimal boundary blow
up solution corresponding to u = 0. As in Proposition 2.1, uy is obtained
by monotone iteration, starting from the discrete subsolution 0. We claim
that Proposition 2.1 and Corollary 2.2 are valid for the finite difference
approximation. The proof follows the guidelines of the continuous case and
is left as an exercice to the reader.

An approximation of the solution to problem (26) is recursively obtained
by the following discrete iterative scheme:

Consider u* € RELADD | where L = 3, recursively defined by

ud = and for k > 0,
(27) (A — AnTd)uF ! = f(ub) — Ayub in O
uFtl = N on 0y,

where Ay = supjy nj f'-
Therefore the error between wu, the minimal boundary blow up solution,
and u” the k™ iterate of (27) can be split as follows:

(28) In(u) — u® = I(u —un) + (In(un) —up) + (up — u®)
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where I, is the interpolation operator defined by Ij(u); = u(x;) when
D =1 (respectively by Ip(u), = u(a) when D = 2 for a node a = (ih, jh)
on the grid), and uy is the solution of

Au = f(u) in Q,
) fw
u = N on 0.
5.3. Error estimate. Throughout this section, we assume that f is a con-
vex increasing function and that = [~1,1]P. We first bound from above
the rate of convergence of the algorithm (27).

Lemma 5.1. Let uF € RCLHDD pe given by (27) and up = limy_o u.
Then, there exist constants C = C(D), p = u(D) >0 and A = A(f) < An
such that

(30)

A\ 1 n ,uQ}k
k . 0
u” —up|lpoo < C({1—-—] min |1, 1—— 4+ — U —Up||poo

Proof : In the sequel let us denote by a a node of the grid (that is a = ih
in 1D or a = (ih, jh) in 2D). (u¥) is a nondecreasing sequence in RL+1D
(i.e. u¥ < uFt! for each node a). By the mean value theorem, there exists
0, € (u¥, (up)q) such that

(31) Fug) = f((un)a) = f'(Ba)(uf — (un)a).
Therefore
UK )a uk a
@2) |(twne = G2 — (g, = HEODY < 1 By

where \ = inf f’.
On the other hand

. Uh_uk:<Id_iz>‘l<<uh_fg>>_(uk_fy?)),

where f(u) denotes the vector which components are f(u), = f(uq). The
key argument is to observe that the matrix I'd — ﬁ—:] satisfies the maximum

principle. Therefore,

~1
(34) 0 <uy—uftt < (1—A);V) <Id—Ah> (up, — ub),

where inequalities hold component by component. We thus obtain that

Ay \ 7R

lun — u®|[goo.
£(e)

A k
(35)  flup — ¥l < (1 - )
AN
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On the one hand, the maximum principle implies that

(36) ‘

L(£>°)
for some constant C' depending only on the dimension D.
On the other hand since the spectrum of —Ay lies in a segment [, 45]

see an Aoz <l flece <] - |lp2 1In , we get
d ¢ < < ¢ . R(2L+1)D g

,/(2/h+1)D
(37)
k
An i D/2 An -k —D/2 1
|(1d— AN) (e < Ch™ 2||(Id— AN) 2y = Ch / ﬁ .
Using that <1—4-+ A; and collecting (35), (36) and (37), the

1+ £
AN
proof is over. [J

We now provide an upper bound for uj, — Ip(uy).

Lemma 5.2. Assume f is convex. Let up, be the solution of (26) and uy
be the solution of (29). Then,

(38) [un = In(un)lle= < CR*a(N, f)
where a(N, f) = Hugé)HLoo is a constant depending only on N and f.

Proof:

For the sake of simplicity we will denote Ij(uy) by uy, this introduces
no confusion.

We write down the proof for the 2D problem, leaving the 1D case as an
exercise to the reader. Let a = (ih, jh) be a node on the grid. By the mean
value theorem, for each node a, there exist £, 7 in R? such that

(39) | —a|l < hand |n—al <h,
and

*u *u
(40) Ap(un)a — (Auy)q = ch® (5,4 + 874(77))-
Therefore

a1y { A= un)a = flun)a = flun)a = ch*(F5(E) + FEm) in
(up, —un)q = 0 on 0,

Consider w = up — uy, then working as in the previous lemma we obtain

(42)
= [ (12 (£0)) ] (10 220).

where 6, € (un(a), (up)q)-
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‘We therefore obtain
1 4 - @
(43) [walle < 1A ] 2y CR2 |y || Lo
AN 1 + H

4
where Hug\,)HLoo = max|q|<4([|0%un|| L) -

Remark 5.3. When D =1 and f(u) = u? with p > 2, the constant a/(N, f)
is given by
p(3p — 1)N2p—1.

4
a(N, f) = [l e = =2

5.4. Error estimate for||u—uy||. Assume here that the Sharpened Keller-
Osserman condition (3) is valid. Consider then a sequence (ay) such that
®(ay) converges towards 0. Consider the minimal solution uy of

Auy = f(uy) in Q= B(0,1),

44
(44) uy = ay on 0fd.

Then one may wonder how uy approximates the minimal boundary blow
up solution u defined on the unit ball. We first state a qualitative result

Proposition 5.4. There exists Ry such that uy is a boundary blow up
solution on B(0, Ry). Moreover

1 [T dt
(45) Ry —1n~ /
2 apn

V2 Sy VPO

Remark 5.5. This proposition shows that when we plot the approximation
uy, we plot in fact a boundary blow-up solution on a ball that is close to
the unit ball.

Let us proceed to the proof in the case where D > 3. The cases D = 1,2
are very similar and then omitted. Assume that uy extends to R”. Then
by Lemma 2.7

1 fun) dt 1 1.poo
V2 Juyy VF() = Fun(1)) r
Here we have used that uy is radially symmetric. Therefore since uy (1) =
an, ®(ay) > 551 — (2)P72). N — +oo leads to a contradiction. The
estimate (45) comes from Proposition 3.1. O

(46)

2
Remark 5.6. Observe that if f(u) = P, then un(r) = Ry"'u(rRy).
In that case, 0 < u(r) —un(r) < C(Rx — 1)(4(r) + u(r)).The inequality
is sharp for some numerical constant C. To prove the estimate in a more
general context, we need extra hypotheses.
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Definition 5.7. Consider ¢ : [0, +00) — [0, 4+00) a function. We say that g
is strongly increasing if the function

. 9(Au)
= 5

is a C! increasing function on [1,+00) that satisfies p(1) # 0.

A strongly increasing function is increasing in the usual sense. g(u) = u?,
p > 0 is strongly increasing. g(u) = In(u + 1) is not.
We now state and prove

Proposition 5.8. Assume that @ 1s strongly increasing. Then

0 <u(r)—un(r) < C(Ry —1)(a(r) + u(r)).

Proof: v(r) = Aun(rRy) is a blow up function on the unit ball. We have

(47) Av = AR f (3) < R—szf(v)

NN T )T
For N large enough, we choose Ay close to 1 such that p(Ay) = R%. Then
v is a blow-up supersolution to (1). Since u is the minimal blow up solution,

then u(r) < wv(r). Therefore

1 r
) ols u(r) —un(r) < ulr) = —v(=) <
(Ry — 1)a(r) + (1 = =—)u(rRy") < C(Ry — 1)(i(r) + u(r)),

AN

since (1 —5-) < 2’%—)1. O

6. NUMERICAL COMPUTATIONS

In this section, we present some numerical results obtained with our
method of approximation.

Remark 6.1. At this stage, we would like to point out that our method
is self-contained, and does not use the knowledge of the boundary blow
up behavior of the solution. In fact, as in [11], one can introduce another
approximate problem such as taking . C  where dist(2,€Q.) < e, and
solve the problem

(49) { Au, = f(us) in Qe,

ue(z) = K(x) on 09,

where

1 [T dt :
\/i/l((a:) JFD = dist(z,00).

We discuss our numerical results successively on three examples:
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o f(u) =1u? (ie. @ is increasing),
o f(u) =u%(2+ cosu),
o f(u) =u?(1+ cosu).
6.1. f(u) = u®. Since fu) g increasing, on any domain we have a unique
boundary blow up solution (see e.g. [1] and references therein).
Phi for f(u)=u?
3
—— y=Phi(x)
O
2l
1
0 ‘
0 10 20 30

FIGURE 1. ® when f(u) = u?

We see in figure (1) that & is a strictly decreasing function. On figure
(2) below some boundary blow up solutions obtained respectively on [—1, 1],
[—1,1]%, B(0,1) C R? (we plot i +— U(ih,0) in 2D).

Solutions on different geometries when f(u)=u2

— Interval
Square

FIGURE 2. Solutions on the interval, the square and the disk

For the sake of completness, we plot in 1D the values of u,(0) for several
values of h and we compare to theorical results (see Proposition 5.8).
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u(0) versus N (f(u)=u?)

u©

upper bound u(0)
lower bound

FIGURE 3. Convergence of up(0) to u(0) versus h

Remark 6.2. The value of «(0) is obtained by solving

V2 / F(u(O)) =1

6.2. f(u) = u?(2 + cosu). This function f satisfies the Sharpened Keller-
Osserman condition (3) (see the Appendix for a proof in a similar case).

Figure (4) below shows that ®(a) tends to 0 when « tends to 400 (then
the Sharpened Keller-Osserman condition is valid).

Phi for f(u)=u2(2+cos(u))

Phi(x)

FIGURE 4. ® when f(u) = u?(2 + cos(u))

But @ is not a decreasing function ; for instance for ¢ ~ 0.49 there exist
a # (8 such that ®(a) = ®(8) = c¢. Therefore, at least in 1D, uniqueness
does not hold.



BACK TO THE KELLER-OSSERMAN CONDITION FOR BOUNDARY BLOW-UP SOLUTIONSL

Remark : The uniqueness result for f(u) = u%(2 + cosu) in B(0,1) C R is
still an open question for D > 2.

We now plot an approximation of the minimal boundary blow-up radial
solution on B(0,1) C R2.

u(r) Radial solution when f(u):u2(2+cos(u))

250{
200{
150{
100{

50

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

FIGURE 5. Solution on the disk when f(u) = u?(2 + cosu)

6.3. f(u) = u?(1+ cosu). We first state
Proposition 6.3. The function f(u) = u?(1+cosu) satisfies the Sharpened

Keller-Osserman condition (3). Moreover,

lim  ®(a) = +oo.
a—2k+1)w

For a proof, see the Appendix (Proposition 7.1).

Figure (6) shows that for any domain, there exist an infinite sequence of
boundary blow up solutions.

When D = 1, this follows from the fact that ®(«) = R admits an infinite
number of solutions . When D > 2, fix an integer m and observe that
am = (2m + 1)7 is a subsolution. Let w,, denote the minimal boundary
blow-up solution relative to u = a,,. Infinitely many w,,’s must be distinct.
Indeed, choose m; such that am,, > up(0). Then um, (0) > am, > ug(0).
Repeating this process inductively yields infinitely many distinct solutions
Uy, -

We plot in figure 7 approximations of different boundary blow-up solutions
on the interval [—1,1].

Figure 8 shows two radial approximations of different boundary blow up
solutions on the unit ball in R2.
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Phi for f(u)=u2(1+cos(u))

| I

—— y=Phi(x)
oy

FIGURE 6. ® when f(u) = u?(1 + cos(u))

u(x) Solutions with f(u)=uZ(1+cos(u))

700

600

500

400

300

200

100+

-1.0 -0.8 -0.6 -0.4 -0.2 0.0 0.2 0.4 0.6 0.8 1.0

FIGURE 7. Solutions when f(u) = u?(1 + cosu)

7. APPENDIX

7.1. Regarding the two forms of the Keller-Osserman condition.
We present the proof of Proposition 1.2 and consider the special case f(u) =
u?(1 4+ cosu).

Proof of Proposition 1.2. Given e € (0,1), we recall that (1 —e)~1/2 =
Y e Gn€", where

11-3--(20—1) _ (2n)) C
(50) R 2(n - 47(1(71?)2 VT




BACK TO THE KELLER-OSSERMAN CONDITION FOR BOUNDARY BLOW-UP SOLUTIONS3

200

150

100

FIGURE 8. Solutions on the disk when f(u) = u?(1 + cosu)
By Tonelli’s theorem we deduce that given a > T

60 VIR = [ e Za” " Fa

Choose N € N so large that (N + 3/2)77 > 1. Slnce F is nondecreasing, we
have on the one hand

(52) ;N%an / Flt n+1/2 = (Za”>/a 7]51/2

On the other hand, since F'(t)/t" is nondecreasing for ¢t > «,

(53)
0 0 dt n(n+1/2) (3] dt
> arer [Tt 3w rar [t
ol o F(t) +1/2 B +1/2 o tn( +1/2)
> 1 «
< an,
- <n§+l n(n+1/2) - 1) F(a)
< c—2
F(o)

where we used (50) in the last inequality. Now,

a a dt
o) Q/Q/g o) ol).

Collecting the above inequality, (51), (52) and (53), we obtain the desired
result by letting o — o0. ([

Proposition 7.1. Let f(u) = u?(1 + cosu). Then,
lim sup ®(a) = o0,

a—00

liminf ®(a) = 0.

a—00
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Proof. Set a = (2k + 1)m. For t close to a, F(t) — F(a) ~ o?(t — )2
Therefore ®(a) = +oo. In particular, limsup,_,,, ®(a) = co. To compute
the lim inf, introduce € > 0. Set o = 2k7m and assume that k is large enough
with respect to € to ensure that ae > g and that for all u > «

(54) F) > 1 (% 4 o)
~14¢ 3 '
On the one hand
atg dt atg dt
55 < — < (C/a.
® [ gorams) samsoh

On the other hand

a(l+e) dt a(l4e) dt
) /a+ (F) — Fla)/? = /a (Fla+2)—Fla) 2 = Ce.

Finally, introducing G(u) = ; + 2u,

Wl

Foo dt Foo dt
(57) /a(m) (F(t) — F(a))'/? = /ams) (1=G(t) — G(a))'/?

+oo ds
58) <a+9 | G a@

This last integral converges to 0 when « converges to 4+oco, by applying
Proposition 1.2 to G. Therefore, using Chasles theorem

(59) limsup ®(a) < 0+ v2Ce + 0.

a——+00

€ — 0 completes the proof of the proposition.

7.2. Minimality Principle. We present here the proof of Corollary 2.2
and Corollary 2.5.

Proof of Corollary 2.2. Let u,w be the sub and supersolution given in the
statement of Proposition 2.1. Let (I, >) denote the set of all finite families
containing @ of supersolutions of (5) which stay above u, ordered by inclusion
: i € I if there exist n € N and supersolutions 7 € C(Q), 1 < k < n (i.e. (4)
holds when @ is replaced by vy) with vy > u, such that i = {u,v1,...,0,}.

I is non-empty since {u} € I. I is filtrating increasing, i.e. if i1,ip € T
there exists i3 € I such that i3 > 41,4y (take e.g. i3 = i3 Uiz). We prove
that given i = {w,vy,...,v,} € I there exists a solution u; € C(Q) of (5)
such that u; < v for all ¥ € i. Let indeed u® denote the solution given by
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Proposition 2.1. Following [6], since u < u® <@, u is also a solution of (5),

when f is replaced by the truncation f© € C(Q x R) defined by
flu(z)) if u < u(2),
Plauy={  f) ifu@) <u<a)
fu(z)) if u>u(z).

In [6], the authors prove that in fact any solution u of (5) with nonlinearity
10 satisfies u < v < @ (and solves the problem with the original nonlinearity
f). For convenience, we reproduce here the argument of Clément and Sweers
. take any solution u of (5) with nonlinearity f°. Assume by contradiction
that Q4 = {x € Q : wu(z) > u(x)} is non-empty. Working if necessary on
a connected component of €1, , we may also assume that {2, is connected.
For z € 04, either u(x) = u(x) or z € 99, so that u(z) = g(z) < u(z).
Hence,
AT —u) < f(@) — [O@,u) = 0 in D(4),
u—u>0on 0.

By the (weak) Maximum Principle, @ > u in 24, which is a contradiction.
Hence, u < w and we can prove similarly that u > w.
Define now the truncation f! € C(Q x R) of f° associated to vy by :

Oz, u(z) if u < u(z),
Paw={  Plu) ifu) <u<nm),
Oz, 1(x)) if u > 7 (x).

Clearly, u and 77 are a sub and a super solution of (5) with nonlinearity f!.
Applying Proposition 2.1 (which still holds for non-autonomous nonlinear-
ities, see [6]), we can thus construct a solution u! of (5) with nonlinearity
f1, satisfying u < u! < 7y. Clearly, u! is a solution of the problem with
nonlinearity f° and, as we mentioned earlier, we must have u' < %. Re-
peating the process inductively, we obtain a solution u; := u" such that
u<u; <U,VL,...,Un.

Note that u; may not be unique. Nevertheless, using the Axiom of Choice
on the set of all such solutions, we can construct a well-defined generalized
sequence (u;);es, contained in the set K of all solutions u satisfying u < u <
u.

By standard elliptic estimates, K is a compact subset of C({) so there
exists a generalized subsequence (ug(;))jes converging to a solution u of (5).

Choose now an arbitrary supersolution 7 > u and let i := {v,u} € I.
Given € > 0, let jo € J such that j > jo = |lug;) — ull < €. Also choose
j1 € J such that j > j; = ¢(j) > i1. Finally pick js > ji,j2. Then, for
J > 73

u < Jluggg) — tlloe +ug() < €+
Letting € — 0, we conclude that u < v for any supersolution v > u. Clearly,
u is the unique such solution.
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It remains to prove that given any subdomain w and any function v €

C (@) satisfying (6), u < v. Fix such a function v and define h¥ € C(Q x R),
k=0,1, by

flu(x)) if t < u(z)

hO(z,t) = f@) ifu(z) <t <u(z),

flu(z)) ift > u(x).

and
h(z,u(z)) ift < u(zx),
Rt (z,t) = hl(z,t) ifx€Q\worifz € wand u(x) <t <v(x),
h'(z,0(z)) if z € wand t > v(x).

Working as before, we may solve (5) with nonlinearity h' and obtain a
solution @ of (5) with nonlinearity f such that v < @ < w and 4|, < v. Since
@ is a (super)solution of (5), we also have u < @. Hence ul, = 1|, < 7.

Proof of Corollary 2.5. Clearly, there exists a most one such solution. Let
now N denote any integer larger than [|ul[z-~() and let uy denote the
minimal solution relative to uw of

uy = N on 0f).
Using the Minimality Principle 2.2, one can easily show that the sequence
(un) is nondecreasing and that uy < N. Take any (smooth) open set
w CC Q such that v > N on dw. By the Minimality Principle 2.2 again,
we conclude that v|, > un|,. Since this holds for any such w, we conclude
that v > un in €. In particular the sequence (uy) is bounded on compact
subsets of © and using elliptic regularity, we conclude that (uy) converges
to a blow-up solution u of (1) such that u < u < v.

Now take w C € open and v € C(w) satisfying (7). Take @ CC w such
that © > N on 0. Applying the Minimality Principle 2.2, we have that
unle < U|p. Again, since @ CC w is arbitrary, we conclude that uy|, < .
Letting N — oo yields the desired inequality. O

ACKNOWLEDGEMENT
This article is dedicated to the memory of T. Lachand-Robert. This
work was performed with the financial support of PAI Egide Brancusi. The
authors would like to thank H. Brezis for pointing out reference [15]. Thanks
also to H. Brezis and A. Farina for stimulating discussions and for their
invaluable mathematical culture.



BACK TO THE KELLER-OSSERMAN CONDITION FOR BOUNDARY BLOW-UP SOLUTIONS!

REFERENCES

[1] A. Aftalion and W. Reichel, Ezistence of two boundary blow-up solutions for semilin-
ear elliptic equations, J. Diff Eq., 141, (1997), 400-421.

[2] C. Bandle and M. Marcus, Large solutions of semilinear elliptic equations: existence,
uniqueness and asymptotic behavior, J. Math. Anal., 58, (1992), 9-24.

[3] C. Bandle and M. Marcus, Asymptotic behaviour of solutions and their derivatives,
for semilinear elliptic problems with blow-up on the boundary, Ann. Inst. Henri
Poincaré, 12 (1995), 155-171.

[4] P. Ciarlet, Introduction a ’analyse numérique matricielle et & Poptimisation, Masson,
1988.

[5] Ph. Clément and G. Sweers, Ezistence and multiplicity results for a semilinear elliptic
eigenvalue problem, Ann. della Scola Norm. Sup. di Pisa, (4), 14, n 1, (1987), 97-121.

[6] Ph. Clément and G. Sweers, Getting a solution between sub and supersolutions without
monotone iteration, Rend. Istit. Mat. Univ. Trieste, 19, n. 2, (1987), 189-194.

[7] Y. Du and Z. Guo, Liouville type results and eventual flatness of positive solutions
for p-laplacian equations , Adv. in Diff. Eq., vol. 7, n 12, (2002), 1479-1512.

[8] Y. Du and Z. Guo, Uniqueness and layer analysis for boundary blow-up solutions, J.
Maths. Pures et Appl. 83 (2004), 739-763.

[9] B. Gidas, W-M. Ni and L. Nirenberg, Symmetry and related properties via the maxi-
mum principle, Comm. Math. Phy. 68, (1979), 209-243.

[10] J. Keller, On solutions to Au = f(u), Comm. Pure and Applied Math. 10, (1957),
503-510.

[11] S. Kishenassamy, Recent progress in boundary blow up, Elliptic and parabolic prob-
lems, Prog. in nonlinear diff. equations appl. 63, Birkhauser, Basel, (2005), 329-341.

[12] A. Lazer and P. McKenna, Asymptotic behaviour of solutions to boundary blow-up
problems, Diff. and Int. Equations, vol 7, n 4, (1994), 1001-1019.

[13] M. Marcus and L. Véron, FEzistence and uniqueness results for large solutions of
general nonlinear elliptic equations, J. Evolution Equ., 3, (2003), 637-652.

[14] R. Osserman, On the inequality Au > f(u), Pacific J. Math. 7, (1957), 1641-1647.

[15] A. Poretta and L. Véron, Symmetry of large solutions of nonlinear elliptic equations
in a ball, to appear.

(Serge Dumont, Louis Dupaigne, Olivier Goubet) LAMFA CNRS UMR 6140, UNI-
VERSITE DE PICARDIE JULES VERNE, 33 RUE SAINT-LEU 80039 AMIENS CEDEX.

(Vicentiu Radulescu) DEPARTMENT OF MATHEMATICS, UNIVERSITY OF CRAOIVA, 200585
CRrAOIVA, ROMANIA

E-mail address: serge.dumont@u-picardie.fr

E-mail address: louis.dupaigneQu-picardie.fr

E-mail address: olivier.goubet@u-picardie.fr

E-mail address: vicradulescu@yahoo.com



