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EUCLIDEAN ALGORITHMS ARE GAUSSIAN

VIVIANE BALADI AND BRIGITTE VALLEE

ABSTRACT. We obtain a Central Limit Theorem for a general class of addi-
tive parameters (costs, observables) associated to three standard Euclidean
algorithms, with optimal speed of convergence. We also provide very pre-
cise asymptotic estimates and error terms for the mean and variance of such
parameters. For costs that are lattice (including the number of steps), we
go further and establish a Local Limit Theorem, with optimal speed of con-
vergence. We view an algorithm as a dynamical system restricted to rational
inputs, and combine tools imported from dynamics, such as transfer operators,
with various other techniques: Dirichlet series, Perron’s formula, quasi-powers
theorems, and the saddle-point method. Such dynamical analyses had previ-
ously been used to perform the average-case analysis of algorithms. For the
present (dynamical) analysis in distribution, we require estimates on transfer
operators when a parameter varies along vertical lines in the complex plane.
To prove them, we adapt techniques introduced recently by Dolgopyat in the
context of continuous-time dynamics [16].

1. INTRODUCTION

According to Knuth [30, p. 335], “we might call Euclid’s method the granddaddy
of all algorithms, because it is the oldest nontrivial algorithm that has survived to
the present day.” Indeed, Euclid’s algorithm is currently a basic building block of
computer algebra systems and multi-precision arithmetic libraries, and, in many
such applications, most of the time is spent in computing ged’s. However, the
Euclidean algorithm has not yet been completely analyzed, and it is the purpose of
this paper to provide such an analysis.

We shall state informally our Central Limit Theorem (CLT) and Local Limit The-
orem (LLT) later in this section, but first we discuss Euclidean algorithms and
cost functions (equivalently: additive parameters), recalling previously known facts
about their average-case and distributional analyses. Our results have been an-
nounced in [5].

Continued fraction expansions of real numbers. Every z €]0,1] admits a
finite or infinite (C'F)-continued fraction expansion of the form

(1.1) x = !

mi1 + T

+
mao 1

My + ...
Ordinary continued fraction expansions can be viewed as trajectories of a one-
dimensional dynamical system, the Gauss map T : [0,1] — [0, 1],
1 1
T(x):=——1|=], forx#0, T(0)=0.
x

T

n

(Here, |z] is the integer part of x.) For an irrational z, the trajectory 7 (z) =
(x,T(x), T?*(x),...,T"(z),...) never meets 0 and is encoded by the infinite sequence
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2 VIVIANE BALADI AND BRIGITTE VALLEE

of digits ( 1(z), ma(z),m3(x),...,mup(x),...), defined by m;(z) = m(T"(x)),
with m(z) := [1]. It is usual to consider the truncated trajectory 7,(z) :=
(x,T(x),...,T™(x)), and let n tend to oo. If x # 0 is rational, the trajectory
T (x) reaches 0 in a finite number of steps, and this number, P(x), is called the
depth of z. We set P(x) = oo for irrational x.

Associate a nonnegative real value ¢(m) to each possible digit m > 1. We may also
regard c as a function on the set H of inverse branches of T'. We set for each = and
each n

min(n, P(x))
(1.2) Co(x):= Y clmi()).

i=1

We shall refer to ¢ as a digit-cost and to C), as the associated total cost (sometimes,
just cost), since a variety of costs, in the usual sense of computational complexity,
are usually expressible in this way.
The total cost (1.2) is a Birkhoff sum, i.e., a sum over iterates of the dynamics
T. Hence, the functions ¢(m) play the role of “observables” in physics, and it is of
interest to characterize their probabilistic behavior. Here, T' admits a unique invari-
ant density fi(x) = (1/log2)(1 + x)~!, the Gauss density. When the integrability
condition,

(13) A=Y e [

= h([0,1])

is satisfied, then the Birkhoff ergodic theorem implies that for Lebesgue almost
every z in [0, 1] the average C,(x)/n converges to fi(c) as n — co. We discuss next
how transfer operators give refinements of this fact.

fi(x)dx = /0 c(m(y)) f1(y)dy < oo,

The density transformer, also known as the Perron-Frobenius operator,

(1.4) Hy[f)(@) = 3 [W(@)| - o h(x)
heH

was introduced early in the study of continued fractions (see e.g. Lévy [33],
Khinchin [29], Kuzmin [31], Wirsing [51], Babenko [3], and Mayer [34]). The density
transformer is a special case of a transfer operator. Very general transfer operators
were introduced by Ruelle, in connection with his thermodynamic formalism (see

g. [41]). We shall see that “weighted” transfer operators appear naturally in the
probabilistic analysis of dynamics.

Fix a reference probability measure on [0, 1], absolutely continuous with a smooth
density f, and denote by E[-] the corresponding expectation. To establish proba-
bilistic results on total costs along truncated trajectories as n — oo, it is standard
to use the sequence of moment generating functions, i.e., the sequence of expecta-
tions E[exp(wC)y,)], for w complex. In probabilistic i.i.d. situations, E[exp(wC,,)] is
the n-th power of some expectation. In our setting, a quasi-powers approximation
(with remainder term) can be obtained for Elexp(wC,, )] after expressing it in terms
of the nth iterate HY , of a transfer operator. The transfer operator in question is
the following perturbation of the density transformer:

(1.5) H ., [f Z explwe(h)] - |B| - f

heh
The density transformer H; = Hj ¢ (acting on C! functions) has a dominant eigen-
value A = 1, and a spectral gap: the rest of the spectrum lies in a disk of radius
< 1. For a non constant digit-cost satisfying a moderate growth condition (2.5), el-
ementary perturbation theory [28] implies that H; ,, inherits the spectral gap when
w is near 0. This gives the above-mentioned quasi-powers expansion and, together
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with convexity of the logarithm of the dominant eigenvalue, leads to a proof that
the asymptotic distribution of the total cost is Gaussian, with (optimal) speed of
convergence O(1/y/n). This Central Limit Theorem [stated below more precisely as
Theorem 1] is quite well-known. See for instance [13] or [9] for interval maps, and
[1] for a more abstract framework and references to the pioneering paper of Nagaev.
It is convenient to base the proof below on a compact and versatile statement, the
“Quasi-Powers Theorem” of Hwang [25, 26, 27] [Theorem 0 below], which en-
capsulates the consequences of the Lévy continuity theorem and the Berry-Esseen
inequality.

Continued fractions of rational numbers: Average-case analysis of Eu-
clidean algorithms. There are variants of the standard continued fraction algo-
rithm induced by variations of the standard division procedure. See [49] for many
examples and a classification into the “Fast” and the “Slow” Class. In this pa-
per, we study three algorithms of the Fast Class, the standard, centered, and odd
algorithms, specified at the beginning of Section 2. An execution of a Euclidean
algorithm on the input (u,v) formed with two integers u, v such that u/v = x gives
rise to a rational trajectory 7 (x) which ends at zero in P(z) steps, and the total
cost of the trajectory is then

P(x)
(1.6) C(z) =Y c(mi(x)).

i=1
The reference parameter is no longer the truncation degree n, but the size N :=
max(u,v) of the input (u,v). The reference probability measure Py is now the
uniform discrete measure on the (finite) set of inputs of size < N.

As it is often the case, the discrete problem is more difficult than its continuous
counterpart. However, the average-case complexity of Euclidean algorithms is al-
ready well-understood, as we explain next. For the number of steps P(u,v), which
corresponds to the trivial digit-cost ¢ = 1, the standard Euclidean algorithm was
first analyzed in the average-case around 1969, independently by Heilbronn [22] and
Dixon [15]. The centered algorithm was studied by Rieger [39)].

Consider now a general digit-cost ¢ of moderate growth and the associated total
cost C of the rational trajectories. The expectation En[C] is described by the
partial sums of the coefficients of a generating function S(s) (a common tool in
the average-case study of algorithms [19, 20]) where the parameter s “marks” the
size N of inputs. As it is usual in number theory, the generating functions S(s)
are Dirichlet series. Recently, Vallée [49] has related S(2s) to the quasi-inverse
(I — H;)~! of another perturbation Hy of the density transformer, together with

its weighted version H.

(1.7) H[f] =Y K" foh, HY:=>"c(h) [N foh.

heH heH

Then, spectral information on H, may be used to show that (I — Hg)™! is analytic
in the half-plane {$¢s > 1}, and analytic on s = 1 except for a simple pole at
s = 1. Under these conditions, one can extract asymptotically the coefficients of
S(s) by means of Delange’s Tauberian theorems [14, 44]. (Just like in the usual
prime number theorem, or in weighted dynamical prime number theorems, see e.g.
Sections 6-7 of [37].) For costs of moderate growth and Euclidean algorithms in the
Fast Class, this dynamical approach gives [49] that the mean value Ex[C] of the
total cost of the rational trajectory satisfies Ex [C] ~ [i(c)-ulog N. Here, fi(c) is the
asymptotic mean value (1.3) of truncated real trajectories, and u equals 2/|X (1)],
where A(s) is the dominating eigenvalue of Hj.
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Euclidean algorithms: Distributional analysis and dynamical methods.
Main results. We have seen that, with respect to any cost of moderate growth, ra-
tional trajectories behave in average similarly to the way truncated real trajectories
behave almost everywhere. It is then natural to ask whether this analogy extends
to distributions: Is it true that the distribution of the total cost C'(z) on rational
trajectories with an input x whose numerator and denominator are less than N is
asymptotically Gaussian (when N tends to oo0)? How to compare the distribution
of some cost on truncated real trajectories and on rational trajectories? This paper
provides a precise answer to all these questions for three different algorithms that
all belong to the Fast Class.

Concerning the standard Euclidean algorithm and the number of steps (i.e., the
constant cost ¢ = 1), Hensley [24] has obtained a Central Limit Theorem, and a
Local Limit Theorem with speed of convergence O((log N)~'/24). In the present
work, we apply dynamical methods for the first time to the distributional analysis
of discrete algorithms; in this way, we improve Hensley’s result while extending it
to a large class of cost functionals and to several algorithms.

Our strategy consists in describing the moment generating function Ey[exp(wC')]
as a quasi-power. It turns out that Ex[exp(wC)] is related to the partial sums of the
coefficients in a bivariate series S(s,w). This series is of Dirichlet type with respect
to the variable s, while the extra parameter w “marks” the cost ¢, and we require
uniform estimates with respect to w. Tauberian theorems are now insufficient,
since they do not provide remainder terms: We need a more precise “extractor” of
coefficients, and the Perron formula is well-suited to this purpose.

We establish below (2.17) a simple relation between S(2s,w) and the quasi-inverse
of a two-variable transfer operator H; ,, defined by

H,.[f] = 3 explwe(h)] - [W/|" - f o h.
heH

Note that this operator is a simultaneous extension of the three operators
H,, H, ,, H, defined in (1.4), (1.7), and (1.5), while H'? is just its derivative
with respect to w at w = 0. In order to apply Perron’s formula with a convenient
integration contour, it is thus useful to know that, in a half plane “perforated” at
s =1, of the form {Rs > 1 —¢,|s— 1| > ¢/2} for small € > 0, a certain norm of the
quasi-inverse satisfies

(1.8) I(Z = Hw) ™ Hls < max(1, |3s]*) ,

with & < 1, uniformly in w. Then, spectral properties of Hy ,, inherited from H;
give the desired quasi-power expansion for Ey[exp(wC)], for w close to 0, and some
Py close to Py. Note that Hensley in [24] has used a transfer operator H, o, but in
an appreciably different way: Hensley obtains distributional results on rational tra-
jectories upon aproximating discrete measures on rationals by continuous measures.
In particular, his approach avoids parameters s of large imaginary parts.

Adapting powerful methods due to Dolgopyat [16], we show [Theorem 2 and
Lemma 6 below] that the quasi-inverse satisfies the estimates (1.8) for large |Js|.
Dolgopyat was interested in the decay of correlations for hyperbolic flows satisfying
some uniform nonintegrability condition (UNI). Later on, Pollicott and Sharp used
Dolgopyat’s bounds together with Perron’s formula to find error terms in asymptotic
estimates for geodesic flows on surfaces of variable negative curvature; see e.g. [38],
where only univariate Dirichlet series with positive cofficients appear. To the best
of our knowledge, the present paper is the first instance where these powerful tools
are extended to dynamical systems with infinitely many branches and applied to
distributional analyses in discrete combinatorics.
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Let us now state informally our two main results about the three algorithms:

Theorem 3. Consider a nonzero digit-cost ¢ of moderate growth. We show the
following Central Limit Theorem: the asymptotic distribution of the total cost
C(u/v) of an execution of the algorithm on the rational input /v, uniformly ran-
domly drawn from {(u,v),u < v < N}, is asymptotically Gaussian, with best
possible speed of convergence, of order O(1/+/log N). We give expansions for the
expectation and variance, which are asymptotically proportional to log N. The
constants u(c) and 62(c) in the main terms of the expectation and the variance are
expressed in function of the partial derivatives at (s, w) = (1,0) of the dominant
eigenvalue of Hg ,,, and alternatively in terms of u = u(1), 62 = §2(1), and the
constants fi(c), g(c) from Theorem 1. In particular u(c) admits a closed form.

Theorem 4. A digit-cost is lattice if it is non zero and there exists L € R} so that
¢/ L is integer-valued. The largest such L is then called the span of ¢. For instance,
any nonzero constant c is lattice. For lattice costs of moderate growth, we obtain a
Local Limit Theorem with optimal speed of convergence O(1/+/log N). This time,
we use estimates for Ey [exp(i7C)], where 7 varies in a compact set of the real line.
They lead, with the saddle-point method, to a very natural and concise proof.

Three special instances of our results for lattice costs are of major interest.

(i) Digit-cost ¢ = 1. For each of our three algorithms the number of steps is
asymptotically Gaussian, with mean plog N (where p admits a closed form) and
variance 0% log N, in the sense of the CLT and the LLT with speed O(1/+/log N).
(#4) Digit-cost ¢ = ¢, = the characteristic function of a digit m. The total number
of occurrences of a fixed digit m in a rational trajectory for our three algorithms
is asymptotically Gaussian (CLT, LLT), with mean p - fi(¢;n,) log N. The constant
i(em) is explicit for the three algorithms. In the case of the standard Euclidean
algorithm we recover (see [49])

blem) = L 1 1+ !
HAGm ~ log?2 o8 m(m+2)) "

(i) Digit-cost ¢ = the binary length ¢ of the digit. The binary encoding of a rational
trajectory is asymptotically Gaussian (CLT, LLT), with mean-value p - fi(¢) log N.
The constant [i(¢), explicit for the three algorithms, is a variant of the Khinchine
constant [29]. For the standard Euclidean algorithm, it is equal to (see [49])

1 ad 1
) = 1 1+ —).
() Tog? ngHO( + 2k)

Plan. In Section 2, after describing our three Euclidean algorithms and their
underlying dynamical systems, we state and prove Theorem 1 (using Theorem 0)
and state our main results, Theorems 2 (our version of Dolgopyat’s bounds), 3
(CLT), and 4 (LLT). The first part of Section 3 is devoted to proving Theorem 2
and checking that its assumptions hold for our three algorithms. In the last two
subsections of Section 3, we obtain quasiperiodicity results. With Theorem 2, they
entail expected properties for the Dirichlet series. In Sections 4 and 5, we present
the proofs of Theorems 3 and 4, respectively.

2. DYNAMICAL METHODS AND STATEMENT OF RESULTS.

After a description of the three Euclidean algorithms to be studied and their associ-
ated dynamical systems (§2.1), we introduce the weighted transfer operator in §2.2.
Section 2.3 explains the fundamental réle this operator plays in the distributional
analysis of truncated real trajectories. Theorem 1 is stated there, and proved using
Hwang’s Quasi-Power result (Theorem 0).
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Next, we turn to rational inputs and Euclidean algorithms. We introduce in §2.4
Dirichlet series of moment generating functions, which we relate to the quasi-inverse
of the weighted transfer operator. We briefly explain in §2.5 how to apply the
Perron formula to extract coefficients of Dirichlet series, stating also estimates a la
Dolgopyat (Theorem 2) useful for the applicability of this formula. Finally, in §2.6
we state our CLT (Theorem 3) and our LLT for lattice costs (Theorem 4).

2.1. Euclidean algorithms and their associated interval maps. Three Eu-
clidean algorithms are to be analyzed; each of them is related to a Euclidean di-
vision. Let v > u > 1 be integers. The classical division, corresponding to the
standard Euclidean algorithm G, v = mu + r produces an integer m > 1 and an
integer remainder 7 such that 0 < r < u. The centered division (centered algorithm
K) requires v > 2u and takes the form v = mu + s, with integer s € [—u/2, +u/2].
Letting s = er, with e = +1 (and e = +1 if s = 0), it produces an integer remainder
r such that 0 < r < u/2, and an integer m > 2. The odd division (odd algorithm
O) produces an odd quotient: it is of the form v = mu+ s with m odd and integer
s € [~u,+u[. Letting s = er, with e = +1 (and € = +1 if s = 0), it produces
an integer remainder r with 0 < r < u, and an odd integer m > 1. In the three
cases, the divisions are defined by pairs ¢ = (m, €), which are called the digits. (See
Figure 1.)

Instead of the integer pair (u,v), we may consider the rational u/v, since the pair
(du, dv) produces the same sequence of digits as (u,v), up to multiplying all re-
mainders 7 by d. Then, the division expressing the pair (u,v) as a function of
(r,u) is replaced by a linear fractional transformation (LFT) h that expresses the
rational u/v as a function of r/u. For each algorithm, the rational u/v belongs to
the interval Z’ defined in Fig 1.

To summarize, on the input (u, v), each algorithm performs a sequence of admissible
Euclidean divisions, of the form v = mu + er with r/u € Z' U {0}, and (m, €) € D;.
On the input u/v, it performs a sequence of LFT’s from a generic set H (depending
on the algorithm) whose elements h, are indexed by the admissible pairs ¢ = (m, €)
of D; and are of the form hy, () = 1/(m + ex). The LFTs appearing in the final
step belong to a subset F C H and are indexed by the admissible pairs ¢ = (m,€)

Each algorithm applied to a rational u/v builds a specific continued fraction

(2.1) % !

€p—1

of depth P, decomposing also u/v as
(2.2) (u/v) =hyohgo...ohp(0)=h(0),

with h; € H,1 < i < P—1, and hp € F. We are interested in various costs
related to an execution of the algorithm. The most basic one is the number of steps
P(u,v). In general, given a digit-cost function ¢ on the set H, we consider additive
cost functions C' of the form

(2.3) C(u,v) := ' c(h;) .

We next see how to associate to each algorithm a dynamical system of the interval,
T :7Z — Z. The interval Z is defined in Figure 1. The map T extends the map
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Algorithm G (standard) K (centered) O (odd)
Intervals Z=10,1], Z'=]0,1] T=10,1/2], I' =]0,1/2] TZ=10,1], Z'=]0,1]
Generic conditions |m > 1, e = +1 m>2e==1 m>1odd, e==+1

D1 on pairs (m, €)

if m = 2 then e = +1

if m =1 then e = +1

Final cond. Do

€=+1

e=+1

Graph of
T(z) =z - A7)l

Function A(y)

Integer part of y

Nearest integer to y

ie. mst. y—me[-1/2,+1/2]

Nearest odd integer to y
ie. modds.t. y—me [—1,+1]

Contraction ratio p=1/¢ p=1/(vV2+1)? p=1/¢*
Invariant density f L I I [ I I ] I +
Vo log21+x logp ' d+x P2 —=x d—1+x ¢2—x
2 2 2
Entropy il il T
6log 2 6log ¢ 9log ¢

FIGURE 1. The three Euclidean systems (¢ = (1 + v/5)/2).

defined on rationals by T'(u/v) = r/u, where r is the remainder of the Euclidean
division on (u,v). We get

T(z) :=

1 1
c-a(3)] 2#0. =0
x x

A depends on the algorithm and is defined in Figure 1. It is easy to see that the
maps associated to the three algorithms belong to the following class:

Definition. [Piecewise complete maps of the interval] A map T : T — T is piecewise
complete if there exist a (finite or countable) set Q, whose elements are called
digits, and a partition {Z,},c0 (modulo a countable set) of the interval Z into open
subintervals Z, such that the restriction of T' to Z, extends to a a bijective mapping
of class C? from the closure of T, to T.

We may consider the set H = {hjg} of branches of the inverse function T~ of a
general piecewise complete map 7', naturally indexed by the set Q. The set of the
inverse branches of the iterate T% is H¥; its elements are of the form hjg,) © hg,) ©

- © hyg,) where k is called the depth of the branch. Setting H? = {Id}, the set
H* := Up>oHF is the semi-group generated by H. Each interval h(Z) for h of depth
k is called a fundamental interval of depth k.

2.2. Transfer operators of interval maps. The maps (Z,T) associated to the
three Fuclidean dynamical systems belong in fact to a subclass of piecewise com-
plete mappings :
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Definition [Good class]. A piecewise complete interval map (Z,T) belongs to the
good class if:

(i) T is piecewise uniformly expanding, i.e., there are C' and p < 1 so that
|h/ ()] < Cp™ for every inverse branch h of T", all n and all x € Z. The infimum
of such p is called the contraction ratio, and satisfies
(2.4) p = limsup (max{|¥(z)|;h € H",z € T})"/" .

n—oo

(i4) There is K> 0, called the distortion constant, so that every inverse branch
h of T satisfies |h"(x)| < K|h'(z)| for all z € T.

(ii1) There is 0o < 1 such that ), ,,sup |h'|” < oo for all real o > 0y.

(Note that maps in the good class are automatically topologically mixing.)
The distortion condition in (ii) follows from the C? assumption when there are
finitely many branches, and is just Renyi’s condition otherwise.

To check that maps associated to our algorithms are in the good class, for o = 1/2,
use |h, | = O(m~2). (See also Figure 1, and [42] for proofs.)

If 7 is endowed with an initial probability density go with respect to Lebesgue
measure, 1" acts on it and transforms it into a new density g;. The operator H such
that g1 = HJ[go] is called the density transformer, or the Perron-Frobenius operator
(acting now on L! functions, soon we shall restrict its domain). An application of
the change of variable formula gives

= [W(@)] foh(x).

heH

It is useful to deal with a more general operator, the transfer operator H; which
depends on a complex parameter s:

=Y [P (@) - foh(x).
heH

(Note that Hy = H.) If 0 := Rs > o, then H; acts boundedly on the Banach
space C}(Z) of C! functions on Z endowed with the norm

I1£1l1, with [ fllo == sup |f], [ /|l := sup | f'].

We consider nonnegative cost functions satisfying the following condition:

Definition [Condition MG —Moderate growth—|. Let H be the inverse branches
of a map in the good class. A digit-cost ¢ : H — R™T is of moderate growth if it is
non identically zero and if the series

(2.5) Z explwe(h)] - |h (z)]*

heH

converges when (Rs, Rw) belongs to a real neighborhood of (1,0), or, equivalently
to g x Wy with ¥g :]80,+OO], for og < 6'\0 <1, and Wy :] — 00, l/o[ for vy > 0.

Definition [Class GMG] A triple (Z,T, ¢) formed with an interval map T : T — T
of the good class, and a digit-cost ¢ of moderate growth will be said to be of GMG-

type.

We extend the digit-cost to a cost function, also denoted ¢, on H* by

k
C(hl @) hQ 0...0 hk) = Zc(hl)
i=1
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We can now define the weighted composition operator which depends on two (com-
plex) parameters s and w,

(2.6) H,o[f](z) =Y explwe(h)] - [N (2)]° - f o h(z).
heH
The additive property of costs and the multiplicative property of the derivatives
entail
HY ,[fl(z) = ) explwe(h)] - [I ()] - f o h(x),

heH™

and the quasi-inverse (I — H; ,,)~! can be written (formally) as

(2.7) (I = Hyw) ' [f)(2) = ) explwe(h)] - |1 (2)]* - f o ().

heH*

We recall next some well-known spectral properties of the transfer operator Hj ,,.
Endow the Banach space C'(Z) with the norm || - [[11. It is known that for
(Rs, Rw) € Xp x Wy the operator H, ,, is bounded but not compact acting on
CHI) [see e.g. [4, 9]]; however, it is quasi-compact. We recall the definition of
quasi-compactness for a bounded operator L on a Banach space: Denote by SpL
the spectrum of L, by R(L) its spectral radius, and by R.(L) its essential spectral
radius, i.e., the smallest » > 0 such that any A € Sp(L) with modulus [A| > r
is an isolated eigenvalue of finite multiplicity. An operator L is quasi-compact if
R.(L) < R(L) holds.

We denote the partial derivatives of first and second order of a function F(s,w) at
(a,b) by F; (a,b), Fi(a,b), F',(a,b), F3(a,b), F(a,b).

Proposition 0 [Classical spectral properties of transfer operators]. Let H, ,, be
the transfer operator (2.6) associated to a GMG triple (Z,T,c) with contraction
constant p. Denote by R(s,w) its spectral radius and R.(s,w) its essential spectral
radius. Let ¥, Wy be the real sets from (2.5). When w = 0, we omit the second
index in the operator and its associated objects.

(1) [Quasi-compactness.] Let p < p < 1. If (60 = Rs,v = Rw) € ¥g x Wy,
then Hy ., acts boundedly on C'(Z). Then R(s,w) < R(Rs, Rw) and R.(s,w) <
p- R(Ms, Rw), in particular Hy ,, is (uniformly) quasi-compact for real (s,w).

(2) [Unique dominant eigenvalue.] For real (o,v) € g x Wy, H,,, has a unique
eigenvalue \(o,v) of maximal modulus, which is real and simple, the dominant
eigenvalue. The associated eigenfunction f,,, is strictly positive, and the associated
eigenvector Ji,, of the adjoint operator H7 , is a positive Radon measure. With
the normalization conditions, [y, (1] = 1 and fis,[fs] = 1, the measure gy, =
fowlow is a probability measure. In particular, jiy is Lebesgue measure, with
A1) =1.

(3) [Spectral gap.] For real parameters (o,v) € 3o x Wy, there is a spectral gap,
i.e., the subdominant spectral radius vy, > R.(o,v) defined by 14, := sup{|A|; X €
Sp(Hs.), A # Ao, v)}, satisfies 7o, < A(0, V).

(4) [Analyticity in compact sets.| The operator Hs ,, depends analytically on
(s,w) for (Rs,Rw) € Xg x Wo. Thus, X(o,v)*!, fEL, and [/, depend analytically
on (o,v) € ¥y X Wy, and are uniformly bounded in any compact subset.

(5) [Analyticity in a neighborhood of (1,0).] If (s,w) is complex near (1,0)
then \(s,w)™!, Siulj, and f,, are well-defined and analytic; moreover, for any 0,
with r1 < 0 < 1, one has 71 /| (1, w)| < 0.

(6) [Derivatives of the pressure.]  For (o,v) € Xy x Wy, define the pressure
function A(o,v) =log A(o,v).
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(6.a) A’(1) is the opposite of the Kolmogorov entropy of the dynamical system
(T, 11). Also, Al (1,0) is the uj—average of the cost:

N(1) = 7/Ilog|T’(gc)|f1(z) dx <0, A (1,0) = Z c(h) /h(I) fi1(z) da.

heH
(6.b) If ¢ is not constant, the second derivative A!!,(1,0) is strictly positive.

(7) [Function w +— o(w).]  There is a complex neighborhood W of 0 and a
unique function o : YW — C such that A(o(w),w) = 1, this function is analytic, and
o(0) =1.

Proof. We refer to [4, 9, 48] except for claim (7) (which follows from X (1) # 0
and the implicit function theorem) and for claim (6):

(6.a) Taking the derivatives at (1,0) of H [ fsw] = A(s,w)fsw (With respect to
s or w), integrating on Z with respect to [y, (equal to the Lebesgue measure),
and using that Hf preserves [i1, gives the expressions as integrals. To finish, apply
Rohlin’s formula.

(6.b) Convexity of the pressure is an old theme, see, e.g., [41] and also [37], Chapter
4, Prop. 10 in [45], Prop. 3.8 in [11], Proposition 6.1 in [9]. We adapt here the
last work. It is stated in the context of functions with bounded variation. Due
to our strong Markov assumption, we may work in C'(Z). Since f; is a strictly
positive C* function and Hj [c] belongs to C!, we may transfer Broise’s proof to our
C! context: it shows that A”,(1,0) is zero if and only if there exists a constant K
and a function u € C1(Z) for which, for all h € H, the equality c(h) = u—uoh+ K
holds. Using the fixed point of each branch h proves that c is constant. ([

We have already remarked that the three Euclidean dynamical systems belong to
the good class. A sufficient condition for the cost ¢ to be of moderate growth is
c(m, €) := c(hjm,q) = O(logm). Note that, for an inverse branch of depth k, of the
form hjg,j0---0hyg,), the interval h(Z) gathers all real z for which the k first digits
of the C'F expansion are (q1,¢2,...,qr). Furthermore, each inverse branch of any
depth is a linear fractional transformation h(xz) = (ax + b)/(cx + d), with a, b, ¢,
d coprime integers, with determinant ad — bc = +1, and denominator DIh| related
to |h/| through:

DIh)(x) := |ex +d| = |det b2 |1’ (x)| 712 = |1’ (2)| =1/,

Therefore, the transfer operator can be alternatively defined by

1
(2.8) H; o [f](z) = Z eXP[wc(h)]W f(h(x)).
heH
The above reformulation will be useful in §2.4.
We associate to each of the three algorithms and its final set F C H, a transfer
operator

1
(29) Foulfl(@) =) exp[wC(h)]W f(h(@)) = Hywlf - 10, con@(@).
heF
It is easy to see that Fy,, acts boundedly on C}(Z) for (Rs, Rw) € Xg x Wy, and
to generalize the relevant statements of Proposition 0 to this operator.

2.3. Transfer operators and real trajectories. We consider one of our three
algorithms, or more generally any triple of GMG type, with a non- constant cost
c. The interval 7 is endowed with a probability measure with smooth density f
and the set of endpoints of fundamental intervals (rational points for Euclidean
algorithms) can be neglected. We are interested in the asymptotic behavior of
the distribution of C,(z) := >.1 ; ¢(h;) when the truncation degree n tends to
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oco. As already mentioned, a very convenient tool is the Lévy moment generating
function of the cost, Elexp(wCy,)] = >}, cn explwe(h fh(z) f(y) dy. The change
of variables y = h(u) gives

(2.10) Elexp(wCh,) /I Z exp[we(h)]- |/ (u)|- foh(u du-/H (u)du.

heH™

The above relation is fundamental for analysing costs on truncated real trajectories,
as we explain next.

By Proposition 0, for any 8 with r; < 6 < 1, there is a small complex neighborhood
W of 0, so that, for w € W, the operator Hy ,, splits as Hy o, = A(1, w) P14, + N1 4,
where Py ,, is the projector for the eigenvalue A\(1,w) and R(N1,) < 0A(1,w).
Therefore,

HY ,[f1(w) = AL w)" Py [£l(u) + NV, [f](u), Vo > 1,

which entails
Efexp(wC)] = <A<1,w>" [ raision du> 1+ 0(0") |

with a uniform O-term for w € W. In other words the moment generating function
behaves as a “quasi-power,” and we may apply the following result:

Theorem 0. [Hwang’s Quasi-Power Theorem] [25 26, 27] Assume that the moment
generating functions for a sequence of functions C’N on probability spaces (Q N P N)
are analytic in a complex neighborhood W of zero, where

(2.11) Ey [exp(wCy)] = exp[ByU (w) + V(w)] (1 + O(ky")) ,

with Bn, Ky — 00 as N — oo, and U(w), V(w) analytic on W. Assume U"”(0) # 0.
Then, the mean and the variance satisfy

NICN] = BNU'(0) + V'(0) + O(ry)

Vn[Cn] = BU"(0) + V" (0) + O(rk31) .

Furthermore, the distribution of GN on N Is asymptotically Gaussian, with speed
of convergence O (k' + 5_1/2).

For each fixed k > 3, there is a polynomial Pj, of degree at most k, with coefficients
depending on the derivatives of order at most k at 0 of U and V', so that the moment
of order k satisfies

(2.12) En(C] = Pe(By) +0 (L) ,

N
with a O—term uniform in k.

Proof. [Sketch.] This statement encapsulates a classical calculation analogous
to the proof of the central limit theorem by characteristic functions.The speed of
convergence then results from the Berry-Esseen inequalities. the moment estimates
are consequences of the derivability of analytic functions. (I

For our application, we set (AZn = (Z,fdz) for all n, (7,, = Cp, Bn = n,
Kkn = 67", The function U is the pressure function w — A(1,w), and V(w) =
log (f; P1.w[f](u) du). Since ¢ is not constant, the function A(1,w) is absolutely
convex at w = 0, (see Proposition 0) and U”(0) # 0. Thus, using the formula
for A/, (1,0) in Proposition 0, Theorem 0 entails the following Gaussian asymptotic
distribution result, which applies in particular to our three Euclidean algorithms.
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Theorem 1. For a triple (Z,T,c) of GMG type with non-constant ¢ and any
probability P on T with a C! density, there are fi(c) > 0 and §(c) > 0 so that for
any n, and any Y € R

z | WSY] \/%_ﬂ/;eyZ/Qdy+O<%) .

Furthermore, (recalling that ry is the subdominant spectral radius of the density
transformer H), for any 6 which satisfies 1 < 6 < 1, one has :
E[Ca] = filc) - n+7(e) + 0(0"),  V[Ca] = 8°(c) - +d1(c) +0(07),

with 7i(e) = AL, (1,0) = N, (1,0), 82(¢) = A%, (1,0) = N, (1,0) — X2(1,0).
Finally, fi(c¢) involves the invariant density f1,

i) = - cla) [ fita)da.

qeQ

Note that f; is explicitly given in Figure 1 for G, O, and K, so that fi(c) is com-
putable in these cases.

2.4. Dirichlet generating functions and transfer operators. We restrict now
our study, for each of our three algorithms, to (nonzero) rational inputs z = (u/v) €
7' and a cost ¢ of moderate growth. The intervals Z’' are defined in Figure 1. We
consider the sets

Q= {(u,v) € Ni,% €1’} Q= {(u,v) € Q;gcd (u,v) = 1},
and we endow the sets
Qn = {(u,v) € Q30 < N}, Qn = {(u,v) € Qv < N},
with uniform probabilities Py and Py, respectively. For the moment we only

consider Q.

To study the distribution of the total cost C(u, v) (2.3) associated to some digit-cost
c and restricted to Q we use its moment generating function:

_ 24(N)
(2.13) Enlexp(wC)] := By (V) ’
where ®,,(N) = @, ,(N) is the cumulative value of exp[wC] on Qu,
(2.14) Oy(N) =Y explwC(u,v)], Po(N)=|Q].
(u,v)EQN

Extending the principles defined in [46, 48, 49], we replace the sequence of moment
generating functions by a single bivariate Dirichlet series, henceforth called the
Dirichlet-moment generating function:

(2.15) S(s,w) ==Y v—lsexp[wC(u,U)] = en(w)

ns
(u,v)€Q n>1

where cn (W) = 32, »)eq, ven XP[WC(u,v)].
Since the partial sum of the coefficients of the series S(s,w) satisfies
(2.16) D en(w) = By(N),

n<N

to analyze the moment generating function Ey[exp(wC')] of the cost C on Qp, it
suffices to estimate the functions ®,,(N) (asymptotically in N — oo, and uniformly
in w in a complex neighborhood of 0).
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As we previously did for truncated real trajectories, we aim to relate the moment
generating function of costs on rational trajectories to the weighted transfer oper-
ator. An execution of the Euclidean algorithm on a input (u,v) € Q, performing
P(u,v) steps uniquely decomposes the rational

U

— :hlohgo...OhP(O):h(O),

v
with h; € H,1 <i < P —1 and hp € F. Thus, each Euclidean algorithm defines
a bijection between the sets Q and H* x F. In view of (2.8, 2.9) and (2.15), the

relations
P(u,

v)
v = D[R](0), C(u,v) =c(h) = Z c(hy;)
i=1
provide the desired expression for the Dirichlet moment generating function S(s, w)
in terms of the transfer operators Hy ,, and Fy ,:

(2.17) S(2s,w) = Fgp o (I —Hg) H[1](0).

Returning to €2, we remark that each element (u',v") of Q can be written in a
unique way as (du, dv) with d = ged(u,v) and (u,v) € , and, as already observed,
an execution of the algorithm on (v, v') leads to the same decomposition (2.2), the
two costs C(u',v") and C(u,v) being equal. We may define a Dirichlet moment
generating function S (s,w), and we get

(2.18) S(2s,w):= Y _ Uis exp[wC (u, v)] = ¢(25) Fy. o (I — H, ) 1[1](0).
(u,v)eﬁ

Using well-known properties of the Riemann zeta function {(s), all our results for
Qpn will follow from those on Q.

In view of (2.13, 2.15, 2.16), the relations (2.17), and (2.18) connecting the Dirich-
let moment generating function with the transfer operator are the analogues for
rational trajectories of the relation (2.10) for the truncated real trajectories. In the
case of rational trajectories, we have to work with the quasi-inverse and extract the
coefficients of Dirichlet series: This is why the discrete problem is more difficult to
solve than the continuous problem.

2.5. Perron’s formula and Dolgopyat’s estimates. We wish to evaluate the
sum P, (N) of the first N coefficients of the Dirichlet series S(2s,w). Our first
main tool towards this goal is the Perron formula. The Perron formula of order
two (see e.g. [17]) applied term by term to a Dirichlet series Fi(s) = > -, ap,n™*
and a vertical line ®s = D > 0 inside the domain of convergence of F says that

1 D+ico Terl
2.19 U(T) = (T —n) = — F(s)——— ds .
(219) (1)i= 3 T 1) 5w [ P s
Applying Perron’s formula to the Dirichlet series S(2s,w), we find
1 D+ico T25+1
2.20 W, (T) = ()T — 1) = — S(28, w)—— ds .
(220) 1):= 3 enw)( =) 5w [ SCau) s ds

Thus, Perron’s formula gives us information on ¥,,(NN), which is just a Cesaro sum

of the ®,,(Q):
\Iiw(N> = Z Z Cn(w) = Z (I)w(Q)'

Q<N n<Q Q<N

Proposition 0 and Relation (2.17) show that s — S(2s,w) has a possible pole at
s = o(w), where o(w) is the unique complex number near 1 for which A(o(w),w) =
1. In particular, the integral in (2.20) is well-defined only if D > sup,,(Ro(w))
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(note that sup,,(Ro(w)) > 1 can be made arbitrarily close to 1 by taking w close
enough to zero). To combine the Perron formula with Cauchy’s residue theorem,
we wish to modify the integration contour s = D into a contour containing o(w)
as a unique pole of S(2s,w). This is possible and leads to a quasi-power expansion
if there is a > 0, such that

(1) S(2s,w) admits s = o(w) as a unique pole in the strip |Rs — 1] < a.

(#4) In a “perforated” half-plane {Rs > 1—ag,|s—1| > ap/2}, for small & > ag > 0,
the estimates |S(2s,w)| < max(1, (Ss)¢) for 0 < ¢ < 1, hold, uniformly in w close
to 0.

Note that (i) cannot be satisfied if the map 7' is C? conjugated with a piecewise
affine map, since, in this case the Dirichlet series S(s,0) has an infinite number of
poles in the vertical Rs = 1. Note also that bounds of the type (i7) are extremely
difficult to obtain for general Dirichlet series. By the above discussion, such bounds
would follow from similar estimates on the quasi-inverse of the operator, which
are closely related to those obtained by Dolgopyat [16]. In the spirit of Chernov
[12], Dolgopyat [16] introduced several “uniform nonintegrability” (UNI) conditions.
They allowed him to control oscillatory integrals associated to iterates of transfer
operators Hy for s = o + it, with fixed o close to 1, and prove exponential decay
of correlations for some flows. We shall give a new formulation of Dolgopyat’s
strongest such UNI condition, which appeared implicitly in Section 5 of his paper
[16] and turns out to be satisfied by our three algorithms. This condition is stated
as an assumption on the derivatives of the inverse branches of the dynamical system
in Section 3.2, and expresses that, in a sense, the map 7" is quite different from a
piecewise affine map. In Section 3, we shall prove the following theorem, which is
the central functional analytic result of the paper. In the statement, we use the
following family of equivalent norms on C!(Z):

sup | f']

(2:21) 10 2= sup ]+ 0

t£0.

Theorem 2 [Dolgopyat-type estimates|. Let (Z,T,c) be a triple of GMG-type,
with contraction ratio p < 1, and such that Condition UNI from §3.2 holds. Let
H; ., be its weighted transfer operator (2.6) acting on C(Z).

For any £, with 0 < £ < 1/5, there is a (real) neighborhood 1 =]1 — a, 1+ af of 1
(which depends only on (Z,T) and not on ¢), a (real) neighborhood Wy of 0, and
there is M > 0 such that, for all s = o +it, w = v + i7 with (o,v) € 31 x W; and
> 1/p2,

(2.22) (I = Haw) ™ e < M- [t

Note that we shall have to modify Dolgopyat’s arguments since we must consider
dynamical systems which possess an infinite number of branches (see in particular
Lemma 1), and we work with bivariate weighted transfer operators Hj ,, involving
a cost function.

2.6. Statement of the Central and Local Limit Theorems. We shall see in
§4.1 that Perron’s Formula (2.20) combined with the fundamental relation (2.17),
together with the bounds & la Dolgopyat (Theorem 2) provide a quasi-powers esti-
mate for the Cesaro sum ¥,,(N). It does not seem easy to transfer this information
on ¥, (N) to estimates on ®,,(N), because the coefficients are complex. The way
we overcome this is by first proving (Lemma 11 in Section 4.2) quasi-power esti-
mates for the moment generating function of some “smoothed” version of the cost
C, for which the transfer is possible by standard methods. We are then able to
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apply Theorem 0 to the smoothed model, and show that the two models are close
enough in distribution so that the following holds:

Theorem 3. [Central Limit Theorem for rational trajectories.| For a Euclidean
algorithm amongst G, IC, O, there is v > 0, so that, for any cost ¢ of moderate
growth, letting A(s) be the function from Proposition 0:

(a) The distribution of the total cost C' on Qy is asymptotically Gaussian, with
speed of convergence O(1/+/log N), i.e., there exist two constants u(c) > 0 and
d(c) > 0 such that, for any N, and any y € R

C(u,v) — p(c)log N - ]
o(c)ylogN  —

1 Y 1
= — e .
V2r [m Viog N >
(b) The mean and the variance satisfy Ex[C] = u(c)log N + n(c) + O(N~7), and
VN[C] = 6%(c)log N + 81(c) + O(N 7).
Generally, for each k > 1, there is a polynomial Py, of degree k so that

(log N)Qk) |

IEDN (ua ’U);

12/2dx+0<

with a O-term uniform in k.
(¢) In the special case ¢ = 1, denoting p := u(1), 6% := §%(1), we have
2 _ 2]A"()]

= >0, 62="—2"2>0.
|A(1)] |A/(1)3)

In the general case,
pe) = p-fil)),  0%(e) = 2(c) - 6% + - 8%(e) + p2ile) - x(e) > 0,

where fi(c) > 0 and 62(c) > 0 are given in Theorem 1, and x(c) = A", (1,0).
Claims (a), (b), and (c) also hold for Px on .

Note that 2/p is the Kolmogorov entropy for (T, fidx). Also, v does not depend
on the cost. The constant x(c) can be viewed as a covariance coefficient between
the number of steps P and the cost ¢. Since there exists a closed form for f; in the
three cases of interest (cf. Figure 1), the constants p, and thus p(c) can be easily
computed (see remark after Theorem 1 and [49]). The constants §, §(c) are proven
to be non zero in Proposition 1, Section 3.5. They do not seem to admit a closed
form. However, Lhote has proved that they can be computed in polynomial time
[32].

In Section 5, restricting to lattice costs, we obtain bounds for Ey[exp(i7C)] with
T € [—m, 7], and combine them with saddle-point estimates to get:

Theorem 4. [Local Limit Theorem for lattice costs.] For any algorithm among
G, K, O, and any lattice cost ¢ of span L and of moderate growth, letting p(c) > 0
and 6%(c) > 0 be the constants from Theorem 3, the following holds,

Py (u,v);—g < C(u,v) — pu(e)log N — §(c)x/log N < g]

e ot
~ (c)y2nlog N logN /)’

with a O uniform for x € R. The same holds for ﬁ’N in (~2N.
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3. PROPERTY UNI AND DOLGOPYAT ESTIMATES.

In this section we shall first prove Theorem 2 and check (§3.5) that its additional
assumption (UNI) holds for our three Euclidean algorithms. Then, we show that
Theorem 2 together with aperiodicity results imply useful estimates on S(s,w).
To prove Theorem 2, we use ideas due to Dolgopyat [16]; however, we have to adapt
them to our context, i.e., bivariate weighted transfer operators H; ,, associated to
triples (Z, T, c¢) of GMG-type with infinitely many branches, as explained after the
statement of Theorem 2 in Section 2. One of the main ideas of Dolgopyat was to
deal first with the L*-norm of some iterate HZ ,[f], with an index n that depends
on t = Os. Then, he made two transfers of estimates: first from this L?-bound
into a bound for the sup-norm, next from this sup-norm-bound into the desired
bound for the (1,¢)-norm. Following his strategy, we establish preliminary results
in Lemmata 1, 2 and 3. (Note that Lemma 1 is new.) §3.2 is central: our version of
the UNI Condition is stated and shown to entail the desired exponential estimate for
the L?-norm of the operator (Lemmata 4 and 5). The two transfers are operated in
§3.3: they lead to Theorem 2. We then check in Lemma 6 (§3.4) that its additional
assumption (UNI) holds for our three Euclidean algorithms. In §3.5, we show both
an aperiodicity result on vertical s-lines and w-lines together with a convexity result
(Lemma 7 and Proposition 1). Finally, in §3.6, we return to the Dirichlet series
S(s,w) and obtain further estimates in the compact neighborhood of the real axis
which is not covered by Theorem 2 (Lemmata 8 and 9).

3.1. Preparatory material. Transfer operators H; ,, and their normaliza-
tions ﬁs,w. Triples (Z,T,c) of GMG type and their associated transfer operators
H; ., acting on C}(Z), for (Rs,Rw) € Xo x Wy were introduced in § 2.2. We
summarized in Proposition 0 well-known spectral properties that we shall need, in
particular the existence of a dominant eigenvalue (o, v), [with positive eigenfunc-
tion fs,] or A(s,w) for suitable real (o,v) € g x Wy [from (2.5)] and complex
(s,w) close to (1,0). Recall that H™ is the set of inverse branches of T™, H* the
set of all inverse branches of any depth, p < 1 the contraction constant and K the
distorsion constant.

Defining K = K/(1 — p), it is not difficult to check that,

|n"(x)| < KW (x)|, Vo e€Z,heH".
The above bounded distortion property will play an important role. Note for further
use that, since the ratio h”(z)/h’ () is the derivative of log |h/(z)|, setting L := eX,
we get
1 _ |W(2)]

3.1) LT

<L for all x,y € Z, for all h € H*.

It will be convenient to work with the normalized operators ﬁs,w defined by
1
Ao, v) fou

By construction, for (o,v) € Xy x Wy, the operator ﬁg,l, acting on C!(Z) has
spectral radius equal to 1, and fixes the constant function = 1. Also, SpHy i, =
Mo, v)SpHyt i, Remark next the inequality ||[Hs o [f]llo < [|f]lo Ho[1] = |If]lo,
which implies the useful bound

(32) i:ISy’LU[f]: Hs,w[fo’,y'f], S:U+it, ’LU:V+’[:7'.

(3.3) [ H w0 < 1.

It is easy to check that ITI;V fixes the probability measure fiy, = fou * How-
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Remark about notations. In the sequel, the notation A(x) << B(z) means:
A is less than B up to absolute multiplicative constants. This means that there
exists some absolute constant k such that for every x of interest, A(z) < kB(x).
It is synonymous with A(x) = O(B(z)) with an absolute O-term. The symbol W
denotes a complex neighborhood of 0 for the variable w. If J C 7 is a union of
intervals, we denote by |J| its Lebesgue measure.

Relating ﬁa,l, and ITILO. In order to exploit properties of Lebesgue measure,
which is fixed (only) by the dual of Hj o, Dolgopyat uses the following property
(see e.g. last lines of p. 367 in [16]): When (Z,T') has finitely many branches, there
is A, — 1 as 0 — 1 so that for positive f € C(Z)

(3.4) H,o[f](x) < Ay Hio[f]().
The above inequality is not true in general when there are infinitely many branches
(it fails for the Gauss map). The purpose of the following lemma is to extend (3.4)

to the case of infinitely many branches and bivariate operators, comparing Hp
and (i, to their analogues for (o,v) = (1,0):

Lemma 1. For (o,v) € 3¢ x Wy, denote
20 — 1,20)1/2
Ao, v)

Let L be a compact subset of Yo x Wy. For J C HF, denote by J = Upe7h(Z).
Then, for (o,v) € L,

AO’,V =

/’LO',V[J] < AI;,V |‘]|1/25
furthermore, for any f € CY(Z), for any integer k > 1,
(3.5) 1HG LA << AZ, [[HE o[l ]]]o -
The absolute constants involved only depend on L.

The function A,, depends continuously on (o,v) and A1 = 1.

Proof. The equality pos,[f] = po, ,,[ﬁk [f]], when applied to the characteristic
function of some fundamental interval h( ) of depth k proves that

o [H(T)] < eXp”" /|h' ) i ().

Moreover, by the bounded dlstortlon property (3.1), the ratios (two by two) of the
three quantities a(h), b(h), c(h),

/ W @)I° dio(@): b(h) = R@)P 5 c(h) = / W (@)|° d,

admit upper and lower bounds that do not depend on h, and are uniform for
(o,v) € L. Then, summing the inequalities

o (D)) < SRy o

Ao, v)k
over J C ‘H*, and applying the Cauchy-Schwarz inequality, one gets
1/2 1/2
1 o
HowlJ] < o, ) Z exp[2ve(h)] - [M(T)|* ! <Z |h(I)|> :
’ heHk heJ

Then, dominant spectral properties, together with bounded distortion, entail the
inequality

Z exp[2ve(h)] - |R(Z)[* 7 < A(20 — 1,20)F

heHk
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and, finally, the relation |J| =}, ./ |h(Z)| provides the first claim.
Consider now f € CY(Z). The relation
~ 1 .
|(Ho)" [f)()] << o)k > explve(h)] - |1 (@)|7 - |f o b)),
’ heHF

is valid if (o, v) belongs to £, and, by the Cauchy-Schwarz inequality,
2

> explve(h)] - |1 ()| - |f o h(z)

herF

< | D ewpl2ve(h)] - M@)o Y W (@) - f1P o h(a)

heHk heHk

The second factor is exactly HF [ f|?](z), which is less than ﬁ’fo[|f|2]($) (up to
absolute multiplicative constants). Thanks to dominant spectral properties, the
first factor is easily related to A(20 — 1, 2v)". O

Lasota—Yorke bounds. The following lemma describes how ITI“U acts with re-
spect to the quasi-norm ||.||; when s varies over a vertical line:

Lemma 2. For every compact subset L of ¥g x Wy, there is C' > 0, so that for all
(s,w) with (Rs, Rw) € L, and all f € C*(Z),

B2, £l < C (sl fllo + o™ 1If]11) , ¥n>1.

Proof. The quantity If-vlzw[f] can be written as a sum over h € H" of terms

explwe(h)] . s 1
SXPIWA)] h — W]
Mo o) rp(x) wit Th |h] T

The Leibniz sum for the derivative of r;, contains three terms. We can bound the
first for all s using the distortion assumption since

[s[IR" [~ < |s[K[)°] = [s| K |R]7

(fowf)oh.

Compactness of £ and continuity of (,v) — f, ., and (o,v) + f, , imply that the
second term may be controlled by

|f5.wl 1
’ < C[, )
Jow

for some Cr > 0. Finally the last term can be estimated using

[(fow - ) o Pl < p"(|fg0 - fl o+ (fou - [£]) 0 B].

We can ensure

2
o,w

F|S| +Cr+p"Cr <C(L)|s],
so that the derivative (ﬁ?w[ f]) satisfies

G2, 1) llo < € (I 11FE2, [f11lo + o™ IELZ L 1" }lo) -
The final result follows from (3.3). ]

First use of the (1,¢)-norm. In the bound from Lemma 2 for the derivative
of HY , f(x), there appear two terms, one which contains a factor |s|, the other
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a decreasing exponential in n. In order to suppress the effect of the factor |s|,
Dolgopyat uses the family of equivalent norms

1 1
/1l := WA llo + il Il = supf] + o sup /'], #0,
which appear in the statement of Theorem 2. With this norm and Lemma 2,
together with (3.3), we obtain the first (easy) result:

Lemma 3. For any t; > 0, for every compact subset L of ¥o x Wy, there is
My > 0 so that for all n > 1, all (s,w) for which (Rs, Rw) € L and |Ss| > t; we
have [|H? ,||1,55s < Mp.

s, w

3.2. UNI Condition and L’-estimates. Assuming UNI, Dolgopyat first proves
that there is v < 1 so that

/Z (L [f)(2) Pz < 47| |1

for all large t and ng = O(log|t|). In this subsection, we extend this result to the
bivariate operator H; ,,, when the number of branches of T' is possibly infinite.

Writing s = 0 + it, w = v + iT, |ITI?w[f](:c)|2 can be expressed as:

(3.6) W S explwe(h) + e(k)] - explit (@) - Ruk(),
’ (h,k)EH™ X H™
with
(3.7) W), k() = log 1’};53: ,
(3.8) Ry p(z) = |h'(z)|”|k'(z)|d%(f < fow)oh(x) - (f - fou) 0 k(x).

7u(@)

Using f = Rf + i3 f, the term R}, j; decomposes into four terms, each of which has
the form

(3.9) rhk(x) = €0 ()7 |k (x)|7

(g fo) o M)l fo) 0 k(x),

(@)
for two real functions ¢, ¢ € {Rf,Sf} and expiw € {£1, +i}.

The functions ¥y, , play an important réle here: the sum (3.6) will be split into two
parts, according to their properties. The first sum will gather the pairs for which the
derivative |¥} , (z)| has a “small” lower bound, and condition UNI will precisely
require that there are not “too many” such pairs (h, k), providing a convenient
bound for the corresponding integral I, (Lemma 4). The second sum will gather
the other pairs (h, k), for which the derivative [¥}, , ()| has a “large” lower bound.
In this case, the Van Der Corput Lemma on oscillatory integrals will be applicable
(Lemma 5), giving a bound for the corresponding integral I;7.

Let us introduce some notations needed for our formulation of UNI. For two inverse
branches h et k of same depth, we introduce a “distance:”

" "
(3.10) A(h,k) = inf W], ,(x)] = inf f K ' .
T€ ’

o W@) - ?(x)

For h in ‘H™, and n > 0, we denote
(3.11) J(h,n) == U k(T).
kEH™, A(h,k)<n

Property UNI(a) expresses that the Lebesgue measure of J(h,d) is << § when ¢
is scaled similarly to the maximal length of fundamental intervals of depth n. For
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any p > p, this length is O(p™) (up to absolute constants) and plays the role of a
reference scale. This is a reformulation of the UNI condition implicit in Dolgopyat’s
Section 5 [16], which we (finally) state:

UNI Condition. A dynamical system of the good class, with contraction ratio p,
fulfills the UNI Condition if each inverse branch of T extends to a C? function and
(a) For any a (0 < a < 1) we have |J(h, p°™)| << p* ,Vn ,Vh € H".

(b) Q :=sup{|¥} y(z)in >1,h,k € H",x € I} < 0.

Remarks. Note first that UNI does not involve the cost: this is because c is
constant on the monotonicity intervals of T'.

For dynamical systems with affine branches, all the A(h, k) are zero, and, for any
n > 0 and any h € H*, the interval J(h,n) equals Z. Then dynamical systems with
affine branches cannot satisfy UNI. We will see in Proposition 1, Section 3.5, that
this is the same when the map T is conjugated with a piecewise affine map.
Condition (b) follows from the existence of Q < oo so that

(3.12) |h"(z)| < QW (x)|,¥n >1,Yh € H".

It suffices to check (3.12) for n = 1 (similarly as for the distortion condition). (Note
that this condition is always satisfied if there are finitely many C? inverse branches).

Study of the L?-norm: the close pairs.

Lemma 4. Recall A,, from Lemma 1. Suppose that Condition UNI(a) holds.
For any compact subset L of Yo X Wy, for all (o = Rs,v = Rw) € L, for all
n, for all a, with 0 < a < 1, the integral I, of the sum (3.6) restricted to pairs
(h,k) € H™ x H™ for which A(h,k) < p*" satisfies

171 = 117 (s, w, fra)] << (072 40,) 111

Proof. Up to a positive constant that only depends on (o,v) (and is uniform on
the compact subset £), |1, | is less than

s Y el + )] [ W@ ) ds.

(h,k)EH™ X H™
A(h,k)<pon

First, using the bounded distortion property, for all pairs (h, k) € H* x H*, up to
multiplicative absolute constants, one has

/Z|h'(z)|“|k'(z)|"dx < </I|h’(:c)|"dz> : (/I|k:’(:c)|"dz>.

Then, as in the beginning of the proof of Lemma 1, with the same bounded dis-
tortion property and using that p,, is an invariant probability for the normalized
operator, the ratios (two by two) of the four quantities a(h), b(h), c¢(h), d(h),

awfmw ﬂwrwbw:mw ﬁwrmxx

explre(h)]
Ao, v)?

admit upper and lower bounds which do not depend on A and are uniform when

(0,v) varies in a compact set. Up to a multiplicative constant, it is then sufficient

c(h) = poo[MIT)];  d(h) = Ih(D)I7;
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to study the sum

Z tow [R(T)] Z tou k()] | = Z tow [N D)) o[ (R, p™)] .
heH™ keH™ heH™
A(hk)<per
Now, the first relation of Lemma 1, po,[J] < Cy A%, |J|'/2, which holds for
any subset J that is a union of fundamental intervals of depth n, is applied to
J(h, p®). UNI (a) provides an evaluation of its Lebesgue measure, and, finally,
7] << (02 A0)" IF1 O

Study of the L?-norm: Application of the Van der Corput Lemma. Con-
sider now the integral IV of the sum relative to pairs (h, k) which were not treated
by Lemma 4:

Lemma 5. Suppose that Condition UNI(b) holds. Letting [x] denote the smallest

integer > x, set

(3.13) no = no(t) = M 1ng|log |t|-‘ .

Then, for any compact subset L of g x Wy, for any (o = Rs,v = Rw) € L, and
|t| = [Ss] > 1/p?, for any 0 < a < 1/2, the integral I}, of the sum (3.6) for n = ny,
restricted to (h, k) € H™ x H™ with A(h, k) > p®*°, satisfies

L] = 1L (s, w, fLa)| << pUm20me | f7 .

Proof. We start with a general integer n and bound

1 —~
(3.14) IS S 2o eplvlel) +ek)]- T,k
’ (h,k)eEH™ xH"
A(h,k)>pen

o~

where the integral I (h, k) := fI explit Uy, k()] Ry 1 (x)dz involves ¥y, i, Ry, 1, defined
in (3.7), (3.8), and decomposes into four integrals of the form

I(h, k) := /Iexp[it\Ph_,k(z)] rhk(T)de,

with 7y, 5 defined in (3.9). We shall apply the following lemma to each oscillatory
integral I(h, k):

Van der Corput Lemma (See e.g. [43]). For each interval T and every Q > 0,
there is C(Q), so that for allt € R, ¥ € C*(T) with |[¥"(z)| < Q , |¥'(z)] > A
with [t|7' < A < 1, and r € CHZ) with ||r]lo < R, ||r|l11 < RD, the integral
I(t) = [;explit¥(x)] r(x) dx satisfies

D+1 1
1(8)] < Zrl, 2
0l < re@ |+ |
Consider (t,n) with 1/[t| < p*". Setting
1
(3.15) M (h, k) := sup [0’ (2)|7 [k (2)|7 = ( )fg,l, o h(x)fo o k(x),
€l o\l

the norm ||y, x||o satisfies

lIrn.kllo < M(h, K)llgllo [[€llo < M (R, K)llgl]v.e [1€]]1,e -
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The arguments used in the proof of Lemma 2 for the function 7, apply to the
function 7, and

Irnkllie << M(h, k) [llgllo (I1€llo + o™ [1€]11) + [1€llo (lgllo + o™ [lgl1)]
< M (b, B)lgllv,ellellne [+ p"[¢]) -

Then, by Property UNI(b), the Van Der Corput Lemma can be applied to each
integral I(h, k), which thus satisfies

2+ |t|p" 1
o T
Now, we choose n = ng as in (3.13). Since a < 1/2, and +/|t| > 1/p we have ng > 2

and p=20 < p~("0=1) < |¢|, so that the Van der Corput Lemma may be applied.
The previous inequality becomes

(3.16) [L(h, k)| << M (h, k) [lgllellells,e p0720m.

~

Returning to the integral I(h, k),
[(h )] << M(h, k) p=20m 1117,

Now, take z¢ in Z. Then, from the bounded distortion property (3.1), and the
definition of M (h, k) in (3.15), we get

[(h, k)| << M (h, k) |gllv.ell€]].e

1

M(h k) << B (@)l K (20)|7 73—

Jow 0 h(xo)fo,v © k(:co) s
and therefore

(3.17) W , M;XH” explv(c(h) + c(k))] M(h, k) << (ﬁZ,V[l](xO))Q .

From (3.16, 3.17, 3.14), we finally obtain |}, | << p(1=2)m0 A11F .- O
Study of the L?-norm: the final result. Consider the integer ng from (3.13)

of Lemma 5 (for [t| > 1/p?) and some a with (2/5) < a < (1/2). Then, since
a/2 > (1 —2a) > 0, there exists a (real) neighborhood of (¢, v) = (1,0) on which

(3.18) Ay, - p*? < pi2a for any (o,v) € W x X.
Then, from Lemmata 4 and 5,
(3.19) [z @R << g2,

A

3.3. End of proof of Theorem 2. We operate now the transfers between various
norms.

From the L?-norm to the sup-norm. Since the normalized density transformer
H, is quasi-compact with respect to the (1, 1)-norm, and fixes the constant function
1, it satisfies

(3.20) IH (g0 = (/I 191 (z) dﬂc) +0(r)1g%l11
where 1 is the subdominant spectral radius of Hj.
Consider an iterate ﬁ;’,w with n > ng. Then

IHL L[5 < [H ™ [gllls with g = [HIS,[f]]-

Now, using (3.5) from Lemma 1 and (3.20) with k := n — ng, together with the
bound (3.19) for the L% norm and finally Lemma 2 to evaluate ||g?||1.1, one obtains

L2, (I3 < 42— [p0=20m0 4 pp=mo 1] |1 £]12,, .
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We now choose n = n; as a function of ¢ so that the two terms p(! =270 and
r7~"°|t| are almost equal (with ng(¢) defined in (3.13)):

1
%8P S0

(3.21) n1 = (1+n)ng with n:=2(1—a) Tog

Choose now d such that 0 < n(5a —2) < d < 1—2a < 1/5 (which is possible if
a is of the form a = 2/5 + ¢, with a small € > 0). Recalling (3.18) where a first
neighborhood was defined, and considering a (real) neighborhood ¥ x W of (1,0)
for which

(3.22) sup (Mo, 1) 7, A7 ] < p a7l < pmd/2
we finally obtain, for n1(¢) and 1 defined in (3.21)

_1—-2a—d

(3.23) IHD o << p™ P |If[le,  with  b: T

From the sup-norm to the [|.||; ;-norm. Applying Lemma 2 twice and using
(3.23) yields the inequality

IR A << [ Lo + ™ L [k

. N s o 111
<< ol lhc+ o (o -+ o L1
(3.24) < [tlp™ 1 f e

which finally entails for ne = 2ny (and n4(t) as above)

(3.25) [H2, e << 202

The last step in Theorem 2. For fixed t with |t| > 1/p?, any integer n can be
written n = kng + ¢ with £ < ny(¢). Then (3.25) and Lemma 3 entail

[ e < Mo |[H3, [, < Mo p™2/% < Mo o2 p=0m2/2.
Since bng/2 = bny = (1 — 2a — d)ng, with ng defined in (3.13), we finally obtain
IHZ [ < M[tEA",

M,
Wizpb/2<1, MIZ—EO
P

Then ¢ is any value between 0 and 1/5. Therefore, returning to the operator Hs ,,,
we have shown

with £ :=1—2a—d, b:zi,
1+n

(3.26) [H? e < My-~™ - [t - Ao, v)™, Y, V|t > 1/p%.

s, w

Finally, for any (o,v) € ¥ x W as in (3.22), one has

£ ¢ ¢
7)‘(0’7 V) < p20+m - p_ ) = paa+n) = 77\ <1.

This proves Theorem 2 with M := M; /(1 —7). O
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3.4. UNI Condition and Euclidean dynamical systems. To apply Theorem
2 to our three algorithms, we prove that they satisfy UNI.

For two LFT’s hy and ha, with h;(z) = (a;z + b;)/(ciz + d;), we have

" "
hl h2

Cldg — C2d1
¥h(0) = |10 = 10| = ] |
1 2

|(611' + dl)(CQSC + d2)| ’

so that the distortion property gives

/2

- L

C1 C2

di  do

C1 C2

di  do

ha(x)hs ()

(3.27) A(hy, hs) = 1’ (0)R4(0)

x€l

Hence A only depends on the difference of the quotients ¢;/d; of the denominators
of the LFT’s. We shall next show that this difference is the “honest” (ordinary)
distance between the rationals h(0) and h3(0), where h* is the mirror LFT of h,
defined by:

ar +c ar +b

h*(z) = e if h(z) = i

This mirror operation appears in [42] where Schweiger relates it to the natural
extension, and in [7], where the authors use the geometric notion of “folded” and
“unfolded.”

Clearly, the mirror map is an involution satisfying the morphism property (h o k)* =
k*oh*. It is not difficult to see that if h € HP is a LFT from a Euclidean dynamical
system, associated to the sequence €g, (m1, €1), (m2, €2) ... (Mmp, €p), the mirror LFT
h* corresponds to €, (Mp, €p—1) ... (Mp—1,€p—2) ... (M1, €0), i.€., the decomposition
involves the same “digits” as h, but in the inverse order.

By (3.27), the distance A(hq, ha) between h; and hs indeed satisfies

(3.28) A(hy, ha) > % |h1(0) — h3(0)] .

It is not difficult to check for each of our three Euclidean algorithms that the set
{h*, h € H} is the set of inverse branches of a dynamical system (Z*,T*), the dual
dynamical system, which belongs to the good class, with the same contraction ratio
p* = p and a distortion constant L*, as we now explain: For the Classical Euclidean
algorithm G, since all the € are equal to 1 note that (Z*,7*) = (Z,T). For the two
others, the equality p = p* follows from the definition (2.4) of p, the distortion
property for the dual system, and the fact that, in both systems the worse branch,
for which the contraction ratio is attained on a fixed point, is a LFT h with A = h*.
The three dual dynamical systems are described in Figure 2.

Our next goal is to check UNI for our three algorithms. Note first that checking
UNI (b) amounts to verifying (3.12), which is easy for the three algorithms. For
UNI(a):

Lemma 6. A Euclidean dynamical system of the good class which admits a dual
system that belongs to the good class satisfies UNI (a). In particular, the dynamical
systems associated to the Euclidean algorithms G, K, and O satisfy UNIL.

Proof. Fix 0 < a <1 and h € H". Denote by J*(h,n) the union of the intervals
kE*(Z*) for LFT’s k € H"™ satisfying A(h,k) < n. First, we estimate |J*(h,n)|,
second, we relate |J*(h,n)| and |J(h,n)|.

By (3.28) if A(h, k) < nthen |h*(0)—k*(0)| < Ln. Since the length of a fundamental
interval of depth n in the dual system is at most p®* (up to an absolute constant)
we get

(3.29) |J*(h,n)| << 2Ln+ 2p°".
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Algorithm | G* Kr o*
Interval [0,1] [0 —2,¢—1] [¢ —2,¢]
Generic m>1,e=+1 m>2,e==1 m>1odd, e==+1
conditions if m =2 then e = +1 if m=1 then e = +1
1
Graphs

FIGURE 2. The three dual Euclidean dynamical systems: Stan-
dard, Centered, Odd. (¢ = 1£/5)

The fundamental intervals k(Z) and k*(Z*) (of depth n) have almost the same
length: Indeed, by the bounded distortion property, and since (k*)'(0) = k’(0) for
all k € H*,

| KD EDEYO] s
T = @)~ o) e@n) = EET

Thus, since the intervals k*(Z*) in J*(h,n) are disjoint, if n < p®", using (3.30,
3.29)

(3:31)  |J(h,m)| < (LL*)Y?|J*(h, )| << (LL*)V?(2Ln + p*") < p™*. O

(3.30)

3.5. Condition UNI, aperiodicity and absolute convexity. Condition UNI
provides estimates for the (1,¢)-norm of (I —Hg,,)~" when [t| = |Ss| is sufficiently
large. We have now to consider the case when [t] is not large, and we explain how
the UNI Condition intervenes in this context, via aperiodicity results. We must also
check that variance constants d(¢) which will appear in Theorems 3 and 4 are not
zero, and the UNI Condition intervenes in this context too, via absolute convexity
results.

We first recall a classical result.
Lemma 7. [Aperiodicity and absolute convexity.] Let Hg,, be the transfer
operator associated to (Z,T,c) of GMG type.
(1) [Aperiodicity.]  Denote by R(s,w) its spectral radius, and consider a point
(to,70) # (0,0). The following are equivalent:

(a) There exists (o,v) € Xg x Wy for which

R(Ua V) € Sp H0+ito,l/+i‘ro :
(b) There exists f € C*(Z), |f| =1, so that, for all n, for all h € H"

(3.32) |B/ (x)| - explitoc(h)] - f o h(z) = f(x), Veel.
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(74) [Absolute convexity at (1,0)]. Consider a point (gq,7) # (0,0), the operator
Hi 4 gw,rw and its pressure function w — A(1+qw, rw). The following are equivalent
(a) The second derivative of w +— A(1 4 qw, rw) is zero at w =0
(b) There exists a function f € C*(Z) strictly positive and a constant a > 0 , so
that, for all n, for all h € H™

(3.33) |n/ (x)|? - explre(h)] - foh(z) =a™ - f(x), Veel.

Proof. (i) See for instance Prop. 6.2 in [37] or Prop. 9 in [45]. Since
SpHotitg,v+ir = Ao, V) Sp ITIU_H,:,V we may replace R(o +it,v+ir) and R(o,v) by
the spectral radii of the corresponding normalized operators. By Proposition 0, the
spectral radius of ITIUHWHT is at most 1 = R(ﬁg,y), while its essential spectral

radius is at most p < 1. If (a) holds, then ﬁaHthHTO has an eigenvalue A = 1
with an eigenfunction f € C1(I) with max; |f| = 1. Suppose that this maximum is

attained at zp € Z. Then the equality ﬁg-l-ito,l/-i-i‘ro [f1(xo) = f(zo) can be written
as ) pepn Anbn = 1 with

" f;(ﬂco) explve(h)] - fo.u © h(wo) - [W (w0)|”
o= @f °© h(zo)eXP[iTOC(h)“hI(zO)PtO

Normalization implies that henn @ = 1 while each factor b, has modulus at
most 1. Therefore, each by, equals 1, and, for every n > 1,

foh(xo) = f(xo) exp[—itoc(h)]|h (x0)| ", Vh € H".
In particular, by density, |f]| is the constant function 1 and the above remarks also
hold for any z € Z. Then, for all z € I, all n > 1, and all h € H,

(3.34) T@) e limem)] W ()]

foh(x)
Following the arguments backwards, we get the other implication.

(1) We apply to the operator Hijquw ro the results of [9]. In Proposition 6.1,
Broise states her results in the context of functions with bounded variation. Due
to our strong Markov assumption, we may work in C!(Z), and the cost of interest is
D := —qlog |T'| + rc. Since f; is a strictly positive C! function and H;[D] belongs
to C!, we may transfer Broise’s proof to our C! context : it shows that Condition
(i7)(a) is equivalent to the following: there exist u € C*(I) and a constant K for
which, for any h € H, one has glog |h'| +rc(h) = u—woh+ K. This last condition
is clearly equivalent to (i2)(b) with f := exp[u]. Note that the fonction u introduced
by Broise which involves the centered version D of D, i.e., D := D — u(D)

1 _
w:=——I—H)) ' oH[D- fi]
fi
actually belongs to C1(Z).
O

Conditions (7)(b) and (i7)(b) are of the same form and closely related to conjugaison
with piecewise affine maps. As we next see it, the UNI condition entails that this
conjugaison cannot occur. Then, under the UNI condition, the variance constants
will be always strictly positive. On the other hand, the aperiodicity result, together
with the UNI condition, provides some useful informations about the spectrum of
H, .,, notably for lattice costs. We recall the definition of lattice costs: a cost c is
said to be lattice if it is not zero, and there exists L > 0 for which ¢/L is integer.
The largest such L is the span of the cost.
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Proposition 1. Consider a GMG system satisfying UNI(a). The following holds:
(i) The mapping T is not C* conjugated with a piecewise affine map.

(#4) The pressure function of the operator Hi gy v is absolutely convex at w =0
for all fixed r € R and q # 0, (i.e., its second derivative is strictly positive). In
particular, for r = 0, one has A" (1) > 0.

(#91) For any t # 0, 1 does not belong to Sp Hy44:,0. Furthermore, if ¢ is lattice with
span L, for all t, and all T not multiple of 2w /L, 1 does not belong to Sp Hi4t 7.

Proof. (i). Suppose that T is C? conjugated with a piecewise affine map. Then,
there exists f > 0 in C1(Z) such that, for any n, for each h € H", there is a constant
d(h) for which |h'(z)|f oh(z) = d(h)f(z) for any x € Z. Then taking the logarithm,

differentiating and putting f :=log f € CY(Z), we get

—~, ~,

\I/;lk(x) = [h'(z)f o h(z) — K'(x)f o k(x)],Vn, Vh,keH".

Then, for p < p < 1, the distance A(h, k) satisfies A(h, k) << p™ for any h, k € H",
which contradicts UNI(a).

(#4) and (4i4). Tt is clear that Condition (4¢)(b) of Lemma 7 with ¢ # 0 or Condition
(i)(b) of Lemma 7 with 5 # 0 entail that T is C? conjugated with a piecewise
affine map. Then Condition (i7)(a) of Lemma 7 (with ¢ # 0) or Condition (7)(a) of
Lemma 7 (with ¢y # 0) cannot hold for a GMG system satisfying UNI(a).

Finally, assume UNI (a) and Condition (i)(a) of Lemma 7 with ¢ = 0. Then
relations of Condition (i)(b) of Lemma 7 taken at the fixed points zj of h imply
that explitoc(h)] = 1 for all h € H. This is only possible if ¢ is lattice of span L
and 79 is a multiple of 27/L. O

3.6. Final bounds for the Dirichlet series S(s,w). With Relation (2.17) which
relates the Dirichlet series S(2s,w) to the quasi-inverse of the operator Hy ,,, we
obtain now the expected properties for the Dirichlet series S(s,w). The first result
is relative to the case when w is near 0, and will be useful in Section 4, while the
second result is relative to the case when w belongs to a compact vertical segment,
and will be useful in Section 5.

Lemma 8. Consider one of the three algorithms G, I, O, and a cost ¢ of moderate
growth. For any & with 0 < £ < 1/5, there is apg > 0 and, for all ay, with
0 < @y < a, there are a (complex) neighborhood W' of 0 and a constant M" such
that for any w € W', the following holds:

(1) Ro(w) > 1 — (ap — Qp).-

(ii) The (meromorphic) functions s — S(2s,w), s — S(2s, w) have a single pole at
s = o(w) in the strip |Rs — 1| < «ay, and this pole is simple.

(#i1) max(|5(25, w)|, |5 (2s, w)|) < M" max(1,|t[¢),Vs, Rs =1+ ap.

Proof. Let W be a complex neighborhood of 0 in which o(w) from Proposition 0(7)
is well-defined. Each vertical line Rs = o is split into three:

Near the real axis. For (s,w) in a (complex) neighborhood A of (1,0), Proposi-
tion 0(5) gives a decomposition Hg ., = A(s, w) P + Nj o where Py, is rank-one
and the spectral radius of Ny, is < 6. It is easy to see that the (1,1)-norm of
(I — Ns )"t is bounded by some M, on A. Since o(0) = 1, taking a smaller
neighborhood W, C W of 0, there are g > 0 and t5 > 0 so that the following set
is contained in A

Ay = {(s,w);w € Wy, |Rs — 1| < g, |Ss| < ita}.
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For (s,w) € Az, the quasi-inverse of H, ,, satisfies
o A(sw)

1= A(s,w)
It has as only singularities in 4, a simple pole at each point (s = o(w),w), with
residue the nonzero operator

(3.35) (I —H,,)"" Pow+ (I —Ngw)™'.

(3.36) R(w) 1= 37 Pt

Next, note that since A,(1,0) # 0 we have ¢ := ianz‘)‘S(i’:f()w_)l‘ > 0. Fix a with

0 < @ < as. Up to taking a smaller Wh, we have |Ro(w) — 1| < La/2 for w € Wh.
Thus for s =1+ o, [t] < t2, and w € Wh, the dominant eigenvalue satisfies

A(s,w) — 1] > €]s — o(w)| > £Rs — Ro(w)] > %O‘ ,

and, by (3.35) we have ||(I — H; ) |11 < Ma/a.

Compact region. Suppose that ¢ # 0. We first prove that d(1,SpHiti0) > 0.
Fixing p > p, the spectrum Sp Hi ¢ o decomposes into two parts S, = SpHi144 0N
{|N] € p} and S;" = SpHiyit.0 N {|\] > p}. Proposition 0(1) implies that S;" is a
finite set of eigenvalues of finite multiplicity and Proposition 1 proves that 1 does
not belong to S;". Then d(1,S;7) > 0. On the other hand, d(1,S;) > 1 — p, and
finally d(1,SpHiyit0) > 0. Then, by perturbation theory of finite parts of the
spectrum, there exist ag > 0, 8 > 0 and a complex neighborhood Ws of 0 such that
the distance between 1 and the spectrum of H, ,, is at least 3 on the compact set

Az :={(s,w); w e Ws,|Rs — 1] < as, ta <|t| <o},

where tg = 1/p? from Theorem 2. Thus (s,w) + (I — Hg,,)~! is analytic on the
compact set Az and its (1,1)-norm is bounded by some Mj there.

Domain |Ss| > 1/p?. Consider £1 x Wi from Theorem 2, for our fixed £ > 0. There
exist ay €]0,0(0) — 0p] and a complex neighborhood W of w = 0 such that any
pair in {(s,w); w € Wy, |Rs — 1] < a3} has its real part (o,v) in 31 x Wi.
Choose first «g := min(as, as, 1), next Wy so that Ro(w) > 1 — (ag — &) on Wy,
and finally W' := ﬂ?:l W;. Taking M’ := max(Ms/ag, M3, M7), with M; as in
Theorem 2, we obtain the claim for S(s,w). For S(s,w), we apply (2.18) and use
that ((s) is bounded on vertical strips near Rs = 2. O

Lemma 9. Consider one of the three algorithms G, K, O, and a lattice cost ¢ of
moderate growth with span L. Consider some £ with 0 < £ < 1/5, and v > 0.
Then, there are v, > 0, and a constant Q3 such that, for any 7 € R, |7| € [v,7/L],
(i) s — S(2s,i7) and s — S(2s,iT) are analytic in the strip |Rs — 1| < 7.

(i4) 1rnax(|8’(2$,2'7')|7 15(2s, z7’)|) < Qzmax(1,[t[),Vs,Rs =1+ ;.

Proof. Fix 0 < £ < 1/5. By UNI, Theorem 2 gives o > 0 and @ so that for
|Ss] > 1/p?, |Rs — 1| < a, and arbitrary real 7,

(3.37) (I = Hair) e < Q1S5

Suppose that [t| < 1/p? and |7| € [v,7/L]. We first prove, as in Lemma 8, that
d(1,SpHi44t,ir) > 0. Proposition 0(1) implies that the spectrum Sp Hyyis 4, de-
composes into two parts S, = SpHiyitir N {|A] < p} and S;FT = SpHitii- N
{|A] > p}, where S;. is a finite set of eigenvalues of finite multiplicity. Proposition
1 gives that 1 does not belong to S;:T. Then d(l,St‘fT) > 0. On the other hand,
d(1,S; ;) > 1 — p, and finally d(1,SpHi i ir) > 0. Then, by perturbation theory
of finite parts of the spectrum, there are 0 < 73 < «a and 8 > 0 such that the
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distance between 1 and the spectrum of H, 4 ;- is at least 3 on the compact set
lo —1] <, [t] <1/p? |7| € [v,7/L]. Then s+ (I —H;;)"! is analytic there,
and there is Q5 so that

(3.38) (I = it itir) g < Q2. V7] € [u,7/L], VIt <1/p°. O
4. LiMIT GAUSSIAN DISTRIBUTION FOR COSTS OF MODERATE GROWTH.

In this section we prove our Central Limit Theorem, Theorem 3. We first explain
our use of Perron’s formula (§4.1). We next introduce in §4.2 a smoothed model
endowed with probability Py. For this smoothed model, Lemma 10 allows us to
deduce from bounds on ¥,, the bounds on ®,, which entail quasi-power estimates.
Theorem 0 gives asymptotic normality for the smoothed model, with asymptotic
estimates for its expectation and variance (§4.3, in particular Lemma 12). A com-
parison of the uniform and smoothed distributions of (Lemma 14 in §4.4) finally
yields Theorem 3.

4.1. Using Perron’s formula. Choose 0 < £ < 1/5. Lemma 8 specifies ag €
10,1/2] and W'. We fix w € W', the Dirichlet series S(s,w) being viewed as
functions of s. Consider the strip S(w) limited by the two vertical lines Rs = 1 —ay
and Rs = 14 ap. By Lemma 8, this strip contains s = o(w) € R as unique (simple)
pole of S(2s,w). In the rectangle U(w) defined by the strip S(w) and the two
horizontal lines §s = +U, Cauchy’s residue theorem provides

2s5+1
L S(2s,w) T ds = E(w) 20w+
20T Juu(w) s(2s+1) o(w)(20(w) +1)
where E(w) = F (), © R(w)[1](0), with R(w) the residue operator from (3.36).
Note in particular that

(4.1)

(4.2) E(0) = *ﬁFlpl[l](O) = *ﬁ

We now let U tend to co. By Lemma 8, the integral on the leftmost vertical line
s = 1 — o exists and satisfies

1—ap+ioco T2s+1 5 o
S(2s,w)——ds = O (T°~ =
/1—a0—ioo ( )S(2S+ 1) ( )

(with a O-term which is uniform for w € W’ and T — o0), while the integrals on

the horizontal lines of U(w) tend to zero for U — oo. Finally, Perron’s formula
(2.20) with D = 1 + ag gives the contribution from the rightmost vertical side, so

that
E(w)
4.3 U, (T) =
(43) (T) o(w)(20(w) + 1)
with E(0) # 0 and a uniform O-term with respect to w € W', as T — oc.

F1[1](0) # 0.

T2o(w)+1 {1 +0 (T—mo)} :

4.2. Smoothed costs and transfer of estimates. To exploit the estimates (4.3)
on the Cesaro sums ¥,,(N), we introduce an auxiliary model, the smoothed model.
Associate to some nonnegative function T' — ¢(7"), with €(T") < 1, the probabilistic
models (Qy (), Px(e€)) as follows: For any integer N, set Qn(¢) = Qu; next, choose
uniformly an integer @@ between N — | Ne(N)| and N, and draw uniformly an
element (u,v) of Qg. Slightly abusing language, we refer to the function C' in the
model (Qy(€),Py(e)) as the “smoothed cost.” The cumulative value of exp[wC]
for Pn(e)) is

(4.4) EW(N)::m Y Y ),

Q=N—|Ne(N)| n<Q
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so that the moment generating function of the smoothed cost is just

(4.5) Ex[exp(wC)] = (g;j((x)) .

Note that ®,, can be expressed as a function of ¥,,, via

(4.6) EMNrsﬁﬁﬁﬂwamfwawfmuwmy

Now, to transfer the bound (4.3) for ¥,, into a bound for ®,,, we shall appeal to a
result that is often used in number theory contexts.

Lemma 10. Let W be a complex neighborhood of 0, and let ¢,,(w) be a sequence
of complex-valued functions on W. Assume that ¥.,(T) := > pcn(w)(T —n)
satisfies a

U, (T)=F,(T)[1+O(G(T))], T — oo,

with a O-error term which is uniform for w € W, where F,,(T) = B(w)T*") and
B(w), a(w) are bounded holomorphic functions such that Ra(w) > 1, B(w) # 0 on
W. Assume further that G(T') tends to 0 for T — oo and is of moderate variation,
i.e., there exists K so that |G(cT)| < K|G(T)| for any ¢ with 1/2 < ¢ < 2.
Then, if G(T)™' = O(T) for T — oo, we have

1
[TG(T)'/?]
where the O-term is uniform with respect to w € W.
Proof. We first show (without using G(T')~! = O(T)) that for T'— oo

1 12\] _ g 1/2 1/2
- [\pw(T) v, (T TG(T) )} = F!(T) G(T) [1 +0 (G(T) )} ,
(without the integer parts) with a uniform O-term for w € W. Consider some
sequence €(T") which tends to 0. The estimate of ¥,,(T") and the assumption on G

entail

(4.7) [0 (T) = W (T = I TGT)2))| = FL(T) [1+ 0(G(T) )]

(4.8)

1
m[q’w(ﬂ — U (T — Te(T))]
1 1
= Te(D) (Fu(T) = Fup(T = Te(T))) + mo (Fu(T)G(T))

— FL(T) [1 1o (Te(T)F{”/(T) ! Fw(T)Gmﬂ .

FL(T) Te(T)  F,(T)
Then our assumptions on F,,(T) and a(w) imply
F,(T)=0 (T7'F,(T)), E)(T)=0 (T7%F,(T)) ,

with a uniform © [recall A(T) = O(B(T)) as T — oo means that there is an
absolute constant C' > 0 so that A(T) < CB(T') and A(T) > CB(T') as T — o).
Therefore, we obtain (4.8) by taking

Te(T) := (%)1/2 =0 (TG(T)1/2) .

To finish, remark that the difference between (4.8) divided by G(T)'/? and (4.7)
can be split into two terms of order

F/(T)-O <w> = F/(T)-0 (G(T)l/Q) . O
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We now apply Lemma 10 to the smoothed costs. From (4.3), (4.6), upon setting
G(T) = T~%% (recall 0 < ap < 1/2), we find

T, (N) = Ew) \aow) [1 +0 (N_a‘))} ;

o(w)

where E(0) # 0 and the O-term is uniform (as N tends to oco) when w varies in a

sufficiently small neighborhood of 0. For w = 0, one has
. i F,P[1](0)
2 ao . 11
(4.9)  Po(N)=EO)N {1 +0 (N )} , with  FE(0) = 7)\/(1) .

Finally, by (4.5), we obtain:
Lemma 11. [Quasi-powers for smoothed cost] Let 0 < vy < ag with ag from
Lemma 8. The moment generating function of the smoothed cost corresponding to
e(N) = N7 satisfies

E(w)

(4.10) E[exp(wC)] = E(0)o(w)

N2(e(w)—o(0)) [1 +0 (Nf'm)] ,
with E(w) from (4.1) and a uniform O-term when N — oo and w is near 0.

4.3. Asymptotic Gaussian law for the smoothed cost. In view of Lemma 11
which provides a quasi-power expression for the moment generatmg functlon of the
smoothed cost, we may apply Theorem 0 to CN = Clq, and QN =Qn, ]P’N =Py
with By = logN kny = N7, and

E(w)

(4.11) Ulw) =2(o(w) =o(0),  V(w)=log g0

We see from the above that function o(w) (which solves A(o(w),w) = 1) plays a
central role. The next lemma expresses in particular that U”(0) = 20”(0) > 0, so
that Theorem 0 can be applied:

Lemma 12. [Computation of constants.]| In the GMG setting we put U(w) =
2(o(w) — o(0)). Then, for the constant cost ¢ = 1 (recalling A(s) = log A(s) from
Proposition 0), one has

2 2 > 207(1)

(4.12) pe=U"'(0) = YOI O =UN0) = JA(1)]3

> 0.

More generally, recalling fi(c) and 52(0) from Theorem 1, and setting x(c) =
A, (1,0), we have

we) = UN0) = p-7ie),

() = U'(0) = 2(0)- 6 + - 52(e) + p27e) - x(e) > 0.
In particular, U(w) (or equivalently o(w)) is absolutely convex at 0.

Proof. Let us begin by the case when ¢ = 1. Then o is defined by A(c(w)) = —w.
Therefore

1 !/ A//
A ) T )
A(o(w)) A%(o(w))
and, recalling that A’(1) < 0 (from Proposition 0) and A”(1) > 0 (from Proposi-
tion 1), we get

o' (w) = —

2 20" (1)

2O =mmr 2O map

>0.
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Let us now study the general case. Taking the derivatives of the relation
A(o(w), w) = 0, one obtains

0 o’ ()AL (o (w), w) + Ay, (o (w), w)

0 o (w) Ay (o(w), w) + 0" (w) AL (0(w), w)

+20" (w)AY, (0(w),w) + Al (o(w), w).
Remark that (¢(0),0) = (1,0) and the derivatives with respect to s satisfy

A (o), w)lumo = (1), Asfo(w),w)ms = A"(1)
Thus, setting L(u) := A(L+ o’ (0w, w), we find 0”/(0) = A L'(0).

Since Proposition 1 implies that L”(0) > 0, we get the strict positivity of §%(c), as
claimed. Finally, U’(0) and U"(0) are

(4.13) p(e) = 20(0) = 2122?51)70‘) :

G11) 5(e) = 207(0) — PARLON() | ANL(1LONY,(1,0) | 205 (1,0)

A1) AT ()2 @
and, using (4.12) as well as Theorem 1, they may be expressed as functions of p,
d, fi(e), 6(c), and x(c). Note that x(c) = d(c) = 0 for constant c. O

By Lemma 12, Theorem 0 applies and provides the following result:

Lemma 13. Let 0 < 9 < ag, with ag the constant in Lemma 8. The smoothed
cost C' associated to €¢(N) = N~ has an asymptotically Gaussian distribution,
with speed of convergence O(1/+/log N). Moreover,

(4.15) En[C] =U'(0)log N + V'(0) + O(N~™),

(4.16) VN[C] = U"(0)log N + V" (0) + O(N~),

with V defined from the residue function E(w) in (4.1) through (4.11), and U(w),
U’(0), and U"”(0) > 0 as in Lemma 12.

Moreover, for each fixed k > 3, there is a polynomial Py of degree exactly k with
coefficients depending on the derivatives of order at most k at 0 of U and V', so
that the moment of order k satisfies

) Ex(0*] = Puog ) +0 (151

with a O-term uniform in k.

4.4. Proof of Theorem 3. The next lemma will allow us to deduce Theorem 3
from Lemmata 12 and 13:

Lemma 14. Suppose that limy . €(N) = 0 with ¢(N)~! = O(N/log N). Then
the distance between the distributions Py and Py (€) on Qy is O(e(N)). The same
holds for the distance between Py and its smoothed version.

Proof. First recall that there is K > 0 so that
log N

log N
=Y,

EN))

|Qn| = KN?(1+O( (14+0(

1
KN?
for all (u,v) € Qn. The estimate provided in [44] §1.3.4 gives K = 3/7? for G and
0, and K = 3/(4n?) for K. Also, [Qx| = KN2(1+O(N—1)).

Denote by N’ := N — | Ne(IN)]|. Then Qn decomposes into the ordinary subset
On := Qp- and the exceptional subset Ey := Qn \ On, with

Pu(en) = 0 () = o).

Pry(u,v) =
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Now, the probability Py (u,v) satisfies, for any (u,v) € Oy,

_ N 1 A
Py (u,v) = Z Pq(uav)'P[QZQ]:m Z m

q=N’
Then, using N = O(N’), the relations

3y = (o) = (o)) [ ]
(4.18) = (1 + o<1°]gVN)) (1+ [Ne(N))) %

give, for any (u,v) € Oy,

By (u,v) = P (u, v)% (1 +0 (%)) — Pa(u,0) (14 O(e(N))).

Finally, for any A C Qy, the difference | Py (A) — Py (A)] is less than
|PN(ANON) —Pn(ANON)| + |PN(ANEN) —Pn(ANEN)| =O0(e(N)). O

Proof of Theorem 3. For ¢(N) = N~7, Lemmata 13 and 14 imply that the as-
ymptotic distribution of C'is Gaussian, with a speed of convergence in O(1/+/log N).
This proves Theorem 3(a) for any v < 79 < ap.

To get claim (b) of Theorem 3, we use the fact that for each of our three algorithms,
the maximal number of steps P(u,v) on Qpy is bounded by Kylog N. This is a
classical result due to the fact that the three Euclidean divisions we consider are of
the form v = mu + er with r < v/2. For (u,v) € Qy, all the quotients m; are at
most N, and the moderate growth assumption then implies that

sup{C*(u,v); (u,v) € Qn} < K(log N)?*
for some K and all N, and finally, Lemma 14 gives
|En[C*] —En[C"]] = O ((log N)** N~7°).

Applying Lemma 12, we get the expression for Ex[C*] and for the variance in
Theorem 3(b), ending the proof of Theorem 3. O

5. LocAL LIMIT THEOREM FOR LATTICE COSTS.

This section is devoted to proving Theorem 4. Consider an algorithm with asso-
ciated dynamics in the good class and satisfying UNI. Let ¢ be a lattice cost, of
span L > 0, and of moderate growth. By Lemma 14, it suffices to consider the
smoothed model Py associated to ¢(N) = N~7, for v satisfying 0 < v < ag (ap
given by Lemma 8) which is to be fixed later. By Lemma 11, we have a quasi-power
expression for Ey [exp(wC)] for small |w|.

We first consider costs ¢ with span L = 1, so that
Enle™?] =) PylC =1 ™.
£>0

Our starting point is the relation

T

_ 1 I
PrlCu,0) =0 = - / =i En[e"C dr

—T
Since we are looking for an LLT result, the convenient scale of the problem is
n :=log N, and we set

0 =pa(n) = p(on+d()zvn,  qu(n) = |ps(n)].
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(Here |-] denotes the nearest integer function.) We consider

I, :=2m\/log N - Px[C(u,v) = q,(log N)]

(5.1) =n +Tr exp[—iTq.(n)] - Ex[e™ dr.

—T
Our strategy is to decompose the integration interval [—m, 4] into a neighborhood
of zero, [—v,v], and its complement |r| € (v, 7]. This gives rise to two integrals

189 and 1Y,

5.1. Estimate of the integral I,SO). We begin with ag and a neighborhood W’
as provided by Lemma 8. We assume that [—v, +v] is contained in W’ and study

+v )
IO .= \/n exp[—iTqy(n)] - Ex[e™C] dr.

Lemma 11 grants us a quasi-power expression for Ey[exp(iTC)]. Recalling that
u(c) = 207(0), we see that the integrand can be written as a product g, f,, where
the first factor is

E(iT)
E(0)o(ir)
and the second factor is

fn(T) :=exp2n(o(iT) — 1 —iT0’(0))] - exp[—iTad(c)v/n] .
The function z +— o(z) —1 — z0’(0) has a saddle point at z = 0, and the main useful
properties of g, (7), fn(7) are
(5.2) |90 (7) = 1] < |7| +exp[=n7],  [fu(7)] < exp[-n7?d0],
for |7| <wv, where v is taken sufficiently small, so that

(5.3) 8o = inf{|Ra” (i7)|; |7] < v} > 0.

gn(T) = ~(1+0(e™)) - expli(pz(n) — ¢z (n))];

We first prove that the dominant part of Ir(lo) is

. _ ) logn 1/2
IO =vn | expl—itq.(n)]-En[e"“ldr,  with 7, := ( 5g ) '
on

—Tn

Properties (5.2) entail that
1
sup{|gn(7) fa(7)l; 7 < |7] < 0} < expl—nrde] < —,

and this implies that |I” — J$”| is O(1/v/n).

We now define the following quantities,

JB = /n ' exp|—iTzd(c)y/n] - exp2n(o(it) — 1 —iTo’(0))] dr,
J2 = / exp[—i0d(c)x — =1926%(c)] do
_Tn\/ﬁ 2
e V2m
1 2
(3) ._ . _ 122 _ VAT 422
J [m exp[—i¥d(c)x 219 5%(c)|dd 5 e )

and will show that they satisfy |J7(f) - ,(li+1)| = 0(1/4/n) for 1 < i < 3. Let us
check this line by line.
From J to JV. Properties (5.2) imply that

N /

—Tn

Tn Tn

|7| exp[—nT?80]dT + e_m/ exp[—n7280]dr,

—Tn

|
\/ﬁ
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and the two terms are O(1/n).
From J,Sl) to J,(f). There is first a change of variable 4 = 7/n. Remark that

93/ \/n =10 =0 (7(10%3/2)

tends to 0 for n — oo. Furthermore, since 6%(c) = 20" (0),

2n {o(i %) —o(0)—i %a’(())} = —? 2( J +0 <\/ﬁ) ,

so that the difference between the two integrals satisfies

1 TnV/1T 52(6) 1
JO _ _/ P expl-? =0 () .
0= a2 <= [ et -0 (1

From J,(f) to J,(f’). The difference between the two integrals satisfies

2 1
@ _ @) g/ exp[—ﬂ26 ()19 = o( ) .
7|2 Tny/n vn

The last equality for J,(13) is obtained by “completing” the square.

Finally, the first part I,(LO) of the integral I,, satisfies

5.4 10—y o (L

o 0= o ()

5.2. Estimate of the integral when 7 is not close to 0. We now consider the
integral (5.1) outside of the neighborhood of zero.

Lemma 15. Assume that c is a lattice cost of moderate growth with span L.
For each v > 0, there are Q < oo and 7y > 0 so that, for the smoothed cost
corresponding to (N ~7) with small enough v, we have

|Enx[exp(itO)]| < QN V|7| € [v,7/L].

Proof. We apply Lemma 9 with Perron’s formula, keeping the notations of Lemma
9. Consider, as in Section 4.1, Perron’s formula (2.20) with D =1+ 4,

T2s+1

U, (T) = S(2s,iT) —— ds
0= [, Sy

In the rectangle U defined by the strip Rs = 1 + ~; and the horizontal lines s =
+U, the function s — S(2s,47) is analytic (from Lemma 9) and Cauchy’s residue

theorem gives
T25+1
S(2 ds =0
/ 5 w) s(2s11)

Furthermore, using once more Lemma 97
T25+1

S(2s,w)———ds = O (T372M) .
/ﬁm—l | SRs )Gy ds =0 ()

We let U tend to co. The integrals on the horizontal lines of ¢ tend to zero, Perron’s
formula gives the right side, and finally

(5.5) Ui (T) = O(T3727) .
Now, if v < 271, setting 7o = 271 — 7, the smoothed quantity ®;,(N) satisfies
— 1
®;;(N) = ——(V;r(N)— U (N — [N
(V) = Ty (W (N) = ir (N = [N 77))

(5.6) = O(NTHO(N*21) = O(N?*~).
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Furthermore, with (4.9), ®o(N) = ©(N?). Therefore
= . Dy(N) _
Enlexp(itC)] = = =O(N7). O
Po(N)

We deduce from Lemma 15 that IS is O(e~ "),

5.3. End of proof of Theorem 4. Finally, we take o and a neighborhood W’ as
granted by Lemma 8. We assume that [—v, +v] is contained in W’ and is sufficiently
small to entail validity of (5.3). Then, v is fixed and we choose v so that 7 is less
than 2v; (from Lemma 9) and less than «g (from Lemma 8).

Now, with (5.4) and Lemma 11, Theorem 4 is proven in the case of span L = 1.
Remark that if ¢ has span L, then d := ¢/L has span 1, with p(c¢) = Lu(d) and
d(¢) = Lé(d). This proves Theorem 4 in the general case. O

5.4. The nonlattice case. We say that a nonlattice digit-cost is shifted lattice if
there exist L € RS and a number Lo, with Lo/L irrational, so that (¢ — Lg)/L
is integer-valued. The number Ly is called the shift. The span of c¢ is the largest
possible L. Then, the digit cost ¢ can be written as the sum of two costs ¢ = Lg+d,
where d is lattice with span L, and the total cost C' equals ¢ = LyP + D. It is then
possible to apply the previous result to D. Furthermore, since the two A functions
relative to ¢ and d are related by A.(s,w) = wLg + A4(s, w), one has

u(d) = u(e) — Lo, 8%(d) = 5%(c) + L35 — Lolx(c)u? + 2@52] ,

and, finally:
For the algorithms G, IC, O and for any shifted lattice cost ¢ of span L and shift
Ly, which is of moderate growth, one has, for any r € R

Py | (u,v); ,g < C(u,v) — Lo - P(u,v) — p(d)log N — 6(d)z+/log N < g]

e~ /2 1
=4+ 0| — ),
0(d)v/2mlog N log N
with a O-term uniform in x.
The case when ¢ # 0 is neither lattice nor shifted lattice is essentially different,
the noncompact situation requiring Dolgopyat-type estimates in w. The generic
nonlattice situation will be considered in a forthcoming paper.

6. CONCLUSION.

This article has presented a unified approach to a large body of results relative
to Euclid’s algorithm and its major (fast) variants. We recapitulate here some of
its consequences, relations to the vast existing literature on the subject, as well as
extensions and open questions. It should be stressed that most of the improvements
can eventually be traced to the existence of pole-free strips for Dirichlet series of
cost parameters, a fact that precisely devolves from our extension of Dolgopyat’s
estimates to continued fraction systems.

First our methods lead to extremely precise estimates of the moments of costs, and
in particular the number of steps, a much studied subject. Our estimates, when
specialized to the mean number of steps, yield

(6.1) EN[C] = plogn+n+ O(NT);

see above Theorem 3, Parts (b) and (¢). In the case of the standard algorithm,
this covers the original estimates of Dixon and Heilbronn in 1969-1970 (the main
term), as well as Porter’s 1975 improvement (the second term, 7), while providing



EUCLIDEAN ALGORITHMS ARE GAUSSIAN 37

the right shape of the error term (O(N~7)), for which Porter further showed that
one could take v = % — € in the case of the standard algorithm. We refer the reader
to the accounts by Knuth [30] and Finch [18] for more material on this classical
topic. Our formula (6.1) also extends Rieger’s analyses (first published around
1980, see [39, 40]) of the centered algorithm and the odd algorithm. Note that, in
our perspective, the second-order constant 7 comes out as a spectral quantity. It
is an open problem to derive an explicit form starting from our expressions (e.g.,
such a form involving ¢’(2) is known under the name of Porter’s constant in the
standard case).

In sharp contrast to the mean value case, variances do not seem to be amenable to
elementary methods. The first-order estimate has been given by Hensley (1994) in
the paper [24] that first brought functional analysis to the field. Our formula,

(6.2) Vn[C] = 6% logn+ 61 + O(N ™),

stated in Theorem 3 can be viewed as a precise form of Hensley’s estimate relative to
the standard algorithm, one that also extends to the odd and centered algorithms.
(Incidentally, the quantity d, called Hensley’s constant [18], is not recognized to be
related to classical constants of analysis, though it is now known to be polynomial-
time computable thanks to a recent study of Lhote [32]; the nature of d; is even
more obscure.) Note that the complex-analytic properties of the moment generat-
ing functions provided by the functional-analytic methods furnish similarly strong
estimates for moments of arbitrarily high order (our Theorem 3), a fact which also
appears to be new.

Regarding distributional results, several points are worthy of note. Dixon in his
1970 paper had already obtained exponential tail bounds and these were further
improved, albeit in a still fairly qualitative way by Hensley in his 1994 study (see
his Theorem 1 in [24]). Our approach gives much more precise information on the
distribution, as we now explain.

For simplicity, let us specialize once more the discussion to the number of steps.
First, regarding the central region of the Local Limit Theorem (Theorem 4),
the nature of the error terms obtained (O(N~7)) and the fact that the saddle
point method lends itself to the derivation of full asymptotic expansions (see, e.g.,
Henrici’s book [23]) entail the existence of a full asymptotic expansion associated
with the Gaussian approximation of Theorem 4, namely, for a computable numeric
sequence {¢;},

e—z°/2 " c
6.3 Py[] = ————— [ 1 — 410 (log”"tV/2 N
©3) Bvl = 5w +};(1ogN)T/2+ (Og )

(the argument of Py being that of Theorem 4). This expansion is valid for z in
any compact set of R.

Regarding large deviations, Lemma 11 (quasi-powers for smoothed costs) implies
that Ey[exp(wC)] is of the form of a quasi-power, provided w stays in a small
enough fixed neighbourhood of 0. By a standard argument (originally due to
Cramér and adapted to the quasi-powers framework by Hwang [25, 26, 27]) and
Lemma 14, this implies the existence of a large deviation rate function, that is, of
a function I(y) such that, for the right tail corresponding to y > 0, there holds

6.4 li
( ) Ngnoo 10gN

logPn[C' > (1 +y)ulog N] = —I(y),

with I(y) defined on an interval [0, ¢] for some § > 0. In other words, the probability
of exceeding the mean by yulog IV is exponentially small in the scale of the problem,
being of the form exp[—1(y)log N] = N='®). A simplified version of (6.4) is then:
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the probability of observing a value at z or more standard deviations from the
mean is bounded by a quantity that decays like e—C1# (Hensley’s notations [24]).
Analogous properties naturally hold for the left tail. Cramer’s technique of “shifting
the mean” and use of the resulting “shifted” quasi-powers lead in fact to very precise
quantitative versions of (6.4) in the style of Hwang—thereby providing optimal
forms of tail inequalities ¢ la Dixon—Hensley.

Similar properties hold for other costs measures, like the ones detailed in the intro-
duction. Of particular interest is the statistics of the number of digits assuming a
particular value, for which estimates parallel to (6.1), (6.2), (6.3), and (6.4) are also
seen to hold. For instance, the frequency of occurrence of digit m in the expansion
of a rational number has mean

1
~ 1 1+ —
°g2< +m<m+2>>’

and it exhibits Gaussian fluctuations. It is again unknown to us, which of the
involved constant (beyond the mean value factor) may be related to classical con-
stants of analysis. The spectral forms of our Lemma 12 may at least provide a
starting point for such investigations.

A major challenge is to derive distributional information that are so to speak “su-
perlocal”. By this, we mean the problem of estimating the behaviour of the number
of steps and other cost measures over fractions of denominator exactly equal to NV,
i.e., rationals belonging to Qx \ Qx_1. In view of what is known in the average-
case [18, 30], we expect arithmetical properties of N to come into the picture.
The analytical difficulty in this case stems from the fact that a further level of
“unsmoothing” (how to go from Qu to Qx \ Qn-17) would be required.

Further works. Our dynamical approach provides a general framework, where it
seems possible to answer other questions about distributional analysis. For instance,
all the questions that we solve for rational trajectories can be asked for the periodic
trajectories. A periodic trajectory is produced by a quadratic number, and the
reference parameter is related to the length of the geodesics on the modular surface.
In a forthcoming paper, and following the same principles as in [37, 38, 47], we prove
that the distribution of costs on periodic trajectories can be studied in a similar
way as here, replacing the quasi-inverse (I — Hg,,) ™" by det(I — Hg ).

Open problems. We also ask various questions about Euclidean algorithms: for
instance, what happens for other Euclidean algorithms of the Fast Class (in partic-
ular for the Binary algorithm [8, 46])? The extension of our results to cost functions
that are still “small” but take into account the boolean cost (also known as the bit
complexity) of each arithmetic operation is on our agenda. Note that an average-
case analysis is already known to be possible via operator techniques [2, 49]. On
another register, the extension to “large” costs is likely to lead us to the realm of
stable laws: see for instance Gouezel and Vardi’s works [21, 50] for occurrences of
these laws in continued fraction related matters.
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