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ABSTRACT 

 A robust controller design is proposed for the active 
suspension system bench-mark problem. The CRONE control 
system design used is extended to unstable multivariable 
plants with lightly damped modes and RHP zeros. Decoupling 
and stabilizing controller K, is achieved for the open-loop 
transfer matrix. Fractional order transfer functions are used to 
define all the components of the diagonal open-loop transfer 
matrix, β. In defining the fractional open-loop transfer 
function β0i some elements of the plants, G0 and its inverse 
must be considered to achieve the stable controller. 
Optimisation provides the best fractional open-loop βopt. 
Finally, frequency domain system identification is used to find 
controller K=G0-1βopt. 

KEY WORDS 

lightly damped modes, MIMO, CRONE, control system, 
fractional order system, frequency domain 

1 INTRODUCTION 

The aim of the MIMO (multivariable) CRONE CSD (control 
system design) is to robustify the closed loop dynamic 
performance through a robust either damping factor, or a 
robust resonant peak of control. Fractional differentiation is 
used to define the optimal open-loop. 

Three generations of CRONE control have been developed, 
successively extending the application field. The MIMO 
approach used here is based on the third generation of 
CRONE CSD (Oustaloup et Mathieu, 1999). It permits 
treating uncertain and unstable square nxn MIMO plants with 
RHP (right half plane) zeros and lightly damped modes 
(resonant frequencies). Section 2 and 3 briefly outlines the 
extension of the CRONE CSD methodology. Simulation is 
given in section 4.  

2 CRONE CONTROL METHODOLOGY AND MIMO 
SYSTEMS 

The aim of the CRONE CSD is to find a diagonal open-loop 
transfer matrix whose n elements are fractional order transfer 
functions. It is parametered to satisfy the four following 
objectives: 

- perfect decoupling for the nominal plant,
- accuracy specifications at low frequencies,
- required nominal stability margins of the closed loops

(behaviours around the required cut-off frequencies),
- specifications on the n control efforts at high

frequencies.
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After an optimisation of the diagonal open-loop transfer 
matrix (1), frequency-domain system identification is carried 
to obtain the fractional controller. Open-loop transfer 
functions β0i(s) are used to satisfy the three other objectives. 

2.1.  Definition of the diagonal open-loop transfer 
function elements 

Open-loop transfer function behaviours can be described by 
using the third generation CRONE CSD methodology 
presented below. This generation of CRONE CSD uses 
complex non-integer order integration over a choosen 
frequency range [ωA,ωB]. The complex fractional order, 
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nf=a+ib allows creating a straight line of any direction in the 
Nichols chart which is called the generalized template figure 
(1). 

figure 1: Generalized template in the Nichols plane. 

The real part of nf determines its phase location at frequency 
ωcg, that is 2)( πfne−ℜ , and the imaginary part determines its 
direction. The generalized template is described by the 
limitation in the operational plane Cj of the complex non-
integer integrator transfer function: 
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with: 
− ωσ j+=s ∈ Cj,
− ban f i+= ∈ Ci.

This transfer function can be described as based on band-
limited complex non-integer integration: 
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The corner frequencies are placed around the extreme 
frequencies ωA and ωB such that: 

hBcgAl ωωωωω <<<< . (6) 
For stable and minimum phase plant the generalized template 
is taken account in the open-loop transfer function as follows: 

( ) ( ) ( )ssss
iiii h0l0 )(β βββ= , (7) 
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the order nli fixes the accuracy of each closed-loop, 
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the order nhi permits the elements of the controller to be 
proper. 
This third generation CRONE control open-loop transfer 
function has been defined using the gain-crossover open-loop 
frequency; however this definition can be made using the 
closed loop resonant frequency too. Then ωr replace ωcg. 

2.2 Decoupling and optimised controller 

Let G0 be the nominal plant transfer matrix such that 
G0(s)=[ )(sgij ]i,j∈N and: 

[ ]
Nii

i

d
ndiagdiagKG

i
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=== 000 ββ , (10) 

where: 
- )(sgij is a strictly proper transfer function,

- N= { }n,...,1 ,

- 
i

i

d
n

i
=0β  the element of the ith column and row. 

As mentioned above the aim of CRONE control for MIMO 
plants is to find a decoupling controller for the nominal plant. 
G0 being not diagonal, the problem is to find a decoupling and 
stabilizing controller K (Vardulkis , 1987). This controller 
exists if and only if the following hypotheses are true: 

[ ] exist 1
01 )(: −sGH , (11) 

[ ] [ ] 0)()(: 002 =∩ ++ sGPsGZH , (12) 
where [ ])(0 sGZ+  and [ ])(0 sGP+  indicate the positive real part
zero and pole sets. 
The controller K(s) is: 
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with adj(G0(s))=[G0ij(s)]T=[G0ji(s)],  G0ij(s) the cofactor 
corresponding to element )(sgij , and |G0| corresponding to 
determinant of G0(s). 
Thus: 

iG
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0 β= Nji ∈∀ , . (14) 

The nominal sensitivity and the complementary sensitivity 
transfer function matrices are: 

( ) ( )[ ] ( )[ ] nii sSdiagsIs ≤≤
− =+= 10

1
0βS0 , (15) 

| β0i (jω)|dB

0   -π
0 

-π/2  

 
ωcg 

ωA

ωB 

-aπ/2

f(b,a) 

arg β0i (jω) 



3  

( ) ( )[ ] ( ) ( )[ ] nii sTdiagssIs ≤≤
− =+= 100

1
0 ββT0 , (16) 
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For plants other than the nominal, the closed-loop transfer 
matrices T(s) and S(s) are no longer diagonal. Each diagonal 
element ( )sTii  and ( )sSii could be interpreted as closed loop 
transfer functions coming from a scalar open-loop transfer 
function )(siiβ  called equivalent open-loop transfer function: 
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 For each nominal open-loop β0i(s), many generalized 
templates can border the same required magnitude-contour of 
the Nichols chart or the same resonant peak 

i
M

0p . The 

optimal one minimizes the robustness cost function: 

( )
2

1
minmax∑

=

−=
n

i
ii

MMJ pp (20) 

where: 
• ( ))(supmax

max

ω
ω

j
p iiT

G
M

i

= , (21) 

• ( ))(supmin
min

ω
ω

j
p iiT

G
M

i

= , (22) 

while respecting the following set of inequalites for ω∈R and 
i, j∈N: 
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where G is the nominal and perturbed plant. 
As the uncertainties are taken into account by the least 
conservative method, a non-linear optimization method must 
be used to find the optimal values of the independent 
parameters of the fractional open-loop. 

3 CRONE CONTROL DESIGN FOR UNSTABLE 
MIMO PLANT WITH LIGHTLY DAMPED MODES  

Let the nominal plant transfer matrix G0 be: 
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where: 
- )()()( 0 shsgsg ijij ij

⋅= , 

- )(shij  is the transfer including the resonant modes
and RHP zeros and poles.

The inverse of G0 is: 
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where: 
− )()()( 0 smspsp ijij ij

⋅= , 

− )(smij  is the transfer function including the resonant
modes and RHP zeros and poles.

Thus the controller is: 
)()()( 0 sspsk

iijij β⋅= , (30) 

)()()( 00 ssmsp
iij ij β          ⋅⋅=  (31) 

Now, (31) implies that some RHP zeros, unstable poles, and 
lightly damped modes of pij must appear in β0i for the 
controller to be achievable and stable. The aim of this section 
is to characterize this open-loop transfer matrix. 

3.1.  Lightly damped modes 

Some resonant frequencies must be included in the open-loop 
transfer function β0i for the controller to be achievable and 
stable. 

The first transfer matrix to consider is the input-disturbance 
sensitivity, T0K-1. Using (10): 
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satisfy all the following equations: 
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and therefore: 
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where, transfer functions Hi(s), have in common some lightly 
damped modes of the ith row of G0. 

The second transfer matrix to consider is input sensitivity KS. 
Using (10): 
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this transfer function is resonant-free if 
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The numerator of the ith open-loop transfer function must 
satisfy all the following equations: 
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and therefore: 
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where transfer functions Mj(s) have in common some lightly 
damped modes of the jth column of G0-1. 

Adding some lightly damped modes on the open-loop transfer 
functions causes resonant frequencies to appear on sensitivity 
and complementary sensitivity transfer functions. To attenuate 
their effect, transfer function Qj(s) is included in β0i(s) around 
each resonant frequency such that: 
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where: 
− ωj and ωj’ are frequencies close to the resonant

frequency, 
− ξ and ξ’ are damping factors,

3.2.  Unstable Poles and RHP zeros 

Let )(azη  be an integer ξ such that 
( )ξzs

sa
zs −→

)(lim  exists and is

non-zero (Tao,2005). 
So for a given z: 

• )(sa  has a )(azη  order zero at z if 0)( >azη ,
• )(sa  has a )(azη  order pole at z if 0)( <azη ,
• )(sa  has neither pole nor zero if  0)( =azη .

Inevitably a transfer function is stable and minimum phase if 
and only if: 

0)( =azη  ∀ z ∈ C+. (41) 
In our case we need: 

0)( ≥ijz kη  Nji ∈∀ ,  ∀ z ∈ C+ (42) 
With (18), (43)becomes: 
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Nji ∈∀ , ∀ z ∈ C+. 
Consequently: 
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The ith open-loop transfer function must satisfy all the 
following equations: 
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and therefore: 
( ) ( )zG izz i

ηηη −≥ 00 )(β Ni∈∀ , (46) 
with 

( ) ( )( )ji
zNji Gz 0minηη

∈
= . (47) 

Equation (48) shows that the ith open-loop transfer function 
β0i(s) must have, for each z, an ( )zs −  transfer function at 
order ( )

iz 0βη . This order equals the order of z in 0G minus 
the order of z common to all the elements of the column in 

][ 0
jiG . The sign of ( )

iz 0βη  determines whether the transfer is
an RHP-zero or a unstable pole of β0i(s). 
Finally, when all the zeros, poles, and lightly damped modes 
to be include in the ith open-loop transfer function are found: 
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where: 
− φ  is the number of lightly damped modes to

integrate. 
−

kiz  is a z such that ( ) 00 >
iz βη , 

−
kip  is a z such that ( ) 00 <

iz βη , 

− ( ) ( )
iiki zz 00 ββ ηη =  if z is a zero of β0i(s), 
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− ( ) ( )
iikip z 00 ββ ηη −=  if z is a pole of β0i(s),

−
izN is the number of RHP zeros of β0i(s),

−
ipN  is the number of RHP poles of β0i(s),

− ( )∑
=

=Ψ
ipN

β
1

0
k

p ikipi
η ,

− ( )∑
=

=Ψ
izN

β
1

0
k

z ikizi
η . 

In addition, the controller must be proper and permit the 
rejection of low amplitude disturbances. 

Thus using (30), the controller is proper if: 
( ) ( ) ( ) ( ))()( )()( snNDsd ispspi ijij

degdegdegdeg +≥+ , (52) 

∀ j ∈ N, 

with 
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As a consequence 
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and at high frequencies 
( )

ihi nsd =)(deg (54) 
and 

( )
izi sn Ψ=)(deg , (55) 

gives 
( ) ( )( ))()(max spsp
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zh ijijii

DNn degdeg −+Ψ≥
∈

. (56) 

At low frequencies, disturbances are rejected if transfer 
function SG contains no poles at z=0 or 

( ) ( ) 0)()( 000 ≥+ sGsS ηη . (57) 
and S(s) is equivalent to β0i(s) or 

( ) ( )
iii zlnssS Ψ+=≈ )()( 000 βηη . (58) 

Also: 

( ) ( ) ( ))()()( sgsg ijij
DNsG 0000 ηηη −= , (59) 

with: 
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Therefore: 

( ) ( ))()( sgsgzl ijijii
DNn 00 ηη −≥Ψ+ , (61) 

∀ j ∈ N. 

Finally: 
( ) ( )( )

iijijNji zsgsgl DNn Ψ−−≥
∈ )()(max 00 ηη . (62) 

4 APPLICATION 

Consider the widely studied 2x2 active-suspension system 
(Bao-Tung Lin, 2006, Qing-Guo Wang, 2002 and Reinelt, 
2000), given in figure 2. 
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(63) 
where: 

( ) ( ) 2
1221

3
211

4
21 sKMKMsMMBsMM ++++=Λ

( ) 21
1

1121 KKsBKKB +++ (64) 

M1=1 and M2=1.85 are the two masses; K1=0.8 and K2=1.25 
are the spring elements of the suspension; and B1=0.8 is the 
damper. K2 is the uncertain element. 

Figure 2: System model 

4.1.  Fractional complex definition of the nominal 
open-loop transfer matrix 

a) RHP zeros, poles and lightly damped modes

The elements to include are: 
− an RHP zero at order ( ) 1025.1 == iz βη  for both loops 

at z=1.25rad/s.This RHP zero is common to each 
column of G0-1; 

− a lightly damped mode at 0.822rad/s with a damping 
factor of 0.263 for the first loop, this mode is 
common to the first column of G0-1. 

b) Spécifications

For all parametric states, the following must be satisfied: 
− zero steady-state error for both outputs,
− short as possible settling time,
− perfect decoupling for both loops,
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− first overshoot less than 20%.
With this specification some elements of the open-loop 
transfer matrix can be initialized. So, with the maximum 
relative degree of G0-1 (-1) and all elements to integrate in the 
open-loop transfer matrix, nh must be greater than 3 for the 
first loop, and greater than 1 for the second loop. A zero 
steady-state error for both loops causes nl  to be equal to one. 
To attenuate the effect of the damped mode and the steady 
oscillation (figure 3) transfer (40) was added to each 

i0β

Figure 3: Simulation without feedback 

c) Optimisation

Both open-loop parameter are now to be optimized. For the 
first loop the initial parameters are : 

− ωr=0.05rad/s,
− ωl=0.02rad/s,
− ωh=0.5rad/s,
− 2)(

10 =
= r

j
ωω

ωβ dB, 

− ω'n=ωn=0.85rad/s, ξ’=0.1 and ξ=0.8 for equation
(40),

for the second loop: 
− ωr=0.02rad/s,
− ωl=0.005rad/s,
− ωh=1rad/s,
− 8)(

10 =
= r

j
ωω

ωβ dB, 

− ωn=1.2rad/s, ω’n=0.7rad/s, ξ=0.8 and ξ’=0.6 for
equation (40).

Taking into account all specifications, optimal values for the 
parameters of each fractional open-loop transfer function β0i 
are:  

− for the first loop: K=3.6078, a=1.2532, b= -0.4602,
q=1 and C= 2.6792

− for the second loop: K= 18.3767, a= 1.3151, b=
0.4473, q= 2 and C= 4.1223

Figure 3 shows equivalent open-loop transfer functions 
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Figure 4: Equivalent open-loop transfer function
(() nominal, (---) reparametered) 

The final controller is found by frequency domain 
identification 

4.2.  Results 

A simulation of the active suspension system is used to 
evaluate the controller performance. Inputs of the system are 
unit step and introduced at t=0s (first input), t=150s (second 
input); disturbances are 0.1 amplitude step and introduced at 
t=400s (disturbance on the first loop) and t=600s (disturbance 
on the second loop). The uncertain spring element K2 varies 
between 0.5 and 2. The simulation results are shown in figure 
5 for the nominal plant, and figure 6 for nominal and re-
parametered plants. 
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Figure 5 : Control performance of the active suspension 
system 
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Figure 6 : Control performance of the active suspension 
system for reparametered state 

Figure 5 and 6 show that all specifications are satisfied. 
Overshoot is almost equal to the imposed limit, but the 
decoupling specification is satisfied for the nominal plant and 
preserved for reparametered plants. Also the offset and the 
steady oscillation have been removed. 

5. CONCLUSION

The multivariable CRONE approach is based on third 
generation CRONE control system design. Each open-loop 
transfer function β0i of the matrix β(s) is thus fractional. 
Frequency domain system identification and linear algebra are 
used to determine the final controller. For unstable 
multivariable plants with lightly damped modes and RHP 
zeros, some RHP poles, RHP zeros, and lightly damped modes 
of G0 or G0-1 can appear on K or on closed loop transfer 
matrices. The controller would not be achievable and stable. 
So a method is therefore proposed for treating this kind of 
system and to determine a final stable and achievable 
controller. Adding some RHP zeros, RHP poles, and lightly 
damped modes in open-loop transfer functions before their 
optimization render the controller achievable and stable. The 
method used for the active suspension bench-mark problem. 
The control obtain is rapid and disturbances rejected. 

A crone approach to unstable and non-square multivariable 
plants with RHP zeros, and lightly damped modes, is being 
investigated. 
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