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Twisting and Rieffel’s deformation of locally
compact quantum groups. Deformation of the
Haar measure.

Pierre Fima* and Leonid Vainerman'

Abstract

We develop the twisting construction for locally compact quantum
groups. A new feature, in contrast to the previous work of M. Enock and
the second author, is a non-trivial deformation of the Haar measure. Then
we construct Rieffel’s deformation of locally compact quantum groups and
show that it is dual to the twisting. This allows to give new interesting
concrete examples of locally compact quantum groups, in particular, de-
formations of the classical az + b group and of the Woronowicz’ quantum
az + b group.

1 Introduction

The problem of extension of harmonic analysis on abelian locally compact (l.c.)
groups, to non abelian ones, leads to the introduction of more general objects.
Indeed, the set G of characters of an abelian l.c. group G is again an abelian
Lc. group - the dual group of G. The Fourier transform maps functions on G to

functions on G, and the Pontrjagin duality theorem claims that G is isomorphic
to G. If G is not abelian, the set of its characters is too small, and one should use
instead the set G of (classes of) its unitary irreducible representations and their
matrix coefficients. For compact groups, this leads to the Peter-Weyl theory and
to the Tannaka-Krein duality, where G is not a group, but allows to reconstruct
G. Such a non-symmetric duality was established for unimodular groups by
W.F. Stinespring, and for general l.c. groups by P. Eymard and T. Tatsuuma.

In order to restore the symmetry of the duality, G.I. Kac introduced in 1961
a category of ring groups which contained unimodular groups and their duals.
The duality constructed by Kac extended those of Pontrjagin, Tannaka-Krein
and Stinespring. This theory was completed in early 70-s by G.I. Kac and the
second author, and independently by M. Enock and J.-M. Schwartz, in order
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to cover all l.c. groups. The objects of this category are called Kac algebras
[E] L.c. groups and their duals can be viewed respectively as commutative
and co-commutative Kac algebras, the corresponding duality covered all known
versions of duality for l.c. groups.

Quantum groups discovered by V.G. Drinfeld and others gave new impor-
tant examples of Hopf algebras obtained by deformation of universal enveloping
algebras and of function algebras on Lie groups. Their operator algebraic ver-
sions did not verify some of Kac algebra axioms and motivated strong efforts to
construct a more general theory. Important steps in this direction were made
by S.L. Woronowicz with his theory of compact quantum groups and a series of
important concrete examples, S. Baaj and G. Skandalis with their fundamental
concept of a multiplicative unitary and A. Van Daele who introduced an impor-
tant notion of a multiplier Hopf algebra. Finally, the theory of l.c. quantum
groups was proposed by J. Kustermans and S. Vaes [E], [E}

A number of ”isolated” examples of non-trivial (i.e., non commutative and
non cocommutative) l.c. quantum groups was constructed by S.L. Woronowicz
and other people. They were formulated in terms of generators of certain Hopf
x-algebras and commutation relations between them. It was much harder to
represent them by operators acting on a Hilbert space, to associate with them
an operator algebra and to construct all ingredients of a l.c. quantum group.
There was no general approach to these highly nontrivial problems, and one
must design specific methods in each specific case (see, for example, [@], [@])

In [, [@] M. Enock and the second author proposed a systematic approach
to the construction of non-trivial Kac algebras by twisting. To illustrate it,
consider a cocommutative Kac algebra structure on the group von Neumann
algebra M = L(G) of a non commutative l.c. group G with comultiplication
A(Ag) = Ag ® Ag (Ag is the left translation by g € G). Let us construct on M
another (in general, non cocommutative) Kac algebra structure with comulti-
plication Aq(:) = QA(-)Q*, where Q € M ® M is a unitary verifying certain
2-cocycle condition. In order to find such an €, let us, following to M. Rieffel
[L1] and M. Landstad [Ld], take an inclusion a : L®(K) — M, where K is the
dual to some abelian subgroup K of G such that §|x = 1 (6(-) is the module
of G). Then, one lifts a usual 2-cocycle ¥ of K : Q = (o ® @)¥. The main
result of [A] is that Haar measure on £(G) gives also the Haar measure of the
deformed object.

Even though a series of non-trivial Kac algebras was constructed in this way,
the above mentioned ”unimodularity” condition on K was restrictive. Here we
develop the twisting construction for l.c. quantum groups without this condi-
tion and compute explicitly the deformed Haar measure. Thus, we are able
to construct l.c. quantum groups which are not Kac algebras and to deform
objects which are already non-trivial, for example, the az + b quantum group
9. 3.

A dual construction that we call Rieffel’s deformation of a l.c. group has
been proposed in [[L1], [IE], and [E}, where, using a bicharacter on an abelian
subgroup, one deforms the algebra of functions on a group. This construction
has been recently developed by Kasprzak [ﬂ] who showed that the dual comul-



tiplication is exactly the twisted comultiplication of £(G). Unfortunately, a
trace that he constructed on the deformed algebra is invariant only under the
above mentioned ”unimodularity” condition. In this paper we construct Rief-
fel’s deformation of l.c. quantum groups without this condition and compute
the corresponding left invariant weight. This proves, in particular, the existence
of invariant weights on the classical Rieffel’s deformation. We also establish the
duality between twisting and the Rieffel’s deformation.

The structure of the paper is as follows. First, we recall some preliminary
definitions and give our main results. In Section 3 we develop the twisting
construction for l.c. quantum groups. Section 4 is devoted to the Rieffel’s
deformations of l.c. quantum groups and to the proof of the duality theorem.
In Section 5 we present examples obtained by the two constructions: 1) from
group von Neumann algebras £(G), in particular, when G is the az 4+ b group;
2) from the az + b quantum group. Some useful technical results are collected
in Appendix.

Acknowledgment. We are grateful to Stefaan Vaes who suggested how
twisting can deform the Haar measure and helped us in the proof of Proposition

B.

2 Preliminaries and main results

2.1 Notations.

Let us denote by B(H) the algebra of all bounded linear operators on a Hilbert
space H, by ® the tensor product of Hilbert spaces or von Neumann algebras
and by 3 (resp., o) the flip map on it. If H, K and L are Hilbert spaces and
X e B(H®L) (resp., X € BlH®K),X € B(K®L)), we denote by X135 (resp.,
X2, Xa3) the operator (1 ® *)(X @ 1)(1® %) (resp., X @ 1, 1 ® X) defined
on H® K ® L. The identity map will be denoted by ¢.

Given a normal semi-finite faithful (n.s.f.) weight 6 on a von Neumann
algebra M, we denote: My = {z € M+ | 0(z) < +oo}, Ny = {z € M |
T € M(j}, and My = span /\/lg' All l.c. groups considered in this paper
are supposed to be second countable, all Hilbert spaces separable and all von
Neumann algebras with separable predual.

2.2 Locally compact quantum groups [g], [{]

A pair (M, A) is called a (von Neumann algebraic) l.c. quantum group when

e M is a von Neumann algebra and A : M — M ® M is a normal and unital
«-homomorphism which is coassociative: (A ® t)A = (1 ® A)A

e There exist n.s.f. weights ¢ and ¢ on M such that

— ¢ is left invariant in the sense that ¢((w ® t)A(z)) = ¢(z)w(1) for
all z € M and w € M},



— 1 is right invariant in the sense that ¢ ((: ® w)A(z)) = ¥ (2)w(1) for
allxe/\/q and w € M.

Left and right invariant weights are unique up to a positive scalar.
Represent M on the G.N.S. Hilbert space H of ¢ and define a unitary W
on H® H:

W*(Aa) @ A(b)) = (A ® A)(A(D)(a® 1)) foralla,be N, .

Here, A denotes the canonical G.N.S.-map for ¢, A® A the similar map for p® .
One proves that W satisfies the pentagonal equation: WioWi3Wag = WozWis,
and we say that W is a multiplicative unitary. The von Neumann algebra M
and the comultiplication on it can be given in terms of W respectively as

M ={(@w)(W) |we B(H),} 7"

and A(z) = W*(1® z)W, for all x € M. Next, the l.c. quantum group (M, A)
has an antipode S, which is the unique o-strongly* closed linear map from M
to M satisfying (+ @ w)(W) € D(S) for all w € B(H),. and S(t @ w)(W) =
(t ® w)(W*) and such that the elements (: ® w)(W) form a o-strong* core for
S. S has a polar decomposition S = R7_;/5, where R is an anti-automorphism
of M and 7; is a one-parameter group of automorphisms of M. We call R the
unitary antipode and 7; the scaling group of (M, A). We have c(R® R)A = AR,
s0 @R is a right invariant weight on (M, A), and we take ¢ := pR.

There exist a unique number v > 0 and a unique positif self-adjoint operator
onr affiliated to M, such that [Dy : Dy = v §it,. v is the scaling constant
of (M, A) and dps is the modular element of (M, A). The scaling constant can
be characterized as well by the relative invariance property ¢ 7 = v =% .

For the dual l.c. quantum group (M , A) we have

N = {(w® )(W) | w € B(H),}~o=strons-

and A(z) = SW (x®1)W*X for all # € M. Turn the predual M, into a Banach
algebra with the product wpu = (w ® p)A and define

A M, — M:\w) = (w® ) (W),

then X is a homomorphism and A(M.,) is a o-strongly* dense subalgebra of M.
A left invariant n.s.f. weight ¢ on M can be constructed explicitly. Let 7 =
{we M,|3C >0, jw(z*)| < C||A(x)||Vz € N,,}. Then (H,u,A) is the G.N.S.
construction for ¢ where A(Z) is a o-strong-*-norm core for A and A(\(w)) is
the unique vector ¢{(w) in H such that

(€(w), Alx)) = w(z").

The multiplicative unitary of (M, A) is W =SW+s. R
Since (M, A) is again a l.c. quantum group, denote its antipode by .S, its
unitary antipode by R and its scaling group by 7:. Then we can construct



the dual of (M, A), starting from the left invariant weight ¢. The bidual l.c.

quantum group (M ,A) is isomorphic to (M, A). Denote by &; the modular
automorphism group of the weight ¢. The modular conjugations of the weights
¢ and ¢ will be denoted by J and J respectively. Let us mention that R(z) =
Jz*J, for all & € M, and R(y) = Jy*J, for all y € M .

(M, A) is a Kac algebra (see [f]) if and only if 7, = ¢ and 0,/ is affiliated to the
center of M. In particular, (M, A) is a Kac algebra if M is commutative. Then
(M, A) is generated by a usual l.c. group G : M = L>®(G), (Ac f)(g,h) = f(gh),
(Se/)9) = Flg™1), valf) = [ f(g) dg, where f € L®(G), g,h € G and we
integrate with respect to the left Haar measure dg on G. Then g is given by
Ya(f) = [ f(g™") dg and 65 by the strictly positive function g — d¢(g) .

L% (G) acts on H = L*(G) by multiplication and (Wg€)(g,h) = £(g,971h),
for all ¢ € H® H = L*(G x G). Then M = £(G) is the group von Neumann
algebra generated by the left translations (A\y)gec of G and Ag(A,) = Ay @ Ay.
Clearly, A"Gp =0o0Ag = Ag, so A¢ is cocommutative. Every cocommutative
l.c. quantum group is obtained in this way.

2.3 g-commuting pair of operators

We will use the following notion of commutation relations between unbounded
operators. Let (T,S) be a pair of closed operators acting on a Hilbert space
H. Suppose that Ker(T)) = Ker(S) = {0} and denote by S = Ph(S)|S| and
T = Ph(T)|T| the polar decompositions. Let ¢ > 0. We say that (T,S) is a
g-commuting pair and we denote it by T'S = ST, T'S* = ¢2S*T if the following
conditions are satisied

1. Ph(T)Ph(S) = Ph(S)Ph(T') and |T| and |S| strongly commute.
2. Ph(T)|S|Ph(T)* = q|S| and Ph(S)|T|Ph(S)* = q|T|.

If T and S are q-commuting and normal operators then the product T'S is clos-
able and its closure, always denoted by T'S has the following polar decomposition
Ph(TS) = Ph(T)Ph(S) and |T'S| = ¢~ |T||S|.

2.4 The quantum az + b group [[9], [[7]

Let us describe an explicit example of l.c. quantum group. Let s and m be two
operators defined on the canonical basis (ex)rez of [?(Z) by sep = ery1 and
mer, = ¢"ep (0 < ¢ < 1). The G.N.S. space of the quantum az 4 b group is
H=1 (Z4), where we define the operators

a=m®s" ®1®s and b=sdm®s®1
with polar decompositions a = ula| and b = v|b| given by

la]=m®1®1®1 and u=1®s*R1®s
b=1m®1®1 and v=s5®110sx1.



Then u|b| = q|blu, |alv = quv|a|, this is the meaning of the relations ab = ¢*ba
and ab* = b*a. Also Sp(|a|) = Sp(|b]) = Sp(m) = ¢?U{0}, Sp(u) = Sp(v) = S,
where Sp means the spectrum. Thus, Sp(a) = Sp(b) = C? U {0}, where C? =
{z eC, |z € qZ}. The von Neumann algebra of the quantum az + b group is

"

M := [ finite sumstkyl(|a|, b))o*u' for fri € L™ (¢" x ¢7)
kol

Consider the following version of the quantum exponential function on C4:

too 2k

14 q¢*"z

Fy(2) = H 2k,°

o 1+ g%~z

The fundamental unitary of the az + b quantum group is W = XV* where
V=F(bobxa®l,1a),

and x(¢Ft, ¢!t = ¢?(’¢+k¥) g a bicharacter on C?. The comultiplication is
then given on generators by

W (1l®a)W=a®a and W (1QbW*=a®b+b®1,

where + means the closure of the sum. The left invariant weight is

p(x) = Z U foo(q',¢7), where x= Z Fra(lal, [B])o* .
2% k,l

The G.N.S. construction for ¢ is given by (H,¢, A), where

A(x) = Z e @er®er with  &(i,7) = ¢ fru(d', ¢7).
Kl

The ingredients of the modular theory of ¢ are

Je Qe Qe Rep) =erp @esti e ey,
V=1®1lem2m 2,

so o¢(a) = ¢~ 2" and o, (b) = b, and the modular element is § = |a|2,
The dual von Neumann algebra is

M := { finite sumstk7l(|d|, [b)okal  for fr, e L™ (¢* x ¢*)
k,l

Here @ = di)a| and b = |b| are the polar decompostions of the operators
a=s'®1lelem, b=sme (fm71®mfls*+mfls*®s*) ® s.

The formulas for the dual comultiplication and the dual left invariant weight
are the same, but this time in terms of @ and b.



2.5 One-parameter groups of automorphisms of von Neu-
mann algebras

Consider a von Neumann algebra M C B(H) and a continuous group homo-
morphism o : R — Aut(M), t — o;. There is a standard way to construct, for
every z € C, a strongly closed densely defined linear multiplicative in z operator
o, in M. Let S(z) be the strip {y € C| Im(y) € [0,Im(2)]}. Then we define :

e The domain D(c;) is the set of such elements = in M that the map ¢t —
o¢(x) has a strongly continuous extension to S(z) analytic on S(2)°.

e Consider z in D(o,) and f the unique extension of the map ¢ — oy (x)
strongly continuous on S(z) and analytic on S(2)°. Then, by definition,

ox(x) = f(2).
If 2 is not in D(o,), we define an unbounded operator o, (x) on H as follows:

e The domain D(o,(x)) is the set of such £ € H that the map t — o¢(x)¢
has a continuous and bounded extension to S(z) analytic on S(z)°.

e Consider € in D(0,(z)) and f the unique extension of the map ¢ — o4 (x)¢&
continuous and bounded on S(z), and analytic on S(z)°. Then, by defi-
nition, o.(z)¢ = f(2).

Let = in M, then it is easily seen that the following element is analytic

z(n) == \/g [ :,o e~ g, (z)dt.

The following lemma is a standard exercise:

Lemma 1 1. z(n) — x o-strongly-* and if §¢ € D(0,(x)) we have o,(x(n))§ —
o (x)E.

2. Let X C M be a strongly-* dense subspace of M then the set {x(n), n €
N, z € X} is a o-strong-* core for o,.

Proposition 1 Let A be a positive self-adjoint operator affiliated with M and
u a unitary in M commuting with A such that oy(u) = uA® for all t € R, then
U?%(u) 18 a normal operator affiliated with M and its polar decomposition is

o_s(u) = uAz.

Proof. Let a € R and D,, the horizontal strip bounded by R and R — ia.
Let £ € D(A2). There exists a continuous bounded extension F of ¢ — A%£ on
D, analytic on DY (see Lemma 2.3 in [1J]). Define G(z) = uF(z). Then G(z) is

2 . .
continuous and bounded on S(—3) = D, and analytic on S (—=%)°. Moreover,
G(t) = uF(t) = uA™¢ = oy(u)é, so & € D(o_y(u)) and o_; (u)§ = G(-%) =
wA2¢. Then uA? C o_i (u). The other inclusion is proved in the same way. H



2.6 The Vaes’ weight

Let M C B(H) be a von Neumann algebra with a n.s.f. weight ¢ such that
(H,t, A) is the G.N.S. construction for . Let V, oy and J be the objects of the
modular theory for ¢, and § a positive self-adjoint operator affiliated with M
verifying o (0%) = \t§% for all s,¢ € R and some \ > 0.

Lemma 2 / There exists a sequence of self-adjoint elements e, € M, an-
alytic w.r.t. o and commuting with any operator that commutes with 6, and
such that, for all x,z € C, 6%c,(e,) is bounded with domain H, analytic
w.r.t. o and satisfying o1(0%0,(en)) = 0%01y.(en), and o.(eyn) is a bounded
sequence which converges x-strongly to 1, for all z € C. Moreover, the function
(z,2) — 6%0.(ey) is analytic from C? to M.

Let N = {a € M, ad? is bounded and adt ¢ Ng,}. This is an ideal o-stronglyx

dense in M and the map a — A(ad?) is o-strongx-norm closable; its closure will
be denoted by Ajy.

Proposition 2 ] There exists a unique n.s.f. weight ps on M such that
(H,t,As) is a G.N.S. construction for ps. Moreover,

e the objects of the modular theory of ps are Js = NiJ and Vs = J61J6V,

o [Dys: Dyl = )\ié(S”.

2.7 Main results

Let (M,A) be a l.c. quantum group with left and right invariant weights ¢
and ¥ = ¢ o R, and the corresponding modular groups ¢ and o. Let Q €
M ® M be a 2-cocycle, i.e., a unitary such that (Q®1)(A®:)(2) = (12)(t®
A)(Q). Then obviously Ag = QA(.)Q* is a comultiplication on M. If (M, A)
is discrete quantum group and 2 is any 2-cocyle on (M, A), then (M, Aq) is
again a discrete quantum group [[]]. If (M, A) is not discrete, it is not known,
in general, if (M,Aq) is a l.c. quantum group. Let us consider the following
special construction of 2. Let G be L.c. group and « be a unital normal faithful
*-homomorphism from L*°(G) to M such that « @ ®o Ag = Aoa. In this case
we say that G is a co-subgroup of (M, A), and we write G < (M, A). Then the
von Neumann algebraic version of Proposition 5.45 in E] gives

moa=a and Roa(F)=a(F(-Y)), VF € L=(G).

Let ¥ be a continuous bicharacter on G. Then Q = (a® a)(¥) is a 2-cocycle
on (M, A). In [f] it was supposed that o, acts trivially on the image of o and it
was shown that in this case, ¢ is also Ag-left invariant. Here we suppose that
oy acts by translations, i.e., that there exists a continuous group homomorphism
t 7, from R to G such that o¢(a(F)) = a(F(.y;")). In this case we say that
the co-subgroup G is stable. Then O’; also acts by translations:

0, 0a(F) = Roo_yo Roa(F) = a(F(x ") =oroa(F). (1)



In particular, §"a(F) = a(F)6",V t € R, F € L*(G). In our case ¢ is not
necessarily Agq-left invariant, and one has to construct another weight on M.
Note that (¢, s) — U(v,7s) is a bicharacter on R. Thus, there exists A > 0 such
that W (7, vs) = A% for all 5,¢ € R. Let us define the following unitaries in M:

up = N (T(,% ") and v = NZa (T(yt) -

Then equation (El) and the definition of a bicharacter imply that u; is a o-cocycle
and v; is a o -cocycle. The converse of the Connes’ Theorem gives then n.s.f.
weights pq and ¥ on M such that:

ur = [Dpq : Dply and v = [Dipg : D).

The main result of Section E is the following. We denote by W' the multiplicative
unitary of (M, A), and put W@ = Q(J @ J)WQ(J & J).

Theorem 1 (M,Agq) is a Lc. quantum group :
® ©q is left invariant,

e o is right invariant,

Waq is the fundamental multiplicative unitary.

e The scaling group and the scaling constant are T3¢ = 1¢, vg = V.

If G is abelian, we compute explicitly the modular element and the antipode.

In section E we construct the Rieffel’s deformation of a l.c. quantum group
with an abelian stable co-subgroup G < (M, A) and prove that this construction
is dual to the twisting. Switching to the additive notations for G, define L., =
a(us) and R, = JL,J, where v € G, uy, = (v,9) € L™(G), and J is the
modular conjugation of ¢. Then Proposition E shows that G2 acts on M by
conjugation by the unitaries L., R,,. We call this action the left-right action.
Let N = G2 x M be the crossed product von Neumann algebra generated by
A1 v and w(x), where v; € G and z € M, and let 6 be the dual action of G2 on
N. We show that there exists a unique unital normal *-homomorphism I' from
N to N@ N such that T(Ay, 4,) = Ay 0@ Ao and T(7(z)) = (r@7)A(z). Let
¥ be a continuous bicharacter on G. Note that, for all g € G, we have ¥, € CAY',
where W, (h) = U(h, g). We denote by 0¥ the twisted dual action of G* on N:

9;1;1792)@) = Ay, v, 9(g17g2)(z))\3917%2, for any g1,92 € G, 2 € G* x M,

(2)
and by Ng the fixed point algebra under this action (we would like to point out
that Nq is not a deformation of N, it is just a fixed point algebra with respect
to the action 0¥ related to ). Put T = (Ag ® A\r)(V*) € N ® N, where \r
and Ay are the unique unital normal *-homomorphisms from L (G) to N such
that Ap(uy) = Ay,0 and Ag(u,) = Ao, and put I'g(-) = YT'(:)T*. Then we
show that I'q is a comultiplication on N and construct a left invariant weight



n (No,l'q). Because 9g1 gg(/\'n,'m) = 991,920\71 v2) = (11,910 (72, 92) M1 17
we have a canonical isomorphism N = G2 x M — G2 x Nq intertwining the
twisted dual action on N with the dual action on G? x Ngq. Denoting by ¢
the dual weight of @ on N and by & its modular group, we show that w; =
A= Ar(U(=~,.)) is a d-cocycle. This implies the existence of a unique n.s.f.
fiq on N such that wy = [Dfgq : Dc,é]t. Moreover, one can show that fig is ¥
invariant. Thus, there exists a unique n.s.f. pg on Nq such that the dual weight

of piq is fig. In order to formulate the main result of Section E let us denote by
(MQ,AQ) the dual of (M, Agq).

Theorem 2 (Nq,Tq) is a L.c. quantum group and uq is left invariant. More-
over there is a canonical isomorphism (Ngq,T'q) ~ (Mg, AQ).

Note that the Rieffel’s deformation in the C*-setting was constructed by the
first author in [fl], see also Remark [] and [[j] for an overview.

In Section E we calculate explicitly two examples. It is known that if H is an
abelian closed subgroup of a l.c. group G, then there is a unique faithful unital
normal *-homomorphism « from L*(H) to L(G) such that a(up) = Ag(h), for
all h € H, where \¢ is the left regular representation of G, so H < (£(G), Ag) is
a co-subgroup. The left (and right) invariant weight on £(G) is the Plancherel
weight for which o¢()\;) = d%(g)A,, for all g € G, where ¢ is the modular
function of G. Then oy o a(ug) = a(uy(- — v¢)), where 7, is the character on
K defined by (v, 9) = 65" (g). Because the vector space spanned by the uy, for
h € H is dense in L°(H), we have o;0a(F) = a(F(-—)), for all F € L®(K).
Thus, H < (L£(G),Ag) is stable. So, given a bicharacter ¥ on H, we can
perform the twisting construction. The deformation of the Haar weight will be
non trivial when H is not in the kernel of the modular function of G.

Let G = C* x C be the az + b group and H = C* be the abelian closed
subgroup of elements of the form (z,0) with z € C*. Identifying C* with
Z x R :

7 % Rj— N @7 (n,p) = Ynp = (reie — eilnrlnpeine)

)

let us define, for all x € R, the following bicharacter on Z x R :
\III((WW p)7 (kz, 7’)) — elz(k In P—nlnr)

and perform the twisting construction. We obtain a family of l.c. quantum
groups (M, A,) with trivial scaling group and scaling constant. Moreover, we
show that the antipode is not deformed. The main result of Section @ is the
following. Let us denote by ¢ the Plancherel weight on £(G) and by a subscript
x the objects associated with (M, A,).

Theorem 3 We have:

o D¢x = Dele = Az gy, 0 = Nmnite )

10



o (M_,,A_,)~(My,A,) and if xz,y > 0 with x # y then (M, A;) and
(My, Ay) are not isomorphic.

o~ ~

The von Neumann algebra of the dual quantum group (M., A,) is generated by
two operators & and B affiliated with it and such that

e & is normal, B s g-normal, i.e., Bﬁ* = qﬁ*ﬁ,
° dﬂA = Bd and &B* = qB*d, with ¢ = e**.
The comultiplication is given by A, (&) =a®a and Az(ﬂA) =a®B+8®1.

For the dual (]\/4;, AI) we deform, like in the Woronowicz” quantum az + b
group, the commutativity relation between the two coordinate functions, but
the difference is that we also deform the normality of the second coordinate
function.

The second example of Section E is the twisting of an already non trivial
object. Consider the Woronowicz’ quantum az + b group (M,A) at a fixed
parameter 0 < ¢ < 1. Let o : L*(C%) — M be the normal faithful *-
homomorphism defined by «(F) = F(a). Because A(a) = a®a, one has Aoa =
(o ® ) o Aga. Thus, we have a co-subgroup Ci < (M, A) which is stable:

a1 0 a(F) = 0¢(F(a)) = F(oi(a)) = F(q~*"a) = a(F (1)),

where vy = ¢?" € C%. Performing the twisting construction with the bicharac-

ters _ _ _
U (q"e, ¢!tV = g le) vz e 7,

we get the twisted l.c. quantum groups (M, A;). The main result of Section
@ is the following. Recall that we denote by a = ula| the polar decomposition
of a.

Theorem 4 One has A, (a) = a®a and Ay (b) = u=*a[* T @b+bR u®|al .
The modular element §, = |a|***2, the antipode is not deformed and we have
[Dp, = Dyly = |a|=2%t.  Moreover, for any z,y € N, one has: if v # v,
then (Mz,A;) and (My,Ay) are not isomorphic; if x # 0, then (Mg, A;) and
(M_.,A_,) are not isomorphic. The von Neumann algebra of the dual quantum

group (M, A,) is generated by two operators & andﬂA affiliated with it and such
that

e & is normal, B is p-normal, i.e., BABA* :pB*B,
° dﬂA = QQBd and dB* = pﬂA*&, with p = g4,
The comultiplication is given by Ay(d) = @ ® & and Ay(f) = a4 ® f+6® 1.

We refer to [H] for the explicit example of the twisting in the C*-setting of
the group G of 2 x 2 upper triangular matrices of determinant 1 with the abelian
subgroup of diagonal matrices in G. Next subsection contains useful technical
result.

11



2.8 Abelian stable co-subgroups

Let G < (M, A) be a stable co-subgroup with G abelian. For all v € G, the map
t — (v, is a character on R, so there exists A(y) > 0 such that (7, v;) = A(7y)%
for all t € R.

Proposition 3 Let G < (M, A) be a co-subgroup with G abelian. Then:
LA L)WAe L) =W(l,®1), (1@R,)WI®R,)=(L,1)W, (3)

for all v € CAv', s0 we have two commuting actions o and of of G on M:

ok(z) = vaL* and of(z) = RyxR;. This gives an action of G? on M

— oL
Qyy yy = QO a . such that

T
(L @ ay, ) (W) = (L3, @ HW(L], @ 1). (4)

2. If G < (M,A) is sitable, tﬁen, for dll x € .{\/:15 and all € e G, we have

(1), 05 (a) € Ny, LyA(®) = Ao (), and By Ar) = A() Ao ().

Proof. Since A(L,) = L,® L, A(z) = W*(1@z)W and (Jo )W (J®J) =
W*, it is easy to check the first two equalities. The equality for « follows
immediately. To prove the second assertion we need the following

Lemma 3 ([§]) LetweZ, ae M, andbe D(ofé), then awb € T and

{(awb) = aJo_; (b)*JE(w).

Let us prove the second assertion. By the first assertion we have oz,%((w ®

(W) = (Lyw @ )(W). Take w € Z. By Lemma [, we have L,w € T and

Alaf (Aw))) = AA(Lyw)) = L, AAW)).

Because A\(Z) is a core for A, for all z € N, we have ok (z) € N and

Aok (x)) = L A(x).

Y

By the first assertion, we have off((w ®¢)(W)) = (wL_~ @ ¢)(W). Note that
0t(Ly) = A(y) "Ly, thus L, € D(0;) and o4 (L,) = A7)z L,. Take w € T.
By Lemma [, we have wL_V €7 and’

A(af(A@)) = AAWL-4)) = A(7)2 B, A(A\(w)).

Because A(Z) is a core for A, this concludes the proof. |

12



3 Twisting of locally compact quantum groups

Let G be a l.c. group and (M, A) a l.c. quantum group. Suppose that G <
(M, A) is a stable co-subgroup. We keep the notations of Section @ Note that
the maps (t — a(¥(-,y; 1)) and (t — a(¥(y',))) are unitary representations
of Rin M. Let A and B be the positive self-adjoint operators affiliated with M
such that A% = a(¥(-,7; 1)) and B* = a(¥(y71,-)). We have A(A) = A® A,
A(B) = B ® B. Note that 0;(A®) = a(¥(-y; L,77")) = At A%, Also we have
0. (B") = 0,(B™) = N*'Bi* | 5o the weights ¢q and 1 are the Vaes’ weights
associated with ¢, A\ and A, and with ¢, A and B, respectively. In the sequel,
we denote by Aq the canonical G.N.S. map associated with g, and by F +— F
the *-automorphism of L>°(G x G) defined by F(g,h) = F(g~', gh). Theorem
ﬂ is in fact a corollary of the following result.

Theorem 5 For all z,y € N, we have Aqg(x)(y ® 1) € Npgee, and
(Ao ® Ao) (Aa(z)(y @ 1)) = W (Aa(y) @ Aa(z)),
where Wi = Q(J @ JYWQUJ @ J).
Proof. Let us introduce the sets

N = {x € M, xA? is bounded and zA% € ./\/;,} and

NI

L= {ac € N, A"2zA% is bounded and A(zA%) € D(A~ )} :

When y € L, we denote the closure of A"3gA? by A_%yA%. By definition, NV
is a o-strongx-norm core for Aq, and Proposition [L§ shows that the same is true
for L. As Aq is closed in these topologies, it suffices to prove the theorem for
elements € N and y € L. The first step is as follows.

Lemma 4 Letz € N,y€ L and F € (a ® a)(L®(G x G)). Then

(A(z)F*y ® 1)(A% ® A%) is bounded and

(A(x)F*(y ®1))(A7 ® A3) = A(zA2)F* (A—%yA% ® 1) _
Proof. Note that A(A2) = Az @ A7 = W* (1®A%) W. Let z € N and
¢ € D(A% ®A%). Then W¢ e D(1® A%) and
A@)(A* @ AT)E = W (1oa)WW*(1® AZ)WE
= W*(1loz)(leA?)WE
= W'(1@zA?)WE = A(zA3)E.

13



Thus, A(z)(A2 ® A2) C A(zAz) and because it is densely defined, we have

shown that, Vo € N, A(z)(A*@A?) is bounded and A(z) (A% ® A%) = A(zA%).
If € N, y € N', the commutativity of (a ® a)(L(G x G)) implies:

(A@F (ye1)(A2 @ A7) = A@@)1® ) “(yAz ®1)
= A()(A? @A) (A2 @ 1)F (yA? ®1)
= A(2)(A2® A2)F*(A"2yA? @ 1)
C A(@A})F *(A—ayA%m).

Since (A(x)F*(y ® 1))(A? @ A?) is densely defined, the proof is finished. M In
what follows, we identify L°°(G) with its image a(L>°(G)). Note that

e~

(L@0)(F)= (@) (F), forall tcR FeL®GxGaG).
By analytic continuation, this is also true for t = 2 € C and F € D(t ® 0,,).
Now we construct a set of certain elements of M, g, and give their images
by Aq ® Aq.
Lemma 5 Letx € N,y € L and F € L*(G x G). IfFGD(L@O’fé) then
A@)F*(y®1) € Npgap, and
(Ao ® An) (A(@)F*(y ® 1)) = (JoHW(@0_)(F)(JoJ) (A*%Ag(y) ® Ag (:c)) .

Proof. According to Proposition @ and Lemma E, it suffices to show that

VEeD(®o_i), A(wA?)F*(A"3yA? @ 1) € Npg, and,
(A®A) (A(xA%)F*(A*%yA% ® 1)) (5)

=(JoNWeeo ) (F)JoJ) (A*%Ag(y) ® Asz(:c)) .

Let F € L>(G x G). We identify o with its restriction to L>°(G). A direct
application of Lemma [ (2) gives that L>=(G) ® 'D(O'fé) is a o-strong* core for
L®O_s. Taking into account the observation preceding this lemma and because

A®A is o-strong*-norm closed, it suffices to show (f]) for F € L=(G) ©D(o_s).
By linearity, we only have to show (E) for F of the form F = F; ® F, with
Fy, Fy € L®(G) and F; € D(o_;). Proposition fid gives A~2yAz € N, so

A(zAz)(Ff A= 2yAs ® 1) € N,g,, and writing

A(zAz)(Ff @ F3)(A"2yAz © 1) = A(zAz)(Ff A 2yAz @ 1)(1 @ Fy)
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with 1® Fy € D(t® 0_ ), we see that A(xAD)F* (A 2yAz @ 1) € Now, and

(A®A) (A(zA%)F*(A—%yA% ® 1))

= (10 Jo_y(B)7) (h@A) (A@Ab)(FrA-iyat @ 1))

_ (1 ®Jo_s (FQ)J) WoA(Ff A~ SyAd) @ A(wAD)
(by definition of W)
= (1@ Jo_y(F)7) (J & HW(J & J)(F; @ A4~ Iyad) @ A(eAl)

(because W* = (J @ JYW(J ® J))
Jo) (1@ (F)) W (R(F) @ 1) (J & )A™} Aa(y) © Aa()

k3
2

Jo WA (a %-(FQ)) (R(F) ©1) (J @ J)A~ Aq(y) @ Aa(z)
because A(z) = W* (1@ x)W).

= (
(because R(x) = Jz*J, and A(ATyA%) = A_%Ag(y) by Proposition [L§)
= (
(

So we just have to compute:

A (o4 ()) (R ©1) (9.h) = Falg ™) (F)(gh)

=@ _)(F) g™ gh) = (L@ o_5)(F)(g,h).
B The next lemma is necessary to finish the proof of the theorem.

Lemma 6

(1) We have JA~2 = A2.].

(2) The operator (1 @ o_:)(Q) is normal, affiliated with M @ M, and its polar
decomposition is

)

(L@ Q) =243 e1)

Proof. Let a € R and D,, the horizontal strip bounded by R and R — ia.
(1) Let ¢ € D(A~2). There exists a continuous bounded extension F' of
t s A%¢ on D_ 1 which is analytic on DY ,. The function G(z) = JF(2) is

continuous bounded on D1 and analytic on DO Moreover :
R(A™ ") (g) = V(g7 y) = U(g, v ) = A¥'(g), forallge G,t €R.

Thus, JA®J = R(A~) = Ai*. We deduce G(t) = JAite = AitJ¢. This means
that J¢ € D(A%) and A2 JE = G(—%) = JF(%) = JA™3¢, 50 JA™2 C A3J.
The other inclusion can be proved in the same way.

(2) Note that

(t® o) (Q)(g,h) = T(g~ " ghyy ') = V(g™ gh)¥(g,7) = UA™" @ 1)(g, h).
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We conclude the proof applying Proposition EI R |
We can now prove the theorem. Let z € N and y € L. Put £ = JAq(y) €

D(Az) and n = JAg(z). By Lemma f] (2), Azé@neD ((L ® U?z)(ﬂ)). Thus,

2

using Lemma [ (1), there exists Q,, € L=(G x G) ND(1 ® o_: ) such that

2
Q, — Q o-strongly* and (L®07%-)(Qn)(A%§®n) — (L®0‘7%‘)(Q)(A%€®T]).
Because F=F , we also have Q,, — Q o-strongly*, so
Al)(yR1) > A(@)Q'y®1  o-strongly™.
By Lemma [, A(2)Q%(y ® 1) € Mogop, and

(Ao @ Ao) (A@)(y®1) = (JoHW(i®o_;
= (Je)Weeo ) Q)A€ o) (by Lemmaf(1))
— (Je)Weeo_ ) (Q)(A2Ean)
= (Je)WaEen) (by Lemma f(2)
= (J)WAJ & J)(Aa(y) ® Aa(z)).

Because Ag ® Ag is o-strong™® - norm closed, we have A(z)Q*(y®1) € Npgopas
s0 Ag(x)(y ®1) € Npgwpq and

(Ao @Ao) (Ra(2)(y®@1)) = Q(Ao® Ag) (A2)Q(y® 1))
Q(J @ J)WQ(J @ J)(Aa(y) ® Aa(z))
= WalAa(y) ® Aa(z)).

|
Let R = uR(z)u* be the *-anti-automorphism of M, where u = a(¥(-71,)).
Proof of Theoremﬂ. Let z,y € N,,. By Theoremﬂ, we have

I (Aq ® Ag) (Aa(z)y @ 1) []* = [[Aaly) ® Aa(z)][?
& (Wag(y) ® 9a) (Aa(r*z)) = wag ) (ea(z* ). (6)

Let w € M, w > 0. The inclusion M C B(H) is standard, so there is £ € H
such that w = we. Let a; € M such that Ag(a;) — & Then

WAg(a) () = w(x), forall =€ M. (7)

To show that ¢q is left invariant, it suffices to show that Ag(z*z) € N.ge,
when = € N,,,. Indeed, in this case we have, using @,

Wag(a) (Dpalr*r) — w(l)pa(z*r) and,
(Waa(a) ® @a) (Aq(z*z)) = (w @ pa) (Aa(z*z)).
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This implies, using (fl), that for all w € M} and z € N,
(W ® pa) (Aa(z"2) = w(l)pa(z"z),
i.e., o is left invariant. Let us show that Aq(z*x) € N,gp,. We put
m = (1 ® pa)(Ao(z*z)) € M.

The spectral decomposition of m is m = fooo Adey + oo.p. From (E) we see
that, for all y € Ny, m(wag(y)) < 0o. Thus, the set {w € M | m(w) < oo} is
dense in M. This implies p = 0 and m = my, where T is the positive operator
affiliated with M defined by
T :/ /\de,\.
0

So, we only have to show that T is a bounded operator. Using again (E) and
the definition of myz, we see that, for all y € N, Aq(y) € D(A?) and

172 Aa(W)|* = wa(a*)|[Aa(y)]*.

Thus, T is a bounded operator.

It is easy to check (see [[f]) that Ag o Rg = 0(Rq ® Ro)Aq, so the right
invariance of g o Rq follows. Thus, (M, Ag) is a l.c. quantum group and it
follows immediately from Theorem E that Wq is its multiplicative unitary. Our
next aim is to show that ¥q = pq o Rqa. We compute:

R(uo? (u") (9) = u(g (g7 ) =u(@)¥ (g "ve.97 ")
= w@u (@) )Y (e, g )V (ve, Ye)
— )\itZ (Aztht)(g)

This implies
[Dpg o Rq : DYl = [D(pa),oR : DpoRl;=R([D(a), : Dgl",)
= R([D(pa), : Dpol’;) R([Dpa : D¢l*,)
Q /o —i it
= R(uo® ) R (A7 A")
_ )\itZAitBit()\figAfit)

Thus, ¥ = pq o Ro. In order to finish the proof, we have to compute the
scaling group and the scaling constant. Recall that if (M, A) is a l.c. quantum
group, then the scaling group is the unique one-parameter group 7+ on M such
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that Aooy = (1 ® 0¢) o A. Since (1 ® 04)(2) = QA" ® 1), using 74 0 @ = «, we
have (13 ® 04)(Q) = QA" ® 1), which gives:

(n@0)(Da(x) = (1©A")(r©0)(Q) (1 ©o)(A)) (7 © o) (Q)(1® A
Q(Ait ® Ait)(Tt ® O‘t)(A(x))(A_it ® ATHO*
QA(AM) Ao (2)) A(A™HQ*

= Aq(o}(2)).

This relation characterizes the scaling group of (M, Aq). Recall that the scaling

constant of (M, A) verifies por; = v tp. Because 14(A*) = A% forallt,s € R,

we deduce that g o 752 = pq o7, = v tpg. Thus, v =v.

Let us denote by X and Y the operators
X=0" and Y =(J@J)(u @1)QJ®J).
Note that U*(g, h) = ¥*(g~1, 9)¥(g, h), so Q* = (u* ® 1) and
Wo =@ )QW(Jo ) =(Jo)Q(Je )WY =YWX.

From now on we suppose that G is abelian, we switch to the additive notations
for its operations and denote by G its dual. Recall that the notations u., L,
and R, where introduced in Section R.7. Note that R(L.) = Ly=1L_,.

Proposition 4 Rgq is the unitary antipode of (M, Aq). Moreover,
o io = (SAle,
e D(Sq) =D(S) and, for all x € D(S), Sa(x) = uS(z)u*.

Proof. If (M,A) is a l.c. quantum group, then the unitary antipode is
the unique *-anti-automorphism R of M such that R ((t ® wen)(W)) = (1 ®
win,g¢)(W). Let us define two *-homomorphisms by

’ / 2

T L®GXxG) MM : 7 (F)={J®J)(a®a)(F)(Jo.J),
m: L®°(GxG)>MeM: 7n(F)=(a®a)F).

We want to prove that, for all F,G € L>*°(G x G) and &, € H,

R((t@wey) (7 (FWT(G))) = ¢ @wimae) (7 (©Wr(F)) . (8)

By linearity and continuity, it suffices to prove (§) for F = u,, ® u,, and
G = Uy, ® uy, with y; € G. We have

ﬂ-/ (U’Yl ® ’U’W) = L_'Yl ® R—W and 7T(U’Ya ® u%;) = L’Ys ® L%u S0
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R ((L ® we ) (7'(, (Uyy ® Uy )W (U ® u,m)))
= R((t®wep) (L—yy @ Ry, WLy, ® Ly,))
= R (L7, (¢t ® Ly, wen-Rsy) (W) Ly,)
= L_y,R ((L ® WL, &,Rym) (W)) L,
= Lu(®wir,,nir,,6) (W) Ly,
= L (owr, iR, 5¢) (W) Ly,
(¢t ® Loy win,ge-Reny) (Leqy @ IW Ly, @1)
= (®wimie) (s @ Ry, WLy, © L)
(

L@ wn,J¢) (” (Uny @ uy, )W (tty, @ U’Yz)) .

Note that ¥ = 7 (¥), X = 7(¥*) and n(¥)(u* ®1) = Qu*® 1) = Q* = X.
Also, using R(u ) = u*, we have

(e r (V) = (wel)(Jo)QJJ)
= (JeJ)(Ru")@1)QJo.J)
= (Je)w o) J)
= (JeonrJel) =Y

Using these remarks and relation ([§), one has

uR ((L ® wen) (W/(‘if)Wﬂ'(\I/*))) u’

= (@we) (e ) @ )Wrd)u 2 1))
= (t®@wimue) YWX)
= (®@wign.tag) Wa).

Ro ((t @ we,n) (Wa))

Where we use, in the last equality, the fact that Jo = A%.J so Wign,Jot = Wiy, J¢-
This relation characterizes the unitary antipode of (M, Ag). We have

[Dpq : Deali = [Dipg @ Dl [Dw Dyli[Dy : Deql;

- (N8B (' FA(ATE AT
— VT (ATIB)Y.

Thus, ég = JA™!B (because we have seen in the proof of Theorem ﬂ that
Yo = ¢q o Rq). The last statement is clear. [ |
Remark. If (M, A) is a Kac algebra, (M, Agq) is not in general a Kac algebra
(see Section [.1]). However, in the case considered in [, [[§], and [[], when
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a(L*(G)) belongs to the fixed point subalgebra of M with respect to o, then
¢ is trivial and we have A='B = 1, so (M, Agq) is a Kac algebra .

Remark. The map L™(G x G) — B(H® H) : F 7 (F)Wr(F*) is o-
strong*-o-weak continuous. So, if (z — ¥,) is o-strongly* continuous map from
R to L*°(G x G) such that ¥, is a continuous bicharacter, for all 2 € R, then,
denoting by W, the multiplicative unitary of the twisted l.c. quantum group
associated with ¥, the map « — W, from R to the unitaries of B(H ® H) is
o-weakly continuous. This is the case for the example of section and for the
examples constructed in [f] and [g].

4 Rieffel’s deformations of locally compact quan-
tum group

This section is devoted to the proof of Theoremﬂ We use the hypotheses and
notations from the previous section and from Section P.7. So let G < (M, A)
be a stable co-subgroup with G abelian. Recall that we have (see Section @
two unitary representations of G : v+ Ly and v — Ry of G. This gives two
*_homomorphisms from L (G) to B(H), 1, and 7g, respectively. We have

mp=a and wR(F)=Ja(F(=))J = JJa(F)JJ.

Recall that W = YWX, where X = (o ® o)(¥*) = (7 ® 7)(¥*) and

=(J@ ) (T ®J) = (7L @ 7r)(¥) = (a(u) ® 1)(7L @ 7r)(¥*). Note that
G < (Mg, Ag) is also stable (by the preceding section), so the results of section
@ can b be applied also to G < (Mg, Ag). Thus, we have a left-right action « of
G? on M and also a left-right action (3 of G? on Mg. We denote by the same
the canonical morphism from M in the crossed product N = G2 x M and from
MQ in G2 x MQ Also we denote by A, ,, the canonical unitaries in the two
crossed products and by the same € the dual action on G2 x M and G? x MQ.
Recall that § and A verify

991192()‘71772) =<7,01 ><72,92 >)‘717’Yz'

The unitary representations v — A(y,0), ¥ — A(0,y) and A give unital normal
*_homomorphisms Ap,A\g : L®(G) — G2 x M and X : L®(G?) — G2 x M
verifying

AL(Uy) = Ay 00 AR(UY) = A0y AUy 72)) = Ayyma
Since )\(fl ® fg) = )\L(fl))\R(fg), then

0(g1,9:) AL(F)) = AL(F(- — g1)), for any F € L¥(G). 9)
0(g1,90) AR(F)) = Ar(F(- — g2)), for any F' € L™(G).

We have for the twisted dual action 6¥:

Ar(
(

00 o (T(@) = 7(aw_, w,,)(x)), forallze M. (10)
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Considering the following unitaries in M ® N:
X = (a@A)(¥7) , ¥ = (a®Ar)(¥) = (a(u)@1)(a@Ap) (), W = (@m)(W),

we put WQ =YWX. Let Ngq be the fixed point subalgebra of G? x M under
the twisted dual action. The step to prove Theorem E is to show that MQ is
isomorphic to Ng, for this we need a preliminary lemma. Let B be the von
Neumann algebra acting on H and generated by {(w ® ¢)(WQ*) |w € B(H).}.

Lemma 7 We have:
o BV{L,|yeG} =MV{L,|yeG}
o« BV{R,|y€G} =MoV{R,|yecG} .

Proof. First, take a net in the vector space spanned by elements u., ® .,
such that ) ¢; ju,, , — ¥ strongly*. Then (w ® ¢)(WQ*) is the weak limit
of Y@ (L_y,.w®t)(W)L_,,, so B C MV {L,|y € G}". For the converse
inclusion note that (w®¢)(W) = (w @ ¢)(WQ*Q). Thus, (w®¢)(W) is the weak
limit of ) ¢; j(Ly,.w ® ¢)(WQ*)L,,. The second assertion can be proved using
the same technique. |

Proposition 5 There exists a *isomorphism p : G2 x M — G2 x MQ inter-
twining the actions 0¥ on G2 M and 0 on G? MQ Moreover,

p((w @ 0)(Wa)) = 7((w® ) (Wa)).

Proof. Remark that if we put V = (F ® F)U where F :— L*(G) is the
Fourier transform and U : L?(G x G) ® H — L?(G x G) ® H is the unitary
defined by (U§)(v1,72) = Ly, Ry, 6(71,72) then

Va(z)V* = 11z,
VA oV* = u,®1® L,
Vo,V = 1®u,®R,.

Applying a ® o ® ¢, we conclude that the crossed products can be defined
on H® H® H by:

GFxM = {L,®1®L,|veG V{19 L, @R, |yeG} Viele M,
PxMg = {Ly®1®L,|yeG V{I®L,®Ry|yeG} VI®le M.

Put W= (J© )W(J @ J) Then W*(1 @ x)W = A"p( r), for all z € M
and [W,1®y] =0, for all y € M. We have also Wq = (JQ ® JQ)WQ(JQ ® JQ)
with similar properties.

In the following computation we use the relations W*(1®@ L, )W = L, ® L.,
W(1®R,)W* = L,®R, and similar relations with Wq. We use also the equality
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(W13, WasQ3s] = 0 implying [WQ5,,1 ® y] = 0, for all y € B. Finally, using
Lemma E, we have:

FPxM={L,®18L,|veG} V{19 L, @R, |veG} Viele M
1 Ad(Whs)
1010 L,} V{L,®L,® R} Viele M
= {I®lel,} V{L,®L,®R,} VI®1I®B =1
| Ad(Q52 V338231 W)
{L,®Ly® L} V{1®1oR,}) ' Viele B
= {L,®L,®Ly} V{I1®1®R,} VI®1® Mg =L
L Ad((Wa)2s)
{(Ly®1®L,|yeG}' VII®L,®R,|y€G} ' Viole Mg =G?x M.
Define p := pyo®opy, where p1, @ and py are the isomorphisms from G x M to

Ly, from Ly to Ly, and from Ly to G2 x Mg, respectively. Then one can check

that po 0y, () = b4, 4, 0 p(x), for all g1, g2 € G and for all z of the form A, -,
(or Ly ®1® L, and 1 ® L, ® R, in our description of the crossed products).
Thus, to finish the proof we only have to show that (w ® ¢)(Wq) € Nq and

p((w® 1)(Wa)) = m((w ® 1)(Wa)). Using (), one computes

@0l X)) = (@0 0)(X) = (@@ A)(T (... — g1))
= (@®A)(Ty, @1)(a®AL)(T*)
= (a(¥,,)®1)X. (11)
Similarly
(@00, ) (V) = (®0(g.00)(Y) = (1@ 05, 40)) (0 ® AR)())
= (@@AR)(T(. — g2)) = V(a(¥y,) ® 1). (12)

And, using ([L0) and (), one has

(t® OEI' )(W) = (o) ((L\p792 ®@ YW (Ly

91,92)

®1))
= (¥}, @ HW((¥) @ 1). (13)

—9g1

Now ([1)), (12), and ([13) imply (: ® 921;1192))(15/9) = Wa, so (w®1)(Wq) € Na.

Now we want to show that p((w ® 1)(Wq)) = 7((w @ 1)(Wg)). We take a
net in the vector space spanned by elements w,, ® u,, such that Y ¢; ;j(u,, ®

uy;) — W strongly™, so > ¢ i (L_y, ®A_q;0) — X and 3¢ j(a(u)@1)(L_r,®
Ao,—;) = Y strongly*. This implies

Z Ci,jCr, i A0, —y,; T((L o w. L (1) @ )(W)A_q 0 = (W ® ) (Wa)  weakly.
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Thus p;((w ® ¢)(Wg)) is the weak limit of the net

Zcmckl Ly; ® L—y; ® Ry, )(1®1®(L—%WL—% a(u) @ )(W))(1®1e L_y,)
:Zéi,j L—W ®L—W ®R—W)(1®1®(w-l’—w WZ kL, ®L—W))
] k,l
kit ) Cig (Lo @ Ly @ R ) (1@ 1@ (w.Loy,a(u) © 1) (WQT)).
0,J

and @ o p; ((w ® 1)(Wg)) is the weak limit of the net

D 61018 Ry )1 ®1® (w.L_r,.au) @) (WQY))
=101® (W)Y a () @1)(L_r, @ R_,,)WQ").

Because ) ¢; j(a(u) ® 1)(L_,, ® R_,,) — Y weakly, we have

B opi((w)(Wo) =101® (we ) (Wa).

This concludes the proof.

In particular, Proposition [] implies that Ng = {(w® ) (Wa) |w e B(H),}'
and that p is a *-isomorphism from Ng to Mg which sends (w @ 1)(Wq) to
(w ® t)(Wgq). Thus, we can transport the l.c. quantum group structure from
MQ to Ngq. First, we show that the comultiplication introduced in Section @

is the good one. For this we need

Proposition 6 There erists a unique unital normal *~homomorphismT' : N —
N ® N such that

F()"nfm) =A1,0® Ao, and L(r(z)) = (r® ”)A(z>

Proof. Like in the begining of the proof of Proposition ﬂ define the crossed
product

PxM={L,®19L,|yeG}) V{I®L,@R,|vyeG} Viele M.

Let W be the operator defined in the proof of Proposition ﬂ and @ be the unitary
on HQ H®R H® H® H® H such that Q* = 245235W1§W56245 We define
Iz) =Q* (1®x)Q Using that W*(L,® L )W L,®1, A(z) = W*(1 @)W,
for all z € M, [W,1® y]=0, for all y € M’ W*(1®L W = L,® L, and
W, 1®y] =0, for ally € M, one can check that the needed properties of I'. H

The unitary T = (Ag ® )\L)( *) € N® N allows to define the unital normal
*-homomorphism T'g(z) = YT'(2)T* : N — N ® N which is a comultiplication
on NQ:

Proposition 7 For all x € Nq, we have T'q(x) € Nog ® Ng and

(p @ p)(Ta(r)) = Aa(p(z)).
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Proof. Tt suffices to show that (1 ® p ® p)(t @ T'q)(Wa) = (Wa)13(Wa)1z.
By the definition of T', one has, for any F' € L>®(G),

POLF) = A(F) @1 and TOg(F)) = 1@ Ar(F),
and since 1 ® Y commutes with X 12 and with 1713, one gets:
(L®FQ>(X) :Xlg and (L®FQ>(}7> :}713.

Moreover,

(eTe)(W) = (1eT)(eTom)(W)(1eT")
(eMeereon) (ted)m) e

= (1 X T)(L RXDTR W)(W13W12)(1 & T*)
= TosWisWiaT5s.

Using (J), we can check the following relations on the generators u., of L®(G):

W @nr(F))W* = (r ® mr)(Ac(F)),
WA @n,(F)YW = (rp @ m)(Ag(F)) , for any F € L*(G).

Then

Wia(mr @ m1)(8)5 Wiy = (m @ mrp @ m) ((Ag @ ()

Wiy(mn @ m) (F)2sWis = (mp @ mp @ ) (0@ 1) ((0© Ac)(E9))).
Let us define
V=(momon) (00 (teda)d))) meren) (Ao o)D),
then we have

L@pp)t@Te)(Wa) = (®p®p)(YizTosWisWiaTh X12)
= Yi3WisVWi2Xqo,

so it remains to calculate:
(00 ((1® Aa)(T) (9,h ) (A @ 1)(F)(g,h 1)

= (I’ ® AG)(\i]*)(hagat)(AG ® L)(\i/)(g, h’t)
=U*(—hh+g+t)¥(—g—h,g+h+t)=U(—g,g+h+1)

= U"(g,t)¥(g,h).

Thus, V = X13Y72, and this concludes the proof. |

24



Remark. One can show that o and 3 are actions of G2 on the reduced dual
C*-algebras A and Ag. Moreover, the *-isomorphism p gives a *-isomorphism
between the reduced crossed products G2 x A and G2 x Ag. So A is nuclear if
and only if Agq is nuclear. Moreover, the twisted dual action 0¥ gives a deformed
G2 product structure on G2 x A and the Landstad algebra for this G2- product

is [(w ® 1)(Wq)], and it is isomorphic to Ag. These results can be obtained
directly from the universality property of crossed products (see [E])

The rest of this section is devoted to the computation of the left invariant
weight on (Nq,Tq). Since p : N = G2 x M — G2 x Mg is a #-isomorphism,
one can consider two natural weights on N, 1 = g;, the dual weight of ¢ on N,
and o = Qg o p, where pq is the dual weight of pq on G2 x My,

Lemma 8 We have:

1. [/\Dcﬁoa’h,’m : D@]t = <7277t> = [ngﬂ Oﬂ’n,'yz : D@Q]t vt € ]R; v’Yla’}/Q S
G.

2. [Dp100¥ : Doily = ¥(v,g2), for allt € R and all g1, 92 € G.

91,92

3. For any n.s.f. weight v on N, v is invariant under the action 0¥ if and
only if 9g1 92 ([Dv : Dp1]t) = (v, 92)[Dv = Dpils.

Proof. Using Proposition E (2), and because L., and R, are unitaries, we
ﬁnd@oa,€:¢, <poa = A7), so
[Dp oy v : DPly = [D(ﬁoaL o aR D(poa i[D@ o a : D@y
= 772([D<pooz : D ])[Dcpooz Dga]
= A(2)" = (y2,m)-

The right-hand side of the first equality is obtained by considering the stable co-
subgroup G < (M, Agq). Let us prove the second assertion. Let g1, g2 € G, define
the unitary v := A\w_, w,,), and denote by o1, the weight ¢1[,(z) = p1(vrv®).
Using the first assertion, we have

[Do1ly : Dl = v oy (v) = " (W, y1)v = (e, ga).

Note that 1 0 0y . = 1]y 00, 4, 50

[D(‘Dl °© 991 92 D(‘Dl]t = [D(p1|v o 991792 : D(pl o 991792]75[D901 o 991,92 : D(pl]t
= 0_g,—g ([Do1lo : Dpr]e) = ¥(y, g2).

Putting u; = [Dv : Dep1]: and using the second assertion, one has

[DvobY . Dv], = 6% (ut)[Dcplole 5 - Dprluf = 92'911792 (ue) U (e, g2)uy-

91,92 —91,—
This concludes the proof. |
Note that, using Lemma J (), we have, for all t € R, F € L>(G?),
ap (MF)) = ME(, - + 7)) = o7 (MF)).- (14)

25



Let T be the strictly positive operator affiliated with N and such that 7% =
Ar(¥(=9,.)). Using ([4), we find o} (T%) = A~#*T", s0 one can consider the
Vaes’ weight fi associated with 7" and A~!. This is the unique n.s.f. weight

on N such that [Djg : Dei]y = AT T, From () we have 67 (T") =
Ar(U (=, . — g2) = V(e gg)T” By Lemma J(3), fiq is invariant under ¥ so
the image fig o p~! of fig in G2 x Mg is invariant under the dual action. Thus

fig o p~! is the dual weight of some weight g on MQ To finish the proof of

Theorem E, we will show in Theorem E that puo = ¢q, for which we need

Proposition 8 For allt € R and all x € N, we have
o (z) = T} ()T,

Proof. By (@), it suffices to prove this equality for elements of the form
(w® 1)(Wgq). By definition of 02, we have

of ((we (W) = () @ ) (Wa),
where p(w)(z) = w(dg" 7%, (x)). Proposition [ gives
pi(x) =w (5 AT B " ry(x)) .
On the other hand, using ([L4), one has
toa)(X)=X, (eo)Y)= A"y
which implies

(@al)(Wa) = (A e1V(pwWe)i)X
= (A"@1)Y( " e1)(r_ @) (W)X
= (B"@ 1)@ "ATBT @ 1)(r- ©1)(Wa)
because 6 a(.)d"" = a(.) and s oa =1y
= (B"e@ (&) (Wa).

Next, using () with the character x:(g) = ¥ (4, g), we find

(B 1)Wq = Y(L_,, @ OWWX =Y(®7) (L_y, ® )W) X
= Yo (1eR,)WA®R;)) X = (1®Ar(x:))Wa(l ® Ar(x+)*)
= 1T HWa(1eT™h). (15)

Thus, for all t € R,w € M,, one has

o (we)(Wa)) = (We)(B" 1)) (Wa))
= (W®L)(( 2 o) (1o T Wo(l@ 1))
= T7"0((w®)(Wa)T",

where we used, in the last equation, o2(T%) = A\ ~%tTs, [ ]
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Theorem 6 We have pug = oq.

Let us denote by ¢p the Plancherel weight on E(G’Q), by Ap its canonical
G.N.S. map, by A¢" and A¢" the s-homorphisms L>(G) — L£(G?) coming
from the representations (y — )\(Cifo)) and (y — /\(%27)), respectively, and by

Tt = )\%Z (¥(=7,-). Thus, T =T ®1. We also introduce the *-homomorphism
o (F) = Ja(F)*J and denote by F — F° the %-automorphism of L>®(G x G)
defined by F°(g,h) = F(h,g + h).

The standard G.N.S. construction for ¢ is (LQ(G2,H), t,\1), where a o-
strong-*-norm core for Ay is given by

Dy = {(m@ Dwa )W) |z e Ny, w GI} ,
and, if z € Ny, w € Z, we have
Ay ((:c ®1(we L)(W)) =Ap(z) ® {(w).
Let Ag(w), Zq, and &q be the standard objects associated with (M,Agq). For
@2, we take the G.N.S. construction (L?(G?, H), p, A2), where a o-strong-*-norm
core for Ay is
Dy = {(x ®1)(w® ) (Wa) |z € Npp, w € IQ} ,
and, if x € N, w € Zq, one has
A ((:c @1)(w® L)(WQ)) = Ap(z) ® o (w).

Let us introduce the following sets:

C, = {:L' EN,, |T3(z®1) is bounded},
o0 = {z € O | Ap(z) € D(T;E)} ,
Cy = {wm € To|n e DA™E) m)(B%)} .
Lemma 9 For all we,, € Cy one has We a3 Y ueply € Z. Moreover,

§a (wen) =€ (“’f,A*%n) 06 (wf,u*B%n) = ANJutJ¢ (“’f,A*%n) '
The following set is a o-weak-weak core for As:
D= {(:I: @ 1) (we,y @ 1) (Wa) |z € C we,y € Cg} .
Moreover, if x € Cy and we 5 € Ca, then

Ao((z @ 1) (we,y @ 1)(Wa)) = Ap(z) ® §w, 4-3,)-

2n
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Proof. Let wg,, € Io and n € D(A~2). Let e, be self-adjoint elements, like
in Lemma E, for the operator A. When = € N, we have

by (@) = enw & A3 )] = (A2 en)a"E )|
= [((@A™2e,)"&,m)| < CllAa(zA™2¢,)]],

|w

because A" %e, A? is bounded and its closure, which equals to xe,, belons to
N,. Thus, we obtain

we 41, (en2”)] < Cl[A(zen)l| = CllJo_ s (en) JA(2)]| — Cl[A(2)]]

Since |w_ 1 (enx*)] — |w

_1 _1 (z*)], we conclude that w,  _1 isinZ. More-
§A 2n §A 2y §A 2y
over, for all z € N, we have
(Calwen), Jo_i(en)JA(z)) = (Calwen) Alzen)) = (€alwen), Aa(zA™ % en))
= wgm(A_%en:E*) = (ena*¢, A7)

wgyA,%n(en:c*) — <§(w§7A7%77)’ A(;L'en)>
(€W, 4-3,):Jo_ 3 (en) JA(2)).

Taking the limit when n — oo, we conclude that o (we ) = &(

e amy)

Suppose that n € D(B %). Let fp, be self-adjoint elements, like in Lemma
E, for the operator B. Note that f,, commute with e, and u, also e, commute
with u. Let us show that uB%fmA%en is analytic w.r.t. o. We have

U(—(g =), g =) = A" W(=g,9)¥(g,7) ¥ (1, 9),
50 o¢(u) = A" uA=" B~ and, using Lemma J, we obtain
Ut(uB%fmA%en) = )\ﬂ'tZUA*itBﬂ'tB%at(fm)A%at(en)
AfitZUBéfitot(fm)A%%tat(en).
Define the following function from C to M:
J(2) = AT uB 0 (f) AT R0 (en):
By Lemma E, f is analytic, so uB%fmA%en is analytic, and we have

g

(uB%fmAéen) = )\%ua_%'(fm)a_;(en)-

3
Thus, for x € N, :Cu*B%fmenA% is bounded and its closure, which is equal
to zu*B? f,, A% e, belongs to N,,. Moreover,

9 ey Cnfua)l = lenfma™€ u"Ban)| = (B fmenua™€, )]
= [((zu" B fmen) &)l < ClIA(ou"BE frAFe,)|
CllIN uo_; (fm)o_ s (en) JA()]].

IN
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Taking the limit over m and n, we get

We e 53, (@) < CllTuJA(2)]] < Cllul[[[Az)]]

Thus, w 1 € Z. Moreover, for all z € N, one has
&u*B2n
(€, gt ) JO‘_%'(en)U_%(fm)JA(x))l = (€lw,, U*B2n) A(zen frn)) 1
- (enfmz™) = (enfma*§,u"B2n) = (zE, u*B? fmA2€nA7§77>

- £u*BZ
<uB2fmA2enz £ A™ 27;} = w§ a-tn ((xU*BEfmAEEn)*)
= €W, 4-3,); A(zu”B? frAfey)) = (€W, 43, ) IATuo_ 4 (fr)o_ s (en) JA(2))
= (AT Ju*JE(w gA*%n%JJ_%(e")J_%(fm)JA(z»'

Taking the limit over m and n, we get &(w curg} L) = AiJu J§( L ).
2 n 2 n
Now we want to prove that D is a o-weak-weak core for As. Because T = T1 ®1,
we know that T2 (z ® 1) is bounded if and only if T2x is bounded. Thus, by
Proposition E CY is a o-strong*-norm core for Ap, and, by Proposition E
it suffices to show that the set {(w ® ¢)(Wq)|w € C2} is a o-strong*-norm
core for Ag. Let © = (we,, @ 1)(Wq) with we,, € Zo . Let L = N x N with
the product order and consider the net z(, ) = (We e, iy ® ¢)(Wa). Because
enfmn — 1, we have (,, ,) — 2 in norm. Note that e, f,,,n € D(A*%)HD(B%).
Moreover, using the same techniques, one can show that we e, f,.n € Zo. Thus,

We,enfmn € Co and we have, for all x € M such that zA? is bounded and
zAz € No,

<[\Q(z(n,m))7AQ(z)> = <§Q(w§76nfm77>’AQ(z)> = <$*§venfm77>
= ((zenfm) &) = (alwen), Aa(zen fm)),

because xenfmA% is bounded and :cenfmA% = :I:A%enfm € Ny, so

Ra@m) Aa@) = (Ealwen). Jo_y(en)o_y (fn)TA@AD))
= (Joi(en)o;

%(fm)JgQ(wf,’ﬂ)aAQ(x»
ThU.S, AQ(,I(n’m)) = JO’% (en)aé (fm)JAQ((E) - AQ(.’I]) ]

Next proposition describes the image by A; of typical elements from As. Let
us define the unitaries

U=0 ®@a) (%) and V=& @d)(00).

Proposition 9 Letx € CY and w € M, be such that wu € Z, then Ap®£&(wu) €
D(T~3), (x @ 1)(w @ 1)(Wa) € Ny, and

A ((ac 21)(w® L)(WQ)) — UVT #Ap(z) ® £(wu).
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First, we need some preliminary results.

Lemma 10 Let J; be the modular conjugation associated with p1. Then, for
all F € L™®(G),

(AS" © @)(Aa(F)) = JAL(F)* 1.

Proof. Using Lemma [ (f]), we see that ((y1,72) + L., R,,) is the standard
implementation of the action @ on H = Hy, so the operator J; is given by
Ji€(1,72) = L_%R_ij( Y1, —72), for £ € L2(CAT'2 H). Tt is now easy to
check the needed equality for F' = u., with v € G. Because (/\G ® a) o Ag and
JiAp()*Jp are x-homomorphisms, this concludes the proof. [ ]

Define one parameter groups of automorphisms of L‘X’(G) (B (x) =
F(z—~:) and ofM oy (x ) = Jot(JxJ)J Note that 0,00 = o o7, By analytic
continuation, o (F) € D(0,) and o, (o' (F)) = o' (v.(F)) Vz € C, F € D(v.).

Lemma 11 Let F € L¥(G?), v € Ny, andw € I. If F € D(y_5 @), then
(G @a)oF) €De@a ), (z@1)we ) ((a ® A\r)(F)W (o ® )\L)(F)) €
N, ., and

M (@ 1)@ 0) (0@ Xr)(F)W(a @ AL)(F)))

= 0" @) (F) oo ,) (A ©a)(oF)) Ap(@) @ ¢(w).

5

Proof. Because D(y_;) ® L*(G) is a o-strong* core for v_; @ ¢ and Ay is
o-weak-weak closed, we can take F' € D(y_ i ) ® L*°(G). By linearity, we can
take F = F}, ® Fy with F} € D(ng) and Fy € L=(G). If v € N, and w € T,
then

(2@ 1)(w ) (@ @ Ar)(F)W (@ @ AL)(F))

= \p(Fo)(z @ 1)(a(Fy).w.aF1) @ ) (W)AL(Fy).
Because Fy € D(y_;), we have a(F1) € D(o_; ). Lemma f and the definition
of Ay imply (z @ 1)(a(Fy) - w-a(Fy) @ 1)(W) € N, and

Ar (@@ D(a(F) - w-a(F) 2 (1))
—(l@a(R)(1eJo %(aum D(Ap(w) @ €w))
= (1@ a(F)(1 @ a’ (-4 (F)(Ap(2) © ).

Moreover, ([[4) gives A\, (Fz) € N¥1, so

Ar(Fy)(z @ 1)(a(Fy).w.o F1) @ 0)(W ))\L(FQ) € N,, and,
A (/\R(Fg)(x®1)(a(F1).w.a(F1) (W )/\L(Fg))
= JAL(B)* AR (F)(1® a(F1)) (1@ o (v_ £ (F1)))(A ( )®£(W))
= JAL(F2)" (1@ a(F)) ((AG2<F2>®1><1®a ) (Ap(z) ® E(w))
(because Ar(F) = /\G (F2) ® 1 commute with 1®a(F1))
= (A¢* ®a)(AG(F2)1®F1)()\G ®a)(F @ 1)(1&7_:(F1))(Ap(z) @ W),
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where we used Lemma E in the last equality. Note that
(Aq(F2)1 @ F1)(g, h) = Fa(g + h)Fi(h) = F(h,g + h) = F°(g, h),

and because

O @d)(FRelley (F) = OF ®a) (e ;)(oF)

= (@0 )G @a)(oF),

we conclude the proof. |
Lemma 12 The operator (1 ® O’L%-)(V) is normal, affilated with £(G?) @ M,
and its polar decomposition is (L@ o, )(V) = V(Tl_% ®©1)=VTz.

KA
2

Proof. We have (¢ ® v)(c0*)(g,h) = ¥*(h, 9)T* (=, 9), so

(t@o)(V) = (G ®a)(t@w)(@¥") = V(IT" @ 1).
We conclude the proof by applying Proposition . ]

Proof of Proposition B Let € CY and w € M, such that w-u € Z. By

Lemma [[3, Ap(2) ® é(w-u) € D((t®a_,)(V)) and

t® 0;%)(V)AP($) ®E&(w-u) = VT_%AP(,T) ® &(w - u).
By Lemma , V(n) — V o-strongly* and

(t® a;%)(V(n))AP(:E) ®&(w-u) — VT*%AP(:E) ® &(w - u),

where

V(n) = \/g/e"”(b ®0)(V)dt = (V& @ a) (0T (n)),

with ¥*(n) = \/gfe’m2 (7 @) (T*)dt. So U*(n) is analytic w.r.t. (t — v ®¢)
and ¥*(n) — U* o-strongly*. Now we can apply Lemma [ to ¥*(n) and

wu(z@)(w-u®e) ((a @ Ar)(T*(n))W(a® /\L)(\I/*(n))) e N, and
A (oD@ we) (@@ Ar) (M)W (0o )@ (0))

= (0§ @)@ M) e@d )V(n)Ap(z) @ &w - u),
Note that

(a@AR) (T (n))W (a®AL)(T*(n)) — (a®@Ag) (T )W (a®AL)(P*) o—weakly, so,
"

W
(2®1)(w-u®t) ((a @ AR)(T*(n))W (a @ AL) (¥ n))) — (2@1)(w@t) (W)  o—weakly,
and

(/\fz‘g’a)(‘l’*(”)O)(L@U,_%)(V(n))AP(ZE)@&(w.U) S UVT 2Ap(2)®E(wu)  weakly.

Because A; is o-weak-weak closed, this concludes the proof.
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Lemma 13 Let n € D(B2), ¢ € H and x € C;. Then

gﬁ%né?b)(‘/i/ﬂ)-

Proof. Using ([[), for all ¢ € R, we have Wo(1 ® T")Wg = B @ T™, so
Wo(l@T2)Wg = B2 @ T3. Let n € D(B?), £ € H,z € Cy, f € D(T?), and
l € L*(G?, H), then

($®1)(W§,n®b)(WQ)T% is bounded and its closure is T2 (x ® 1)(w

(@ D(wen @ )Wa)TH1) = (Wat@T*ne (@ 1))
= (BFeTHWal® fn® (@ 1))
= (1@ (@e)TH)Wote f,Bial)
= (Tieel)w eph, @Wa)f1).
Thus, we have (z®1)(we,, @ )(Wo)T? C T? (z @ 1)(u)E B%ﬁ@b)(WQ). Because
D(T'z) is dense, this concludes the proof. [ |

Proposition 10 Let z € C) and we,, € Co. Then
(2 @ 1) (we.y @ 1)(Wa) €EN,NN,, and

A, ((ac ® 1) (wen ® L)(WQ)) = )ﬁUV(l ® Ju*J)As ((:I: @ 1) (we,n, ® 1) (W) )

Proof. Let z € C{ and we, € Cy. By Lemma 3 o 1)(we.y ® 1)(Wa)T7? is
bounded and its closure is T2 (z ® 1)(w e 5in
E, We gk, U= wg B% € 7, so we can apply Proposmlonﬂ and we find that

n
(r®1)(w . Wa) € N, and

® 1)(Wa). Moreover, by Lemma

Ay ((ac D1)(w, 4, @ L)(WQ)) —UVT ¥ Ap(z) ® E(w

f,u*B%n)'

Finally, using Proposition E, and because T2 commutes with UV, we find that
T (z ® 1)(¢u5 Bty @ 1)(Wq) € N, and

M (THe @ 1)

By Lemma g, &(w

e pbn ® L)(WQ)) = UVAp@) 8 €W, . 1)

£7u*B%n) = )\%JU*Jég(W&U), SO

A (T% (z® 1w, 43, © L)(WQ)) = MUV(1® Ju*J)Ap(z) ® o (we.r)
= MUV ® Ju*J)As ((m ® 1) (we.y ® L)(WQ)) .

B Proof of Theorem Ia Let
D be the o-weak-weak core for A, introduced before Lemma E By Proposition
[[d, D € N, NN, and there is a unitary Z such that As(z) = ZA,(x), for all
x € D. By Proposition @, Yo = [iQ, SO Yo = UQ-
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5 Examples

5.1 Twisting of the az + b group

Our aim is to prove Theorem E According to Section @, if H is a closed
abelian subgroup of a l.c. group G, then H < (L(G),Ag) is an abelian stable
co-subgroup. The morphism « : L>®(H) — L£(G) is given by a(un) = Ag(h),
and the morphism (£ — ;) : R — H by (v, h) = 65" (h). Let G = C* x C and
K C G be the subgroup K = {(z,0), z € C*}. The modular function of G is
da(z,w) = |z|71, for all z € C*, w € C, and {74, z) = ||, for all z € C*,t € R.
Let us identify C* with Z x R:

7 X R*Jr — (E\*7 (n,p) — Tnp = (7,61'9 N eilnrlnpeiné).

Then v; = (0,e') € Z x R% . For any z € R, there is a bicharacter on Z x R* :
U, ((n,p), (k,r)) = eeknp=ninr) = Tot (M, A,) be the l.c. quantum group
obtained by twisting. Then W,((n, p),v; ') = €™ = ugize((n, p)), and we get
the operator A, deforming the Plancherel weight ¢:

Ait = a(ue2izt) = )‘(C:;”I,O)'

Since U, (vt,7s) = 1, for all s,t € R, the twisted left-invariant weight o, satisfies
[Do, : Dyl = AY = )\(Cém’O). The modular element of the twisted quantum
group is

5t = (W (70 Wa(—70,)) = A s g,

0 0, is not affiliated with the center of £(G), and the twisted quantum group
is not a Kac algebra. Let us look if (M, A,) is isomorphic for different values
of z. Since VU, is antisymmetric, ¥_, = ¥}, and A is cocommutative, we have
A_, = ocA,. Thus, (M_,,A_;) ~ (M,,A;)°P. Moreover, using the Fourier
transformation in the first variable, one has immediately Sp(d.) = ¢% U {0},
where ¢, = e72%. Thus, if # # y, * > 0,y > 0, one has ¢Z # q% and,
consequently, (M, A;) and (M,, A,) are not isomorphic.

In order to finish the proof of Theorem E, we must compute the dual l.c.
quantum group. The action of K? on L% (@) can be lifted to its Lie algebra
C2? which does not change the result of deformation (see []) but simplifies cal-
culations. The group C is self-dual with the duality (21, 22) — exp (iIm(z122)).
Let € R. The lifted bicharacter on C is ¥, (21, 22) = exp (izIm(21Z2)). The
action p of C? on L*°(G) is

Pzyz () (w1, w2) = f(e®27 " wy, e”*ws). (16)

Let N = C% x L*°(G) and 0 be the dual action of C? on N. One has, for all
z,w € C, U, (w,z) = ugzz(w). So, the twisted dual action is

0., = )‘—zEl,mEz thm('))‘*

Z1,22 7121,I52'

(17)

Let ]/\4:£ be the fixed point algebra. We will construct two operators affiliated
with M, which generate M. Let a and b be the coordinate functions on G, and
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a=m(a), B =mn(b). Then a and § are normal operators affiliated with N, and
(L6) gives

Aoy, QAL L, = €275 a, Ay L, BN =e P18 (18)
Now, using ([[7) and ([§), we find
W, _ x(Z1+Z2 W, _ Xz
ezl,zQ(a) =e€ ( + )CY, 921722(5) =e€ ﬁ (19)

Let T; and T, be the infinitesimal generators of the left and right translations,
so Ty and T, are affiliated with N and A,, ., = exp (iIm(217})) exp (iIm(22T5)) .
Then A\(f) = f(T3,T,), for all f € L>°(C?).

Lemma 14 Let L = T and R = e*™7 | then

e (B8,L) is a €®-commuting pair.
e (8, R) is a 1-commuting pair.
e (a, R) is a e~ *-commuting pair.
o (a, L) is a e®-commuting pair.

Proof. Note that Ph(L) = e=®ImTt = \_, o and |L|** = e®oReTi = )., ¢, so
(L) gives |L|**B|L|7* = e~%*3 and Ph(L)BPh(L)* = e®B which means that
(6, L) is a e*-commuting pair. The proof of the other assertions is similar. B

Define U = \(¥,) and & = U*aU, © = Ph(L)Ph(f) and B = |L||]. Then
@& is normal, B is positive self adjoint, both affiliated with N, and © € N is
unitary.

Proposition 11 & and B are affiliated with ]/\4\93 and U € ]/\4\93 Moreover,

1"

{H(@)g(BIh(), | € L¥(C),g € I*(R3),he L")} =M.
Proof. We have

9;1]1“?2,2(U) = A(\Ilz( — 21, 72’2))
— Ueizlm(7§2Tl)€izIm(ElTT)\I]I (Zl, 22)

U)\—mEQ,zE1 lI/z (21, 22)-

This implies, using ([L9) and ([L§):

0%, (&) = "B F2U Nz, _pzaNis, o U = d
Also,
;I/zz (B) _ ezRe(T1*21)ezRe(21)|ﬁ| - B
and
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Thus, & and B are affiliated with ]\/4\1 and v € ]\/4; Let

W= {zf(@g(B)h(0)y, f € L*(C).g € L*(R}),h € L=(S"), 2,y € \L=(C)} .
By Lemma @, it suffices to show that YW = N. Note that

{2f(a), f e L®(C),z € N(L¥(C?))} = {zU"f(a)U, fe€ L>(C),2 € \(L*(C?))} .
Substituting z — zU, we get

"

{(2£(6), f € L®(C),z € ML®(C?)} = {zf(a)U, f € L=(C),z € AL=(C?)} .
Observe that
{f(@)z, € L®(C), 2 € NL¥(C)} = {2f(a), f e L¥(C), z € \L=(C)} |

{zf(&), f€L®(C),z€ A(L™(C?)} ={f(a)zU, fe€L>(C),zeANL>(C?)} .
Substituting z — zU*, we get

" 1"

{zf(a), f € L™(C),z e N(L=(C?)} ={f(a)z, feL>(C),zeNL=(C?)} ,
W = {f(a)zg(é)h(ﬁ)y, feL>®(C),ge L>®R}),he L=(SY), 2,y € )\(LOO((CQ))}” )
Note that

{zg(B), gEL®[RY), z € )\(LN(CQ))} - {zBis, seR, z € A(LOO(@))}

"

= {2z B, s € R, x € A(L®(C?))} .

—istReTL

Substitution z — ze gives

{20(B), g€ L™(RY), 2 € XL=(C?)} = {2|8°, s €R, 2 € AL=(C?)}
= {29(8)), g € L=(R}), 2 € AL=(C?)} .

Also, one can prove that

12 "

{h(d)y, h € L=(S"), y € M(L>(C?))} = {n(PhB)y, h € L=(S"), y € A(L™(C?))} .
Thus,

W= {f(@)zg(|B)h(PhB)y, f € L(C),g € L=(RY),h € L=(SY), z,y € ML>(C?))}
= {f(a)zg(B)y, f,g € L¥(C), 2,y € A\(L®(C?))} .
Commuting back f(«) and z, we have the result. [ |

Let B = $B. Then B is a closed (non normal) operator affiliated with Z/W\I
Let us give now the commutation relations between &, (.
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Proposition 12 a and 1" + T} strongly commute, and & = e M1 | 50 the
polar decomposition of & is

Ph(&) = e~ @ImT+Te) pp(o) = Ph(L)Ph(R)Ph(a), |&| = e* BT+ T) || = |L||R||al.

Moreover, the following relations hold with g = e*:

o 38" =qpp,
° (d,ﬁ) 18 a \/q-commuting pair.

Proof. Since

eiIm(z(Tl +TT))a€7iIm(z(Tl +T7)) — /\7217204>\ig = e 2TZq — a,

T 4+ T and « strongly commute. Moreover, since el — 1

—ixImT; T

” aeimImTlT: _ e*imImTl (TL+TT)*aeixImTl (T, +T)* )

a=ce

This equality, the strong commutativity of T;* + T, with «, and the equality
e~ iwImTiwgeirlmTiv — cow o jmply ¢ = (77 +77) | The polar decomposition of
& follows. All the relations can be checked using Lemma @ ]

We shall give now a nice formula for A,. Let us define the following (closed

non-normal) operator affiliated with J/\/AI'\QE ® J/M\Z: A, (B) =A, (ﬁ)Am(B)
Proposition 13
Ag@)=a®a and A,(B)=a®pfiB®1.
Proof. Proposition E gives A, = YTT'(-)Y*, where T = e@ImTr-®T7 and T is
uniquely characterized by two properties:
e INT) =T/ ®1,0(T,) =1 T);
o T restricted to L*°(G) coincides with the comultiplication Ag.

With V = YT'(U*), we have A,z(&) = V(e ® a)V*, so it suffices to show that
(U®U)V commutes with o ® . Indeed in this case

AL (&) =V(a®a)V* = (U @U")UQU)V(a@a)V (U QU URU) = a®d.
Let us show that (U ® U)V commutes with a ® . From U = ¢®™7T" one has

F(U*) _ efi:nImTl®T:(7 UU = eizIm(TlT:®1+1®TLT:)7

soV = e—izIm(T:@Tl-‘rTl@T:) and

(U ® U)V — eizlm(TlT:®l+l®TlT:7T:®T17TZ®T:).

Remark that

LTy 1+10TT; -1l —-T1 T = (o1 -12T) (T 01 -1 1)),
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so it is enough to show that 7} ®1—-1®7T; and T;) ® 1 —1® T} strongly commute
with a ® «a, which follows from

eiImz(T:®171®T:)(a ® e*iImZ(TT*@lfl@T:)

Aoyfg (024 )\02) (Oé X Oé)()\()’fE & )\02)*

a) (

= e fefaRa=a®a,
(
e

eiImz(Tl®1—1®Tl)( —iImz(T;®1—1®T})

a® a)e )\z,O & )‘—Z,O)(a 0 a)()\z,O ® )\—Z,O)*

FefaRQa=a® a.

By definition of AI, we have
Am(B) = Az(ezRETl 18]) = (T @ 1)Y]a® g+ B 1|T*,
AL(0) = Ay (7™ TiPh(3)) = (e~ @ 1)YPh(a ® § + S © 1)T*.
A direct computation gives
Ph(a® B+ B®1)(e"*T @1) = (™" @ 1)Ph(a @ B+ B ® 1),
S0

Ay(B) = (T @)Y (a®f+Fe1)T"
(e @ 1)T(a® B)T e (e @ )T (B @ 1)T.

Thus, it suffices to show that

aop = T @)Y (a3 (20)
Bol = (T o1)T(B1)T". (21)

Let us prove ((). Let us put 7 = e®e®ll ® 1 =e*L®1 and S = T(a® B)Y*.
We want to show that & ® 3 =T'S. For all z € C, we have

eizlmz(Tr®1)(a ® l)efimlmz(TTQ@l) _ (

0,220 g, ®@ 1) = e (a® 1),

—xz

and, using the fact that « ® 1 and 1 ® T}* strongly commute, we obtain Y (o ®
DT* =a®e*’ = a® L. Similarly, T(1® 3)T* = R® 3. Thus, using Lemma
@, we see that the polar decomposition of S is

Ph(S) = Ph(e)Ph(R) @ Ph(5)Ph(L), [S] = |af|R] @ |[[L].

Moreover, the polar decomposition of T' is given by Ph(T) = Ph(L)®1, |T|=
e*|L| ® 1, so, using Lemma , one can see that (T,5) is a e*-commuting pair.
In particular, the polar decomposition of T'S is

TS| = e *|T|S| = [Llal|R|@|B||L], Ph(T'S) = Ph(L)Ph()Ph(R)@Ph(5)Ph(L).
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But Proposition [[2 gives Ph(&) = Ph(L)Ph(R)Ph(«) and |a| = |L||R||a|. Thus,
we conclude that Ph(a ® 3) = Ph(T'S) and |& ® 3| = |T'S| which concludes the
proof of (RJ). One can prove (R1) similarly. [ |
Now the proof of Theorem E follows: Proposition EI says that & and B
generate M, and Proposition @ gives the commutation relations for & and B .

5.2 Twisting of the quantum az + b group

This Section is devoted to the proof of Theorem [ Let 0 < ¢ < 1 and (M, A)
be the az + b Woronowicz’ quantum group. Let o : L®°(C?) — M be defined
by a(F) = F(a). Recall that (Section P.7) Ci < (M,A) is an abelian stable
co-subgroup with the morphism v; = ¢?* € C?. Let us perform the twisting
construction using the bicharacters

U, (5%, g 1v) = o v=19) vp e 7,
and let (M., A;) be the twisted l.c. quantum group.
Proposition 14
Ar(a)=a®a and Ayb) =u "ol @ bib @ u®|al 77,

and [Dp, : Dgl; = Al = |a|=2%!. The modular element &, = |a|***2, the an-
tipode is not deformed. If x,y € N and x # y, then (Mz, Ay) and (M, A,) are
not isomorphic; if © # 0, then (M., A;) and (M_,, A_;) are not isomorphic.

Proof. The relations of commutation from Preliminaries give

U, (a,¢) = Wu(u, ¢ )W, (|al, ¢ )b
— g

_ izwlev|b|u7ml|a|izw

q
_ qimw—zlbmz(a’ qH—iw)-

So, for any v € C4, one has
Vi(a®1,7)(b®@1)¥u(a®1,7)" = (Phase(7))” [y| 7" (b® 1).

Put Q; = (a®a)(V;) = ¥,(a®1,1®a). Using the previous formula and the
fact that b® 1 and 1 ® a strongly commute, one gets Q,(b®1)Q% = bR u”|a] .
Similarly: Q,(1® b)Q% = u=*|a|” ® b. These formulas give the comultiplication
on b. The comultiplication on a is clear. We Since W,(,vs) = 1, for all s,¢ € R,
then [Dp, : Dyl = Ait = \I]I(a’%&_l) = |a|_2mt' Put f = \I]I("%f)\l/w(%f_la ),
then ff(g*+%) = ¢**** and a(f¥) = |a|**®. So, the modular element is 6, =
la|?|a|**. The antipode is not deformed because ¥;(x~1,z) = 1, for any z.
The spectrum of the modular element is Sp(6,) = ¢% U {0}, where ¢, = ¢***2,
so, if  # y are strictly positive, then 0 < q, # ¢, < 1, so ¢% # qf, then
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(Mg, Ag) and (M, A,) are not isomorphic. Moreover, if > 0, then (M, A;)
is not isomorphic to (M_,, A_;) because in the opposite case we would have
e t2Z — (2= from where, as z > 0, 4z + 2 = 4z — 2 - contradiction. W

The group C? is selfdual with the duality (¢"+%,¢"+"%) s ¢?*¥+%) 50 one
can compute the representations L and R of C9:

Lykvie = m?es*Fe1e sk, Roptio = m ¥ elem®¥ es "

Then the left-right action of (C?)* on the generators of M is

Oéqk+i<p7ql+iw (&) = ql_k—i_i(w_(’a)d, Oéqk+i<p1ql+i1p (l;) = q_k_iwl;. (22)
Let N = (C9)® x M, it is generated by the operators Aghtie gi+iv and m(x), for
2 € M, and 6 be the dual action of (C?)* on N. The deformed dual action is

v _ *
eqkiw’qu - )\qw(kfw) ,q=(—1+iv) 9qk+w7ql+iw (-))\qm(kfiw) qr(—itiy) -

Let M\I be the fixed point algebra. The left-right action is very similar to the

one for the classical az + b. Define « = 7(a), § = ©(b). Then « and (8 are
normal operators affiliated with N and one can see that

Q;Ij’“iw,qlﬂw (O‘) = qix(lJrk)JriIWer)O‘ ’ og‘xﬂw,qlﬂw (ﬂ) = qizkﬂwﬂ' (23)

Let T; and T, be the ”infinitesimal generators” of the left and right translations,
so T} and T, are affiliated with N and

Agtio giiv = (PRT)" | T3|" (PWT,)" T, (24)
Then \(f) = f(T},T,) Vf € L*® ((CQ)Q) . Let U = A(¥,) and & = U*alU.

Proposition 15 (TT7F)™" and « strongly commute and & = (T;7TF) " a. The
polar decomposition of & is 4 := Pha = (PhWI}T,)" , A= la] = [T~ |al.
Also, |T;| and |B| strongly commute, so we can define a positive operator B =
|Ti|=*|8]. Let® = Ph(T})* Ph(B). Then & and B are affiliated with M,, & € M,,
and we have the following relations of commutation:

o 4 =04, AB = BA;

o 0B0* = ¢ 2B, aBu* = ¢ 2B and, dA0* = ¢~ 2 1A.
Moreover, these three operators generate J/\/[\I in the sense that

"
—

M, = {{(&)g(@)h(B). | € L*(C7), g€ L(8"), h € L*(¢")}
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Proof. Using (PJ) and (£4), we find:

|T‘lTT|Z‘SO‘|ﬂTT|7iS =, ( )
Ph(TlTT)aPh(TlTT)* = q, (26)
Ty BITy| =" = ¢~ B, (27)
Ph(T})BPh(T})* = ¢~ '3. (28)

Due to (Rg) and (d), o and T} T* strongly commute. Because ¥, (T, Ty) = 1

we have & = V,.(TyT,., T}.)* ¥ . (T, T, T}). Next, using U, (¢*+, T}.)* ¥, (¢"+% T) =
)\qumkﬂwa)\’{,q,mkﬂw = q_””k‘*iwa, and because T;T, and « strongly com-
mute, we have

& =TT |~ (PhIVT,)" o = (I7T)) “

The polar decomposition of & follows. Equality (R7) implies that |T}| and ||
strongly commute. Note that

Q;IlkiquHiw(U) = \I/z(qu_k—i‘P’TTq—l—iw)
= U)\qmlfmqu,mkﬂw \I/m(qk-i-w, ql+iw).

Then, it follows from (RJ) and (R3) that & is affiliated with M,. Also, using
(B3) we find 6%, rie griw (0) = (Ph(Tig™~ )" ¢ PhB = 0, so © € M,. In the
same way we prove that B is affiliated with MI. It is easy to see that PhT;
and PhT, commute with Pha and Phj3, and because Pha and Ph3 commute, it
follows that 40 = o4. Also, |T}| and |T| strongly commute with |a| and |3], and

because |a| and |3 strongly commute, it follows that AB = BA. The relation
8Bo* = ¢~2* B follows from (P7) and (@) Remark that

Pho|T)|7*Pha” = ¢~ *[T3|*, PhB|TIT,["*Ph3™ = ¢~ *|T/T|77,

and the two last relations follow from Phe|S|Pha* = ¢|5] and Phﬁ|a|Phﬁ* =
~13|. The generating property is proved as in Proposmon [ |
Let A, be the comultlphcatlon on M and 3 = 0B. Then ﬁ is a closed (non-
normal) operator affiliated with M. As before, we define A AL(B) = A, (D)AL(B)
which is closed, non-normal and affiliated with M ® M The proof of the
following Proposition is similar to the one of Proposition B

Proposition 16
Ar@)=a®a and A,(B)=a®pf+Bo1.

The proof of Theorem [ follows from the results of this section.
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6 Appendix

Let « be an action of a l.c. quantum group (M, A) on the von Neumann algebra
N. Let 6 be a n.s.f. weight on N and suppose that N acts on a Hilbert space
K such that (K, Ag) is the G.N.S. construction for §. We define

Dy = span{(a ® 1)a(x) |a € Ny, x € Ny}.

Let (H,t, A) be the G.N.S. construction for the left invariant weight ¢ of (M, A),
¢ the dual weight, and A its canonical G.N.S.-map. We recall that the G.N.S.
construction for the dual weight 0 is given by (H ® K ,L,i\), where Ay is the
o-strong®-norm closure of the map

Do— H®K : (a®1)a(z) — A(a) ® Ag(x).

Proposition 17 Let C; be a o-strong*-norm core for A and Cy a o-strong*-
norm core for Ag. Then the set C = span{(a ® 1)a(z)|a € C1,x € Ca} is a
o-weak-weak core for Ag.

Proof. Let a € Ny and « € Ny. There exists two nets (a;) and (z;), with
a; € C1 and z; € Cy, such that

a;i —a, ©; — & o —strongly* and A(a;) — Aa), Ag(z;) — Ag(x).
Thus, (a; ® 1)a(z;) — (a ® 1)a(z) o-weakly and
A ((ai ® Da(2:)) = Aai) @ Ag(2;) — A(a) @ Ap(z) = Ag ((a @ 1)) .
|

Proposition 18 Let M be a von Neumann algebra with a n.s.f. weight @,
(H,t,A) the G.N.S. construction for ¢, and T a positive self-adjoint operator
affiliated with M. Then C = {x € N, | Tz is bounded and A(xz) € D(T)} is a
o-strong*-norm core for A and, if x € C, then Tz € N, and A(Tz) = TA(x).

Proof. Let T = f0+oo Adey be the spectral decomposition of T'. Let e, =
fon dey. Then e,, — 1 o-strongly™®, Te,, is bounded with domain H. Let x € Ng,
and put z,, = e,x. We have z,, — = o-strongly* and A(z,) = e, A(z) — A(z)
in norm. Moreover, Tz, = Te,x is bounded and A(z,) = e,A(x) € D(T), so
xn, € C, and it follows that C is a o-strong*-norm core for A. Now let = € C.
Note that e, Tz = Te,x = e,Tx is in ./\/;0 and it converges o-strongly* to Tz.
Moreover,

Ae,Tz) = e, TA(z) = e, TA(x) — TA(x).
Because A is o-strong*-norm closed, we have Tx € N, and A(Tx) = TA(z). R
Proposition 19 Let M be a von Neumann algebra, o1 and po two n.s.f. weights
on M having the same modular group. Let (H;,m;,A;) be the G.N.S. con-
struction for p; (i = 1,2). Suppose that there exist a o-weak-weak core C

for Ay such that C C Ny, NNy, and a unitary Z : Hy — Hy such that
As(x) = ZA1(z), for allx € C. Then p1 = pa.
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Proof. Because C is a o-weak-weak core for A1 and because Ay is o-weak-
weak closed, we have N,, C N, and, for all z € N, we have A;(z) = ZAy(z).
Thus, ¢1(y*x) = @a(y*x), for all z,y € N,. Let B = N3 N,,. This is a
dense *-subalgebra of M, N M., and, for all z € B, we have ¢ (z) = p2(z).
Because ¢1 and (2 have the same modular group, we can use the Pedersen-
Takesaki Theorem [ to conclude the proof. ]

Let M be a von Neumann algebra, ¢ a n.s.f. weight on M, (H,¢,A) the
G.N.S. construction for ¢, and o the modular group of ¢. Let § be a positive
self-adjoint operator affiliated with M, A > 0 such that oy (§%*) = A% and As
the canonical G.N.S. map of the Vaes’ weight ¢5. One can consider on M ® M
two n.s.f. weights: s ® s, with the canonical G.N.S. map A5 ® As, and the
Vaes’ weight (¢ ® ¢)ses associated with ¢ @ ¢, § ® § and A\2. Let A ® A be
the G.N.S. map for ¢ ® ¢, and (A ® A)sgs the G.N.S. map for (¢ ® p)sps (see

Section P.4).
Proposition 20 o5 @ 5 = (p @ p)sgs and As @ As = (A @ A)sgs.

Proof. Let us apply the Pedersen-Takesaki theorem to the weights ¢ :=
(ps ® ps) and @3 := (¢ ® @)sgs which have the same modular group and are
equal on the dense *-subalgebra B =N ® N of My, N M,,, where

N := {:c € M |67 is bounded andEGNLQ}.

Let A; be the canonical G.N.S. map of ¢;. By definition, N ® N is a o-strong*-
norm core for Aj, and A1|y = Az|ny. Since Ay and Ay are o-strongly*-norm
closed, then Ay C As. And Ay = Ay since D(A1) = Ny, =Ny, = D(As). [ ]

Finally, let us formulate the von Neumann algebraic version of [E], Lemma
3.6. Let N be a von Neumann algebra, G a l.c. abelian group, u : G — N a
unitary representation of G and 6 : G — Aut(N) an action of G on N such
that

0 (u(g)) = < 7,9 >ulg).

Let « be the action of G on N implemented by w. The unitary representation

u of G gives a *-homomorphism 7 : L>*(G) — N.

Lemma 15 Let V be a linear subspace of N? invariant under the action o and

such that (W(LOO(G))VW(LOO(G))) =N. Then V' = N?.
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