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ON THE REAL MILNOR FIBRE OF SOME MAPS FROM
R"” TO R?

NICOLAS DUTERTRE

ABSTRACT. We consider a real analytic map-germ (f,g) : (R",0) —
(R2,0). Under some conditions, we establish degree formulas for the
following quantities :
x({f =} n{g=24}nB,
x({f =ein{g =0} nBI) —x({f = a} n{g <6} N BY),
where (a,d) is a regular value of (f,g) and 0 < |[(,d)] < e < 1.

1. INTRODUCTION

Let F = (f1,..., fx) : (K", 0) — (K¥,0), with 0 < k <n and K =R or
C, be an analytic map-germ such that 0 is an isolated singularity of F'~1(0),
i.e rank[DF(x)] = k at every x € F~1(0) \ {0} close to the origin. Let
g : (K" 0) — (K,0) be a function-germ. We are interested in studying
topological invariants associated with the mappings F' and (F, g).

Let B. C K" be a closed ball centered at the origin of radius . For any
regular value 6 € K* close to the origin, the Milnor fibre of F' associated
with § is the set F~1(§) N B., where 0 < |§| < ¢ < 1. We will denote it by
We_s.

In the complex case, the topology of the Milnor fibre is well known. Milnor
[Mi] (in the case k = 1) and Hamm [Ha] (in the case & > 1) proved that W;._
has the homotopy type of a bouquet of p(F') spheres of dimension n — k.
This number p(F') is called the Milnor number of F' and the Euler-Poincaré
characteristic of the Milnor fibre is given by x(W&_5) = 1+ (—1)"Fpu(F).
Minor also showed that, when k = 1, u(F) is equal to the topological degree
of the mapping % : OB. — S?"71. This gives the following algebraic
characterization of the Milnor number :

Ocn 0

(6_f ﬁ) ’
0x1’ """ Oxn
where Ocn  is the algebra of holomorphic function-germs at the origin.

This last formula was extended to the case k > 1 by Lé [Le] and Greuel
[Gr], who obtained the following formula :

u(F) + p(F) = dimeOcn /1,

p(F) = dimg
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where F' = (f1,..., fr—1) and I is the ideal generated by f1,..., fx_1 and the
O(f1ssfk)

O(Tiy s Tiy,)
for pu(F) in terms of dimensions of appropriate local algebras.

In the real case, the topology of the Milnor fibre depends on § and can
not be as well described as in the complex case. Nevertheless, there exist
formulas similar to the ones mentionned above relating its Euler-Poincaré
characteristic to topological degrees of mapping defined in terms of F'. For
instance, if £k = 1, the Khimshiashvili formula [Kh] states that :

X(Wi_s) =1 —sign(—4)" - degy VF,

minors . Hence, proceeding by induction, one can get a formula

where degyV F' is the topological degree of the mapping % : 0B, — S{L*l.
We proved in [Du2] that if (0, «) is a regular value of (F,g) with 0 <
la| < 0] < € < 1 then :

XWi_sn{g>a})—x(Wi_snN{g<a})=
X(W(&:Ff&gfa)) + x(Wg_s) = dimrOgrn o/1 mod (2),

where Ogn g is the ring of real analytic function-germs at the origin and I is

the ideal generated by f1,..., fr and the minors M This formula
i1y Tig g

generalized the case g = 2% + - + 22 already shown by Duzinski et al.
[DLNS]. This a mod 2 formula and one may ask if, as in the complex case,
it is possible to express the following quantities :

X(Wi_sN{g = a}) —x(Wi_s N {g < a}),
and
XWe_s),
in terms of topological degrees of mappings defined in terms of F' and g.
When k =n—1and g = 22 +---+22, Aoki et al. ([AFN1],[AFS]) proved

n

that : x(Wg_s5) = deggH and 2 x degyH is the number of half-branches of
F~0), where H = <w fi,--- ,fn,l). They extended this result

o(x1,....xn)
to the case g = x, in [AFN2] and Szafraniec extended it to any g in [Sz1].
When k =1 and g = z1, Fukui showed in [Fu] that :

XWp_s 0 {z1 > 0}) = x(Wr_s 0 {z1 < 0}) = —sign(—=0)" - degoH,

OF OF
Where H = (F’a_xl”%)

In [Dul], we proved that when n = 2,4 or 8 and k = 1, it is possible to
construct a mapping H : (R",0) — (R",0) such that :

XWi_sN{g = a}) = x(Wr_s N{g < a}) = —degyH.
This last result was generalized by Fukui and Khovanskii [FK]. In that paper,
the authors consider an analytic function-germ ¢ : (R™,0) — (R,0) that
satisfies the following condition (P) : there exits C*°-vector fields vy, ..., vy,
which span the tangent space at = to g~!(g(z)), whenever z is a regular

point of g, and Vg, vs,...,v, agree with the orientation of R". They define
a mapping H : (R",0) — (R™,0) by H = (F,vF,...,v,F) and they prove
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that if 0 is isolated in H~1(0), if the set of critical points of g does not
intersect W._, and if (6,0) is a regular value of (F, g) then :
\(Wi_5 N {g = 0}) = X(Wi_s N1 {g < 0}) = sign(—0)" - degy H.

In this paper, we continue this work of computing Euler-Poincaré char-
acteristics of real Milnor fibres, especially for mappings with two compo-
nents. In Section 2, we give generalizations of Khimshiashvili’s formula.
We consider an analytic function-germ f : (R",0) — (R,0), with an iso-
lated critical point at 0, that satisfies the condition (P) described above.
Let g : (R",0) — (R,0) be an other function-germ. We define a mapping
k(f,g): (R™",0) — (R™0) in terms of f and g and we assume that it has an
isolated zero at the origin. We prove (Theorem 2.1) that :

if n is even : X(W(aﬁg_é)) =1 —degyV f +sign(0) - degyk(f,9),
if nis odd : x(W(;, 5) = 1 — degok(f, 9)-
We also show that if n is even :

X(Wi_o 0{g = 0}) = x(Wi_o N {g < 0}) = degok(f, 9),
where (v, 0) is an appropriate regular value of (f,g). Then we assume that
g has an isolated critical point at the origin as well and we define an other
mapping I(f, g). If it has an isolated zero at the origin, then we have (The-
orem 2.9) :

if n is even : X(W(Ef_&g)) =1 —deg,Vg — sign(9) - degyl(f,9),

if 0 s odd < (W55 1 {g > 0}) — x(W5_5 1 {g < 0}) =

degy Vg + sign(d) - degyl(f, 9),
where 0 < [§| € e < 1.

In Section 3, we give a generalization of the formula of Fukui men-
tionned above. We work in R'™™ equipped with the coordinate system
(o, z1,...,7,) and we consider a function-germ F : (R'*" 0) — (R,0)
with an isolated critical point at 0. We assume that F satisfies the following
condition (Q) : there exists C* vector fields V5, ..., V, on R'*" such that
Va(p), - .., Vn(p) span the tangent space at p to F~1(F(p))Nxy* (vo(p)) when-
ever p is a regular point of (F, o) and such that (eg, VF(p), Va(p),- .., Va(p))
agrees with the orientation of R!*". Here eq is the vector (1,0,...,0). Let
G : (R'™,0) — (R, 0) be an other function-germ. We define three mappings
H(F,G), I(F,G) and J(F,G) : (R'™™,0) — (R'*" 0). We prove that if 0
is isolated in J(F,G)~1(0) and (0,6,0) is a regular value of (F,G,zg) then
(Theorem 3.1) :

dego H(F, G) = sign(=0)" - [x (Wi _g) 1 {0 > 0})

—X (W(EF,szS) N{zo < 0})} :

degyJ(F,G) = sign(—0)" - [X <W(€F,G75)) - X (W(EG*MO))} '
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where 0 < |§] < € < 1. Then we apply these formulas to the case where
F and G are one-parameter deformations of two function-germs f and g :
(R™,0) — (R,0). Denoting by f; and g; the deformations given by fi(z) =
F(t,z) and g(x) = G(t,z) and applying a deformation argument as Fukui
did in [Fu], we obtain degree formulas for X(W(eft,gt)) and

x(W5, N {g: > 0}) — x(W5, N {g: < 0}),

where 0 < |t| < € < 1 (Corollary 3.15). When the deformations of f and g
are of the form :

where v = (71,72) : (R,0) — (R2,0) is an analytic arc such that y(t) # 0 if
t #0,v1(t) #0if t # 0, and the image of ~y consists of regular values of (f, g)
(except the origin in R? of course), we get formulas for X(W(ef_y1 (£).9— (t)))

and
XWi_y N g =272} = x(Wi_, i N{g < 120)}),
where 0 < |t| < ¢ < 1 (Corollary 3.17).

In Section 4, we present different cases where we can apply the results of
the previous sections. There are two cases : when n = 2,4 or 8 and when
88—{1 > 0 and g—fl > 0. In this last situation, we explain how the results
concerning the one-parameter deformations can be simplified with the aid
of Theorem 2.1 (see Corollaries 4.1 and 4.2).

We will use the following notations. Some of them have already appeared
in this introduction :

(1) if H : (R™,0) — (R™,0) is a mapping with an isolated zero at the
origin then deggH is the topological degree of ‘—g| A S’ffl
where S7~! is the sphere of radius ¢ centered at the origin,

(2) if F: R" — R* is a mapping then W§ denotes the set F~1(0) N BX,
where B[ is the ball of radius € centered at the origin and W} is
F-L0)nsr 1

(3) if f : R™ — R is a smooth function then f,, denotes the partial
derivative g—é and Vf is the gradient of f,

(4) if F = (Fy,...,F) : R* - R* 0 < k < n, is a smooth mapping then

DF(x) is its Jacobian matrix at = and M is the determinant
i1 Lig

of the following k x k minors of DF(x) :
Fig,, -+ Fig,

2. GENERALIZATIONS OF KHIMSHIASHVILI’S FORMULA

In this section, we prove formulas similar to Khimshiashvili’s one for the
fibre of a function on a hypersurface with an isolated singularity. We need
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to put the same conditon (P) as Fukui and Khovanskii’s condition (P) [FK],
either on the function or on the function defining the hypersurface.

Let (x1,...,x,) be a coordinate system in R™ and let f : (R",0) — (R,0)
be an analytic function-germ with an isolated critical point at the origin.
We assume that f satisfies the following condition (P) : there exists C'™°
vector fields vy, ..., v, on R" such that vy(z),...,v,(z) span the tangent
space at * to f~(f(z)), whenever x is a regular point of f, and such that
the orientation of (Vf(z),ve(x),...,v,(x)) agrees with the orientation of
R™.

Let g : (R™,0) — (R,0) be an other analytic function-germ. We define a
mapping k(f,g) : (R™,0) — (R, 0) in the following way :

k(fag) - (f?nga"' 7Ung)'

We will prove the following theorem :

Theorem 2.1. If 0 is an isolated critical point of f and is isolated in
k(f,9)~(0), then we have :

if n is even : X(W(’Sﬁg_é)) =1 —degyVf +sign(9) - degyk(f, g),
ifnis odd : x(W(p ) =1 — degok(f,9),
where 0 < |0| < € < 1. Furthermore, if n is even, we also have :
x(Wi_oN{g = 6}) — x(W5_, N{g < 6}) = degok(f, 9),
where 0 < 0| < |a| < e < 1 and («,0) is a regular value of (f,g).

To establish this theorem, we need a series of lemmas. From now on,

we will assume that the hypothesis of Theorem 2.1 are fullfilled. For all

9(g.f)
CICTR N

(i,7) € {1,...,n}?, we will set m;; =
Lemma 2.2. For 6 # 0 sufficiently small, (0,9) is a reqular value of (f,g).

Proof. Since f has an isolated critical point, f~1(0)\ {0} is smooth (or
empty). By the Curve Selection Lemma, the critical points of gif-1(0)\{oy lie

in g—1(0). O

Lemma 2.3. Let p be a regular point of f. The function g ;1)) has a
critical point at p if and only if vig(p) =0 for alli € {2,...,n}.

Proof. 1f p is a regular point of f then va(p),...,v,(p) span the tangent
space at f1(f(p)). Therefore g|s—1(s(,) has a critical point at p if and only
if (vi(p), Vg(p)) =0 for all i € {2,...,n}. O

Lemma 2.4. The origin is an isolated singularity of f=1(0)Ng~1(0) if and
only if 0 is isolated in k(f,g)~1(0).

Proof. A point p, distinct from the origin, is in k(f, g)~*(0) if and only if
gir-1(0)\{0} has a critical point at p. But, as noticed above, such a point lies
in g=1(0). O
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Lemma 2.5. Let a # 0 be a small reqular value of f. Let p be a point
in f~1(a). The function 9if-1(a) has a non-degenerate critical point at p if
and only if k(f,g)(p) = (,0,...,0) and detDk(f,g)(p) # 0. Furthermore
if \(p) is the Morse index of g|y-1() at p then one has :

(=1 = sign [det DE(f, g)(p)] -

Proof. Since « is a regular value of f, there exists j such that f,,(p) # 0.
Assume that j = 1. From [Sz2,p349-350], p is a non-degenerate critical point
of g|f-1(q) if and only if :

det [ V£ (p)

lei(p) :|2§i§n ?é 0

Furthermore, we have :

(1P = (=1)" 7" - sign(fr, (p))" - det [ VZ{I(Z'ZZZ))) ] '

We have to relate det[ v£(p) ] to det [ Vi) ] For i € {2,...,n},
Vuig(p)

(
let u;(p) be the vector (fz,(p),0,...,0,—fz,(p),0,...,0), where —f;, (p) is
the i-th coordinate. Then (ua(p),...,un(p)) is a basis of T, f ~!(a) and it is
not difficult to see that :

det(Vf(p)suz(p), - un(p) = (=1)"" - fur (0)" 2 - Zfi

Hence there exists a (n — 1) x (n — 1) matrix B(p) such that :

(VY= (4 o V()

with sign[det B(p)] = (—1)""sign[f., (p)"2]. Hence, for i € {2,...,n} :

ui(p) = ZBij(p) v
=2
and :

mlz( = uzg Z Bzg Ujg

Since v;g(p) = 0, we have :

n

Vmii(p) = Y Bij(p) - Vojg(p),

j=2

(et )= (5w ) (2.

With this equality, it is easy to conclude. O

and :
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To prove Theorem 2.1, we will use Morse theory for manifolds with cor-
ners. The reader may refer to [Du4,Section 2] for a brief description of this
theory. The following lemma deals with the critical points of gows_,-

Lemma 2.6. For all a and € such that 0 < |a] < ¢ < 1, one has :
e at all correct critical points of gows_, with g > 0, Vg|p-1(4) points
outwards,
e at all correct critical points of gows_, with g < 0, Vg|p-1(4) points
mnwards,
e there are no correct critical points of gows._,, m gil(O).

Proof. The proof is the same as [Dul], Lemma 4.1. O

Lemma 2.7. We can choose o small enough and we can perturbe g into g
in such a way that Q‘W;_a has only Morse critical points.

Proof. Let (z;t) = (21,...,Zn;t1,...,t,) be a coordinate system of R?"
and let g(x,t) = g(x) + tywy + - - tpay,. For (4,5) € {1,...,n}%, we define

M;j(z,t) by Mij(z,t) = a?g:gz)(x,t). Notice that :

Mij(x’t) = mij(x?t) + fmi(x)tj - tif:vj (x)
Let T" be defined by :
I'={(z,t) € R*" | M;j(x,t) =0 for (i,5) € {1,...,n}*}.

At a point p, if f does not vanish then there exists ¢ € {1,...,n} such that
fz;(p) # 0. This implies that I'\ { f = 0} is a smooth manifold (or empty) of
dimension n + 1. Actually if p belongs to I' \ {f = 0}, then one can assume
that f;,(p) # 0. In this case, around p, I" is defined by the vanishing of
Mo, ..., My, and the gradient vector fields of these functions are linearly
independent. Let 7 be the following mapping :

7 : T\{f=0 — R
(z,t) = (f(2)0).

By the Bertini-Sard theorem, we can choose (a, s) close to 0 in R!*™ such
that 7 is regular at each point in 77 !(a, s) close to the origin. If we denote
by g the function defined by g(x) = g(w, s), this means that gs-1(,) admits
only Morse critical points in a neighborhood of the origin. O

Proof of Theorem 2.1. Let w : R® — R be the distance function to the
origin. Let £ > 0 be sufficiently small so that g ;-1 (0} has no critical
point in f71(0) \ {0} N {w < €}. Let § be such that 0 < |§] < ¢ < 1. We
want to express X(W(af 975)) in terms of degok(f,g). Let a be a regular value

of f such that 0 < |« < |d] and the following properties are satisfied :
(1 W(Ef,%g',(; . )
(2) the critical points of g|-1(q)nfw<e} lie in {|g] <&} N{w < §}.

) is diffeomorphic to W& g—5)
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Hence the critical points of g, ows_, are correct. Furthermore by the previous
lemmas, we can assume that gjr-1(q)n{w<e} has only Morse critical points,
that at the correct critical points of gws_, lying in {g > 0} (resp. {g < 0}),
VQ\WJ?,Q points outwards (resp. inwards) and that there are no correct
critical points of gws_, in g=1(0).

We assume that 06 > 0 and we apply Morse theory for manifolds with
boundary to obtain :

X(Wi_oaN{g > =0} Wiy gis) = Z(—l))\(pi),

(2

where {p; } is the set of critical points of g -1 (4)n{w<e}, and :

X(W;*a N {g < _5}’ W(Ef*avng‘;)) =0

Summing these equalities and using the Mayer-Vietoris sequence gives :
X(Wffa) - X(W(Effa,ngé)) = Z(_l))\(m)'
i
By Lemma 2.5, Zi(—l)A(pi) is equal to degok(f,g). By Khimshiashvili’s
formula, X(ij_a) = 1 —sign(—a)" - deg,Vf. Now by Proposition 1.1 in
[FK], we know that degoVf = 0 if n is odd. This gives the result for the
fibre W(ef 9—0) with 6 < 0. The formula for the fibre W(ef 9—0) with § > 0 is
obtained replacing g with —g. It remains to prove the third formula. Let §

be such that («,d) is a regular value of (f,g) and 0 < |§| < |a| < €. Since
n is even, we have :

XWi o {g>60) = Xx(W 0y s) = >, (1P,

ilg(pi)>6
X(WJ%*CV N {g < 5}) - X(W(Effavg,(;)) = — Z (_1))‘(171’)_
i|lg(p:) <6
Making the difference and using Lemma 2.5 leads to the result. 0

Corollary 2.8. If 0 is an isolated critical point of f and is isolated in
k(f,9)~(0), then one has :

if n is odd : X(@W(af’g)) =2 — 2degyk(f, g),
if nis even 1 x(OWf5N{g >0}) — x(OW;N{g <0}) = 2degyk(f,9).

Proof. The first point is easy. For the second point, see [Dul], Theorem
5.2. O
Now let us suppose that g also has an isolated critical point at the origin
and consider the mapping [(f, g) : (R",0) — (R™,0) defined by :
l(f, g) = (9,029, s avng)'

In [FK], Theorem 4.1, Fukui and Khovanskii prove that if 0 is isolated in
I(f,9)~1(0) and if the set of critical points of f does not intersect W{_s then:

degyl(f, g) = —sign(=0)" - {x(Wg_s N {f = 0}) —x(W;_sn{f <O}}.
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In our situation the second condition is fullfilled because f has an isolated
critical point. We want to give an other interpretation to this degree. We
will prove the following theorem.

Theorem 2.9. If f and g have an isolated critical point at the origin and
0 is isolated in I(f,g)~1(0) then :
ifnis even : x(W(p_s,) =1 — degyVg — sign(é) - degol(f, 9),
if n is odd : x(W5_s N {g > 0}) — x(W5_s N {g < 0}) =
degy Vg + sign(6) - degyl(f, 9),
where 0 < |0 € e < 1.

The proof of this theorem goes nearly like the proof of Theorem 2.1. We
need some lemmas.

Lemma 2.10. For d # 0 sufficiently small, (6,0) is a reqular value of (f,g).
Lemma 2.11. Let p be a regular point of g. The function fig-1(4()) has a
critical point at p if and only if vig(p) =0 for alli € {2,...,n}.

Proof.  The function fg-1(4(p)) has a critical point at p if and only if
V f(p) and Vg(p) are colinear. Since these two vectors are non zero, this is
equivalent to the fact that gy-1(s(,)) has a critical point at p. It is enough
to use Lemma 2.3. U

Lemma 2.12. The origin is an isolated singularity of f=1(0) N g~*(0) if
and only if 0 is isolated in I(f,g)~1(0).

Lemma 2.13. Let a # 0 be a small regular value of g. Let p be a point in
g Y(a). The function flg=1(a) has a non-degenerate critical point at p if and
only if I(f,9)(p) = (a,0,...,0) and detDI(f,g)(p) # 0. Furthermore if \(p)

is the Morse index of fig-1(q) at p and if w(p) is the real number such that
Vfi(p)=pu(p)-Vg(p) then we have :

(=DM = (=1)""" - sign [u(p)" - detDI(f, 9)(p)] -

Proof. Since « is a regular value of g, there exists j such that g, (p) # 0.
Assume that j = 1. From [Sz2,p349-350], p is a non-degenerate critical point
of flg-1(a) if and only if :

det [ Vg(p)

—Vmu’(P) :|2§i§n 7& 0

Furthermore, we have :
_1\M\p) — (_q1\n—1 o n vy(p)
(170 = (0 sign (g, -t |07 ]).

Since ¢z, (p) # 0, fz, (p) does not vanish for otherwise p(p) and V f(p) would
vanish as well. Then the computations done in Lemma 2.5 show that :

sign (det [ —ggfg()p) D = sign (f n(p)" - det [ —ggz(i)(p) D ’
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and it is easy to conclude. O
The following lemma deals with the critical points of f\aW;,a-

Lemma 2.14. For all o and € such that 0 < |a| < € < 1, one has :
e at all correct critical points of f|3wgs_a with f >0, V fig-1(a) points
outwards,
e at all correct critical points of flaVV;_a with f <0, Vfig-1() points
tnwards,
e there are no correct critical points of f\(’)WgE,a in f71(0).

Similarly, we have :

Lemma 2.15. For ¢ sufficiently small, one has :

e at all correct critical points of f‘ gn1 with f > 0, V f points outwards,
e at all correct critical points of f| g1 with f <0, Vf points inwards,

e there are no correct critical points of f\S;“l in f~1(0).

Lemma 2.16. We can choose o small enough and we can pertube g into g
in such a way that f\WgE_a has only Morse critical points.

Proof. With the method of Lemma 2.7, we can prove that there exists
a small perturbation g of g such that fjy= has only Morse critical points
g—a

outside {f = 0}. But Lemma 2.2 states that (0, «) is a regular value of (f, §)
for o small enough. O
Proof of Theorem 2.9. The case n even is proved as in Theorem 2.1. So

let us assume that n is odd. Let w : R® — R be the distance function to
the origin. Let € > 0 be sufficiently small so that f|4-1(y (0} has no critical
point in ¢g71(0) \ {0} N {w < €}. Let (4, a) be a regular value of (f,g) such
that :

(1) 0< o] € |0 < g,

(2) the critical points of fi;-1(oy lie in {|f] <0} N{w < §},

(3) {g?0}NW5_; is diffeomorphic to {g?7a}NW5_;, where ? € {<, =, >}.
Thanks to the three previous lemmas, we can assume as in Theorem 2.1

that we are in a good situation to apply Morse theory for manifolds with
corners. Let us assume that § > 0. By Morse Theory, we obtain :

x({g =z atn{f=d0tNB) —x({g =} NW;_5) =0, (1)

X{g=a}n{f<}nBY) —x({g=a}nWiys) = > (1)) (2
i|pu(pi)<0

x({g <atn{f=d0tNBI)—x({g <a}nWj_5) =0, (3)

x({g < a}n{f <6} N BI) ~x({g < a} N WF_) =
~deggVf+ Y (1. (@)

i|pu(pi)>0
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In the equality (4), the terms —deg,V f appears because we can pertube
f in such a way that its critical points lie in {|g| < a} N {|f| < d}. The
combination (1) + (2) — (3) — (4) together with the Mayer-Vietoris sequence
gives :

x({g = a}nNB) —x({g <a}nNB?) —x({g = a} NW;_5)
+x({g <@} NWf_5) = = > signu(pi) - (~1)*") + degy V .

We have already seen that deggVf = 0. Moreover, by the remark after
Theorem 3.2 in [Du3], we have :

x({g 2 a} N BY) —x({g < a} N BY) = degyVy.
Using Lemma 2.13, we find that :

x({g 20} NW7i_s5) — x({g <0} NWj_s) = degy Vg + degyl(f, 9)-
The proof for § negative is obtained replacing f with —f. O

3. A GENERALIZATION OF FUKUI’'S FORMULA

In this section, we present a generalization of Fukui’s formula mentionned
in the introduction. As in the previous section, we need to put a condition.
More precisely, let (zg,z1,...,7,) be a coordinate system in R+ and let
F: (RY" 0) — (R,0) be an analytic function-germ with an isolated critical
point at the origin. We assume that F' satisfies the following condition (@) :
there exists C°° vector fields Va, ..., V, on R*™" such that Va(p),..., Vi(p)
span the tangent space at p to F~'(F(p)) N xy'(zo(p)) whenever p is a
regular point of (F,zp) and such that (eg, VF(p), Va(p),...,Va(p)) agrees
with the orientation of R**". Here e is the vector (1,0, ...,0).

Let G : (R1™™,0) — (R, 0) be an other analytic function-germ. We define
three mappings H(F,G), I(F,G) and J(F,G) : (R'*" 0) — (R 0) by :

H(F,G) = (F,G,V»G,...,V,G),
I(F,G) = (9, G, VoG, ..., V,G),
J(F,G) = (zoF, G, V2G, ..., V,G).
Our first aim is to prove the following theorem :

Theorem 3.1. If F' has an isolated critical point at the origin, 0 is isolated
in J(F,G)~1(0) and (0,6,0) is a reqular value of (F, G, xq), then 0 is isolated
in H(F,G)~1(0) and we have :

degoH (F, G) = sign(~6)" - [x (Wine_s N {20 > 0})

—X (W(EF,GﬂS) N{zo < 0})} :

dego (F, G) = sign(—0)" - [x (W) = X (Wig—sm)) |
where 0 < |0] € e < 1.
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To establish this theorem, we need a series of lemmas. From now on, we
will assume that the three assumptions of Theorem 3.1 are fullfilled. For all

(i,5) € {1,... ,n}2, we will set M;; = g((xlj’i))

Lemma 3.2. For 0 # 0 sufficiently small, (0,9) is a reqular value of (F,G).
Lemma 3.3. The origin is an isolated singularity of F~1(0) N G~1(0).

Lemma 3.4. Let § # 0 be sufficiently small so that F~*(0) N G=1(8) is
smooth submanifold (or empty) of codimension 2 near the origin. Let p be a
point in F~1(0)NG~1(5). The function To|F-1(0)nG-1(5) has a critical point
at p if and only if H(F,G)(p) = (0,4,0,...,0).

Proof. The function xo|p-1(0)ng-1(s) has a critical point at p if and only
if F(p) =0, G(p) =6 and

1 0 .. 0
rank | F,,(p) Fp,(p) ... F.,(p) | <3.
Guo(P) Gui(p) -v Guy(p)

First let us suppose that p is a critical point of zo|p-1(9)ng-1(5) and remark
that necessarly xo(p) # 0 because (0,0,0) is a regular value of (F,G,xo).
This implies that p is a regular point of (F,zq) for the critical points
of zo|p-1(0)\fo} lie in {zg = 0} by the Curve Selection Lemma and, so,
(Va(p), ..., Vu(p)) is a basis of T,[F~1(0) N zy (zo(p))]. Since VG(p) be-
longs to the normal space at p to F~1(0) Ny (zo(p)), we find that for each
i€42,...,n}, (Vi(p), VG(p)) = 0.

Let us show the inverse implication. Let p be such that H(F,G)(p) =
(0,4,0,...,0). If (F,xzg) is not regular at p then z¢(p) = 0 and (0, 6,0) is not
a regular value of (F, G, x(), which is impossible. Hence (Va(p), ..., V,(p)) is
a basis of T,[F~1(0) Nz (zo(p))] and VG (p) is normal to this last tangent
space. O

Lemma 3.5. Under the assumptions of Lemma 3.4, To|p-1(0)nG-1(5) has a
non-degenerate critical point at p if and only if H(F,G)(p) = (0,6,0,...,0)
and detDH (F,G)(p) # 0. Furthermore if X(p) is the Morse index of this
function at p then :

G n
(—=DMP) = (1) - sign [( (p) > -detDH(F,G)(p)| .
zo(p)

Proof. First observe that, since (0,9) is a regular value of (F,G) and
the M;j’s, i,j € {1,...,n}, vanish at p, there exists £k € {1,...,n} such
that aa(;(vifZ) (p) # 0. Assume that £ = 1. This implies that F,, (p) # 0 for
otherwise G, (p) # 0 and Fy,(p) = 0 for j € {2,...,n}, which means that
p is not a regular point of (F,z) and z¢(p) = 0.
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From [Sz2,p349-350], p is a Morse critical point of xg|p-1(0)ng-1(s) if and
only if

F(p)
G(p) #0,
where N; = 8((;0& = Mjy;. Moreover, one has :
0,21,Z;)

F(p)
(=1)MP) = sign | det va(g) M(p)" .
VvV M;y; p) a($0a$1)
)

(

Let us relate det(VF(p), VG(p), VMi;(p)
For i € {2,...,n}, let U;(p) be the vector :

(O?in(p)?oa"',oa _Fxl(p)?oa"'70)7

where —F, (p) is the (¢ + 1)-th coordinate. Then (Uz(p),...,Un(p)) is a
basis T,[F~1(0) Nz (x0(p))] and

to det(VF(p), VG(p), VViG(p)).

det(eg, VF(p),Ua(p), ..., Un(p)) = (—1)" "1 - Fyy (p (ZF% )

Hence there exists a (n — 1) x (n — 1)-matrix B(p) such that :

€0 1 0 0 €0
(VF(p))(Ol 0 )-(VF(p)),
Ui(p) 0 0 B(p) Vi(p)

(
with sign[detB(p)] = (—1)""! - sign[F, (p)""2]. As we proceed in Lemma
2.5, we have :

sign [det (eo, VF(p), VUG (p))] =
(=1)"~" - sign [Fy, (p)" 7% - det (e, VF(p), VViG(p))] -
Since e is a linear combination of VF(p) and VG(p), it is easy to see that :
sign [det (VF'(p), VG(p), VU;G(p))]
(=1)" " - sign [Fy, (p)" 72 - det (VF(p), VG(p), VViG(p))] -
Using the fact that U;G(p) = —Mll(p) we find that :

1\3”

VF(p)
(_1)A(p) = sign | det VG(p) . 38(1?7,61)(1))” . Fxl(p)"_Q .
wiG(p) | o)

It remains to study the sign of 8(51:0 fl))( ). By the Curve Selection Lemma,

we can assume that p is on the image of an analytic arc v :]0,e[— F~1(0)
such that M;;(y(t)) = 0 for t €]0,¢[ and (i,5) € {1,...,n}?. One has
Yoy Fp(y) -4 = 0since Foy = 0 and (Go7) = Y1 Ge, () - i
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Multiplying the first equality by Gg,, the second by F,, and making the
difference leads to :

Gon)
Fyy Gy — GuyFy, = _(Gen) CFy,.

%
Hence if § # 0 is small enough, sign(a‘?g’g)n . Fa?f2) = —sign <%> at p. O
The following lemma deals with the critical points of L0|OW e gy

Lemma 3.6. Assume that (0,0,0) is a reqular value of (F,G,xy) for o
sufficiently small. Then, for e and 6 such that 0 < |0] < e < 1 :
e the vector Vxop-10)ng-1(5) points outwards at all correct critical
points of T0|OWE, s, with xg > 0,
e the vector Vo p-10)ng-1(5) points inwards at all correct critical
points of L0|OWE, ¢_s) with g < 0,

e there are no correct critical points of Lojow in {zo = 0}.

F,G—65)
Proof. The proof is the same as [Dul], Lemma 4.1. O

Lemma 3.7. If for 6 small enough (0,6,0) is a regular value of (F,G,xo),
then we can perturbe G into G in such a way that xo‘w(a s has only Morse
F,G—

critical points in W(€F7C~7,75) \ {zo = 0}.

Proof. The proof is similar to the proofs of Lemma 2.7 and Lemma 4.2
in [Dul]. Let us describe it briefly. Let (xq,...,zp;t1,...,t,) = (z;t) be a
coordinate system of R?"*1 and let

G(z,t) = G(z) + t1z1 + - - + thxy.

For (i,j) € {1,...,n}? we define M;j(z,t) by M;;(z,t) = g(gfi)) Note

that Mi;(z,t) = myj(x) + Fy,t; — Fy;t;. Let T' be defined by :
I'={(z,t) e R*"*" | F(z) = 0 and M;;(z,t) =0 for (4,5) € {1,...,n}*}.

In the same way as in Lemma 2.7 and Lemma 4.2, we can prove that I'\{zg =
0} is a smooth manifold (or empty) of dimension n + 1. Then we conclude
with the following mapping :

7w : '\{zg=0} — R+

(x,t) = (G(z,1),1).
O

Lemma 3.8. The function G|(z,—oy has an isolated critical point at the
origin.
Proof. Since J(F,G) has an isolated zero at 0, the point (0, 0,0) is isolated

in I(F,G)~1(0). This would not be the case if 0 in R™ was not an isolated
critical point of G|(z,—0}- (]
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Lemma 3.9. Let 6 # 0 be sufficiently small so that {xg = 0} NG~1(8) is a
smooth submanifold of codimension 2 (or empty) near the origin. Let s be
a point in {xg = 0} N G~Y(8). The function Fl{zo=0ynG-1(s5) has a critical
point at s if and only if I(F,G)(s) = (0,9,0,...,0).

Proof. Since (0,4,0) is a regular value of (F,G,zp), we can apply the
proof of Lemma, 2.11. O
Lemma 3.10. Under the assumptions of Lemma 3.9, F‘G,l(é)mxal(o) has a
non-degenerate critical point at s if and only if I(F,G)(s) = (0,4,0,...,0)
and detDI(F,G)(s) # 0. Furthermore if u(s) is the Morse index of this
function at s then :

G n
(=1 = (=1)"! . sign K%) -detDI(F,G)(s)]| .
Proof. The proof is the same as Lemmas 2.5, 2.13 and 3.5. We leave it to
the reader. O
The following lemma deals with the critical points of Fjay

€ .
(G—46,zq)

Lemma 3.11. Assume that (0,9,0) is a regular value of (F,G,xy) for o
sufficiently small. Then, for e such that 0 < |§| < e < 1 :

e the wvector VFxgl(O)mG_l(é) points outwards at all correct critical

points of F|W(5G s0) with F > 0,
—8,30
o the vector VF‘xgl(O)mG,l(é) points inwards at all correct critical points
Fye ith FF < 0
of Weasg) wi <0,
e there are no correct critical points of F|W(6G 50) in F~1(0).
—8,30
Lemma 3.12. We can perturbe G into G in such a way that Fye. has

(G—6,20)
only Morse critical point.

Proof. The same method as Lemma 2.16 can be applied, because we have
assumed that (0,6,0) is a regular value of (F, G, zo). O

Proof of Theorem 3.1. Tt is easy to see that 0 is isolated in H(F,G)~1(0)
and I(F,G)71(0). Let w : R" — R be the distance function to the
origin. Because 0 is isolated in H(F,G)~%(0), To|F-1(0)nG-1(0)\{0} has no
critical point and then, choosing ¢ sufficiently small, we can assume that
To|F-1(0)nG-1(5)n{w<e} admits its critical points in W(Eléle_é). Thus the crit-
ical points of Zojowe are correct. By Lemmas 3.6 and 3.7, we can

F,G—6)
suppose that LWy s, is a correct Morse function, that its critical points

lie in B, /o, that at the correct critical points of TOIWep s, lying in {z¢ > 0}

(resp. in {zg < 0}), Vx| p-1(0)nG-1(s) Points outwards (resp. inwards) and
that there are no correct critical points of zg| g, in {zo = 0}. Applying Morse
Theory for manifolds with boundary, we find :

XWip s N {zo = 0} Wi g_s.0) = Z (1)@,
ilzo(pi)>0
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where {p;} is the set of Morse critical points of TOW e s Similarly, we

have :
XWip g {wo <05 Wing s500) = (D" > (1A,
i|zo(pi)<0

By Lemma 3.4, p is a critical point of LWy s, if and only if

H(F.G)(p) = (0,5,0,...,0).
Hence H(F,G)71(0,6,0,...,0) is the set of critical points of Tojw,

F,G—38)

s is a Morse function, detDH(F,G)(p) # 0 for each p in

H=1(0,6,0,...,0) by Lemma 3.5. Hence (0,,0,...,0) is a regular value of
H(F,G) and

Since zg Wen

deg H = > sign [det DH (F, G)(p)] -
peH—1(0,6,0,...,0)

Combining this with the above equalities and Lemma 3.5, we obtain the first

equality. Let us study the critical points of F\W(EG 5g)” Thanks to Lemmas
—8,30

3.11 and 3.12, we can assume that we are in a good situation to apply Morse

theory. We have :

XWig_sm0) MEF 2 0}) = XWirG_s.20) = Z (—1)Hss),

J1F (s5)>0
where {s;} is the set of Morse critical points of F‘W(EG . Similarly, we
b0
have :
XWea_sa0) N F S0} = X(Wingsmn) = (11 3 (—1)le),

J1F(s5)>0
Hence, we get :
XWia—s20)) = XW(pG—520)) =
G VGG D Cas P N G D G2l

j|F(8j)>0 j‘F(Sj)<O
Applying Lemma 3.10, this gives :
XWia—s20)) = XW(pG—s20)) =
—sign(—6)" - Y _sign[F(s;)] - det DI(F, G)(s;).
J

Similarly, we have :
XWira—s) = XW(rc—s.20)) =
sign(—8)" - > _ sign[zo(p;)] - det DH(F, G)(p;).

i
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But the sets {p;} and {s;} are exactly the preimages of (0,4,0,...,0) by
J(F,G). Furthermore, each p; is a regular point of J(F,G) and

sign [detDJ(F, G)(p;)] = sign [xo(p;) - det DH (F, G)(p;)] -
Each s; is a regular value of J(F,G) as well and

sign [detDJ(F,G)(s;)] = sign [F'(s;) - detDI(F, G)(s;)] .

With all these informations, it is easy to conclude. O

We want to apply these formulas when F' and G are one-parameter de-
formations of two germs f and g. First let us define the function-germ
Fy: (R",0) — (R,0) by Fo(z1,...,xn) = F(0,21,...,2p).

Lemma 3.13. Assume that the function-germ Fy has an isolated critical
point at the origin.. Then for 0 sufficiently small, (0,6,0) is a reqular of
(F,G,x0). Let us suppose that § > 0, then for 0 < § < e < 1, one has :

Wirg—s N{zo 2 0} = OWE N{G > 0} N{zg = 0} = Wi, 5 N{G = 0},
Wirg—s N{zo < 0} 2 OWE N{G > 0} N{zg < 0} = Wip, 15 N{G = 0},
Wik ais) N {zo 2 0} 2 OWE N{G < 0} N{zg = 0} = Wip, 5 N{G <0},
Wik ais) N{zo < 0} 2 OWE N{G < 0} N{zo <0} = Wip, 15 N{G <0},
where ~ means diffeomorphic to.

Proof. Let us prove the first line. It is just an adaptation to our case of the
deformation argument given by Milnor [Mi,Lemma 11.3]. We can construct
a vector field vy on W5 \{G = 0} such that (vi(z), VG(x)) and (v, (z), x) are
both positive. Similarly there exists a vector field vy on WG )\ {G =0}

such that (vy(z), VG(x)) and (va(z), z) are both positive. Using a collar, we
can extend vy to a vector field v3 defined in a neighborhood of Wk 0) \{G =
0} in Wi N {zop > 0} \ {G = 0} such that (0z(z), VG(z)) and (02(z),x)
are positive. Gluing v; and v gives a new vector field w on Wi N {xo >
0} \ {G = 0}. The diffeomorphism between Wik G50 {zo > 0} and OWEN
{G >0} N {xo > 0} is obtained integrating the trajectories of w. Similarly
Wit m—s) N {G > 0} is diffeomorphic to OW;N{G > 0} N {xg > 0} because,
by Lemma 3.3, F~1(0) N G~1(0) is smooth outside the origin. O

We want to compute X(W(‘SFG vo— 5)). By the Mayer-Vietoris sequence, we
know that :

XW(pzg—6)) = X(Wipz—5 N{G = 0})+
XW i m—e) MG < 0}) = X(W(p6 m0—0))-

Hence, by Lemma 3.13, we find that if § > 0, then :

X(W(EF,G,H)*(S)) = X(W(ERCTV,& N {1‘0 > O})_|_
WWrgan 10 2 0 = XV ).

XWircwors) = XWing_s N {zo <0+
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XWipcrs) N {zo < 0}) = X(Wip g 44))-

The Euler-Poincaré characteristic of W ¢ ) can be computed thanks to

Fixo£d
formulas established in [Fu], as explaiiled in [Du3, Theorem 3.2]. More
precisely, let L(F) : (R 0) — (R'*™ 0) be the mapping defined by
L(F) = (F,Fy,,...,Fy,). If L(F) and VFjy have an isolated zero at the
origin, then VF' has an isolated zero at the origin and the following theorem
explains how to compute W(‘SFJO 45

Theorem 3.14. Let § and € be such that 0 < |§| < ¢ < 1. If n is even
then :

If n is odd then :
X(W(aF@Of(S)) =1—degyVF —sign(d) - degyL(F).
Proof. See [Fu] and [Du3]. O
At this point, we have assumed that :

(1) F has an isolated critical point at the origin,

(2) J(F,G) has an isolated zero at the origin,

(3) (0,0,0) is a regular value of (F,G,xg),

(4) Fy has an isolated critical point at the origin.
By the Curve Selection Lemma, the assumption (4) implies the assumption
(3). Moreover, it means that 0 is isolated in {F = F,, = --- = F,, =
xo = 0}. Since this last set is equal to {F' = F,, = --- = F, = 0} near
the origin thanks to the Curve Selection Lemma and the fact that F~1(0)
has an isolated singularity, we have that (4) implies that 0 is isolated in
L(F)~1(0). So, under the assumption (4), we can apply the above theorem.

It remains to compute X(W(aF,G’:I:(S) N{z?0}), 7 € {<,>}. By the Mayer-

Vietoris sequence, we have :

X(Wirg—s) = X(Wipg_s N{zo = 0})+
XWigg_s) N{zo < 0}) = X(W(rc_s,0))-
But Theorem 2.1 enables us to compute x(W_s5) and x(Wg_s )
Let Go : (R"*10) — (R,0) be defined by Go(z1,...,2,) = G(0,21,...,2,)

and let us assume that it has an isolated critical point at the origin. Then
using Theorem 3.1 and Khimshiashvili’s formula, we find that :

XW(pG_s)) =1+ sign(=06)" - [degyJ (F,G) — degy VGo] -

Now observe that, since F' satisfies the condition (Q), Fy satisfies the con-
dition (P) of Section 2 with the vector fields V', ..., V) given by :

‘/io(xl’ s ’xn) = ‘/%(0,231, s axn)'
Let k(Fy,Go) : (R™,0) — (R™,0) be defined by :
k(F, Go) = (Fo, Vo G, - .., Vi) Go).
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By Theorem 2.1, we have :
if nis even : X(Wipg_s4,)) =1 — deggVFo + sign(d) - degok(Fo, Go),
if nis odd : X(Wipg_s40)) = 1 — degok(Fo, Go).
Let us focus first on the case n even. We have :
X(Wigg—s) N{zo = 0}) = X(Wipg_s) N{zo < 0}) = degoH(F, G),
XW(p,g—sy M@0 = 0}) + X(W(pg_g N {z0 < 0}) =
2 + degyJ(F, G) — degy VG — deg VEy + sign(9) - degyk(EFy, Go).
This gives :
N(Weng_g N {0 2 03 = 1+ % (degyJ (F, G) — deggVGo
—degyV EFy + sign(9) - degok(Fo, Go) + degyH (F, G)],

N(Weng_g {0 <0} =1+ % (degyJ (F, G) — deggVGo
—degyVEFy + sign(9) - degok(Fo, Go) — degyH (F, G)] .
Collecting all these informations, we obtain :
X(W(EF,G7$()—(S)) =1+ degyJ(F,G) — degyVGo + sign(0) - dego H (F, G),
XW(pzg—s) NG = 0}) = X(W(pg—s) N {G < 0}) = degok(Fo, Go).

If n is odd, we have :
X(W(rg—syM{@o = 0}) =X (Wi g_sN{zo < 0}) = —sign(0)-dego H (F, G),

XWip,g—s M{zo = 0}) + X(Wipg_g N {z0 < 0}) =
2 — sign(9) - [degy J(F, G) — degy VG| — degyk(Fy, Go).
This gives :
1. .
XW(p s M {zo =2 0}) =1— 3 [sign(d) - (degyJ (F, G) — degy VG
+degOH(Fa G)) + degOk(FO’ GO)] ’
1. .
XW(p s M{zo <0}) =1— 3 [sign(d) - (degyJ (F, G) — degy VG
_degOH(Fa G)) + degOk(FO’ GO)] :
Finally we find :
XWik G zo—s)) = 1 — degok(Fo, Go) — degoVE — sign(d) - degoL(F),
X(W(EF,Z‘Q—(S) N {G > 0}) - X(W(EF,xo—(S) n {G < O}) =
—degyJ (F,G) + degy VG — sign(9) - degy H (F, G).

Here, we have to remark that :

1 1
XW(r G wo-8) = XOW(r G uo-s5) = 5XOW (k) = 1 — degok(Fo, Go),

by Corollary 2.8. Hence, we get that degyVF = degyL(F) = 0.
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We can reformulate these results in terms of one-parameter deformations
of function-germs. Let (z1,...,x,) be a coordinate system of R™. Let
f:(R"0) — (R,0) be a function-germ with an isolated critical point at the
origin. Let ¢g : (R",0) — (R,0) be a function-germ with an isolated critical
point at the origin such that the mapping k(f,g) : (R",0) — (R™,0) has an
isolated zero where k(f,g) is defined as in Section 2. Let (A z1,...,2,)
be a coordinate system in R and let F : (R 0) — (R,0) (resp.
G : (R 0) — (R,0)) be a one-parameter deformation of f (resp g),
ie F(0,z2) = f(x) (resp. G(0,xz) = g(z)). We will use the notations
fi(x) = F(t,x) and g;(xz) = G(t,x). We assume that :

(1) F has an isolated critical point at the origin,
(2) the mapping J(F,G) has an isolated zero at the origin,
(3) F satisfies the condition (@) (which implies that f satisfies the con-
dition (P)).
We note that Fy and Gy have an isolated critical point because Fy = f and
Gy = g. So we are in situation to apply the above process.

Corollary 3.15. Fort and € with 0 < [t| < € < 1, we have :
-if n is odd :

X(W(f, g0)) = 1 — degok(f, 9),

x(Wj5, N{ge = 0}) = x(W5yNn{g <0}) =

—degJ (F, G) + deg Vg — sign(t) - dego H(F, G),

- if n is even :

XW(f, g0)) = 1+ degoJ (F, G) — degyVg + sign(t) - dego H (F, G),

X(W5, N {gr = 0}) = x(W5, 0 {ge < 0}) = degok(f, g)-

Let us consider the following deformations of f and g :

F()\,I’) = f(.%') - '71()‘) and G()\,l’) = g(l’) - 72()‘)7

where v = (71,72) : (R,0) — (R2,0) is an analytic arc such that y(t) # 0
if t #0 and v{(t) # 0 if ¢ # 0. With this last condition, the function F
has an isolated critical point at the origin. Furthermore, we assume that
f satisfies the condition (P). This implies that F' satisfies the condition
(Q) with V;(\,z) = vi(x) for i = 2,...,n. Let us denote by Disc(f,g) the
discriminant of the mapping (f,g). The following lemma tells us when the
points in the image of v are regular value of (f,¢) near the origin.

Lemma 3.16. The origin (0,0) is isolated in H(F,G)~1(0) if and only if
0 is isolated in Disc(f,g) N y(I), where I is a small open interval in R
containing 0.

Proof. The point (0,0) is isolated in H(F,G)~1(0) if and only if for all
(t,z) # (0,0) such that F(t,x) = G(t,xz) = 0, there exists ¢ € {2,...,n}
such that v;G(t,z) # 0. Let us remark that if = # 0 is such that F(0,z) =
G(0,z) = 0 then v;G(0,z) # 0 for some i in {2,...,n} because f~1(0) N
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g~ 1(0) has an isolated singularity. Therefore the point (0,0) is isolated in

H(F,G)71(0) if and only if for all (t,x) with ¢ # 0 such that F(t,x) =

G(t,x) = 0 there exists ¢ € {2,...,n} such that v;G(t,x) # 0. This is

equivalent to the fact that for all ¢ # 0 and for all x such that f(z) = 7 (¢)

and g(z) = y2(t), Vf(z) and Vg(z) are not colinear. O
Corollary 3.15 can be restated in this situation.

Corollary 3.17. Assume that f and g have an isolated singularity and that
Y1 () #0if t #0. Assume that J(F,G) and k(f,g) have an isolated zero at
the origin then for t and ¢ with 0 < |t| < ¢ < 1, we have :
-ifn is odd :

XWir—r1(t),g—a(en) = 1 — degok(f, 9),

XWi_y N9 =272} —x(Wi_,, i N{g <0)}) =

—degJ (F, G) + deg Vg — sign(t) - dego H(F, G),

- if n is even :

X(W(efffyl (t),gffyg(t))) =1+ degOJ(F7 G) - degOVg + Slgn(t) : degOH(F7 G)a

X(Wi_y 0y g =2 72(8)1) = Xx(Wi_y o) N {g < 12(8)}) = degok(f, 9)-

Let us examine the situation when A;(t) = ¢ and A2(t) = 0. In this case,

we can check that degoJ(F,G) = 0 and that degoH = —degyl(f, g), where
I(f,g) is defined in Section 2. Hence, we recover the results of Theorem 2.9.

4. EXPLICIT FORMULAS

In this section, we present some situations where the conditions (P) and
(Q) are satisfied.

4.1. Case n = 2, 4 or 8. As explained in [FK], when n = 2, 4 or 8, the
condition (P) is satisfied for any function-germ f : (R",0) — (R,0). If 0y,
denotes the vector e; = (0,...,0,1,0...,0) where 1 is the i-th coordinate,

then the vectors ve, ..., v, are given by, if n = 2 :
Vo = _f:vgazvl + lea{rza
ifn=4:

V2 = = f1y0u1 + fu100y — f,0r5 + fr30u,,
V3 = — foy001 + f2,009 + fu,005 — fu,0u4,
V4 = = [14001 — fu30uy + fry024 + [, 0ny,
ifn=8:
V2 = — fo, 00y + fu,005 — fu,004 + fry0z,
— [0y + fu50z6 + frgOur — [urOus,
V3 = — foy00y + fu,00 + fu,005 — fr,0z,
—fur Oy — fgOrg + fu50ur + [60us)
V4 = — f2,00 — fuy0py + fu,005 + fu,0z,
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= fosOns + f2:026 = fo60u; — f250s,
Vs = — fa50ny + fu6000 + fo7005 + fug0u,

+f21025 = f22006 = fo3007 — f2404,
V6 = — fus001 — fu5005 + fu5Op5 — fu70u,

+f22025 + f21 006 + f2402; — f23004,
V7 = — f2;00, — fugOpy — fu5005 + fus0u,

+f23025 = [24026 + fo,00; + [0,
Vs = — fugOny + [17010 — 26025 — fu50n,

+ f24025 + f2300 — fo3007 + [, Ong-

The condition (Q) is also fullfilled, the vectors V; being given by, if n = 2 :
V2 == _Fxgaml + F$13x27
ifn=4:

V2 == _Fxgaml + Fxlaxg - F$4ax3 + Fx3a$47
V:”) = _F:vgazl + Fz4a:v2 +lea:v3 - F:vgaz4a
V4 == _Fx4a$1 - F$3ax2 + Fxgaxg, + Fx18$47

ifn=28:

Vo = —Fyp, 00, + Fy,0py — Fy 0y + FyyOn,

—FygOps + FugOrg + FugOy — Fip Oy,
Vi = —Fuy 0y + Fuy Oy + Fy, 00y — FiyOs,

~Fy7Opy — FugOg + Fiy Oy + FigOrs,
Vi = —Fy,00, — Fy,0p, + Fyy0u, + Fy,0n,

_Fxsa% + F:L“7are - Fmaa:w - F£E5a{rga
Vs = —Fp.0p, + FugOuy + Fiy Oy + FugOs,s

+Fx1aﬂc5 - szaﬂﬁe; - Fﬂﬁaaﬂw - F:L‘4a$87
Vo = —FuyOuy — FuyOuy + FuyOsy — FupOs,

+Fx2aﬂc5 + Fmaﬂ% + Fuaﬂw - Fl‘3a$87
Vi = —Fp,0py — FugOuy — Fis Oy + FugOs,s

+Fx36x5 - Fx4aﬂﬁ6 + F9016x7 + FZ‘28$87
Vs = —Fy Oy + Fu 0y — FugOsy — FugOs,

+Fp 005 + FuyOpg — FiyOry + Fp Ong.-

So all the results of Section 2 and Section 3 can be applied. Note also that
the vector fields v; and V; are analytic.

4.2. Case f; > 0 and F,, > 0. The condition (P) is satisfied for a
function-germ f : (R™,0) — (R, 0) such that f;, > 0 (see [FK,p151]). The
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vectors v, ..., v, are defined by :
U; = _fxlaanl - Z(fl‘zfmj - 51,]T)axja

j=2

where T' = f,, + 2?22 fi and ¢; ; is the Kronecker symbol. Here we notice
that there is a mistake in the computation of the determinant of the matrix
M defined p.151 in [FK]. This determinant is (—1)"7""'3"" g2 . That is
why our v;’s are the opposite of the v;’s defined by Fukui and Khovanskii.
If F;, > 0, the condition (Q) is satisfied with the vectors V;’s defined by :

n
Vi =—Fp, 00, — > _(Fu, Fo; = 0i T")0a;,
j=2
where T" = Fy, + 377 ng. Let us remark that in this situation the com-
putation of X(W(eF G 6)) can be simplified thanks to Theorem 2.1. Actually,
the function F satisfies the condition (P) with the following vectors :

n
Zo = Fpy0,, + Z (Fy, Fy; — 0,75)0a,,
J=0 ] j#1
n
Zi=—Fp,0p — > (FuFa; —06i;8)0s;, i=2,...,n,
§=0 | j#1
where S = Fy, + Fp + Y0, F; . Let K(F,G) : (R™1,0) — (R"1,0) be
defined by :
K(F,G) = (F, ZoG, ZoG, ..., ZnG).

Since F~1(0)NG~1(0) has an isolated singularity at the origin (Lemma 3.3)
then K (F,G) has an isolated zero at the origin (Lemma 2.4). Hence, by
Theorem 2.1 and since degyVF = 0 for F,, > 0, we have :

if nis odd : x(Wipg_s) =1+ sign(d) - degy K (F, G),

if nis even : X(Wipg_g) =1 — degoK(F,G).

So Corollary 3.15 can be rewritten without the assumption that ¢ has an

isolated critical point at the origin. Namely, with the obvious assumptions,
we obtain :

Corollary 4.1. Fort and € with 0 < |t| < ¢ < 1, we have :
-if n is odd :

X(W(Efmgt)) =1- degOk(fa g),
X(W5 N {g > 0}) —x(W5, N {g, < 0}) =
+degy K (F,G) — sign(t) - degyH(F, G),
-if n is even :

X(W(Efmgt)) =1- degOK(F’ G) + Sign(t) ’ degOH(F’ G),
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x(W5, 0 {ge > 0}) —x(W5, N {g: <0}) = degok(f,9).

If the deformation (F,G) of (f,g) is of the form F(A\ z) = f(z) —y1(N),
G\, x) = f(x)—~2()N), then we just need to suppose that f,, > 0. Therefore
Corollary 3.17 becomes :

Corollary 4.2. Assume that f and g have an isolated singularity and that
Y1 () 0 if t #0. Assume that J(F,G) and k(f,g) have an isolated zero at
the origin then for t and ¢ with 0 < |t| < ¢ < 1, we have :

-ifn is odd :

)

X(W(f_"/l(t)y—’m(t))) =1- degok(f7 g)a
XWE_ N g =2} = x(Wi_, @ N {g <7()}) =
+degy K (F,G) — sign(t) - degyH(F, G),
-if n is even :
XV (0).g— ) = 1 — degoK(F, G) + sign(t) - dego H(F, G),
XWi_@ Mg 29201 = Xx(Wi_y, o) N {9 = 72(t)}) = degok(f, 9)-

Let us end with an example. Let f(z1, 72,23, 24) = 2% + 23 + 23 — 25 and
g(x1, 9, x3,24) = 129 + x324. These functions have an isolated critical
point at the origin and deggVf = —1 and deggVg = 1. The mappings
k(f,g) and I(f, g) of Section 2 are :

k(f,9)(x) = (27 + 23 + 23 — 27,227 — 223 + 223 + 227, —4dwoxs, 4T974),

I(f,9)(x) = (x129 + 2324, 207 — 223 + 225 + 203, —dwows, 4xoxy).

It is not difficult to see that 0 is an isolated root of k(f,g) and I(f,g).
Furthermore, degok(f,g) = 0 because k(f,g)~1(0,3,0,0) = 0 if 3 < 0. If

B < 0 then I(f,g)~%(0,3,0,0) consists of the points p; = (0, \/—g,0,0)

and py = (0,— —g,0,0). Since det[DI(f, g)(pi)] > 0, degol(f,g) is equal

to 2. By Theorem 2.1 and Theorem 2.9, we get that X(W(sfgﬂ;)) = 2,

X(W(ef_s,g)) = —-2if§ >0 and X(W(Ef_(;g)) =21if 6 < 0. By Corollary 3.17,
we have :

M5y N g = 22(0)) = X(WF ) g < 2(0)}) = 0,

for an appropriate analytic arc (7y1,72).

Let us compute X(W(ef_t g—t)) using Corollary 3.17. The mappings H and

J of Section 3 are given by :
H(t,z) = (23 4 25 + 22 — 23 — t, 2129 + 2374 — 1,
212 — 223 4 223 + 223, —dwox3, 42014),
J(t,x) = (t- (22 + 23 + a2 — 22 —t), 2120 + 2304 — 1,

222 — 222 4 223 + 223, —dwox3, dxowy).
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Let us search the points (¢, x) such that H(¢t,z) = 0. If 25 = 0 then clearly
r1=x3=x4=1t=0. If 9 # 0 then 23 =24 =0 and :

2P +a3—-t=0
$1$2—t:0
222 — 223 =0

This implies that t> = 4z3 = z3, which is a contradiction. Hence H admits
an isolated zero at the origin. Furthermore degyH = 0. To see this, let (¢, x)
be such that H(t,z) = (0,0,3,0,0) where 5 < 0. Necessarly x5 # 0 and
x3 = x4 = 0. Hence x1, x2 and t satisfy the system :

i +a3—t=0
1T — t=20
272 — 222 = 3
Putting v = g, we find that 22 = H'T“/, 73 = t_T“/ and t? = #. This last
equality is equivalent to 3t> = —v2, which is impossible.
Let us search the points (¢,z) such that J(¢,x) = 0. As above, if zo =0
then z1 =z3 =24 =t =0. If 9 # 0 then 23 = x4 =0 and

t(x?+a23—-t)=0
xlxg—t:O
222 — 223 =0

If t = 0 then 21 = 29 = 0, which is a contradiction. The case 2%+ 23—t = 0
is also impossible as we have already explained. Hence J admits an isolated
zero at the origin. Let 5 < 0 and let us search the points (¢,2) such that
J(t,x) = (%2,0,6,0,0). Necessarly xo # 0 and 23 = x4 = 0. Hence z1, x9
and t satisfy the system :

2
ta?+a3—t) =5
xlxg—t:O
272 — 222 = 3

Furthermore, t > 0 because t(z3 + x3) = t* + %2 and z; and xo have the

same sign. Putting v = g and A =t+ %i? we find that 2?2 = )‘Qﬂ, 73 = %
and t? = ’\2272. Hence, we get that 3t! = g—i. Thus (ﬁ—;,O,B, 0,0) has

two preimages ¢q; = (to,a1,b1,0,0) and g2 = (o, az, b2,0,0), where ¢ty > 0,
aj,by > 0 and ag,by < 0. An easy computation shows that DJ(g;) =
—128b%to(a; — b;)?. Finally we find that degyJ = —2. Corollary 3.17 gives

that x(W¢_, ;) = —2.

Let us now compute x(W¢

(F—t gflt))' The mappings H and J are :
’ 4

1
H(t,l’) = (I’% +I’% +xi2’) _xézl _t7x1x2 + 324 — Zt7

222 — 222 4 203 + 223, —dwyx3, dxomy),
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1
J@ax)=:@'($%4‘$%4‘$§“$Z“ﬂa$1$2%-$3$4—-Zt

222 — 222 4 223 + 222, —dwox3, 4x014).

We use the same technics as in the previous example. We find that H
and J have an isolated root at the origin. If 8 < 0 then (0,0, 3,0,0) has
two preimages by H : p; = (to,a1,b1,0,0) and py = (o, az, b2,0,0) where
to > 0, a;,b; > 0 and ag,bs < 0. A computation gives that DH(p;) =
—48b22t0, which implies that deggH = —2. Let us search the preimages of
(%2,0,6,0,0), B < 0, by J. If (t,z) is such a preimage then necessarly
ro # 0, x3 =24 = 0 and t > 0. Moreover x1, x5 and t satisfy the system :

2
ta?+a3—t) =5
$1$2—%t:0
272 — 222 = 3

This gives that —%t2 = 2% a contradiction. We have proved that deggJ =

— 832’
0. Applying Corollary 3.17, we obtain that x( (Efitg lt)) =-2ift>0
91
and X(W(ef—ug—it)) =2ift <0.
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