N

HAL

open science

Nagaev method via Keller-Liverani theorem

Loic Hervé, Francoise Pene

» To cite this version:

‘ Loic Hervé, Frangoise Pene. Nagaev method via Keller-Liverani theorem. 2008. hal-00203408v1

HAL Id: hal-00203408
https://hal.science/hal-00203408v1

Preprint submitted on 10 Jan 2008 (v1), last revised 29 Sep 2010 (v5)

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-00203408v1
https://hal.archives-ouvertes.fr

NAGAEV METHOD VIA KELLER-LIVERANI THEOREM
Loic HERVE ! and Francoise PENE 2

AMS subject classification : 60J05-60F05

Keywords : Markov chains, central limit theorems, Edgeworth expansion, spectral method.

Abstract. Nagaev’s method, via the perturbation operator theorem of Keller and Liverani, has been exploited
in recent papers to establish local limit and Berry-Essen type theorems for unbounded functionals of strongly ergodic
Markov chains. The main difficulty of this approach is to prove Taylor expansions for the dominating eigenvalue of the
Fourier kernels. This paper outlines this method and extends it by proving a multi-dimensional local limit theorem, a
first-order Edgeworth expansion, and a multi-dimensional Berry-Esseen type theorem in the sense of Prohorov metric.
When applied to uniformly or geometrically ergodic chains and to iterative Lipschitz models, the above cited limit

theorems hold under moment conditions similar, or close, to those of the i.i.d. case.
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1. Introduction, setting, and notation. Let (X,), be a Markov chain with values
in (F,€&), with transition probability ¢ and with stationary distribution 7. Let £ be a 7-
centered random variable with values in IR? (with d > 1). We are interested in probabilistic
limit theorems for (£(X,)), namely :

o central limit theorem (c.l.t.),

« rate of convergence in the central limit theorem : Berry Esseen type theorem,
« multi-dimensional local limit theorem,

o First-order Edgeworth expansion (when d = 1).

We want to establish these results under moment conditions on & as close as possible to
those of the i.i.d. case (as usual ii.d. is the short-hand for “independent and identically
distributed”). Let us recall some facts about the case when (Y},), is a sequence of i.i.d. IR%-
valued random variables (r.v.) with null expectation. If Y7 € IL?, we have the central limit
theorem and, under some additional non-lattice type assumption, we have the local limit
theorem. If Y € IL? and d = 1, we have the uniform Berry-Esseen theorem, and the first-
order edgeworth expansion. If Y7 € L™ with m = max (3, |d/2]| + 1), then (Y},), satisfies a
multi-dimensional Berry-Esseen type theorem (in the sense of Prohorov).

To get analogous results for Markov chain, we shall use and adapt Nagaev’s method. This
method has been introduced in [?] [?] to establish limit theorems for sequences (£(X,,))n, when
€ is a real-valued function and (X,)n,>0 is a uniformly ergodic Markov chain. This method
is based on Fourier techniques and the usual perturbation operator theory applied to the
Fourier kernels Q(t)(z, dy) = ¢WQ(z,dy) (t € IR). The idea is that IE [eitzzﬁf(xk)} is
close enough to an expression of the form A\(¢)” and the calculations are then similar to those
of the i.i.d. case (let us recall that, if (Y},), is a sequence of i.i.d. random variables, then we
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have I |e" Z«k=1 = ([E[e""]) ). The use of Nagaev’s method always requires a strong
ergodic assumption. This assumption is presented in section 2.

Ever since Nagaev’s works, this method has been widely extended to more general Markov
chains. This is fully described in [?] [?] where references are given. Roughly speaking, this
method yields the usual distributional limit theorems if @) is strongly ergodic w.r.t. some
Banach function space B and (Q, &) satisfies some operator-moment conditions on B. This
method is specially efficient when B is a Banach algebra and ¢ is in B. Unfortunately, on
the one hand, since Banach algebras are often composed of bounded functions, the condition
& € B implies that £ must be bounded. On the other hand, usual models as geometrically
ergodic chains or iterative Lipschitz models (typically E = IRP) are strongly ergodic w.r.t. to
some weighted supremum normed space or weighted Lipschitz-type space which are not Ba-
nach algebras, and the above mentioned operator-moment conditions then hold under very
restrictive assumptions involving both @) and £. For instance, in these models, the usual
Nagaev’s method cannot be efficiently applied to the sequence (X,), (i.e. &{(z) = x) ; an
explicit and typical counter-example will be presented in Section 3.

In recent works [?] [?] [?], a new procedure, based on the pertubation theorem of Keller-
Liverani [?] (see also [?] p. 177), allows to get round the previous difficulty and to greatly
improve Nagaev’s method when applied to unbounded functionals £ ; the main results of [?]
are applied to the Fourier kernels in Section 4. Our work outlines this new approach, and
presents the applications, namely : a multi-dimensional local limit theorem, a one-dimensional



Berry Esseen Theorem, a first-order Edgeworth expansion, a multi-dimensional Berry-Esseen
type theorem in the sense of Prohorov metric.

When the usual perturbation theorem is replaced with that of Keller-Liverani, the main
difficulty consists in proving Taylor expansions for the dominating eigenvalue A(t) of the
Fourier kernel Q(t). This point is crucial here. Such expansions may be obtained as follows :

(A) To get Taylor expansion at ¢ = 0, one can combine Nagaev’s method with more prob-
abilistic arguments such as martingale techniques [?]. In this paper, this method is just
outlined : the local limit theorem obtained in [?] is extended to the multi-dimensional case
in section 5, and the one-dimensional uniform Berry-Esseen theorem of [?] is just recalled for
completeness in section 6.

(B) To establish the others limit theorems, we shall use a stronger property : the regularity
of the eigen-elements of Q(-) on a neighbourhood of t = 0. We shall see in section 7 that this
can be done by considering the action of Q(t) on a “chain” of suitable function spaces instead
of a single one as in the classical approach. This method, already introduced to investigate
the clt for iterative Lipshitz models [?], is here specified and extended to general strongly
ergodic chains. It will provide the one-dimensional Edgeworth expansion (section 8) and the
multi-dimensional Berry-Esseen type theorem (section 9).

When (X,,), is Harris recurrent, the so-called regenerative (or splitting) method provides
limit theorems for (£(X,))n including the uniform Berry-Esseen theorem [?] and Edgeworth
expansions [?]. Here the Harris recurrence is not assumed, but we shall appeal to abstract
operator-type assumptions. Despite the forbidding appearance of theses assumtions, we want
to point out that, when applied to the classical examples of strongly ergodic Markov chains,
they will reduce to simple moment conditions on £ and standard nonlattice conditions.

We apply our method to the three following examples :

1. Uniformly ergodic Markov chain, see [?].

As a first motivation of the abstract sections 4-9, the above cited limit theorems will be
summarized in Section 2.3 in the simple case of the uniformly ergodic Markov chains.
This simple model provides a good understanding of the improvements obtained in
this work. Indeed, for results requiring Y7 € IL™ in the i.i.d. case, whereas the usual
Nagaev’s method needs sup,cp [ [£(v)|"Q(z,dy) < +o00 [?, 7, ?], the present method
appeals to the moment conditions ¢ € IL™(r) or £ € L™ (7).

Of course this example is quite restrictive, and another motivation of this work is to
present applications to the two following markovian models of more practical use.

2. v-geometrically ergodic Markov chains, see e.g [?, ?].

Applications of our abstract results to v-geometrically ergodic Markov chains are given
in section 10. When Y7 € IL™ is needed in the i.i.d. case, the usual Nagaev’s method
requires for these models the condition sup,cp v(z) ™! [[£(y)|™v(y)Q(z, dy) < +oo (see
e.g [?]) which, in practice, often amounts to assuming that £ is bounded [?]. Our method
only requires that [£|™ < C'v or [¢|™"¢ < C'v, which extends the well-known condition
|€|> < C v used for proving the clt [?].

Since v-geometrically ergodic Markov chains (as well as uniformly ergodic Markov
chains) are Harris recurrent and strongly mixing, other methods may be used to study
the above mentioned limit theorems. For these two models, our method is as efficient



as the hitherto known ones, even better in some cases. More precise comparisons will
be made afterwards.

3. The iterated random Lipshitz models, see e.g [?7, 7].

Except when Harris recurrence and strong mixing hypotheses are assumed, not many
works have been devoted to the refinements of clt for iterative models. Applications
to this example are detailled in Section 11 : by considering the general weighted-
Lipschitz functionals £ of [?], the limit theorems will be stated under some usual moment
and mean contractivity conditions which extend those of [?] [?] used to prove the
c.l.t.. For instance, let us consider the typical example when (X,,), is the usual linear
autoregressive model in IR?, namely X,, = AX,,_1 + 6,, where A is a contractive d x d-
matrix and Xy, 01,09, ... are IR%valued independent r.v., and when the functional is
&(x) = x. For this example, whereas the usual Nagaev’s method requires exponential
moment conditions for these statements [?], our adaptation gives the local limit theorem
and the Berry-Esseen theorem under the expected moment hypotheses 6; € IL? and 6; €
IL3 respectively. The first-order edgeworth expansion and the multi-dimensional Berry
Esseen theorem are established under stronger moment conditions : #; € L?*™¢ < 400
when only Y; € IL™ is needed in the ii.d. case. All these results are new to our
knowledge.

A slight correction of [?]. Also, one of our motivations is to correct slightly theorem 2.2.4
of [?] about the Knudsen gas model. This model involves a uniformly ergodic Markov chain
(X,)n, and this result gave a rate of convergence in n~'/2 (in the sense of Prohorov) in the
multi-dimensional clt for (£(X,)), under the hypothesis ¢ € IL?(x) N L2+ (7). The proof
of this statement is not correct as it is written in [?]. Indeed, under this hypothesis, ¢t — Q(t)
does not define a regular family of operators when acting on the single space of bounded
functions (this holds under the more restrictive condition mentioned in the above example
1). Hence proposition 2.4.2 of [?] is not correct. By considering the action of Q(t) on a
“chain” of ILP(m)-spaces, the above procedure (B) will enable us to solve this problem ; in
fact this will be done for any uniformly ergodic chain. This will provide the following slight
correction (see Section 2.2 for details) : Theorem 2.2.4 in [?] is valid under the condition
€ € It () N L2442 (1) for some e > 0.

Extensions. Mention that the procedures (A) and (B) may be also used to investigate
renewal theorems [?] [?]. Anyway, our method, developped here for functionals of Markov
chains, may be employed in other contexts where Fourier operators occur. First, by an easy
adaptation of the hypotheses, the present limit theorems may be extended to the general
setting of Markov random walks, whose our work is a special case. Second, these theorems
may be also stated for the Birkhoff sums stemming from dynamical systems, by adapting
the hypotheses to the so-called Perron-Frobenius operator (to pass from Markov chains to
dynamical systems, see e.g [?] Chap. XI). Besides, [?] also used Nagaev’s method together
with Keller-Liverani theorem to prove convergences in distribution to stable laws in the
stadium billiard.

Now let us present the general settings useful for the abstract study of Sections 4-9.

Probabilistic setting. (X, ),>0 is a Markov chain with general state space (E, £), transition
probability @, stationary distribution 7, initial distribution u, and & = (&1,...,&,) is a IR%



valued m-integrable function on E such that 7({) = 0 (i.e. each & is m-integrable and
7(&) = 0). The associated random walk in IR? is denoted by

5= e,
k=1

We denote by | - |2 and (-, -) the euclidean norm and the canonical scalar product on IR?. For
any t € IR? and = € E, we define the Fourier kernels of (Q, €) as

Q(t)(z, dy) = "¢V Q(x, dy).

N(0,T') denotes the centered normal distribution associated to a covariance matrix I', and
“L_>” means “convergence in distribution”. Although (X,,)n>0 is not a priori the canonical
version, we shall slightly abuse notation and write IP,, I, to refer to the initial distribution.
For any p-integrable function f, we shall often write p(f) for [ fdu. For x € E, ¢, will stand
for the Dirac mass : d,(f) = f(x).

>

Functional setting. The Banach spaces on which Q will act will be composed of complex-
valued 7-integrable functions on E (or, of equivalence classes of such functions) and will be
moreover supposed to be stable under complex conjugation. Such a space will be called a
function space. The simplest examples are the space B~ of bounded measurable functions on
E, equipped with the supremum norm, and the usual Lebesgue space IL”(7), 1 < p < +oc.

Unless otherwise indicated, (B, || - ||g) will be a function space. If X is a Banach space, we
denote by L(B, X) the space of the bounded linear operators from B to X, and by || -||5,x the
associated operator norm, with the usual simplified notations £L(B) = L(B,B), B = L(B,C),
for which the associated norms are simply denoted by || - ||z. If T € L(B), r(T') denotes
its spectral radius, and 7ss(7) its essential spectral radius (see e.g [?] Chap. XIV). For
any normed spaces A and B, the notation “A — B” means that the inclusion A C B is a
continuous embedding.

Throught this paper, we consider function spaces B containing 15 and such that B — IL*()
(which implies that 7 is in B'), and 11 denotes the rank-one projection defined on B by :

Hf ==n(fle (f € B).

2. Strong ergodicity assumption. We shall appeal to the following strong ergodicity
condition on B :

Condition (K1) : B IL*(r), 1p € B, Q € L(B), and lim, ||Q" — 11|z = 0.

When condition (K1) holds, we shall say that @ (or merely (X)) is strongly ergodic w.r.t.
B. One could also say “ geometrically ergodic w.r.t. B “. Indeed, one can easily see that the
last property in (K1) is equivalent to :

dkp < 1,3C >0,Vn > 1, [|Q" —1I||p < C ky.

It is worth noticing that the condition B — IL'(7) in (K1) implies 7 € B'. Besides, we shall
repeatedly use the following obvious fact. If @ is strongly ergodic w.r.t. B, and if f € B is
such that 7(f) = 0, then the series >, QF f is absolutely convergent in B.

2.1. Examples.
(a) According to the terminology of [?], we say that (X,), is uniformly ergodic if we have
(K1) on B~ . This also corresponds to aperiodic Markov chains satisfying the so-called Doe-



blin condition. Nagaev’s method was introduced with this example.

(b) Let v : E—[1,+00[. The v-geometrically ergodic Markov chains [?] constitute a natural
extension of Example (a). A Markov chain is said to be v-geometrically ergodic if its transi-
tion operator @) satisfies (K1) on the weighted supremum normed space (By, || - ||») composed

x
of measurable complex-valued functions f on E such that || f||, = sup o) < 400.

zeE UV\T
(c) Under some usual moment and mean contractivity conditions, the iterated random Lip-
shitz models [?] satisfy (K1) on weighted Lipschitz-type spaces, see [?] (Sect. 5).

(d) Let g(-) be a semi-norm on B, dominated by || - ||3. Suppose that () continuously acts
on both (B, |- ||g) and (B, ¢(-)), and satisfies the so-called Doeblin-Fortet inequalities : there
exist 7 < 1 and C' > 0 such that ||Q"f||g < Cr"||fllz + Cq(f) for all n > 1 and f € B. Fi-
nally, denoting by S the unit ball of (B, || - ||5), assume Q(S) is relatively compact in (B, ¢(-)).
Then @ is quasi-compact on B [?] [?], so that @ satisfies (K1) provided that it verifies some
further irreducibility and aperiodicity conditions.

All the limit theorems investigated in this work are stated in Section 2.3 for Example (a).
They will be applied to the examples (b) and (c) in Sections 10-11.

2.2. A central limit theorem in the stationary case. As a preliminary to the next limit
theorems, we state here a well-known c.l.t. for ({(X)),, which is a standard consequence
of a theorem due to Gordin [?]. We shall then deduce a corollary based on Condition (K1).
In this section, we shall only consider the stationary case. Also observe that, concerning
distributional questions on (£(X5,)),, one may without loss of generality assume that (X, )n>0
is the canonical Markov chain associated to Q.

So we consider here the usual probability space (E™V, %™V IP.) for the canonical Markov
chain, still denoted by (X, )n>0, with transition probability @ and initial stationary distribu-
tion 7. Let @ be the shift operator on EN. As usual we shall say that (X, ),>0 is ergodic if
the dynamical system (ET, 9N IP,,6) is ergodic.

Theorem (Gordin). Assume that (X,,)n>0 is ergodic, and

Vi=1,...,d, & elL?(x) and & := > >0 Q"& converges in L ().
Then % 2> N(0,T), where T is the covariance matriz defined by ('t,t) = w(£2)—w((Q&)?),
where we set & = St &.

Corollary 2.1. Let us suppose that (X,)y is ergodic, that (K1) holds on a function space
B IL*(7), and & € B (i = 1,...d). Then the c.l.t. of the previous theorem holds.

Proof of Corollary. Since we have (K1) on B, §; € B and 7(§;) = 0, the series & = S0 Qe
O

converges in B, thus in (7).

In order to make easier the use of this corollary, let us recall the following sufficient condition
for (X,,)n to be ergodic. This statement, again in relation with Condition (K1), is established
in [?] (Th. IX.2) with the help of standard arguments based on the monotone class theorem.

Proposition 2.2. Let us suppose that (K1) holds on a function space B satisfying the
following conditions : B generates the o-algebra €, 6, € B' for all x € E, and BNB™ is stable



under product. Then (X)), is ergodic.

Of course, other methods exist to investigate the c.l.t. for Markov chains. Corollary 2.1
will be here our basic distributional statement : it will be easily applicable to our examples,
and its interest is also to define the asymptotic covariance matrix I" which will occur in all
the others limit theorems. Anyway, the above definition of I' provides the following classical
characterisation of the case when I' is degenerate.

Proposition 2.3. Under the hypotheses of Corollary 2.1, T' is non invertible if and only if
Jte R t#0, 3ge B, (t,&(X1)) =g(Xo) — g(X1) Py —a.s..

Let us notice that this equivalence is still true for B = IL?(7) if we know that :

vt € R, sup,,>1 [n(Tt,t) — IEx[(t, Sn)?]| < +o0.

Proof. If (t,£(X1)) = g(Xo) — 9(X1) [Pr-a.s., then (%) converges in distribution to
the Dirac mass at 0 (which proves I' is non invertible). Ind%ed, by stationarity, we have
(t,&(Xn)) = 9(Xn-1) — 9(Xy) [Pr-as.. forall n > 1, so (t,5,) = g(Xo) — g(X,). Since
we have g € B — IL?(nr) by hypothesis, this implies that lim,, Eﬂ[(%)ﬂ = 0 and hence
the desired statement. Conversely, let us suppose that I' is not invertible. Then there exists
t € R%, t +# 0, such that (Tt t) =0. From tuhe definition on I" given in the above theorem and
from the obvious equality IF,[(&(X1) — Q& (X0))?] = 7(€2) — n((Q&)?), it follows that
EW[(gt(Xl) - Qgt(XO))2] = 0.
Thus &(X1) — Q&(Xo) = 0 IPr — a.s.. Set &(-) = (¢,£(:)). By definition of &, we have
& =& +Q&, so 5 5
§(X1) + Q& (X1) — Q&(Xo) =0 Pr —a.s..
This yields &(X1) = g(Xo) — g(X1) Px — a.s. with g = Q&,. O

As usual, a set A € £ is said to be 7-full if 7(A) = 1, and Q-absorbing if Q(a, A) =1 for all
a € A. The previous proposition can be specified as follows.

Proposition 2.4. Let t € IR%, t # 0, and let g be a measurable function on E such that :
(t,&(X1)) = g(Xo) — g(X1) Pr—a.s.,
then there exists a m-full Q-absorbing set A € £ such that we have :

Vo € A, (t,&(y)) = g(x) — g(y) Q(z,dy)-a.s..

Proof. For x € E, set A, = {y € E : (t,{(y)) = g(z) — g(y)}. By hypothesis we have
JQ(z, Ay)dr(z) = 1, and since Q(x, A;) < 1, this gives Q(z, A;) = 1 m-a.s.. Thus there
exists a m-full set Ag € & such that Q(z,A;) = 1 for z € Ap. From w(Ag) = 1 and
invariance of m, we also have m(Q14,) = 1, and since Q14, < Q1 = 1g, this implies that
Q(z, Ap) = 1 m-a.s.. Again there exists a m-full set A; € &€ such that Q(x, Ag) =1 for z € A;.
Repeating this procedure, one then obtains a family {A4,,n > 1} of n-full sets satisfying by
construction the condition : Vn > 1, Vx € A,, Q(x, An—1) = 1. Now the set A := Np>04,
is 7r-full and, for any a € A, we have Q(a, A,—1) = 1 for all n > 1, thus Q(a, A) = 1. This
proves A is (Q-absorbing, and the desired equality follows from the inclusion A C Ayp. O



2.3. The uniformly ergodic Markov chains. We suppose here that (X,,),>0 is uniformly
ergodic, as defined in Example (a) of Section 2.1, and we state below in this special case all
the limit theorems investigated in this work.

Let us suppose that 7(|¢|3) < 4+o00. Then (%)n converges in distribution to a centered
normal distribution A(0,T) for any initial distribution. This is a classical result [?] (see also
[?]) that can be easily deduced, in the stationary case, from the statements of Section 2.2.
Indeed, by definition we have (K1) on B~ , so (X,,), is ergodic by Proposition 2.2, and since
Q also satisfies (K1) on IL?(7) [?], Corollary 2.1 applied with B = IL?(r) gives the desired
c.lt..

In the sequel, whenever we consider uniformly ergodic Markov chains, we shall assume that
the o-algebra £ is countably generated (in order to apply [?] in Section 4.2).

For the sake of simplicity, we assume in this section that (Xy,)n is stationary (u = ). It will
be understood below that the previous covariance matriz I' is invertible, and the next nonlattice
condition will mean that there is no a € IR, no closed subgroup H in R H #* R%, no w-full
Q-absorbing set A € &, and finally no bounded measurable function 6 : E — IR such that :

Vee A, (y)+0(y)—0(x)ea+H Q(z,dy) — a.s..

The following statements will be afterwards specified and established as corollaries of the
abstract results of Sections 4-9 :

o If T(|€]3) < 400 and & is nonlattice, then (&(Xy))n satisfies a multidimensional local limit
theorem (Corollary 5.5).

o (d=1) If m(|£]?) < 400, then (£(Xy))n satisfies a one-dimensional uniform Berry-Esseen
theorem (Corollary 6.3).

o (d=1) If m(|€]%) < 400 with some o > 3 and & 1is nonlattice, then (§(X,))n satisfies a
one-dimensional first-order Edgeworth expansion (Corollary 8.2).

o If m(|€]$) < +00 for some o > max (3, |d/2] + 1), then (£(Xy))n satisfies a multidimen-
sional Berry-Esseen theorem in the sense of Prohorov (Corollary 9.2).

These results, which are similar or very close to those of the i.i.d. case, are new to our knowl-
edge. For details and comparison with prior results, see each above cited corollary. Let us just
mention here that the first Nagaev’s work [?], which investigated the real-valued functionals of
uniformly ergodic Markov chains, established a clt, and a local limit theorem in the countable
case, without requiring to the operator-moment conditions mentioned in introduction. More
exactly, Nagaev first applied the perturbation method for bounded functionals, and used then
some intricate truncation techniques in order to extend his results to unbounded functionals
under the condition 7(|£|?) < +oc0. Afterwards this truncation method has not been used
any more. In particular, the Edgeworth expansions in Nagaev’s paper [?] were stated under
strong operator-moment conditions of the type sup,cp [ [€(v)]° Q(x, dy) < +o0.

The Knudsen gas model. As pointed out in introduction, Corollary 9.2 just above summarized
specifies the slightly uncorrect result of [?] concerning the Knudsen gas model studied by
Boatto and Golse in [?], for which we just briefly recall here the link with the uniform
ergodicity hypothesis, see [?] for details. Let (F,F,m) be a probability space, let T be a
m-preserving transformation. The Knudsen gas model can be investigated with the help of



the Markov chain (X,,), on (E,F, ) whose transition operator @ is given by :
Qf =6n(f)+(1—=08)foT (for some § € (0,1)).
Clearly (X,,)n is uniformly ergodic, so that the above statements apply to the Knudsen gas

model. In particular, if 7(|£|§) < 400 for some o > max (3, |d/2]| + 1), then we have as a
consequence of Corollary 9.2

P (1 (52), N (0,T)) = O(n~1/2),

S’IL
n

according to corollary 2.3.2 of [?] and to the remark following Corollary 9.2, this result is
valid for non-invertible I' as well as for invertible one.

where P denotes the Prohorov metric [?, 7], and 7, (

) is the law of % under P,. Moreover,

3. The usual Nagaev’s method and a typical counter-example. The characteristic
function of S,, is linked to the Fourier kernels Q(t)(z, dy) = !t €W Q(xz, dy) of (Q, &) by the
following formula (see e.g [?] p. 23)

(CF) Vn > 1, vt € RY, IE,[e“9) = u(Q(t)"1p),

and Nagaev’s method consists in applying to Q(t) the standard perturbation operator theory
[?]. For this to make sense, one must assume that @ satisfies (K1) (of Section 2) on a function
space B, that Q(t) € L(B) for ¢t near 0, and at least that ||Q(¢)—Q||g — 0 when ¢t — 0. Then one
may express Q(t)", hence IF,[e?"*"], in function of A\(£)", where A(t) denotes the dominating
eigenvalue of Q(t), and roughly speaking, the usual Fourier techniques then supply limit
theorems for (£(X,,))n, provided that A(t) satisfies the required Taylor expansions.

This method is notably efficient when (K1) holds on a Banach algebra B and £ € B. Indeed,
Q(-) is then analytic (see e.g [?] p. 58). Therefore, the Fourier techniques provide for
(£(Xp))n a uniform Berry-Esseen theorem, local limit and renewal theorems under some non-
arithmeticity hypothesis, and large deviations theorems by the use of the Laplace kernels,
see e.g [?]. Nevertheless it is worth noticing that Banach algebras are generally composed of
bounded functions, so that the condition £ € B implies £ is bounded.

For instance, concerning the local limit theorem, if we want to repeat the proof of the i.i.d.
case presented in [?], one needs a second-order Taylor expansion for A(t). To that end (in
case d = 1 for simplicity), the kernels £(y)Q(x, dy) and &(y)?Q(z, dy) must act continuously
on B, see [?, 7, 7, ?] : this is what we called the operator-moment conditions in introduction.
Of course, if £ is unbounded, this requires very restrictive assumptions on ). This problem
occurs for geometrically ergodic chains or for iterative models, where typically E = IR, when
we consider unbounded functionals as {(z) = x. In this case, as it is shown in the simple
and typical example below, neither the previous conditions on (Q,&), nor even the simple
necessary condition ||Q(t) — Q||g — 0, hold in general.

Counter-example. Let (X;,)n>0 be the real-valued autoregressive chain defined by
Xn=0aXn,_1+6, (n€IN"),

where a € (—1,1), a # 0, Xy is areal r.v. and (0,),>1 is a sequence of i.i.d.r.v., independent

of Xy. Assume 6, has a positive density p with finite variance. It is well-known that (X,,)n>0

is a Markov chain whose transition probability is : (Qf)(z) = [ f(az +y) p(y) dy.

Set v(z) = 1 + 2% (z € IR). Using the so-called drift condition [?] (§ 15.5.2), one can prove
that (X;,)n>0 is v-geometrically ergodic (see def. in § 2.1). Now let us consider the functional



&(x) = x. We have for any = € IR
QE V@ = [ (ax+9)"p() dy.

If [ y* p(y) dy = 400, then Q(£2v) is not defined. If Ir v p(y) dy < +o0, then Q(£2v) is a
polynomial function of degree 4, so that )
o [2E )
LA D) 14 22
that is, Q(¢2v) ¢ B,. Similarly we have Q(|¢|v) ¢ B,. Thus neither &(y)Q(x, dy), nor
£(y)%2Q(x, dy), continuously act on B,,. Actually, let us show that even the continuity condition
1Q(t) — Qlls, — 0 is not valid. To see that, it suffices to establish that, if g(x) = 22, then

1Q(t)g — Qglle = sup(1 4+ 2*)71|Q(t)g(x) — Qg(z)| does not converge to 0 when t— 0. Set
z€lR

p1(y) = yp(y) and pa(y) = 2p(y), and denote by G(t) = [ ®(y)e™dy the Fourier transform
of any integrable function ¢ on IR. Then

Q)g(w) = [ ) (y 4 aa)ply) dy = ¢ [pa(t) + 2z (1) + % ().

e +OO,

So Q(t)g(w) — Qg(x) = ( “ha(t) = P2(0) + 2a [P (¢) - 151(0)]> +a’2® [ p(t) - 1].
Using the inequality |e? — 1| < |u|, we easily see that there exists a constant C' > 0 such that

sup (14-z%)~!
z€lR

e (t)—p2(0)+2ax [y (t)pl(o)]‘ <C (t!+152(t)ﬁ2(0)+151 (t)=p1 (0))'

By continuity of p; and po, the last term converges to 0 as t — 0. Now set

Yz, t) = (1+x2) a*a? e p(t) — 1.
We have sup,er¢(z,t) > ¢(5,t) = ﬂ2+a2t2 |p(t) + 1|. Since this last term converges to
2a% # 0 as t — 0, this clearly implies the desired statement.

4. The starting point of Nagaev’s method via Keller-Liverani theorem. Here we
state general hypotheses under which the perturbation theorem of Keller-Liverani applies
to the Fourier Kernels Q(¢). Furthermore, as an example, we prove that these hypotheses
hold for the uniformly ergodic chains. Finally we shall present two lemmas that specify the
connection between the characteristic function of S, and the dominating eigenvalue A(¢) of

Q).

4.1. Keller-Liverani theorem. When applied with the Fourier kernels Q(¢) and the
auxiliary semi-norm (| - |), the hypotheses of [?] are 3 :

There exists a neighbourhood O of 0 in IR? such that Q(t) € L(B) for eacht € O, and :
(K2) sup{n(|Q(t)f — Qf]), f€B, |fllz <1} converges to 0 whent—0 (te€ O).

(K3) 31 <1, 3C >0, Vn>1, Vfe B, vt O, ||Q1)"fls < Ckt|flls+Cr(lf]).

(K4) For t € O, we have 1ess(Q(t)) < k1.

We call (K) the whole conditions (K1) (K2) (K3) (K4) (See § 2 for (K1)), we denote by k
any real number such that max{ro, k1} < k < 1, and we define the following set

3The auxiliary norm in [?] can be easily replaced by a semi-norm.
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DK:{Z:ZGC,|Z|ZK,, |z —1| > 2’{}.

The next statement, which extends (K1) to Q(t) for t close to 0, is a consequence of [?] (see
also [?] p. 177).

Theorem (K-L). Let us assume that Condition (K) holds. Then, for allt € O (with possibly
O reduced), Q(t) admits a dominating eigenvalue \(t) € C, with a corresponding rank-one
eigenprojection 11(t), satisfying the following properties :

lim A(#) =1, sup [|Q(#)" — A()" 11(#)[|s = O(x"),
sup{m(|II(t) f —ILf]), f € B, ||fllz <1} converges to 0 when t— 0, and

&m{MZQﬁT”thCZZGI%}<+m.

Despite their not very probabilistic appearance, the conditions (K2), (K3), (K4) are suited
to many examples of strongly ergodic Markov chains : for instance, we shall prove that they
hold, for any measurable functional £, in the case of uniformly and geometrically ergodic
chains (Prop. 4.1, Lem. 10.1), and that they are valid under simple mean contractivity and
moment conditions for iterative Lipschitz models (see § 11). Concerning these conditions, we
shall use repeatedly the following simple remarks.

Some comments on the conditions (K2)-(K4).
(a) The continuity Condition (K2) is quite less restrictive than the condition |Q(t) — Q| — 0
required in the usual perturbation theorem. A sufficient condition for (K2) is that

(K2%) sup{n(|e!t€ —1||f]), f€B, ||fls <1} converges to 0 when t — 0.

More precisely, (K2’) implies that the continuity condition in [?] holds near each point ¢ty € O.
Indeed we have, for f € B,

m(|Qto +h)f = Qto) f) < (@™ =1 |f]) = m(|e"™ & —1]| ).
For instance, (K2’) holds if B — IL”(m)

theorem).

for some p > 1 (by Hélder’s inequality and Lebesgue’s

(b) Suppose that (K3) holds, and that, for each ¢t € O, Q(t)(S5) is relatively compact in
(B,m(|-])), where S is the unit ball of (B, || -|/5). Then (K4) automatically holds [?] [?]. This
remark will be helpfull to prove (K4) for iterative models (Section 11).

(c) If B is a Banach lattice (i.e. |f| < |g] = |Ifllz < |lgllg for any f,g € B), then (K1)
implies (K3) (indeed, |Q(¢)" f| < Q™| f], thus ||Q(¢)" f|ln < || Q™| f] ||g). However the previous
compacity condition does not hold for the usual infinite dimensional Banach lattices, so that
in this case, (K4) cannot be deduced from (K3) as above indicated.

4.2. Example of the uniformly ergodic Markov chains. Suppose (X,),>0 is a uni-
formly ergodic Markov chain. So its transition probability @ satisfies Condition (K1) of
Section 2 on B and on ILP(7) for each 1 < p < +oo [?].

Proposition 4.1. For any IR%-valued measurable function &, (Q,€) satisfies (K2°), and
(K3)-(K4) with © = IR?, on the function spaces B~ and ILP(w) for each 1 < p < +oo. In
particular Condition (K) holds on each of these spaces.

11



Proof. Let | - ||, = =(] - |p) denote the norm on IL”(7) and let ¢ be such that % + % =1.
Conditions (K2’) and (K3) with @ = IR?, follow from the above remarks (a) and (c). Property
(K4) w.r.t. B is proved in [?] with the help of [?]. To get (K4) w.r.t. ILP(), 1 < p < +o0,
we are going to repeat some arguments derived from [?]. These arguments are based on
Doeblin’s condition (which can be easily deduced from (K1) on B ), namely : there exist
£>1,n>0,and p < 1 such that

(m(A)<n) = (VeeE, QYx,A) <p").

Lemma 4.2. There exist a nonnegative bounded measurable function o on E x E and a
4
positive kernel S(z,dy), = € E, such that Q' (z,dy) = a(z,y)dr(y)+S(x,dy) and ||S||, < pe.

Proof. Let us summarize the beginning of the proof in [?] (Lemma II1.4) : using the differen-
tiation of measures, there exist a nonnegative measurable function o/ on E' x E and a positive
kernel S'(z,dy) such that, for all z € E, we have Q*(z,dy) = o/ (z,y)dn(y) + S'(z, dy), with
m(Cy) = 0 and S'(z, B\ Cy) = 0 for some C; € €. Set a = o' 1{y<;,-1}, and for z € E,
let L, = {y € E: a(z,y) > 7'} \ Cp. Then Q'(z,dy) = ofz,y)dn(y) + S(z,dy) with
S(z,A) = Qx, AN (C, U L,)). We have

Ve € B 12Q'w L) > [ e ydn(y) = w(Ly),
Ly

thus (L, U C,) = m(Ly) < n, so that Q(z, L, UCy) < p*
Now let f € ILP(m). We have Sf(x) = [o p. f(y) Q' (x,dy), and from Holder’s inequality
w.r.t. the probability measure Q*(x, dy), we have

571 =[] [ #0) 1000, 0) Q' dy)\ )< [ QU@ Q! Cr U L) dn(a),

hence ||Sf|b < (pé)§ QY f|P) = (p£)§ 7(|f|P) which is the stated estimate on [|.S]|,. O

Since [Q(t)'f] < Q|f|, there exists a complex-valued

Now let us prove ress(Q(t)) < P%
x E such that Q(t)*(z,dy) = xi(z,y) Q' (z,dy) with |x¢| < 1.

measurable function y; on E
So, by Lemma 4.2,

Q1) (. dy) = xt(z,y) o, y)dr(y) + xe(z,y) S(z, dy) == au(x,y)dr(y) + Se(x, dy),

and, since ay(-,-) is bounded, the associated kernel operator is compact on ILP(m) [?]. Recall
1

that, if 7" is a bounded operator on a Banach space B, then r¢ss(7") = lim, (inf | 7" — V||5)=
where the infinimum is considered over the ideal of compact operators V' on B. This yields

Tess(Q(1)") = Tess(St) < 7(S)) < [|Sellp < 1S, < pg (Lem. 4.2). Hence 7ess(Q(t)) < p%. O

4.3. Link between \(t) and the characteristic function of S,. Recall that 7 [resp.
1] denotes the stationary distribution [resp. the initial distribution] of the chain. For conve-
nience, let us repeat the basic formula (CF), already formulated in Section 3, which links the
characteristic function of S,, with the Fourier kernels of (Q,¢) :

(CF) ¥n > 1, Yt € RY, B[] = u(Q(t)"1k).

In this section, we assume that Condition (K) of section 4.1 holds on some function space B.

12



We shall appeal to Theorem (K-L), in particular to the dominating eigenvalue A(t) of Q(t),
t € O, and to the real number s for which we just remember that x < 1.

Lemma 4.3. If (K) (of section 4.1) holds and pn = m, then there exists a function £ : O — C
such that

lim £(t) =1 and sup |EL[e*55] — (&)™ £(t)] = O(x™).

Proof. Set £(t) = w(II(t)1E) for t € O, where II(t) is the rank-one eigenprojection associated
to A(t). Since 7w € B, Lemma 4.3 directly follows from Theorem (K-L) and Formula (CF). O

If the conditions (K2) and (K3) are fulfilled with, instead of (] - |), any semi-norm ¢(-) on
B satisfying ¢(-) < c|| - || (¢ > 0), then the conclusions of Theorem (K-L) remain valid with
in this case : sup{q(|IL(¢)f — ILf]), f € B, ||flls <1} —0 when t — 0, see [?]. The property
lim; g w(I1(¢)1g) = 1 required for Lemma 4.3 holds if we have furthermore (|- |) < dq(-)
(d > 0), and Lemma 4.3 is then still valid. In fact, contrary to the condition (.7(\ ) of Section
5.2 for which the use of a general semi-norm may be interesting in practice, Condition (K)
will be always fulfilled in our examples with the semi-norm 7(] - ).

To extend Lemma 4.3 to the non-stationary case, we consider another function space (B, |- I3)
such that B C B, and the following condition :

Condition (K) : we have (K) (of section 4.1) on B, (K1) (of section 2) on B, and the
following continuity condition : lim;_¢|Q(t) — QHB 5=0.

Lemma 4.4. If (ﬁ) holds and . € B' N l?l, the conclusions of Lemma 4.3 hold under IP,,.

Proof. Set ((t) = p(II(t)1g) for ¢ € O. Lemma 4.4 will follow from Theorem (K-L) and
Formula (CF), provided that we prove hm u(H(t)lE) = 1. For that, observe that 1 = p(II1g),
E)

so |p(TI()1

theory [?], II(¢) can be expressed as the line integral of (z — Q(t))

= 1| < [lpllz ITI¢) — HHBB I1g|lg. Besides, as in the standard perturbation

—1 over a suitable oriented

circle centered at A = 1, see [?]. Then the formula
=QW) ' - (- =(-Q) 7 RMH - Q= - Q)"
and (K) easily give ||[TL(t) — Il ;5 — 0 as t — 0, hence the desired convergence. O

To illustrate the continuity condition in (/IZ ), let us prove the following lemma which holds
without any moment condition on £. Suppose (X,,),>0 is a uniformly ergodic Markov chain.

Proposition 4.5. Let 1 < p' < p. Then lim;_¢||Q(t) — Q||]Lp(7r) I =0.

P(m)

Proof. Let us denote || - ||, for ||-|| pr(x). Using the inequality |e’* —1| < 2min{1,[al} (a € IR)
and the Holder inequality, one gets for tg,h € IR and f € ILP(m),

1@t +)f = Qo) Il < QU™ —1]1fD]]

<
< 2{jmin{1, [RE[} Il
< 2|fmin{L, [AE[H ppr [ fllps

p—p




with |[|min{1, |h&|}|| ,,» — 0 when h— 0 by Lebesgue’s theorem. O

p—p

5. A multi-dimensional local limit theorem. The two previous lemmas constitute
the necessary preliminary to employ the usual Fourier techniques. However, it is worth
noticing that, except lim; o A(t) = 1, the perturbation theorem of Keller-Liverani cannot
yield anyway the Taylor expansions needed for A(t) in Fourier techniques. An abstract
operator-type hypothesis C(m) will be presented in Section 7 in order to ensure the existence
of m continuous derivatives for A(-). But we want before to recall another method, based
on weaker and more simple probabilistic c.l.t.-type assumptions, which provides second or
third-order Taylor expansions of A(t) near ¢ = 0. As in the i.i.d. case, these expansions are
sufficient to establish a multi-dimensional local limit theorem, this is the goal of Section 5.1,
and a one-dimensional uniform Berry-Esseen theorem which will be presented in Section 6. 4

Theorem 5.1 below has been established for real-valued functionals in [?] under slightly

different hypotheses. Here we present an easy extension to the multidimensional case. The
application to the uniformly ergodic chains is new (Section 5.3).

5.1. A general statement. To state the local limit theorem, one needs to introduce the two
following conditions. The first one is the central limit assumption stated under IP, for which
one may appeal to Corollary 2.1 for instance. The second one is a spectral non-arithmeticity
condition. Recall that, by hypothesis, we have 7(£) = 0, so that IE;[S,] = 0.

Condition (CLT) : Under P, %i>/\/(0, '), with a non-singular matriz T".

Condition (S) : For allt € IR?, Q(t) € L(B), and for each compact set Ky in IR*\ {0}, there
exist p <1 and ¢ > 0 such that we have, for alln > 1 and t € Ko, |Q(t)"||; < cp™.

Condition (S) constitutes the tailor-made hypothesis in order to operate in Nagaev’s method
the proofs of the i.i.d. limit theorems involving Fourier techniques and the so-called non-
lattice assumption. It will be reduced to more practical hypotheses in Section 5.2.

We want to prove that, given some fixed positive function f on E, we have
(LLT) lim (\/detI‘ (27n)8 I, ] £(X0) 9(S — a)] — e 232000 () / g(x)dx) 0,
n R
for all compactly supported continuous function g : IR® — IR and for all a € IR®.
The conditions on f and p will be specified below.

Theorem 5.1. Assume that Condition (CLT) holds, that (Q,§) satisfies Conditions (K) (of
section 4.1) and (S) w.r.t. some function space B, and suppose f € B, f > 0. Then we have

(LLT) under P,. If (K) is replaced with (K ), then (LLT) holds under P, ifpeBn B.

Proof. In order to use Lemmas 4.3-4 and to write out the Fourier techniques of the i.i.d. case
[?], one needs to establish a second-order Taylor expansion for A(t).

Lemma 5.2. If assumptions (K) (of section 4.1) and (CLT) are fulfilled, then we have

“These two limit theorems could also be deduced from respectively Conditions C(2) and C(3) of Section
7, but in practice, these two conditions are slightly more restrictive that those of Sections 5-6. For instance,
compare C(2) and C(3) for uniformly ergodic chains (see Prop. 7.3) with the conditions of Coro. 5.5 and 6.3.
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AMu) =1 — 3(Tu,u) + o(|[u?[|) near u = 0.

Proof (sketch). For d = 1, the proof of Lemma 5.2 is presented in [?], let us just recall

the main ideas. By hypothesis, %i>/\f (0,02) under IP,, with o2 > 0. It follows from
o2
Lévy’s theorem and Lemma 4.3 that lim,, )\(ﬁ)" = e_th, with uniform convergence on any

compact set in IR. Then the fact that log )\(ﬁ)” = nlog )\(ﬁ) and log )\(ﬁ) ~ )\(ﬁ) -1

gives for t #£ 0 : )
(Vf)Q(A(\/tﬁ) ~1)+ % =o(1) when n— +oo.

Setting u = ﬁ, it is then not hard to deduce the stated Taylor expansion (see [?] Lem. 4.2).
These arguments can be readily repeated for d > 2. (To get log )\(ﬁ)” = nlog )\(ﬁ) in
d > 2, proceed as in [?] with ¢(z) = A(z-%), = € [0,1].) O

N

If f = 1p, then (LLT) follows from Lemma 4.3 or 4.4, according that y = m or not, by writing
out the i.i.d. Fourier techniques of [?]. In particular, Condition (S) plays the same part that
the nonlattice condition of [?]. If f € B, f > 0, one can proceed in the same way by using
the following equality, whose (CF) is a special case (see e.g [?] p. 23),

(CF')  Bulf(Xn) "] = m(Q1)" ),
and some obvious extensions of Lemmas 4.3-4. See [?] for details in d = 1. O

Neglecting for the moment the non-arithmeticity condition (S), we want now to complete
the comparison with the usual Nagaev’s method. Let us suppose that (X,,), satisfies the
strong ergodicity condition (K1) of Section 2. As already mentioned in Section 3, in order to
establish (LLT), one may suppose that the kernel &(y)2Q(x, dy) has a continuous action on
B : one then obtains directly a second-order Taylor expansion for A(:), from which one can
deduce both the clt and (LLT), see e.g [?]. Here the previous condition is replaced by the
conditions (K2) (K3) (K4) of Theorem (K-L) which are fulfilled under very weak hypotheses
in our examples. From Theorem 5.1, at least in the stationary case, (CLT) then implies
(LLT) : of course, the conditions for (CLT) are weaker (and often much weaker) than the
above second-order operator-moment condition. In other words, concerning the local limit
theorem, Theorem 5.1 improves all the prior statements obtained with the help of the usual
Nagaev’s method, see e.g [?, 7, 7, ?]. This will be first illustrated in Section 5.3 with the
uniformly ergodic Markov chains, see also Sections 10-11.

5.2. Study of Condition (S). When Nagaev’s method is applied with the standard per-
turbation theory, it is well-known that the spectral condition (S) can be reduced to a more
practical condition on (Q,¢&), see e.g [?] [?] [?]. This reduction is based on some spectral
arguments, and on simple properties of strict convexity which require some additional con-
ditions on the function space B, see (bl) (b2) below. Here the spectral arguments will be
derived from Keller-Liverani theorem. To this end, conditions (K2)-(K4) must be extended
to the whole family {Q(t),t € IR} as stated below. Moreover the use of a general semi-norm
on B (instead of 7(]| - |)) in Keller-Liverani theorem will be here helpful in practice.

More precidely, let us assume that there exists a semi-norm ¢(-) on (B, || - ||) such that we
have ¢(-) < c|| || for some ¢ > 0, and
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(K2) ¥t € RY, Q(t) € L(B) and Jim sup{q (Q(t +h)f — QU)f), [ € B, |fls <1} =0
and, for all compact set Kq in IR?, there exists K € (0,1) such that :

(K3)3C >0, ¥n > 1, Vf € B, Vi € Ko, [Q@)"flls < Cr"|fl5+Callf])

(K4) Vt € Ko, ress(Q(t)) < 5.

We call (K) the whole conditions (K1) (of section 2), (K2), (K3), (K4).

Notice that, if ¢(-) = 7(| - |), then (K2') implies (K2), see Rk. (a) in § 4.1. The uniformly
ergodic chains satisfy with q(-) = m(| - |) all the previous conditions on B~ and ILP(7) for
p > 1, see Prop. 4.1. This will be still valid, for geometrically ergodic chains w.r.t the
weighted supremum-normed spaces of Section 10, and for the iterative models (by using
another semi-norm) w.r.t. the weighted Lipschitz-type spaces of Section 11.

As usual, the relation ” f < ¢” in B means, either ” f < g on E” if B is composed of functions,
or 7 f < g m-a.s. on E” if B is composed of equivalence classes of functions (as the IL”(7)’s).
Finally, for ¢/ € B', we say that ¢/ > 0 if we have €/(g) > 0 for all g € B, g > 0.

In the next non-arithmeticity condition, we shall suppose that B is a function space satisfying,
either the following general condition (bl), in which f, g, f,, (n > 0) denote elements of B,

Condition (b1) :

>0, f#0 = 3 eB,e>0,¢(f)#0

[lim, f,=f inBand g < f, foralln >0] = g<f,

or the following stronger Condition (b2) : Vx € E, 6, € BB'.

We set : By = BN IL>® () under Condition (b1), and By = BNB"~ under Condition (b2).
Let us recall that A € £ is 7-full if 7(A) = 1, and Q-absorbing if Q(a, A) =1 for all a € A.

A non-arithmetic condition on {. Under the condition (b1) or (b2), we shall say that
(Q, &), or merely &, is arithmetic w.r.t. B (and non-arithmetic w.r.t. B in the opposite case)
if there exist t € R, t #0, A € C, |\ = 1, a n-full Q-absorbing set A € £, and a function
w in By such that |w| is nonzero constant on A, satisfying :

(x) VzeA, Wy = w(z) Qz,dy) — as..

The two next propositions are expected results, and for convenience they will be proved in
Section 12.

Proposition 5.3. Assume that Hypothesis (f(\) holds, and that we have (b1) or (b2). Then
Condition (S) holds w.r.t. B if and only if £ is non-arithmetic w.r.t. B.

In the usual Nagaev’s method, this statement is for instance established in [?] (Prop. V.2)
under Condition (b2). Let us notice that (b2), which clearly implies (b1), doesn’t hold on
ILP(7), while (b1) is fulfilled on this space (take ¢’ = 7). The proof of Proposition 5.3 is an
extension of that in [?]. See Section 12.1.

We now present a lattice-type criterion for (S) which is a natural extension of the i.i.d. case,
and a well-known condition in the general context of Markov random walks.

16



A nonlattice condition on £. We shall say that (Q,&), or merely &, is lattice (and non-
lattice in the opposite case) if there ezist a € RY, a closed subgroup H in IR, H # IR, a
n-full Q-absorbing set A € £, and a bounded measurable function 0 : E — IR* such that

(#x) Vo e A, &(y)+0(y)—0(x) €a+H Qz,dy) —as.

Proposition 5.4. In addition to the hypotheses of Proposition 5.3, assume that B is stable
under product, that Condition (CLT) of Section 5.1 is fulfilled, and that (| -|) < cq(-). If&
is nonlattice, then (S) holds on B. The converse is true when, for any real-valued measurable
function ¢ on E, we have e’ € B.

This expected result, based on the study of the set G = {t € R? : r(Q(t)) = 1}, will be
established in Section 12.2. For the uniformly ergodic chains, Condition (S) w.r.t. B™, or
ILP(m) for p > 1, is equivalent to the previous non-lattice hypothesis, provided 7(|¢[3) < +o00
in order to get (CLT) (see § 2.3). This will be extended to v-geometrically ergodic chains
w.r.t. the spaces used in Section 10, if we have |¢]3 < C'v for some C' > 0. For the iterative
models, the above non-arithmetic condition on £ will be a necessary and sufficient condition
for (S) to be valid on the spaces used in Section 11, and the non-lattice assumption will be
a sufficient condition for (S), but not (a priori) a necessary condition.

Condition (S) and invertibility of I'. Observe that, if the conclusion of Proposition
2.4 holds for some real-valued measurable function g on F, then we clearly have (x) with
w(-) = €90) and A = 1. Moreover, (x) is satisfied with a = 0, 0(z) = {g(m)}@, and
H=(R-t)y*+%Z It%’ where {-} stands for the fractionary part. Finally Condition (S) with
respect to any B con‘éaining w is then false because, in this case, the above mentioned equality
(%) easily implies that r(Q(t)) > 1, see Lemma 12.2.

Consequently, given any function spaces B and Bs, one can deduce the following facts from
the previous remarks and the results of Section 2.2. If the hypotheses of Corollary 2.1 hold
w.r.t. By and if ¢t¥() € B for all ¢ € By, then we have the following implications, in which
I" denotes the covariance matrix of Section 2.2.

Condition (S) w.r.t. B = T is invertible
Non-arithmeticity w.r.t. B = T is invertible
(Q,§) is non-lattice = T is invertible.

The above condition on B is unnecessary for the last implication.

5.3. (LLT) for the uniformly ergodic Markov chains. Let us suppose that (X;,),>0 is

uniformly ergodic. Recall that, if 7(|¢|3) < +oo, then (rf%Sn)n converges in distribution to
a normal distribution N (0,T") (see § 2.3). The next statement is new to our knowledge.

Corollary 5.5. Let us assume that 7(|€]3) < +oo, that € is nonlattice, and that du = ¢ dr
with ¢ € IL"(m) for some r > 1. Then we have (LLT) for each function f > 0 in ILP(m)

provided p > 5.

Proof. Let ' = I3 and p > r’. From Proposition 4.1, we have (K), and even (K) with

q(-) = 7(|-]), on B = ILP(rr). Moreover, Proposition 4.5 yields (K) with B = IL" (). Besides,
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since £ is nonlattice, (S) holds on ILP(7) by Proposition 5.4. Finally B’ N B = (IL" ()’ may
be identified with IL" (7). Then Corollary 5.5 follows from Theorem 5.1. a

6. A one-dimensional uniform Berry-Esseen theorem. Here we assume d = 1 (i.e. { is
real-valued), we denote by A/ the distribution function of A'(0, 1), we suppose that Hypothesis
(CLT) of section 5.1 holds with T' = 02 > 0, and we set for any u € IR :

(;S:;ﬁ <wu)—N(u)| and A,= Sgl% Ay (u).

Theorem 6.1 and Proposition 6.2 below have been already presented in [?], we state them
again for completeness. As in the previous section, the application to the uniformly ergodic
chains, presented in Section 6.3, is new and it will give a good understanding of the present
results in comparison with the usual Nagaev’s method (and even with the application of
Bolthausen’s theorem to this special example). Other comparisons with prior works are
presented in [?], they will be partially remembered in Sections 10-11.

Ay (u) = | IPy(

6.1 A general statement. Let us reinforce Condition (CLT) by the following one :

-, Sn 2
Condition (CLT’) : 3C > 0, Vt € [—/n,\/n], |EL[e"7V] — e 7| < C%.
Theorem 6.1 [?]. Assume that Condition (K ) of Section 4.8 and (CLT’) are fulfilled, with
the continuity condition of (K) strengthened by [|Q(t) — Qllz5 = O(lt]). Then we have

A, = O(n_%) for any p € B'N B.

Proof (sketch). See [?] for details. Let us assume for convenience that p = 7. In order to
copy the Fourier techniques used for the i.i.d. Berry-Essen theorem (see [?] [?]), we have to
improve Lemmas 4.3 and 5.2 as follows :
1 i(t,Sn) n n ; ’f(t) — 1‘
(a) sup — |[E [e"""] — A(t)" £(t)| = O(k"™), with sup ———
teo [t] . teo  [t]
(b) A(uw) =1 — 0*% + O(u?) near u = 0.

< +00.

Assertion (a) can be easily derived from [|Q(t) — Q|35 = O(|t]) by proceeding as in Lemma

4.4. To get (b), one may repeat the short proof of Lemma 5.2 by starting here from the
0_2

property )\(ﬁ)" —e Tt = O(%) which follows from (CLT’) and (a). One then obtains

(@)Z(A(ﬁ) - 1)+ "—22 = O(%), and setting u = ﬁ, this leads to the expansion (b) (see

Lem. IV.2 in [?]). O

6.2. A sufficient condition for (CLT”). Actually, one of the difficulties in the previous
theorem is to show Hypothesis (CLT’). By the use of martingale techniques derived from [?],
we showed in [?] the next statement.

Proposition 6.2 [?]. We have (CLT’) when the two following conditions hold :
(G1) € = S0 Q¢ absolutely converges in IL3(r).

(G2) Z;;OB QP absolutely converges in L2, where ¥ =Q(£2)—(QE)2— (m(£D) -7 ((Q)?) 1.

Let us notice that 5 is the solution of the Poisson equation 5 — Qg = £, already introduced
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in Gordin’s theorem (see § 2.2). Also observe that the above function 1 can be expressed as
Y = Q(€%) — (Q€)? — 0 1, where o2 is the asymptotic variance of Gordin’s theorem.

About the practical verification of (G1) (G2).

In practice, one often proceeds as follows to verify the two above conditions. Since 7(£§) = 0,
Condition (G1) holds if @ is strongly ergodic w.r.t. some B < IL3(x) and if ¢ € B. If
moreover @ is strongly ergodic w.r.t. some By — ]L%(ﬂ') containing all the functions g2,
g € B, then Condition (G2) holds. Indeed, under these hypotheses, f € B, thus ¢ € By, and,

since (1)) = 0, the series Z;ﬁg QP1) absolutely converges in Bs, thus in L%(ﬂ').

6.3. Application to uniformly ergodic Markov chains. Let us suppose that (X,,),>0 is
uniformly ergodic. It is proved in Nagaev’s work [?], and in some of its extensions (see e.g [?]),

that A, = O(n_%) under the strong moment condition sup,cp [5 [€(y)[? Q(z, dy) < +o0.

In the stationary case (ie. p = ), since (X,)n>0 is strongly mixing (see [?]), Bolthausen’s
theorem [?] implies the previous estimate if 7(|£|?) < 400 for some p > 3. The next statement,
which is new to our knowledge, only requires the expected third-order moment condition.

Corollary 6.3. If 7(|¢]?) < +oo and p = ¢ dr, with some ¢ € IL3(7), then A, = O(n_%).

Proof. Set ILP = ILP(r). Since Q is strongly ergodic on IL? and L3 [?], and since ¢ € IL? by
hypothesis, this implies (G1) (G2), thus (CLT") (see § 6.2). Besides, (@, &) verifies Condition
(K) w.r.t. IL? and L2 (Prop. 4.1). Moreover we have ||Q(t) — Q|| = O([t]). Indeed, let

f € IL3. Using |¢** — 1| < |a|, one gets
m(Q()f — Qf17) < w(1Q(™ —1[IF)[2) < |12 m(QUEI2 1£12)) = I¢l2 =] |]2),
and Schwarz inequality yields [|Q()f — Qflls < [ (w(¢]% |£|2))3 < [¢] €]l 1fl,- We have

proved that the3 hypothegses of Theorem 6.1 are fulfilled with B = L3 and B = IL3. Finally,
p€ (L3 N (IL2) = (IL2)" if and only if u has the stated form. O

JL3,JL%

7. Regularity of the eigen-elements of (Q)(t). The goal of this section is to present an
abstract operator-type Hypothesis, called C(m) ensuring that the dominating eigenvalue A(t)
and the others eigen-elements of Q(t) have m continuous derivatives on some neighbourhood
O of 0. The usual Nagaev’s method already exploited this idea by considering the action of
Q(t) on a single function space, but as illustrated in Section 3, the resulting operator-moment
conditions may be very restrictive in practice. The use of a “chain” of spaces developped
here enables to greatly weaken these assumptions.

As a first example we shall see in Section 7.3 that, for the uniformly ergodic chains,
Hypothesis C(m) reduces to w(|£|§) < +oo for some o« > m. This condition is slightly
stronger than the assumption 7(|£[5") < +oo of the i.i.d. case ensuring that the common
characteristic function has m continuous derivatives. But it is much weaker than the condition
sup,cp(QlEl5")(z) < 400 required in the usual Nagaev’s method when applied with the
single space B . Other simple reductions of C(m) will be obtained in Sections 10-11 for
geometrically ergodic chains ans iterative models.

Roughly speaking one can say that Hypothesis C(m) below (together with possibly the
non-arithmeticity condition) allows to extend to strongly ergodic Markov chains the classical
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i.i.d. limit theorems established with Fourier techniques. This will be illustrated in Sections
8-9 by proving a one-dimensional Edgeworth expansion and a multi-dimensional Berry-Esseen
type theorem in the sense of Prohorov metric. This has been also exploited in [?] to prove a
multi-dimensional renewal theorem.

7.1. Regularity of (z —Q(-))~!. Before dealing with the regularity of the eigen-elements of
Q(t), we investigate that of the function ¢ — (2 — Q(¢))~!, where (z — Q(t))~! is seen as an
operator from a Banach space B to a Banach space B. The arguments below were partially
developped in [?] in the special case of iterative models, and in [?] which presents a statement
similar to Proposition 7.1 below, but only concerning the Taylor expansions of (z — Q(-))~}
at t = 0.

Let O be an open subset of IR?, X a vector normed space. Then, for m € IN, we shall say
that U € C"™(0, X) if U is a function from O to X which admits m continuous derivatives.
For convenience, C*(O, By, Bs) will stand for C4(O, L(B1, By)).

Let B and B be two function spaces such that B < B. Let m be a positive integer.

Hypothesis C(m). There exist an interval I, a family of function spaces (Bg, 0 € I) and two
functions Ty : I — IR and 11 : I — R such that, for all 8 € I, there exists a neighbourhood
Vo of 0 in IR? such that we have for j =1,...,m :

(0) [Tg(e) el = B@ — BTO(O)] and [T1<9) el = Bg — BTl(O)]
(1) If Ty(0) € I, then Q(-) € C°(Vg, By, Brys))
(2) If0; =T (ToT1)?~4(0) € I, then Q(-) € C?(Vo, By, By,), and each partial derivative

#%tpj(t) is defined by means of the kernel

. ] .
Qp,..py) () (@, dy) = 7 (H %(y)) e W) Q(z, dy)
s=1

(8) Q(:) satisfies the hypothesis (K) of section 4.1 on By

(4) There exists a € 2o [TO_I(ToTl)_k(I) N (TlTO)_k(I)] such that we have B =B, and
B = Bryriym1y(a)-

To fix ideas, let us introduce a more restrictive but simpler hypothesis :

Hypothesis C'(m). There exist A >m and a family of function spaces (Bp, 0 € [0, A]) such
that Bg = B, B4 = B and, for all 0,6 € [0, A] with 0 <0 <6 < A, we have :

(a) By — By,

(b) there exists a neighbourhood V = Vg ¢ of 0 in IR such that, for any j € {0,...,m} with
Jj <0 —0, we have Q € C7 (V, By, By'),

(c) Q(-) satisfies the hypothesis (K) of section 4.1 on By.
It is easy to see that Hypothesis C’(m) implies Hypothesis C(m) (by taking a = 0, Ty(x) = x+¢
and T (z) = z+ 1+¢ for some well chosen ¢ > 0). Actually Hypothesis C'(m) will be satisfied

in all our examples, but Hypothesis C(m) is more general and, despite its apparent complexity,
might be more natural to establish than hypothesis C'(m) (see the end of section 7.3).
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Let us come back to hypothesis C(m). The condition on a in (4) means that a, Toa, T1Tpa,
ToThToa,...,(ToT1)™To(a) belong to I, and from (0), it follows that the corresponding family
of By’s is increasing with respect to the continuous embedding. In particular, 6 := Ty(a) and
O := T1 (ToT1)™ 1(0) are in I, therefore we have Q(-) € C™ (Vg, By, Bq,,) by (2). It then fol-
lows that Q(-) € C™ (Vg, B, B) In practice, we may have Q(-) € C™ (Vg, B, BT{”(@)» but the

introduction of Ty will enable us to get (z — Q())~' € C™ ((9, B, B) for some neighbourhood
O of t = 0 and for suitable z € C.

Notation. Recall that we set D, = {2z € C : |z| > K, |z — 1| > (1 — k)/2} for any k € (0,1).
Under Hypothesis C(m), we have (K) on B, so from Theorem (K-L) of Section 4.1, if ¢ belongs
to some neighbourhood U, of 0 in IR? and if z € D,, for some k4 € (0,1), then (z —Q(t)) ' is
a bounded operator on B, and we shall set R, (t) = (z — Q(t))~!. It is worth noticing that we
also have R,(t) € L(B,B) for all t € U, and z € D,,. In the case d > 2, for t = (t1,...,t4),

O'R
& (t) will stand for any partial derivative of the form —————(¢).
Oty -+ O,

Proposition 7.1. Under Hypothesis C(m), there exist a neighbourhood O CU, of 0 in IR¢
and k € (Kq, 1) such that R,(-) € C"™(O, B, B) for all z € D,,, and

sup{| RO()lls g # € Des t €O} < +00, £ =0,...,m.

The proof of Proposition 7.1 is presented in Appendix A. It is based on general and elementary
derivation arguments. Anyway, Proposition 7.1 is valid for any family {Q(t), t € O} of
operators satisfying the five conditions in C(m), except the particular form of the derivatives
in (2). Actually this special form will not be used in the proof of Proposition 7.1, but of
course, it will occur in the effective verification of Hypothesis C(m) in our examples.

Remarks.

(a) For the sake of simplicity, in our examples, we shall verify C(m) in the case d = 1, and
we shall simply denote by Q*) the k-th derivative of Q(-) occuring in C(m), which is defined
for k =0,...,m by the kernel

Qr(t)(z,dy) = i*¢(y)Fe™ W) Q(z,dy) (t€ R, x € E).

(b) We know that C(m) yields Q(-) € C™ (Vy, B, B), thus Gt (0) € L(B,B) (k= 1,....d).
From 1p € B and 7 € B (by (K1) on B, B) and from (2), it follows that w(%(o)lbﬂ) =
i m(QER) = i w(&") is defined. So, in substance, Hypothesis C(m) implies 7(|£]5") < 400
(this is actually true if m is even). However, in our examples, we shall need some slightly
more restrictive moment conditions to be able to prove C(m).

(c) According to the proof of proposition 7.1, we do not need (1), (2) and (3) of Hypothesis
C(m) to be true for any 6 but only for 6 = a, Tya, ThToa, ToT1Toa, - . ., (ToT1)™TH(a), hence
only for a finite number of §. This remark will be of no relevance for checking C(m), but it
will be important to define the set O and the real number £ in the proof of Proposition 7.1.

7.2. Regularity of the eigen-elements of Q(-). Suppose that Hypothesis C(m) holds
for some m € IN*, and as above let us use the notation of Theorem (K-L) of Section 4.1
for Q(t) acting on B : if t € U,, A\(t) is the dominating eigenvalue of Q(t), II(¢) is the
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associated rank-one eigenprojection, and we define in £(B) : N(t) = Q(t) — A\(¢)II(¢). Since
II(t)Q(t) = Q(H)II(t) = A(t)IL(t), we have N(t)" = Q(t)" — \(¢)"I1(¢) for all n > 1. It follows
from Theorem (K-L) that Q(¢)" = \(¢)"IL(t) + N(¢)", with | N(¢)"||s < Ck].

The opertors Q(t), R.(t), II(t) and N(t)" are viewed as elements of L£(3) when we appeal to
the spectral theory, and as elements of L(B, B) for stating our results of derivation.

Corollary 7.2.Under Hypothesis C(m), there exists a neighbourhood V of 0 in IR such that :
(i) 0(-) € C™(V, B, B);
(i) for alln > 1, N,(-) := N(-)™ € C™(V, B, B), and
3C >0, Vn>1, V£=0,...,m: sup HN,ge)(t)HBB < Cr™;
teV ’
(i1i) A(-) € C™(V,C).

Proof of Corollary 7.2. Let t € O, with O introduced in Proposition 7.1.
(i) As in the standard perturbation theory, the eigenprojection II(¢) is defined in [?] by

e - o5 [ (1) dz,

where this line integral is considered on the oriented circle I'y centered at z = 1, with radius
(1 —k)/2 (thus I'y C D,). Then, by Proposition 7.1, II(-) € C"™(O, By, B).
(ii) In the same way, one can write
1
Nt)" = — / "R,(t)d
( ) 2171- To z ,Z( ) 2,
where T'y is here the oriented circle, centered at z = 0, with radius x (thus I'g C D).
By Proposition 7.1, we have N, () € C"™(O,B,B) with N,(f)(t) = ﬁfro 2" Rg)(t) dz for
£=1,...,m. Hence the stated inequalities.
(iii) Since lim; o 7(II(¢)1g) = 7(II1g) = 1 (see Th. (K-L)), there exists a neighbourhood V
of 0 contained in O such that 7(II(¢)1) # 0 for any ¢ € V. From Q(t) = A(¢)IL(t) + N(¢), it

follows that
)\(t) _ 7r(Q(t)lE - N(t)lE)
m(I(t)1g)
Besides, from the remark following the statement of C(m), we have Q(-) € C"(V, B, B) (with
possibly V reduced). Now, since 1 € B and N(-), II(-) are in C"™(V, B, B), the functions
Q()1g, N()1g, II(-)1g are in C™(V, B). Finally we have 7 € B (by (K1) on B). This gives
(ii). 0

7.3. Hypothesis C(m) for the uniformly ergodic chains. Let us suppose that (X, )n>0
is uniformly ergodic. Let m € IN*, and let us investigate Hypothesis C(m) by using a family
{By = IL%(n), r < 0 < s} for some suitable 1 < r < s.

Proposition 7.3. If 7({|$) < +oo with a > m, then C(m) holds with B = IL*(r) and
B=1L"(r) for any s > —4%— and 1 <r < -2

a—m a+ms”®
We give the proof for d = 1. The extension to d > 2 is obvious by the use of partial derivatives.

as

Proof. Let us notice that the condition on s implies that -

stated, and we have r < s. Let £ > 0 be such that r =

> 1, so one may choose r as

W;(m—kl)s‘ Let us prove C(m) with
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By =L’ (x ) =[r;s], a = s, and finally Ty(0) = a+€9 and Ty(0) =
one gets ToFT17(0) = m, in particular (TpTy)™Ty(s) = r, so the space B introduced in
C(m) is B = L"(w). Since Ty(#) < 6 and T1(6) < 0, we have (0), and Proposition 4.5 gives (1)
of C(m). To prove (2), let j € {1,...,m}, and let § € I such that 6, := T1(TpT1)~1(0) € I.
We have 6; < le (6), thus LT (©) (m) < IL%(7), so the regularity property in (2) follows from
the following Lemma where Q(t) stands for the kernel defined in remark (a) of Section 7.1.

a+0 Since TOT1 TlT(),

Lemma 7.4. Let 1 < j < m. Then Q(-) € ¢J (IR, ]Le(ﬂ),lLTf(e)(ﬂ)) with Q¥ = Qy
(k=0,...,7).
Proof. We denote || - ||, for || - [|zr(x), and || - [|p,q for || - [ ze(r),ma(x)- Let us first show that

Qr() € c? (ZR, By, BTIj((,)) for any k =0,...,j. The case k = 0 follows from Proposition 4.5.
For 1 < k < j, we have for tg,h € IR and f € LY,

1Qu(to +1)f = Qulto) ooy = IQuto +h)f = Qulto) S| as,
2 [¢" min1, g} £ L,
2 N £lo

IN

IA

2 Hﬁk min{1,

with ka’ min{1, |hf‘}Hg — 0 when h — 0 by Lebesgue’s theorem. Now let us prove Q) = Qx41
J

in £ (Bg,Ble(9)> for k =0,...,j5 — 1. Using |e!® — 1 — ia| < 2|a|min{1, |a|}, one gets for
to,h € R and f € By :

|Qr(to + ) f — Qk(to) f — th+1(to)f||#9jg

IN

HQ(\&I’“(@M 1= o

2|h] || 1+

IN

aG )
at;0
and the previous computations yield [|Qx(to + h) — Qi (to) — hQr+1(t0)llg. 159 = o([R]). O

We know that @ satisfies (K) on LP() for every p €]1;4+o00[ (Prop. 4.1). Hence we have (3)
of C(m), and (4) is obvious from the definition of Ty, 77 and r. O

For this example, one can also use proposition 4.5 and lemma 7.4 to prove that Hypothesis
C'(m) is satisfied by taking A > m such that r = and by setting By := La+0s ().

as
a+As

8. A one-dimensional first-order Edgeworth expansion. In this section we assume
that d =1 (i.e. £ is a real-valued mesurable function on F).

Let us recall that, when (X)), is Harris recurrent, the regenerative method provides Edge-
worth expansions under some “block” moment conditions [?] [?]. Here we do not assume
Harris recurrence. We present an alternative statement. To that effect, we shall appeal to
Hypothesis C(3) of section 7.1 which ensures (Corollary 7.2) that the dominating eigenvalue
A(t) of Q(t) is three times continuously differentiable : then one shall be able to repeat the
arguments of the i.i.d. first-order Edgeworth expansion of [?] (Th. 1 p. 506). By assuming
C(m) for any fixed m > 3 and writting out the i.i.d. arguments of [?] (Th. 2 p. 508), the
present method may also be employed to prove higher-order Edgeworth expansions.
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We denote by 1 the density function of N'(0.1) and by N its distribution function. The next
theorem extends the first-order Edgeworth expansion of the i.i.d. case, with an additional
asymptotic bias, namely b, = lim,, IF,[S,] which depends on the initial distribution p. As
for i.i.d.r.v., this bias is zero in the stationary case (i.e. b = 0).

Theorem 8.1. Suppose that Hypothesis C(3) of section 7.1 holds with some function spaces
B, B, that the non-arithmeticity condition (S) of Section 5.1 holds on B, and finally that the

initial distribution p is in B'. Then the real numbers
1 1 1
0® =lim ~ B, [S7] = lim ~ I [S7],  m3 =lim ~ I 7], by =lm B[S,
are well-defined, and if o > 0, the following expansion holds uniformly in u € IR

<) =N )+ == ) - ) + o ).

&) P,

o
It will be seen in the proof of Lemmas 8.3-4 below that

1 1
o = ~E,[S2)| = 0() and |mg— L ElS3 | = O().

Case of uniformly ergodic Markov chains.

In this special case, the expansion (E) was established in [?] for any initial distribution,
under some hypothesis on the absolute continuous component of Q(z, dy) w.r.t. = and under
the following restrictive operator-moment condition : there exists g : IR — IR such that
9(11) — +00 when [u] — +00 and sup,c ; [ 1) 9(1€W)]) Q(r, dy) < +o0. Tn [2), this result
is slightly improved, more precisely (E) is established under the weaker (but still restrictive)
moment condition sup,cp [z [€(y)|? Q(x, dy) < +oo and under some refinements of the non-
lattice condition given in [?].

In the stationary case (i.e. under IP), the general asymptotic expansions established in [?]
apply to this example. They yield (E) when 7(|¢[*) < +o00 and the r.v. &(X() satisfies the
so-called Cramér’s condition. With the help of Theorem 8.1, one obtains here the following
improvement.

Corollary 8.2. Let us suppose that (X,)n>0 is uniformly ergodic. If w(|¢|%) < +oo with
some o > 3 and if & satisfies the nonlattice condition of Proposition 5.4, then we have (E)
for any initial distribution of the form du = ¢ dm, where ¢ € )5 () for some ' >

o
a—3"
Proof. Let r’ be fixed as above and let r be such that % +L =1 Then1 <r < 5, and

T
since 75 /' § when s— +o00, on can choose s such that s > %5 and ;55; > r. By

a+3s > 3 a+3s
Proposition 7.3, we have C(3) with B = IL*(r) and B = IL" (7). Finally we have (S) on IL*(r)
by Proposition 5.4. |

Proof of Theorem 8.1. We shall appeal repeatedly to the notations and the conclusions of
Theorem (K-L) (cf. § 4.1) and of corollary 7.2 (case m = 3). The existence of 02, m3 and b,
follows from the two next lemmas.
Lemma 8.3. We have X' (0) =0 and p(IT'(0)1g) =i Ypsy p(QFE) = i limy, IE,[Sy).
Proof. By deriving the equality Q()II(-)1g = A(-) II(-)1 g, one gets

Q' (0)1g + QI (0)1g = N(0) 15 + II'(0)1g in B.
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Thus 7(Q'(0)1g) + 7(I'(0)1g) = N(0) + n(II'(0)1g). This gives N'(0) = i m(QE) = in(§) =
0, and iQ(¢) + QII'(0)1g = II'(0)1x in B. Therefore we have II'(0)1p — w(IT'(0)1g) =
i > p>1 QFE. This serie is absolutely convergent in B since 7(Q¢) =0, Q¢ = —iQ'(0)1g € B
and Q is strongly ergodic on B. Moreover, we have 7(I'(0)1z) = 0. Indeed, by deriving
(t)? = TI(t), we get 27(II'(0)1g) = = (II(0)II'(0)1x + II'(0)II(0)1g) = =(I'(0)1g). Since

e f)’/, this yields the first equality of the second assertion. The second one is obvious. O
Lemma 8.4. We have lim,, 1 IE,[S2] = —X"(0) and lim, L1E,[S3] =i ®)(0).

Proof of Lemma 8.4. For convenience, let us assume that y = 7 and prove the two equalities
of Lemma 8.4 at once (see Rk. below). Since F.[|¢(X))]2] = 7(|¢]?) < 400, we have
E.[|S3]] < +o0, so

t2

. 3
B[] = 1~ B,[52] 5 — i IS % +on(t3).

Besides, Formula (CF) (cf. § 3) and the equality Q(¢)" = A(¢)"IL(t) + N ()™ (see § 7.2) give
F "] = Mt)" 7(T(t)1g) + 7(N(t)"1g),

and, since X'(0) = 0 and 7(I'(0)1g) = 0 (Lemma 8.3), it follows from Hypothesis C(3) and

Corollary 7.2 that

N'(0) 5 AD(0)

5 t*+n 6

with some ¢, d € €, and since N(0)1g = 0, we have 7(N (t)"1g) = ent+ frnt?+gnt> +o,(t3) for

all n > 1, with some ey, fn, g, € C. Moreover, from Assertion (ii) in Corollary 7.2, it follows

that the sequences (ep)n, (fn)n and (gn), are bounded. From the previous expansions, one

can write another third order Taylor expansion for IE,[e?>"], from which we easily deduce
the following equalities (and so Lemma 8.4) :

nN'(0) + 2¢ + 2f, = —IE;[S2] and  nA®)(0) 4 6d + 6g, = —i [E,[S3]. 0

AB)"=1+n 34+ 0,(t3), wIL(t)1E) = 1+ ct® 4+ dt> + o(t?),

Remark. By using the above arguments with second-order Taylor expansions, it can be easily
proved that the first equality of Lemma 8.4 is valid under Hypothesis C(2) for any u € B'. To
prove IE,,[S2] < +oo under Hypothesis C(2) and for u € B’/, notice that Q”(0)1g = —Q(£?) €
B, so Q¥(&?) € B for k > 1, and IF,[¢(Xk)?] = n(QF€?) < 4oo.

The proof of the Edgeworth expansion (E) is close to that of the i.i.d. case [?] (XVI.4).
For convenience, one may assume, without any loss of generality, that o = 1 (of course this
reduction also leads to alter the constants ms and b,). Set
b
Gn(u) = N (w) + gL (L= w) () = —Zn(w) - (u € R).
Then G, has a bounded derivative g, on IR whose Fourier transform ~, is given by
_ 142 m . _ 142/, b

Yn(t) = Yo,0(t)+7un(t), where 7o, () = e~ 2" <1+ 5 (zt)3> and v, (t) = e 2! (z“t).

Gy/n Vn

Let us notice that the part 79, (t) has the same form as in the i.i.d. context.
Let ¢, (t) = IE,[e""]. The first question is to prove the so-called Berry-Esseen inequality

1 T
<2/
™ J-T

25

sup | 1P, (

Sn
sep | el = ) = Gal)

®n — — n(t
(77) ()‘dt L Hm
t T




where m = sup{|G/,(u)|, n > 1, u € IR}. To do this, let us observe that all the hypotheses of
Lemma 2 in Section XVI.3 of [?], which provides this inequality, are satisfied, except ~;,(0) = 0
because of the additional term +, ,(t) in v,(t). However it can be easily seen that the above
cited lemma of [?] still holds under the condition that % is continuous at the origin.
Indeed the argument in [?] (p. 511) deriving from the Riemann-Lebesque theorem then

remains valid. Obviously the previous condition on 7, is fulfilled since W"fn(t) = i% e"3t

Thus we have the desired Berry-Esseen inequality and we can now proceed as in [?] : let
e >0, let T = a/n with a such that 24m <e. So 24m < ﬁ

Let 0 < § < a such that [—9, 4] is contalned in the 1nterval O of Theorem (K-L) applied on
B, and write

avi | $n(=) = ()
/ ARV ’dt:/ +/ .— A, + By,
—av/n ¢ svn<lt|<av/n [tl<6vm
The property (E) then follows from the two next lemmas. O

Lemma 8.5. There exists Ng € IN* such that A,, < == for all n > Ny.

Proof. From Formula (CF) (cf. § 3), Condition (S) (cf § 5.1) on B applied with Ky =
[—a,—d] U[d,a], and from p € B c B, there exist p < 1 and ¢ > 0 such that we have, for
n>1landu€ K : |¢p,(u)] = |p(Q(u)"1g)| < p™. So

o (=)
/ Vil o :/ [P (u)] du < 27aclpn.
syn<itl<aym |t <lul<a |ul 5

Moreover, for n sufficiently large, we have f5f<|t|<af| ‘( Lat < Jitzoym 1 (t)]dt. We easily
deduce Lemma 8.5 from the two last estimates. a

Lemma 8.6. There exists Ny € IN* such that B, < 5 Joralln > Ny.

Proof. Using 7n(t) = o.u(£) +7pun(£) and the equality ¢ (£) = A(6)" p(TT(t)Lp) + (N (£)"1 )
which follows from (CF) and from Theorem (K-L), one can write for any ¢ such that |t| < dy/n

¢ £ t t ot
¢n(%) —M(t) = <)\(\/ﬁ) - Vo,n(t)> + )\(%) <H(H(\/ﬁ)1E‘) —1—ib, \/ﬁ>
(MG =)+ N (o)
= 7f-n(t)"’_Jn( )+kn( )—I—En(t).

N|=

+ b,

dt
Therefore : Bng/ =1+ J,+ K, + L,.

<5V (i”(t)|  1in ()] + hn (£)] + Ifn(t>!> It

Then Lemma 8.6 follows from the assertions (i)-(1) below for which, as in the i.i.d. case,
we shall repeatedly appeal to the following remark : using the Taylor expansion A(t) =
1— % + o(t?) near 0 (use Lemma 8.3-4 and o2 = 1), one can choose the real number § such

u2
that |[A(u)] <1— “T < e 7 when |u| <4, hence we have |)\(\F)|n < e T for any [t] < 6y/n.

(i) 3N € IN*,Yn > Ny, I, < ==. This can be proved exactely as in the i.i.d. case [?] since

3
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we have \(t) =1 — % — i %347 + o(t?) (Lemmas 8.3-4).
(j) IN2 € IN*,¥n > No, J, < % Indeed, since u — p(II(u)1g) has two continuous deriva-
tives on [—4, 0] (Coro. 7.2) and p(IT'(0)1g) = b, (Lemma 8.3), there exists C' > 0 such that :

J</ e—’fCtht<C/+°°
"= Jy<sym noJt] = n /o

04| t
k) IN3 € IN*,Vn > N3, K,, < . Indeed we have K, < & —
(10 3% G RV TN VD

and from the already mentioned second order Taylor expansion of \(¢) and Lebesgue’s theo-
rem, it follows that this last integral converges to 0 when n — 4o0.

(1) 3Ny € IN*,Vn > Ny, L, < % Indeed, the function x, : v — u(N(u)"1g) is con-
tinuously derivable on [—d,d] and there exists ¢’ > 0 such that we have for all n > 1
and u € [—6,0] : |x),(u)] < C'k™ (Corollary 7.2(ii)). Since N(0)1g = 0, one then obtains

|u(N (u)™1g)| < C" k™ |u| for |u] < 8, so L, < % K" 26\ = 2C"0 K" = o( 1) O

t2
e~ 1 |t|dt.

e}

)= e 3t dt,

9. A multi-dimensional Berry-Esseen theorem. We want to estimate the rate of
convergence in the central limit theorem for a IR%valued function & = (&1, ...,&;). A natural
way to do this is in the sense of the Prohorov metric. Let us recall the definition of this
metric and some well-known facts about it. We denote by B(IR?) the Borel o-algebra of IR?
and by M (IR?) the set of probability measures on (IR?, B(IR?)).

The Prohorov metric [?, ?]. For all P,Q in M;(IR%), we define :
P(P,Q):=inf{e >0 : VB€B(RY), (P(B)-Q(B)) <¢},
where B is the open e-neighbourhood of B.

The Ky Fan metric for random variables. If X and Y are two IR*-valued random
variables defined on the same probability space (Ey, Ty, Py), we define :

K(X,Y):=inf{e>0 : PB(|X —Y]|2>¢) <e}.
Let us recall that lim, o K(X,,,Y) = 0 means that (X,,), converges in probability to Y.

Proposition ([?] Corollary 11.6.4). For all P,Q in Mi(IR?), the quantity P(P,Q) is the
infimum of K(X,Y) over the couples (X,Y) of IR%-valued random variables defined on the
same probability space, whose distributions are respectively P and Q.

For any n > 1, p, (%) stands for the law of % under /P,, and we denote by S92 the
random variable with values in the set of matrices of order d given by :
n
(5.5%) = 3 &(X0)g (Xo).
J k=1
Theorem 9.1. Let us fix m := max (3, [d/2]| + 1). Suppose that Hypothesis C(m) (of section

7.1) holds on some function spaces B, B and that 1S in B'. Then the following limits exist
and are equal :

1 1
= lim —FE.[S.%] = lim —IE,[S,*.

n—-+oo N n—+oo n
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If T is invertible, then (—S’;L) converges in distribution under IP, to the gaussian distribution
n
N(0,T), and we have

3

P <M* (j%) ,N(0, I‘)) = O(n1/?).

In thei.i.d. case, the conclusion of Theorem 9.1 holds if the random variables admit a moment
of order m. For the uniformly ergodic Markov chains, one gets the following close statement
which is a consequence of theorem 9.1 and of proposition 7.3 (proceed as for Corollary 8.2).

Corollary 9.2. Let us suppose that (Xy)n>0 is uniformly ergodic, that w(|§|3) < +oo for
some a > m := max(3, |d/2] + 1), and that the initial distribution satisfies dy = ¢dm with

pel” (m) for some r' > 2. Then the conclusion of theorem 9.1 is true.

Concerning still the special case of uniform ergodicity, notice that [?] provides a multidimen-
sional uniform Berry-Esseen type estimate when 7(|¢|3) < 4o0o. However, the hypothesis
w=m (ie (X,)n is stationary) and Cramér’s condition for £(Xy) are required in [?], while
the (Prohorov) estimate in Corollary 9.2, and more generally in Theorem 9.1, is valid in the
non-stationary case and without any lattice-type condition.

Let us mention that Theorem 9.1 remains true when I is non invertible if, for every 3 € IR?
such that (3,I') = 0, we are able to prove that sup,, |[(5, Sn)|lcc < +00. In this case, up to
a linear change of coordinates and to a possible change of d, we are led to the invertible case
(see section 2.4.2 of [?]). This remark applies to the Knudsen gas model (see § 2.3).

When d = 1, Theorem 9.1 gives the uniform Berry-Esseen result under Condition C(3) if the
asymptotic variance o? is nonzero. This is an easy consequence of the definition of P by
taking B = (—o0,z| and B = (z,+00). However, as already mentioned, C(3) is in practice a
little more restrictive than the conditions of Section 6 ; for instance, compare the expected
condition 7(|£]3) < 400 of Corollary 6.3 with that of Corollary 9.2 (case d = 1).

The proof of theorem 9.1 is based on corollary 7.2, on lemmas 8.3 and 8.4 and on the
following result due to Yurinskii [?] :

Proposition 9.3. Let QQ be some non degenerate d-dimensional normal distribution. There
exists a real number cy > 0 such that, for any real number T > 0 and for any Borel probability
measure P admiting moments of order L%J + 1, we have :

15)+1 > \?
T 12<T 520 iy, ik e (L, ) Ot;,...0t;,

Proof of theorem 9.1. The proof uses corollary 7.2 which is applied here under Hypothesis
C(m) with m defined in Theorem 9.1. In particular we have m > 3, and we shall use
repeatedly the fact that 1p € B and m,u € B (the fact that 7 € B follows from Condition
(K1) on B). Since the proof has common points with the proof given in section 2.4.1 of [?],
we do not give all the details. We shall refer to [?] for some technical points.

The existence of the asymptotic covariance matrix I' as defined in Theorem 9.1 follows from
the next lemma in which V and Hess denote the gradient and the Hessian matrix.
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Lemma 9.4. We have VA(0) = 0 and lim,, 1 IF,[S9?] = —Hess\(0).

Proof. These properties have been proved in the case d = 1 (Lemmas 8.3-4). We deduce from
them the multidimensional version by considering, for any o € IR?, the function t — Q(t«)
defined on IR. |

Without any loss of generality, up to a linear change of variables, we may suppose that the
covariance matrix I' is the identity matrix.

Let 3 > 0 be such that the closed ball {u € IR? : |u|s < 3} is contained in the set O of
Corollary 7.2. In the following, the couple (t,n) (t € IR?, n > 2) will always satisfy the

condition |ty < By/n. For such a couple, we have : ﬁ € 0. As already stated by convention

in Section 7, for any function F defined on an open set of IR?, F(*) will merely denote any
partial derivative of order k of F(+).

. S [t]2
i(t, =R _ "2
< >] —e

Set =p,(t) := IE,le 2. According to Proposition 9.3, it is enough to prove that

Wehaveforkzzo,...,[%]Jrl

v </|t|2<ﬁ\/5 |E£Lk) (t)|2 dt>§ =0 (\}ﬁ>

From the decomposition IF,,[eX"Sn)] = \(u)" p(TI(u)1g) + p(N(u)"1g) which is valid for
u € O, it follows that

=0 = (M- ) D (e 1)} ()

= AR 4 BB 4 o)

where the functions A,,, B, and C,,, defined on the set {¢ : |t|]a < 5/n}, are implicitely given
by the above equality. In the sequel, we merely use the notation F,(t) = O(Gy(t)) to express
that |F,,(t)| < C|Gy(t)| for some C € IR independent of (¢,n) such that [t|s < By/n.

Setting N, (-) = N(-)", Proposition 7.2(ii) yields
t
1CW ()] = n=% [u(NF) (—=)1g)| = O(n"% k) with some < 1.
N

1

So / ICW()2dt = O(n2*k2") = O(—=). Now (I) will be clearly valid provided
ltl2<Bvn Vn
that we have, for some square Lebesgue-integrable function () on IR% :
1
(1) AL+ B0 = 0 J=x1)).

To prove this estimate for the term Aglk), one can proceed as in the i.i.d. case. Indeed,
according to the previous lemma, the function A\(-) then satisfies the same properties and
plays exactly the same role, as the common characteristic function of the i.i.d. case (see
section 3 of [?] and lemma 8 of [?]).
To study By (£), set An(t) = A(-)" for any (t,n) such that |t|, < By/n and, for [u], < 5,
set a(u) = p(Il(u)lg) — 1. With these notations, we have B, (t) = A\, (t) a(ﬁ), and any
partial derivative By (t) is a finite sum of terms of the form
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B®) (1) := AP (t)n~3 a(q)(\/tﬁ) with p+gq= k.

13
Lemma 9.5. For p=0,...,m, we have |)\£Lp)(t)\ = O((l + [t5) e42>.

Assume this lemma for the moment. Since we have, by Proposition 7.2(i), a(ﬁ) = O(&)
and a(Q)(ﬁ) = O(1) for 1 < g < m, this lemma gives for ¢ = 0

0) : 2) Itl2y _ (1 k1 “2>

BULo(® = 0((+ 157 ) 0(2) = 0 1+l e ¥ ),

g

[t t
and for g>1: BW) (1) = 0((1 1) e—f> O(n%) = o(n (14 [t51) e—4>.

2
1¢12

So all the Bfl’fg),q (t)’s are O(ﬁ x(t)) with x(t) = (14]t|5T1) e, and this gives the estimate
(IT) for By (t), and finally the proof of (I) is complete.

2
Proof of Lemma 9.5. Recall T is by hypothesis the identity matrix, so A(u) = 1— % +o(|ul3)
as u goes to 0 (use Lemma 9.4). Hence, for |u|s < [ with 3 possibly reduced,

[ul3 [ul| _ [ul3 Jul3 [uld _ i
A < Mu)—14—7= 1- 1—-—)<1- <e
Mw)] < M)~ 1+ 52 1= P2 < R - Ry <p - R
1413 ﬁ \t\Q
S0) |/\( =)| < e and \)\( =)"| < (e” )" = e~ 1. This gives the estimate of the lemma

for p = 0. Now, in the case p > 1, one can prove by a straightforward induction that /\% )(t)

is a finite sum of terms of the form
P t t t .
) i=n(n = 1) (0 =+ D BN (o) A (A=),

with j € {1,...,p}, s; > 1, and s; + --- + s; = p (for convenience, j,s1,...,s; have been

neglected in the above notation (t,n)). So we must prove that, given such fixed j, s1,. .., sj,
|t|2

we have y(t,n) = O <(1 + t5) e ) To that effect, let us observe that A\(1 )(\/ﬁ) = O(%)

since A(0) = 0, and that )\(s)(ﬁ) = O(1) for any s = 2,...,m. This leads to define
a = Card{i : s; = 1}. Then we have

v(t,n)zo(nﬂ'—’z"t@( - J) - o(i

n2

2

2
i 8 g )

t
7
2

It

= Ot (s e ),

For the last estimate, we used the fact that ‘ﬁ’Q < B and a < p. Finally observe that we

have p = s1 +---+s; > a+ 2(j — a) by definition of the number a, thus 2j —p —a <0, so
that the desired estimate on «(t,n) follows from the previous one. O

10. Application to geometrically ergodic Markov chains. For the moment, the ab-

stract results of the previous sections have been only applied to the simple but restrictive
example of uniformly ergodic Markov chains. This section and the next one present applica-
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tions to more general and practicable markovian models, namely the so-called geometrically
ergodic Markov chains and the random iterative models. The interest of these models for sta-
tistical applications and for stochastic algorithms are fully described in [?] [?], and of course,
the rate of convergence in the c.l.t. and the Edgeworth expansions are of great importance
in practice, see e.g [?] [?]. For these models, all the previously studied limit theorems will be
stated under general and simple moment conditons.

Throught this section, we suppose that the o-field £ is countably generated, that (X,,)n>0 is
aperiodic and -irreducible w.r.t. a certain positive o-finite measure 1 on F.

Moreover, given an unbounded function v : £ —[1, +o00[, we assume (X, ), >0 is v-geometrically
ergodic, that is m(v) < +oo and there exist real numbers kg < 1 and C' > 0 such that we
have, for allm > 1 and z € F,

sup{ Q" f(z) —n(f)|, f: E— C measurable, |f| <wv } < Ckyo(z).

If w is an unbounded function defined on E and taking values in [1,+oo[, we denote by
(B, ll,,) the weighted supremum-normed space of measurable complex-valued functions f
on E such that

|f ()]

If]l., = sup === < 4o00.
el w($)
Let us observe that p € B’ if p(w) < +o0. In particular we have m € B’ by hypothesis.
Clearly, v-geometrical ergodicity means that () is strongly ergodic w.r.t. B, .

For 0 <0 <1, weset B, =8B, and | -[|, = | - [[,o. In particular B, =B, and | -[|, = |-,
The next lemma will be repeatedly used in the proofs below (here £ is only supposed to be
measurable).

Lemma 10.1. For all 0 < 6 < 1, Condition (?) of section 5.2 holds on B, with the
semi-norm q(-) = (| - |). In particular Condition (K) of Section 4.1 holds on B,.

Proof. The property (K1) (cf. section 2) on B, - i.e. (X,)n>0 is v’-geometrically ergodic -
follows from the well-known link between geometric ergocity and the so-called drift criterion
[?]. More precisely, under the aperiodicity and v-irreducibility hypotheses, the w-geometric
ergodicity for some w : E —[l,+o0o[ is equivalent to the following condition : there exist
r <1, M >0 and a small set C' € & such that Quwy < rwg + M1c, where wy is a function
equivalent to w in the sense that clw < wy < cw for some ¢ € IR"jr. From that and since
the function ¢ — t¥ is concave on IR, v-geometric ergodicity implies, by virtue of Jensen’s
inequality, that

Q(Ug) < (TUO + Mlc)e < 1"92}8 + Melc,
where vg stands for some function equivalent to v. Thus (X,,),>0 is v?-geometrically ergodic.
Besides, since 7(|e& — 1| |f]) < ||If]l, 7(|e!™&) —1]|v?) for f € B,, Condition (K2’) (cf. §
4.1), thus (K2), is fulfilled by Lebesgue’s theorem. Besides we have (K3) by Remark (c) in
§ 4.1. The property (K4) w.r.t. B, is a consequence of [?], see [?]. ]

If |€]3 < Cv for some C > 0, then (%)n converges to a normal distribution N (0,T") for any

initial distribution. This is a classical result [?] which can be also deduced, in the stationary
case, from the statements of Section 2.2. Indeed, the condition |£]3 < C'v implies that the
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coordinate functions &; of £ belong to the space Bi. Since 7(v) < 400, we have B1 «— IL*(r),
2 2
and the previous lemma shows that @ is strongly ergodic on B1i. So the desired c.l.t. follows
2
from Proposition 2.2 and Corollary 2.1 both applied with B = B:.
2

Recall that, without additional assumptions, this central limit theorem does not hold under
the weaker condition 7(|£]3) < 400 (see [?]). In the same way, the limit theorems below will
hold under moment conditions of the type [£|§ < Cv with some suitable exponent o > 2,
and some positive constant C'. So the real number « will measure the order in these moment
conditions, and as for the uniformly ergodic Markov chains (see the summary given in § 2.3),
the values of o will be similar or very close to the optimal orders of the i.i.d. case.

The hypotheses of Assertions (a)-(d) below will imply that the above cited c.l.t. holds, and
it will be then understood that T is non-singular (this means o® > 0 in case d = 1). The
nonlattice condition below is that of Proposition 5.4. Finally we suppose that the initial
distribution p is such that p(v) < 400.

Corollary 10.2.
(a) If |€]3 < Cv and & is nonlattice, then we have (LLT) of Theorem 5.1 with B = B .
2

(b) (Cased = 1) If |£]? < Cv, then the uniform Berry-Essen estimate holds : A, = O(n_%).

(c) (Case d = 1) If |£]* < Cv with some o > 3 and £ is nonlattice, then the first-order
Edgeworth expansion (E) of Theorem 8.1 holds.

(d) If |€]$ < Cv with some a > max (3, |d/2] + 1), then the (Prohorov) Berry-Essen estimate

holds : P (. (5£) ,N(0,T)) = O(n~1/2).

Using the usual Nagaev method, (a) was established in [?] for bounded functional . Assertion
(a) extends the result of [?] stated under a kernel condition on Q. From Bolthausen’s theorem
[?], the one-dimensional uniform Berry-Esseen theorem holds under [P, (stationary case) if
m(|€|P) < +oo for some p > 3. Assertion (b), already presented in [?], extends this result
to the non-stationary case under an alternative third-order moment condition. Assertion (c)
was established in [?] for bounded functional £, and (d) is new to our knowledge.

Proof of Corollary 10.2. (a) Condition (CLT) of section 5.1 is fulfilled by hypothesis, and we
have (K) on B = B% (Lem. 10.1). Besides, since g := |{]2 € B%, one gets for all f € B%

QUF — Q1 < QU — 1] £ < tl2 gl 1113 Q.
Since ¥ is bounded, this proves the continuity condition of (K) (cf. section 4.3) with B = B,.

Finallyl,) from Lemma 10.1, the non-arithmeticity condition (S) of section 5.1 (w.r.t. any space
B,) is equivalent to the nonlattice condition of Proposition 5.4. So Theorem 5.1 applies.

(b) We have (K) (of section 4.1) w.r.t. B= B% (Lem. 10.1). Since B% C IL3(n) and € € B%,
Condition (G1) of § 6.2 is satisfied, and we have also (G2) of § 6.2 because (K1) holds on

B 2= E%(ﬂ') and this space contains all the functions ¢2, g € B 1. Finally, as above, one

2
gets |Q()f — Qf| < |t 1&]lx HfH;Qv% for all f € B1. Since 9% is bounded, the continuity
3 3 3 v3

condition in Theorem 6.1 holds with B = B1 and B=B 2. So (b) follows from Theorem 6.1.
3 3

Assertions (c) and (d) are direct consequences of Theorems 8.1 and 9.1 (respectively) and of
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the next proposition. O

Proposition 10.3. If [{|3 < Cv with « > m ( m € IN*), then C(m) holds with B = B,
B = B, for any e > 0 such that5+% <1.

Proof. For convenience, let us assume that d = 1. The extension to d > 2 is obvious by the
use of partial derivatives. We take I = [¢,1] and By = By, To(0) = 0+ £, T1(0) = 0 + %,
a = £. With these notations, the proof of C(m) is a direct consequence of the two following
lemmas.

Lemma 10.4. For any k = 0,...,m and v,y > 0 such that +§ < v <1, we have
Qr € C°(IR, By, By).

Proof. Let 0 < § < 1 such that v + 22 < +/. Using the inequality [¢® — 1| < 2|a|® (a € IR),
one gets for ¢,tp € R and f € B :
o kto h+s
Qr(t)f — Qu(to) fI < QUEN [ —1[|f]) < O [t —tol* || fIl, Qv =),
k+6 ’
hence [|Qx(t)f — Qx(to) fI,, < C = [t = to* [ fII, Q@)L O
Lemma 10.5. For any k =0,...,m — 1 and v,v" > 0 such that v + % <~ <1, we have
Qk € CI(JR/.Y?F}/) with Q;{; = Qk+1-
Proof. Let 0 < § < 1 such that 7+k+Tl+5 < 4. Using |e"* —1—ia| < 2|a|'* and proceeding as

k4146

above, one gets [|Q(t)f — Qx(to) f — (t —t0)Qu11(to) fly < C o [t —to| || I, Q)]
for tg,t € IR and f € B_. Since Q41 € C°(IR,~,~'), this yields the desired statement. O O

Remark. The above proof of (b) shows that Assertion (b) holds also under the alternative
following hypotheses : (X,,)n>0 is vg—geometrically ergodic, ,u(v%) < 400, [£]? < Cwv, and
finally 7(v) < 400 in order to have B% C L3(x).

11. Applications to iterative Lipschitz models. Here (E,d) is a non-compact metric
space in which every closed ball is compact. We endow it with its Borel o-field £.

11.1. Iterative Lipschitz models. Let (G,G) be a measurable space, let (6,,),>1 be a
sequence of i.i.d.r.v. taking values in G. Let Xy be a E-valued r.v. independent of (6,,)p,
and finally let F': £ x G — E be a measurable function. We set

X, =F(Xn-1,0n), n>1.

For 8 € G, x € E, we set Fpxr = F(x,0) and we suppose that Fy : F— F is Lipschitz
continuous. Then (X,),>1 is called an iterative Lipschitz model [?] [?]. It is a Markov chain
and its transition probability is :

Qf(x) = E[f(F(x,61))].
Let xo be a fixed point in E. As in [?], we shall appeal to the following r.v :
d(Fg,z, Fy, y)
C = sup {1 L
d(z,y)
As a preliminary, let us present a sufficient condition for the existence and the unicity of an
invariant distribution. The following proposition is proved in [?] [Th. I].

,x,yeE,x;&y} and M =1+C+d(F(xg,01),x0).
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Proposition 11.1. Let o € (0,1], 8 € IR, . Under the moment condition IEJM*+Y] < 400
and the mean contractivity condition IE[C® max{C,1}*’] < 1, there exists a unique stationary
distribution, 7, and we have m(d(-, xo)***tY) < +0o0.

More precise statements can be found in the litterature (see e.g [?] [?]). However, the hy-
potheses occuring in Proposition 11.1 are convenient in our context and are similar to those
introduced later.

Finally, we shall suppose that ¢ satisfies the following condition, with given S,s > 0 :
(L)s V(z,y) € EXE, [§(z) = £&(y)l2a < Sd(z,y) [1+ d(z, z0) + d(y, z0)]*.

For convenience, Condition (L)s has been stated as a weighted-Lipschitz condition w.r.t. to
the distance d(-,-) on E. However, by replacing d(-,-) with the distance d(-,-)* (0 < a < 1),
Condition (L)s then coresponds to the general weighted-Hélder condition of [?].

Section 11.2 below will introduce weighted Holder-type spaces and investigate all the hypothe-
ses of the previous sections. Using these preliminary statements, we shall see in Section 11.3
that the limit theorems of the preceding sections then apply to ({(X)), under some mean
contractivity and moment conditions. These conditions will focus on the random variables
C, M and will depend on the real number s of Condition (L)s.

To compare with the i.i.d. case, let us summarize the results obtained in Section 11.3 in the
following special setting : (X,,), is a IR%valued iterative Lipschitz sequence such that C < 1
a.s.. For convenience we also assume that (X,,), is stationary, with stationary distribution
7, and we consider the random walk associated to {(z) = = — IE;[Xy], that is :

Sp,=X14+...+ X, —nEW[Xo].
Finally suppose that IF[M?] < +o0. Then the sequence (%)n converges to N(0,T) [?],

and we shall assume that I" is invertible. Corollaries of § 11.3 will then provide the following
results :

(i) Local limit theorem : & nonlattice = (LLT) of section 5.1 with f = 1p,

(i) (d = 1) Uniform Berry-Essen type theorem : IE[M3] < 400 = A, = O(nfé),

(i4) (d = 1) First-order Edgeworth expansion : IE[M5t0] < 400, ¢ nonlattice = (E) of
section 8,

(iv) Multi-dimensional Berry-Esseen theorem (with Prohorov metric) : IE[M*™¥0] < 400
with m = max (3, |d/2] +1) = the conclusion of theorem 9.1 holds.

More generally, the previous assertions will apply to (£(X,,)), whenever £ is a Lipshitz con-
tinuous function on E (i.e. s =0 in (L)s).

Ezample. The autoregressive models.
A simple and typical example is the autoregressive chain defined in IR? by

Xn=4, X140, (ne N,
where (A, 0,)n>1 is a i.i.d. sequence of r.v. taking values in My(IR) x IR?, independent of

Xo. (My(IR) denotes the set of real d x d-matrices.) Assume that we have |4;] < 1 a.s.,
where | - | denotes here both some norm on IR? and the associated matrix norm. Taking the
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distance d(z,y) = |z — y| on IRY, we have C = |A1| and M < 2 +|6;|. So the above moment
conditions in (i)-(iv) only concern |6;].

The special value A,, = 0 corresponds to the i.i.d. case (S, = 601 + ...+ 6, — nlE[0;]), and
Statements (i) (ii) give again the corresponding classical i.i.d. limit theorems. On the other
hand, the moment condition in (iii) is more restrictive than that of the i.i.d. case : indeed
the i.i.d. first-order Edgeworth expansion is valid under the condition IF[|0;]3] < +oo [?].
The moment condition in (iv) is also stronger than the expected one. (See Rk. in § 11.3.)

Finally let us recall that, in the case when A,, = A is a fixed nonrandom contractive matrix,
and 6; has a density w.r.t. the Lebesgue measure on IR?, with a moment of order r > 0, then
(Xn)n is v-geometrically ergodic with v(z) = (1 + |z|)", see [?] (§ 15.5.2). So, in this case,
one can apply the statements of Corollary 10.2 which, when they are applied as above with
&(z) = x — IE;[Xy], yield the first-order Edgeworth expansion if £ is nonlattice and r > 3+ ¢
for some ¢ > 0, and the multi-dimensional Berry-Esseen theorem if r > max (3, |d/2| + 1)+e¢.
These moment conditions are the expected ones up to € > 0.

11.2. Preliminary results. The function spaces used here are weighted Holder-type spaces
defined as follows.

For z € E, we set p(x) = 1+ d(z,z0). Given a € (0,1] and v > 0, we denote by B, the
space of C-valued functions on F satisfying the following condition

|f(x) — f(y)]
(z,y)* p(x)*7p(y)™

Moy (f) —sup{d , T,y € E, x#y} < +o0.

|/ ()]

Set | flay = sup ()T and || fllay = may(f) + [ flasy-

Then (Baq, || - [|a,y) is a Banach space. The next result which concerns Condition (K1) on
B, is established in [?] [Th. 5.5].

Proposition 11.2. Let v > 0. If IE[M*0HD 4% M?*7] < 400, E[C® max{C,1}?"] < 1,
then Q) is strongly ergodic on B, .

Now we give a sufficient condition for the central limit theorem in the stationary case. Similar
statements are presented in [?], and in [?] when £ is Lipshitz continuous (i.e. s =0 in (L)s).

Proposition 11.3. If IE[ M?*T2 +C2 M*T] < oo and E[C% max{C, 1}2S+%] <1, then,
under Py, (%)n converges to a normal distribution N(0,T).

Proof. We apply proposition 11.1 with o = % and § = 4s + 3. This yields the existence

and the unicity of 7, and 7(d(-,79)*%?) < +oo. Set here B = B%,25+1- For f € B, we have

|1 < 1fl1 ggq p(x)*TL. Thus B — IL?(7). Besides, from (L), it can be easily seen that the
27

coordinate functions of ¢ belong to B, and by Proposition 11.2, @ is strongly ergodic on B.

We conclude by applying Proposition 2.2 and Corollary 2.1 with B =85 1961 O

The possibility of considering o < 1 as above is important. To see that, consider for instance
the case s = 0 (i.e. { is Lipschitz continuous on E). Then £ € By, for any v > 0, and we
could also consider B = By , in the previous proof, but it is worth noticing that the condition
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By, < IL*(m) would then require the moment condition m(d(:,z0)?!*7)) < +oo0 which is
stronger than 7(d(-,z0)%) < +oo used above. Anyway, we shall often appeal below to the
conditions v > 1 4 s, namely v > 1 in the case s = 0, and E[MO‘(VH)] < +oo0. If y =1 for
instance, the previous condition is IE[M] < 400 if a = §, while it is IE[M?] < 400 if o = 1.

Now we investigate the action of the Fourier kernels Q(t) on the space B, . The proofs of
Propositions 11.4-8 below present no theoretical problem. However the presence of Lipshitz
coefficients in the definition of B, , makes the computations quite more technical than those
seen for uniformly ergodic, or geometrically ergodic, chains. For convenience, these proofs
are presented in Appendix B. The arguments will be derived from [?]. However, the next
four statements improve the corresponding ones in [?].

Proposition 11.4. Condition (K) of section 4.1 holds w.r.t. the function space Bq, if
v >1+s and E[M*0F) 40 M?*7] < 400, IE[C* max{C,1}2*7] < 1.

Proposition 11.5. We have |Q(t) — QHB g —0 when t—0 if v/ > ~v > 1+ s and
a, R o !

E[MOHD 4 cx MO+ < 4o '

Proposition 11.6. We have ||Q(t) — QHB B = o(t]) if v >0, v >+ =L and
a, YRy 4

E[MeO'HD) 4 0o M0+ 4o MY | < oo

Proposition 11.7. We have C(m) of section 7.1 (m € IN*) with B = By, and B = Ba,y
for any n, 0 such thatn > 1+s, 7 >n+ w, and E[MFD) 4 copm?en’ | < o0,
E[C® max{C,1}2*] < 1,

Concerning the spectral condition (S) of section 5.1, we now study the possibility of applying
the results of Section 5.2. Observe that this cannot be done with the help of Proposition 11.4
because it only yields (K3) (K4) near ¢ = 0. By considering another auxiliary semi-norm
on B, , we shall prove in Appendix B.5 the following result for which the hypotheses are
somewhat more restrictive than that of Proposition 11.4.

Proposition 11.8. Assume IE[M*0' 1) 4% M) < 400 and E[C* max{C,1}?**] < 1
for some v >~ > 1+s. Then we have (S) on Ban iff & is non-arithmetic w.r.t. Beon. If
moreover (CLT) holds, then the two previous equivalent conditions hold if & is nonlattice.

11.3. Limit theorems for ({(Xy)),. The hypotheses of Corollaries 11.9-11 below will
imply those of Proposition 11.5. Consequently the clt stated in this proposition will hold
automatically, and it will be understood that I' is non-singular.

Concerning the conditions imposed in this section on the initial distribution pu, it is worth
noticing that, if u(d(-, 20)*1*7)) < +o0, then p € B,, .. Also mention that the next conditions
imposed on p will be always satisfied for u = 7 or p = 0, (z € E) (for 7 it comes from
proposition 11.1).

Local limit theorem. To present a simple application of Theorem 5.1, let us simply investigate
Statement (LLT) of section 5.1 with f = 15. We want to prove that, for any compactly
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supported continuous function g : R*— IR, we have
(LLT") lim <\/ detT’ (27771)% FE,g(S —a)] — e 2n (T aa) / g(:c)dm) =0.
R

Corollary 11.9. Suppose that IE[ M?$T2 +C2 MZHIH < Lo for some § > 0, that
IE[C% max{C, 1}28+%] < 1, that £ satisfies (L)s and is nonlattice, and finally that we have
,u(d(-,xg)%TM) < 400. Then we have (LLT").

Proof. By using the above preliminary statements, we can prove that the hypotheses of
Theorem 5.1 are fulfilled. Indeed, the mean contractivity and moment hypotheses imply
those of Proposition 11.3, so we have (CLT). Besides, let @ = %, e>0,andset y=14+s4+¢

and v/ = vy +e¢. Then, by choosing 0 < ¢ < g sufficiently small, we have (K) on B = B1 -, and
— 27
(K1) on B = B _, (Prop. 11.4, 11.2). Moreover the continuity condition in (K) of section
27
4.3 holds (Prop. 11.5), and finally, since £ is nonlattice, (S) holds on B, (Prop. 11.8).

Furthermore we have B/ N B = l~5’/, and p(d(-, o) 2+SM) < 400 implies p € B. O

According to the previous proof, the property (LLT) may be also investigated with positive
function f € B, (for some suitable v > 1+ s), and the sufficient nonlattice condition can
27

be replaced by the more precise non-arithmeticity condition (w.r.t. B ,Y) of Proposition 5.3.
2 b

Finally, if s = 0 (i.e. £ is Lipschitz continuous on E), as for example {(z) = ||z||, and if we
have C < 1 a.s., then (LLT’) is valid under the expected moment condition E[M?] < +oc.

Uniform Berry-FEssen type theorem. Here we assume d = 1.

Corollary 11.10. Suppose IE[ M3+ +C%M4S+3] < 400 and ZE[C% max{C, 1}**+3] < 1,
that ¢ satisfies (L)s, and p(d(-, z9)**tY) < +00. Then A, = O(n_%).

Proof. To apply Theorem 6.1, we have to prove (CLT") of section 6.1 and to find some spaces
B and B on which (K) holds with the additional condition ||Q(t) — QHBfé = O(Jt]). To
investigate (CLT’), we shall use the procedure based on conditions (G1)-(G2) (see § 6.2). In
particular this procedure requires that £ € B — L3(7T). Since (L)s implies { € B o, e let

~ 27

us consider B = 8%7?“. We have (K) on B (Prop. 11.4). Now set B = B%,4s+3‘ Then @ is
strongly ergodic on B (Prop. 11.2), and the above estimates on [|Q(t) — Q|| 5 5 is valid (Prop.
11.6). Moreover, for f € B, we have |f| < |f|%,2s+1p8+1’ and since 7(d(-,20)3t) < 400
(use Prop. 11.1 with o = %, @ = 65 + 5), one gets B < IL3(r). This gives (G1). Besides, it
can be easily seen that B contains all the functions ¢2, g € B, and since each f € B satisfies

lfl < |f ;4S+3p2(5+1), one obtains B — E%(ﬂ'). This proves (G2). Finally the moment
27

condition on pu implies p € B =8Bn8. O

The first-order Edgeworth erpansion. We assume d = 1, and for convenience, we investigate
the property (E) of Theorem 8.1 under the hypothesis that C is stricly contractive a.s..

Corollary 11.11. Let us suppose that C < 1 a.s. and that IE[MSEHtD+e0] < oo for some
g0 > 0, that ¢ satisfies (L)s and is nonlattice, and p(d(-,x0)3+D+e0) < 400. Then we have

(E).
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Proof. To check the hypotheses of Theorem 8.1, let us first observe that the hypothesis C < 1
a.s. implies IE[CY max{C,1}?] < 1 for any o € (0,1] and § > 0. We have 7(d(-, z¢)?**tV) <
+o00 (Prop. 11.1). From |£(x)] < p(z)**1, it follows that 7(]€]?) < +oo. Let us prove that
C(3) holds w.r.t. B = B, and B= B,y for suitable a,n, 7. Let § >0, 7= s+ 140, and
n=n+ @ + 4. We have a(n’ + 1) < 2an/, and 2an’ = 6(s + 1) + 2a(n + §). Now let us
choose 0 < a < 1 such that 2an’ < 6(s + 1) 4+ 9. Then Proposition 11.7 yields the desired
property. To study Condition (S), observe that the hypotheses of Proposition 11.8 are fulfilled
with v =7 and 7/ = n+ 9 (to check the moment condition, use v < ). Therefore, since £ is
nonlattice, we have (S) on Ba - Finally, we have an’ =3(s+ 1) +a(n+6) <3(s+1) + %
and we have a < 5t +5) , thus a(n’ +1) < 3(s+ 1) +&p. So the moment hypothesis on

w implies that p € B. O

Other similar statements may be derived by proceeding as above. For instance, let us consider
0 < a <1 (fixed here), n = s+ 1+6, and ' = n+ 3(S+1) + 0 with some small § > 0,

and suppose that we have E[M*7+) 4 cop?en] < +oo, E[C* max{C,1}?**"] < 1, and
p(d(-, 20)*" 1)) < 400, Then we have (E) if £ is non-arithmetic w.r.t. Bay-

The multi-dimensional Berry-Essen theorem with Prohorov distance. Again we give a state-
ment in the particular case when C < 1. From theorem 9.1 and 11.7, we get the following.

Corollary 11.12. Suppose C < 1 a.s and IE[M>™5T)20] < o0 for some g9 > 0 and with
m = max (3, |d/2] + 1), that & satisfies (L)s and p(d(-, z)™ T2+ < Loo. Then the
conclusion of theorem 9.1 holds.

Proof. Let a € (0,1) be such that (14s) < 52. Let us take n = 1+ s and ' = W‘F% >
n+ w We have : [E[M?*7] < +oo. Since C < 1 and since a(n’ + 1) < 21/, the

hypothesis of proposition 11.7 is satisfied. Hence we have C(m) with B = B, , and B= By -
Moreover, the moment hypothesis on p insures that p is in B. O

Remark. The moment conditions on M in Corollaries 11.11-12 is twice the expected one.
This is due to the weight p(x)®” p(y)®” in the definition of B, , which yields the term M?®
when one investigates mq ~(Q(t)f), see Appendix B. This drawback, which only occurs here
when C(m) is used, could be possibly removed with a more appropriate choice of spaces.

Extension. Mention that all the previous statements remain valid when, in the hypotheses,

the r.v. C is replaced with the following one :

d(Fgl e anox ’ Fel Feno y)
d(z,y)

The proofs of the preliminary statements in Section 11.2 are then similar.

C(n()) =Sup{ ) x?@/eEa x#y} (noeﬂ\f*)

12. More on the non-arithmeticity condition. This section presents some complements
concerning the spectral condition (S) of Section 5.1, in particular we prove Propositions 5.3-4.

12.1. Proof of Proposition 5.3. We suppose that the conditions of Proposition 5.3 hold.
Recall that Condition (S) on B states that, for each compact set Ky in IR?\ {0}, there exist

p <1 and ¢ > 0 such that we have, for all n > 1 and t € Ko, |Q(t)"|; < cp™
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We have to prove that (S) is not true if and only if there exist t € IR%, t # 0, A € C, |\ = 1,
a m-full Q-absorbing set A € £, and a function w in By such that |w| is nonzero constant on
A, satisfying :

(%) Vo e A, EWhyp(y) = dw(z) Q(x,dy) — a.s.,
where By is defined as Byp = BN L™ (x) or By = BNB~ according that we have (bl) or (b2).

Lemma 12.1. Let t € R? such that r(Q(t)) > 1. Then

(i) r(Q(t)) = 1 and Q(t) is quasi-compact.
(ii) We have (x) with A\, A and w as above stated.

Proof. (i) By (K4), we have 7.(Q(t)) < 1 < r(Q(t)), thus Q(t) is quasi-compact on B. Now
let A\ be any eigenvalue of modulus r(Q(t)), and let f # 0 be an associated eigenfunction
in B. We have |\|"|f] = |Q(t)"f| < Q"|f]. By (bl), there exists ¢’ € B, ¢’ > 0, such that
¢ (|f]) # 0, and (K1) of Section 2 gives sup,, ¢'(Q"|f]) < 4+o0. From |\ €'(|f]) < €' (Q™|f]),
it then follows that |A| < 1, and finally 7(Q(¢)) = 1. Hence (i).

By (i), there exists A € C, |A\| = 1 and w € B, w # 0, such that Q(t)w = Aw. From
Q(t)"w = A\"w, one gets |w| < Q"|w|, and since Q™|w|— 7 (|w|) in B by (K1), it follows from
(b1) that |w| < m(|Jwl|), either on E, or m-a.s. on E, according to the nature of B. From
now, if B is composed of equivalence classes (w.r.t. 7), w is replaced with any measurable
function of its class, and for convenience, this fonction will be still denoted by w. Since
v="n(Jw|) —w >0 and w(v) = 0, we have |w| = 7(|w|) m-a.s. Let us define the set

Ao =1{z € B |w(z)] = n(lu])}.
Then we have 7(Ag) =1 (i.e. Ap is w-full).

Proof of (ii) under Condition (b2). It is proved in [?] (Prop. V.2) that, under Condition
(b2), we have () with w € BN B~ and A = Ay. Let us briefly resume the main arguments.
From (b2), we have here |w| < w(Jw|) on E. Thus w € B™ . Besides, the equality Q(t)w(z) =

Ig etEWw(y) Q(x, dy) = Aw(x) is valid for all z € E. Let € Ag. Then this equality,
together with the previous inequality, give (). Finally (x) shows that Aj is Q-absorbing.

Proof of (ii) under Condition (b1). Here one may have Q(t)w = Aw a.s., so the previous
arguments must be slightly modified as follows. First, by proceeding as in the proof of
Proposition 2.4, one can easily get a w-full Q-absorbing set B C Ag. Besides the following
set is clearly m-full :

C={z€FE:Vn>1 Q1t)"w(z) = N'w(2)}.
So the set A = BNC is also w-full. Let x € A. We have

Qt)w(x) = [ HEWw(y) Q(x, dy) = Mw(z).
Since Q(z, B) = 1 (B is Q-absorbing), one can replace F by B in the previous integral, and
since | A~ tw(z) "t el BEWy(y)| = 1 for all y € B, we then obtain the equality (). It remains
to prove that A is @Q-absorbing. To that effect, we must just prove that Q(x,C) =1 for any
r €A Set D, = {y € E: EWy(y) = Mw(z)}. We know that Q(x, D) = 1, and from
AHw(z) = [ e Q() w(y) Q(x,dy) (n > 1), we deduce that

A" = [p, wiy) ™t Q)" w(y) Q(x, dy).

Since Q(z, B) = 1, this equality holds also with B instead of D,. Besides, for any y € B, we
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have |Q(t)"w(y)| < Q"|w|(y) = [ [w(2)|Q™(y, dz) = m(Jw]), so that [w(y) ™ Q(t)"w(y)| < 1.
So, for some D, , € & such that Q(z,D;,) = 1, we have Q(¢t)"w(y) = A" w(y) for each
Yy € Dy p. From Ny>1Dy C C, one gets Q(x,C) =1 as claimed. ]

Lemma 12.2. Lett € IR%. If the equality (x) holds with X\, A and w as stated at the beginning
of this section, then we have r(Q(t)) > 1.

Proof. By integrating (x), one gets Q(t)w = Aw on A, and since A is Q-absorbing, this
gives Q(t)"w = A"w on A for all n > 1. Suppose r(Q(t)) < 1. Then lim, Q(¢)"w = 0
in B, and since B — IL'(r), we have lim, 7(|Q(t)"w|) = 0, but this is impossible because
|Q(t)"w| = |w| on A, and by hypothesis |w| is a nonzero constant on A and 7(A) = 1. O

The previous lemmas show that, for any fixed t € IR?, we have r(Q(t)) > 1 iff the equality
(*) holds for some A\, A and w as stated at the beginning of this section. Consequently, in
order to prove the equivalence of Proposition 5.3, it remains to establish the following lemma
whose proof is based on the use of Keller-Liverani theorem.

Lemma 12.3. We have : (S) < Vt € R, t #0, r(Q(t)) < 1.

Proof. The direct implication is obvious. For the converse, let us consider a compact set K
in R4\ {0}. Let us first prove that

ri, = sup{r(Q(t)), t € Ko} < 1.

For that, let us assume that rg, = 1. Then there exists a subsequence (73); in Ky such
that we have limy r(Q(7%)) = 1. For k > 1, let \; be a spectral value of Q(73) such that
[A\k] = 7(Q(7x)). By compactness, one may assume that the sequences (7;)r and (Ag)g
converge. Let 7 = limg 7 and A = limg A ; observe that 7 € Ky, thus 7 # 0, and || = 1.
Besides, by (f/{\g) (I/(g) (f{Z), the Q(t)’s satisfy the conditions of Keller-Liverani theorem near
7. From [?] (p. 145), it follows that A is a spectral value of Q(7), but this impossible since,
by hypothesis, 7(Q(7)) < 1. This shows the claimed statement.

Let p € (rx,,1). By applying [?] to Q(-) near any point to € Ky, there exists a neighbourhood
Oy, of ty such that sup{||(z — Q(t)) |5, t € O, |2| = p} < +oo. Since Kj is compact,
one gets sup{||(z — Q(t)) ||z, t € Ko, |2| = p} < +oo. Finally let I' be the oriented circle
defined by {|z| = p}. Then the inequality stated in (S) follows from the following usual

spectral formula

Q)" = 2; /Fz"(z—cg(t))*ldz. o

12.2. Proof of Proposition 5.4. Suppose that the hypotheses of Proposition 5.4 are
fulfilled, except (CLT) for the moment. Let us recall that these hypotheses contain those of
Proposition 5.3. We set G = {t € R : r(Q(t)) = 1}.

We know that (S) is equivalent to G = {0} (Lemmas 12.1-3). Consequently, the following
proposition implies Proposition 5.4.

Proposition 12.4. G is a closed subgroup of (IR%,+). Moreover, if Condition (CLT) of
section 5.1 holds, then G is discrete, and we have then the following properties.

(i) If G # {0}, then there exist a point a € RY, a closed subgroup H in IR of the form
H = (vect G)* @ A, where A is a discrete subgroup of R, a m-full Q-absorbing set A € &,
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and a bounded measurable function 0 : E — IR® such that
(xx) VxeA, &y +0y) —0(z)ca+H Qz,dy) —a.s..

(ii) If (¥x) holds with a m-full Q-absorbing set A € £, a subgroup H # IR, and a measurable
function 0 : E— R? such that %) € B for all t € IRY, then G # {0}.

Proof. Let g1, g2 € G, and for k = 1,2, using Lemma 12.1, let A\, Ag, and wy be the elements
associated with g in (*). Then A = A; N As is a 7-full Q-absorbing set, and g1 — g2 satisfies
(x) with A, X = A\ Ag, and with w = w13 in By since, by hypothesis, By is stable under
product. Thus g1 — g2 € G by Lemmas 12.1-2. Besides 0 € G since Q1lgp = 1g. So G is a
subgroup of (]Rd, +). To prove that G is closed, let us consider any sequence (t,), € G™
such that limt, = t in IR?Y. By quasi-compactness (Lemma 12.1), each Q(t,) admits an
eigenvalue, say A, of modulus one. Now let A be a limit point of the sequence (A,),. Then
|A| = 1, and from [?] (p. 145), it follows that A is a spectral value of Q(t), so r(Q(t)) > 1, and
t € G by Lemma 12.1. To prove G is discrete under Hypothesis (CLT), let us first suppose
for convenience that the semi-norm ¢(-) in (K) is 7(| - |). Then we have (K), and Lemma 5.2
gives A(t) = 1 — 1(I't, ) + o(||t||?) for ¢ near 0, where A(t) denotes the dominating eigenvalue
of Q(t). Hence we have 7(Q(t)) = |A(t)] < 1 for ¢ near 0, ¢ # 0. This proves that 0 is an
isolated point in G, hence G is discrete. If g(-) # 7 (| -|), observe that Hypothesis (K) ensures
that the conclusions of Theorem (K-L) are valid with here ¢(II(¢) f —IIf) — 0 when ¢t — 0 for
each f € B. However, since 7(| - |) < cq(-) by hypothesis, the last property also holds with
7(| - |) instead of ¢(-), so Lemma 5.2 remains valid, and we can proceed as above.

Proof of (i). Set G = Za1 ® ... Zay, with p < d, and let A\, Ay, and wy, be the elements
associated with aj, in (x). Then A = NP_, Ay is a m-full Q-absorbing set, and if z € A and
g = niai + ...+ npap is any element of G, we deduce from () applied to each ay, and by
product that :

p p p
Vo e A, fotw) H wi(y)™ = H Ak H wi ()™ Q(z,dy) — a.s..
k=1 k=1 k=1

Since |wy| is a nonzero constant function on A, one may assume without loss of generality that
|wi 4| = 1a, so that there exists a measurable function oy, : E —[0, 27 such that we have,
for all z € A : wy(z) = ). For z € A, we set V(2) = (1(2),...,0a,(2)) in IRP. Since the
linear map x : h — ({(a1,h),...,{(ap, h)) is clearly bijective from vect(G) into IRP, one can
define the element x~'(V(z)) which satisfies (az, x 1(V(2)) = ax(z) for each k = 1,...,p.
Finally let # : E — IR? be a bounded measurable function such that 6(z) = x~'(V(z)) for
all z € A. Then we have wy(z) = e“®0() for any z € A and k = 1,...,p. Consequently
one gets [Th_; wi(2)™ = ei99() for 2 € A, and the above equality becomes, by setting
Ag = Tl ARS
Ve € A, XotW+oy)—0) — Ay Qz,dy) —a.s..

For any g € G, let us define 3, € IR such that \; = ¢Ps and for x € RY, set Ty(z) = (g, ).
The previous property yields

Vo e A, &(y)+0(y) —0(x) € Nyea Ty ' (By +2nZ) Q(z,dy) — a.s..

Now let us define H = Nye@ Tg_1(27rZ). Then H is a subgroup of IR%, and the elements of
Ngea (T H(By + 2nZ)) are in the same class modulo H. That is :
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Ja € R, Ngeq (T, ' (By + 20 Z)) Ca+ H.

This proves (#x), and it remains to establish that H has the stated form. Actually, since H
is closed, H is of the form H = F & A, where I’ and A are respectively a subspace and a
discrete subgroup in IR?. So we have to prove that F = (vect G)l.

Let x € (vectG)*. Since (vect G)*t = Ngea T, '({0}) € H, we have z = f + d for some
fEF, de A, and for o € IR, the fact that az € (vect G)* C H yields ax = f, + d, with
some f, € F and d, € A. But we also have the unique decomposition ax = af 4+ ad in
F @ vect A. Hence we have ad = d, € A, and since A is discrete and « can take any real
value, we have necessary d = 0. That is, x € F'.

Conversely, let f € F and let ¢ € G. Since F C H, we have (g, f) € 2nZ. Now let a be
any fixed nonzero irrational number. Since af € F C H, we have a (g, f) = (9, af) € 2nZ.
Hence (g, f) = 0. This gives f € (vect G)*.

Proof of (ii). Let t € HY, t # 0. Then (t,&(y)) + (t,0(y)) — (t,0(x)) = (t,a) Q(z,dy)—a.s.
for all z € A. Setting w(-) = e/t and \ = e/t this yields for all z € A

e (y) = w(z) Q(z,dy) — a.s..
Since w € B by hypothesis, this gives (), and Lemmas 12.1-2 implies that t € G. O
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Appendix A. Proof of Proposition 7.1.

The proof of Proposition 7.1 is presented in the case d = 1. The extension to d > 2 is obvious
by the use of the partial derivatives. Let I be an interval in IR and let (By, 6 € I) be a
family of function spaces. Recall that we set D, = {2z € C : |z| > K, |z — 1| > (1 — k)/2} for
any k € (0,1). Given two function spaces B and BB of the previous family, let us introduce
the following hypothesis.

Hypothesis D(m) (m € IN*). For all § € I there exists a neighbourhood Vg of 0 in IR
such that, for all j = 1,...,m, we have :

(0) [To(P) €l = Bg— Brygl and [T1(0) €1 = Bo— By )]

(1) Ty(0) € I implies that Q(-) € CO(Vg,Bg,BTO(g))

(2) 0 :=Ti(ToT1)? 71 (0) € I implies that Q(-) € C?(Vg, By, By,)

(3’) There exists a real number kg € (0,1) such that, for all K € [rg,1), there exists a
neighbourhood Vg . C Vg of 0 in IR? such that, R,(t) == (z — Q(t))~' € L(By) for all z € D,
and all t € Vg ., and we have My ,, := sup {||Rz(t)||9, t€Voy, 2€ DR} < +o0

(4) There ezists a € (o {TO_I(TOTl)*k(I) N (TlTO)*k(I)} such that we have B = B, and

B == B(T0T1)mTo(a) .

Conditions (0) (1) (2) and (4) are exactly those of C(m). According to Theorem (K-L)
of section 4.1, (3) implies (3’). Hence C(m) implies D(m), and Proposition 7.1 will be a
consequence of the next proposition. Let us notice that, from (4), we have

04 = {a, Toa, TiToa, ToT1Toa, ..., (ToT1)"To(a)} C 1.

Let us define x = maxgece, kg € (0,1), and O = Nyee, Vo,x-

Proposition A. Under Hypothesis D(m), if k and O are as stated before, then we have
R.(:) € C"™(O,B,B) for all z € D, and sup{|| Rg)(t)HB,B, z € Dy, t € O} < 400 for each
£=0,...,m.

We shall write ||-||g,0 for ||-||5,,5, and ||-|[¢ for ||-||5,. Moreover, f = (f.(t)).: € Ch(0,0") will
mean that there exists & € (0,1) such that, for all k € [&, 1), there exists a neighbourhood
U, of 0 in IR? and we have :

Vz € Dy, fu() € C'(Uy, By, By) and sup £ ) ]lg,0r < +o0.
26Dy, teld ., j=0,...,0

By convention, we set (UV),(t) := U,(t)V,(t), and when U = (U,(t)).; € C*(6,8'), we set
Uk = (Uz(k) (t))2,t. We shall use repeatedly the next obvious results.

Lemma. Let 6y, 65, 03 and 64 be in I.

(’i) IfV S Ck(02,03) and ’ifBgl — 692 and ifBgs — 894, then V € Ck(92,94), Ve Ck(91,93),
and V € C*(01,04).

(i) If V € C%(01,02), U € C°(6,03), then UV € C°(0y,603).

(iii) If V€ C%61,62), U € C(02,04), and V € C*(01,03), U € C°(63,04), then we have
UV € CY01,04), and (UV) =U'V +UV'.
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Proof of Proposition A. Lemmas 0-1 below will be our basic statements.
Lemma 0. If 0,Ty(0) € I, then (R.(t)).+ € C°(0,To(0)).

Proof. Let k € [max(kg, kry(p)),1). Let Z/{(O) = Vox N V1,(6),- From the usual operator
formula Id — W™ = (Id — W) Y1, Wk, one easily deduces the following equality, which
is valid for any bounded linear operators S and T on a Banach space such that S and S —T

are invertible :
n

(%) (S=T)"'=> (ST S~ + (ST TS —T) !
k=0
Withn =0, 5 =2z—Q(ty), T = Q(t) — Q(to), thus S — T = z — Q(t), Formula (x) yields

¥z € Dy, Vt €Uy, Ru(t) — Ru(to) = R:(to) (Q(t) — Q(to)) Rx(1).
Using the constants My ,; and My, g) ., Condition (1) in D(m) gives the desired property. O
Lemma 1. If 6,Ty(0), T1To(0), ToT1To(0) € I, then we have (R.(t)).: € C1(0, ToT1To(6))
and R = RQ'R
Proof. Let us define 01 = Ty(0), 02 = T1To(0), 635 = ToT1Tp(0) and Iiél) = max(Kg, Ko, Koy, Ko )-

Let us consider a real number < € [mé ), 1). We define Z/{( ) = Uéi ﬂl/{é )H Let to,t € Z/{(l)
and z € Dy,. Formula (%) withn=1,5 =2 — Q(ty), T (t) Q(to) gives

(*
R.(t) = R.(to) + R.(to) [Q(t) — Q(t )] 2(to) + U:(1),
with 9, () := R.(to) [Q(t) — Q(to)] Ra(to) [Q(t) — Q(to)] R-(t). But we have :

)
0002 < 0 1000) — Q1o 1 1) o, | 2 LN

which goes to 0 as ¢ goes to ¢, uniformly in z € D,, (according to condition (2) and with the
use of My, ., My, , and My ). In the same way, we have :

[ R (t0)(Q(t) — Q(to)) Rx(to) — (t — to) R=(t0) Q' (to) R=(t0)llg g,
< My, «[|1Q(t) — Q(to) — (t — Ifo)Ql(to)H491,92]\49,,€ = o(t — tp).

This shows that R.(ty) = R.(to)Q'(to)R.(to) in L(Bs, Bs,). Moreover, (R, (1)), € C°(6,61),
(Q'(t))2t € CO(61,02), and (R, (1)), € C°(62,03), so (RL(t). € C°(6,63). O

% ||R.(t)

By Lemma 0, the following assertion holds :
(Ho) If 0 € I and if Ty(0) € I, then R = (R.(t))... € C° (0, Tp(0)).
For £ =1,...,m, let us denote by (Hy) the following assertion :
(Hy) If 0 € Mimp [Ty (T6T1) (1) N (T To) (1), then R = (R.(1)).; € C* (0, (ToT1)To(0) )
and RO = Y (iik)ess ROQUADRK)  wyith
Eo={(i,j k) e Z>:i>0,j>0,k>0,i+j+k=1(—1}.
We want to prove (H,,) by induction. By Lemma 1, (H;) holds.
Lemma 2. Let 1 <{<m—1. If (Hy),(H1),...,(Hy) hold, then we have (Hyy1).
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P?“OOf. Let 0 € ﬂii%) [To_l(Tng)ik(I) N (TlTo)ik(I)} From B(TOTl)ZTO(H) — B(T0T1)Z+1To(9)
and (Hy), we have R = (R(t))., € C*(0, (ToTh) ' To(9)) and : R =Y, 4y ce, ROQUFIRM),

Let (,7, k) € &. We have to prove that ROQU+)RK) ¢ ¢! (0, (TOTl)”lTO(H)) and that :
( RO QU+ R(k))’ — REFDQUH) RK) 4 RDQEH) RK) 4 RO QUI+5) RUk+1)
Since 1 < k + 1 < ¢ and by induction hypothesis, we have :

R e (0, (ToT)* V) Th(0)) and R™ e (6, (ToT1)*Tp(9)).

Moreover, since 2 4+ j < £+ 1 < m and according to D(m), we have :

QU+ ¢ 0 ((TOTI)(kJrl)TO(Q),TI(TOTI)(k+j+1)TO(9))

and QU e ¢ ((TyTy) Ty (0), T1(TyT1) 7+ 1y (9) )

According to the first lemma of this appendix, QU RK) ¢ ¢! (0, T (ToTl)kH“TO(H)) and
(QUHNRK)Y = Q2+i) R(K) 4 Q(1+4) Rlk+1),
Analogously we have QU R*) ¢ ¢0 (9, Ty (ToTl)k+jT0(9)), and, since ¢ + 1 < £, we have :

RO P (Tl(ToTl)k+j+1T0(9), (TOTI)HJ‘H“TO(Q))

and RO € ¢! (T (ToT1) I To(0), (ToT1) M+ 2Ty(0) )
Since k 4+ j + i+ 2 = £+ 1, this gives the desired property. O

Since, by hypothesis, a € ML, [To_l(ToTl)_k(I) N (Tng)_k(I)], the property (H,,) shows
that the conclusion of Proposition A is valid with some neighbourhood O of ¢t = 0 and some
set D,; with suitable x € (0,1). More exactly, the previous induction proves that O and s
may be defined as stated before Proposition A. O
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Appendix B. Proof of Propositions 11.4-8.

B.0. Notations. For convenience we present the proofs of Propositions 11.4-8 in the case
d = 1. The extension to d > 2 is straightforward for Proposition 11.4,5,6,8 (just replace the
inequality [t£(z)| < |t |€(x)| with the Schwarz inequality [(t,&(z))| < |[t||||€(x)||). It is easy
for Proposition 11.7 by considering partial derivatives.

We set ©x = F(x,01). So © is a random Lipschitz transformation on E, and the transition
probability @ can be expressed as : Qf(z) = IE[f(Ox)].

For any A € (0,1], we set px(xz) = 1 + Ad(z,x9). Obviously, the space B, is unchanged
when mq (f) is replaced with

|f(x) = f(y)]
(2, 9)* pa(z)*7pa(y)*”

mfﬁ%(f)zsup{d T,y €k, w#y},

and, setting
3 _ f ()|

I =20 (@)t

the resulting new norm Hf||g‘% = mﬁ(f) +|f

(ar,7y) fixed, Propositions 11.4-8 can be established with HfH&’\,)y for any value A € (0,1]. In
most of the next estimates, we shall asssume \ = 1, the possibility of choosing suitable small
A will occur in the proof of (K3) (Prop. 11.4) and K3 (Prop. 11.8). Anyway, this already
appears in the proof of Proposition 11.2, see [?].

8‘2, is equivalent to || - ||q,y. Consequently, for

Let Cy = max{C, 1} + Ad(Oxg, zp). In the sequel, we shall use repeatedly the fact that py(-)
and p(-) are equivalent functions, and that (see [?] p. 1945)

x€E  Px (33)

B.1. A preliminary lemma. The proofs of Propositions 11.4-8 will be based on the
following lemma.

Lemma B.1. Let ¢ : E— C measurable, K f(x) = E[q(Oz) f(Ox)], and let A € (0,1].
Suppose that there exist constants a, A, b, B such that we have for all x,y € E satisfying
d(ya xO) < d($7$0)

(1) la@)| < Apa(x)* (1) a(@) —q(y)| < Bd(z,y)* pa(x)".
Then we have for f € Bo, and x,y as above stated
(K@) < AfIS) pala) 0D BpmetetHY]
K fx) = Kfy)l < AmQ)(f)d(z,y)* pr(x)* 7 pa(y)*T EC* C5H
T BIfIS) dla,y)” pa@)? paly)20 ) B[Ce M0+,
Proof. We have

(K f(2)| < Ellg(©) f(O)]]

IN

A|FIS) Epa(O2)" pr(O2)* 0]
A |f‘((l)"’)y pk($)a+a(7+1)E[Ma+a(7+1) ]

IN
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Moreover, for z,y € E satisfying d(y, z¢) < d(z,z¢) (thus px(y) < pr(x)), we have

Kf@) - Kfw) < E|o(0x)|1(0x) - 1©y)] + E|If(©)|la(6x) - a(6y)]
< Am) () I [p(©0)" (2. 09)° py(O)" p(©9)"|

Q,

+ IflaA,z,BlE{p(@y)a““) d(@x,@ym(@x)b}

IN

a7fy

A () d(z, ) pa(@) pr(y)™ [0“ coren

+ BIFISY de, )" (e pa(9)° 0 B[ a0+

For the use of Lemma B.1, it is worth noticing that the supremum defining the Hdolder
constants ma~(f) or mg\%( f) can be obviously computed over the elements x,y € F such
that d(y, zo) < d(x, ). Lemma B.1 will be applied below with ¢(-) depending on the function

£. Remember that £ verifies the following hypothesis :
(L)s V(z,y) € ExE, [¢(z) = &(y)l < Sd(z,y) [1+ d(z, z0) + d(y, x0)]".
From (L)g, it follows that there exists C' > 0 such that we have for x € E
[€(2)] < Cp(x)*+,
and for x,y € E satisfying d(y, zo) < d(x,zo) :
(@) — )| < Cd(z,y)p(x)* and [€(z) —E(y)] < Cd(z,y)* p(z)>H1,

B.2. Proof of Proposition 11.4. This proposition states that (K) of section 4.1 holds
w.r.t. Bay if v > 145 and I = E[MOT) 10 M?>7] < 400, E[C* max{C,1}2*7] < 1.

The strong ergodicity condition (K1) of section 2 holds by Proposition 11.2. Besides we have
for f € Bay

("8 =1 f]) < [flaqm(le®E 1] pr0FY).

Since 7(p®*1)) < 400 (Prop. 11.1), The continuity condition (K2) of Section 4.1 follows
from Lebesgue Theorem. To study the Doeblin-Fortet inequalities (K3), notice that Q(t) = K
where K is associated to q(z) = ¢"(®) with the notations of Lemma B.1. By using (L)s and
the inequality |e’® — 1] < 2]a|®, one easily gets (i)-(ii) in Lemma B.1 with A =1, a = 0 and
B = Dy [t|*, b = as, where D) is a positive constant resulting from (L)g and the equivalence
between py(-) and p(-). Then we have for f € B, and z,y € E as stated in Lemma B.1,

Q) FIS) < T1ADY,

)

Q@) ~ QOIW)| _ pyon gt . o
d(z,y)® pa(z)® pa(y)Y < ElC Ci ]ma)\%(f) + Dyt !f!g%p,\(x) Tpa(y)©.

We have py ()7 py(y)® < pa(z)*+1=7) < 1 because py(y) < pa(z), and s +1 < . Set
Ey\ =1 D). Then the previous estimates prove that Q(¢) continuously acts on By, and that

m (Q(t)f) < BIC* 3 mEL (f) + Ex [t [ £1$).
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Now, using the fact that the norms HfH oy and || f] = m(/\) 5(f) + 7(|f]) are equivalent [?]
(Prop. 5.2), one obtains with some new constant E, :

D@ < BT ImQ(f) + 5t <mfﬁl(f)+7r(|f|)>

m
(Bl 3+ By ) m) (1) + B I w( 1),

IN

Since C) < M and C) — max{C,1} when A\ — 0, it follows from Lebesgue theorem that one
can choose A such that F[C* C2O‘7] < 1. Now let 7 > 0 such that x := IE[C” CQCW] +E\ 1 < 1.
Then, if |t| < 7, we have

mEY(QM) ) < kmE(f) + B\ n(If])-
(|

Since w(|Q(t) f]) < w(|Qf]) = = (| f]), this gives [|Q(t) ]| < & [|f]+ (14 EX7%) (| f]), and this
easily leads to (K3), with O = (-7, 7).

Finally, since the canonical embedding from (Ba,, || - [la,y) into (Ba,y, () is compact (this
easily follows from Ascosli and Lebesgue theorem, see [?] Lemma 5.4), Property (K4) is then
a consequence of (K3) and [?] [?]. O

In the next proofs, except for Proposition 11.8, the technical parameter A used above will
be neglected, namely we shall assume A = 1, and the effective computation of the constants
occuring in the proofs will be of no relevance. So, to simplify the next estimates, we shall still
denote by C the constant in the above inequalities resulting from (L)s, even if it is slightly
altered through the computations (the effective constants will actually depend on parameters
as a, tg € IR fized, k € IN fized, s, S ...).

Proposition 11.5 will follow from Lemma B.4 with £ = 0.

B.3. Proof of Proposition 11.6. This proposition states that ||Q(t)— =O([t])

Qllig, 5
a7 o 4t

ify>0, ¥ >v+t and T=E[M O 4o MO+ 400 M| < oo

Let K = Q(t) — Q(0). Then K is associated to g(z) = €(®) — 1. Using (L)s and the

inequality |e!® — 1| < |a|, one easily gets (i)-(ii) in Lemma B.1 with A = C'|t|, a = s + 1, and
B=Cl|tlandb=s+1—a. So

K f (@) < TCH] | flaypla)He0HD,

ay P
and, by using the fact that p(y) < p(z),
|Kf(z) = Kf(y)l < IC[tmany(f)dz,y)® p(a)* 1+ p(y)™
+ TO[t][flay d(@,y)® p(x)* T p(y)* pla)®
< ICIH [ fllan d(z,y)* pla)™ p(y)*. O

B.4. Proof of Proposition 11.7. This proposition states that C(m) (m € IN*) holds with
B=Buy and B=Ba,y ifn>1+s, 1 >n+ m(SH) E[ MY e pm2en]] < 400
and IE[CY max{C,1}?*"] < 1.

Let k € IN. Let us recall that we set Qg (t)(z,dy) = *¢(y) e W Q(x,dy) (z € E, t € IR).
For u € IR, we set () = ¢, (-). Let t,tg € IR, h =t — to. We suppose that |h| < 1.
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Lemma B.4. For k € IN, we have Q) € C°(IR, Boq,Baqy) ify>14s, v >v+ W,
and I = BE[M*0*) 4 ¢ MO ] < foo.

Proof. Let K = Qi(t) — Q(to). Then K is associated to q(x) = (i&(z))* (e;(x) — ey, (z)). Let
0 < £ < a. Using the inequality |¢® — 1| < 2|al?, one gets (i) in Lemma B.1 with A = C ||
and a = (s + 1)(k +¢). Using also |e!® — 1| < 2|a|¥, we have for k > 1 and for x,y € E such
that d(y,zo) < d(z,zo) (thus p(y) < p(x)) :

1@ =g < 6@ — €0 lexle) — er(@)] + 1EWIF | (ex() — ery(2)) = (ex(y) = e (0)) |
< C |§(.7}) — 5(y)|p(x)(s+1)(k—1) ’h‘ap(x)(s—f—l)a
+ C p(z)=TDF (Ieh(x) —en(W)] + len(y) — 1] |es, () — €t0(y)\)
< C |h|€ d l’,y)ap(x)s+1_a p(x)(8+1)(]{:—l+g)

(
+ Cp(a)etDFk (!h\"“ d(z, ) p(x)** + [hFp(x) STIE [to]* d(a, y)ap(x)a‘S)
< CJhF d(x.y)® pla) OO0 4 O R d(z,y)® pla) =IO 0s,

Hence (ii) in Lemma B.1 holds with B = C'|h|® and b = (s + 1)(k +¢) + as. If k = 0, the

previous computation, which starts from [g(x) — q(y)| < | (ec(z) — ety (x)) — (ec(y) — e, (¥)) |,
(s+1)(k+e)

yields the same conclusion. By hypothesis, one can choose € such that v > v + o )

and Lemma B.1 yields for f € Ba
K f(z)| < IC B |flanypx)TIEFTOTD = T ORI | oy pa) 0,
and, by using the fact that s <~y — 1 and p(y) < p(x),
K f(x) = Kf)| < IC|hf"may(f)d(w,y)* p(x)sHHER T pg)er
+ IO |h|* [ flay d(w,y)® p(z)FDEFDHAOD p(y)e7 p(z)
IC B[ Fllay dlz,y)* pla)™ ply)*”
+ I C Rl || fllary d(z, ) pla) " ply)™. O

Lemma B.4’. For k € IN, we have Q;, € C'(IR, Baoyy, Bay) with Q) = Qry1 if v > 1+,
7 >y 4 CEEED D ng 1 — B MO0 40 MO ] < 4o,

Proof. Let K = Qg (t)—Qx(to)—h Qi1 (to), and g(x) = (i&(2))* (er(2)—ery (x) =i h () €4y (2)).
For u € IR, we set ¢p(u) = ™ —1 —iu. Let 0 < ¢ < a. We shall use the following usual
inequalities

IN

()] < 2lul™*e, Jo(u) — d(v)] < 2]u — o] (ul* + |[v]°).
Writting q(z) = (i&(x))* eq, () p(h&(z)), one easily gets (i) in Lemma B.1 with A = C'|h|'*¢
and a = (s+1)(k+1+¢). Proceeding as in the previous proof, one obtains for z,y € E such
that d(y,zo) < d(x, )

(@) —q)| < 1€@)F = EW)Fp(hé(@)| + 1€W)IF[ew () p(hE(x)) — ety (y)D(RE(Y))

< Cdz,y)® plz) T p(z)EHDED |14 p(g)(sHDO+e)
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+ Op@) e (0(€ ) = W) + 6(EW ers &) — e0,(0)])
C ’h’1+5 d(x, y)a p(x)s+1foz+(s+1)(k+5) + C ‘h‘lJrs p(x)(s+1)k «
(I€(2) = € p(a) 0 4 p) TV fo] dla )" pla)*

< C ’h’H—E d(ac, y)a p<$)5+1_a+(5+1)(k+5)

IN

+C ’h‘lJrs d(a;, y)ap($)(s+1)k <p(x)s+1a+(s+1)s +p(x)(s+1)(1+s)+as) )

We have s+ 1 —a+ (s+1)(k+¢e) = (s+1)(k+14+¢e)—a<(s+1)(k+1+¢)+ as,
and finally one gets (ii) in Lemma B.1 with B = C'|h|'™® and b = (s + 1)(k + 1 +¢) + as.
To prove Q € C1(IR, Bay, Ba,y), one can then apply Lemma B.1 by proceeding exactly as
in the previous proof (replace |h|® with |h|**¢ and k with k + 1, with & such that ay' >
ay+ (s+1)(k+1+¢)). ]

Now one can prove Proposition 11.7. Let € > 0 be such that n+ m(SH) +(2m+1)e <1n/. Let
I =7, By =Bayg, To(0) = 0+¢c and T1(0) = 6+ L + . With ‘these choices, proposition
11.7 is a direct consequence of lemmas B.4-4’. O

B.5. Proof of Proposition 11.8. This proposition states that, if we have, for some
Y > > 1+s 0 EMOOH) 4o MO < 400 and IE[C® max{C,1}2°7] < 1, then
conditon (S) holds on By if and only if { is non-arithmetic w.r.t. Bqo. If moreover (CLT)
holds, then the two previous equivalent conditions hold if & is nonlattice.

This is a direct consequence of Propositions 5.3-4 and the following lemma. Notice that one
may suppose that 7/ is such that 1+ s+ (7 —v) < 7.

Lemma B.5. Under the above hypotheses, Condition (ﬁ) of section 5.2 is fulfilled on B
w.r.t. the auziliary semi-norm q(-) = |- |o. Moreover B, satisfies Condition (b2), and we

have ¢ (|- ]) < q(-) < c|| - lany for some ¢ > 0.

Proof. Condition (K1) holds by Proposition 11.2. Since |- o < || - ||a,y/, We have (K2) by
Lemma B.4 (case k = 0). To prove (K3) and (K4), we observe that the norm || - ||o,y and
the auxiliary semi-norm |- |, may be replaced with any equivalent norm and semi-norm

on Bg,; of course (K2) then remains valid. Given a real parameter A € (0,1) on which
conditions will be imposed later, let us consider on B, the norm

A A
IFISY o = m&d(f) + 1£15,

with m&)‘%( f) and |f| , defined in B.0. It can be easily shown that || - ||, and | - ”cwv
are equivalent ([?] Prop 5.2). Besides, instead of | - |4, we shall consider the equivalent

A)

auxiliary semi-norm | - \ o~ Finally we have to establish that, for any compact set Ky in IR :

e 3<1, 3C>0,¥n>1, Vf € Bay, Vte Ko, Q"I <Crm£IS) +C AL,
o Wt € Ko, Tess(Q(t)) < k.

We have Q(t) = K with ¢(z) = ¢ satisfying Conditions (i)-(ii) of Lemma B.1 with A = 1,
a=0,B=C\[t|]* (C\>0)and b= as. Let f € By~. Because of the presence of 7 in the
above norm, Lemma B.1 cannot be directly applied here. However one can follow the proof
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of lemma B.1 and see that
QIS < BIMAOIN I, < TIFILY
and that for z,y € E such that d(y, z¢) < d(z,z¢), we have
QU f() = QW F (W) < mE)(f) d(w,y)* pa(x)* pa(y)* EIC* C3]
4 Dl)\ ‘t‘a ‘f|£:\’)y/ d(a;, y)apA(x)as p)\(y)a(7/+l) E[Ca Ma(7/+l)+as].

3

Thus

Q) ~QOIWL o pprn 3o n) e ey (ol =14
d(z, ) pa(z)27 px(y)o7 < E[C*CYT I mg s (f) + Dy [t ’f‘ayp}\( x) Tpa(y)c T,

Besides we have py (x)**~ py () =7HD < py(2)*H1+7'=27) < 1, and, by Lebesgue the-
orem, we have k := IE[C” C?\Cw] < 1 for sufficiently small A\. The previous estimates then
gives the desired Doeblin-Fortet inequalities. Finally, since the canonical embedding from
(Bays ||+ [layy) into (Bays | - |a,y) is compact (this easily follows from Ascosli theorem, see [?]
Lemma 5.4), the property r.ss(Q(t)) < & is then a consequence of [?] [?]. This proves the
first assertion of Lemma B.5.

Condition (b2) is obvious. The fact that || - || ) ., dominates | - |o and is equivalent
to || - ||a,y easily glves the second inequality stated on q() | - la,y- To prove the first
one, observe that 4/ < 2y, therefore JE[C® max{C,1}*"] < 1, so Proposition 11.1 yields
7(d(-, 20)*' ) < +00. From the inequality |f| < | flay O +1) ) (f € Ba.), it follows that
7(|f1) < ¢ flayy with ¢ = m(p*@"D). O
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