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Discretization schemes

for heterogeneous and anisotropic diffusion problems
on general nonconforming meshes!

R. Eymard?, T. Gallouét® and R. Herbin*
January 9, 2008

Abstract: A discretization of heterogeneous and anisotropic diffusion problems on general discretization meshes
is developed and studied. The unknowns of this scheme are the values at the center of the control volumes and
at some internal interfaces, chosen because of some irregularity of the diffusion tensor. If the tensor is regular
enough, the values on the interfaces may be deduced from the values at the center, at the expense of loosing
the local conservativity of the fluxes. This scheme is shown to be accurate on several numerical examples.
Mathematical convergence to the continuous solution is obtained for homogeneous and heterogeneous tensors.
An error estimate may be drawn under sufficient regularity assumptions on the solution.
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1 Introduction

Anisotropic heterogenous diffusion problems arise in a wide range of scientific fields such as hydro-
geology, oil reservoir simulation, plasma physics, semiconductor modelling, biology. ... When imple-
menting numerical methods for this kind of problem, one needs to find an approximation of u, weak
solution to the following equation:

—div(A(z)Vu) = f in Q, (1)
with boundary condition
u =0 on 09, (2)
where we denote by 9 = Q \ © the boundary of the domain €, under the following assumptions:
Q is an open bounded connected polyhedral subset of R%, d € N\ {0}, (3)
A is a measurable function from Q to My4(R), (4)

where we denote by Mg4(R) the set of d x d matrices, such that for a.e. € Q, A(z) is symmetric,
and such that the set of its eigenvalues is included in [A, A], where A, A € L°°(f2) are such that
0<ap<Ax) < Az) for a.e. ¢ €, and

fe Q). (5)
Under these hypotheses, the weak solution of (1)—(2) is the unique function u satisfying:

u € HH O
/A -Vou(x da:—/f de, Yve HH(Q). (6)

Usual discretization schemes for Problem (6) include finite difference, finite element or finite volume
methods. Finite volume methods are actually very popular in oil engineering, the main reason prob-
lably being that complex coupled physical phenomena may be discretized on the same grids. The well
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known five point and four point schemes on rectangles [23] or triangles [20] are not easily adapted to
heterogeneous anisotropic diffusion operators [5]. An enlarged stencil scheme which handles anisotropy
on meshes satisfying an orthogonality property was proposed and analysed in [14, 15]. Another prob-
lem which has to be faced in several fields of applications (such as hydrogeology and oil engineering)
is the fact that the discretization meshes are imposed by engineering and computing considerations;
therefore, we have to deal with distorted and possibly non conforming meshes.

A huge litterature exists in the engineering setting, so that we shall not try to be exhaustive. Let us
nevertheless mention the finite volume schemes using the well known multipoint flux approximation
[1, 2, 3]. These schemes involve the reconstruction of the gradient in order to evaluate the fluxes, which
is also the case in [10, 22]. Among other approaches let us cite [19], which uses a parametrization
technique. However, even though these schemes perform well in a number of cases, their convergence
analysis often seems to remain out of reach, except under geometrical conditions [10].

In the two-dimensional case, we also mention [6], which is based on vertex reconstructions, and the
family of double mesh schemes [21, 11, 7]. The generalization of this type of scheme to 3D is ongoing
work.

In [16] we presented a “hybrid finite volume” scheme for any space dimension, which involves edges
unkowns in addition to the usual cell unknowns. This is also the case for the mimetic finite difference
schemes [8]. Along the same line of thought, a “mixed finite volume” scheme was proposed in [12].
These schemes perform quite well but seem rather expensive at first glance, because of the edge
unknowns and equations. In [18] a cell centred scheme is used for the approximation of the Laplace
operator on non conforming grids. It is cheaper than the two above mentioned scheme because it is
based on cell unknowns only. In the present work, we construct discretization schemes for any kind
of polyhedral mesh which take the best of these two latter schemes: unknowns on the edges are only
introduced when there is strong heterogeneity of the medium at these edges.

The outline of this paper is as follows. In Section 2, we present the guidelines which have led to conver-
gent schemes on general nonconforming meshes. The practical properties of the schemes thus obtained
are shown on numerical examples in Section 3. Then the mathematical analysis of convergence and
error estimate is performed in Section 4. This analysis needs some discrete functional analysis, such
as discrete Sobolev inequalities, provided in section 5. Conclusions and perspectives are drawn in
section 6.

2 Fundamentals for a class of non conforming schemes
Let us first present the desired properties which have led us to the design of the schemes under study:

1. The schemes must apply on any type of grid: conforming or non conforming, 2D and 3D (or
more, see for instance the frameworks of kinetic formulations or financial mathematics), made
with control volumes which are only assumed to be polyhedral (the boundary of each control
volume is a finite union of subsets of hyperplanes).

2. The matrices of the generated linear systems are expected to be sparse, symmetric, positive and
definite.

3. We wish to be able to prove the convergence of the discrete solution and an associate gradient
to the solution of the continuous problem and its gradient, and to show error estimates.

In order to describe the schemes we now introduce some notations for the space discretization.

Definition 2.1 (Space discretization) Let Q be a polyhedral open bounded connected subset of RY,
with d € N\ {0}, and 00 = Q\ Q its boundary. A discretization of 2, denoted by D, is defined as the
triplet D = (M, E,P), where:



1. M is a finite family of non empty connex open disjoint subsets of Q0 (the “control volumes”)
such that Q = Ugem K. For any K € M, let 0K = K \ K be the boundary of K ; let m(K) >0
denote the measure of K and hx denote the diameter of K.

2. & is a finite family of disjoint subsets of Q0 (the “edges” of the mesh), such that, for all o € &,
o is a non empty open subset of a hyperplane of R, whose (d-1)-dimensional measure m(o) is
strictly positive. We also assume that, for oll K € M, there exists a subset Ex of £ such that
OK = Uyeg, 0. For any o € €, we denote by M, ={K € M,o € Ex}. We then assume that,
for all o € &, either M, has exactly one element and then o C 02 (the set of these interfaces,
called boundary interfaces, is denoted by Eext) or M, has exactly two elements (the set of these
interfaces, called interior interfaces, is denoted by En). For all o € €, we denote by x, the
barycenter of o. For all K € M and o € kg, we denote by ng , the unit vector normal to o
outward to K.

3. P is a family of points of Q indexed by M, denoted by P = (xx)xem, such that for all K € M,
x € K and K is assumed to be x g -star-shaped, which means that for all @ € K, the property
K, x] C K holds. Denoting by di , the Euclidean distance between xi and the hyperplane
including o, one assumes that di o > 0. We then denote by Dy » the cone with vertex i and
basis o.

Remark 2.1 The above definition applies to a large variety of meshes. Note that no hypothesis is
made on the convexity of the control volumes; in fact, generalized hexahedra, i.e. with faces which
may be composed of several planar subfaces may be used. Often encountered in underground flow
simulations, such hexahedra may have up to 12 faces (resp. 24 faces) if each non planar face is
composed of two triangles (resp. four triangles), but only 6 neighbouring control volumes.

2.1 From a “hybrid” finite volume scheme. ..

The idea of the “hybrid” schemes (among them one may include the mixed finite elements, the mixed
finite volume or the mimetic finite difference schemes) is to find an approximation of the solution of
(1)=(2) by setting up a system of discrete equations for a family of values ((ux)xem, (Us)see) in the
control volumes and on the interfaces. The number of unknowns is therefore card(M) + card(E).
Following the idea of the finite volume framework, equation (1) is integrated over each control volume
K € M, which formally gives (assuming sufficient regularity on w and A) the following balance
equation on the control volume K:

5 (- [ )« o

The flux — [ A(xz)Vu(z)-ng  dy(x) is approximated by a function F ,(u) of the values ((ux ) ke, (Us)sce)
at the “centers” and at the interfaces of the control volumes (in all practical cases, Fi ,(u) only de-
pends on ug and all (u)sreg, ). A discrete equation corresponding to (1) is then:

o€EK

> Fro(u) /f ydx, VK € M. (7)

oeli

The values u, on the interfaces are then introduced so as to allow for a consistent approximation of the
normal fluxes in the case of an anisotropic operator and a general, possibly nonconforming mesh. We
thus have card(€) supplementary unknowns, and need card(£) equations to ensure that the problem
is well posed. For the boundary faces or edges, these equations are obtained by writing the discrete
counterpart of the boundary condition (2):

o ZZO,VO'G E%Xp (8)



Following the finite volume ideas, we may write the continuity of the discrete flux for all interior edges,

that is to say:
Fg o(u) + Fp o(u) =0, for o € &y such that M, = {K, L}. 9)

We now have card(M) + card(&in) unknowns and equations.

Remark 2.2 In the case A = A(x)Id, on meshes satisfying an orthogonality condition, a consistent
numerical flux is obtained using two point formula Fi o(u) = Agm(o)(ug — us)/dK s, where X is
an average value for X in K. Then, writing (9) for all o € &y such that M, = {K, L}, we obtain
Uy as a linear combination of ug and ur. Plugging this expression in (7), we get a scheme with
card(M) equations and card(M) unknowns (see [13] for more details). In the case of a rectangular
(resp. triangular) mesh, this is the well known five points (resp four points) scheme with harmonic
averages of the diffusion.

With a proper choice of the expression F ,(u) which we shall introduce below, this scheme, first
introduced in [16], is quite efficient, and may be shown to converge. It is in fact quite well suited for
finite volume discretisation in heterogeneous media, where harmonic averages for A are preferred to
arithmetic ones (see [4]). This scheme does have one drawback: since the number of unknowns is the
sum of the number of control volumes and of interior interfaces, the resulting scheme is quite expensive
(although it is sometimes possible to algebraically eliminate the values at the control volumes, in the
same way it is done in the framework of the mixed hybrid finite elements, see [24]).

Remark 2.3 Note that in the case of reqular simplicial conforming meshes (triangles in 2D, tetrahedra
in 3D), there is an algebraic possibility to express the unknowns (uy)sce as local affine combinations
of the values (ur)xem [25] and therefore to eliminate them. The idea is to remark that the linear
system constituted by the equations (7) for all K € Mg, where Mg is the set of all simplices sharing
the same interior vertex S, and (9) for all the interior edges such that M, C Mg, presents as many
equations as unknowns uq, for 0 € UgxecmqEx. Indeed, the number of edges in Uxem Ex such that
My & Mg is equal to the number of control volumes in Mg. Unfortunately, there is at this time no
general result on the invertibility nor the symmetry of the matrix of this system, and this method does
not apply to other types of meshes than the simplicial ones.

In order to reduce the computational cost of the scheme, we developped in [18] an idea which is in
fact close to the finite element philosophy since we express the finite volume scheme in a weak form;
to this aim, let us first define the sets Xp and Xp o where the discrete unknowns lie, that is to say:

Xp = {’U = ((UK)KGMa (UJ)UGE)aUK € R,UJ € R}, (10)
Xp,o = {v € Xp such that v, = 0V0 € Eext }- (11)

Multiplying, for any v € Xp o, equation (7) by the value vk of v on the control volume K and summing

on K € M leads to:
Yo ovk Y Fro(u)= ) UK/Kf(:c)d:c.

KeM o€€K KeM

Using (9), we get the following discrete weak formulation:

Find u € Xp o such that:
(u,v)p = Z UK/ f(z)de, for all v e Xpy, (12)
K

KeM
with

(,v)p = Y > Fro(u)(vk — v5). (13)

KeMoelk



Note that choosing v € Xp such that vg = 1, vy, = 0 for any L € M,L # K and v, = 0 for
any o € & yields (7). Similarly, choosing v € Xp o such that vg = 0 for any K € M, and v, =1
and v, = 0 for any 7 € £,7 # o leads to (9). Therefore the hybrid finite volume scheme (7)—(9) is
equivalent to the discrete weak formulation (12).

2.2 ...to a nonconforming finite element scheme...

We may then choose to use the weak discrete form (13) as an approximation of the bilinear form
a(-,-), but with a space of dimension smaller than that of Xp . This can be achieved by expressing
the value of w on any interior interface o € &y as a consistent barycentric combination of the values

UK
Ug = Z ﬂqu, (14)
KeM

where (8X) xer is a family of real numbers, with X # 0 only for some control volumes K close to

0ELin

o, and such thatt
Z Bf =1and z, = Z ﬂfscK,VJ € Eint- (15)

KeM KeM

We recall that the values u,,0 € Eoxt are set to 0 in order to respect the boundary conditions. This
ensures that if ¢ is a regular function, then ¢, = >\ BEp(x) is a consistent approximation of
o(x,) for o € Ep. Hence the new scheme reads:

Find v € Xp o such that u, = Z Bfu;(, Vo € &y, and
KeM

(u,v)p = Z ?)K/ f(z)de, for all ve Xp o with v, = Z vaK, Vo € Ent.
KeM K KeM

(16)

This method has been shown in [18] to be efficient in the case of a problem where A = Id (for the
approximation of the viscous terms in the Navier-Stokes problem). With an appropriate choice for
the expression of the numerical flux, it also yields some kind of conservativity (more on this below),
but no longer to the classical (in the finite volume framework) equation (9): indeed, since the degrees
of freedom on the edges are no longer present, one may not use v, = 1 to recover (9). Note also
that taking vg = 1 does not yield (7). This scheme has been implemented for the discretization of
the diffusive term in the incompressible Navier Stokes equations on general 2 or 3D grids, and gives
excellent results [9]. Unfortunately, because of a poor approximation of the local flux at strongly
hetereogenous interfaces, this approach is not sufficient to provide accurate results for some types of
flows in heterogeneous media, as we shall show in section 3. This is especially true when using coarse
meshes, as is often the case in industrial problems.

2.3 ...to an optimal compromise ?

Therefore we now propose a scheme which has the advantage of both techniques: we shall use equation
(13) and keep the unknowns u, on the edges which require them, for instance those where the matrix A
is discontinuous: hence (9) will hold for all edges associated to these unknowns; for all other interfaces,
we shall impose the values of u using (14), and therefore eliminate these unknowns. Let us decompose
the set &t of interfaces into two non intersecting subsets, that is: &y = BUH, H = &t \ B. The
interface unknowns associated with B will be computed by using the barycentric formula (14).

Remark 2.4 Note that, although the accuracy of the scheme is increased in practice when the points
where the matriz A is discontinuous are located within the set |, 0, such a property is not needed
in the mathematical study of the scheme.



Let us introduce the space Xp p C Xp defined by:
Xp = {v € Xp such that v, = 0 for all 0 € £ and v, satisfying (14) for all o € B}. (17)

The composite scheme which we consider in this work reads:

{ Find v € Xp 5 such that: (18)

(u,V)F = > gem VK Ji f(m)da, for all v e Xp 5.

We therefore obtain a scheme with card(M) + card(H) equations and unknowns. It is thus less
expensive while it remains precise (for the choice of numerical flux given below) even in the case of
strong heterogeneities (see section 3).

Note that with the present scheme, (9) holds for all ¢ € H, but not generally for any o € B. However,
fluxes between pairs of control volumes can nevertheless be identified. These pairs are no longer
necessarily connected by a common boundary, but determined by the stencil used in relation (14).

Remark 2.5 (Other boundary conditions) In the case of Neumann or Robin boundary condi-
tions, the discrete space Xp g is modified to include the unknowns associated to the corresponding
edges, and the resulting discrete weak formulation is then straightforward.

Remark 2.6 (Extension of the scheme) There is no additional difficulty to replace (14) in the
definition of (17) by

Uy = Z ﬁfu;(—l— Z ﬁglugl, Vo € B,

KeM o'€H
with / /
DBE+Y B =landz,= Y Bfax+ Y b5 @Yo €B.
KeM o' €H KeM o' cH

Then all the mathematical properties shown below still hold.

2.4 Construction of the fluxes using a discrete gradient

For the definition of the schemes to be complete, there now remains to explain how we find a convenient
expression for Fi ,(u) with respect to the discrete unknowns. An idea which has been used in several
of the schemes presented in the introduction, is to look for a consistent expression of the flux by using
adequate linear combinations of the unknowns; however, refering to the beginning of Section 2, such a
recontruction does not in general lead to the desired properties 2 (symmetric definite positive matrices)
and 3 (convergence). Our idea here is different: it is based on the identification of the numerical fluxes
Fk +(u) through the mesh dependent bilinear form (-, ) defined in (13), using the expression of a
discrete gradient. Indeed let us assume that, for all u € Xp, we have constructed a discrete gradient

Vopu, we then seek a family (F »(u)) xem such that
oelK

> Fro(u)(vk —ve) = /Q Vopu(x) - A(x)Vpu(z)de, Yu,v € Xp. (19)

KeMoelyk

Remark 2.7 It is then always possible to deduce an expression for Fi ,(u) satisfying (19), under
the sufficient condition that, for all K € M and a.e. * € K, Vpu(x) may be expressed as a linear
combination of (uy — UK )secsy , the coefficients of which are measurable bounded functions of x. This
property is ensured in the construction of Vpu(x) given below.

Then, in order to ensure the desired properties 2 and 3, we shall see in Section 4 that it suffices that
the discrete gradient satisfies the following properties.



1. For a sequence of space discretisations of €2 with mesh size tending to 0, if the sequence of
associated grid functions is bounded in some sense, then their discrete gradient is expected to
converge, at least weakly in L2(Q)%, to the gradient of an element of H}(£2);

2. If ¢ is a regular function from Q to R, the discrete gradient of the piecewise function defined
by taking the value p(z k) on each control volume K and ¢(x,) on each edge o is a consistent
approximation of the gradient of ¢.

Le us first define:
1
m(K)

where n . is the outward to K normal unit vector, m(/’) and m(o) are the usual measures (volumes,
areas, or lengths) of K and o. The consistency of formula (20) stems from the following geometrical

> m(o)(ug — ux)nk,, YK € M, Yu € Xp, (20)

o€€K

Viu=

relation:
> m(o)nge(te — wx)" = m(K)d, VK € M, (21)

oeli

where (z, — zx)! is the transpose of x, — T) € ]Rd, and Id is the d x d identity matrix. Indeed,
for any linear function defined on Q by ¥(x) = G - = with G € R?, assuming that u, = 9(x,) and
ug = Y(Tr), we get uy — ug = (o — i )'G = (x, — T )' V1), hence (20) leads to Vgu = Vap.
Since the coefficient of ug in (20) is in fact equal to zero, a reconstruction of the discrete gradient
Vpu solely based on (20) cannot lead to a definite discrete bilinear form in the general case. Hence,
we now introduce:

VKJU =Vgku+ RKJU NEK o, (22)
with

Vd

dK,U

RK,O'U’ = (uo —ug — VKU - ($o - $K)) ’ (23)

(recall that d is the space dimension and dg  is the Euclidean distance between i and o). We may
then define Vpu as the piecewise constant function equal to Vg ,u a.e. in the cone Dy , with vertex
x i and basis o:

Vpu(x) = Vi su for ae. © € Di . (24)

We can then prove that the discrete gradient defined by (20)-(24) meets the required properties (see
Lemmas 4.2 and 4.3). In order to identify the numerical fluxes Fx ,(u) using the relation (19), we put
the discrete gradient under the form

’

Viotu= Y (o —ug)y’,

o' €€k
with
m(o) Ny + vd 1-— m(o) ngo (o —xg) | g, ifo=do
oo' ) m(K) di & m(K) ’
Y’ = / ’ (25)
Mn r— ﬁm(al)n 1 (xe — )N otherwise
m(K) K,o dem(K) K,o o K)"K,o .
Thus
Vou(x)  A)Vpo(@)de = Y > Y A¥ (ue — uk)(ver — vk), Yu,v € Xp, (26)
Q KeMoeli o' €€k
with:
A?(O/ = Z ya”a . AKJ//’yU”O/ and AK,J// = / A((E)dﬂ: (27)
o eEx DK’(,//



Then we get that the local matrices (A‘I’("/)Ug/egK are symmetric and positive, and the identification
of the numerical fluxes using (19) leads to the expression:

Fro(u)= Y AF (ug — uy). (28)

o' €€k

The properties provided by this definition (which could not have been obtained using natural expan-
sions of regular functions) are shown in Lemma 4.4. Then Theorem 4.1 shows that these properties
are sufficient to provide the convergence of the scheme. Note that the proof of this property holds for
general heterogeneous, anisotropic and possibly discontinuous fields A, for which the solution u of (6)
is not in general more regular than u € H}(2). The local consistency property provided by definition
(28) is only detailed in the error estimate theorem 4.2, in the case where A and u are regular enough.

Remark 2.8 The choice of the coefficient v/d in (23) is not compulsory, and any fized positive value
could be substituted; it is motivated by the fact that it provides a diagonal matriz Ak in the case of

meshes which satisfy ni , = szwK (triangular, rectangular, orthogonal parallelepipedic meshes but

unfortunately not general tetrahedric meshes), and yields the usual two point scheme. In this case, the
formula (20) leads to the discrete gradient which was introduced in [15].

3 Numerical results

We present some numerical results obtained with various choices of B in the scheme (18),(13) with
the flux (28), which we synthetize here for the sake of clarity:

Find u € Xp g (that is (ux)kem, (Us)ocr), such that:

Z Z Fi o(w)(vi — vg) Z UK/ x)dx, forallv e Xpgp,
KeMoety KeM (29)
with Fr »(u Z A‘m Uy —ug), VK € M,Vo € Ek.

o' €€k

3.1 Order of convergence

We consider here the numerical resolution of Equation (1) supplemented by a homogeneous Dirichlet
boundary condition; the right hand side is chosen so as to obtain an exact solution to the problem,
so as to easily compute the error between the exact and approximate solutions. We consider Problem

(1)-(2) with a constant matrix A:
1.5 .5
A= ( 515 ) (30)

and choose f: © — R and f such that the exact solution to Problem (1)—(30) is u : £ — R defined
by @(z,y) = 16z(1 — z)y(1 —y) for any (z,y) € Q. Note that in this case, the composite scheme is in
fact the cell centred scheme, there are no edge unknowns. (14).

Let us first consider conforming meshes, such as the triangular meshes which are depicted on Figure
1 and uniform square meshes.

For both B = 0 (hybrid scheme) and B = &y (cell centred scheme), the order of convergence is close
to 2 for the unknown v and 1 for its gradient. Of course, the hybrid scheme is almost three times more
costly in terms of number of unknowns than the cell centred scheme for a given precision. However,
the number of nonzero terms in the matrix is, again for a given precision on the approximate solution,
larger for the cell centred scheme than for the hybrid scheme. Hence the number of unknowns is
probably not a sufficient criterion for assessing the cost of the scheme.

Results were also obtained in the case of uniform square or rectangular meshes. They show a better
rate of convergence of the gradient (order 2 in the case of the hybrid scheme and 1.5 in the case of the



Figure 1: Regular conforming coarse and fine triangular grids

NU NM e(u) e(Vu)

n | Hyb Cent | Hyb Cent Hyb Cent Hyb Cent
Cl | 130 48 874 488 | 1.28E-01 1.20E-01 | 1.64E-02 3.57E-02
NC | 182 64 | 1334 724 | 1.03E-01 9.43E-02 | 1.66E-02 3.69E-02
C2 | 222 80 | 1542 864 | 7.61E-02 7.09E-02 | 9.18E-03 2.44E-02

Table 1: Error for the non conforming rectangular mesh, hybrid scheme (Hyb) and centred (Cent)
schemes. For both schemes: NU is the number of unknowns in the resulting linear system, NM the
number of non zero terms in the matrix, ¢(u) the discrete L? norm of the error on the solution and
€(Vu) the discrete L? norm of the error on the gradient. C1 and C2 are the two conforming meshes
represented on the left and the right in Figure 2, and NC the non conforming one represented in the

middle.

centred scheme), even though the rate of convergence of the approximate solution remains unchanged
and close to 2.

We then use a rectangular nonconforming mesh, obtained by cutting the domain in two vertical sides
and using a rectangular grid of 3n x 2n (resp. 5n x 2n) on the first (resp. second side), where n is the
number of the mesh, n = 1,...7. . Again, the order of convergence which we obtain is 2 for u and
around 1.8 for the gradient. We give in Table 1 below the errors obtained in the discrete L? norm for
u and Vu for a nonconforming mesh and (in terms of number of unknowns) and for the rectangular
4 x 6 and 4 x 10 conforming rectangular meshes, for both the hybrid and cell centred schemes. We
show on Figure 2 the solutions for the corresponding grids (which looks very much the same for both
schemes).

Figure 2: The approximate solution for conforming and nonconforming meshes. Left: conforming
8 x 6 mesh, center: non conforming 4 x 6,4 x 10 mesh, right: conforming 10 x 10.

Further detailed results on several problems and conforming, non conforming and distorted meshes
may be found in [17].



3.2 The case of a highly heterogeneous tilted barrier

We now turn to a heterogeneous case. The domain Q =]0,1[x]0,1[ is composed of 3 subdomains,
which are depicted in Figure 3: Q1 = {(x,y) € Q; p1(z,y) < 0}, with ¢1(z,y) =y — é(x — .5) — .475,
Qy = {(way) € Q Spl(x7y) > 07‘102('%'7:9) < 0}7 with SOQ(x?y) = Spl(x7y) —0.05, Q3 = {(way) €
Q; oa(xz,y) > 0}, and 6 = 0.2 is the slope of the drain (see Figure 3). Dirichlet boundary conditions are
imposed by setting the boundary values to those of the analytical solution given by u(z,y) = —¢1(z,y)
on O UQ3 and u(z,y) = —¢1(z,9)/1072 on Q.

The permeability tensor A is heterogeneous and isotropic, given by A(x) = A(x)Id, with A\(z) = 1
for a.e. x € Q3 UQ3 and A(z) = 1072 for a.e. x € Qp. Note that the isolines of the exact solution
are parallel to the boundaries of the subdomain, and that the tangential component of the gradient is
0. We use the meshes depicted in figure 3. Mesh 3 (containing 10 x 25 control volumes) is obtained
from Mesh 1 by the addition of two layers of very thin control volumes around each of the two lines
of discontinuity of A: because of the very low thickness of these layers, equal to 1/10000, the picture
representing Mesh 3 is not different from that of Mesh 1.

Q1

===
_"—"

————
==————

— —

— T
_
—_——————
—_——————————

Q3

|
| —
| —
| —
[
T
T
[

Il
ARARRARRNNAAN
A

LA

HRRRRRRAANY
ERRERERERRAI

LA AT

Figure 3: Domain and meshes used for the tilted barrier test: mesh 1 (10 x 21 center), mesh 2 (10 x 100
right)

We get the following results for the approximations of the four fluxes at the boundary.

nb. unknowns | matrix size | t =0 |2 =1|y=0| y=1
analytical -0.2 0.2 1. -1.
mesh 1 210 2424 -1.17 | 1.17 | 3.51 | -3.51
centred  mesh 2 1000 11904 -0.237 | 0.237 | 1.104 | -1.104
mesh 3 250 2904 -0.208 | 0.208 | 1.02 | -1.02
composite mesh 1 239 2583 -0.2 0.2 1. -1.
mesh 2 1020 12036 -0.2 0.2 1. -1.
hybrid mesh 1 599 4311 -0.2 0.2 1. -1.
mesh 2 2890 21138 -0.2 0.2 1. -1.

Note that the values of the numerical solution given by the hybrid and composite schemes are equal
to those of the analytical one (this holds under the only condition that the interfaces located on the
lines ;(x,y) = 0, i = 1,2 are not included in B, and that, for all ¢ € B, all K € M with & # 0
are included in the same subdomain €2;). Note that Mesh 3, which leads to acceptable results for
the computation of the fluxes, is not well designed for such a coupled problem, because of too small
measures of control volumes. Hence the composite method on Mesh 1 appears to be the most suitable
method for this problem.
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4 Convergence study

Let us first introduce some notations related to the mesh. Let D = (M, E,P) be a discretization of
in the sense of definition 2.1. The size of the discretization D is defined by:

hp = sup{diam(K), K € M},

and the regularity of the mesh by:

dK o hK
Op = . 31
b max <0€61m,K LeEM, dL o KEM OESK dK 0> ( )

For a given set B C &y and for a given family (85) ke satisfying property (15), we introduce some
o&lint
measure of the resulting regularity with

L _ 2
p.5 = max <9D, Lo ZremlBller — | ) (32)

KeM,oeExnB h2.

Remark 4.1 Note that, for any mesh, it is easy to choose the family (B5) e such that Op 5 remains
gEL&int
small. It suffices to express x, as the barycenter of d + 1 points xy, (which is always possible), for L

sufficiently close to K, so that xp — x, is close to hx when BX # 0. Note also that in fact, it would
be sufficient to have h. with n > 1 instead of h% in (32) thus allowing farther points.

Remark that, thanks to the assumption that K is x-star-shaped, the property
> m(o)dk, =dm(K), VK € M (33)
o€€i

holds.
The space Xp defined in (10) is equipped with the following semi-norm:

Vv € XD7 ’U’X - - UK)27 (34)

KeM UGEK Ko

which is a norm on the spaces Xp ¢ and Xp s respectively defined by (11) and (17).

Let Ha(2) C L%(Q2) be the set of piecewise constant functions on the control volumes of the mesh
M. We then denote, for all v € Hp(2) and for all o € &y with M, = {K, L}, Dyv = |vxg —vg| and
dy = dg o + dr s, and for all o € E with M, = {K}, we denote Dyv = |vg| and dy = di . We
then define the following norm:

2

Vo€ Hu(@), foliap= Y 3 miohdic o222 = 3 mio) Lo

d
KeMoelk 0 el a

(35)

(Note that this norm is also defined by (73) in Lemma 5.2, setting p = 2).

For all v € Xp, we denote by ITpv € Ha(€2) the piecewise function from € to R defined by ITyv(x) =
v for a.e. @ € K, for all K € M. Using the Cauchy-Schwarz inequality, we have for all o € &,,¢ with
M, ={K,L},

(v — UU)Q (Vo — UL)2

(v —vr)?
< A X
do - dK,U * dL,o v EAD,

which leads to the relation
Tl o < [0f%, Yo € Xpo. (36)

11



For all ¢ € C(Q,R), we denote by Ppyp the element of Xp defined by ((¢o(xk))kem, (0(Ts))oecs)s

by Pp gy the element v € Xp p such that vg = ¢(xk) for all K € M, v, = 0 for all 0 € Eext,
o= kem BEp(xK) for all o € B and v, = ¢(z,) for all o € Ey \ B.

We denote by Prp € Haq(Q2) the function such that Pyp(x) = ¢(xk) for ae. « € K, for all K € M

(we then have Py = Iy Ppy = I\ Pp o).

The following lemma provides an equivalence property between the L?-norm of the discrete gradient,

defined by (20)-(24) and the norm | - | x.

Lemma 4.1 Let D be a discretization of  in the sense of Definition 2.1, and let > Op be given
(where Op is defined by (31)). Then there exists C; > 0 and Cy > 0 only depending on 6 and d such
that:

Oy |ulx < ||Vpu||L2(Q) < Oy |ulx, Yu € Xp, (37)

where Vp is defined by (20)-(24).
PrOOF. By definition,
dK o 2
HVDUHLQ Q)d = Z Z |VK,0U| .
KeMoelk

From the definition (23), thanks to (21) and to the definition (20), we get that

k.o
3 %Rmu ngo=0,YK € M. (38)
oefi
Therefore,
d m(0)dk -
IVpul2agye = > | mE)Viul? + 3 2 (Ry gu)? | (39)
KeM o€EK

Let us now notice that the following inequality holds:

(a —b)? a? = \b?, Ya,be R, YA > —1. (40)

+A

We apply this inequality to (RKK,-u)2 for some A > 0 and obtain:

(Ricou)® > 20 (4o~ Z—Adlv 2 (|2 @l 2 (41)
K,oU) = T+ A dK,a KU dK’U .

This leads to

d o )\ o 2
m(a) K, (RK,O'U)2 2 m(o-)dK,o <w> — Am(K)d|VKU|292
Z d 1+ A Z dK o
oefk o€k 7

Choosing A as

1
we get that
A
HVDUH?LQ(Q))d = H—)\’U‘%o

which shows the left inequality of (37).
Let us now prove the right inequality. On one hand, using the definition (20) of Vxu and (33), the
Cauchy—Schwarz inequality leads to:

12



Vicul® < (

23 2O ke S mlo)dic, = % S 2O g2 (43)

m(K) oElK Ko o€k Ko

On the other hand, by definition (23), and thanks to the regularity of the mesh (50), we have:
(Ricou)? < 2d [ (F2—502 4 |V 22— 2K 2 ) <od | (F2—K02 L 029 ul? ). (44)
' dK,U dK,U d Nes

From (39), (43) et (44), we conclude that the right inequality of (37) holds. [J
We can now state a result of weak convergence for the discrete gradient of a sequence of bounded
discrete functions.

Lemma 4.2 Let F be a family of discretizations in the sense of definition 2.1 such that there exists
0 > 0 with 0 > O0p for all D € F. Let (up)per be a family of functions, such that:

o up € Xpy for all D € F,
e there exists C' > 0 with |up|x < C for all D € F,

e there exists u € L?(Q) with hlimo [TTarmup — ullp20) =0,
D*)

Then u € H}(Q) and Vpup weakly converges in L*(Q)? to Vu as hp — 0, where the operator Vp is
defined by (20)-(24).

Remark 4.2 Note that the proof that u € H} () also results from (36), which allows to apply Lemma
5.7 of the appendiz in the particular case p = 2.

ProoOF.  Let us prolong Ilyqup and Vpup by 0 outside of 2. Thanks to Lemma 4.1, up to a
subsequence, there exists some function G € L*(R%)? such that Vpup weakly converges in L2(R%)4
to G as hp — 0. Let us show that G = Vu. Let ¥ € C°(R%)? be given. Let us consider the term
TP defined by

TP = /R Vpup(w) - (z)de.

We get that TP = TP + TP, with

TQD = Z Z m(o)(uy — ug)NK,o - Y, with Pr = m—/qu(g;)dg;,

KeMoelk

and

TP = Z Z Ri ou nK,U-/DK P(x)de.

KeMoelk
We compare T with TP defined by

Tf = Z Z m(o)(te — UK)NK,o - Yo,

KeMoe€g

with
1

m(o)

o = / W(@)dy ().

13



We get that

(75

Z Z dKo|¢K ¢U| 5

KEM OESK Ko KeMoelk

which leads to lim (TP — TP) = 0.

hp—0

Since

Z Z uKnKO' Yy = —/dHMuD(CC)diV’(p((B)dIB

KeMoelk R
we get that hlimo TP = fRd u(x)divep(x)de. Let us now turn to the study of T3D . Noting again that
D*}
(38) holds, we have:

= Y Riouni, / ($(x) — i )de

KeMoelk Ko

Since 1 is a regular function, there exists Cy, only depending on ) such that | fDK (Y(x) —Yr)de| <

d
C,l/,hp% From (44) and the Cauchy-Schwarz inequality, we thus get:
lim TP = 0.
hp—0

This proves that the function G € L?(R%)? is a.e. equal to Vu in RY. Since u = 0 outside of €,
we get that u € H&(Q), and the uniqueness of the limit implies that the whole family Vpup weakly
converges in L?(RY)? to Vu as hp — 0.

O

Let us now state some strong consistency property of the discrete gradient applied to the interpolation
of a regular function.

Lemma 4.3 Let D be a discretization of  in the sense of Definition 2.1, and let 0 > Op be given.
Then, for any function @ € C?(Y), there exists Cs only depending on d, 6 and ¢ such that:

IVoPpp — V| (Lo ()2 < C3 hp, (45)
where Vp is defined by (20)-(24).
ProOF. Taking into account definition (24), and using definition (22), we write:
VioPpe —Vo(er)| < [V Ppe = Vo(ok)| + |Ri o Ppe|

From (20), we have, for any K € M,

VkPpp = —p(zK))

957
Z VSD LDK) ( - $K) + h%(pK,U)nK,U,

957
where |pg | < C, with Cy, only depending on ¢. Thanks to (21) and to the regularity of the mesh,
we get:

|V Ppp — Vo(zk)| < > m(o)hilpr.ol < hic d Cyb.

ocli

L
m(K)
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From this last inequality, using Definition 23, we get:

Vd

|Rk.oPpy| = dr lo(xs) — p(xr) — VK Ppy - (x5 — xK)|
Vd
< d ( %(PK,U + h%( d CSOH)
K,o
< Vdf(hxC, + hidC,0),

which concludes the proof.[]

We now give the abstract properties of the discrete fluxes which are necessary to prove the convergence
of the general scheme (18),(13), and then prove that the fluxes which we constructed in Section 2.4
indeed satisfy these properties.

Definition 4.1 (Continuous, coercive, consistent and symmetric families of fluxes) Let F be
a family of discretizations in the sense of definition 2.1. For D = (M,E,P) e F, K € M and o € &,
we denote by F}?U a linear mapping from Xp to R, and we denote by ® = ((FI?O-)KEM)DE}'- We

’ 7 o€eg

consider the bilinear form defined by

(u,v)p = Z Z Fgg(u)(vK —,), Y(u,v) € X3, (46)

KeMoelk
The family of numerical fluzes ® is said to be continuous if there exists M > 0 such that
(u,v)p < Mlulx|v|x, Y(u,v) € X3, YD = (M,E,P) € F. (47)
The family of numerical fluxes ® is said to be coercive if there exists a > 0 such that
alul% < (u,u)p, Yu € Xp, YD = (M,E,P) € F. (48)

The family of numerical fluzes ® is said to be consistent (with Problem (1)—~(2)) if for any family
(up)per sastisfying:
e up € Xpy for all D € F,
e there exists C' > 0 with |up|x < C for all D € F,
e there exists u € L?(S2) with hgriloHHMuD — a2 = 0 (recall that, from Lemma 5.7, we get
that uw € HL(R)),
then:

Jim (up, Pog)r = /Q AM@)Ve(@) - Vu(@)de, Vo € C2(Q), (49)

Finally the family of numerical fluxes ® is said to be symmetric if
<u’U>F = <U’U>F’ V(u,v) € Xl%a VD = (M,E,'P) eF.

We now show that the family of fluxes defined by (25)-(28) satisfies the definition of a consistent,
coercive and symmetric family of fluxes. Recall that the composite scheme (29) is studied numerically
in section 3 under this choice for the family of fluxes.
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Lemma 4.4 Let F be a family of discretizations in the sense of definition 2.1. We assume that there
exists 6 > 0 with

Op <0, VD€ F, (50)
where 0p is defined by (31). Let ® = ((FE ) ccnn)Der be the family of fluzes defined by (25)-(28).
’ o€EK

Then the family ® is a continuous, coercive, consistent and symmetric family of numerical fluzes in
the sense of definition 4.1.

PROOF. Since the family of fluxes is defined by (25)-(28), it satisfies (19), and therefore we have:
(u,v)p = / Vou(z) - A(z)Vpu(x)de, Yu,v € Xp.
Q

Hence the property (u,v)r = (v,u)p holds. The continuity and coercivity of the family ® result from
Lemma 4.1 and the properties of A, which give: (u,v)r < A|Vpulr2)|Vov|12(0) and (u,v)p >
AHVDUH%Q(Q) for any u,v € Xp. The consistency results from the weak and strong convergence

properties of lemmas 4.2 and 4.3, which give Vpup — Vu weakly in L?(Q) and VpPpyp — Vo in
L?(9) as the mesh size tends to 0. O

We may now state the general convergence theorem.

Theorem 4.1 Let F be a family of discretizations in the sense of definition 2.1; for any D € F,
let B C Ene and (BE) keam satisfying property (15). We assume that there exists @ > 0 such that

g
0€Eint

Ops < 0, for all D € F, where Op p is defined by (32). Let ® = ((FE _)xeam)per be a continuous,
’ €€

ag
coercive and symmetric and consistent family of numerical fluxes in the sense of definition 4.1. Let
(up)per be the family of functions solution to (18) for all D € F. Then Upyup converges in L*(Q)
to the unique solution u of (6) as hp — 0. Moreover Vpup converges to Vu in L*(Q)? as hp — 0.

PROOF. We let v = up in (18), we apply the Cauchy-Schwarz inequality to the right hand side. We
get

(up, up)p = /Q @) up(@)dz < | £ 2 | T | 2.

We apply the Sobolev inequality (76) with p = 2, which gives in this case |[IIpup||r2() < Cal[Tlmull1,2,m-
Using (36) and the consistency of the family ® of fluxes, we then have

alllyup |5 < Callfllp2@luplx.

This leads to the inequality
Cy
ull12.m < |up|x < F\lf\lm(m- (51)

Thanks to lemma 5.7, we get the existence of u € HZ (), and of a subfamily extracted from F, such
that [[IIypup — ul|r2(q) tends to 0 as hp — 0. For a given ¢ € C°(12), let us take v = Pp gy in (18)
(recall that Pp gy € Xp ). We get

<uD=P’D,B<P>F:/Qf(CC)PMLp(:B)da:.

Let us remark that, thanks to the continuity of the family ® of fluxes, we have

C
(up, Ppsp — Ppp)r < M%Hf”LQ(Q) |Pp s — Ppolx.
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Thanks to (15) and (32), we get the existence of Cy,, only depending on ¢ such that, for all K € M
and all o0 € BN &k,

’ Z Bg@(mL) —p(zo)| < Z ’sz;HxL - ma’20<p < 6D7Bcsoh%(- (52)
LeM LeM
We can then deduce
lim |Pp sy — Ppylx = 0. (53)
hp—0

Thanks to the properties of subfamily extracted from F, we can apply the consistency hypothesis on
the family ® of fluxes, which gives

lim (up, Ppp)r = / A(x)Vo(x) - Vu(x)de.
hp—0 9}
Gathering the two above results leads to
lim (up, Ppe)r = / A(x)Vo(x) - Vu(x)de,
hp—0 QO

which concludes the proof that

| A@)Vel@) Vul@yia = [ fle)p@)a
Q Q

Therefore, u is the unique solution of (6), and we get that the whole family (up)per converges to u
as hp — 0.

Let us now prove the second part of the theorem, which we begin by proving in the particular (simple)
case where the family of fluxes is defined by (25)-(28). In such a case, we get from Lemma 4.2 that
Vpup weakly converges to Vu in L?(Q)?. Therefore we have

/A(ac)Vu(ac)-Vu( dac<hm1nf/A )Vopup(x) - Vpup(x)de. (54)
Q

hp—0

Therefore, noting that, passing to the limit hp — 0 in the scheme (18), we get:

limsup/A(a:)VpuD(a:)-VpuD( )dx —hmsup/f M pup(x)de
hp—0 Q hp—0

:/facuacdac:/AacVusc)-Vu(ar:)dac.
Q Q

Together with (54), this yields that [, A(x)Vpup(x)- Vpup(z)de tends to [ A(z)Vu(z) - Vu(z)dz
as the mesh size tends to 0. Thanks to the weak convergence of the discrete gradient in L?(Q)9, we
obtain that

/QA(a:)(VpuD(a:) — Vu(x)) - (Vpup(x) — Vu(x))de — 0,

which allows to conclude that Vpup(x) tends to Vu(z) in L2(Q)4.

We now turn to the proof in the case of a general family of continuous, coercive, symmetric and
consistent family of numerical fluxes in the sense of definition 4.1. Let ¢ € C2°(Q2) be given (this
function is devoted to approximate u in H}(£2)). Thanks to the Cauchy-Schwarz inequality, we have

/ |Vpup(x) — Vu(x)|?de < 3 (TP + TP +Tv)
Q
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where

TE?:/ \Vpup(z) — VpPpp(z)|*de,
Q

19 = [ [VoPpie(a) - Volw)d,
Q
and
17 = / IVo(x) — Vu(z)|*de.
Q

We have, thanks to Lemma 4.3,
lim TP = 0. (55)

hp—0

We have, thanks to Lemma 4.1 and to the coercivity of the family of fluxes, that there exists C5 such
that
||VDU||iz(Q)d < Cy?lk < Cs (v,v)p,Yv € Xp,

with C5 = %2 Taking v = up — Ppyp, we have

TP < C5 ({up,up)r — 2(up, Ppe)r + (Ppy, Ppe) r).

Using the result of convergence proved for up and the consistency of the family of fluxes, we get
hhmo(uD, Ppp)p = / Vu(x x)Vp(x)de. (56)
D

Since it is ” that |Ppy|x remains bounded, using the regularity of ¢ and the regularity hypotheses of
the family of discretizations, we can use the consistency of the family of fluxes, which writes in this
case

hm <PD<P7 Ppo)p = / Vo(x x)Vp(x)de. (57)

Remarking that passing to the limit hp — 0 in (18) with v = up provides that (up,up)r converges
to fQ Vu - AVudx, we get that

lim (up — Ppp,up — PDQDF—/VU— ©)-AV(u— ¢ dac<)\/|Vu—Vgo| dx,

hp—0
which yields

limsup 72 < C’5X/ |Vu — Vo|*de.
hp—0 Q

From the above results, we obtain that there exists Cg, independent of D, such that

/ Vpun(x) — Vu(a)2de < Cq / Vo(z) — Vu(@)2dz + T2,
Q Q

with (noting that ¢ is fixed)
lim 7P = 0. 58
i, T (58)
Let € > 0. We can choose ¢ such that [, [Ve(z) — Vu(z)[*dz < e, and we can then choose hp small
enough such that ng < e. This completes the proof that

lim / Voup(a) — Vu(a)|*de = 0 (59)
hp—0 Jo

in the case of a general continuous, coercive, consistent and symmetric family of fluxes. [
Let us write an error estimate, in the particular case that A = Id and that the solution of (6) is regular
enough.
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Theorem 4.2 (Error estimate, isotropic case) We consider the particular case A = 1d, and we
assume that the solution u € H}(Q) of (6) is in C%(Q). Let D = (M,E,P) be a discretization in
the sense of definition 2.1, let B C Ent be given, let B = (55—()06871(6/\/1 be a family of real numbers
such that (15) holds, and let > 0p g be given (see (32)). Let (Fg o)Kkemoce be a family of linear
mappings from Xp to R, such that there exists a > 0 with

alulk < (u,u)p, Yu € Xp, (60)

defining (u,v)p by (46). We denote by
1/2

2
Ru = Z Z if((;) (FK,(;(PD,Bu)—i—/UVu(a:) -nK,Udfy(:c)> . (61)

KeMoe€lg

Then the solution up of (18) wverifies that there exists C7, only depends on o and on 0, such that
[TTpmup — Prmullr2o) < C7 Ru, (62)
and verifies that there exists Cg, only depending on «, 0 and u such that
IVpup — Vullp2q)e < Cs (Ru+ hp). (63)

Moreover, in the particular case where (Fi o)kem,oce is defined by (25)-(28), there exists Cy, only
depending on «, 6 and u, such that

Ru < Cy hp. (64)

Remark 4.3 The extension of Theorem 4.2 to the case u € H?(Q) could be studied in the case d = 2
ord = 3. Such a study, which demands a rather longer and more technical proof, is not expected to
provide more information on the link between accuracy and the reqularity of the mesh than the result
presented here.

PrROOF. Let v € Xp, since —Au = f, we get:
— Z vK/ Au(:c)d:c:/f(:c)HMv(a:)da:. (65)
KeM K @
Thanks to the following equality (recall that u € C?(2) and therefore Vu - mf , is defined on each

edge o)
- Z vK/KAu(a:)da:: - Z Z (vK—vJ)/Vu(:c)-nKvgd’y(a:),

KeM KeMoelk

we get that
(Posu)r = [ f@Mue@e + 3 Y (FRoPosu) + [ Tule) nior(@) ) (o vo).
{2 KeMoe€k g
Taking v = Pp gu — up € Xp p in this latter equality and using (65) we get
o= Y % (FRPosu)+ [ Vole) nicadofa) ) (o vo),
KeMoe€k g

which leads, using (60) and the Cauchy-Schwarz inequality, to

alvlx < Ru. (66)
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Using (36) and the Sobolev inequality (76) with p = 2 provides the conclusion of (62). Let us now
prove (63). We have

HVDUD - VUHLQ(Q)d < ||VDUD - VDPD,BUHLQ(Q)d + ||VDPD,BU - VUHLQ(Q)d.

The bound of the first term in the above right hand side is bounded thanks to Lemma 4.1 and (66).
The inequality ||VpPp su — Vull 12y < Ciohp is obtained thanks to Lemma 4.3 and using a similar
inequality to (52), replacing ¢ by w.

Let us now turn to the proof of (64) in the particular case where the family of fluxes is defined by
(25)-(28). Indeed, we get in this case that, for all v € Xp,

g o

d )

m(o')dg o0
FK,U(U) = — Z (VKU + RK,U’U nKJ,) . M

o€k

with

m(o) Vd (1 _ m(o)

oo m(K) Ngs + de m(K) NK,q - (:ca — CCK)) yr ifo=o

YT mo VA o)k ( ) therw
NKge — ————m(0)NK s (Ty — TR )N K o otherwise .
m(K) K,U de/m(K) g K,U K K7 W

Using (21), we get that

=m(o)ng .

Z m(al)dK,Ul oo
d Y
o' el

Since it is easy to see that there exists Ci; € Ry such that |Rg . Pp gu| < C11 hi, we then obtain
that there exists some Co € Ry with

'FK,J(PQBU) + / Vu(zx) - nk dy(x)| < Cram(o)hk.

This easily leads to the conclusion of (64). O

5 Discrete functional analysis

This section is devoted to some functional analysis results which are useful for the proof of convergence
of numerical schemes when the approximate solution is piecewise constant on each cell of the mesh.
Although some of the results presented here were already introduced in previous works ot the authors,
they were mostly presented (even when not needed, see [13, Remark 9.13 p. 793]) in the framework
of “admissible” meshes, that is meshes with an orthogonality condition.

We recall that in the proof of the main convergence theorem 4.1, we first obtain from the scheme some
estimates on the approximate solutions in the discrete H' norm. We now show how, from a general
discrete WP estimate (this generalization to p # 2 is useful in the case of non linear problems) we
obtain a discrete LY estimate for some ¢ > p (Lemma 5.3). We then obtain some compactness in
L' (Lemma 5.5 and therefore in LP (Lemma 5.6), which in turn allows to show that the limit of the
approximate solution is in I/VO1 P(Q) (Lemma 5.7).

5.1 Discrete Sobolev embedding
5.1.1 Discrete embedding of Wh! in L'

Definition 5.1 (Polyhedral partition of Q) Let d > 1 and 2 be an open bounded set of RY, whose
boundary is a finite union of part of hyperplanes. A polyhedral partition of €0 is a finite partition of
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Q such that each element of this partition is measurable and has a boundary which is composed of a
finite union of part of hyperplanes. Let M be such a partition and £ be the set of interfaces of this
partition. If o € & is an interface (or an edge) of this partition, one denotes by m(o) the d — 1—
Lebesgue measure of o. Let Hx(S2) be the set of functions from Q to R, constant on each element of
M. Let u € Hy(Q). If o € € is a common interface to K, L € M, (that is 0 = K NL), one sets
Dyu = |ug —ug|. If o € & is on the boundary of Q and K € M (that is 0 = 00N K ), one sets
Dou = |ug|. Foru e Hp(2), one sets :

lulli,im = > m(o) Dy (67)
oceM

Lemma 5.1 Let d > 1 and Q be an open bounded set of R%, whose boundary is a finite union of part
of hyperplanes. Let M be a polyhedral partition of Q (see Definition 5.1). Then, with the notation of
Definition 5.1 :

[ull 1 ) < 2\/—HU||1,1,M, Vu € Hpm(9), (68)

d

where 1* = 5%,
PROOF.
Different proofs of this lemma are possible. A first proof consists in adapting to this discrete setting
the classical proof of the Sobolev embedding due to L. Nirenberg (actually, it gives 1/2 instead of
1/(2V/d) in (68)): it is based on an induction on d. This proof is essentially given in [13, Lemma 9.5
page 790], with slightly less general hypotheses; however, an easy adaptation of the proof leads to the
present lemma (with 1/2 instead of 1/(2v/d) in (68)). We give here another proof by directly using L.
Nirenberg’s result, namely:

1 d
”uHLl*(]Rd) < 2_d”uHW171(Rd)7 Vu € Wl’l(R ), (69)
where [July11 Ry = 2?21 [ Divll 1 (rey and Dju is the weak derivative (or derivative in the sense of
distributions) of u in the direction x; (with & = (x1,...,24) € R?).
For u € L'Y(R?), one sets |jul|py = Zgzl | Diul|ar with, for i = 1,...,d, ||Diullpr = sup{ [ u—‘ﬁda:

¢ € CX(RY), [l oo (ray < 1}. One says that the function u is in the space BV if u € Ll(Rd) and
|ullpy < oo. We first remark that (69) is true with [ul|py instead of [lul[y11(re), and if u € BV

instead of W1H(R?). Indeed, to prove this result (which is classical), let p € C®(R% R,) with
[ pdx = 1. For n € N*, define p, = nip(n-). Let u € BV and u, = ux p, so that, with (69):

d
1
[unllprx gey < 24 Z | Ditin || 21 (- (70)
i=1

But, || Djun|| 1 ray = | Ditnl|ar, and, for ¢ € C>(R?), using Fubini’s theorem:

¢ d
/Rd g5 0T = [, Vo @ xpn)de < [ Diularle] e ey

This leads to || Djup| 1 @ey < [[Diullar. Since up, — u a.e., as n — oo, at least for a subsequence,
Fatou’s lemma gives, from (70):

[l e (ray < 2dHUlle Vu € BV. (71)

Let u € Ha(€). One sets u = 0 outside 2 so that u € L'(R?). One has |lul|py = sup{ [ps u dive de,
@ € CX(RLRY), |||l poo may < 1}, with |||l poo ey = sup;—y g 193l oo (ray and ¢ = (g1, .., 0q). But,
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for ¢ € C*(R4 R?) such that ||¢|| [eo(rdy < 1, an integration by parts on each element of M gives
(where n, is a normal vector to o and - is the (d — 1)—Lebesgue measure on o):

/ u divp da:—ZD u/|90 N |dy( )<\/_HU||11M
R4

oce€

Then, one has ||u| gy < Vd|jul1.1.m and (71) leads to (68).
O
5.1.2 Discrete embedding of W'? in L?", 1 <p<d

We now prove a discrete Sobolev embedding for 1 < p < d and for meshes in the sense of Definition 2.1.

Lemma 5.2 Letd > 1, 1 < p < d and Q be a polyhedral open bounded connected subset of R®. Let D
be a mesh of Q2 in the sense of Definition 2.1. Let n > 0 such that n < dk o/dr.e < 1/n for allo € &,
where M, = {K, L} (see the definitions in Section 4 and Definition 5.1). Then, there exists C13, only
depending on d, p and n such that:

[ull Lo () < Cus [[ullpm Yu € Hp(Q), (72)

where p* = % and

lullf 0 = Z Z o)dr o D u)p’ (73)

KeMoelk
with dy = dK,J + dL,J, if/\/lo = {K,L}, and d, = de, ifMU = {K}

PrOOF. We again follow here L. Nirenberg’s proof of the Sobolev embeddings. Let a be such that
al* = p* (that isa = p(d—1)/(d—p) > 1). Let u € Hp(Q). Inequality (68) applied with |u|* instead

of u leads to:
/|u|p dz) @ <> m(0)Dylul®.

oe&

For 0 € &, M, = {K, L}, one has D, |u|® < a(|ug|* + |up|* 1) Dyu. For o € Eeyy, M, = {K},
one has D,|u|® < a|ur|* ' Dyu. This yields:

(/ [l dz) T < 3" Y m(o)ajux|® ' Dyu, (74)
Q KeMoelyk
For all o € &, one has 1 < (14 1n)(dk,o/dy), if 0 € Eing, Mo = {K,L}, or if 0 € ey, M, = {K}.
Then, Holder Inequality applied to (74) yields, with ¢ = p/(p — 1):
i1 1
([ @) < a0 Y Y mloddialunl ) ull (75)
KeMoelk
Since (o — 1)g = p*, one has:
> 3 mlo)diolux| @ = d [ fulda.
KeMoe€ly

Then, noticing that d/(d —1) —1/q = 1/p*, we deduce (72) follows from (75) with Cy3 = (14 1)d"/9
only depending on d, p and n. U
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5.1.3 Discrete embedding of WP in L9, for some ¢ > p

Let 1 < p < o0, we now deduce from lemma 5.3 the following Lemma, which gives the discrete
embedding of WP in L9, for some q > p.

Lemma 5.3 Letd > 1,1 < p < oo and Q be a polyhedral open bounded connected subset of R%. Let
D be a mesh of Q2 in the sense of Definition 2.1. Let n > 0 such that n < dg ,/dr s < 1/n for all
o € &, where M, = {K,L}. Then, there exists ¢ > p only depending on p and there exists C14, only
depending on d, Q, p and n such that (the definitions in Section 4 and Definition 5.1):

[ullze() < Crallullipm Yu € Hp(), (76)
where |[ull} , v, is defined in (73).

ProoF. If p =1, one takes ¢ = 1* and the result follows from lemma 5.1 (in this case C14 does not
depend on 7). If 1 < p < d, one takes ¢ = p* and the result is in lemma 5.2.

If p > d, one chooses any ¢ €|p,o0] and p; < d such that pj = ¢ (this is possible since p] tends
to oo as p; tends to d). lemma 5.2 gives, for some C13 only depending on p, d and 7, ||lul ) <
Ciz ||ull1,p, m. But, using Holder inequality, there existe C5, only depending on d, p, €2, such that
llwll1pr,m < Cis ||ullipm. Inequality (5.3) follows with Ciy = C13C15. O

5.2 Compactness results for bounded families in discrete W!? norm
5.2.1 Compactness in L”

We prove in this section that bounded families in the discrete WP norms are relatively compact in
LP. We begin here also with the case p = 1, giving in this case a crucial inequality which holds for
general polyhedral partitions of €.

Lemma 5.4 Let d > 1 and Q be an open bounded set of R%, whose boundary is a finite union of part
of hyperplanes. Let M be a polyhedral partition of Q (see Definition 5.1). Then, with the notation of
Definition 5.1 :

lul- +y) = ull przay < lyIVdlulliim, Vo € Hu(), Yy € RY, (77)
where u is defined on the whole RY, taking u = 0 outside 0, and |h| is the euclidean norm of h € RY.

PROOF. As in lemma 5.1, a proof of this result is possible with a method similar to the method
for proving compactness results for bounded families in the discrete WP norms, given in [13] (and
we obtain (77) without v/d). Indeed, this proof of [13] holds here in this case of a general partition,
thanks to the fact that p = 1. More restrictive assumptions are needed for the case p > 1. We give
here another proof, using the BV —space, as in lemma 5.1.

Let u € C®°(R?). For z,y € R?, one has:

1 1
\u(m+y)—u(x)y:\/0 Vu(:c—i—ty)-ydt\g\h]/o V(e + ty)|dt.

Integrating with respect to & and using Fubini’s Theorem gives the well known result

d

[u(-+y) = ullprwe) < [yl /Rd Vulde < [yl Y || Dsull 11 ge), (78)
i=1

where Vu = (Dyu,...,Dgu). By density of C°(R?) in WH1(R?), Inequality (78) is also true for
u € WHL(RY).
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We proceed now as in lemma 5.1, using the same notations. Let v € BV and u,, = u * p,. Since
u, € WHL(R™), Inequality (78) gives, for all y € R?, |ju,(- +y) — Ul L1 (ray < |yl Zgzl | Ditin || 11 (ay-
But, for i = 1,...,d, as in lemma 5.1, || Djuy|/p1(gay < [[Diullpr. Then, since up, — u in L'(R%), as
n — oo, we obtain:

d
lul- +9) = ull przay < |yl D I Diullar = lylllullpv, Vu € BV, vy € RY. (79)
i=1
Let now u € Hp(Q). One sets u = 0 outside 2 so that v € LY(R?). lemma 5.1 gives ||jul|gy <
V|11, then:
(- +y) = ull o1 @ey < ly[Vallulim, Yy € R
O

An easy consequence of lemmas 5.1 and 5.4 is a compactness result in L' given in the following lemma.

Lemma 5.5 Let d > 1 and Q be an open bounded set of R%, whose boundary is a finite union of part
of hyperplanes. Let F be a family of polyhedral partition of Q (see Definition 5.1). For M € F, let
upm € Hpm(Q) and assume that there exists C € R such, for all M € F, |[upml|l1,1,:m < C. Then the
family (upg) mer is relatively compact in LY(Q) and also in L'(R?) taking up = 0 outside Q.

PROOF. The proof is quite easy. Lemma 5.1 gives that the family (uaq)mer is bounded in LY (€2).
Then, since Q is bounded, the family (ua)amer is bounded in L'(Q) and also in L'(RY) taking
up = 0 outside 2. Then, thanks to Kolmogorov Compactness Theorem, lemma 5.4 gives that the
family (up)amer is relatively compact in L'(Q) and also in L'(R%) taking ux = 0 outside Q. O

For p > 1, we need some an additional hypothesis on the meshes, actually given by Definition 2.1 with
a “uniform 7”.

Lemma 5.6 Letd > 1,1 < p < oo and Q be a polyhedral open bounded connected subset of R%. Let
F be a family of meshes of ) in the sense of Definition 2.1. Let n > 0 such that, for all D € F', one
hasn < dgs/dre < 1/n for all o € €, where M, = {K,L}. For D € F, let up € Hp(Q2) and assume

that there exists C' € R such, for all D € F, ||up|lipm < C. Then the family (up)per is relatively
compact in LP(Y) and also in LP(R?) taking up = 0 outside Q.

PRrROOF. Here also the proof is quite simple. Thanks to lemma 5.3 and the fact that 2 is bounded,
the family (up)per is bounded in L'(Q) and also in L'(R?) taking up = 0 outside . Thanks,
once again, to the fact that 2 is bounded the family (||up||1,1,m)per is bounded in R. Then, as in
the preceding lemma, Kolmogorov Copmpactness Theorem gives that the family (||upl|1,1,m)per is
relatively compact in L'(2) and also in L'(R?) taking up = 0 outside 2.

In order to conclude we use, once again, lemma 5.3. It gives that the family (up)per is bounded in
L4(Q) for some ¢ > p. With the relative compactness in L'(£2), this leads to the fact that the family
(up)per is relatively compact in LP(2) (and then also in LP(R?) taking up = 0 outside ). [J

5.2.2 Regularity of the limit

With the hypotheses of lemma 5.6, assume that up — w in LP as size(D) — 0 (lemma 5.6 gives that

this is possible, at least for subsequences of sequences of meshes with vanishing size). We prove below
that u € W, P ().

Lemma 5.7 Let d > 1, 1 < p < 0o and Q be a polyhedral open bounded connected subset of R?.
Let (Dp)nen be a family of discretizations of Q0 in the sense of Definition 2.1. Let n > 0 such
that, for any discretization Dy, = (My,En, Pr), one has N < dio/dr o < 1/n for all o € &, where
M, ={K,L}. ForneN, let u™ € Hp, (Q) and assume that there exists C € R such, for all n € N,
[u™]1pam, < C. Assume also that size(D,,) — 0 as n — oo. Then:
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1. There exists a subsequence of (u™),en, still denoted by (u™)nen, and u € LP(Q) such that
u™ — u in LP(Q) as n — oo.

2. ue€ Wol’p(Q) and

—1

(1 —i—n)d P

. (80)

IVullzeye = IVulllze @) <

PrROOF.  The fact that there exists a subsequence of (u(™),cy, still denoted by (u(™),ecy, and
u € LP(Q) such that u(™ — u in LP(Q) as n — oo is a consequence of the relative compactness of
(u™),en in LP given in lemma 5.6. Assuming that u(™ — u in LP(Q) as n — oo, we have now to
prove that u € Wol’p(Q).

Letting u(™ = 0 and v = 0 outside Q, one also has u™ — u in LP(RY). The method consists to
construct some approximate gradient, namely Vpnu(”), bounded in LP(2), equal to 0 outside Q and
converging, at least in the distribution sense, to Vu.

Step 1 Construction of Vpu, for u € Hp(Q2), and properties

Let n € N and D = D,,. For this step, one sets u = u(™ (not to be confused with the limit of the
sequence (U(n))neN)- For o € &, one sets u, = 0 if o is on the boundary of 2. Otherwise, one has
M, = {K, L} and we choose a value u, between ug and ur. (it is possible to choose, for instance;
Uy = %(uK + ur) but any other choice between ug and wuy, is possible). Then, one defines Vpu on
K € D on the following way:

~ 1
Vpu = m—K Z m(o)ng o (te — uK).

The function Vpu is constant on each K € M and, on K, using Holder Inequality:

- 1 D,u

Vpull < m(o)ng  (uy —ug))f < m(o)dg )Pt m(o)dg o (——)P.

Foul < (s 32 miomilio =) < (37 miohdca™! 3 mio)dia(722)
Since } e, m(0)drk s = dmp, one deduces

) a1 Dou
[Vpul” < o ; m(U)dK,a(E)p-
o€k

This gives a LP— estimate on Vpu in (L (Q))¢ (or in (LP(R%)), setting Vpu = 0 outside Q), in terms

of |lull1,p,m, namely:
p—1
(L+mn)d >

IIVpulllze < e (81)

In order to prove, in the next step, the convergence of this approximate gradient, we compute now
the integral of this gradient against a test function. Let ¢ € O (R% R?), ¢ the mean value of ¢ on
K € D and ¢, the mean value of ¢ on ¢. Then:

/ VDU (pdCC— Z Z nKO’ a_uK PK = Z Z nKU U’K)(PU"’_R(U?()O)? (82)

KeDocéy KeDocfyk

with

Z Z nKO’ U_UK)((PK_QOJ)-

KeDoelk

Then there exists C, only depending on ¢, d, p and § such that |R(u,p)| < Cgsize(D)||ul|1p,m-
Equation (82) can also be written as:
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y Vopu - pdx = KZG;)/K(_UK) div(p) dx + R(u, ) = — /Rd w div(p) de + R(u,¢).  (83)

Step 2 Convergence of Vp, u(™ to Vu and proof of u € Wol’p(Q) .
We consider now the sequence (u(™),cn. Inequality (81) gives:

p—1

(L +m)d

[IVpu™)|| 1 < ™1, p,pa-

Then, the sequence (Vpu(™), ey is bounded in LP(R%)? and we can assume, up to a subsequence, that

p=1
Vpul™ converges to some w weakly in LP(R%)%, as n — oo and |||w]|z» < %C.

Let ¢ € C°(R% R?), Equation (83) gives

Vpu™ - pda = —/ u™ div(p) dz + R(u™, ). (84)

R4 R4

Thanks to |[R(u(™, )| < Cysize(Dy)||u™]1,p M, , one has R(ul™, ) — 0, as n — oco. Since ul™ — u
in LP(R?) as n — oo, passing to the limit in (84) gives:

/ w - pdx = —/ u div(p) de.
Rd Rd

Since ¢ is arbitrary in C2°(R?, R?), one deduces that Vu = w. Then u € W'P(R?) and |||Vul|r» <

p=1
%C. Finally, since u = 0 outside €2, one has u € Wol’p(Q). O

6 Conclusion and perspectives

A discretization scheme was introduced for anisotropic heterogeneous problems on distorted noncon-
forming meshes. Although this scheme stems from the finite volume analysis which was developed
these past years, its formulation is actually derived from a discrete weak formulation; in this respect
it may be seen a non conforming finite element method. Discrete analysis tools were obtained which
allow a mathematical analysis of the scheme; the convergence of the discrete solution to the exact
solution of the continuous problem is shown with no regularity assumption on the solution (other than
the natural assumption that it is in HZ(Q)). Even though this convergence result yields no rate of
convergence, it is problably more interesting than error estimates which require some assumptions on
the diffusion tensor. Nevertheless, we show an order 1 estimate in the case of the Laplace operator,
which is readily extendable to regular (say piecewise C'!) isotropic diffusion operators. The numerical
results presented here show the high performance of the scheme (in particular order 2 is obtained for
the convergence in the L? norm of the solution), and so do three dimensional experiments which were
performed in [9] for the incompressible Navier—Stokes equations on general grids. Note that the con-
vergence analysis which is performed here readily extends to the nonlinear setting of Leray-Schauder
operators. This will be the object of a future paper.
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