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Sparse Regression using Mixed Norms

Matthieu Kowalski
LATP, CMI, Université de Provence,
39, rue F. Joliot-Curie,

13453 Marseille cedex

Abstract

Mixed norms are used to introduce in an easy way, both structures and sparsity in the framework of sparse regression
problems, and then introduce implicitly couplings between regression coefficients. Corresponding algorithms are
described and analyzed. Besides the classical sparse regression problem, at the same time the multi-layered expansion
of signals are considered, using union of dictionaries. These sparse structured expansions are done subject to equality
constraint, using a modified FOCUSS algorithm. When the mixed norms are used in the framework of regularized
inverse problem, a thresholded Landweber iteration is used to minimize the corresponding variational problem.

Key words: Sparse regression, Structured regression, Mixed norms, FOCUSS, Thresholded Landweber iterations

1. Introduction

During the last few years, sparsity has emerged as a general principle for signal modeling. In a few words,
whenever a signal may be represented sparsely, i.e. characterized by a small amount of data, many signal
processing tasks turn out to become significantly easier. Among the success of sparse methods, one may
mention application to signal coding and compression [7], denoising (Basis pursuit denoising and related
techniques [4]), source separation [10] and many others.

Most sparsity based approaches start by expanding signals on a given waveform family (basis, frame, dic-
tionary, ... ), and process the coefficients of the expansion individually. Therefore, a coefficient independence
assumption is implicitly done, although this latter assumption is generally an over simplification. A good
example is provided by the (sparse) time-frequency representations displayed in figure 2, where significant
coefficients are clearly organized in structured sets (vertical or horizontal lines). Such structures are clearly
not accounted for when coeflicients are treated individually.

The two main contributions of this paper are the following: we propose sparse expansion methods that
explicitly introduce a notion of structured sparsity. We then combine this approach with multilayered signal
expansion approaches, which aim at decomposing signals as sums of significantly different components
(termed “layers”) (see [3,8,7,22]).

Structured sparsity is modeled by introducing a coupling between coefficients in the same structured set.
Some probabilistic approaches introduced this kind of structured with success (see [10,14]). In the framework
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of variational formulations, such a coupling may be introduced by suitable regularization terms, that combine
sparsity and persistence.

Such regularization terms have been considered by Fornasier and Rauhut [11] and Teschke and Ram-
lau [25], under the name of joint sparsity: they have studied mixed norms /¢, 1, focusing on multichannel
signals. Our approach is based on mixed norms, which may be introduced whenever signal expansions on
double labeled families are considered ! :

s = E QG jPij -
ij

where {¢; ;} are the waveforms of a given basis or frame.
The mixed ¢, 4 norm is then defined as

a/p\ V4

ladlpg = | D D2 Il 7
i

i

and we shall be mainly concerned with the regression problem

min | [|s — > aijoiil3 + Alalll,|
i,
with A > 0 a fixed parameter.

When {¢};; is a basis, we give practical estimates for the regression coefficients ¢ j, summarized in
theorem 3, obtained by generalized soft thresholding. When {¢}; ; is a frame, the latter estimates may be
plugged in a Landweber iteration scheme to yield a minimizer of the corresponding functional.

In the case of the exact reconstruction regression problem

min HO{”Z,q such that s = Z 017;7]'@5,'73' y
4,J
we also show that the FOCUSS algorithm [18] may be adapted to yield minimizers of that functional.

The extension to multilayered signal expansion exploits several doubly labeled families: in the case of two
layers, one seeks expansions of the form

s=Y ijbi;+ Y Brothee
i kot

with prescribed sparsity and persistence assumptions on the coefficients sets « and (§. In a variational
formulation, we consider regression problem

min s — Z Qijbig — D Brotbrells + Mg, + ullBIE
i, k.l

The thresholded Landweber iterations are studied with this more general formulation, and a modification
of the FOCUSS algorithm is provided if an exact reconstruction estimate is required.

The paper is organized as follows. The mixed norms are defined in section 2, and we gives an overview of
how some mixed norms are used in the literature. Section 3 used the FOCUSS algorithm to minimize these
norms subject to an equality constraint, and extend the algorithm for multilayered expansion.

The noisy signal estimation problem is study in the section 4: after the recall of corresponding regularized
FOCUSS algorithm, we discuss the thresholded Landweber iteration to minimize the corresponding func-
tional. Section 5 gives a simple illustration of the possible uses of the algorithms, in order to give an idea of
the mixed norms are relevant to easily model dependence between coefficients.

L The approach of [11,25] clearly applies directly to this more general situation.
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The paper deals with the finite dimension case. This choice was made because of the attention carried on
the practical algorithms which can be used.

2. Mixed norms

This section recalls the definition of the weighted mixed norms we shall be concerned with and some useful
properties. To our knowledge, the corresponding mixed norm spaces were introduced and studied in [2], and
some main properties are summarized in [20].

We use the following notations. Let the vector x € CV, N = K x I labeled using a double index, be
such that x = (x1,...,xx) and for all k € {1,..., K}, X = (Th,1,-- s Thopy-- > ThF)-

This double index is purely conventional and is used to introduce some dependences between coefficients 2 .

Definition 1 Let w € RN, with N = K x F, be such that for all (k,v) € {1,..., K} x{1,...,F} wy, > 0.
Let p>1 and ¢ > 1. We call (weighted) mized norm of x € CN, the norm ly., 4 defined by

1/q

K F q/p
”XHW;p,q = Z ( wk,u|$k,u|p> . (1)
1

k=1 \v=
The cases p = 400 and ¢ = +00 can be obtained by replacing the corresponding norm by the supremum.

The mixed norm .., , can be seen as a “composition” of the norms £y, and £4:

K 1/q
[l w:p.q = <Z ||Xk||3v;p>
k=1
F 1/p
= (Z W-7V|X.,V|p> ) (2)
v=1

q

where |x_,|P is obtained from the vector x_, by raising each component modulus at power p, and where
W., = diag(w1 v, ..., Wk ). When there is no ambiguity, this type of notation will be used in the following.

Remark 1 The mized norms generalize the usual p norms if p = q: ||X[|wip,p = ||X[wip-

Mixed norms explicitly introduce coupling between coefficients instead of the usual independence assump-
tion behind the ¢, norms. This point will be more explicit in section 4, with the Bayesian formulation of the
regression problem.

However, one can see that the coupling is strongly dependent of the choice of p and ¢. £, norms are usually
used as measures of diversity for small values of p and sparsity for large values. Mixed norms allow one to
mix those two concepts. Used as regularization terms in a regression context, they enforce some specific
types of joint sparsity and diversity, as we shall see below.

In such a framework, to ensure the convergence to a global optimum, it is useful to guarantee the convexity
of the problem. This convexity is given by the following proposition

Proposition 1 Ifp > 1 and ¢ > 1 then the norm ly.p q is convex. The strict convexity is obtained for p > 1
and q > 1.

PROOF. This property is a consequence of the homogeneity of the norm and the triangle inequality. W

2 For example, x can denote the coefficients of a time-frequency or a time-scale expansion of a signal. In this particular context,
we shall denote by (k,v) the index, with k the time index and v the frequency index. Then, xj , represents the coefficient at
time k£ and frequency v, the vector xj represents all the frequency coefficients at time k, and we denote by x., the vector
which contains all the time coefficients at frequency v.



The mixed norms allow us to favor some type of structures we can find in signals. Classical properties
of the norms (and, in particular, the convexity), allow us to use them in optimization problems, and then
regression problems. The next subsection recalls some models already studied which use a mixed norm to
group variables.

2.1. Some mized norms in the literature

Some specific instances of mixed norms are already used in various situations. This section presents
some functional spaces characterized by mixed norms, and some statistical regression problems which use
particular mixed norms.

2.1.1. Characterization of some functional spaces

First, let us recall a few examples of functional spaces that can be defined in terms of mixed norms. In this
paragraph, we leave an instant the finite dimensional case (the definition of mixed norm to infinite space is
straightforward).

The Besov, Triebel-Lizorkin spaces and the modulation spaces are characterized with mixed norms. Besov
and Triebel-Lizorkin spaces are described in [19], and [9] is a good overview for modulation spaces.

Let s € Rand 0 < p,q < co. Let ¢ € S following some specific properties (see [19]) and ¢;(t) = 27¢o(27¢).
The Besov space B, , is defined by

1/q

By =1f€8 Il = |22 U= flf |  <oo

J

The Besov norm |[|f| s is indeed a mixed norm with w = {274}, For some particular ranges of values
of p, q, s, Besov spaces are known to be spaces of sparse functions (or distributions), i.e. spaces within which
nonlinear approximation converge faster than linear ones [16,5].

The Triebel-Lizorkin space F}, , is defined by

1/q
Fpo=<fe8 |fleg, =D 2*"e; = f1° < o0
J

P
The Triebel-Lizorkin norm || f|[g; is also a mixed norm with w = {2759}, In comparison with Besov
spaces, the roles of the two indices are interchanged [13].

The modulation spaces are characterized too with mixed norms. Let {gm n}meznez be a Gabor frame. f
belongs to the modulation space M, if and only if [21]

1/q

q/p
Z (Z wfn,n|<f7 gm,n>|p> <00 .

mEZ \n€Z

2.1.2. Statistical regression and inverse problems

Several sparse regression techniques were studied in a supervised learning context. The most classical one
is the ¢; regression, known as the lasso estimate [26], well known in the signal processing community as the
Basis pursuit denoising [4].

The group-lasso [27] introduced by Yan and Lin, use the mixed norm s ;. This norm was introduced to
preserve some entire groups of individuals. More recently Fornasier and Rauhut studied more generally some
¢, 1 mixed norm for inverse problems in [11], and Teschke and Ramlau in [25].

Another example is provided by the hierarchical penalization [23] introduced by Szafranski and Grandvalet
leading to a mixed norm ¢ 41 which is obtained after a hierarchical modeling of the variables.
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In the statistical community, the mixed norm were used by Peng Zhao et al in [28], under the name of
”Composite Absolute Penalties”. That paper studies more particularly algorithms using the ¢ ; mixed
norm.

Mixed norms are now introduced. In the following sections, we focuss on regression problems. We show
how classical algorithms used with ¢, norms can be adapted with mixed norms. Moreover, we give general
algorithms able to handle the structure in layers for signal, like the morphological component analysis [22].
Although the ¢, ;-like mixed norms were specifically used in the literature, we give results for general ¢, 4
mixed norms, and in particular, we show that the ¢; ; mixed norms are relevant too.

3. Signal estimation under equality constraint

We first address the problem of function or signal estimation subject to an equality constraint. We prove
that the FOCUSS algorithm can be adapted to tackle the case of mixed norms, and generalize it for a
decomposition into layers.

Let y € CM. Let x € CVN with N = K x F be such that x = (xy,...,Xx) and for all k, x; =
(Th1y s Ty s ). Let A € CMXN be a matrix whose columns are the vectors of a dictionary of CM,
with M < N. We consider the cases p < 2 and ¢ < 2 (p,q # 0) (with the straightforward definition of the
“mixed norms” for p < 1 or ¢ < 1). These cases allow us to promote sparsity in some directions of the index
lattice, and the problem remains convex for 1 < p,q < 2.

3.1. Minimization of a mize norm

We want to solve the problem:

min - sgn(pq)[|x|[%;p,q
subject to y = Ax . @)

The problem (3) can be solved with the FOCUSS algorithm [18], which has been designed to minimize a
sparsity measure (or diversity measure, with sparsity = m), subject to an equality constraint.

In order to use FOCUSS, we have to write the gradient of the diversity measure under a factorized form.
Denoting by E(x) the diversity measure of x, the factorized form of the gradient reads

VxE(x) = a(x)I(x)x .

where X denote the conjugate of x.

For example, with the ¢, diversity measure E(®)(x) = ||x|[2, a(x) = [p| and II(x) = diag(|z,[P~2). In our
case, we choose the ly.p o diversity measure, i.e. E®%9(x) = sgn(pq)|x||%., .- The partial derivative with
respect to zy, is

P.9) (x)4
P — sontpal wns Bl
Then
a(x) = sgn(p)lq| and 1(z) = diag(w | [P~k ]%,7,) (4)

FOCUSS is a simple iterative scheme to solve (3) given by the following algorithm:

Algorithm 1
Let (9 € CN be a bounded feasible solution of (3)
Do
x(m+1) — H—l(X(m))A*(AH—l(X(m))A*)—ly
until convergence



where a feasible solution (%) of (3) is a vector which satisfies the constraint equality of the problem, and
A* denotes the Hermitian transpose of A.

Theorem 1 Starting from a bounded feasible solution x(°) € RN, the sequence of iterates generated by
algorithm 1 is convergent, and minimizes the ly;p , diversity measure.

PROOF. We rewrite and adapt the original proof in [18]. The main point is to prove that E® ) (x(m+1)) <
E@:a) (x(m)),

To prove the convergence of the algorithm, we have to check the assumptions of the global convergence
theorem [1], which we restate here for the sake of completeness.

Theorem 2 Let A be an algorithm on a set X, and suppose that, given (0, a sequence {x(m)} s generated,
satisfying
2D = A(zM))
Let a solution set T' C X be given, and suppose the following
(i) All points ™) are contained in a compact set S C X.
(i) There is a continuous function (the descent function) Z on X such that
(a) If x ¢ T, then Z(y) < Z(z), Vy € A(z) ;
(b) If x €T, then Z(y) < Z(x), Yy € A(x) ;
(#ii) The mapping A is closed at point outside T.
Then, the limit of any convergent sub-sequence of ™ is a solution, and Z(x™) — Z(x*) for some
el
We define here
= {x* Az =y, and ¥ = P*(AP*)+y} ,
where P* = (I (2*))"/? and + denote the Moore-Penrose pseudo-inverse.
Point ii7) does not matter, because A is here a continuous function. Point ¢) is an immediate consequence,
once the point i) is proved.

To prove point i), we use the same technique as the one used in the original proof, and make use of
Holder’s inequality: if x;, y; >0, r > 1, % + % =1, then

1 1
The inequality is reversed for r < 1 (r # 0).

One can write x(™*t1) as a function of the bOluthD b(m+1) with minimal ¢, norm, of the problem
APmp =y where PU ) = diag(w,, 11//2|xk |%=* ||XkHw;c p) Then we have x(m+1) = pim41)p(m+1)

Let us introduce b such that by, = wi/fsgn(ack . )\x(m)|2 ||Xk )||wk .p which is a suboptimal solution of

AP0 = g If x(m+1D) £ x(™) (i.e. the algorithm has not converged), then

[ D2 < [[b]|2 = ZZwk,y|x;7;>|p||x;m>\|wk,p (5)
= Z ||X(m) Wk: o Z’wk y|$k v
= Z 10 19572 1™ |, = ™1, -

We can stress that
(m+1) _ (m,) 2=p  (m+1) 52 (m+1)
‘Tk,z/ | | || Hwk P b )

and then, for 0 <p <2 and 0 < ¢ <2



q/p
(m+1) Z ( (m+1 )

q/p
m),2(2=p) m m
- ( 2 1 e *“'p>

q/p
a(p—q)
> 1™ (} w e |b“““>|”>
k

a(2—p)
2p

a(p—q) m m 1 2p
ank llwi (wai,)f’) (Db = )
m m+1
ank i 5™ ey B
k

IN

N Rl el 1SCERIT

Wk P

2—gq

o 2

<Z|x w> (an&“”n%)
k
|X

2-gq
2
< (K ) T (15 18,)°

= E(x™),

where we have used in the 4th line the Holder inequality with r = 2%1), s = %, and in the 7th line the Holder
2 2

inequality with r = = =3
Point 4i) is then proved. The cases p = 2 or ¢ = 2 are simple enough to not be specifically written. The
cases p < 0 or ¢ < 0 are similar, but we used the reversed Holder inequality.

In order to prove ), we just have to prove that the sequence |lz(™|| is bounded. However, as the function
E is decreasing, we have |:I: \ <(E (x(o))) which allows us to conclude. W

Remark 2 7To initialize the algorithm, a simple bounded feasible solution is the solution with the minimum
¢y norm obtained by the Moore-Penrose pseudo inverse of A: x(0) = Aty

3.2. Eaxtension to multilayered expansions

In some situations, the signals under consideration contain significantly different features (termed lay-
ers), which are accurately encoded using different bases or frames. This leads to regression problems with
dictionaries built as unions of these bases. Then, it makes sense to use different (mixed) norms on the
corresponding coefficients. FOCUSS may be adapted to such a new situation, as we show below.

For simplicity, we limit the present discussion to the case of two layers only. The generalization to arbitrary
numbers of layers is straightforward. The problem can be formulated as follows. Let y € CM and x =

[1]
X R .
o € CN, with M < N and for all i € {1,2}, x[1 € RY:, with N; = K; x F;. Suppose that x =
X
(x[f], . x[;{] ) and for all k € {1,..., K}, XE:] = (ch’]l, . xgj]y,.. x[;(] ) Let A€ CM*N he such that

A = [A1As], with A; € CM*Ni for i € {1,2}. Now that all the notations are introduced, we want to solve
the following optimization problem:



+ Sgn(pzqz))\sz

min  sgn(pigi)Ar [[xM]|% N2y, P

X1,X2 wit] sP1,91
subject to y = Ax = A;x" + 4,x12 (6)
with A1 > 0 and Ay > 0 fixed.

We denote the diversity measure by

E(x) = sgn(pig) [x)|%,  +sen(paga) e |xP 2y (7)
q1/p1 q2/p2
= sgn(p1qi) M1 Z <Z w,[:l] V1 Lll] ” pl) + sgn(p2g2) A2 Z <Z w,[i] V2 Ei] Vo ”2> (8)
k1=1 \v1=1 ko=1 \r2=1

= By (xM) + By (xP]) . (9)

In order to write the gradient of E in factorized form, we calculate the partial derivatives

aE( ) 1 1 1 1— 1 -
PHOI = sgn(p)M sl 2l J2h] 1P ]Hgvlllfél (10)
Ty
OFE(x) 2 2 2 - 2] 192~
[2] = sgn(pg))\2|Q2\w1[€2] Vo E{:zl,u2| Lz],u2|p2 2“ [ ]“33[21122 ) (11)
Ly vz
(1] 0
x
The gradient of the energy can be written in factorized form with a(x) = 1 and II(x) = e
0 Iy(x)
where
I, (xM) = sgn(py) M| a diag(wl[cll],ul |x£€11],l/1 |p172||x[1] 5oy,
and
. 2
HQ(X[Q]) — Sgn(p2)A2|q2| dlag(w][cj V2| k2’y2|p2 2” k:2 qu p;2) .

A first idea would be to apply the FOCUSS algorithm 1 without any change. Unfortunately, this resulting
algorithm does not converge in this case: the diversity measure E' is not decreasing during the iterations. To
modify the algorithm in order to ensure the decrease of the diversity measure and so the convergence, let us
take again the ideas of the preceding proof, with the same notations. We rewrite the inequality (5):

B3 = (o 2 22 (12)
< b1 = 1%, (13)

(m) (m)
— [ g, + 1 e 1 (14)

To prove the strict decrease of E during the iterations, we would like to have Hbm(mﬂ) % < ||x [y 1% :p.q

(m+1) (m) 9)(m+1) (m) 10D (m)
(resp. [[BP S < [1xPT|, ) and [BETTTUS < kB G o (vesp. [DPTTTE < [T, )
Then, we slightly modify the FOCUSS algorithm to guarantee the strict decrease of the energy

Algorithm 2
Let (O € RN be a bounded feasible solution.

Do
x = T () A (AT (x() A7) "y
x[2Y = H;l(X[Q](m) Az(AT Y (x(m) A*) 1y
if B(x(m+1 >) > E(x(™*+1)) then
if 2, (x17) > By (1), then x1™"” = x1" endif
if Ey(x ](mﬂ)) > FE (X[2( )) then x27"" = x2" endif
endif

until convergence



In this way, we are sure to obtain a strict decrease of F; or Fy during the iterations, so that the energy
E is strictly decreasing. That ensures the convergence of the algorithm to the desired result.

The FOCUSS algorithms allow us to estimate the coefficients in a dictionary, under an exact signal
reconstruction constraint. The observation of a signal is often noisy, so it can be useful to relax the strict
equality constraint when estimating the signal and its layers. FOCUSS and the above generalization can
be modified as in [17] to take the noise into account; however this does not seem to be the most efficient
algorithm in this case, as we shall see in the next section, where an alternative approach is also proposed.

4. Signal estimation in the presence of noise

We are interested here by the noisy case, i.e. the case of observations of the form y = Ax+b, where b is an
unspecified noise. We follow the classical variational formulation of the problem: the regression is classically
made by minimizing the ¢y error between the observed signal and its estimate, regularized by a mixed norm.
So that we consider the following functional to minimize

1 A
®(x) = glly — Ax|3 + 7 Xl (15)

Psq

with A € R;..
In a Bayesian setting, the choice of ¢ norm for the data fidelity term is generally justified by assuming a
Gaussian i.i.d. distribution for the noise. The mixed norm leads to a coefficient prior of the form

p(x) = exp{—gnxnev,p,q} (16)
K A
— [T expl-lxelz} (17)
k=1

which is a product of Gibbs distributions. This Bayesian formulation shows the coupling between coefficients
as stressed in section 2.

More generally, in a multilayered signal decomposition setting (see subsection 3.2 above) our aim is to
deal with a functional like:

(18)

W7 Pisqi 0

P(x) = *Hy Ax|3 +Z

In order to minimize (18), the FOCUSS algorithm can be adapted as suggested in [17]. We provide here
the modified algorithm for I = 2 only for the sake of simplicity

Algorithm 3
Let (9 € RN be a bounded feasible solution.

Do
X 1 ) A (AT () A 4+ 1)
K i (xT) A (AT (x0) A 4 1d)
if B(x(m+1)) > B(x(m*1)) then
if El(x[l}(m,Jrl)) > El(X[l](m)), then X[l](m+1) _ X[l](m) endif

if EQ(X[Q](M+1)) > EQ(X[2](M)), then x2""" = x2" endif
endif
until convergence
with
I, (1) = sgn(p1) A1 g1 diaug(wk1 T Lll],yl‘pﬁQH [1]”33[1 p;1> ; (19)
and
Hz(xm) = sgn(p2)A2|qz| diag(wk2 u2| Ej,uz‘prz\\ [2]“35[2 p;) . (20)

9



Unlike the algorithm given by Rao et alin [17], one can remark the presence of the term (AT~ (x(™))A* +
Id) instead of (ATI~*(x(™))A* + \Id). This is because in our case, the \; must be integrated in the matrix
II; to be able to write the algorithm.

This algorithm can perform the minimization for any p,q < 2 (p,q # 0). However, it is not very efficient
and becomes very slow for high dimensional problems, due to the matrix inversion involved inside the
iteration.

A valuable alternative is provided by thresholded Landweber iteration algorithm, like the algorithm in-
troduced by Daubechies in [6]. We study in the next subsection the simple case where A is orthogonal (and
corresponds to the operator of an orthogonal basis). Then, the iterative thresholding algorithm is developed
for 1 < p,q < 2. Although this algorithm is more restricted in terms of admissible values for p and ¢ than
FOCUSS, it is really faster.

4.1. The orthogonal case

In the whole subsection, A is assumed to be an orthogonal matrix. This allows us to introduce some
useful operators corresponding to a given mixed norm. Moreover, the regression problem formulated in the
orthogonal case give a good idea of the influence of the mixed norms when they are used as a penalty term.

The regression in the orthogonal case is equivalent to the optimization problem:

R A
min [y = 4x1B + 2 1xli | (21)

which can be written like the minimization with respect to x of

1 \ K F q/p
®(x) =§||y — Ax|3 + P Z (Z wk,u|$k,u|p>

k=1 \v=1

1 PR a
=5lly - Ax|l5 + 4 (Z ||Xk||€vk;p> : (22)
k=1

Several cases have to be taken into account
— p>1and g > 1 The functional @ is differentiable at all points.
— p>1and ¢ =1 The functional ® is not differentiable at points x; = 0.
— p=1and ¢ > 1 The functional ® is not differentiable at points xj , = 0.
As A is an orthogonal matrix, we have

Iy — Ax3 = 4y — xI3 = 3 (1Aylew — 710’
kv

Denoting by A* the adjoint of A and by 0, , (vesp. 0[4+), ,) the argument of xy , (vesp. [A*yx,.), we
have for all k,v

[A* Yk, — mk,u‘z = HA*YJ]k,V

Then, one can differentiate the functional ® with respect to the modulus of x ., for a fixed couple &, v, and
obtains

2 + ‘xk,u

? = 2lak[[[A" Yk | co8(O1avy),, — Oar,) -

= 1Al cos(Oasy),, = Oay ) = Mo wloe, P xeIEE, - (23)
The differentiation of ® with respect to 0, , gives
20k |[[A Yl o [sin(01ay), , = ba,) =0 (24)

From (23) and (24), one can deduce that 6,,, = 04+, , and state that variational equations are
equivalent to the following system:

|xk,u

10



[k = [[A"Y ]k (25)

arg(zy,,) = arg([A” Y]k,u) (26)

The variational equations are coupled, so that the solution seems difficult to obtain. The following dis-
cussion shows that an analytical solution can be obtained in most cases, otherwise an iterative algorithm is

given to obtain the solution. It will appear that the solution is obtained by a soft-thresholding operation, as
suggested by the variational equations. In all cases, the argument of xy , is the same as [A*y|g ..

411. p>1landg>1
Let us introduce the function F : R — RF, |[v[ — F(|v]) = [v| + AW |v|P~[|v]|4F. F is bijective, and
the system has a unique solution which can be obtained numerically.

412. p>landg=1
For the particular case p = 2 and ¢ = 1, proposition 2 below gives an analytical expression of the solution.
The more general cases 1 < p < 2 and ¢ = 1 are solved using the fixed point algorithm 4 (see below).

Proposition 2 Let A be an orthogonal matriz. We suppose that, for all k € {1,..., K}, and for all v €
{1,...,F}, wg,, = wy. The solution of the problem (21), where £, o = {21 is given by

+
k] = |[A"Y k| < ||[j1*¢]:llz> '

PROOF. The proof is postponed to appendix A.1. R

Let us stress that the weighting term which allows us to obtain the solution from [A*y],., depends only
of the index k, and does not depend of the index v. So that, we can rewrite the solution vectorially:

el = eyl (1= ) e

Remark 3 The result given in proposition 2 shows a mixture of a f2-like weighting, and a thresholding
(remembering the €1 minimization) which work on a entire group of variables. In this case, the groups with a
lot of “big”(or “significant”) coefficients are kept rather than the groups with small coefficients. The coupling
appears to be between significant coefficients.

Furthermore, let us stress that this solution is identical to the group-lasso estimate, given in [27].

For the more general case ¢ =1 and 1 < p < 2 we cannot give any analytical expression for the solution.
But an iterative thresholding algorithm can be constructed.

Algorithm 4
Let x(© = [A*y]
For all k,v do
o) — f114°3el - if 1147y,
0 if [[A"y]k,

(I—P

Yep
endfor
2(p—1)

Proposition 3 The fized point algorithm 4 converges for A < Ff( F; ming (|| ¥ lwyp—2) -

PROOF. The proof is postponed to appendix A.2 N
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Remark 4 Despite the fact that the solution is not given by an analytical expression, the result is obtained
by successive soft-thresholding. So that, the solution corresponds to a soft-thresholding.

Fornasier and Rauhut studied more specifically this kind of mized norms in [11]. They show that the
solution is given by a soft-thresholding operator and gives the analytical solutions for the norms £, €21 and
U 1. The study of the threshold operator for the £, 1 mized norm is also done by Teschke and Ramlau in [25]
for non linear inverse problems.

413. p=1landg>1
We show here that the solution is obtained again by a soft-threholding. Next proposition gives the threshold
analytically for the case ¢ = 2, and shows how to obtain a numerical estimation for the other cases.

Proposition 4 Let A be an orthogonal matriz. The solution of the problem (21), where €, , = {1 4 is given
by a soft thresholding operator. The threshold & is the (unique) solution on Ry of the following equation

e i 1 «
B AT G = ATT[[AY]kllwisn

with ka = Zlel Wk, -
In particular, for q = 2, the threshold & is equal to

A

WAV llwe -
Al

PROOF. The proof is postponed to appendix A.3. R

In the case ¢ = 2, let us stress some properties of the ¢; 2 norm in the following two remarks. These
properties illustrate the expected behavior of this mixed norm.

Remark 5 After suitable rewriting of the solution, the solution is obtained by a mizture of €s-like weighting
and f1-like soft thresholding:

A
S| = [[A* | = ————||[A" Wi
T e e v L L 8
K
/\ka A
=[A"ylp | [ 1 — ’ — E AT .
|[ y]k7 |( 1+/\ka) 1+ A, lzu#wk,lH y]k,ll

This mizture of weighting and thresholding is here very different from the one we obtained for the case
of the mized norm {3 1. Here, we weight each coefficient, before comparing it to a threshold which depends
of the norm of the group k: hence each coefficient is soft thresholded. The sparsity is then enforced while
preserving the structure: the threshold depends of the sparsity according to v, at index k. The sparser the
stgnal at index k, the smaller the threshold.

Contrary to the ¢y 1 mized norm, the coupling is not between the significant coefficients: a coefficient
appears significant if the others are unsignificant.

Remark 6 Let us take a look to the particular case A = oo and wy, =1 for all k,v. Then, for a fized k,
the threshold is equal to Ayl g, that, one kept only the coefficients xy, ,, which are bigger than the mean
(respect to v, k being fized) of |A*y|k,. .

Consequently, the {12 mized norms cannot give estimates as sparse as the {1 norm, because of this upper
bound of the threshold. This “price” is the consequence of the structures and illustrate well the coupling
between significant and unsignificant coefficients as said in remark 5 before.

4.2. Summary of the main results

In order to re-use the results proved above and make the reading easier, we rewrite them in a single
theorem.
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Theorem 3 Let x € CY andy € CN. Let A € My(C) be an orthogonal matriz. Let 1 < p,q < 2 and

q/p
w € RiN such that ||x[|&., . = Zszl (Zle wk’y|xkﬁu|p) . Then the solution of the following optimization

problem

1 2 q
Jnin §||y — Ax|l3 + Allx[%p,q

A

is given by Sy ,, 4

(A*y), with Sf;vypyq a soft-thresholding operator defined coordinatewise by, for all k,v:

Ve = (0] = k)

where the &, are given here after.
-~ Ifp>1and q > 1. Then the thresholds are given a posteriori, the solution being given by the inverse of
F:RE = RE v = F(v]) = [v] + AWilv P~V ][40

Wip )
— Ifp=1 and ¢ =2. Then, for all v, &, = &, and
A
R A* wgil
6 = T A Yl

with ka = Z,Ij:l Wg,v 5
- Ifp=1and1<gq<oo. Then &, is solution on Ry of
= 1 1 «
K AT Ry & = AT ([[ATY ]k lwist

with Fy, = 25:1 We ;
— Ifp=2 and ¢ =1, and for a fizred k, wy,, = wy Yv. Then
AWk :
[A* Yl [A*ykll2
- If1<p<2andq=1. Then the solution is given by the algorithm 4.

§k71/ =

The preceding theorem shows that the minimizer is obtained by a soft-thresholding operator. This remark
gives us the following corollary

Corollary 1 Let x € CN. Let A € My (C) be an orthogonal matrir. Let 1 < p,q <2 and w € RiN such

K F alp
that [1x[4, = Yisy (i weslee )
Then, for all y € CV, there exist £ € Rj_N (which depend of y) such that the minimum of the functional

O(x) = [ly — Ax[3 + [|x[|%:p.q -

coincides with the minimum of the functional
U(x) = [ly — Ax|[3 + [x]e -

We saw how to obtain an estimation of the signal in the case where A is an orthogonal matrix. So that, we
defined operators allowing us to obtain the solution. Next section sets the problem in a more general case,
and shows that the corresponding iterative algorithm inspired by Daubechies et al in [6] and by Teschke
in [24] may be extended to this new setting, with the same convergence properties.

4.3. A thresholded Landweber iteration

We study here a more general case than the problem (21). A is a general linear operator, and we want to
exploit the structure in layers which can appear in a signal. In the particular case where A is the matrix of
a dictionary constructed as an union of orthogonal bases, one can apply the Block Coordinate Relaxation
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algorithm, as it was shown in [15]. The algorithm studied here is more general, and can be applied to any
linear operator A, like matrix corresponding to frame (or union of frame), convolution operator, etc.
Introduce the functional

*lly ZA X’]||2+Z ‘1’ ||y Ax3 + AU (x) . (28)
with y € CM, for all i, A; € CM*Ni is a linear operator and A = @ A; € CM*N_ Let x = (xl1,... x7) ¢
CN*! and A = ( b qI) € R, We have Ax =, A;x[!l and ¥(x) = (\Ifl(xm)l, ce \III(X[I])).

We take here for penalty the mixed norm introduced before. So we have W, (xI) = ||x[)|| B

To solve the problem (28), following [6,24], we introduce a surrogate functional

() = o lly — Ax[3+ I~ all} — 1l Ax — Aal| + A¥(x) (29)
| L K F 4 4 ‘ )\ ‘
=3 > <C(x£jy)2 — 22} [Afy + Call — A7 Aaly, + ?\pi(xm))
i=1 k=1v=1 7
Iy + Cllal3 — | Aa)3) (30)
I K q:i/pi
éz ZZ Ca}))? — 22} [Ary + Call — A Aa)y, ) i 3 (Zwm [ |PL)
i=1 \k=1v=1 %2 o=
(31)

1
+ 5 (I3 + Cllall3 - 1 4al3)

with C such that C > C; + ...+ C7, where each C; is the square of the bound norm of the operator A;.
Then, the solution of the associated variational problem verifies, for all i, k, v:

% — i )\ % 4 4
azgy =C Ay 4 call — Aj Aal ,, ngn(IL]y)w,[g] | L]V

i— 14 L]
ol P I

qi—Pi . 32
e (32)

In the usual situation, the introduction of the surrogate functional decouples the problem into scalar
problems. In our case, it also performs some decoupling, yielding vector subproblems of smaller dimension,

which can be solved as described in section 4.1. Consequently, for all i, the operators S glven by

w[7

theorem 3 in section 4.2, allow us to obtain the solution of (32) from C~'[A}y 4 Cal’l — Aa}.

Proposition 5 Let a be fixzed. The surrogate functional @7 (x,a) has a minimum given by
argmin(®**"(x,a)) = S(C~'[A*y + Ca — A* Aa]) ,

where S = (S’\l/c . ,S)"/C )

witlpr,q? " T wlll prqr

PROOF. The surrogate functional allow us to decouple the variational equations, so we just have to apply
the work done in section 4.1. N

Then, we can deduce the following iterative algorithm

Algorithm 5
Let x(© e CN
Do

Fori=1:1
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|X[i]<m+1)| _ S>\7/C (O_I[A;ky + Cx[i](m) _ A:Ax(m)])

WisPi,qi
= (0 Apy + Ox1™ — apaxtm) - )T
EndFor
until convergence
where the §[i]m) are the vectors which contain the thresholds f,[f’]l(,m. These thresholds are given by the
i/ C , associated to the adequate £, 4, mixed norm, applied to C~* [Afy+0x[i](m) — Ax Ax(™)].

wli] yPi i

The theorem 3 gives the practical way to obtain the thresholds.

operators S

As in [6,24], we show that the preceding algorithm is convergent, then the convergence point is the desired
minimum (i.e., a solution for the problem (28)). As we work here in the simpler case of finite dimension, we
just have to prove the weak convergence of the algorithm.

Theorem 4 Suppose the operator A maps a Hilbert space H to another Hilbert space H', with ||A|| < v/C,
and with dim(H) < oo and dim(H') < co. Suppose y is an element of H'. Then, the sequence of iterates
generated by algorithm 5 with x© arbitrarily chosen in CN, converges to a fized point which is a minimizer
of the functional (29).

Moreover, the obtained fized point is a minimizer of the functional (28)

1 i i 1
0(x) = iy — 30 A + S0 AWt = Sy — Ax| + Aw(e)

PROOF. The proof follows the lines originally given by Daubechies et al in [6], and resumed in various
papers as [24] to prove the (weak) convergence of a thresholded Landweber iteration. We choose then to
postpone the proof to appendix A.4. Although we work in finite dimension, the given proof does not use
this hypothesis. So that, the weak convergence in infinite dimension can be proven too. N

Remark 7 We limited ourselves to the finite dimensional case, consequently the weak convergence is enough.
If one wan to study the convergence in norm, only the lemma 3.18 of [6] must be proven.

We have now several algorithms to solve some specific regression problems. Next section gives some
illustrations of these algorithms and the influence of the mixed norms.

5. Two illustrations

We choose to limit ourselves to two illustrations for our algorithms, in the audio signal processing domain.
The first one is an application to signal declicking and illustrates the thresholded Landweber algorithm.
The FOCUSS algorithm is illustrated by a decomposition of an audio signal in “transients + tonal” layers,
following [8,7]. Applications to similar image processing problems may also be done in a straightforward
way.

5.1. Illustration of the thresholded Landweber algorithm

Our declicking example is a “toy example” which allows us to show the different behaviors and the
influence of the mixed norms compared to the classical ¢; norm. In this example we limit ourselves to ¢; o
norm. This choice is justified in Remark 8 below.

We choose a 3 sec. long (217 samples) trumpet signal. We added to this signal some random clicks simulated
by Dirac pulses with amplitudes £1 The resulting signal is the y signal of the theory and its Signal to Noise
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Ratio (SNR) is equal to 20.33 dB. The time representation of the samples of the original signal and its
clicked version is provided in figure 1.

0.8

0.6

0.4r

0.2

0

-0.2f

-0.4f

. I I I I
0.60

Fig. 1. Trumpet signal (left) and its clicked version (right).

The signal is then decomposed in a Gabor frame with a 2048 samples length Gaussian window, with a
time shifting of 128 samples, and 2 samples in frequency. The corresponding matrix of the Gabor frame
operator is the matrix A. As can be seen on the time-frequency representation in figure 2, the clicks appears
clearly like vertical lines that are sparse in time, but cover all the frequencies.

.
x10* x10'

Fig. 2. Time-frequency representation of the Gabor coefficients for the original trumpet signal (left) and its clicked version
(right).

Several strategies can be imagined to declick the signal. First, we used the thresholded Landweber algo-
rithm with a ¢; norms penalty and compared it with the same algorithm using a mixed norms penalty.
The functional ® that one wants to minimize is the following;:

1 A K F a/p
B0x) = 5y~ Axl +5 3 ( |xk,u|p> 7 (3)
1

k=1

v=

where y is the clicked signal and A the matrix corresponding to the operator of the Gabor frame. The p, g

are chosen as follows

— p=q = 1. This correspond to the classical {1 norm.

— p=1and ¢ = 2. The k index correspond to the time, and the v index correspond to the frequency. This
choice is made to promote sparsity in frequency.

Figure 3 provides the SNR as a function of the number of retained coefficients. The mixed norm obviously
outperforms the classical ¢; norm. To clearly illustrate the behavior of the mixed norm, figure 4 shows the
time-frequency representation of the Gabor coefficients, for a comparable number of retained coefficients
of ¢; and ¢; > norms. It clearly appears on the time-frequency representation that the clicks are better
eliminated with the ¢; » mixed norm than with the classical ¢; norm: the ¢; norm keeps more vertical lines
which correspond to clicks. Moreover, the partials are better preserved by the mixed norm.
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05/ Lk

Fig. 4. Time-frequency representation of the Gabor coefficients for the denoised version. Left: £1 estimate. Right: ¢1 o estimate.

Remark 8 The {1 5 mized norm appeared specially adapted for the problem we choose if we look back to
the estimate given in the orthogonal case at proposition 4 in subsection 4.1.3. For a fized time index k, the
threshold is equal to 1+%H[A*y];cﬂl. Thus, when a click appears at the time index k, one expects that the
threshold is higher than at a time index without a click.

We did not use the {21 mized norm because this norm keeps entire groups (the sparsity are on the groups,
not on the coefficients). This structure in “lines” does not seem to be very adapted to estimate the trumpet
signal: the partials can evolve slowly in time, and their number may jump from a time frame to another.

However, this structure in lines could be adapted to estimate only the clicks, and then obtain the clean
signal in the residual of the functional. This strategy corresponds to an another functional instead of (33)
and we did not try this strategy here.

5.2. Illustration of the FOCUSS algorithm

To illustrate the modified FOCUSS algorithm, we choose a xylophone signal of 0.7 sec long (2'° samples)
represented in Figure 5. The goal is to provide a decomposition in two layers ”transient + tonal” subject to
an exact reconstruction. For this, we choose to expand the signal in a dictionary constructed as the union of
two MDCT bases. The first MDCT basis is chosen with a 4096 samples long window (about 90 msec) and
is adapted for the tonal layer. The second one is chosen with a 128 samples long window and is adapted for
the transient layer. The MDCT coefficients of transient layer are represented in Figure 5.

The classical strategy is to minimize the ¢; norm of all the coefficients. Each layer is then obtained by
the inverse transform of the corresponding MDCT coefficients. This minimization is done by the classical
FOCUSS algorithm.

Our adaptation of FOCUSS is used with two mixed norms. For the tonal layer the ¢,, 5, mixed norm are
choose to promote sparsity in frequency with p; = 1.2 and ¢; = 2 (and then, the k& index correspond to
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Fig. 5. Left: the xylophone signal. Right: MDCT coefficients of the xylophone, with a window of 128 samples length.

the time and the v index to the frequency). For the transient layer, with the k index corresponding to the
frequency and the v index to the time, we choose a ¢, 4, mixed norm with p, = 1 and g2 = 1/2. This last
choice was made to obtain a very sparse layer, but with a “structured sparsity”. In order to balance between
the penalty between the two mixed norms, we choose A\; =1 and Ay = 5.

We provide in Figure 6 the MDCT coefficients of the transient layer estimate by the ¢; norm and the
mixed norms. One can see that the estimate obtained by the mixed norm is sparser than the ¢; estimate,
and one can observe that the chosen mixed norm promote some structures compared to the ¢; norm.
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Fig. 6. MDCT coeflicients of two estimates of the transient layer for the xylophone.

6. Conclusion and perspectives

This paper showed that when the data can be labelled by a double index, the mixed norms can help to
introduce easily structures. The labels can indeed be used to introduced a hierarchy throught the coefficients.
This hierarchy is then explicitely used in the model and modelized by mixed norms ¢, . Then, one can play
both on p and ¢ to promote a structured sparsity.

These norms are adapted to two differents situations of regression:

— Signal estimation subject to an equality constraint ;

— Noisy signal estimation.

Two algorithms were presented, corresponding to these different problems. For the sake of clarity, we sum-
marize their strengths and weaknesses in the table 1.

Let us notice that in the particular case of regression in an union of orthogonal bases, the Block Coordi-
nate Relaxation (BCR) algorithm with mixed norms [15] provide a valuable alternative to the thresholded
Landweber iteration presented here. Our numerical experiments (not provided here) seems to show that
both algorithms perform quite similar.

The behavior of the iterative thresholding algorithms was illustrated on a specific example in order to
stress the influence of mixed norms compared to the classical ¢; norm. Audio signal was chosen for the
intuitive structures provided by the time-frequency representations. But let us stress that mixed norm are
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FOCUSS Iterative thresholding

Range value for p and ¢ p,g<2andp,g#0| 1 < p,q <2, and for any
p < 1if ¢ =2. The cases ¢ =
1 and 1 < p < 2 use an iter-
ative algorithm which works
for suitably chosen A.

Speed - +

Ease of implementation +

Optimization subject to equality constraint Not designed for

+ |+ [+

Optimization subject to inequality constraint +

Table 1
Compared advantages and shortcomings of the algorithms.

certainly not specific of audio signal and can be used on any applications with structures given by a suitable
double indexing of the coefficients of the signal’s expansion.

Already, the ¢, ;-like norms already enjoyed significant succes in the statistical community for variable
selection [27,23,28], and were more specifically studied and applied for color image restoration in [11] and [25].

Our work studied the mixed norm in a general manner, and we want to stress the utility of the ¢ ,-like
norms, to encourage some structures, without imposing sparsity only on grouped variables (see remark 5
in section 4.1.3, and remark 8 in section 5). The simple example provided here encourages us to use mixed
norm in signal restoration. The preceding paper [15] gave encouraging results in multichannel denoising and
multilayered “tonal 4 transients + noise” decomposition. The author is currently studying source separation
of under-determined anechoic mixture with the help of mixed norms. Promising results will be presented in
a forthcoming paper.

Some natural extensions can also be studied, as mixed norms with more than a two levels index, or using
the sum of mixed norms (as in elastic-net [29] which use a sum of ¢; and ¢ penalty, or the regularization
penalty proposed in [11,12]) for the regularization term in a functional. Furthermore, it could be interesting
to use the mixed norm for the data term in the transformed domain. Indeed, the ¢ norm is used in a
bayesian context to model Gaussian noise. The use of such norms could be adapted to penalyse noise which
are known to be not Gaussian.
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Appendix A. Proofs
A.1. Proof of proposition 2

The variational equations for problem (21) are as follows. For all k, v, s.t. x5, # 0 we have:

+

k| = ([A*Y k| — Awrlzro|[Xkllwr 2)

So we can give an expression for A:

([A*y]kw] = lzrw])*
Wil | [xklwE 2

)\:

We can now eliminate A from the expression of |z, | :
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A* x +
|xk,1/| — ('[A*y}k,l/| _ |[ y]kl| | kl|| kl/|)

£
A* - + .
1+ (H y]k, | s ) — |[A y]k,u|
|k,
_ A y]k.v| _ A ylk| .
|xk,l/| - (‘[A*y]k L‘ |xk l‘) |[A*y]kyl‘ |xk,l| VZ and |[A y}k,l| 7& 0 N

[ET]

So that, we obtain

+
« )\ l‘k,l, Wi
S 7 A . ¥
V2o Wkl
Al o [wp

\/Zz wk|A Ylkal? |[A|f;]:‘y )

+

|[A* ka|

Wk

o A\/T(I[A*Y]W)
- <|[A Y]kl yell2 )

- |[A*y}k,v|< ||[34/;:||2>+ ’

= | [A"Y]kw] —

which is the desired result.

A.2. Proof of proposition 8 (convergence of the fixed point algorithm)

We prove that for all k, the sequence of vectors x; converges to an unique fixed vector. We denote by s
the soft-thresholding operator which maps |xk )| to

(™) = (%)) (A1)

(1A% il = M P s, ) (A.2)

To prove the proposition, we simply apply the Picard’s fixed point theorem to s.
We have
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w1 |k 1 [P wg Tk [P = D) 1%kl 2P

Os(xkl) _

Ozl AL = p)wd ek P2 x| 52— A(p — 1)

wi1|ze P!

1-2p
WP

= =MW Tk, P71 — )%k = AMp — Dwpplze [P [xellw b | 1

wk,l/|$k,u|p_1

Since we want to give an upper bound for the ¢; norm of s, we use the general mean inequality: let the

following quantities
1
M, = ( Z Wy |z |P )
Zn 1 Wn p=1

If o < B, then M, < Mg for all @ and § in R*.
Denoting by Fy, = 25:1 Wy, and as we have 1 < p < 2, we can give an upper bound for the ¢; norm:

<P = 1) (el 28w o 1 e s+ w2 i )

H Os(|xx|)
a|$k7,,|

< = 1) (0l 2 0B e 1y o+ i, o157, )

2
Ap-1) (Fvsknxkuiv;?ﬁ

2(p—1)
ullZ - P acellZ ol ) (means inequality)

| k”wk,p

2(p—1)

2 2(p—1)
<Ap-1) (Fvsknxknwip R xllal, ) < Ap—Dlxillal, (Fw Ty gt 2))

1 e
<A - Dlyelal, (2Fv€: )

2(p—1)
Mp - Dmax(yellaly ) (2Fv€;”’)

1 2(p—1)
<Ap—1)— (2FV5;P2>) .

ming ([yxllwyp-2)

If one chooses A small enough, one can make this quantity strictly smaller than 1. So that, the application
s is contractive and assure the convergence of the algorithm.

A.3. Proof of proposition 4

For all &, v, we have
Nt
sl = (A Yol = A IWaxelI ™)
SO we can write A:

_ (A | = 2™
[Wiex||{
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and we can give the expression of any |z .| in terms of any |z |:

[ = (Aol = (A"l = lewa) "

So that, we have

i iy +
[[A"Y]kw| = A (Z kl|$kl|>
- g—1\ +
= [ 114"¥ ]kl = A (Z (A" Yl = ([A"Y, —|xk,y|>>
; a—1\ +
= | [A"y]kw| = (Zwk,l (A" Ykl + (A" k| = |$k,y|)))
- g—1\ +
= [ 11A"Y ]kl = A (;wk,nAka,z+ka<|[A*ka,u|—xk,y|>>
= (1Al = A (WA YTl + P (A"l — )7 (A3)

. F
with ka = Zl:l Wk, -
If ¢ = 2, we have the analytical expression

A
vl = A* v = A ————
sl = (1143l = A 137

If 1 < ¢ < 2, equation (A.3) can be solved numerically. We denote &, = [A
solve in Ry :

+
|Wk[A*y1k||1) |

*

Yk — Tk, We just have to

1 1 1 *
1371 +A‘1*1ka§k = AqilH[A Y]kHl :

One can easily verify that this equation has a unique solution on R;.
Then we have

= ([[A*y]kw| — &) .

In the case ¢ = 2, & = 2 |[A"¥ )l
A.4. Proof of theorem /

In order to prove the convergence of the sequence of x(™) obtained with the algorithm 5, we apply Opial’s
theorem, which we recall here for convenience:
Theorem 5 Let the mapping A from H to 'H, satisfy the following conditions:
i A is non-expansive: Yu,v € H, ||Au — Av| < |lu —v|,
i A is asymptotically reqular: Vv € H, |A" v — A™|| — 0,
11 The set £ of fixed points of A in H is not empty.
Then, Yv € H, the sequence (A"v),en converges weakly to a fized point in E.
Let the mapping T be such that:

Tx = S(C[A*y + Ox — A*Ax]) .

In order to apply Opial’s theorem to T', we just have to check the three hypotheses. For that, we prove a
series of lemma.
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Lemma 1 The operator S is non-expansive, i.e. for all u,v € H,

1Su—Sv| < [lu—vf .
PROOF. The non-expansiveness comes from the fact that S is a soft-thresholding operator. W
Lemma 2 The mapping T is non-expansive.

PROOF. This follows from the fact that the operator S is non-expansive. We have then

[Tu — To|| < (I - C~1A*A)(u —v)]|
<= C7 A Allf|lu — ||
< ||lu — v|| because HAH2 <C.

The first hypothesis in Opial’s theorem is now verified. Let us now verify that the second hypothesis is
satisfied.

Lemma 3 Both (Cb(x(m))) and ((I)sw(x(m“'l),x(m))) are nMoOM-iNcreasing sequences.

meN meN

PROOF. Let us introduce the operator L = /CT — A*A, so that C|h|> — ||Ah||? = ||Lh|?. As x(™+1) is
the minimizer of the functional ®**"(x,x("™)),

q)(X(7n+1)) + ||L(X(m+1) _ X(m))HQ — (I)sur(x(m-i-l)’x(m)) < q)sur(x(m)’x(m)) — (I)(X(m)) )
Moreover,

(I)sur(x(m+2),x(m+1)) < (I)(X(erl)) < q)(x(erl)) + ”L(X(m+1) _ X(m))”Q _ (Dsur(x(mjtl),x(m)) )

|
Lemma 4 The series Y oo_ ||x™+D —x(M)||2 is convergent.

PROOF. Since L is a strictly positive operator, we have

M 1 M
Dol =X < = Y L =<))7
m=0 K m=0

where p is a strictly positive lower bound for the spectrum of L*L. By lemma 3,

M M
DAL x| < Y [@™) = d(xM )] = (x(©)) — d(x M) < o(x() .
m=0 m=0

It follows that the series Y oo_, [|x(m+1) — x(™)||2 is convergent. W

Consequently, we have
Lemma 5 The operator T is asymptotically regular, i.e.

||T(m+1)x(0) _ T(m)x(O)H - ||X(m+1) _ X(m)” 0.

The hypothesis (i4) of Opial’s theorem is verified. We still have to check the last hypothesis.
Lemma 6 We can uniformly bound below the sequence formed by w by a strictly positive real number. Then
the || x| are uniformly bounded in m.
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PROOF. Thanks to finite dimension we can uniformly bound bellow the sequence formed by w by a strictly
positive number (in infinite dimension, this hypothesis must be made). So we have wy,,, > ¢, uniformly in
(k,v), with ¢ > 0.
We can write
U(xM) < d(x™) < o(x)
thanks to lemma 3. The ¥(x("™)) are then uniformly bounded.
So, for all 4

I <a(x©), (A4)

ap’“qt -

and then, for all k,

” [a] ™) < ‘I)(X(O)) ) (A.5)

;pz —

For all ¢, we can bound ||Xm(m) 13

2—qi/p: qi/pi
<Z<Z| ) ) <Z| o >
q:/pi
<o ( (1x12)° ‘”’”)Z(D ) )
2—qi/pi /iy [ () a/pi
2) )Z(waj;””m PP, [P )
k v

l] (m)

6m)
Scfmh/l)? mgx <<||X[Z ‘

o 2 [ 9\ 2T/ Pi 2 (m) 40
S (T I P (G A T
Furthermore, we can show that
1(m) _ . . . i1(m) o 1 (m) . _ . 1(m) (m) _ . 1 (m)
Il 13 < e/ manc(a OO ol PG, < e R ! I, = e R
and then, as we have 2 — ¢;/p; > 0
;1(m) _ ) i(m) —a: /D (m)
I 12 < e () 262504/ ma o) ) :

which, with equations (A.4) and (A.5), allow us to give an uniform upper bound for ||x m)||2 .
Obviously, the finite dimension allows one to conclude so must faster, thanks to the equivalence of the

norms. But we choose to provide a proof which can be applied in infinite dimension. N

As pointed out in [6], we have
Lemma 7 Suppose the mapping T satisfies the conditions (i) and (ii) in Opial’s theorem. Then if a sub-
sequence of (T™v)nen converges weakly, then its limit is a fized point of T.

Lemma 8 The sequence x(™) = T™mx©) m =1,2,... converges weakly, and its limit is a fized point of T

PROOF. Lemma 6 and Banach-Alaoglu’s theorem prove that T has a weak accumulation point. Lemma 7
proves that this accumulation point is a fixed point of T'. So that, the set of fixed point of T" is non empty.

So that, all hypothesis in Opial’s theorem are verified, and we can conclude that the sequence of x(™) is
converging to a minimizer of (29).

We want now to prove that the obtained fixed point is a minimizer of the functional (28).
We denote by x* a fixed point of the algorithm 5. We have ®*“"(x* +h; x*) = ®(x*+h)+C|/h|3 — || Ah|/3.
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We first prove that, if x is a critical point of ®5¥"(x,x("™)), then
U (x + h,x(™) — o547 (x,x(™) > CO||h[|Z .

For this, we calculate 9®°"" (x, a):

00" (x,a) = —A"(y — Aa) + 2C(x — a) — 24" (Ax — a) + AoV (x) ,
so that, one can check that
U (x + h,x"™)) — &*u (x, x(™)) = 90" (x,x"™)h + C||h[|Z + M¥(x + h) — ¥(x) — d¥(x)h} .

As x is a critical point, i.e. for all v in 9®**"(x,x(")) and for all h, we have 9®**" (x,x("™))h = 0, then

O (x + h,x™) — & (x, x(™)) = C||h||2 + 22 {T(x + h) — ¥(x) — IV (x)h} .

By definition of the sub-gradient, an element v belong to 0¥ (x)if and only if for all y ¥(x)+ (v,y —x) <
U(y). In particular, for y = x + h, this give for all h and for all v € 9¥(x)

U(x)+ (v,h) < ¥(y) ie. 0 < ¥(x+h)—¥(x) — IV (x)h .

Finally
P (x + h7x(m)) — P (x, x(m)) > C|nl3 .

As ®5UT (x*,x*) = ®(x*) and ¥ (x* + h,x*) = ®(x* + h) + C||h|3 — ||Ah||3, we can conclude that for
all h:

B(x* +h) > B(x*) + || b3 ,

which conclude the proof.
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