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A general method to derive the diagonal representation for a generic matrix valued
quantum Hamiltonian is proposed. In this approach new mathematical objects like
non-commuting operators evolving with the Planck constant promoted as a running
variable are introduced. This method leads to a formal compact expression for the
diagonal Hamiltonian which can be expanded in a power series of the Planck con-
stant. In particular, we provide an explicit expression for the diagonal representation
of a generic Hamiltonian to the second order in the Planck constant. This last result
is applied, as a physical illustration, to Dirac electrons and neutrinos in external

fields.

PACS numbers:

I. INTRODUCTION

The spacetime evolution of some important quantum systems is governed by a multicom-
ponent Schrodinger like equation whose Hamiltonian is a matrix valued operators. In many
cases, these systems are too complicated to be solved directly using the Schrodinger equation
and some simplifications are required. For systems displaying a separation of scales in terms
of slow and fast degrees of freedom a major simplification is to treat quantally the fast ones
while the slow ones can be approximated classically or semiclassically. For a slow cyclic
variation of the classical part, Berry has shown that the wave function of the quantum part
gets an additional geometric phase factor [. It has also been understood, in the context
of the Born-Oppenheimer theory of molecules [][BJ[H] that the geometric phases induced

by the quantum part of the system provide a correction, reacting on the classical part with



geometric Lorentz and electric forces [[][f]. Going beyond this first correction has proved
extraordinarily difficult due to the intricate entanglement of noncommuting operators [[f].

In fact, many physical systems share a very similar mathematical structure with molec-
ular systems. For instance, the translational movement of a Dirac electron in a slowly
varying external field can be separated from the spin evolution and therefore considered
semiclassically.

In this paper, we adress the question of the dynamics governing the slow part of an
arbitrary quantum system and present a formalism for calculating the Hamiltonian of this
slow part to all orders in the Planck’s constant. Of course, we do not expect the conver-
gence of the series in general, since for most quantum systems the limit A — 0 is singular,
which means that an exact quantum behavior can not be approximated even by an infinite
expansion.

The philosophy behind the approach developed here, consists in a mapping of the initial
quantum system to a classical one which can be easily diagonalized and then to return to the
full quantum system. The method requires the introduction of new mathematical objects
like non-commuting operators evolving with the Planck constant promoted as a running
variable. This leads to a differential calculus on a non-commutative space which shows some
similarities with the stochastic calculus. This innovation is the clue to derive the formal
exact diagonal representation for any arbitrary matrix valued Hamiltonian.

The results presented here extend the work presented in [f], where a differential equation
with respect to h was proposed for the required diagonal Hamiltonian. The semiclassical
limit, which is often enough to get physical insight for the problem considered, was obtained
by a straightforward integration of this differential equation and a general semiclassical
formula for an arbitrary diagonal Hamiltonian in terms of covariant operators and commu-
tators between Berry connections was obtained. This formalism allowed to consider several
straightforward applications. These ones included the deflection of light by the interaction
between its polarization state and external inhomogeneities, such as a varying refractive
index or a gravitational field [[(]; Dirac electrons and Bloch electrons in crystals [[], leading
to new effective geometrical forces and a clarification of the Peierls substitution [L]] as well
as to a generalization of the Bohr-Sommerfeld quantification rule [[3]. In principle, one
could solve the differential equation to the desired order in a series of A, but although this

was done for simple examples to order h? (see [f]), we could not derive such an expression



for an arbitrary Hamiltonian.

The main advantage of the new method presented in this paper is that being not based
on a differential equation, it directly leads to a formal exact diagonal representation for any
arbitrary matrix valued Hamiltonian, which, as proven in this paper, is an exact solution of
the differential equation of [§]. It appears also, as one could expect, that the expansion in
series of h for the exact diagonal Hamiltonian derived here is much more easier to obtain
than by the successive integration of the differential equation of [§]. In particular, we provide
an explicit formula for the diagonal Hamiltonian to order A? that can be directly applied
in principle to any physical systems. In this paper we will consider two simple examples.
More applications can be found in [[J], where interacting Bloch electrons with spin-spin
interaction requiring a treatement at order h? are considered.

It is worth mentioning that some other diagonalization procedures exist, each of them
having its range of validity, advantages and defects. The paradigmic example is provided by
the Foldy-Wouthuysen (FW) representation of the Dirac Hamiltonian for relativistic parti-
cles interacting with an external electromagnetic field. In this representation the positive and
negative energy states are separately represented and the non-relativistic Pauli-Hamiltonian
is obtained [[4]. Actually even if several exact FW transformations have been found for
some definite classes of potentials [[[5] [IG][L7], the diagonalization is a difficult mathematical
problem requiring approximations, essentially a perturbation expansion in weak fields. A
generalisation of the FW transformation developed by Blount and also based on an expan-
sion in weak electromagnetic fields, is in principle applicable to Bloch electrons and Dirac
electrons [I§]. But this method is limited by construction to weak external perturbations
and provides a formal series expansion which leads to cumbersome calculations for practical
applications. Recently a variant of the Foldy Wouthuysen transformation valid for strong
fields and based also on an expansion in £ of the Dirac Hamiltonian was presented [19].

Among other approaches, Weigert and Littlejohn developed a systematic method to diag-
onalize general quantum Hamiltonian in a series expansion in A []. It leads also to a formal
series expansion written in terms of symbols of operators which also makes the method very
complicated for practical applications. In particular this method does not provide explicit
formulas, but instead is an algorithm to compute case by case the series order by order. To
our knowledge, this approach was only used for Born-Oppenheimer molecular systems.

One can also mention the interesting and very rigorous adiabatic perturbation theory



approach of Teuffel and his collaborators (see [RU] and references therein) which in some
sort generalizes the method of [[]] as it was also applied to Dirac electron and electron in
cristal at the semiclassical order.

Our approach, although similar in spirit to these methods, is technically very different
and allows us for the first time to derive the expression of the diagonal representation at
order h? of an arbitrary quantum Hamiltonian. This efficiency could be explained by the
fact that, unlike other approaches, no Weyl calculus and Moyal Algebra are required. An-
other interesting feature of our approach is that it confirms the fundamental role played
by Berry curvatures since it leads to an effective diagonal Hamiltonian with Berry phase
corrections as well as noncommutative (Berry connections dependent) coordinates and mo-
mentum covariant operators as in previous approaches [J][f] (see also [B] for Dirac electrons
in an electric field and [R3] for the extension to the full electromagnetic field). The resulting
generic equations of motion are also corrected by Berry curvatures terms.

The paper is organized as follows. In the next section we develop the differential calculus
in noncommutative space. We then derive, in section 3, the diagonalization procedure
and show the link with the differential equation in section 4. Section 5 is devoted to the
discussion of the dynamical coordinate and momentum operators. In section 6, we give the
general diagonal energy operator formula to the second order in A and in section 7, Dirac
electron in an external electric field and neutrinos in a static symmetric gravitational field

are considered as an illustration of the general formalism. Last section is for the conclusion.

II. PRELIMINARIES:
A. Differential calculus on noncommutative space

Consider a quantum mechanical system whose state space is a tensor product L? (R*)@V
with V' some internal space. In other words, the Hamiltonian can be written as a matrix
H (P,R) of size dim V' whose elements are operators depending on a couple of canonical
operators [R', P7] = ihd,;, the archetype example being the Dirac Hamiltonian with V' = C*.
Our goal is to derive the formal diagonal representation of this matrix valued quantum
Hamiltonian. By diagonal Hamiltonian it is meant an effective in-band Hamiltonian which

has a matrix representation with block-diagonal matrix elements associated with energy



band subspaces. As in paper [§] the procedure we propose for the removal of the interband
matrix elements needs the use of some unconventional mathematics compared to the usual
formalism of quantum mechanics. Since the Planck constant is here considered as a variable,
operators do not satisfy the usual rules of quantum mechanics. Therefore before directly
embarking on the diagonalization procedure we first introduce the required mathematical

tools. For that purpose we start with some definitions and notations.

1. Running coordinates and momentum operators

To begin with, we introduce a formal space of non commuting infinitesimal operators
dX! = {dR!,dP.} i = 1,2,3 indexed by a continuous parameter «, that satisfy the

following infinitesimal Heisenberg algebra (with a reversed sign) :
[del,dPg,} = —idadg00;; and [del,dRi,] = [del,dPg,} =0. (1)

Then, we define a set of running coordinate and momentum operators by witting the fol-
lowing formal sums :
R, =R —/ dR), and P! = PZ—/ dP;y (2)

with the convention dR!, = R!, — R._,, and dP! = P! — P!, . This "downward” choice
of the differential element notably implies the commutation rules [R!,,dP’] = [dR., P/} =0
which turns out to be absolutely necessary to develop later on a differential calculus on this
noncommutative space.

For o« = h we recover the usual canonical operators R' = Riand P' = P} which satisfy

the canonical Heisenberg algebra [R', P/] = ihd;;, whereas the running operators satisfy

Note that in this paper we will never consider the algebra of the operators R!, and PJ, for
a # o, which from the definition Eq. (B) is clearly not a Heisenberg one.

The variables dX,, have to be understood as fictitious variables that make the link between
quantal operators (o« = h) and classical variables (o« = 0). As will be explicit later on, their
role is to transport our quantum system to a formal classical one that can be in general

easily diagonalized, and then back from the formal classical one to the required quantized



system. By writing dX, = \/da/ hX.,, with X, a normalized canonical operator we see that
the infinitesimal quantities dX, are actually of order v da. However, having this in mind,

we will never use the X, notation and always work with dX,,.

2. Differential algebra

For the sequel, we need to define the differential dF (X,,«) of an arbitrary function
F (X4, a) where X! = {R!, Pi}. For this purpose, consider the operators R — fah dRj,
and P! = P — fah dPj as acting on a space W = (V ® L? (R?)) ® (®a<rL? (R?),) which is
the tensor product of V' and an infinite number of copies of L? (R3). The tensor product
V ® L? (R?) and the space L? (R?), refer respectively to the spaces on which the canonical
operators (R’, P') and the differential operators dX' act.

Now to be consistent with our convention for the differential element d X, the differen-
tial of the function F'(X,, @) in defined in an unusual backward manner as dF (X,, a) =
F (X4, a) — F(X4—da, @ — dar) . This construction is essential as it permits the commuta-
tion between the non-differential and the differential elements dX’. The differential will be

written as a second order expansion plus some neglected terms:
. . 1 . . 1 . )
dF (X4, ) = Vg, FdR! + Vp FdP! — 3 (VR VR, F)dR,dR!, — 3 (Vp,Vp,F)dP.dP]

— % (Vr,VpiF) (dRLAP] + dPJAR.) + (F (X4, @) do + g—Zda

+ terms of order 3, (4)
where all expressions in the r.h.s. are evaluated at (X,,«). Note that here, we have kept
the terms of order square in dX! since they are of order da and thus contribute to the
differential, whereas higher orders can safely be disregarded as they are negligible when
the integration over « is considered. These second order terms have been organized in a
certain form that will be practical for us later. There is nothing to say about the usual
dR!,dRJ, or dPidPJ terms. The crossed terms involving products of dP} and dR? have to
be taken with care since these two infinitesimal elements do not commute with each other.
For this purpose we have decomposed the second order terms involving products such as
dP!dR} and dRJdP! in a symmetric part proportional to (dR!dP? + dP!dR!) giving the
contribution —3 (Vg,Vpi F) (dRLAPI + dPIdR!), and an antisymmetric part proportional
to (dR'dPJ — dPJdR!) = —id" da corresponding to the bracket (F (X, a)) da that we now



explain in details. The notation (F' (X,,«)) (which in [§] was corresponding to the opera-
tion —%Asymv r,VpiF (X,,a)) is defined as a specific procedure on a series expansion of
F in the variables R, P! in the following way : let F be a sum of monomials of the kind
M (R,) My (P,) M3 (R,,) .... the M; being arbitrary monomials in R, or P, alternatively.
The operator Vg,V p; acts on such an expression by deriving all combinations of one mono-
mial in R, and one monomial in P,. For each of these combinations, insert a dR!, at the
place where the derivative Vg, is acting and in a same manner a dPJ at the place where
the derivative Vp; is acting. This leads to an expression with two kind of terms, one kind
being proportional to the dR’dPJ, and the second proportional to dPdR!,. Then rewrite
this expression in terms of dR! dP] + dPJdR’, and dR!dP] — dP)dR! = —i6”da. Then
(F (X4, «)) is defined as minus the sum over ¢ and j of all the terms proportional to da
in the computation procedure just considered. This definition implies a procedure which is
clearly dependent of the symmetrization chosen for the expansion of F'.

To make the definition of (F'(X,,a)) clearer, consider some important practical exam-
ples. If the function F has the following form F = 1(A(R.) B (P,) + B(P.) A(R,))
which corresponds to a frequent choice of symmetrization in R, and P,, then (F' (X,, «)) =
s ZZ [Vr,A(R,),VpiB(P,)]. Another choice of symmetrization leads in general to a dif-
ferent result.

For instance, if we rewrite the same function F' in a fully symmetrized form in R, and
P, (that is invariant by all permutations in R, and P,) which is also often used, we now
have a different result since (F'(X,,a)) = 0.

Nevertheless, this dependence of (F' (X, «)) in the symmetrization choice is not aston-
ishing at all. Actually changing the symmetrization of a function F' (X,,«) introduces
some explicit terms in o which changes also the term 0, F'da present in the differential Eq.
(). As a consequence, neither the partial derivative with respect to a, nor the bracket are
invariant by a change of form. But, what is invariant is the sum 0, F + (F).

We show this assertion by first giving a useful formula for the differential of a product of



functions :

d(F (Xa,a) G (Xq, @) = dFG + FdG — V p, FV g, GARLAR], — NV p,FN p,GAP.dP)
— (Vg FVpiG)dR.dAP! — (Vp; FVg,G)dP!dR,,
= dFG + FdG — V, FV p, GdR. AR}, — V p,FV p,GdP.dP!
—% (Vr,FVpiG+ Vp, FVE,G) (dRLAP] + dPJdR},)
—% (VpFVRG — Vi FVRG) da (5)
Now, the invariance of J,F + (F') is the consequence of two facts. The first one is
that the definition of the differential dF (X,,«) is independent of the way the function
F (X4, @) has been symmetrized. Actually, considering F' (X,, «) as a monomial, a change
of symmetrization amounts to move successively powers of the momentum on the right or
the left of the position variable. Recursively, one just has to check that moving only one
power of the momentum does not change the differential. Considering thus a monomial
of the form F (X,,«) = M, PR’ M, with M; and M, arbitrary, move the momentum to
rewrite F'(X,,a) = M; (R! P! —ia) M. Our formula for a product of differential, allows
to assert that the differentials of the two terms M;P.R! My and M (R, P! — ia) My differ
only by the contributions M;d (P R!) M, and Md (R! P —ia)M,. As a consequence,
the differential dF' (X,,«) is independent of the choice of symmetrization if and only if
d(P!R!) =d(R! P —i«a). Given that

d(PLRL) = dPLR, + PLR, —  (ARLdP] + dPLRL) — ~do

d (R.P. —ia) = RLAP.+ dR.P. — % (dR.dP] + dPJdR}) + %da — ida

and that the dP!,dR! commute with R, P! the equality of the two previous lines holds as
well as the assertion of symmetrization independence.

This result joined to the second fact that in the series expansion of dF' (X, «), the vari-
ables dX!, dX'dX/, da, are independent, and thus that the coefficients of the expansion of
dF (X,, «) are uniquely defined, leads directly to the announced result that 9, F + (F") which
is the coefficient of da in the expansion of dF' (X,, @) is independent of any symmetrization
choice. Therefore it is convenient to introduce a symmetrization invariant derivative D, as
given by

Do F (Xq, @) = 0, F (X4, ) + (F (Xq, @)) (6)



We end up this paragraph by introducing two formulas that will be convenient later.
First, we still more compactify our notations for the differential by writing :
6 6
) 1 . ) ) )
dF (Xo,0) =Y Vi F (Xq, ) dX), — 1 > ViV F (Xa,a) (dXidX) + dX}dX))
i=1 ij=1

+ D, F (X, @) da (7)

with 4,5 = 1..6. We also assume that X! = R’ fori=1,2,3 and X! = P! fori =4,5,6. In
fact, as we will show in the next sections the quantity of real importance for us in Eq. () is
the term proportional to da. Note that in this notation, our previous formula for a product

of differential Eq. (B) takes a compact form :

d(F (Xo,0) G (Xo,@)) = dFG + FdG = Y Vx; (F)Vy, (G)dXidX] (8)

ij=1
where the last term could of course be developed as before in symmetric and antisymmetric
parts.

Second, we also give the bracket formula (.) for a product of two functions. Using the

procedure defined previously (see also ref. [§]) one obtains the following expression
< F(Xo, )G (Xo,a) >= (FYG + F(G) — %VpiFVRiG n %VRZ.FVH.G. 9)

This formula shows that the bracket operation for a product F' (X,, @) G (X,, ) can also be
seen as a sort of deformation of the Poisson bracket including some ”internal” contributions
(F (X4, a)) and (G (Xq, @)).

Let us remark ultimately that the term (F' (X, «)) da in Eq. (f]) which is of the second
order in the derivatives Vg, and Vpi is very reminiscent of the bracket introduced in the
stochastic calculus. Given the non commutativity of the operators at stake, one should
in fact rather expect our formalism to be close to the quantum stochastic calculus .
However, it does not seem at first sight that our objects fit in such a framework which
deals rather with a formalism of creation, annihilation and conservation operators. A full

comparison is out of the scope of our paper.

3. Integration

Now, we will prove that the formula Eq. (§) allows to express a function F' (Xj, h) which

depends on the physical quantum operators Xy defined at the quantum scale o = h, as the
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integration of a differential.

Proposition
h
F (Xﬁ, h) = F(Xo, 0) + / dF (Xa, Oé) . (10)
0
Before proving Eq. ([[(J), remark that this expression has the following immediate gener-
alization : .
F (Xp,h) = F(X,, ) +/ dF (X, 3)
Proof.

The proof of formula Eq. ([L() is by recursion. Expanding F' (X, @) as sum of monomials
in the canonical variable, it is enough to prove our assertion for a monomial of a certain
degree in the R: P}. For monomials of degree one, that is linear expressions in the RY,
P}, the result is trivial given our definitions. Now, assume that the result is true for all
monomial M of, say, bidegree m, n in the R%, P{. We will show the result for a monomial
whose degree has increased by one in one variable. Such a monomial can be written X} M
or M X}, with M of bidegree m, n (recall that X} = (R, P{)). We will concentrate on the
first possibility, the proof being obviously the same for the other case. We compute directly
X{M(Xo,0) + [iFdX.M (X, c0).

Given our formula for the differential of a product as well as the recurrence hypothesis

which states that the integral formula is true for M we have :
XM (Xo,0) + / d (XM (X, ) = (Xg — / dxg) (M(X;L, h) — / dM (Xa,a))
0 0 0
+/ dX M (Xq, @) +/ X dM (X,, @)
0 0

h
=3 / dX dXIV M (Xa, Q)
— Jo
J

In the last line we have chosen (for the sake of simplicity) not to separate the product
dX!dXJ into symmetric and antisymmetric part, but to keep the second order terms in a

compact form. Note again the minus sign arising in front of this term due to our choice of
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definition for the differential. As a consequence one has :

h
XM (X, 0) +/ d (XM (X, @)
= XiM(X}, h)— / dX M(X: h) — XL / dM (X, a) + / dx? / dM (Xq, a)
- / dX! M (X, o) + / XodM (Xo,0) = / AX}dXIV o M (Xq, q)
0 0 : 0

Now, due again to the recursion hypothesis, we rewrite A = foth(iM (Xq, ) +
foﬁ XPdM (X4, @) in the following manner :

h h h h
A = / dX! [M(X;,h)—/ dM(Xa/,o/)]Jr/ <X;;L—/ ng,) dM (X,, @)
0 « 0 «
h 4 4 4 h h ' h h h 4
= / dX! M(X}, h)+ X}, / dM (X4, ) — / X’ / dM (X, ) — / / dX',dM (X, a)
0 0 0 « 0 «

Now, we have to take care about the meaning of the two last integrals. Actually, given
our definition of the differential, in the first integral foﬁ dX? [ fj dM (X, o )], one has to
consider that o’ > «, since our differentials are pointing downward, and as a consequence
when o/ is getting closer to «, the ”last” element of integration is dM (Xaida, @ + da) =
M (Xotda, @+ da) — M (X,, ). In the integral foh ff dX!,dM (X,,a) one has rather to

consider o/ < a.. As a consequence, one has :

// dXLdM (X, o) // AXEdM (Xo, o)
o' <a<h a<d' <h

/ dX! / dM (X, ) — / dX'dM (X,,a)
the last term in the right cancelling the diagonal contribution that should not appear given

our considerations just above. Note that this contribution would be negligible for an ordinary

integral. As a consequence, we obtain :

h h
A= / dX' M(XL R) + X / dM (X, q) — / / AX'dM (Xo, o) — / / dX'dM (Xo, o)
0 0

a'<a<h a<a'<h

h h
_ / ngM(Xg,h)Jng/ AM (Xq,q) — (/ dXZ/ AM (Xo, o) — /ngdM(Xa,a))
0 0

Gathering all the terms leads thus ultimately to :

h
XgM(X0,0)+/ d (XM (Xa,a)) = XpM (X, h)
0

h h
+ / dX;dM(Xa,a)—E / dX,dXIV i M (X4, a)
— JO

0
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Now, the  integral ~on  the  diagonal foh dX'dM (X,,«)  reduces  to
>, fothénglVXg M (X4, «). Actually as explained before in the definition of the
differential, the second order terms in dM (X,,a), multiplied by dX? contribute to the

order da2 which yields a zero contribution while summing over . We thus end up with :
XM (Xa,0)+ [ d(XiM (Xo0)) = XM(X;.B) (1)
0

which proves Eq. ([[0) W.

Now, we interpret Eq. ([0) as follows. Starting from the classical regime the integration
over « leads in continuous manner to the fully quantum regime. This original manner to
achieve a sort of quantification is very reminiscent of the renormalization group technics in
which the integration of the high energy modes leads to an effective low energy theory with
all quantum fluctuations included.

Eq. ([[0) allows us to rewrite formally a function F'(Xp, k) depending on the physical
variables in terms of the same function evaluated at the classical variables (Xg,0) plus an
integral of a differential. This introduce apparently a useless complexity since the expansion
of the right hand side of Eq. ([[(J) around X; involve a infinite series of the infinitesimal
increment of the dX,. By construction, this expansion implies trivially that all terms of
the series exactly vanishes except obviously the initial term which is equal to the function
F (X4, ). Although trivial, this decomposition will prove useful later.

Note again that the integral in Eq. ([[(J) has to be understood as being computed down-
ward as seen in the definition of (R, P,) : the starting point is at & and the differentials are
pointed downward. For example Vg F.dR, = —Vgr_F (X, a) (Ra—da — Ra). However,
this equation has to be taken with some care. Actually the sum over the terms proportional
to dX,, being a sum of terms of magnitude v/da, it converges only if the sum is discretized,
and this will be implicitly assumed in this paper. Defining properly the continuous limit is

out of the scope of this paper.
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B. Expectation operator

Having now a differential set up, we aim at defining a linear conditional expectation

operator & (.). We first set the following formula :

€ (Gda) = &€ (G)da, whatever G (12)
E(F (Xp,h) = F(Xp,h) and € (F (X, ) = F (Xp, h) — /hé’ (dF (X4, @) (13)

The first equality will allow to define recursively expectations of integrals of a function
F (X,,a) with a deterministic increment da. The second one will make the expectation
conditional by fixing the starting point Xj of the path X,. The third equation allows to
define the expectation of an arbitrary function F'(X,,a) with the help of its initial value
F (X4, h) and the integral of the expectation of a differential whose rule of computation
is given below. Note that, due to the required linearity of the expectation operator, the
expectation has to commute with the integration. This property is implied by the third
equality which yields &£ ff (dF (X, ) = fjé’ (dF (X,, @)). By analogy with the stochas-
tic calculus, X, will be seen as a random path whose infinitesimal increments dX,, will have
zero expectation. However, again as in stochastic calculus, the expectation of a quadratic
term like dX'dX7 can not be set consistently to vanish since it can be written in terms of
E (AR, dP? + dPJdR!) and & (dR!dPJ — dPJdR!) = —i§"” da, and the last term can not van-
ish due to the first definition in Eq.([[2), and only the symmetric part £ (dR!,dP? + dPJdR))
can be chosen to vanish.

Consequently we set the expectation rules for products at the same ”time” «
£ (H dRaZ) =£ (H dPaZ) =0, & (H (dxhdxh + dXiidXii)> =0 (14)
i=1 i=1 i=1
and for different times
n p
& <H dXdeXi{j) =0 for a; #q; (15)
i=1 j=1
We need also the independence of the increments dX, with respect to a function evaluated

at the corresponding X,, or all the ”previous ones” X,/, &' > «a, which is formulated as

E(F(Xy)dZy) =E(F (X)) E(dZy) =0 for o > (16)



14

where o = (ay, ..., @) is an arbitrary number of values all different and all lower or equal
to /. dZe is condensed notation for a product [[i_, dZ,, where the dZ,, can be dXéZ or
(dXkidXl + dXldXF) with k; = 1..6.

We could impose Eq. ([[d) directly, but this property is in fact the direct consequence
of a single condition that we will thus enforce which is the independence of the increments

dX, with respect to the initial value X of the path :
E(F(Xp)dZa) = E(F (Xp)) € (dZa) =0 (17)

That Eq. ([[§) follows from this single condition is a direct recursive computation. Actu-
ally, Eq. ([[@) is trivially checked for F'(X,/) a polynomial of degree 0 in (X, ') since
€ (adX,) = a€ (dX,) = 0 for a constant. If Eq. ([[§) is true for a polynomial of degree N in
the variables (X,/, @), then consider F' (X, a’) to be of degree N + 1. As a consequence,

E(F (Xy)dZs) = & ((F (Xp) — /a jidF (xﬁ,g)) dza)

S (F(Xy)dZa) — € < /a /hdF (X4, 6) dZa)

= —& (/;dF (X3, 8) dZa)

the last equality being a consequence of ([[7). Now, since

6
E(dF (Xp,8)) = & (DBF (X5, ) dﬁ‘l'ZVX;;F(Xmﬁ) dXj

1 . o o
—5 2 Vx Vo F (Xs, ) (dX5d X5 + dxgdxg))
ij=1
all terms in the integral are of degree lower or equal to IV, so that the recurrence applies
(recall that since the integration is downward, in the integral over (3, f > « > a and thus
in the set (3, a) all elements are different) and &€ (dF (Xg, 3)) dZq = 0. Thus Eq. ([q) is
true for polynomials. Since all along the paper we consider functions F' (X, ') that are
converging series in the variables (X,/, @’) (seen as classical commuting real variables), the
density of the polynomial in that space of functions ends the proof.

A first consequence of the definitions and Eq. ([[G) is

E(dF (Xqa, @) = € (0o F (Xa, @) + (F (X4, ) da
=E (D, F (X4, a))da



15

This formula allows to compute the integral of £ (dF (X,, av)) set previously, as an ”ordinary”
integral since the integration element is only do.

The main interest of these definitions will show up later on when a function F' (X, h) will
be written as an series expansion of iterated integrals along the path X,,. Indeed, as already
said before, the expansion of the two terms in the right hand side of Eq. ([0) around X4,
implies a mechanism of cancellation of all contributions proportional to products of dXéf;ﬁ.
The expectation operator is built to cancel separately the contributions of products of d.X fjl
at different times and symmetric products (dX¥dX! + dX! dX}') at the same time, coming
from the two terms of the right hand side of Eq. ([[0). The rest of the contributions form
the right hand side of Eq. ([[0)) proportional to da cancel exactly. As a consequence of this,

an arbitrary function can be written

Fr(Xp) = & (Fp(Xn) = € (F(Xo, 0) + /O " iF (X, a))

£ (F(X0,0)) + & </0hDaF (X, a))

Once again we have apparently introduced some useless complexity, since the function
Fy (X}p) has been replaced by & (F/(Xg,0)) which cannot be computed directly, plus the
integral & ( foh D, (X,, @) da). Irrelevant sums of infinitesimal increments have been intro-
duced in both terms and thus ultimately have to cancel . However, this formulation presents
the advantage of replacing X by Xj in the first contribution which will simplify some of
our computations later. The integration over da will allow to start a recursive expansion in
the Planck constant. But to do so, we first need to introduce an other operator connecting a
function evaluated at X, to the same function evaluated at Xj. This is the role of the EBS
operation defined below that realizes a kind of connection between the spaces of operators
at two different values of a.

A second consequence of our definitions is the factorization of the initial value in the

expectation :

E(F (Xph) G (Xq, ) = F(Xp) (G (X, @), a <D

This property is usually trivial in probability, but here has to be derived given we have started

with expectations of infinitesimal increments. It comes from iterating the differentiation of
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G (X,) similar to the chaotic expansion in stochastic calculus. Actually, we can write :

h

E(F (Xp, h) G (Xova)) = F (Xp, h) G (X, ) — & (F (X, ) / G (X, @) da)

given Eq. (@), this reduces to :
E(F (Xp, h) G (Xo, @) = F(Xp h) G (Xp h) — € (F (X, 1) / DoG (X, ) da)
= F (X h) G (Xp, h) — /hé’ (F (Xp, h) DoG (Xa, @) da

and once again the recurrence works recursively for polynomials. If G (X,, a) is of degree
N in (X, @), then D,G (X,, «) is of degree N — 1, and thus the property can be assumed
to be true for D,G (X,, @), so that :

E(F (Xp,h) G (Xoya)) = F (X, h) G (Xp, h) — F (X, ) E < / hDaG(Xa,a) da)
= F(Xp, 7)€ (G (Xq, @)

as needed.

We close this paragraph by a general remark about the nature of the expectation oper-
ation. Despite the formal similarities with the stochastic calculus, the expectation defined
above is really different, since the expectation is in fact a function of operators evaluated at
Xp, not a number. This has some consequences concerning the cancellation of certain types
of expectations that have no counterpart in usual probability theory. But to derive such

consequences, we first need to define some more tools.

C. EBS operator

We now introduce a way to relate two expectations of the same function evaluated at
two different variables namely & (F'(X,,a)) to & (F (X4, a)) but with constant explicit

dependence in «. Given our previous definitions Eq. ([), one has

6
F (Xo—ga, 0 — da) = F (Xq,a — da) = — (F (Xq,a — da)yda — Y Vxi F (Xo, a — da) dX,

i=1

6
1 , ) , ,
12 Vg Ve F (Xa,a — da) (dX}dX5 + dXdX)
,7=1

(18)
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The absence of the 0/d«a term implies that this expression really depends on the choice of
the symmetrization of the function F' (X,, ). As a consequence considering the expectation,

one has :

E(F (Xo—so, @ —da)) = E((1 — (Yda) F (Xu, a — da)) (19)

where (.) is the bracket operator defined previously. At this point we have to remark
that, since the (.) operation depends on the symmetrization procedure, the right hand
side of Eq.([9) seems to depend on the choice of symmetrization in the variables X, in
F (X,,a —da). However, and this is the most important for us, the operation that sends
F (Xo—da, a0 —da) to (1 — () da) F (X, a — da) by first replacing X,_4q by X, in F' and
then applying (1 — (.) da), is independent at the first order in da of any choice of sym-
metrization for the operators in the series expansion of F' (X,_4a, @ — d). This is a trivial
fact since ((1— (.) da) F (Xa,a — da)) = F (X, @) — (£ + () da) F (Xa, @), and this ex-
pression is independent of the symmetrization choice as explained before. This operation,
that will be the only one relevant for us, is thus a consistent and independent of any sym-
metrization. The apparent trouble with the right hand side in Eq. (IJ) comes only from
the fact that changing the order of operators X,_g4, is not the same operation as changing
the order of operators X, due to different commutation relations. To avoid any confusion
a subscript o — da should be added to F' to remind that the symmetrization has to be
considered for the variables X,_4,, but it would complicate the notations in a useless way
for the present paper.

The meaning of our operator 1— (.) da being now clarified, the above differential equation
Eq. (I9) can be integrated to get the following relation

Proposition

aq

E(F (Xpyy0)) =& (SXM {T exp (—/a [Sxa, ()0 S%a] da) F (Xa2,a2)]) (20)

2
valid for a; > as.

The bracket (.), reminds that all commutators between canonical variables have to be
computed with values ia. The operator Sx_ is a shift operator that sets the dynamical
variables to X,. that is Sx, F (X3) = F'(X,). Its action does not depend on the relative

values of a and 8 and Sx,Sx, = Sx, whatever the values of @ and (. In addition, T"is the
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notation for the ordered exponential, that is :

e Jaz o (aSxode f: / =500 05, S50, | [ =5, (0, S, | 45148,
n=0

= a2<fB,<..0;<a1

-y [ [8x 0,85, ] [ 05, 5%, ] 4010,

n:0a2<ﬁn<..61 <o

Once again, the result is independent of the choice of initial symmetrization chosen in the
variables X,,. The introduction of the shift Sx_ is crucial and induced by our previous
considerations since the bracket operation has to be accompanied by a shift of the variable
all along the integration process, so that ultimately X,,, is replaced by X,,.

Proof.

The proof of Eq. (BQ) is as follows. Define the function :

a1

G (Xay, 1) = Sx,, [T exp <— /a (9%, (o S%.] da) F (Xaz,aQ)}

2
The dependence in the parameter as has been skipped for the sake of convenience. Differ-

entiating G (X,,, @1) with respect to oy yields :

dG (Xe,, 1) = G (X, 1) — G(Xgy —das 1 — dav)
= 5%, (Te_ 1o [Sxoq<'>aSXa]dO‘F(Xa270‘2)) — G (X4 —da, 1 — dav)

_ falfdal

= S, (1 (Dayaa 40) Sxy o, (T I Dol (X))
—G (X4, —day 1 — dav)

— (1= (), d0) Sxo, Sxu, au: [Te_ Jay~ S%ay QaSxalde p (x ag)]
—G (Xay—day, 1 — da)

where the last equality is taken at the lowest order in da. Considering the expectations of

the quantities involved, and using Eq. ([[), we are thus ultimately left with :

EdG (Xay, 1) = € ((1 = (g, do) Sx,., G (Xay—da> a1 — dor) — G (Xa) —da; 1 — dav))
= E((1=()a, da) G (X, q — do) = G (Xay—ga, 1 — der)) =0

and as a consequence, using the properties of the expectation operator :

a2 a2

dG (Xal,al) = / EdG (Xal,al) =0

a1

E(G(Xuy,a1) — G (Xqy,a0)) = 5/

a1
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The fact that G (X,,, a2) = F (Xa,, @2) ends the proof H.
To gain some space in the sequel, we will define an abbreviation for the previous operation.

We will denote ultimately :

exp (— (.>§2_)a1> = Sx,,, T exp <—/

as the exponentiated bracket plus shift, called EBS operation. As a consequence, Eq.

«

1 Squ <‘>a Sxada) (21)

2

(RQ) rewrites as :

E(F (Xpy,a2)) =E& (exp (— <‘>22—>a1> F(Xa,, Oég)) for a; > g (22)

This last formula can be understood intuitively as follows. since the EBS operation changes
the function (by the action of the bracket defined above) but also changes progressively the
variables from X,, to X,, (through the shift operator) both the bracket operation and the
shift of variable compensate each over to produce the equality with the left hand side.

Let us ultimately insist on the fact that the expression in the right hand side
exp <— <'>§2—>a1) F (Xq,, a9) is a function of (X,,, ;1) due to the action of the shift and

is therefore a different function than F'(X,,, as) . Only the expectations of both expressions
of Eq. (£9) are equal.
In the particular case where a; = A, since the right hand side of Eq. (P3) depends only

on (Xp, i) the expection can be safely removed so that
E (F (Xar02)) = exp (= (15, 1) F (Xasy 2) (23)
We end up this section by giving a full generalization of the previous formula to a product

of n functions and show the

Proposition

E(H) (Xay, 1) oo Hyy (X, s )
s (e—<~>5mﬂl (Xoys ) e Poames Hy (X, ag) e Donmens B, (X, an)> (24)

for a,, < ... < a1 < a. This expression for a = h becomes

€ (Hy (Xoy, 1) oo Hy (Xor., )
=& <6_<'>§1HhH1 (Xa1> al) €_<'>§2Ha1 H, (Xaza a2) --.6_<.>§"Ha”’1Hn (Xom> an)> (25)
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Note that the order of the functions in the product is irrelevant, and the formula is also
true if some functions are permuted.

Proof. We start the proof with the following lemma:

Lemma

Let Fy (Xq,, 1), Fy (Xa,, a1) be two arbitrary functions with as < ;. We state that :
£ (dF2 (Xa2> Oég)) =0=¢& (Fl (Xal,al) ng (XOQ, Oég)) =0 (26)

This result has no counterpart in usual probability, and, as said in the previous section,
this is the consequence of our definition of the expectation which sends an operator to an
operator, not to a number.

Proof of the Lemma.

We first show that, for @ < h and every function F' (X,,«) that can be expanded in
a series of (X,, ) converging ”in the classical sense, that is when the (X,, a) are seen as
commuting real variables, £ (F (X,, «)) = 0 implies that ' (X, «) = 0. This is trivially true
for a polynomial of degree 0 or 1 in X, since X, = Xh—fj dXszand EX,, = Xh—f(f EdXy =
X}, as derived from Eq. ([@). As a consequence & (aX, + b) = (aXy + b) which is null only
ifa=0=0.

Now, assume that £ (F'(X,,a)) =0 = F(X,,a) = 0 for all polynomial of degree lower
or equal to NV in the variables X,,. Consider then for F' (X, @) a polynomial of degree N +1

(the coefficients depend on «). Then using the EBS operator, we can write :
E(F(Xoa)) =& <exp (— <.>§éa1) F (X, a))
given the bracket operation is defined through a derivative of second order, we thus have :
E(F (X4, a)) = F(Xp, a) + Polynomial of degree N — 1 in X

If this is 0, then necessarily the monomials of degree N + 1 in F' (X}, a) have to be null. As
a consequence F' (Xp, ) is of degree N and thus null by hypothesis. As a consequence, the
lemma to be shown is true for every polynomial, and by a density argument for all the kind
of series considered.

In a second step, notice that a direct consequence of the above proposition is that

E(AF (Xu,@)) =0 = Do F (Xa,a) = 0
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actually, € (dF (X4, ) = E (Do F (X4, ) da = 0, which implies that D, F (X,, a) = 0.
We can then prove the required proposition. Actually, by construction of our expectation

operator, since as < a7,

& (Fl (Xa1> al) dF2 (Xaz> Oég))
= & (B (Xes 1) (D2 (X 02) daiz + Vi Py (X, 02) dXL, ) )

1 ) ) ) ,
+5 (Fl (Xal, Oél) <_ZVX‘J"2 Vng F2 (Xaz, 042) dXéldegQ + ngQdXéQ))
= 5 (Fl (Xa17 Oél) Da2F2 (Xaz, 062)) dOéQ
=0

the second equality is a consequence of Eq. ([[f). This last result shows the lemma H.
The proof of the proposition is now in two steps. We first consider a product of two

functions and show :

S S
E(Hy (Xay, 1) Hy (Xoy, ) = & <€—<~>aﬁaH1 (Xays 1) e~ Var—ar (Xaz; 042))
for ay > o (27)

S

az—y

To do so, let us start again with G (Xav, 7) = exp (— (.) ) Hy (X,,,a2), v is an arbitrary
parameter varying between «y and as. The dependence in as in G (Xav, 7) is forgotten here
for the sake of simplicity. By differentiation with respect to v we have, as before, at the

lowest order in do :
£ (dG (Xaw’fy)) =& (H2 (Xaw’fy) - H2 (Xa'vfd'v’fy B dfy)) =0

Now, multiply by H; (X,,, ;1) and take the expectation. Since v < «aj, one has using Eq.
(R9) :
8 (H1 (Xal, Oél) dG (Xav,’}/)) =0

the integration of this last relation (recall that the integral and the expectation commute),

yields :
8 (Hl (Xal,al)/ dG (Xa,a)) = 0

2

that is :

& (Hy (Xay, 1) et Hy (X oy, 02) ) = & (Hy (Xey, 1) Hy (X, 02)
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Then, use Eq. (9) with F (X,,,a1) = Hy (Xq,, 1) exp <— ()? ) Hjy (X,,, ag) between

a2—Q]

a1 and h to get :

S
& (Hl (XOq? al) H2 (Xa2> Oég)) = £ <Hl (Xa1> O‘1) 6_<.>QQHQ1H2 (Xaza Oé2)>

= £ <€_<'>21HQH1 (qu , Oél) €_<'>§2H“1 H, (XQQ, Oég))

which is the required result. In a second step, the generalization to a product
of n arbitrary functions is shown recursively by starting from the right and re-
placing H; (X,,, ) by exp <— <'>in—>an71> H, (X,,,a,), then to do the same with
Hy (Xa,_,, 1) €xp (— (.>§n_)an71) H, (X,,,a,) and so on I

We can now exploit the mathematical construction developed in this section to consider

the formal diagonalization of an arbitrary matrix valued quantum Hamiltonian.

III. THE DIAGONALIZATION PROCEDURE

We now consider a generic matrix valued quantum Hamiltonian H (R, P) where R and
P are the usual canonical coordinate and momentum operators satisfying the canonical
Heisenberg algebra. Our goal is the find an unitary transformation U such that UHU™ is a
diagonal matrix valued operator ¢ (R, P) (block diagonal for the Dirac Hamiltonian). This
is in general an excessively difficult mathematical problem. For this reason we consider this

problem by dividing it in several steps.

A. The Hamiltonian

First we introduce the unitary matrix U, (X,) = U (X,, a) which diagonalizes the Hamil-
tonian H (X,) where the canonical variables X; = X have been replaced by the running

ones X,, so that we can write
Un (Xao) H (Xa) Uf (Xa) = €0 (Xa) (28)

with g4 (Xa) = €4 (Xa, ). With the help of the previous identities Eqgs. ([0) (I2) (I4), we
can compute ey (Xp) = € (X). Indeed as ¢ (X) = £ (¢ (X)) we can write

e(X)=¢& <50 (Xo) + /Oh de o, (Xal)) : (29)
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Clearly €y (Xg) corresponds to the diagonal representation of the original Hamiltonian H (X)
where the canonical operators X have been replaced by the classical variables Xq. In practice,
it is usually quite easy to diagonalize the Hamiltonian when the operators are commuting.
This is the essence of the method. Starting with classical variables we can recursively
introduce more and more ”quantification” through the running parameter o until we get
the full quantum Hamiltonian. This procedure is now described in the following.

The quantity & (de,,) = € <<a%1 + (>> Eon (Xal)) day can be straightforwardly com-

puted by using the rule previously given for the bracket of a product Eq. (). Indeed we
find

0 0 0 0
— +( Xo,) = — + — Ut —
<aa1 + < >) 8061 ( Oll) 8041 UOlanlgal + 8Ol1[]0l1 aOél Ua1 + UOll aal

+ (Uay) Udi€ar + Uay (H (Xay)) Ud, + €0, Uay (Us))

H(X,,) U

a1

1

1
- 5 (VPZ er1VRiH (Xal) UO—Z - vRi UalVPiH (Xal) U‘jl)

1
— 5 (U VR H (X)) Vi US, = Uay Vi H (X)) VRUY)
1
2 (VPianH (Xay) vRiUO—t_l = Vir,Ua, H (Xo,) vP@'UoZ) (30)
As in [ we now introduce the notations A = iU,, (X,,) VRU[ (Xs,) and A =
—iUqs, (Xa,) Vi, U (X4,) so that Eq. (B0) can be written in a more useful form in terms of

quantities of physical interest. Actually, replacing H (X,,) by UT €,,U,, everywhere, allows

1

to write
—% (VoU, Vi H (Xa,) Ul = Vg, Us, Vi H (Xo,) U)
—% (Ua, Vo, H (X)) VR, U — Uay Vi, H (Xo,) VRUT)
= %Af;leem + Vrean AZ + Al Vpea, + Ve, AL
o [AB AR oy + S [AR AR AR e AT, + AT 2, AR
and

(VpUs  H (Xa,) VR, U = Vi, Us H (Xa,) VR UT)

1
2
_ ! ARZ API ¢ API ARZ
- 5 6041 a1 5 Eal (31

a1 a1
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so that ultimately, one has:

(8% + <.>) Car (Xay) = ((8% + <.>) Ual) Udan + €anUa (8% + <->) Ua,

LU, (a% ; <.>) H (Xa) UZ,

a1 1

1
—+ iARlleé?al —+ leéalAgi —+ Agz Vplaal —+ VplaalAfll

7
+ 3 {Aleq, Al — Alie, Al + ¢, [AF

1 1 1 ay)

AfL] + [AlR

o1?

P,

A e}
(31)

We note that by construction de,, is a diagonal matrix and we obviously have the fol-

lowing identities

(% + <)) €ar (Xa,) = P4 (R.H.S. of Eq. BI) (32)
0 ="P_ (R.H.S. of Eq. BI) (33)

where P, and P_ are the projection on the diagonal and off the diagonal respectively.

(%@1 + <>) Ear (Xay) = Oay £ay (Xay) + Py {Ual (Da (X, 1) H (Xq,)) U;} (34)

with O, is given by the projected ”linear part” of the r.h.s. expression of Eq. (B]) :

Oalgal (Xm) = 7D+ ((Da (X‘a17 al) Ual) Uo—j_lgal + e UalDa (XC‘ﬂ?al) U(jl)
1
-+ P_|_ {§Agile€a1 —+ le&?alAgi —+ A(I;llvPlEal -+ VplaalAfll}

1
P AR, AR Al AR e, [AR

1 1 1 ay?

AL+ [AF

o1’

Al ea b

Let us remark that the operator O,, is well defined since, as explained before,
the operation D, (X4, 1) = (a%l—l—(.)) is independent from any symmetrization
scheme for e,, (X,,) and H (X,,), and so is Ou,.€a, (Xoy) = Do (Xay, 1) €0y (Xay) —
Py {Ua, (Do (Xoy, 1) H (X)) U}

Since in the applications of practical interest (Bloch electrons, Dirac Hamiltonian...),

(Do (X4, 1) H (X,,)) cancels, we will set this term to 0 for the sake of the exposition and

will consider later its contribution. As a consequence, one has :

c(X) =€ <50 (Xo) + /0 hoal.gal (Xo,) dal) . (35)
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Now, similarly to Eq. (9) we can write :

o (Xoy) = 20 (Xo) + / " ey (Xay) = 20 (Xo) + / (U (Xay) H (X)) U (X)) (36)

which can be inserted in the expectation Eq. (B9) to get the full quantum diagonal repre-

sentation € (X) = g5, (Xp) as :

on(Xp) = € <60 (X,) + /0 e (X)) doq)
¢ <50 (Xo) + /0 O o (Xo) dal)
_¢ <60 (Xo) + /O O [50 (X,) + /0 N U (Xoy) H (X.,) U (XM)]} doq) (37)

Now remark that since < oy, the terms Vx, €q, (Xa,) dX,, and
VXgZVX;ifaz (Xa,) (dXZLQdel'2 + ngQng'Q) in de (X,,) = d[U (Xq,) H(Xa,) UT (Xa,)]
do not recombine with anything coming from O,, (X,,) to give a product of the type
dR,,dP,,that would induce a day contribution to the expectation. They will thus cancel

in the expectation. As a consequence, Eq. (B7) can be written:

en(Xy) = € <50 (Xo) + /0 . {50 (Xy) + /0 " O e, (Xaz)dag] dal)

Repeating the procedure one can then show by iteration that :

[e.9]

1+) / Oal...Oandal...dan] €0 (XO)) (38)
O<an<...<on<h

n=1

ER(XR) = 5 <

At this point, two important comments have to be made, both related to the fact that
the operators O,, have been designed to depend on X,,. First, notice that the gradient
appearing in the definition of O,, have to be taken with respect to X,,, but that these
operators act on functions of X, with a; < a;, such as gy (Xg). This is not a problem
however, since X, = Xq, — f(jj dX, and thus the derivative of a function F' (Xaj) with
respect to X,, is just the same as the derivative with respect to X, that is the gradient
of the function. This the reason why, in the definition of O,, we discarded any reference to
the a;’s in the gradients.

The second remark is that we can use the EBS operation defined in Eq. (2]]) and formula

(B3)to put the series appearing in the previous formula Eq. (B§) at the same point. Once
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again, since 0 < a,, < ... < a, we can write, inside the expectation :

[/ Oal...OandOél...dOén o (Xo)
o<ap<..<a1<h
S S
— |:/ e_<'>§1~>h0a1“.6_<~>an714>an72 Oan716_<~>an4‘an,1 Oan6_<'>osﬁ>an EO (XO) (39)
o<an<..<a1<h

Note that this formula is a generalization of Eq. (BF) since the O,, are not functions, but
rather operators including derivatives with respect to the canonical variables. The part of
O,, acting through some multiplication on the left or on the right or both on the left and on
the right is not problematic and Eq. (B7) applies (with the slight modification of an irrelevant
change of order in the multiplication of the functions with respect to Eq. (7)). Likewise,

the differential part of O,, (X,,), such as 3 A% (X,,) Vg _ acting on some function say

S

ak“_)ak) is a (complicate) func-

F (Xa,c +1), is not problematic since the operator exp (— ()
tion of the derivative with respect to the canonical variables and thus commute with V gt o

As a consequence setting 1A% (X, ) Vg F (Xay,,) at the same point through the EBS
operation , that is replacing it by [%Aﬁi (Xa, ) €Xp <— ()2 ) Vi, F (X )} in the

Oft1—0 Q41

expectation really amounts to compute [%Af}i (Xay) Vi, exp <— (.>ik+1_>ak> F (Xak+1)]7
that is to let the EBS operation act before the action of Oq, (Xa,,,). This thus justifies
formula Eq. (BY).

The computation of Eq. (BY) derives directly from the definitions of the various operators
involved and proceeds as follows : for n > 0 , starting from ¢4 (Xy), first apply e=(i=an on
o (Xp) that will shift Xy by X,,, . Then make O, acts on the result, apply e_<'>inﬂvlfl which
replaces X, by X,,_, and so on. Ultimately at the end of the process, X is replaced by
Xy, this last variable being independent from the integration variables, the various integrals
can be computed easily, as the integral of a series expansion. This process of integration
will be of course the same for all similar expressions in the sequel.

The case n = 0 corresponding to the first term in the series expansion : £(gq (X)) is of
course easily handled by replacing it with e‘“gﬂﬁeo (Xo).

We can now deduce that (with the notation X = Xp):

e(X)=ep(Xp) =& ({7 exp [ /0 <a<he_<'>§ﬁh0ae_<'>gﬁadoz]} €0 (Xo)) (40)

which is a compact expression for the diagonal Hamiltonian ¢ (R, P) in terms of the ”clas-

sical” diagonal Hamiltonian ¢ (R, P) in which the classical variables Ry, P, have been now
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replaced by the quantum ones R, P due to the EBS action. Here 7 is the usual notation
for the ”"time ordered product”. Eq. ([l(Q) is the required expression and constitutes the
main result of this paper.

We can now consider the additional contributions that would appear if we
had considered a case such that (D, (X4, 1) H (X)) # 0. Let C(X,,) =
P {Usy (Do (Xay, 1) H (Xa,))US }. In such a case, the repeated application of O, +
C (Xa,) yields rather :

en (Xp) = 5( 1+ / Oal...Oandal...dan] £o (X0)>
n=1 Y 0<an<..<a1<a
+E( 1+ / O, .04, _,doy..doy, | C(Xg,)
n=1 Y 0<an<..<a1<a

Using the same tricks as before it leads directly to the following expression for the diagonal-

ized energy operator :

E ({T exp [/ e_<'>§ﬂhan_<'>gﬂadaH €0 (XO))
o<a<h
h
+5/ ([Texp [/ e_<‘>§ah0ae_<'>50ﬁada” C(Xap) da0>
agQ ap<a<h

Clearly the practical application of Eq. () requires the knowledge of the transformation

matrices U, which enter into the definition of the operators O,.

B. The transformation matrix U

Note first that there is a certain arbitrariness in the choice of the unitary matrix U, (X)
as explained in [§] which reflects a kind of gauge invariance. Actually, multiplying the
transformation matrix U, (X) on the right by a diagonal unitary matrix yields an other
diagonalization, equivalent to the previous one. In particular it allows to choose n conditions
for the diagonal entries of U, (X) (n x n being the size of U, (X)). An explicit choice will

be done below to simplify our expressions.

To find the transformation matrix U we use the same approach as for the diagonalization
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of the Hamiltonian, by writing :

U (Xp) = € <U (X,) + /0 ", (Xa))

_¢ (/Oh (a% + <.>) U, (X.) da) (41)

we can find (0, + (.)) U, (X,) by using again the diagonalization process leading to Eq.
(B1). Indeed we had
0 0 0
— () ) cas (Xay) = — + () | Uy U;_ Ear T E€ar Uy | 57—+ (1) U;_
daq Oaq ! Oy !

Lo, (a%l ; <.>) H (X.,) U7,

1
+ 5 {Aflle&xl + VRl€alAfl + AQVPISQI + Vpla?alA(I;ll}

1 1

As] + [Ad

o1

Adi] 2o}
(42)

+ 5 (Al 0 Al — Altea, AT + 0, [ATL
In addition, the unitarity condition U,US = 1 implies the relation (0, + (.)) (UUS) = 0

which reads :

0 0 i
0= <<£ + <.>) Ua) Ul +U, (% + <.>) Ut =5 (VeUaVRUS = Ve UaVeUY)

or, in a more compact way:
_ 0 + 9 + E Ry P
0= <<—aa + <.)) Ua) Ut +U, (aa + <.>> Ul + 5 [AL AL (43)

Mixing the two equations Eqs. () (B3), we obtain that Eq. () after projection on the

non diagonal part becomes the equality

(gt ) v e =2 (v (et 0) X)) 02)

¥ reaP [AR AT

1
- 57)— {Agi legal + legal Agf + Agll vagal + vagalAgll}
i
- 5P {Al ey Al — Alte, AL + e, [ARL AR + [AS Al 20, )
(44)

Both conditions Eqs. (E3) () can be solved for (9, + (.)) U,. Actually, decomposing
[(Oa + () Us) U = hr + ahr in Hermitian hr and anti-Hermitian ahr part, Eq. () reads

P_[hr + ahr, 2] = M (Uy) (45)
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where M (U,) is the r.h.s of Eq. (f4). We can now use a particular choice of gauge. We fix
our diagonalization process by setting P, (ahr) = 0. Practically it corresponds to multiply
U, on the right by a unitary diagonal matrix D, (which has n degree of freedom) such that
Py ((a% + <)) UaDa) DIUT is Hermitian. This gives n conditions that determine D,.

Now, from Eq. (f5) and given our gauge choice for U,, we deduce that P_ (ahr) = ahr
and [ahr,e,] = 5 (M (Uy) + MT(U,)). To find ahr we aim now at inverting the commutator
., €4] in the left hand side of this equation. First note that, since we have assumed the diag-
onalization is possible, we can safely assume that the right hand side 1 (M (Uy,) + M*(U,))
lies in the image of the operator [.,£,]. It is in fact the case in all practical cases. Since both
ahr and M (U,) are anti-diagonal by construction, we just need to invert the commutator
with 4, [.,€4] on the space of anti-diagonal matrices. To do so, we first need to find the
kernel of [.,e,] on this space and check if it is null.

Assume first that the bands of the system are non degenerate, that is (g,),, # (¢a),, for

m # n. As a consequence an element V' in the kernel of the commutator satisfies

Vi [(5a)m - (5a>n] = —ia (Vp, (5a)n VR, Vim — Vg, (5a>n Ve, Vom)

that is :

1
[(€a)n = (€a),]

Since the beginning, we have assumed that all the functions involved are regular in a and

Vnm = -l (va (Ea)n szVnm - vRi (€a>n vaVnm>

have a series expansion in this parameter (as well as in the canonical variables). Thus,
iterating the last relation for V,,,, yields that, for each V,,, expanded as a series expansion
in «, at each order in «a, V,,,, = 0. As a consequence, the kernel of the commutator with ¢,

is null and we can thus formally write ahr under the form :
ahr = N (a) .U, (46)
where we have defined :

N(a).Uy== ([ ") (M (Us) + M*(UL)) (47)

|~

and the inverse of the commutator operation [, £,] satisfies obviously :

[[.,5a]_1 M, e, = [eal " [M,eq) = M for M anti-diagonal
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If the Band are degenerate, we need to define the inverse of the commutator more carefully.
Actually since some bands may be degenerate, the kernel of the commutator |.,&,] has no
reason to be null now. This operator is thus no more bijective and we will not be able to
define its inverse uniquely. This non uniqueness will lead to a non unique definition of ahr.
This is not astonishing. Actually, when the Band are degenerate, as in the Dirac case, we do
not look for a diagonal Hamiltonian,but rather for a Block diagonal Hamiltonian. This leaves
thus more freedom for the diagonalization process and as a consequence, for the definition of
[, 5a]_1. Practically, we proceed as follows. Decompose our space of non diagonal matrices
of operators denoted AD in the following way. Write AD = ker (., &,]) @ ad; with ad; an
arbitrary supplementary space of ker ([., £,]). Now, given M an element of Im ([.,£,]), chose
a antecedent m, of M with respect to [.,e,], and decompose m; with respect to the previous
decomposition, m; = mgy+ms where my € ker ([, £4]), ms € ady. Now set [.,e4] " .M = ms.
Given a chosen decomposition ker ([., €,])@ad;, ms is unique since if 7m; is another antecedent
of M, my —my € ker([.,e4]) and as a consequence m; = mg + (mg 4+ my —my) is the
decomposition of my;.

One can check that

[['7 goc]_l ~M7 Ea} = [mi’n ga]
= [m1 —ma, &,
= [ml, 5@] =M
as needed to solve Eq. (). On the other hand, notice that : [.,e4] " [M,&,] is not equal to
M in general. Actually, choosing M as an antecedent of [M,¢e,] and decomposing it gives
an element mg that a priori depends on the supplementary space chosen. As a consequence,

the operation |., 5a]_1 is only a right inverse to [.,£,]. This is not a problem, since it allows

anyway to write our solution for Eq. (f) as :
ahr = N (a) .U, (48)
where we have again defined :

N(a) .Uy == ([nea) ") (M (Uy) + MH(UL)) (49)

N —

The non unicity in the definition of [.,e,]”" is reflected in the choice of decomposition for

the space AD. Let us insist on the fact that this choice is itself the consequence of the
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Bands degeneracy that allows for a larger freedom of gauge choice for a block diagonal
representation.
To complete the determination of U, we still need to deduce hr which is readily obtained

from the unitarity condition Eq. (fJ) as:
)
hr = —— [AF Al 50
" 4 [ a ‘Aa} (50)

Indeed, Eq. (B0) follows easily from Eq. (fJ), when noting that ((:2 + (.)) Us) U +
Ua (£ + (.)) U is hermitian due to the fact that for any operator A, {.) A* = ((.) A)" (and
this is true in particular for U,). This assertion can be checked on an arbitrary expansion in
R and P of A, since for an arbitrary monomial R} PFA, ;. with A, ; an arbitrary coefficient
matrix, (.) (R'PF)Af, = i (nkR}™'P7") AY, = (—inkPF'RP1A, ;)" and this last
quantity is equal to [(.) (PFR}) An,k]+~

Gathering the results Eqs.([7) (B0) allows us to introduce the operator N, operating on

U, in the following manner N,.U, = (hr + ahr) U,, so that we can write

(2 40)e] - w

with N, given explicitly by the following expression

N,.U, = % ([ zal ™) (M (Ua) + M*(Us)) Us — i [AR, AP U,

As for the energy diagonalization, this expression can be rewritten in terms of physical

quantities. Recall that M (U,) is the r.h.s of Eq. (f4), so that

1 1
B (M (Ua) + M+(U0c)) = _573— {A(]X%ilegal + Vngal'A(}X{i + Agllvagal + vafmAsll}
P (Ao AR — Alten, AT+ o, [ARLAR] + [AR AR 60, + HO)
+i73_5a [AR AP + ip_ [AR AP &,
1
= —5P- {AfV g e, + Ve AZ + Al Vpea, + Ve, ALl

TP {[eon AT AL [0 AL AT+ .C)

where H.C. stands for the Hermitian conjugate. Note also that U, ((2 + (.)) H (Xa)) US
is hermitian, as a consequence both of the hermiticity of H (X,) and the fact that
(VH X )" = ()VH (X, = () H(X,) (see the assertion below Eq. (B0)). Ultimately,

we are led to the following expression for N,.U,:
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1
NoUy=—[,ea]". [P_ {§A§lleaa + VgeaAl + ADV p e, + vplaaAjjl}

P {Ua ((% ; <.>) H <xa>) U;} PP ([0 AR AT — [e AT AT + H.C} U
- PR U 2

where ¢, (X,) is computed recursively as explained before.

As for € (X), we can therefore write for U (X) = Uy (X;) :

UX)=¢ ({T exp { / e—<~>§wNae—<->§wdaH Uy (XO)) (53)
0<a<h
This expression has a very similar structure as the solution for the energy Eq. (f() except
that the operator O, has to be replaced by N,.
To end up this section, and given the solution derived for U,, we can rewrite the operator
O, in an simpler form. Indeed starting again from Eq. (BI]) using the unitarity condition

for U, yields :

(8%1 + <,>) for (Xoy) = Py [((8%1 + <.>) Ual) U;,aal] - %eﬂ% [AL, AL

0
+ Uay (871 - <.>) H (Xa,) U},
1
+ iAgileEal + leaEal.Af{ + A(I;llvPlEal + VplEalA(I;ll

b AT AR — Al AT+ e, [ARL AR+ [AR AR 20}

1 a1’ a1)
(54)

Now, recall our gauge condition which states that P ((% + (>) Ua) U is Hermitian, so

that Py [((% + <>> Ual) U;Fl,aal} is antihermitian, as the commutator of two hermitian
quantities. As a consequence, P, [((8%1 + <>> Ual) Uf

al?

é‘al} + H.C. = 0. Then, use the
fact that e, (X,) is assumed to be an Hermitian operator, so that (8%1 + (>> Eay (Xq,) 18

equal to half its sum with its hermitic conjugate. A computation similar to Eq. (B]]), leads
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us directly to the expression :

0 1
<—aa + <.>) o, (Xq,) = §7>+ {ABV pea + Viea AR + ALV peq + Vpea Al }
1

[Pl 48142~ e 2] ) 5
0 .
U (4 0) H (X U

The action of O, is obtained by skipping U,, (8%1 + (>> H (X,,) U}, from the last term, so
that :

1
Oaé?a (Xa) = 57)_;,_ {Aglle&?a + VRlé?a.Agl + AaPlelaa + VplaaAf’}

2Py ([0 AB] AT — [0, AZ) AT +H.C} (55)

Let us ultimately recall, that in most of the physical applications of interest for us (in particu-
lar for Dirac and Bloch electrons) the term (22 + (.)) H (X,) will cancel. This simplification

will be assumed for the rest of the paper.

C. The full system H and U

We can now write the solution of our diagonalization procedure for a general matrix
valued Hamiltonian through an unitary transformation U as the solution of the following

system of differential equations
e(X)=¢ ({Texp {/ e_<'>iﬂh0a6_<'>§ﬂdaﬂ €0 (Xo)) (56)
O<a<h
v = ([Ten|[ ettt |6 o) (57)
0<a<h

where O, and N,, are given respectively by Eqgs.(b3) and (B3). The only pre-requirement is
that the diagonal form at o = 0, g9 (Ro, Py) is known, i.e., when R and P are considered
as classical commuting variables (which means that Uy (Xg) is known). Of course these
equations do not allow to find directly € (X), U (X) since those quantities are involved on
the R.H.S. of these relations. However, they allow us to produce solutions for € (X) and
U (X) recursively in a series expansion in h. Moreover, and as needed, the results of our

previous sections show that the matrices € (X) and U (X) obtained through this process are
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independent of any choice of symmetrization. A particular choice in the way of arranging
the variables for U (X) = 0 will lead to differently symmetrized, but identical, operators.
As it will appear clearly later on, having both ¢ (X) and U (X) at order n in h, and
reinserting in the exponential of Egs. (Bf) (B7) allows us to find € (X) and U (X) at order
n+11in h. But before solving recursively the set of equations Eqs.(pg) (b7), we first compare

the present approach with the one developed in article [f].

IV. LINK WITH THE DIFFERENTIAL EQUATION OF REF. [§]

In [§] we developed a different less general approach which led to the differential equation

d 1
Sece (Xa, @) = [0aUs (Xa) U (Xa) €0 (Xa)] + 3 {AfV pea + Viea AR + ALV peq + Vpea Al }

]

b (e A A — [ AT 4B — [, AR, 471)
{0 0 (X)) U = B — 2aB] - e} 58

(in the right hand side we have skipped the explicit dependence in « for the sake of simplicity)

which was coupled to the evolution of the transformation matrix U, (X,) as a function of

0 = 0aUa(Xa)U; (Xa)+Ua(Xa)0UE(Xa) = 5 (Ba = BY) + 5 [AF AD] - (59)

!

2
where —2B, = (Asym [VaVpU, (Xo)]) U (Xo) = (Ua) U With these two equations Egs.
(Bg) and (F9) at hand, the diagonalization process can be performed. Actually, since all
quantities are matrix valued and since ¢, (X,) is by definition a diagonal matrix, we can

separate the energy equation Eq. (B§) in a diagonal and a off-diagonal part such that we

are led to the following two equations

0

560 (Xa) = P [RHS. of Eq. BY (60)

0 = P_[R.H.S. of Eq. B§ (61)

In [§] it was claimed that those three Eqs. (59) (60) (1)) allow us to determine recursively in
powers of « the energy of the quantum system in question. Actually, the integration over «
of Eq. (B0) gives £, (X4) at order n in @ when knowing all quantities at order n — 1. By the
same token, Eqgs. (B]]) and (B9) (whose meaning is that U, (X,) is unitary at each order in



35

a) involve 0,U, (X,), and allow to recover U, (X,) at order n by integration over .. As a
consequence, the diagonalization process is perfectly controlled order by order in the series
expansion in «. In [§] we also provided two physical examples at the order hZ.

Now we want to show that our solution Eq. ([() satisfies the differential equation Eq.

To do so, we first rewrite () and (59) with the notation of this paper. First, (59), is in
fact ([3). Actually, —% (B, — BY) = (Ua) US + U, (U).

Second, (B1)) is identical to (F4). It can be seen by starting with (1)), and noting that in

(ED)

[ o« (Xa) U (Xa) 20 (Xa)] = 5 [Bu — aBe)
= Ua (Xq ( ) €a (Xa)] + (Ua) U;‘ga — o (Ua) U;

(o)

which, reinserted in (FI]) and projected on the non diagonal subspace through P_ leads to
(B4) after some rearrangements. Note that the term proportionnal to 8_aH (X,) is missing
in (B1l) compared to (f4),since it was assumed to be nul in [§].

Now, we show that &, (X,) as defined in (B6)), satisfies (B0). We will use the hermiticity
of g4 (X4, @) as well as the previous gauge condition stating that P ((% + () Ua) US is
hermitian. As proved in the previous section, it implies that [((a% + () Ua) Uf 4] is
antihermitian. We also assume (H (X,)) = 0, to be consistent with the previous sections,

but including it would not harm. We are led to:

%ga (X.) = SPLRHS. of Bq. [+ H.C]
1
= 57)4,. {Aglleé?a + VRlc":‘a.Agl + Aglelé?a + VplaaAf’}

% {[gas AR AL = [0, AJ] AR = [ea, [ASL A + HC.}
= Outa (Xa) - <5a>

Now, from Eq. (pf]) we can write the partial differential with respect to £ :
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0 0 s s
_ 05 ) o
e (Xr) 8715 ([Texp [A<a1<h€ Oa, € dOle €0 (Xo))

S

s
+E& Z / Oh6_<->§zah0a2--€_<.>anflaan72 Oan716_<.>anaan71Oan6_<.>gaa"50 (XO)

O<an<..<ag<h

= — () en(Xn) +

s S
Ohg Z / 6_<'>§2Hh0a2"6_<.>anflaan72 Oanqe_(.)anﬂan*lOan6_<.>6g%a"50 (XO)

n I<ap<..<az<h

= — (Ven(Xp) + Oner (Xp) (62)

S
The first equality has been obtained by using that by construction, a%e_«mﬁh =

—5x, (.)5 9%, and by remarking that in computation of the partial derivative %, the canon-
ical variables and the expectation operator remain unchanged (that is X is seen as a con-
stant). We have given previously the expression for Opep, (Yr). Using moreover Eq. (B9)

one gets directly that (¢ (R,P) —¢o (R, P)) is a solution of the differential (5§).

V. DYNAMICAL OPERATORS AND COMMUTATION ALGEBRA

In this section we will see that new non-commuting position and momentum operators
which have contributions from Berry connections emerge during the diagonalization and are
more suitably to correspond to physical operators (for the physical discussion of this point
see [LOJ[TBI[ET]). This discussion may be skipped, and the reader can directly move to the
next section dealing with the general expressions for the diagonalized Hamiltonian to the
first and second order.

From Eq.(BI)) one sees that the operator O, = (0, + (.)) acting on gy (X,) can be de-
composed as a sum of a ”translation” operator 7" and a ”magnetization” M operator (this

terminology is explained in [f])

Onco (Xo) = (T + My) e (Xa) - (63)
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where the "magnetization” operator acts as

Mago (Xo) = 1Py { e AB] AT — [z, AZ] AT 4 P, [Ua ((ﬁ i <.>) H <xa>) U;]

Oa
(64)

and

Toeo (Xo) = —73+ {AlV o (Xa) + VoAl (Xa) + ARV peo (Xa) + Vg ALl (Xa) }
(65)
To inspect the action of T, , let us skip the magnetization contribution M, for the sake of
clarity, and consider the following relevant contribution for the computation of the diago-

nalized Hamiltonian :

ET exp [/ e~ e The~Moada | g (Xo)
0<a<h

When developed in series, as explained in the previous sections, it is given by

S S

SZ [/ €_<'>§1HhTa1.. ~Oay_1—an_ 2Tan L€ <'>Q”H“’I1Tan6_<'>gH“":| I3 (XO)
n—0 L/0<ap<..<a1<h
(66)
S
Recall that each operation of the kind e Jaizaio i going along with a change of variable
Xo;, = Xy -
We find ET exp [ f,_,..,
that €7 exp [f0<a<he_<'>§ﬂhTae_<'>gﬂada} g0 (X) = &9 (X5+A§h> where AX = AX (X;,h)

e_<'>§HhTae‘<'>gﬂada} g0 (X) by the following ansatz. We assume

has to be determined and a particular (arbitrary) choice of symmetrization of the variables
X has been made. Due to the form of the left hand side in the previous relation Eq. (BG),
AX is of order h. We choose to write gy and AX such that the powers of R and P are
in a completely symmetrized form, that is we sum over all equally weighted permutations
of the canonical variables in the series expansion of o (X) (and AY) . Then, o (X + AY)
is obtained by replacing X by X + AX in the series expansion of gy. Note that, for later
purposes (.), o (X + AX) is of order h%. To differentiate the right hand side of Eq. (@)
with respect to A we proceed in the following way:.

On one hand, assuming that £q does not depends explicitly on A, %50 (X + A?f) is equal
to:

0 0A
%80 (X + AX) = arj Vxéfo (X + AX)
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X
Note that in the last expression, the product %L;LLVX?EO (X + A?L{) has to be understood

X
in the sense that 851; replaces X + AX at each place the gradient is acting on the series

expansion of gg.

On the other hand, the same infinitesimal variation can computed through the left hand

side of Eq. (B0) :

%60 (Xn+43")

0 Y S
= %52 / e_<‘>§1HhTa1..e <'>O‘n71ﬁo‘nf2TOC,He <'>‘“ﬁ“nflTane_<'>§ﬂm g0 (Xo)
n=0

<an<..<a1<h

n S S
=—()n€ Z / €_<->§1HhTa1--€_<'>Q"*1H“"*2Tanfle_“a"w”*lTan€_<'>gﬂa" €0 (Xo)
n=0

<ap<..<a1<h

S S
+& Z / Tﬁe_<'>§2ﬁhTa2..e_<'>“nfﬁ“nf2Tan716_<'>a"*anflTane_<'>gﬂan g0 (Xo)

" o<an<..<as<h

(= (n+Th) eo (XﬁAiL{h)

As a consequence, one is left ultimately with :
X

[t Tz (X 4 A4%) = 220 xey (X 4 AX) (67)

Now consider P, [.AS] and P, [.Ag], with the following definitions for the "non-projected”
Berry connections AR =i [U,VpU/] and A = —i[U,VRU]]. Define also for convenience

Py [.Afﬂ = (77+ [.Afﬂ , Py [AED Our last equation Eq. (f7) is thus equivalent to :

1 i
5Ps [AX] - [Vxeo (X + AF) + Vx (4%)' (X) Txeo (X + AF)] + HC. = (Y0 (X + AT)
94X

_ WVXEOO (X + AY)

where H.C'. stands for the Hermitian conjugate. The term Vxeg (X + A%() stems for the
gradient of £y (X) evaluated at (X + AX). As before Vx (A%()Z (X) Vx,g0 (X + Ay) has to
be understood in the sense that Vx (A%()Z replaces X + AX at each place the gradient is
acting on the series expansion of 5. To be able to compare both sides of this equation, one

has to symmetrize both expressions in the same way. As a consequence the left hand side
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has to be rewritten in the same symmetrized form as the right hand side :
%ﬂ [AX] . [Vxeo (X + 4%) + Vx (4%)" (X) V.20 (X + 4F) | + H.C.
1 i
— 5 {P [AX] - [Vxeo (X + A7) + Vx (A7) (X) Voo (X + 4X) | |+ H.C.+C(X)

This formula requires some explanation. In the left hand side, the multiplication by P, [Af]
is performed half on the left and half on the right, as implied by definition of the transla-
tion operator. On the right hand side, all expressions are seen as symmetrized in a way

that P, [AZ?] has been inserted at each place where the Vx is acting (exactly as for

04K (X)
on

Vxeo (X + AF)). The {} is there to recall this full symmetrization in the vari-
ables. The term C' (X) is the correction due to this change of symmetrization while moving
the P, [AZ{(] inside the series expansion of 5. By construction, it involves the powers of
gradients of P, [Agf] and gy and is of order h?. In practice, this term depends specifically
on the problem at hand (that is on the form of the Hamiltonian) and can be computed order
by order in A. Since later on, we will consider only the order A2, it will turn out that this

term will be negligible due to an integration.

We can now write the differential equation :
DAY (X)

L) e (X AX) = 3 {2 JAX) [Wxen (X4 4F) 4+ Ve (4) (X) Vo (X 4+ 43) |}

+H.C.+C(X) = ()0 (X + AX)

where all expressions are now symmetrized in the same way. Now, remark that, given our
previous remarks, C' (X) — (.), &0 (X + AY) is of order A2. It implies that, after integration,
it will contribute only to the third order in 4 to Ax. As a consequence, neglecting this term
in first approximation (that will be indeed the case in our applications) we thus deduce that

A¥ satisfies the following differential equation :

1 DAY
Given that for A = 0, one has AX = 0, the solution of this equation can be written recursively
as:
1
= s [m A+ L (P [ 4] 9x) A%+ H.C.)} da (69)
O0<a<h

— / Sx, Py [AX] do + / thl HP+ [AX] . Vx / Ps [Agi}] +H.C.] dayda
O<a<h 2 O<a1<a

o<a<h

b (70)
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Recall that Sx, is the shift of variable X, — X = X, so that in the integrals, the variables
X are inert, only the explicit dependence in « is integrated on. Let us also stress that in the
previous integrals, the variables X, in A® and AF have been replaced by X and are thus
constant with respect to the « integrations. The reason is that in the differential equation
Eq. (bY), X is seen as constant, only % is running. Actually, the equation involves only the

X
partial derivative a;g . Having now the solution for AX as a function of the Berry phases

we can write our solution for the exponentiated action of the translation operator. Dividing

A¥ in two components with respect to R and P, AX = (Ag, Ap), one has :
ET exp [/ e~ amn T e~ 0ada | g (X) = g0 (x) (71)
0<a<h

with x = (r, p) and r and p are new coordinate and momentum operators corrected by Berry

connections terms in the following way :

r=R+ARr
p =P+A4p (72)

justifying the name translation operator for T,. The inclusion of the corrections due to
C (X) can be performed in the following way. Shifting AX by a correction AX+dA% with
A the solution previously found for Eq. (Bg), gives the following equation for §AX :

%ﬂ [AX] . [VX (6AX)" (X) Vx,e0 (X + AX + aAfg)} + HC. 4+ C(X) = ()pe0 (X + AY)

IOAX (X
= ———ﬁ—£—2‘7x€0()(+‘A?:+'5A?j
oh
Note that C (X) is computed using the derivatives of AX+§Ax. Expanding §AX (X) as an
h series expansion of completely symmetrized function 5A§(n) of R and P (starting with

n = 3) allows, at least theoretically to find the 5Aif(n) recursively by solving an equation of

the kind :
AT (X)
on

where F (X,éAff(n) (X), ...,5A§(n) (X)) is determined by replacing €, Ax, Py [AX] by

=F (X JAN™ (X)), ... 6 A" (X))

their expressions at the n-th order. As said before, in our practical considerations the term
SAX (X) will always be neglected.
The variables x = X 4+ AX we have defined seem thus to be the natural ones arising in

the diagonalization process.
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Note that at the lowest order we have :

r=R+ P, [A] =R+ AF
p=P+hP, [AT] =P+ A (73)

where Af and A are the usual "semiclassical Berry connections” defined previously [§].

From equations Eq. ([[J) we readily deduce the following non trivial algebra
[Ti,Tj] = ’Lh2@g = ’Lh2 (VpiARj - ijARi) + h2 [ARj, ARJ
[pi,pj] = ’Lh2@§]jp = —’ih2 (VRZ-APJ- - VRjApi) + h2 [Api, Apj:|
[pi, 7] = —ihds; + kO = —ihd;; — ih® (Vr,Ag, + Vp,Ap,) + 1° [Ap,, Ag,] (74)

where the terms ©;; are the definitions of Berry curvatures. Of course these non trivial
commutation relations also give new contributions to the equations of motion and thus lead
to new phenomena [§] [[I[I0]. The commutation relations are valid to any order in A, but
in practice we can compute them as well as the energy e (X) in a series expansion in A.
Relations Eqs. (B4) ([T) will be helpful when writing the explicit expression of ¢ (X) in a

series expansion in A in the following section.

VI. SERIES EXPANSION IN #

The exact expression Eq. ([iQ), can now be expanded in a series expansion in A. Note
that we will always identify ¢, (Rp, Pr) with ¢ (R, P). We also implicitly assume for con-
venience that all expressions are symmetrized in R and P, in such a way that for all
expression depending on R and P, in the series expansion of this expression, all pow-
ers of the momentum are put half on the left and half on the right. Any other choice
of symmetrization would be of course suitable. Recall at this point some previous no-
tations : AR = i[U, (X,) Vp Ul (X,)] and AY = —i[U, (X,) VR, U} (X,)].as well as
AX = (AR AP) and AX = AX. We will also denote Af®, and Af® the zeroth order
Berry connections evaluated at X,, that is Af® = AR (X,) = i [Up (Xa) Ve, Us (Xa)],
AP = AP (X,) = —i [Uy (Xo) Vi, U (X,)], and AFe = (AR=, AF=).

A. First order in ~

At the first order we obviously get the following expression :
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£ (X) = 20 (X) + /0 Sx, [Onco (Xo)] da

This expression requires some explanations. The action of O, on gy (X,) leads to an ex-
pression F'(X,,«) which depends both on X, and «. The shift operation replaces X, by
X5 = X so that the integration is (trivially) performed on the variable o only. To stress

this point, let us first introduce a convenient notation. Recall that at the lowest order :

1

Oueo (Xo) = Py {5 (ABV peo (Xa) + Ve (Xa) AR (Xo) + ALV e (Xa) + Vg (Xa) Agjl)}

.

P {i [0 (Xa) , AL AG = 4 20 (Xa) , A AT + H.C.}

where the Berry phases can be replaced by their value at zeroth order (evaluated at X,,),

that is :

1
Ouzo(Xa) = P {5 (AFT 20 (Xa) + Vg 2o (Xa) AT + ATV g (Xo) + Vg (Xo) AT }

P, {3 20 (X, AT=] AP - i o0 (Xa), A1) Aot 4 H.C.}

since [U, ((Z + () H (X4)) US] =0, at that order.

Now, let define the ”covariant derivative” operator :Dx_, = (Dgr,, Dp,)
Dr, = [VRa + %Aﬁa,}
Dp, = {vpa — %A?a,}
and as usual Dx = Dx,, so that we can write directly :
Ouco (Xo) = %ﬂ [(Dx.20 (Xa)) Ax® + H.C.]
Therefore, at this order we have
£(X) = g0 (X) + /0 hsxh BP+ [(Dx.20 (Xa)) AYe + H.C.}} da + O(R?)
= g0 (X) + % /O h7>+ [(Dxeo (X)) AY + H.C.] do + O(R?)
=g (X) + %ﬂ [(Dxeo (X)) AY + H.C.] /0 hda +O(h?)

— o (X) + gm [(Dxeo (X)) AX + H.C.] + O(12) (75)
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In the three last lines, we have introduced a slight abuse of notation. Consistently with
our conventions, we should have written AY" rather than AX. However, since in the final
expression, all terms have to be expressed at X; = X and not at Xg, no confusion should
arise and AZX will, from now, always stand for A()f" in the final results. Note that, as stated
before, the integral over « in the previous computations is trivial once the shift of variable
has been performed.

The previous formula can be expanded in several ways. one has,

£ 00) = 200+ P4 B (45T () + o (0 AY) )
+ %ﬂ {20 %), Af] AT = [0 (%), Af] AT} + O(2) (76)

or, in terms of covariant variables:

£ (X) = 20 (%) + 5% {20 %), AT] AT = [20 (%), Af] AT} + O(2)

R

One then recover the formula first derived in ref. [§] where x = (r,p) are given by the
expression Eq. ([[J). As previously mentioned, we only need to know U (X) and thus the
zeroth order Berry phases to get the energy expansion at the first order.

We end up this paragraph by providing the first order expansion for U that will be used

for the second order diagonalization:

U (X) = Uy (X) + / S [No. U (X)] dor = Ui (X) + AU (X) Uy (X)
_ (1 R {P_ {% (AfflleaO (X) + Vo (X) A% + APV e (X) + Ve (X) A{ﬁ)}

5 1120 (0 AT AT — [0 (), A7 A?l}] -1 [A?I,Afi]) Uy (X) (77)

B. Second order

Given our choice of symmetrization (gq (X4)),, is of order 1 in «, so that. <.)‘09_)ﬁ £0(X) =
foﬁ Sx, (g0 (Xq)), do is of order 2. As a consequence, expanding the compact form of the

energy operator to the second order, leads to :

() = (X)+ | " S [Out (Xo)] do + / ' / " S5, [OmsSx.. [Omaeo (Xo)]] dasdan

h
—/0 th <€0 (Xoc»a dOé
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The last contribution can be computed easily. At the lowest order in «, Sx, (g0 (Xa)), =
¢ (e0 (X))}, (actually, Sx, (g0 (Xa)), is a function of X times a and (gq (X)), is the same
function times %). As a consequence, foh Sx, (g0 (Xa)), dov = Oh% (g0 (X)), do = 2 (g9 (X))
(with the convention (go (X)) = (g0 (X)),)-

The first contribution foh Oydagg (X,,) can be expanded as before as:

/Oh Sx, [Oaco (X)) dov

& 1
= / SXhP-i- {5 (.Aglle€0 (Xa) + Vngo (Xa) Agl + ASIVPI€Q (Xa) + Vpl€0 (Xa) Agl)} do
0

h . .
+/ Sx, P+ {i 20 (Xa), At AR - i [0 (Xa) , AD] AR + H.C.
0

(2 0) wee) ]

but now, the Berry connections have to be expanded to the first order in a. Note that in

the second order contribution, due to the double integral,

h  pai
| 850 100Sx., Onsen (e )] deads = 5 (0 (X))

the Berry connections need only to be expanded to the zeroth order in «.
To go further, we thus need to give first some expanded formula at the first order in «
for the Berry phases AX intervening in the definition of the diagonalized Hamiltonian and

the dynamical variables.

1. Berry connections at the first order

To obtain AX we only need the matrix U at the first order as computed before : U (X) =
Un(X) = Uy (X) + kU, (X) Up (X) with Uy (X) given by (Eq. ([77))

) 1
U (X) = — [,z [P_ {5 (A§' V20 (X) + Treo (X) A + ANV o (X) + Vieo (X) AL }

g { o000 AR AT — [a0 00, AT) A} | - 1 [ f] (78)

At the same order the (non-diagonal) Berry connections AX = (AS, Ag) are again given by
1
AT (Xo) =i [Ua (Xa) VeUy (Xo)] = —Ua (Xo) RaU7 (Xa)

and A7 (X,) = —i [Ua (Xa) VRUY (Xa)} = éUa (Xa) PoU, (Xa)
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where now U, (X,) is the transformation to the first order in a i.e. Uy (X,) + alU; (X,), in

which X is replaced by the running operator X,. Using the hermiticity of AX, so that one
has AX = (Aff + (Aff)Jr) /2 we can expand AX as :

Xa

Ax — G ([1+ QU (Xa)] Uo (Xa)) =2 (U (Xa) [1+ ol (Xa)]) + EH.C.) _%a

2 «Q

(the é factor reminds that in our definition of AX the gradient with respect to X, is
normalized, i.e. divided by «). After some recombinations, the previous expression can be

written in a more convenient form :

1

AX = %Uo (Xa) [Xa,Ug™ (Xo)] + H.C.
1

+5 (U1 (Xa) [Us (Xa) XoUg” (Xa)] + [Uo (Xa) XoU (Xa)] U (Xa)] + HC. — X,

using now the fact that at the lowest order Uy (Xo) [Z=, Ui (Xa)] = AX (Xa), one has :

AX = % [Us (Xa) [XaUf (Xa)] + H.C]

«

1 1
5 a0 (Xa) AX (Xa) + 0 (Xa) U (Xa) + 5 [Xo, UF (Xo)] + H.C.

decomposing U;" (X,) into Hermitian and anti-Hermitian part we are thus led to :

AX = % (U (Xo) [XasU (Xo)] + HC) + [XotaAX ahr (UF (X,))]
n % (AXhr (U (Xa)) + br (UF (Xa)) AX) (79)

where ahr (Z) and hr (Z) denote the anti-Hermitian and Hermitian part of an operator Z

respectively. Now using Eq. (), we are led to the following expressions :

[(Xo+aAT abr (U (Xa))] = [Ba, Xa + aAl?]
and
5 (AXhr (UF (X)) + br (UF (Xa)) AY) + HC.
= o (AThr (U (Xa)) + hr (U (Xa)) AY)
=AY A AT + O
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with B, given by the following relation

1
B =~ oo (%) (P { JAE T 0 (%) + AT 20 () + 11

l

— { |20 (%0 Aft | AT = |20 (%) Af] AT+ HC})

= —[,e0 (X)) (P_ {%A(?MVRM&O (X.) + %A{falvpalao (Xa) + H.C.})

+ % {PLAf P AL — P_AT P AT + HC. | (80)
Note that given our previous notations, we can write:
By =—[e0(Xo)] " {(Dx.c0 (Xa) A3 + H.C.}

The two last expressions will allow to rewrite AX: To do so, we need to express carefully
= [Uo (Xa) [Xa.Ug (Xa)] + H.C.

Actually, given our choice of symmetrization, at the second order this term is not equal
to AT but also includes some second order corrections to symmetrize properly the product
Up (Xa) X [Xa, U (Xa)] (see [B] for this fact). Moving powers of P, and R, on the left or
on the right yields:

1
% .
= .A())( + ﬁvRal Up (Xa) Ve, ([XOMUO ]

(Uo (Xa) [Xa.Ug (Xo)] + H.C.)
)]) - Up (Xa) Vi, ([XaUg" (Xa)]) + H.C.
= AF + iAé%l Up (Xa) Ve, (XU (Xa)]) +5 ARM Up (Xa) Vi, ([Xa.Uf (X4)])
= AX+ 2 (Aff“on (Xa) Vi, AX + ALt (X,) vp AXe C)
——Aoal (Ve U (Xa)) ([Xa,Uf (Xa)]) — iAgw (Vi Uo (Xa)) ([Xa,Uf (Xa)]) + H.C.
= AF+ T (AT R AT+ AT AT+ HLC)
—iAéDMA?MAEf + ngalAgalAsf +H.C.
= A+ T (A Vi AT+ ATV, A HC) + GA(’)‘ AT AT + H.C.)
And as consequence, we can regroup the various terms of Eq. (f9), to obtain ultimately :
AX = AFe (Rot SAfe Pt S AL ) + [Bay Xa + 03]
where we introduced the notations

Aé‘a( ot ST Aoa) AXe 1 2 {AO‘”VR A§“+A§“’VPMA3(“+H.C.}
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2. Hamiltonian diagonalization at the second order

We can now turn to the expression of the diagonalized Hamiltonian. Focusing first on

the double integral term :
h %1 B
|| 5% 100Sx., (0o (X )] dazdas = 5 (0 (X0)
0 0
h a1 . B
- / / Sx, [OalSXal [%ﬂ [(Dxazeo (X)) Ax2 + Hom dasday = 3 (0 (X))
0 0

LI

h
—5 (20 (X))

1
S;(h Py { (Dxal <§Sxa173+ [(Dxa2€0 (Xas)) Aécw + H-C-] )) Aécal + H-C-} apdasdoy

due to the action of the shift operators, X,,, and X,, are shifted to X = X at that order.

As a consequence,

| [ 5% 1005x., (Ouizo (X)) dasdes = 5 (a0 (X0

= /0 /Oal %do@dal [P, {(Dx [Py [(Dxeo (X)) AX + H.C]]) AX} + H.C.] - g (20 (X))
= %2 [Py {(Dx [Py [(Dxeo (X)) AT + H.C]]) AT} + H.C] — g (20 (X))

We can now turn to the determination of the single integral term. For the sake of simplicity,

we consider the case [U, ((2 + (.)) H (Xa)) U] = 0, which is in fact satisfied in the usual

examples of interest..

/h th [Oa€0 (Xa)] do

h 1
= / SXhP-i- {5 (.Aflle€0 (Xa) + Vngo (Xa) Afl + A(J;ZVPI€Q (Xa) + Vpl€0 (Xa) .A(];l)} do
0

h . .
+ [ Csxp, {i 0 (X) AR A7 = & [2(X,), AZ] A%+ H.c.} da
0

Introduce now the correction to the covariant derivatives at this order: Dx, = (f)Ra,f)pa)

with
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Then, one can write :

/O "S5, [0u0 (X,)] da = /O 5, Bm [(Dxuzo (Xa)) AX + HCH do

which can be expanded as :

/ sxr w20 (X,)] da

= =Py [(Dxeo (X)) AF + H.C]

1 X
+—Ps <<1A§IVXZA5@ +HC. + [ }_Z” + AXaJD V20 (X) + H.C.)

1
+i—P, { <50 (X), ZA?ZVXMAE +HC. + [B, I—; - A(E‘D A+ H.C.}

P
—i—P, { <go (Xo), AV AP £ H.C. + lB, =+ Aé’D AR 4 H.C.}

_ Zg [(Pxeo (X)) A%+ H.C] (81)

with B = B, and

AX = AF + %_L (%Aglvxl,ztg‘ + lB, 2 Aﬂ + H.C.) (82)

h

We also introduced the notation f)x = (f)R, ﬁp) with

i
DR - |:VRa + §AP, :|
DPp — {Vpa - %AR, ]
Ultimately, one can gather the various terms to obtain the energy at the second order in A

as a function of the canonical variables

£(X) = 5 (X) + gﬂ [(T)Xgo (X)) AX H.C.}

h2 h

[73+ {(Dx [P+ [(Dxeo (X)) AT + H.C]]) AT} + H.C.| = 5 (e0 (X))
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This formula is still compact and can be, for practical purposes, expanded in several ways.
We first start by developing e (X) as a function of the zeroth order diagonalization data,

that is g (X) and A¥. Starting first by expanding AX, we are led to :
e(X) = 50( + 7>+ [Dxeo AT + H.C.] + h— [P {(Dx [[DxeoAT + H.C.]]) A} + H.C]

(( ANV A+ HC. + [B AY D VXJ.EO—I-H.C.)

+z—7>+ { [50, AV x AR 4 H.Cl AP — {50, iAg“lVXMA(‘)’ + H.C} AR+ H.C.}
+z—7>+ { {60, { S~y ARH AP — {60, {B, % + A}i” AR | H.C.} (83)
Or, if we expand B fully,
e (X)
= e (X) + gﬂ {(Aé‘vxeo (X)) + % 20 (%), AlF] A~ % 20 (%) A AT+ H.c.]

+h2 73+ {[AX0xP, (AXxeo (X) +i a0 (X), AT A+ 1.C)] + 1O
+@—7>+ [P (AFx=0 (X)) +i [0 (X), Af| A+ H.C) AT AT

_Z_P+ {[ ( (A ngo(x))H[EO (X),A{fl} A5!+H.C.),Ag’l} Aé“}

_73_|_ < AXIVXIAXZ + HC. + [80, ] ! [A())(V)(Eo +1 [EO’A(?I] AOPZ + HO]) VXJ.E() + HO)

@ﬂ { {50, AV AR H.C} Af — [eo, iAgfalealAg + H.C.] AR + H.C.}
—ﬁm {[e0: [V + AR [eo, 17 [AXVxeo + [e0, A | AT+ HC]] AP + 1.C
zh2

2, { [50, [—NR 4 AP (g, ] [Aé‘VXgO +i [50, Aﬁl} APy H.o.] H AR | H.C.}

The last expansion is useful for practical purpose, since it yields directly the A expansion
for the diagonalized Hamiltonian. However, it seems more elegant and relevant to rewrite
e (X) as a function of the covariant variables x = (r, p) defined in the preceding section.
Note first that the Berry phases Eq. BZ, A* = (AR (X), AP (X)) with A* = AT +
b <A§ZVX1A3< + [B, X + A¥] + H.C’.), satisfy, by construction :

.ARl / Sxﬁ ARl do

API / Sxﬁ APl do

(84)
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So that, recalling our previous definition of the variables x = X+A%* (see Eq. B9), we can

write for r,

h
1
r::I{+¥/n‘SXQP+/Q1(PL]P)da1%- J/ SXﬁ§ +‘f[(1 dalda
0

O<a<h

Py [AX] Vx / Py [AL]

<o <o

h2
= R+hAP, AR (X) + 1 (P AFVR) Pr AT + (P AF V) PL AT + H.C.)
R h2 1 X R R R
hZ

+ 5 ((PrAT Vr) PLAT + (P AT Vo) PLAT + H.C)

h2
= R+hAR + 3 AR (85)

For p, we have in the same manner the following expansion

h
1
P= P+ / SXhP+A51 (R, P) dOél + / SXh§ + H.C. dOéldOé
0

0<a<h

P, [AX] .Vx / P, [AT]

O<ai<a

hZ
= P+aP, AR (X) + 1 (P AF . VR) P+ AY + (PLAS . V) PLAS + H.C.)
12 1 P
= P+hP, AP + TP+ (§A§<ZVXZA§ + [B, =+ Ag’} + H.C.)
h2 1 R P P P
+7 (3 (P AG.VR) P AG + (PyAS.Vp) PrAf + H.C.

hZ
=P+hAL + 3 AP (86)
As before. x = (r, p) satisfy of course an algebra Eq. ([4).

Now, come back to the compact form of ¢ (X) :

£(X) = 5 (X) + gﬂ [(ﬁxao (X)) AX 4 H.C.}

+%2 [P+ {(Dx [P+ [(Dxeo (X)) AY + H.C]]) AY} + H.C] — g (20 (X))
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expanded as :

e(X) = g0 (X) + Py {7—; (A%Vx,80 (X) + V.20 (X) AXZ)}

PP {20 (X), A%] A7 — [z (X), A7) A} 4 H.C)

+%27>+ { [Ag<vxp+ (Azfvxgo (X) +1i [50 (X) ,A{fl] Al Hc)} + H.c.}
+i%273+ [P ((AFx20 (X)) + |20 (X), AT AT+ 1.C) AT AT
S [P (X920 (X0) 20 (X0, A AP+ 1.0 AR] AR

To the second order, and given our choice of symmetrization, the contributions

h h?
€0 (X)—I—P+ {5 (.AXIVXzEO (X) + VXLEO (X) AXL) }_|_Z73+ {AOXV)(P+ (.AOXV)(€Q (X)) + HO}

can be recombined as :

2

h
€0 <X+h73+ AN 1 (P AF. V&) PLAY + (P AF V) PL AT + H.C.)) = g0 (x)

On the other hand, one has also at the same order:
%ﬂ {[e0 (X), A1) AT — [g0 (X), A"] A" + H.C.}
,h2 _
i Py { AXVxP, ([50 (X) ,Agz} AP HO)} n H.C.}

2

B )
+ig Py { P (AFVxe (X)) + H.C.) ,Aff’] A?}

h? I
i P[P (AXxe0 () + 1.0 AL Al

; X X
— %ﬂ { {50 (X+PLAY) , AT (X+—P+2A . )} A" <X+P+2A 0 )}

; X X
—%ﬂ { [ao (X+PLAY) , A" <X+%)] Aft <X+%) }

- i {00, ] 0 - ot 0] 40 . 4%, ]

where we introduced the notations

AR = % [1 - % (P+Ag<.vx)} Al (x) + H.C.
AP = % {1 - % (P+Ag<.vx)} A (x) + H.C.

Ultimately,the contributions to the Hamiltonian can be recombined to yield :
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£ (X) = 2 (x) + LHP, { [50 (x) ,ARZ} AP~ [50 (%) ,API} A - [50 (x), [Affl, A{jl” + H.C.}

4
— %277+ { Heo (x) ,Aé%’] At - [6‘0 (x) 7«4(];!} A(}]%Z7A(?k] A(I)Dk}
+ %73+ { Hgo (x) ,Agl} Al — [50 (x) ,Aégl} A?’,Ag’“] A(’f’“} - g (€0 (x)) (87)

Note that in the all Hamiltonian, including the Berry connections Af and A", we have

replaced the operators (R, P) by x = (r, p) at each order of the expansion.

VII. PHYSICAL APPLICATIONS

A. The Dirac electron in an electric field

To illustrate our general theory we consider the case of a Dirac electron in an external
electric field. We will obtain the block diagonal Hamiltonian to the second order in A and
will compare with the FW transformation obtained in [[§]. Note that contrary to the FW
which is not an expansion in £, the new method is valid for strong external fields (actually
a FW transformation expanded into a power series in A was also recently proposed [[9]).

Let consider the following Dirac Hamiltonian (¢ = 1)
Hy =a.P+pm+eV(R)

To compute the diagonalized Hamiltonian to the second order in A we first need the ze-
roth order diagonalization transformation, which is the usual FW transformation for a free

particle:
_ E+m+ paP

T VRE(E +m)
where F = /P2 4+ m?. In this case, we have (with ¥ =1® o)

R . 1 . —paPP+E(E+m)pa—iEP x X
Ay =10y VpU; " =i 252 (E 4 m)

Al = —iUVRU; =0

which leads to the first order projected Berry connections:

PxX
2E(E+m)
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The zeroth order diagonalized energy is gg (R, P) = £ = VP2 + m?
Now, to complete the diagonalization process, we need the matrix B Eq. (BQ) that enters

in the definition of the covariant variables:

Oe

B=""p_
SYol

(AF) . VgV

From B and Eq.(B2) we can then compute the Berry connections to the second order in

h. Here expressions simplify greatly. Actually, one has :

AR

A+ % [B,R + LAY

Ly PXZ | he B°ViV - [PVLV]P
2E (E+m) 2 AES

—a.PP+E(E+m)
8E3 (E 4+ m)

E(E+m)P x (ViV xa)— (P x (P x a)P.ViV

AEY (E +m)®

eV p vV

+he

and

AP = % [B,P] = mf—; (P- (Af) .Vr) V5V

we can also write the dynamical operators as:

h? PxX h’e E*V gV — [P.VRV|P
= R, B. AR = X e R R
1= RAAPLAT + 5 Pe [B A R+h2E(E+m) Tl AES
and
p=P

Now using expression Eq. (B7), we arrive at the following expression for the diagonal repre-

sentation of the energy operator as a function of the covariant variables (r, p):

]

()= a0+ 17 {4447~ o0 4] 4

— oo (x) + %m {2000 AF | AT = [z (x), A7) Aft ]

which, once developped, leads to:

h’e _ E*V.,V —[p.V,.V]p
e= VPt Emi 4 -V 1EA

+ eV (r) (88)

Here we have made the choice of fully symmetrizing in r and p, that is to weight equally all

permutations in r and p in the series expansions of our expressions. One can now check that
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developing the variables r as a function of the canonical variables R and P yields the same
expression for the Hamiltonian as in [[§] (apart from.a small sign mistake for the spin-orbit

coupling in that reference)

P xX
5:ﬁm+eV(R)+hm.
E2(VRV)’ — (P.VzV)?
8ES
e ( ViV (2B +2Bm+m?) (P.Vg)’ v)
AF (E +m) SE4(E +m)?

V5V

+h2ef

(89)

Note that this result can also be found directly by using the expression Eq. (B4) for the
diagonalized Hamiltonian as a function of the canonical variables. Eq. (BY) being fully
relativistic, to compare with the usual FW [[4] approach we consider the non-relativistic
limit and expand our result to second order in i We readily obtain the well known diagonal

representation of the positive energy (expressed in coordinates R and P) [[4] :

P2 o eh eh
8:%—m+eV(R)+ma.(V3‘/xp)+

2
2
Ay vV (90)

with o the Pauli matrices. Note that it is the term order A? in Eq. (B§) which, in the non

relativistic limit, leads to the Darwin term.

B. Massless Dirac particle in a static symmetric gravitational field

We consider here the Hamiltonian of a massless neutrino propagating in an isotropic
inhomogeneous curved space of metric g¥(R) = n~' (R) 6”.(with the convention ¢ = 1)

Hy = % (.PF(R) + F(R)o.P) (91)

with F(R) =n"! (R).

As for the electron in an electric field, we start by giving the zeroth order diagonalization
matrix as well as the effective energy ¢y (R, P). Since at that order, (R, P) can be thought
as commuting variables, one finds easily that the Hamiltonian diagonalization is performed
through the following Foldy-Wouthuysen unitary matrix :

_ VP2 + fa.P

U (P) 2P’

(92)
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and
1
%0 (P.R) = UsHo (P, R) U = 38 (F(R)VP? + VP?F(R)) (93)
We also need the Berry phases at the lowest order:

—Ba.PP + E? —iEP x X
.AOR = z'[U()VPU(ﬂ = pa + 25301 ‘ i

AF = —i [UVRUT] =0

The matrix B Eq. (B() needed to obtain the corrections to the energy at the second order

is even simpler than for the electron in an electric field since here (see Eq. (B9)):
- 1 fe} 1 o
B=—[,g(Xa)] P {5.4(1)% 'V, (X) + §VRM€0 (X) .A(’f l} -0

Therefore Berry connections and covariant variables to the second order reduce to AR = AR
and AP = 0 as well as r= R+AP, AR = R+h%, p=P.

Now, using expression Eq. (B7), we ultimately obtain the energy operator:

S(P,1) — %/@ (F (1) VP2 4+ VPPF (1)) - g (g0 (X))

- %5 (F () VP2 + VPR (1)) - ih VPP (R)]

_ %g (F () VP2 + VPPF (1)) - i \/h];PVF (r) (94)

From the last formula, we can deduce the equations of motion to the second order approxima-

tion. Indeed, for a particle of positive energy only ¢ (P,r) = % (F (r)vP2+ VP2F (r)) —

2

i\/h;_QPVF (r) with now r = R+iE52? a 2 x 2 matrix (the spin matrix is S = ho/2), the

usual relations ¥ = —£ [r,e (P, r)] and P = —1[P,e(P,r)], lead to the equations of motion

i = Vpe + hPxO'"
P = V¢ (95)

Note that the anomalous velocity term hAPx©™ in Eq. (P3) has to be understood as a
symmetrized expression of P and r. Here, [r;, 7;] = ih?0]] = ih*c;,0}" = —z‘h%i]—k)\g—’;, and
A = 0.P/P the helicity. In addition helicity is conserved d\/dt = 0. Eqs (PH) imply the
spin Hall effect of light (for the photon one just has to replace the Pauli matrices o by the
spin one matrices) as a consequence of the anomalous velocity term hP X' (see also [BF]

and for the experimental confirmation of this effect)
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From the Eq. (D) we deduce the following expression for the velocity components

, 1 ¢c P* P ¢ M dlnn ¢ dlnn ¢
vt = — <———|— )"‘ﬁgijk <Pk + )Pk)

2\n() P " Pn(r) Jr' n(r)  Oz' n(r
h2 C 1 PZPJ

from which we compute the modulus of the velocity

v = % (1 + hQ%Z ((v lnn)? — % (P.Vlnn)z))l/z +O(®) (97)

This expression shows a very small correction to the usual expression v = ¢/n(r) of order

h? due to the interaction between the polarization state and external inhomogeneities.

VIII. CONCLUSION

In this paper, we presented a new diagonalization method for a generic matrix valued
Hamiltonian which leads to a diagonal representation where the operator energy takes an
elegant and compact form. This approach requires the introduction of some new mathe-
matical objects like non-commuting operators evolving with the Planck constant promoted
as a running variable and thus reveals a mathematical structure reminiscent of the stochas-
tic calculus. It also shows once more the very important role played by Berry phases in
these systems as the energy operator is written in terms of covariant dynamical operators
containing Berry connections and satisfying a non-commutative algebra.

It was also found that the diagonal representation of the energy is solution of a differential

8

equation in A presented previously in [§ and which could only be solved recursively in a
series expansion in A. Actually the formal exact solution presented here can also be written
explicitly as a series expansion in A, but it appears that the derivation of the coefficients
of this expansion is now much more easier. Indeed we could give the expression of the
energy and the dynamical variables to the second order in A for a generic matrix valued
Hamiltonian. We then applied this method, first to the simple case of a Dirac electron in
an external electric field which allowed to recover the usual Pauli Hamiltonian in the non
relativistic limit including the Darwin term of order A%, and second to the neutrino in a

gravitational field. This is obviously a good check for the validity of the proposed method.

We leave for subsequent work its application to more complicated systems in condensed



o7

matter or relativistic particle physics such as Bloch and Dirac electrons in interaction.
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