N

N

Diagonal Representation for a Generic Matrix Valued
Quantum Hamiltonian

Pierre Gosselin, Herve Mohrbach

» To cite this version:

Pierre Gosselin, Herve Mohrbach. Diagonal Representation for a Generic Matrix Valued Quantum
Hamiltonian. 2008. hal-00202491v2

HAL Id: hal-00202491
https://hal.science/hal-00202491v2

Preprint submitted on 6 Jun 2008 (v2), last revised 24 May 2009 (v5)

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-00202491v2
https://hal.archives-ouvertes.fr

Diagonal Representation for a Generic Matrix Valued Quantum

Hamiltonian

Pierre Gosselin! and Hervé Mohrbach?
Lnstitut Fourier, UMR 5582 CNRS-UJF UFR de Mathématiques,
Université Grenoble I, BP74, 38402 Saint Martin d’Heres, Cedex, France
2 Laboratoire de Physique Moléculaire et des Collisions, ICPMB-FR CNRS 2843,
Université Paul Verlaine-Metz, 57078 Metz Cedex 3, France

A general method to derive the diagonal representation for a generic matrix valued
quantum Hamiltonian is proposed. This method can be applied to any kind of
quantum system which has an energy band spectrum. In particular it would be
useful for the study of relativistic Dirac particles in strong external fields as well as
for Bloch electrons in solids. In this approach the diagonal energy operator and the
dynamical operators which depend on Berry phase terms can be expanded in power
series in the Planck constant. The connection with previous less general approaches
is also presented. As an example, the case of a Dirac electron in an external electric

field is considered.

PACS numbers:

I. INTRODUCTION

The physical content of quantum systems is most often best revealed in the represen-
tation where the Hamiltonian is diagonal. The paradigmic example is provided by the
Foldy-Wouthuysen (FW) representation of the Dirac Hamiltonian for relativistic particles
interacting with an external electromagnetic field. In this representation the positive and
negative energy states are separately represented and the non-relativistic Pauli-Hamiltonian
is obtained [[]. Actually even if several exact FW transformations have been found for some
definite classes of potentials [P][B]H], the diagonalization (block-diagonalization for Dirac
Hamiltonian) is a difficult mathematical problem requiring some approximations, essen-
tially a perturbation expansion in weak fields. To overcome this limitation we have recently

proposed a new method based on a expansion in powers of the Planck constant A which



is not restricted to Dirac Hamiltonians (and thus very different from the FW method) but
is applicable to a large class of quantum systems: as a non-Dirac example we carried out
the Hamiltonian diagonalization of a spinless electron in magnetic Bloch bands [[][H] [[-
Another advantage of the h expansion, apart from the fact that it is valid for strong fields,
is that the semiclassical limit of (relativistic) quantum mechanics is readily obtained. Since
semiclassical methods play a very important role in solid state physics too, in studying the
dynamics of electrons to account for the various properties of metals, semiconductors and
insulators, it is clear that a diagonalization method valid for a generic Hamiltonian is of
a great interest. Actually, one must underline that there exists several other approaches
treating the approximate diagonalization of general quantum Hamiltonians. The general
method developed by Blount is based on an expansion in weak electromagnetic fields and
is in principle applicable to Bloch electrons and Dirac electrons as well [§]. But his method
is limited by construction to weak external perturbations. Moreover, it leads to a formal
series expansion which leads unfortunately to cumbersome calculations for practical appli-
cations. Later on, Weigert and Littlejohn developed a systematic method to diagonalize
general quantum Hamiltonian in a series expansion in £ [J]. Although similar in spirit, their
method is very different from ours and more closely connected to Blount’s one. It leads also
to a formal series expansion written in terms of symbols of operators which also makes the
method very complicated for practical applications. It is worth mentioning that recently a
variant of the Foldy Wouthuysen transformation valid for strong fields and based also on an
expansion in A of the Dirac Hamiltonian was presented [L0].

The method developed in [{] is very different from the ones previously discussed as it is
based on a differential equation of the required diagonal Hamiltonian with respect to A which
is thus considered formally as a running parameter. It turns out that the resolution of this
differential equation can be done by a series expansion in A, giving thus, at least in principle,
the diagonal Hamiltonian as a series in h. Particularly interesting is the fact that the
diagonal Hamiltonian in the semiclassical limit, which is often enough to get physical insight
to the problem considered, is obtained by a straightforward integration of this differential
equation. We could give in this case a general formula for an arbitrary matrix valued
Hamiltonian in terms of covariant operators and commutators between Berry connections.
This general formula was first derived by a direct diagonalization in [f] and allows us to

study the dynamics of electrons and photons in a static gravitational field for which we



could go beyond other previous approaches [[1]]. Therefore, an other main advantage of
the diagonalization procedure of [[] is that it embraces several different physical systems
ranging from Bloch electrons in solid to Dirac particles interacting with any type of external
fields even the strong ones. In [f], we also provided two examples in particle and solid state
physics for which we could extend the diagonalization to the second order in A, but due to
the complexity of the problem we could not find a general expression to the second order in
h for a generic Hamiltonian.

In the present paper we solve this problem by presenting an alternative powerful method
for the diagonalization of a generic matrix valued Hamiltonian that leads to a particularly
compact and elegant exact expression for the required diagonal energy operator. The phi-
losophy behind the approach developed in this paper, consists in a mapping of the initial
quantum system to a classical one which can be diagonalized and then to return to the full
quantum system. This method requires the introduction of some new mathematical objects
like non-commuting operators evolving with the Planck constant promoted as a running
variable. This construction leads us to define a differential calculus on a non-commutative
space which shows some similarities with the stochastic calculus. It is not our goal in this
paper to deepen the mathematical aspect of our approach that might look sometimes formal
but also shows to be very elegant and much more powerful than any other ones as it is
general and more tractable for practical applications.

The method considers h as a running parameter as in [ but is actually much simpler
as it is not based on a differential equation. It leads directly to a formal exact diagonal
representation for any arbitrary matrix valued Hamiltonian, which as we will prove in this
paper, is an exact solution of the differential equation. It appears also, as one could expect,
that the expansion in a series of h of the exact diagonal Hamiltonian derived here is much
more easier to obtain than by the successive integration of the differential equation. Conse-
quently, contrary to the procedure in [[], one could find a general diagonal expression for any
arbitrary Hamiltonian to the second order in & (to higher order expressions becomes again
very cumbersome but could in principle be deduced). As a physical illustration of this result
we derive the full relativistic energy of a spin 1/2 particle in an external electric field to the
second order in i which allows us a comparison with Blount’s result [§]. Another interesting
feature of this approach is that it confirms the fundamental role played by Berry curvatures

since it results in an effective diagonal Hamiltonian with Berry phase corrections as well



as noncommutative (Berry connections dependent) coordinates and momentum covariant
operators as in previous approaches [f]J[i]. The resulting generic equations of motion are
also corrected by Berry curvatures terms.

The paper is organized as follows. In the next section we develop the differential calculus
in noncommutative space. We then derive, in section 3, the diagonalization procedure and
show the link with the differential equation in section 4. Section 5 is devoted to the discussion
of the dynamical coordinate and momentum operators. In section 6, we give the general
diagonal energy operator formula to the second order in i and in section 7 the case of the
Dirac electron in an external electric field is considered as an illustration of the general

formalism. Last section is for the conclusion.

II. PRELIMINARIES:

A. Differential calculus on noncommutative space

Consider a quantum mechanical system whose state space is a tensor product L? (R*)@V
with V' some internal space. In other words, the Hamiltonian can be written as a matrix
H (P,R) of size dimV whose elements are operators depending on a couple of canonical
operators [R', P7] = ihd,;, the archetype example being the Dirac Hamiltonian with V' = C*.
Our goal is to derive the formal diagonal representation of this matrix valued quantum
Hamiltonian. By diagonal Hamiltonian it is meant an effective in-band Hamiltonian which
has a matrix representation with block-diagonal matrix elements associated with energy
band subspaces. As in paper [[] the procedure we propose for the removal of the interband
matrix elements needs the use of some unconventional mathematics compared to the usual
formalism of quantum mechanics. Since the Planck constant is here considered as a variable,
operators do not satisfy the usual rules of quantum mechanics. Therefore before directly
embarking on the diagonalization procedure we first introduce the required mathematical

tools. For that purpose we start with some definitions and notations.

1. Running coordinate and momentum operators

To begin with, we introduce a formal space of non commuting infinitesimal operators

dX! = {dR',dP.} i = 1,2,3 indexed by a continuous parameter «, that satisfy the



following infinitesimal Heisenberg algebra (with a reversed sign) :
[dR.,dP]] = —idabnwd; and  [dR.,dR!,] = [dP.,dP]] = 0. (1)

Then, we define a set of running coordinate and momentum operators by witting the fol-

lowing formal sums :
R, =R'— / dR,, and P.=P"'— / dP; (2)

with the choice of convention dR!, = R: — R!, _,, and dP. = P. — P! This ”down-

a—da a—da”
ward” choice of the differential element notably implies the commutation rules [R', dPJ] =
[dR!, PJ] = 0 which turns out to be absolutely necessary to develop later on a differential
calculus on this noncommutative space.

For a = I we recover the usual canonical operators R* = Riand P' = P} which satisfy

the canonical Heisenberg algebra [R’, P/] = ihd;;, whereas the running operators satisfy
[RZ,PO{} =iad;; and [RZ,RM = [P(ijp@{] = 0. (3)

Note that in this paper we will never consider the algebra of the operators R!, and P’, for
a # o/, which from the definition Eq. (f]) is clearly not a Heisenberg one.

The variables dX,, have to be understood as fictitious variables that make the link between
quantized operators (« = h) and classical variables (v = 0). As will be explicit later on, their
role is to transport our quantum system to a formal classical one that can be in general easily
diagonalized, and then back from the formal classical one to the required quantized system.
By writing dX, = \/MXQ with X, a normalized canonical operator we see that the
infinitesimal quantities dX, are actually of order v/da. However, having this in mind, we

will never use the X, notation and always work with dX,.

2. Differential algebra

For the sequel, we need to define the differential dF (X,,a) of an arbitrary function
F (X, @) where X! = {R! P!}. For this purpose, consider the operators R — fj dRj,
and P} = P' — fj dP; as acting on a space W = (V ® L* (R?)) ® (Qa<nL? (R?),) which is
the tensor product of V' and an infinite number of copies of L? (R3). The tensor product
V ® L? (R?) and the space L? (R?), refer respectively to the spaces on which the canonical
operators (R’, P') and the differential operators dX! act.



Now to be consistent with our convention for the differential element d X, the differen-
tial of the function F'(X,, @) in defined in an unusual backward manner as dF' (X,, a) =
F (X4, o) = F (Xa—da; @ — da) . This construction is essential as it permits the commuta-
tion between the non-differential and the differential elements dX?. The differential will be

written as a second order expansion plus some neglected terms:
. ) 1 ) . 1 . .
dF (X4, a) = Vg, FdR! + Vp FdP! — 3 (VR Vg, F)dR,dR!, — 3 (Vp,Vp,F)dP.dP]

— % (Vg VpiF) (dRédPg + dPngfl) + (F (X4, a)) do + g—zda

+ terms of order 3, (4)
where all expressions in the r.h.s. are evaluated at (X,,«). Note that here, we have kept
the terms of order square in dX! since they are of order da and thus contribute to the
differential, whereas higher orders can safely be disregarded as they are negligible when
the integration over « is considered. These second order terms have been organized in a
certain form that will be practical for us later. There is nothing to say about the usual
dR.dRJ or dP.dPJ terms. The crossed terms involving products of dP! and dR? have to
be taken with care since these two infinitesimal elements do not commute with each other.
For this purpose we have decomposed the second order terms involving products such as
dP!dR’, and dRJdP! in a symmetric part proportional to (dR!dPJ + dPJdR!) giving the
contribution —% (Ve VpiF) (AR dPJ 4+ dPJdR!)), and an antisymmetric part proportional
to (dR!,dPJ — dP!dR!) = —id" da corresponding to the bracket (F' (X, a)) da that we now
explain in details. The notation (F' (X, «)) (which in [{] was corresponding to the operation
— L AsymV g,V piF (X4, @)) is defined as a specific procedure on a series expansion of F in
the variables R:, P! in the following way : let F' be a sum of monomials of the kind
M; (Ry) My (P,) M3 (Ry,) .... the M; being arbitrary monomials in R, or P, alternatively.
Let the operator Vg, Vpi acts on such an expression by deriving all combinations of one
monomial in R,, and one monomial in P,. For each of these combinations, insert a dR’, at
the place where the derivative Vg, is acting and in a same manner a dP? at the place where
the derivative Vp: is acting. This leads to an expression with two kind of terms, one kind

being proportional to the dR{dP?, and the second proportional to dP/dR!. Then rewrite

this expression in terms of dR! dPJ + dPJdR!, and dR!dP’ — dP!dR!, = —id“da. Then
(F (X,,a)) is defined as minus the contributions of terms proportional to —id“da in the

computation in the procedure just considered. This definition implies a procedure which is



clearly dependent of the symmetrization chosen for the expansion of F.

To make the definition of (F' (X, «)) clearer, consider some important practical exam-
ples. If the function F has the following form F = 1(A(R.) B (P,)+ B(P.) A(R,))
which corresponds to a frequent choice of symmetrization in R, and P,, then (F (X,,a)) =
1 [A(Ra), B (P,)]. Another choice of symmetrization leads in general to a different result.

For instance, if we rewrite the same function F' in a fully symmetrized form in R, and
P, (that is invariant by all permutations in R, and P,) which is also often used, we have
now have a different result since (F' (X,, a)) = 0.

Nevertheless, this dependence of (F'(X,,«)) in the symmetrization choice is not aston-
ishing at all.  Actually changing the symmetrization of a function F' (X,,«) introduces
some explicit terms in o which changes also the term 0, F'da present in the differential Eq.
(B). As a consequence, neither the partial derivative with respect to «, nor the bracket are
invariant by a change of form. But, what is invariant is the sum 0, F + (F).

We show this assertion by first giving a useful formula for the differential of a product of

functions :

d(F(Xa) G (Xa)) = d(F(Xa)) G (Xa) + F (Xa) d (G (Xa))
~V i FVg,GdR, AR}, — N p FN p GdP.dP]
—(Vg,FVp;G)dR.dP’ — (Vp; FV,G) dP!dR!,
= d(F (Xa)) G (Xa) + F (Xa) d (G (X))

) ) 1 . .
~ViFV R, GAR,AR), — SV FV ,GdP,dP)

1 . . . .
-5 (Vr,FVpiG+ Vp,FVG) (dR,dP] + dP]dR))

2 (VR F (Xa) Va G (Xa) = Vi F (Xo) VrG (X)) da ()

Now, the invariance of d, F' + (F') is the consequence of two facts. The first one is that the
definition of the differential dF' (X,, ) is independent of the way the function F' (X, @) has
been symmetrized. Actually, considering F' (X, «) as a monomial in the canonical variables,
a change of symmetrization amounts to move successively powers of the momentum on the
right or the left of the position variable. Recursively, one just has to check that moving only
one power of the momentum does not change the differential. Considering thus a monomial
of the form F (X,,a) = M, P.R! M, with M; and M, arbitrary, move the momentum to
rewrite F' (X,, ) = M (R!,P! — ia)) My. Our formula for a product of differential, allows to



assert that the differentials of the two terms MlPOinXMQ My and M, (RéPg — i) My differ
only by the contributions M;d (PLR.) M, and M;d (R! P. —ia) M,. As a consequence,
the differential dF (X,,«) is independent of the choice of symmetrization if and only if
d(PiR!) =d (R P! —ia). Given that

d(P.R.) = dP.R., + P.dR! — 3 (dR.dP] + dPldR},) — %doz

d (R,P. —ia) = RLAP.+ dR.,P. — % (dR.dP] + dPldR.) + %da —ido

and that the dP!,dR’, commute with R/, P! the equality of the two previous lines holds as
well as the assertion of symmetrization independence.

This result joined to the second fact that in the series expansion of dF' (X,, «), the vari-
ables dX!, dX'dXJ, da, are independent, and thus that the coefficients of the expansion of
dF (X,, ) are uniquely defined, leads directly to the announced result that 9, F+ (F') which
is the coefficient of da in the expansion of dF' (X,, @) is independent of any symmetrization
choice. Therefore it is convenient to introduce a symmetrization invariant derivative D, as
given by

Do F (Xq, @) = 0, F (X4, ) + (F (Xq, @)) (6)

We end up this paragraph by introducing two formulas that will be convenient later.

First, we still more compactify our notations for the differential by writing :

6 6
) 1 ) ) . .
dF (Xo,0) =Y Vi F (Xq, ) dX — T Y ViV F (Xa,a) (dXidX] +dXdX])
=1

ij=1

+ D, F (X, @) da (7)

with 7,7 = 1..6. We also assume that X! = R! for i = 1,2,3 and X! = P! for i = 4,5,6.
In fact, as we will show in the next sections the quantity of real importance for us in Eq.
(L) is the term proportional to da. Note that in this notation, our previous formula for a

product of differential takes a compact form :

d(F(Xa) G (Xa)) = d(F(Xa)) G (Xa) + F (Xa) d (G (Xa))
6
> Vi F (X, 0) VG (X, o) dX}dX),
ij=1
where the last term could of course be developed as before in symmetric and antisymmetric

parts.



Second, we also give the bracket formula (.) for a product of two functions. Using the

procedure defined previously (see also ref. [fJ]) one obtains the following expression

< F(Xa) G (Xa) >= (F(Xa)) G (Xa) + F (Xa) (G (Xa)) = 5 (VRF (Xa) Vi, G (Xa)

1
2

—VrF(Xa) VPG (Xa)) .- (8)
This formula shows that the bracket operation for a product F'(X,)G (X,) can also be
seen as a sort of deformation of the Poisson bracket including some ”internal” contributions
(F (X)) and (G (X.).

Let us remark ultimately that the term (F' (X, a))da in Eq. (f) which is of the second
order in the derivatives Vg, and Vpi is very reminiscent of the bracket introduced in the
stochastic calculus. Given the non commutativity of the operators at stake, one should
in fact rather expect our formalism to be close to the quantum stochastic calculus [I4].
However, it does not seem at first sight that our objects fit in such a framework which
deals rather with a formalism of creation, annihilation and conservation operators. A full

comparison is out of the scope of our paper.

3. Integration

Now, we will prove that the formula Eq. ({]) allows to express a function F' (Xj, ) which
depends on the physical quantum operators X defined at the quantum scale o = h, as the

integration of the differential:
h
F (X, h) = F(X,,0) +/ dF (Xq, a) (9)
0

where X, are therefore to be considered as classical commutating quantities.

The proof of the previous formula is as before recursive. Expanding F' (X, «) as sum of
monomials in the canonical variable, it is enough to prove our assertion for a monomial of a
certain degree in the R, Pi. For monomials of degree one, that is linear expressions in the

i P}, the result is trivial given our definitions. Now, assume that the result is true for all
monomial M of, say, bidegree m, n in the R., Pi. We will show the result for a monomial
whose degree has increased by one in one variable. Such a monomial can be written X} M

or M X}, with M of bidegree m, n (recall that X} = (R:, P{)). We will concentrate on the
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first possibility, the proof being obviously the same for the other case. We compute directly
XiM(Xo,0) + [ot dX2IM (Xg, ).
Given our formula for the differential of a product as well as the recurrence hypothesis

which states that the integral formula is true for M we have :
XM (Xo,0) —|—/ d (X;M(Xa,a)) = (X% — / dXé) (M(X%,h) — / dM (Xa,a))
0 0 0

o hoo

+/ dX!M (X,, @) +/ X dM (X, «)
0 0

h . .

-> / dXLAXIV M (X, )
—Jo
j

In the last line we have chosen (for the sake of simplicity) not to separate the product
dX!dXJ into symmetric and antisymmetric part, but to keep the second order terms in a
compact form. Note again the minus sign arising in front of this term due to our choice of

definition for the differential. As a consequence one has :
XM (X0 0) + [ (XM (X))
0
= X%M(X;L,h)—/ ngM(X,g,h)—X}L/ dM (Xa,oz)+/ dXé/ dM (X, «)
0 0 0 0
O ho A
+ / dX' M (Xg, o) + / XidM (Xo,0) = > / AXLAXIV s M (Xa, )
0 0 = Jo

Now, due again to the recursion hypothesis, we rewrite foh dXiM (X, a)—i—foh XidM (X,,a)

in the following manner :

h h h h
[ axinr e+ [ xtan (%oa) = [Caxs e - [ av (o,00)
0 0 0 [}

h h
+/ (X,%;—/ ng,) dM (X, )
0 «

h h
— / ngM(X,g,hHXg/ dM (X, a)
0 0

h ' h h h '
_ / dxi { / dM(Xa,,a')] _ / / dX1,dM (X, o)
0 « 0 e

Now, we have to take care about the meaning of the two last integrals. Actually, given
our definition of the differential, in the first integral foh dX? [ fj dM (X, o )}, one has to
consider that o/ > «, since our differentials are pointing downward, and as a consequence

when o' is getting closer to «, the "last” element of integration is dM (Xaiga, @ + da) =
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M (Xpida, @+ da) — M (X,, ). In the integral foh fj dX!,dM (X,,a) one has rather to

consider o < . As a consequence, one has :

/ / AXidM (X, o) / / dX?dM (X, 0
o' <a<h a<ad <h
(/ dXZ/ AM (X, o) — /dede(Xma))

the last term in the right cancelling the diagonal contribution that should not appear given
our considerations just above. Note that this contribution would be negligible for an ordinary
integral. As a consequence, we obtain :

h h h h
/ngM(Xa,aH/ X'dM (X, ) = / dXiM(Xg‘,hHX;L/ dM (X,, @)
0 0

- [ axiam xo.a) //de X, )

o/ <a<h a<d <h

h
= / deXM(Xh,h)+Xh/ AM (Xa, @)
0 0

— (/Othg/OHdM(Xa,a)—/Othng(Xa,a))

Gathering all the terms leads thus ultimately to :
. h . . .
XM (Xo,0) + [ (XM (Xov) = XiM(X 1)
0

h h
+ / dXLdM (Xo,0) = / dX XV o M (Xq, )
0 ~Jo
Now, the integral on the diagonal foh dX!dM (X,,«) reduces to
>, foh AXLdXINV i M (X, ). Actually as explained before in the definition of the
differential, the second order terms in dM (X,,a), multiplied by dX? contribute to the

order da? which yields a zero contribution while summing over . We thus end up with :
XM (X0, 0) + [ d (XM (X)) = XM (X, 1) (10)
0

which proves Eq. (f).
Now, we interpret Eq. (f) as follows. Starting from the classical regime the integration
over « leads in continuous manner to the fully quantum regime. This original manner to

achieve a sort of quantification is very reminiscent of the renormalization group technics in
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which the integration of the high energy modes leads to an effective low energy theory with
all quantum fluctuations included.

Eq. () allows us to rewrite formally a function F'(Xy,h) depending on the physical
variables in terms of the same function evaluated at the classical variables (Xg,0) plus an
integral of a differential. This introduce apparently a useless complexity since the expansion
of the right hand side of Eq. (f) around X; involve a infinite series of the infinitesimal
increment of the dX,. By construction, this expansion implies trivially that all terms of
the series exactly vanishes except obviously the initial term which is equal to the function
F (X}, k). Although trivial, this decomposition will prove useful later.

Note again that the integral in Eq. (f) has to be understood as being computed downward
as seen in the definition of (R,,P,) : the starting point is at i and the differentials are
pointed downward. For example Vg F.dR, = —Vgr_F (X4, @) (Ra—do — Ra). However,
this equation has to be taken with some care. Actually the sum over the terms proportional
to dX, being a sum of terms of magnitude v/da, it converges only if the sum is discretized,
and this will be implicitly assumed in this paper. Defining properly the continuous limit is
out of the scope of this paper.

For later convenience we still more compactify our notations by writing :

6 6
) 1 ) ) ) )
dF (Xg,0) = Vi F (Xa,0) dX] — 7 > ViV F (Xa,a) (dXidX) + dXdX))

i=1 i,j=1

+ D, F (X, o) da (11)

with 4,5 = 1..6. We also assume that X! = R’ fori=1,2,3 and X! = P! for i =4,5,6. In
fact, as we will show in the next sections the quantity of real importance for us in Eq. ([[])
is the term proportional to da.

For later use we now give the bracket formula (.) for a product of two functions. Using

the procedure defined previously (see also ref. [[]) one obtains the following expression

<F(Xa) G (Xa) >= (F(Xa)) G (Xa) + F (Xa) (G (Xa)) = 5 (VAEF (Xa) VR G (Xa)

1
2
VR F (Xa) VrG (X)), (12)
This formula shows that the bracket operation for a product F'(X,)G (X,) can also be

seen as a sort of deformation of the Poisson bracket including some ”internal” contributions

(F(Xa)) and (G (Xq))-
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Before going to the diagonalization procedure we still need to define an expectation

operator which will allows us to express in a specific way the same function F' evaluated at

(Xa—da, @ — da) and (X, a — da).

B. Expectation operator

Having now a differential set up, we aim at defining a linear conditional expectation

operator & (.). We first set the formula :
E(da)=da and & (F(Xp,h))=F (X, h) (13)

The first equality will allow to define expectations of integrals of a function F' (X, «) with a
deterministic increment da. The second one will make the expectation conditional by fixing
the starting point Xj of the path X,. By analogy with the stochastic calculus, X, will
be seen as a random path whose infinitesimal increments dX, will have zero expectation.
However, again as in stochastic calculus, the expectation of a quadratic term like dX!dX?7
can not be set consistently to vanish since it can be written in terms of € (dR',dP? + dPJdRY,)
and & (dR!,dP? — dPIdR!) = —ié“da, and the last term can not vanish due to the first
definition in Eq.([[J), and only the symmetric part £ (dR.,dPJ + dPJdR’,) can be chosen to
cancel.
Consequently we set the expectation rules for products at the same ”time” «
£ (H dR%,) =£ (H dPaZ.) =0, & (H (dxkaxl + dXi;pXj;)) =0 (14)
i=1 i=1 i=1
and for different times
nop
& (HHdXSIde;J) =0 for a; #q; (15)
i=1 j=1
We need also the independence of the increment dX, with respect to a function evaluated

at the corresponding X, which is formulated as
€ (F (X.) dX,) = £ (F (X)) € (4X,) = 0
A first consequence of these definitions is

E(dF (X4, @) = € (0o F (Xa, @) + (F (Xy, ))) da
=& (D, (Xy, ) da
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The main interest of these definitions will show up later on when a function F' (X, h) will
be written as an series expansion of iterated integrals along the path X,. Indeed, as already
said before, the expansion of the two terms in the right hand side of Eq. (f) around X,
implies a mechanism of cancellation of all contributions proportional to products of d.X fj'
The expectation operator is built to cancel separately the contributions of products of d.X fjl
at different times and symmetric products (dX hdXh 4+ dXldX gz) at the same time, coming
from the two terms of the right hand side of Eq. (). The rest of the contributions form
the right hand of Eq. (fl) proportional to da cancel exactly. As a consequence of this, an

arbitrary function can be written

Fro(Xp)=E(Fr(Xp) =€ (F(XO,O) + /Oh dF (Xa,a))

= E(F(X0,0)+ & (/Oh Dy (Xa, ) da)

Once again we have apparently introduced some useless complexity, since the function
F (X4) has been replaced by & (F(Xy,0)) which cannot be computed directly, plus the
integral & ( foh D, (X,, @) da). Irrelevant sums of infinitesimal increments have been intro-
duced in both terms and thus ultimately have to cancel . However, this formulation presents
the advantage of replacing X5 by Xy in the first contribution which will simplify some of
our computations later. The integration over da will allow to start a recursive expansion in
the Planck constant. But to do so, we first need to introduce an other operator connecting
a function evaluated at X to the same function evaluated at Xj;. This is the role of the
connection operator. We introduce it by relating two expectations of the same function eval-
uated at two different variables namely &€ (F' (X, @)) to € (F' (Xa/, @)) but with constant .

Given our previous definitions Eq. ([J]), one has

6
F (Xo—da, 0 — da) = F (Xq,a — da) = — (F (Xq,a — da))da — Y Vi F (Xa, a — da) dX,

i=1

6
1 ) . ) .
+ 5 > Vi Vi F (X, a — do) (dX1dX] + dXLdX])
ij=1
(16)
The absence of the d/da term implies that this expression really depends on the choice of

the symmetrization of the function F' (X,, ). As a consequence considering the expectation,
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one has :
E(F (Xo—dayx —da)) =E((1 = () da) F (X, a — da)) (17)

where (.) is the bracket operator defined previously. At this point we have to remark that,
since the (.) operation depends on the symmetrization procedure the expression on the
right hand side of Eq.([[) depends on the choice of symmetrization in the variables X,
in F'(X,,a). However, and this is the most important for us, the operation that sends
F (Xo—da,a —da) to (1 —(.)da) F (X,,a — da) is independent at the first order in da of
the choice of symmetrization for the operators in the series expansion of F' (X,_gq, @ — da).
This operation, that will be the only one relevant for us, is thus a consistent and independent
of any symmetrization. The apparent trouble with the right hand side in Eq. ([]) comes
only from the fact that changing the order of operators X,_g4, is not the same operation as
changing the order of operators X, due to different commutation relations. To avoid any
confusion a subscript a — da: should be added to F' to remind the symmetrization has to be
considered with variables X,_4,, but it would complicate the notations in a useless way for
the present paper.

To check our last assertion of symmetrization independence,
assume that F (Xo—da, . — da) is a monomial of the form
A(Xp—doy @ —da) R:,_ 4, Pt 3. B (Xo—da, v — da) where A and B are arbitrary prod-
ucts of the Ry_g4o and P,_g,. Assume now that we want to change the order of R, ., and
P! .. in F, we just have to show that the operation considered (1 — (.) da) F (X4, o — de)
is invariant under such exchange. Given our formula for the bracket of a product of several
expressions Eq. ([3), one has (we will omit the dependence in @ — da in the right hand side

since it plays no role in the argument) :
(1= () da) F (Xo, o = da) = A(Xa) R, PoB (Xa) = (A(Xa)) Ry P B (Xa) da

_A(X,) RLP (B (X)) da — %A (X,) daB (X.) da

_I_

_I_
N = DN = DN =,
—~ —~ —~

VpA(Xo) RPNV R, B (X,) — VR, A(Xa) RLPV p,B (X,)) do

VpA(Xa) PB(X,) — Vg, A(X,) RLB (X,)) da

A(X,) PiViB(X,) — A(X) R\.VpB(X,)) da  (18)

Note that all expressions in the right hand side are considered at the scale a« —da (A (X,) =
A (X,, @ — da) and idem for B).
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On another hand, changing now the order of R! and P!

a—da a—da

yields

F (Xo—ga,a —da) = A (Xg_ga, @ — da) P! t o (Xo—da, a — da)

a—da’ a—da

+i(a—da) A(Xa—da, @ — da)) B (Xo_ga, @ — da) (19)

For this particular symmetrization our operation (1 — (.) da) gives now (skipping again the
direct dependance in a — da that plays no role) :
(1—{()da)F(X,,a—da)=A(X,) PR, B(X,) +i(a—da)A(X,)B(X,)

+ 54 (on) B (on) do — <A (Xa» PoZzR;B (on) dov

2
~A(X,) PR (B (Xa)) da — i (a — da) (A(X,) B (X)) da

+

VA (Xa) PRV, B (X.) - Vi, A(X,) PR,V B (X)) da

K3

+
N = N . DN .

K3

(
(
(VpA(X,) PLB(Xa) — VA (X,) RLB (X,)) do
(

A(X,) PVrB(X,) — A(X.) R\Vp,B(X,)) da (20)

We now rewrite the first three terms @Q; = A(X,,a)P R B (X4 da,q) +
i(a—da) A(X,) B(Xa) + £A(Xa) B (X,) do in the right hand side of Eq.(R0) in the fol-
lowing manner @ = AR} P.B — ida AB + *ABda which can also be written :

Q1 = A (X 0) RYPLB (Xa_ o, ) — L A(X,) daB (Xo) — (4 (X,)) RLPLB (X,)
2

— A(Xa) RyPL (B (Xa)) + 5A(Xa) B (X,) da (21)
In the same manner let rewrite the following contribu-
tions to  Eq. RO @ = —(A) PRI Bda — APIR! (B)da -

i (0 — da) (AB) do+3% (Vp, APLR.V g, B — V r, AP R V p, B) under the form

Q2= —(A(X,)) RLP.B (X,)da — A(X,) RLPE (B (X)) da — i (o — da) (A (Xy) B (Xq, @) da

+ = (VR A(Xa) RLPIV R B (Xa) — Vi A(Xo) RLPIVE B (X,)) do

3
2
n % (Vp A (Xo) Vi B (Xa) — VaA(Xo) Ve B (Xa)) da

+ia (A (X,)) B (Xa) + A (X,) (B (X,)) do
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or
Q2 = — (A(Xa)) BLPoB (Xo) da — A(Xo) Ry P, (B (X)) do
+ % (VpA(Xo) RLPIV R, B (Xo) — Ve A(Xo) RLPIV p B (X,)) do
+ia (A (Xy) B(Xy, @) da —i(a—da) (A(X,) B (Xq, @) da
At first order in da, (02 can then be written

Q2 = — (A(Xa)) B PaB (Xo) da — A(Xq) Ry Py (B (Xa)) do

+ = (VpA(Xa) RLPV R, B (Xo) — VR, A (X,) RLPIV 5B (X,)) do (22)

DO | =

Gathering the various terms 7 and (), yields the announced result of initial symmetrization
independence as Eq. (R() is now the same as Eq. ([§).

The meaning of our operator 1 — (.) da being now clarified, the above differential equation
Eq. ([7) can be easily integrated to get the required relation :

E(F (X, a0)) =& ({Texp (— /am [Sx., ()0 Sx.] da) F (XQQ,QQ)D (23)

2

valid for oy > ap and the bracket (.), reminding that all commutators between canonical
variables have to be computed with values ¢a. The operator Sx, is a shift operator that
sets the dynamical variables to X,. that is Sx, F'(X3) = F (X,). Note that we define it
as acting backward or forward, i.e. Sx, SXB = Sx_, whatever the values of o and 3. In

addition, T is the notation for the ordered exponential, that is :

Texp (— /a R Sxadoz) = / = 5%u, (s, 55, | - | ~5%0, ()5, Sx,, | A48,

’ as<fn<. i<
- / = 5%u, (s, 55, | - |~ (g, Sx,, | P15,
ar<fBn<..f1<aq
Once again, the result is independent of the choice of initial symmetrization chosen in the
variables X,,. The introduction of the shift Sx_ is crucial and induced by our previous
considerations since the bracket operation has to be accompanied by a shift of the variable
all along the integration process, so that ultimately X,,, is replaced by X,,.
To gain some space in the sequel, we will define an abbreviation for the previous operation.
We will denote ultimately :

exp (— <.>§w2) = Texp (— /a h Sxu, (s Sxada) (24)

2
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as the exponentiated bracket plus shift, called EBS operation.
We can now exploit the mathematical construction developed in this section to consider

the formal diagonalization of an arbitrary matrix valued quantum Hamiltonian.

III. THE DIAGONALIZATION PROCEDURE

We now consider a generic matrix valued quantum Hamiltonian H (R, P) where R and
P are the usual canonical coordinate and momentum operators satisfying the canonical
Heisenberg algebra. Our goal is the find an unitary transformation U such that UHU™" is a
diagonal matrix valued operator ¢ (R, P) (block diagonal for the Dirac Hamiltonian). This
is in general an excessively difficult mathematical problem. For this reason we consider this

problem by dividing it in several steps.

A. The Hamiltonian

First we introduce the unitary matrix U, (X,) = U (X, @) which diagonalizes the Hamil-
tonian H (X,) where the canonical variables X; = X have been replaced by the running

ones X,, so that we can write

Ua (Xo) H (X,) Us (Xa) = €a (Xa) (25)

«

Note that following [H] we choose to put U, (X,) and H (X,,) in a symmetric form. With the
help of the previous identities Eqs. ([) (I3) (I4), we can compute &5 (Xz) = e (X). Indeed
as € (X) = € (¢ (X)) we can write

e(X)=¢ (50 (Xo) + /Oh deq, (Xal)) : (26)

Clearly €( (Xg) corresponds to the diagonal representation of the original Hamiltonian H (X)
where the canonical operators X have been replaced by the classical variables Xq. In practice,
it is usually quite easy to diagonalize the Hamiltonian when the operators are commuting.
This is the essence of the method. Starting with classical variables we can recursively
introduce more and more ”quantification” through the running parameter o until we get

the full quantum Hamiltonian. This procedure is now described in the following.
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The quantity & (de,,) = & ((8%1 + (>> Eay (Xal)) can be straightforwardly computed
by using the rule previously given for the bracket of a product Eq. ([J). Indeed we find

0 N 0
<60z1 + (. >) Ean (Xay) = 8a1Ua1Ua15a1 + €0y Uay 00, Uy, + U‘“a o

> 5a1 + Ua1 <H (XCVI)> Uonrl + gaanl <U0Jér1>

H (Xa,) U,

+ (Ua
% (VP UalvR H( a1) U;rl - vRanlvPiH (Xal) UOJZ)
_
2

(Ua, Vi H (Xa,) VR, U — U, ViR, H (Xa,) VR, UL)

a1 7 a1

Do

B 5 (vPiUole (onl) VRi Uo—: - vRiUOélH( )VP U+) (27)

We note that by construction de,, is a diagonal matrix so that we obviously have the

following identities

(0 + () 2 (%) = P (RS of Ea. 2] 29
0="P_ (R.H.S. of Eq. 7) (29)

where P, and P_ are the projection on the diagonal and off the diagonal respectively.
As in [{] we now introduce the notations AY = iU,, (Xa,) VRUS (X,,) and Al =

—iUq, (Xa,) VR, UL (Xq,) as well as By, = ((Uy, (Xa,))) Ut (Xq,) so that Eq. (P§) can

be written

<i+<>)gm< =P, (8a1Ua1Ua15al+5alU DUt + U2 (X al)U;)

«a
80[1 ! 80[1

1
+ PJF {éAgijl&'m + le&'alAgf + .ASIIVPZEQI -+ VPZSQI.AQ}

+ 7>+ [APcy AR — ARic, AP e [AR AP 4 [AR AP e, )

+ Py {Usy (H (X)) UL + [Bayeay — 0 BE]} - (30)

This action is of affine type in &,, (X,,) and will be denoted

(e + 00 e (Xar) = O (Xo) @1

with O,, given by the r.h.s. expression of Eq. (B0). Let us remark that this operator is

well defined since, as explained before, the operation (8%1 + (>> is independent from any

symmetrization scheme for ,, (X,,).
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Now similarly to Eq. (B) we can write :

o (Xon) = 20 (Xo) + / " ey (Xay) = 20 (Xo) + / (U (Xay) H (Xo) U (X)) (32)

which can be inserted in the expectation Eq. (BG) to get the full quantum diagonal repre-

sentation € (X) = ¢ (Xp) as :
en (60) = & (20 000+ [y (%) (33)
=& (50 (Xo) +/Oh O, .- leo (Xo) +/0a1 d U (Xa,) H (X)) UT (Xag)]} dal)

Now remark that since ay < a1, the terms Vx, €4, (Xq,)dX,, and
Vi, Vi, o (Xay) (dX!: dXI +dX} dXJ] ) in de(Xa,) do not recombine with any-
thing to give a product of the type dR,,dP,, that would induce a da; contribution. They

will thus cancel in the expectation. As a consequence, Eq. (B3) can be written:

en (Xp) =€ (50 (Xo) + /Oh Oq, - {50 (Xo) + /Oal Oay-Eas (Xay) da% dal)

Repeating the procedure one can then show by iteration that :

en (Xp) =€ (/Oh [i /o<an<...<a1<a Oal...Oandal...dan] €0 (X0)> (34)

n=0
At this point, an important comment has to be made. The operator O,, have been designed
to depend on X,,. We can use the connection operation defined in Eq. (B4) to put the
series appearing in the previous formula Eq. (B4) at the same point. Once again, since

0<a, <..<a], we can write, inside the expectation :

|:/ Oal...OandOél...dOén €0 (Xo)
o<an<..<a1<h
s s
- U 04y e Vnm1men2 0, e Venensi 0, e Vieon | £ (Xo)
O<an<..<ar<h

The computation of this last quantity derives directly from the definitions of the various
operators involved and proceeds as follows :

starting from eq (Xy), first apply e~ i=an on g0 (Xp) that will shift Xy by X,,. Then

(3

make O,, acts on the result, apply e “'en—~en-1 which replaces X,, by X,, , and so on.

—1

Ultimately at the end of the process, Xy is replaced by X, this last variable being inde-

pendent from the integration variables, the various integrals can be computed easily, as the
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integral of a series expansion. This process of integration will be of course the same for all
similar expressions in the sequel.

We can now deduce that (with the notation X = X):

e(X)=¢ey(Xp) =€ ([Texp [ / e an exp (o () an<'>gﬁadaH o (XO)) (35)
0<a<h

which is compact expression for the diagonal Hamiltonian ¢ (R, P) in terms of the ”classi-
cal” diagonal Hamiltonian ¢¢ (R, P) in which the classical variables Ry, P, have been now
replaced by the quantum ones R, P due to the EBS action. Here 7 is the usual notation
for the ”time ordered product”. Eq. (BH) is the required expression and constitutes the
main result of this paper.

Clearly the practical application of Eq. (BJ) requires the knowledge of the transformation

matrices U, which enter into the definition of the operators O,.

B. The transformation matrix U

Note first that there is a certain arbitrariness in the choice of the unitary matrix U, (X)
as explained in [B] which reflects a kind of gauge invariance. Actually, multiplying the
transformation matrix U, (X) on the right by a diagonal unitary matrix yields an other
diagonalization, equivalent to the previous one. In particular it allows to choose n conditions
for the diagonal entries of U, (X) (n X n being the size of U, (X)). An explicit choice will
be done below to simplify our expressions.

To find the transformation matrix U we use the same approach as for the diagonalization

of the Hamiltonian, by writing :

Un (Xp) = & (U (Xo) + /O ", (Xa)> (36)

—¢ (/Oh (5% + <.>) Ua (X2) da) (37)

we can find (9, + (.)) U, (X4) by using again the diagonalization process leading to Eq.
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(7). Indeed we have

(2 + () 20X = (
U,

(VpUaVi,H (Xo) Uf = Ve U Ve H (Xo) UY)

(UaVpH (Xo) Ve, Ul — UV, H (X,) VRUY)

(VpUsH (Xo) VR, US — VU H (X,) VRUY) (38)

N = DN = DN =

In addition we have from the unitarity condition U, U} = 1 the relation (9, + (.)) (U U}) =
0 which reads :

) 0 ‘
o= (g +00) ) U+ 00 (o + 0) U = (V¥ = Vati¥n) @9

Mixing the two equations Eqs. (BY) (B9), we obtain that Eq. (BY) after projection on the

non diagonal part becomes the equality

P K((% + <.>) Ua) U;,ea] = »—71 (Ua ((a% + <->) H(Xa)) UI)

- %ecﬂz (VoUsVR,UF = ViUV pUS)

+ %79, (VAU Vi H (Xo) Ut — Vi, UaVp H (Xo) US)

+ %71 (UaV 5, H (Xo) ViU — UaV i H (Xa) VR UY)
+ %73, (VpUsH (Xo) ViU — Vi UsH (Xo) VR UY)
(40)

Both conditions Egs. (BY) (Q) can be solved for (0, + (.)) Usy. Actually, decomposing
[(Oa + () Us) UF = hr + ahr in Hermitian hr and anti-Hermitian ahr part, Eq. (f0) reads

P_hr+ahr,e,| = M (U,) (41)

where M (U,) is the r.h.s of Eq. ({). We can now use a particular choice of gauge. We fix
our diagonalization process by setting P, (ahr) = 0. Practically it corresponds to multiply
U, on the right by a unitary diagonal matrix D, (which has n degree of freedom) such that
P, (( % + (>) UaDa) DU is Hermitian. This gives n conditions that determine D,.
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Now, from Eq. ([]) and given our gauge choice for U,, we deduce that P_ (ahr) = ahr

and [ahr,e,] = 3 (M (Uy) + M*(U,)). Then we can formally write ahr under the form

ahr = N («) .U, (42)
where we have defined :

N (@) Ua = 5 ([+2al™) (M (Ua) + M (Ua) (43)

DO | —

and the inverse of the commutator operation [, ¢,] has the following meaning

[[.,ea]fl M,e,]| = [eal ' [M,eg) =M for [M,e,] #0
[ea) ' M =0 if [Me,]=0

To complete the determination of U, we still need to deduce hr which is readily obtained

from the unitarity condition Eq. (B9) as:

hr = — (VPZ UaVRi U(jl{_ - VRi UO‘VPi U;) (44)

NS

Gathering the results Eqgs.([5) (f4) allows us to introduce the operator N, operating on U,

in the following manner N,.U, = (hr + ahr) U,, so that we can write
0
—+ () | Uy| = No.Uy,
G 0)w
with N, given explicitly by the following expression

No.Uy = = (e !) (M (UL) + MT(U,)) Us + i (VU VR U = Ve, U VpUT) U,

DO | —

As for the energy diagonalization, this expression can be rewritten in terms of physical

quantities

NyUy = —[,ea] " {P {%Aglleaa + Vg oAl + ANV pe, + vplaaAaPl}
+§7> {[eas AB) AR — [e0, AD] AR} + H.C.| - ﬁP {[Ad AU} (45)

where H.C. stands for the Hermitic conjugate of the right hand side and ¢, (X,,) is computed

recursively as explained before.
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As for € (X), we can therefore write for U (X) = Uy (Xj) -

UX)=¢& ([Texp { / e~ amn N, exp e<->§wdaH Uy (XO)) (46)
0<a<h
This expression has a very similar structure as the solution for the energy Eq. (BY) except
that the operator O, has to be replaced by N,.
Note that given the solution derived for U, we can now rewrite the operator O, in an

simpler form. Indeed starting again from

Oy = <a% + (.>) £o (Xo) =Py K(% + (.)) Ua) Ufea + eaUa (a% + <.>) U;}

+P, [Ua ((a% + <.>) i (Xa)) U;] - %ﬂ (VoUsVi H (Xo) Ut — Vi, UsVp H (X,) US)
i

- 3P+ (UsVpH (Xo) VR, US = UV H (Xo) VR,US)

7

2P (VRULH (X0) ViU~ VaUaH (Xa) Vo) (47)

using the unitarity condition for U, yields :

Onta (X)) = Py H((é% + (.>) Ua) U;{,sa] + U, ((a% + <.>) H (Xa)) U(j]

+ %5a73+ (VAU UL — Vi, UsVpUS)

= P (Ve UV H (Xo) Ut — Vi UaVp H (X,) US)

2
l
— 5Py (UaVpH (Xo) Ve, Ul — UV, H (X,) VRUY)
5P+ (VRUaH (Xo) Vi Uy = ViUaH (Xo) VRUS) (48)

Now, wusing our gauge condition which states that the antihermitian part of
Py ((£ + () Us) US is null, as well as the fact that £, (X,) is assumed to be an Her-

mitian operator, we are led to the expression :
0
20520 (%) = P |0 ( (5 + 1)) 1 (X)) U]
4 2eoPy (VRUL VR US = VUV pUS)

>
- %ﬂ (VAUsV i H (Xo) Ul — Vi, UaVp H (Xo) U
- %ﬂ (UaVpH (Xo) VR, UF — UaV i H (Xa) VR US)

7

— 5P+ (VpUsH (Xo) VR, US = VR, UsH (Xo) VR US) + HC.  (49)
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This can be rewritten in terms of physical operators :

1
Oa€a (Xa) = 5734_ {AaRllea?a -+ lea?a.AaRl + AglvPlEQ + Vplt?a.AaPl}

- iﬂ {[ear AB] AR — [eq, AR] ARY + H.C.] + Py [Ua ((a% + <->) H (Xa)> UI}

(50)

Let us remark, that in most of the physical applications (in particular for Dirac and Bloch

electrons) the term (& + (.)) H (X,) will cancel.

C. The full system H and U

We can now write the solution of our diagonalization procedure for a general matrix
valued Hamiltonian through an unitary transformation U as the solution of the following

system of differential equations

S(X) =€ ({7 exp [ /O . e<~>i~50ae<->€~adaH “ (XO)) (51)
U(X) =€ ([7 exp [ /O . e<'>§~hNae<'>g~adaH Us (XO)) (52)

where O, and N, are given respectively by Egs.(b0) and (f5). The only pre-requirement is
that the diagonal form at a = 0, g9 (Rg, Pg) is known, i.e., when R and P are considered
as classical commuting variables (which means that Uy (Xy) is known). Of course these
equations do not allow to find directly € (X), U (X) since those quantities are involved on
the R.H.S. of these relations. However, they allow us to produce solutions for ¢ (X) and
U (X) recursively in a series expansion in h. Moreover, and as needed, the results of our
previous sections show that the matrices € (X) and U (X) obtained through this process are
independent of any choice of symmetrization. A particular choice in the way of arranging
the variables for U (X) = 0 will lead to differently symmetrized, but identical, operators.
As it will appear clearly later on, having both ¢ (X) and U (X) at order n in h, and
reinserting in the exponential of Eqs. (B1]) (B2) allows us to find ¢ (X) and U (X) at order
n+1 in h. But before solving recursively the set of equations Eqs.(B1) (52), we first compare

the present approach with the one developed in article [f]
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IV. LINK WITH THE DIFFERENTIAL EQUATION OF REF. [j]

In [ we developed a different less general approach which led to the differential equation

d

1
EEQ (Xa) = [8aUa (Xa) U;— (Xa) ,€a (Xa)} + 5 {AaRlleEa + VRla?aAaRl + A?Vplea + VPLEQA?}

5 [e A AT = [oa, AT AT — [z, [A5, AD]])

+{Us (H (Xo)) Ul + [Baga —€aBE] — (ca)} (53)

which was coupled to the evolution of the transformation matrix U, (X,) as a function of

alf :
0 = O (XU (X)L U (X)) U (X)) — % (B~ BY) - % [AF AR (54)

where B, = (Asym [VrVpU, (X,)]) Ut (X,).With these two equations Egs. (B3) and (54)
at hand, the diagonalization process can be performed. Actually, since all quantities are
matrix valued and since ¢, (X,) is by definition a diagonal matrix, we can separate the
energy equation Eq. (BJ) in a diagonal and a off-diagonal part such that we are led to the

following two equations

d

%Ea (Xa) = P+[RHS of Eq (55)

0 =7P_[R.H.S. of Eq. (56)

In [{] it was claimed that those three Eqgs. (54) (B3) (Bf) allow us to determine recursively in
powers of « the energy of the quantum system in question. Actually, the integration over «
of Eq. (b9) gives e, (X,) at order n in o when knowing all quantities at order n — 1. By the
same token, Eqgs. (b) and (p4)) (whose meaning is that U, (X,) is unitary at each order in
a) involve 0,U, (X,), and allow to recover U, (X,) at order n by integration over .. As a
consequence, the diagonalization process is perfectly controlled order by order in the series
expansion in a. In [f] we also provided two physical examples at the order h”.

Now we want to show that our solution Eq. (BJ) satisfies the differential equation Eq.
(B3). Indeed, from Eq. (Bg) we can write
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9 _ AT S
e(Xpn) =& |Texp e Og, e day | | €0 (Xo)
oh 0<ai1<h

= () en (Xn)
S S
) (Z / One a1 04,0 Vonimen20, ™ onmon10, o™ Wian | 29 (Xo)
n <an<..<as<h
=—{()en(Xp)+
S S
Ohg Z / €7<.>§2_'h0a2"€7<.>an_lﬁan_2Oan—167<.>anﬁan_lOaneiwgﬁa" €0 (XO>

n <an<..<ag<h

= — (Ven (Xn) + Open (Xi) (57)

—Oa—n —

The first equality has been obtained by using that by construction, %e
—5x, ()5 5%,- We have given previously the expression for Opep (Yy). Using more-
over that (.)e; (X5) = —2Asym{VpVrea(Xa)} and Eq. (B4) one gets directly that

(e (R,P) — g0 (R, P)) is a solution of the differential (53)).

V. DYNAMICAL OPERATORS AND COMMUTATION ALGEBRA

In this section we will see that new non-commuting position and momentum operators
which have contributions from Berry connections emerge during the diagonalization and are

more suitably to correspond to physical operators (for the physical discussion of this point

see [L1] [@ [BI[T2])-

From Eq.(R7) one sees that the operator O, = (9, + (.)) acting on ¢ (X,) can be de-
composed as a sum of a "translation” operator 7" and a ”"magnetization” M operator (this

terminology is explained in [[{])
Ongo (Xo) = (To + My) e (Xa) (58)
where the "magnetization” operator acts as

Moo (Xa) = 5P {[Fas A AL = [ AZ) AR} 4 P2 [0 (24 0) 1K) ) 0]
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and

Toeo (X)) = %a A 2y (Ka) + Vico AR (X)) + ARV g (Xa) + VieoAR (X.))
(60)
To inspect the action of Ty, , let us skip the magnetization contribution M, for the sake of
clarity, and consider the following relevant contribution for the computation of the diago-

nalized Hamiltonian :
ET exp [/ e OanTy e oada e (Xo)
0<a<h

When developed in series (as explained in the previous sections), it is given by

n

€ Z [/ e_<.>§1ﬁhTa1'“€<.>§nl_}an2Tan—1€<.>§n_'an1Tan€<.>g_'an} €o (XO>
n=0 L/0<an<..<a1<h
(61)
S
Recall that each operation of the kind e Maimainy g going along with a change of variable
Xo, = Xy -
We find €7 exp [

that £7 exp [

Jocacn e*<'>§ﬂhTae*<'>gﬂada] g0 (X) by the following ansatz. We assume

fo €—<.>2%Tae—<->§ﬁada} 0 (X) = &y (XE+A§F‘> where AX = AX (X,.h)
has to be determined and a particular (arbitrary) choice of symmetrization of the variables
X has been made. Due to the form of the left hand side in the previous relation Eq. (F])),
A is of order ii. We choose to write g such that the powers of R and P are in a completely
symmetrized form, that is we sum over all equally weighted permutations of the canonical
variables in the series expansion of £ (X). Then, ¢, (X + A?f) is obtained by replacing X
by X 4 A¥ in the series expansion of gy. Note that, for later purposes ()5 €0 (X + A?f) is
of order h?. To differentiate the right hand side of Eq. (B1]) with respect to i we proceed
in the following way. Decrease i by an amount of dh and introduce the connection opera-
tion defined earlier so that £g (Xh,dh—i-Afff;gh) = Ee i-inngy <Xh,dh+A§f(’ig“>. As a

consequence, the infinitesimal variation g (XthA?f“) — &gy <Xh_dh+A§fagh> is given by

[%‘%Vxeo (X + AY) + (Dpe0 (X + A?f)} dh. Note that in the last expression, the product

AL dAX
oh dh

Vxeo (X + AY) has to be understood in the sense that replaces X + AR at each
place the gradient is acting on the series expansion of &y.

On the other hand, the same infinitesimal variation computed through the left hand side
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of Eq. (B1) is just :

€0 (Xh+Ail(h> — 560 (Xh—dh+A§E(_1%h>

n S s
= g Z / 67<'>21—>7’LTa1“6_<'>O‘n—1"an—2 Tan716_<'>an*’an—l Tan6_<'>§~>an €o (XO) —
=0 can<i.<a1<h
ge‘%)g—dmahjgj 6_()21ﬂh7dhjbl“e‘«)§n71~an72];n_leg(»in*“nfljhneg()ﬁﬁan 80()(0)
n=0

<an<..<aj<h—dh

= (), + Th ET exp UO

Tada} g0 (X) dh
<a<h—dh

(), ET exp [ /0 o Tada] co (X) dh (62)

so that finally

£ (XthAif"') ~ &gy (Xh,thrAiff;g“) = ThET exp [ / Tada] co(X)dh  (63)
O<a<h

at the lowest order in dh. As a consequence, one is left ultimately with :

AX
THET exp [ / Tada] g0 (X) = %—;vxeo (X +AY) + (Dpeo (X+AR)  (64)
0<a<h

so that (recall that X = X) one can write

[— () + Thleo (X + AY) = %szo (X + AY) (65)

Now consider P, [./45] and P, [A}j}, with the following definitions for the "non-projected”
Berry connections AR = i [U,VpU;] and AY = —i [U,VRU}]. Define also for convenience

Py [AX] = (P1 [AR] P4 [AR]). Our last equation Eq. (B) is thus equivalent to :

%ﬂ [AX] . [Vxeo (X + 4AX) + Vx (4%)" (X) Vx,20 (X + Af.f)] +H.C. = ()0 (X + AR)

_ 4R (X)

dh VXE()O (X + A%()

where H.C. stands for the Hermitic conjugate. The term Vxeg (X + A%() stems for the
gradient of e (X) evaluated at (X + AY). As before Vx (A?f)z (X) Vx,& (X + AY) has to
be understood in the sense that Vx (A?f)z replaces X + AX at each place the gradient is
acting on the series expansion of 3. To be able to compare both sides of this equation, one

has to symmetrize both expressions in the same way. As a consequence the left hand side
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has to be rewritten in the same symmetrized form as the right hand side :
1 i
5P [AY]. [Vxeo (X + AX) + Vx (AX)' (X) Vx,20 (X + Agf)} Y HC.
1 i
— 5 {Pi [AX] - [Txeo (X + AF) + Vx (4F)' (X) Vo0 (X + AF) |} _+ H.C.+ € (X)

This formula requires some explanation. In the left hand side, the multiplication by P, [Aﬁ
is performed half on the left and half on the right, as implied by definition of the transla-
tion operator. On the right hand side, all expressions are seen as symmetrized in a way

that Py [.Ai(] has been inserted at each place where the Vx is acting (exactly as for
AR (X)

Vxeo (X + Ax)). The {}4 is there to recall this full symmetrization in the vari-
ables. The term C' (X) is the correction due to this change of symmetrization while moving
the P, [Aﬁ inside the series expansion of 3. By construction, it involves the powers of
gradients of P, [Ag‘} and ¢ and is of order A?. In practice, this term depends specifically
on the problem at hand (that is on the form of the Hamiltonian) and can be computed order
by order in A. Since later on we will consider only the order A% it will turn out that this
term will be negligible. Let us just mention that, by construction, at the lowest order in 5,
C (X) is equal to (.); g0 (X + AR)
We can now write the differential equation :

dAY (X)

L Ve (X4 AX) = 3 {79+ [AX] . [xeo (X + A5) + Vx (43 (%) V.50 (X+A§f)]}s

+ H.C. 4+ C(X) — ()0 (X + AR)

where all expressions are now symmetrized in the same way. Now, remark that, given our
previous remarks, C (X) — (.), g0 (X + AY) is of order h* (since, as said before C (X) =
(Jneo (X + AY) at the lowest order, ie. h”). It implies that, after integration, it will
contribute only to the fourth order in i to Ay. As a consequence, neglecting this term in
first approximation (that will be indeed the case in our applications) we thus deduce that
A satisfies the following differential equation :

X
oh

P [AX] + 5 (P [AX] Vx) AX + HO. = (66)

whose solution can be written recursively as:

AY = / lﬂ [AX] +
O<a<h

1
:/ P. - H [AX] VX/ Py [Agi]] +H.C.] dondor + ...
0<a<h 0< 2 <o <a

(P, [AX] vX)AX+Hc)]d

| —
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Let us stress that in the previous integrals, the variables X, in AR and AY have been
replaced by X and are thus constant with respect to the « integrations. The reason is that

in the differential equation Eq. (pf), X is seen as constant, only % is running. Actually,

X
the equation involves only the partial derivative aglrf‘. Having now the solution for Aff
as a function of the Berry phases we can write our solution for the exponentiated action

of the translation operator. Dividing AX in two components with respect to R and P,

AY¥ = (Ag, Ap), one has :
ET exp {/ e e The~Woada g (X) = ¢o (x) (67)
0<a<h

with x = (r, p) and r and p are new coordinate and momentum operators corrected by Berry

connections terms in the following way :

T EEI{+U4R
p=P+Ap (68)

justifying the name translation operator for T,. The inclusion of the corrections due to
C (X) can be performed in the following way. Shifting AX by a correction Ax-+dA; with
A the solution previously found for Eq. (B6), gives the following equation for §AX :

SP. [AX] . [Vx (43) (X) Vxoo (X + A%+ 545)] + H.O4 0 (X) — {20 (X + A)

WA (X)

S VX0 (X + A +64R)

Note that C' (X) is computed using the derivatives of Ax+5AX. Expanding d A3 (X) as an
h series expansion of completely symmetrized function 5A§(n) of R and P (starting with

n = 4) allows, at least theoretically to find the 5A§(n) recursively as solving an equation of

the kind :
95 A (X)

oh
where F' (X,éA;f(n) (X), ...,5A§(n) (X)) is determined by replacing €, Ay, Py [AX] by

_F (X SAX™ (X 54X (X))

their expressions. As said before, in our practical considerations the term JAX (X) will
always be neglected.
The variables x = X + Ay but have defined seem thus to be the natural ones arising in

the diagonalization process.
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Note that at the lowest order we have :
r=R+ AP, [.Ag‘] ER+A§
p=P+nP, [AJ] =P+ A (69)

where A and Af are the usual ”semiclassical Berry connections” defined previously [J].

From equations Eq. (68) we readily deduce the following non trivial algebra

[ri, )] = ih°O} = ih? (Vp, Ar, — Vp,Ag,) + 1* [Ag,, Ag,)

[pi,pj] = iW*O = —ih® (Vi Ap, — Vi, Ap,) + h* [Ap, Ap)

[pi,rj] = —ihdy; + WO = —ihd;; — ih® (VR Ar, + Vi, Ap,) + h? [Ap,, Ag,] (70)
where the terms ©,;; are the definitions of Berry curvatures. Of course these non trivial
commutation relations also give new contributions to the equations of motion and thus lead
to new phenomena [[{] [[J[[1]. The commutation relations are valid to any order in f, but
in practice we can compute them as well as the energy ¢ (X) in a series expansion in .

Relations Egs. (B9) (B1) will be very helpful when writing the explicit expression of ¢ (X) in

a series expansion in A in the following section.

VI. SERIES EXPANSION IN A

The exact expression Eq. (BH), can now be expanded in a series expansion in /. Note

that we will always identify e (Ry, Pp) with € (R, P).

A. First order in &

At the first order we obviously get the following expression :

h
e (X) =eg (X) +/ O,dagq (X,,)
= 20 (X) + b (T + Mp) 2 (X)
= =)+ 5P {20 00 AP AT - 200, AT] AT 00 ()

One then recover the formula first derived in ref. [f] where x = (r,p) are given by the

expression Eq. (B9).
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As previously mentioned we only need to have Uy (Y) and thus the zeroth order Berry
phases to get the energy expansion at the first order. Now with the first order expansion for

the diagonalization matrix :
U (X) / NodaUs (X) = Up (X) + hUy (X) Uy (X)
- (1—%[-,601 =t (Ao Vi (X) + Vo ()AL + 4] Tno (X) + Ve (X).47) |

2 {00 AP A8 - 000 AT 4] - £ [ 48] ) 00 ) (72

B. Second order

At this order, we implicitly assume for convenience that all expressions are symmetrized
in R and P, in such a way that for all expression depending on R and P, in the series
expansion of this expression, all powers of the momentum are put half on the left and half
on the right. Any other choice of symmetrization would be of course suitable.

To the second order, expanding the compact form of the energy operator leads to :

e(X) =¢9(X)+ /Oh Oydagy (X / o / Ogydasdoneg (Xa,) — E (g0 (X))

The last contribution is simply

_g (g0 (X)) = %hAsym {Vp VR (X)}

The reason for the % factor is the following. Due to our choice of symmetrization, the bracket

(), induces an « factor. The integration over « yields then the 1. The first contribution

2
foh Ondagg (X) can be expanded as before as:

/ Oydagg (X)

/ { AV reo (Xa) + Vieo (Xa) AL + AV peo (Xa) + Ve (Xa) A?)} da

/ & { Xa) AR] AP = Lo (Xa), AT AR 4 HLC

(s
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where the Berry connections have to be expanded to the first order, whereas the second

order contribution .
[e%1 h
/ Ooq / OQQdOéQqu&"O (X) — 5 <€0 (X))
0 0

has to be expanded to the zeroth order in the Berry connections.

Notice that due to the integration process, the squared terms in A, Af as well as the
first order terms in the Berry phase AR and AT get a % factor. Defining the integrated
Berry phases as :

h

AR (X) = / ALt da
ah

AP (X) = | Alda

a

The contributions to the Hamiltonian can be recombined to yield :

£ (X) = g0 (x) + %ﬂ {[e0 ), A7) AR = [e (), AP ] AR — [ (), [ A7) ]}

L[]0 o] .4
+ %m {[eo () A% A7 — o0 (o), A7] A7, A7) A%} - g (g0 (%)) (73)
with :
AR = % {1 — % (P+A3<.VX)] AR (x) + H.C.
AP = % [1 - % (P+A3<.VX)] Al (x) + H.C.

Note that in the all Hamiltonian, including the Berry connections Af and Af', we have

replaced the operators (R, P) by x = (r, p) at each order of the expansion.
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We can now recall our previous definition of the variables x = X4+ 4% :

h
r =R+ / PLAY (R, P)doy + / % Py [AX] .Vx / Py [AR]| + H.C.| dovdor
0 0<a<h 0<ai<a
h2
2

h
= R7Af + 5 AT

i 1
P= P -+ / PJFAEI (R, P) dOél + / 5 PJF [Agﬂ .VX / PJr [Agl] + H.C. dOéldOé
0 O<a<h O0<a1 <o

h?
=P4P A"+ 7

h2
= P+hAf + 3 AT (74)

1
(5 (PLARVR) PoAE + (P AP V) PoAP + H.C.)

which of course satisfy an algebra Eq. ([[Q).

We end up this section by giving some expanded formula for the Berry phases AX in-
tervening in the definition of the diagonalized Hamiltonian and the dynamics variables.
At this order, we only require the matrix U at the first order as computed before :

U(X)=U,(X)=U(X)+ hU; (X) U (X) where Uy (X) has been given before

_ 1
Uy (X) =[,e0] " {P {5 (A?lleeo (X) 4 Vg0 (X) A+ ALV peo (X) + Ve (X) A§l> }

{04610 o0 ] )] - a1 o

At the same order the (non-diagonal) Berry connections AX = (AR, AY) are again given by
1
AT (Xa) = i [Ua (Xa) VeU, (Xa)] = ~Ua (Xa) RaUJ (Xa) (76)
1
and Ag (Xa) = =i [Ua (Xo) VRUS (Xa)] = =Us (Xa) PolUJ (Xa)

where now U, (X,) is the transformation to the first order in a i.e. Uy (X,) + alU; (X,), in

which X is replaced by the running operator X,. Using the hermiticity of AX, so that one
has AX = AX + (Af)* we can expand AX as :

AX = G (1 +al; (X,)] Up (Xa)) % (U (Xa) [1+ aUf (Xa)]) + %HO) — %
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(the X factor reminds that in our definition of AX the Gradient with respect to X, is
normalized, i.e. divided by «). After some recombination, the previous expression can be

written in a more convenient form :

1
AX = %UO (Xa) [Xa,Us (Xo)] + H.C.

- % (U1 (Xa) [Up (Xa) XoUg (Xa)] + [U (Xa) XoUg (Xa)] U (Xa)] + HC. — X,

using now the fact that at the lowest order Uy (Xq) [2=, Ui (Xa)] = A¥ (Xa), one has :

A= L [Us (Xa) [Xa.Ug" (Xa)] + H.C]

a9y

1
+5 (U1 (Xa) AX (Xa) + AT (Xo) U (Xa) + [Xa, Uy (Xa)] + H.C
decomposing U;" (X,,) into hermitian and antihermitian part we are thus led to :

AX = L

@ 20

+ (ATH (U (Xa)) + 1 (U (Xa)) A7)

(Up (Xa) [XaUg (Xa)] + H.C.) + [Xo+AX ah (U (Xa))]

where ah (Z) and ah (Z) denote the antihermitian and hermitian part of an operator Z

respectively. Now using Eq. (BY), we are led to the following expression :
AX = X (R+%A§l, P+%A§l> — [B, X, + AX] (77)

where we introduced the notations

AX (R+%A§l, P+%A§l> = AX % {AfflVRlAg‘ ARV g AX ¢ H.C.} (78)
and B is given by the following relation

-1 L g L p
B = [., 80] P 5./40 VRZEO (X) + 5./40 VPZE(] (X) + H.C.
{000 AP AT - a0 ). AD] AT+ )

1 1
=[,eq". <7> {éAgﬁlego (X) + §A51vplgo (X) + H.C.})
i

: {PAFP Al - P ATP A+ HC. (79)
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VII. PHYSICAL APPLICATION: THE DIRAC ELECTRON IN AN ELECTRIC
FIELD

To illustrate our general theory we consider the case of a Dirac electron in an external
electric field. We will obtain the block diagonal Hamiltonian to the second order in & and
will compare with the FW transformation obtained in [§]. Note that contrary to the FW
which is not an expansion in f, the new method is valid for strong external fields ( actually
a FW transformation expanded into a power series in i was also recently proposed [[L0]).

Let consider the following Dirac Hamiltonian (¢ = 1)
Hi=aP+pm+eV(R)

At the first order in i we just need the zero order transformation

_ E+m+ BaP
2E(E+m)

0

where E' = /P2 + m?2. In this case we have (with ¥ =1® o)

1, —Ba.PP + E(E +m)fa —iEP x 5
P - URU; = in 0
Ao = UoRUp " = 2F2 (E +m)

Al =UPU; =0

which leads to the Berry connections (we use the block diagonal projector Py ):

. PxX
- 2E(E+m)

Af =0

Ay

For the second order we need the first order unitary matrix we can be deduce directly from
Eq. ()
2F

From U; and using Eq. ([[4) we can compute the projected Berry connections to the second

U, = [(1 D .VRV)] Uy
order in powers of 4 and thus write the dynamical operators as

PxX N @ﬁEwRV — [P.VR5V]P
2E(E+m) 2 4E5

hZ
r:R+hAOR+§ AR =h

p=P



38

Now using expression Eq. ([[3) we arrive at the following expression for the diagonal repre-

sentation of the energy operator

e = BE (r,p) — BE (r,p) O} (r,p) +V (r)
E*V.V — [p.V,V]p
4F4

h2
= (/P2 +m?+ {ﬁvr- +eV (r) (80)

Here we have made the choice of fully symmetrizing in r and p, that is to weight equally
all permutations in r and p in the series expansions of our expressions. One can now check
that developing the variables r as a function of the canonical variables R and P yields the
same expression for the Hamiltonian as in [§].

Eq. (B0) being fully relativistic, to compare with the usual FW [} approach we consider
the non-relativistic limit and expand our results to second order in i We readily obtain
the well known diagonal representation of the positive energy (expressed in coordinates R

and P) [[] :

o P eh eh
= % — 787”‘9’02 + eV (R) —+ 74771262 0. (VRV X p) +

2
2
Sm%zv 1% (81)

with o the Pauli matrices. Note that it is the term order A in Eq. (B{) which, in the non

relativistic limit, leads to the Darwin term.

VIII. CONCLUSION

In this paper, we presented a new diagonalization method for a generic matrix valued
Hamiltonian which leads to a diagonal representation where the operator energy takes an
elegant and very compact form. This approach requires the introduction of some new math-
ematical objects like non-commuting operators evolving with the Planck constant promoted
as a running variable and thus reveals a very rich mathematical structure reminiscent of the
stochastic calculus. It also shows once more the very important role played by Berry phases
in these systems as the energy operator is written in terms of covariant dynamical operators
containing Berry connections and satisfying a non-commutative algebra.

It was also found that the diagonal representation of the energy is solution of a differential
equation in % presented previously in [f] and which could only be solved recursively in a
series expansion in A. Actually the formal exact solution presented here can also be written

explicitly as a series expansion in h, but it appears that the derivation of the coefficients
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of this expansion is now much more easier. Indeed we could give the expression of the
energy and the dynamical variables to the second order in & for a generic matrix valued
Hamiltonian. We then applied this method to the simple case of a Dirac electron in an
external electric field and recover the usual Pauli-Hamiltonian in the non relativistic limit
including the Darwin term which is a A% contribution. This is obviously a good check for
the validity of the proposed method.

This approach is powerful since it leads to the diagonal expression for the energy operator
of any kind of quantum system interacting with external fields (which can be strong) and
turns out to be more tractable for practical applications than any other previous methods.
We leave for subsequent work its application to more complicated systems in condensed

matter or relativistic particle physics such as Bloch and Dirac electrons in interaction.
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