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Diagonal Representation for a Generic Matrix Valued Quantum Hamiltonian

Pierre Gosselin' and Hervé Mohrbach?
L Université Grenoble I, Institut Fourier, UMR 5582 CNRS-UJF,
UFR de Mathématiques, BP74, 38402 Saint Martin d’Héres, Cedex, France
2 Université Paul Verlaine-Metz, Institut de Physique, ICPMBI1-FR CNRS 2843,
Laboratoire de Physique Moléculaire et des Collisions, 57078 Metz, France

A general method to deduce the diagonal representation for a generic matrix valued quantum
Hamiltonian is proposed. This method can be applied to any kind of quantum system which has an
energy band spectrum. In particular it would be useful for the study of relativistic Dirac particles
in strong external fields as well as for Bloch electrons in solids. In this approach the diagonal energy
operator and the dynamical operators which depend on Berry phase terms can be expanded in
power series in the planck constant. The connection with previous less general approaches is also
presented. As an example, the case of a Dirac electron in an external electric field is considered.

PACS numbers:

I. INTRODUCTION

The physical content of quantum systems is most often best revealed in the representation where the Hamilto-
nian is diagonal. The paradigmic example is provided by the Foldy-Wouthuysen (FW) representation of the Dirac
Hamiltonian for relativistic particles interacting with an external electromagnetic field. In this representation the
positive and negative energy states are separately represented and the non-relativistic Pauli-Hamiltonian is obtained
. Actually even if several exact FW transformations have been found for some definite classes of potentials [P [},
the diagonalization (block-diagonalization for Dirac Hamiltonian) is a difficult mathematical problem requiring some
approximations, essentially a perturbation expansion in weak fields. To overcome this limitation we have recently pro-
posed a new method based on a formal expansion in powers of the Planck constant i which is not restricted to Dirac
Hamiltonians (and thus very different from the FW method) but also applicable to a large class of quantum systems:
as an example we carried out the diagonalization for the Hamiltonian of a spinless electron in magnetic Bloch bands
[BI]. Tt is worth mentioning that recently a variant of the FW transformation valid for strong fields and based also on
an expansion in /i of the Dirac Hamiltonian was presented [ﬂ] The main advantage of the diagonalization procedure
of [ﬂ] is that it embraces several different physical systems ranging from Bloch electrons in solid to Dirac particles
interacting with any type of external fields (for instance in ref. [E] electrons and photons in a static gravitational field
were considered). Another interesting feature of this approach is that it reveals the fundamental role played by Berry
curvatures since it results in an effective diagonal Hamiltonian with Berry phase corrections as well as noncommuta-
tive (Berry connections dependent) coordinates and momentum operators. The resulting generic equations of motion
are also corrected by Berry curvatures terms. One other advantage of an expansion in &, apart the fact that it is
valid for strong fields, is that the semiclassical limit of the relativistic quantum mechanics is readily obtained. Since
semiclassical methods play a very important role in solid state physics too, in studying the dynamics of electrons to
account for the various properties of metals, semiconductors and insulators, it is clear that a diagonalization method
valid for a generic Hamiltonian is of a great interest.

In what follows we present an alternative method for the diagonalization of a generic matrix valued Hamiltonian
which leads to a particulary compact and elegant exact diagonal energy operator. The philosophy behind this
approach consists in a mapping of the initial quantum system to a classical one which can be diagonalized and then
to return to the full quantum system. This method requires the introduction of some new mathematical objects like
non-commuting operators which evolve with the planck constant promoted as a running variable. This construction
forces to define a differential calculus on a non-commutative space which shows some similarities with the stochastic
calculus. It is not our goal in this paper to deepens the mathematical aspect of our approach which might look
sometimes formal but also shows to be very elegant and powerful. To check the validity of this new approach we show
that the energy found in this paper is solution of the differential equation (with respect to %) which is the base of the
method presented in [f]. In the lack of exact solution for this differential equation, we resorted to a recursive method
resulting in a series expansion in & of the solution. On the contrary the approach developed here allows us to find the
exact solution of the differential equation of [ﬂ} The derivation of the expansion of this solution into a power series
in % appears to be much more simpler than in [§. In particular we could derive a general expression for the diagonal
Hamiltonian representation of any matrix valued Hamiltonian to the second order in f. As a physical illustration of
this result we derive the full relativistic energy of a spin 1/2 particle in an external electric field to the second order
in h. This allows us to recover the Darwin term when the non-relativistic limit is considered.



II. PRELIMINARIES:

A. Differential calculus on noncommutative space

Consider a quantum mechanical system whose state space is a tensor product L? (R3) ® V with V some internal
space. In other words, the Hamiltonian can be written as a matrix H (P, R) of size dim V whose elements are operators
depending on a couple of canonical operators [RZ, Pﬂ = th, the archetype example being the Dirac Hamiltonian with

V = C*. Our goal is to derive the formal diagonal representation of this matrix valued quantum Hamiltonian. For
that purpose we start with some definitions and notations.

1. Running coordinate and momentum operators

To begin with, we introduce a space of non commuting infinitesimal operators dX/ = {dR.,dP.} i = 1,2,3
indexed by a continuous parameter «, that satisfy the following infinitesimal Heisenberg algebra with a reversed sign

[dR;,dPg;,} = —idadgod; and {ng,ng,} = {dP;,dPg;,} =0. (1)
Then, we define a set of running coordinate and momentum operators by witting the following formal sums :
R, =R’ —/ dR, and P, =P’ —/ dPy (2)

with the choice of convention : dR!, = R}, — R!

i g and dPL =Pl — P . For a =h we recover the usual canonical

T

o (07

operators R = Rjand P’ = P} which evidently satisfy the canonical Heisenberg algebra [R, P'| = ifi, whereas the
running operators satisfy

[RQ,POJJ = jadyj and [RZ,RM — [P(i,Poﬂ —0. 3)

(Note that in this paper we will never consider the algebra of the operators R and P2, for a # o/, which from the
definition Eq. Q is clearly not a Heisenberg one).

The variables dX, have to be understood as fictitious variables that make the link between quantized operators
(o = 1) and classical variables (o = 0). As will be explicit later on, their role is to transport our quantum system
to a formal classical one, and then back from the formal classical one to the initial quantized system. By writing
dX, = +/da/ th with Xa a normalized canonical operator we see that the infinitesimal quantities dX, are actually

of order v da. However, having this in mind, we will never use the X, notation and always work with the dX4.

2. Differential algebra

For the sequel, we need to define the differential dF (X,,a) of an arbitrary function F (X,,a) where X! =
{Rg, P;} For this purpose, we consider the operators R’ — fj dRé\, and P! = P — fj dP/{' as acting on a space
W= (VoL (R?)®(@acnL? (R?),) which is the tensor product of V and an infinite number of copies of L? (R?).
The tensor product V ® L2 (RB) and the space L? (R3)a refer respectively to the spaces on which the canonical
operators (R', P*) and the differential operators dX, act.

By considering the function F' (X, ) as a series expansion in symmetrized products of the kind % (R2P™ + PTRY)

with n and m the degrees of the monomials, we can write the differential dF (Xo, ) = F(Xg,0)— F (Xg—da, @ — da)
(note that this unusual definition fits with our convention for the dX}) as :

) 1 ) ) 1 ) .
dF (Xo, ) = Vg FAR, +Vp FdP;, — 5 (Vr, Vg, F)dRLdR], — 5 (Vp,Vp,F)dP.dP)
OF
e

all expression in the R.H.S. being evaluated at (X, a). We kept terms of order square in dX since they are of order
da and thus contribute to the differential, whereas higher orders can safely be disregarded as negligible when we do
the summation over a.

(Vi,VpiF) (dRLAP] + dPJdR?) — %Asym (Vr,VpiF)do+ “—do + terms of order 3, (4)

1
2



The operation Asym already introduced in [ﬂ] acts on symmetrical functions and has the following meaning :
Asym {3A(R)B(P)+ 3B (P)A(R)} = 1 [B(P),A(R)]. In Eq. ({)) it is obtained by picking the coefficient of
[ng, dPoﬂ in the second order expansion of dF (X,,a) in terms of dR! dPJ +dPJdR!, and dR!,dP’ —dP}dR!, = ida.

Note that the appearance of a second order term proportional to da in Eq. () is very reminiscent of the stochastic
calculus. This analogy suggests us to call this term the bracket of F' and we therefore introduce the notation

(F (Xq,)) = f%‘Asym (Vir,VpiF (Xqa,q)). (5)

This definition implies two remarks :

First, the bracket can be defined even if the function F (X, a) has not been put in a symmetric form. Indeed by
developing dF (Xa,a) to the second order, the terms proportional to dR! dPJ can always be uniquely written as a
sum of terms of the type dR!,dPJ + dPJdR!, and dR!dP} — dPJdR!, = ida. Picking the ida term yields then the
bracket. However, and this is the second remark, the bracket thus defined is different from the one computed in the
symmetric form of the function. This is not astonishing at all. Actually passing from a symmetric to a non symmetric
form introduces some explicit terms in « which changes also the term 0, Fd« in the differential. As a consequence,
neither the partial derivative with respect to «, nor the bracket are invariant by a change of form. But, what is
invariant is the sum 9, F + (F). This is the consequence of the fact that in the series expansion the variables d X},
dXidXJ, da, are independent, and as a consequence the coefficients of the expansion are unique.

Formula Eq. () for the differential allows us to write formally :

h
F(Xh,h)—F(XO,O):/O dF (Xq, ) (6)

The integral has to be understood as being computed downward as seen in the definition of (Ry, Py ) : the starting
point is at 7 and the differentials are pointed downward. For example Vg_F.dR, = —=Vgr_F (Xa, @) (Ra—da — Ra)-
However, this equation has to be taken with some care. Actually the sum over the terms proportional to dX, being
a sum of terms of magnitude Vida, it converges only if the sum is discretized, and this will be implicitly assumed in
this paper. Defining properly the continuous limit is out of the scope of this paper.

For later convenience we still more compactify our notations by writing :

6 6
. 1 ) . ) .
dF (Xa,0) = > Vi F(Xa,0)dX}, — I > Vi Vi F (Xa,a) (dXLdX) + dXdX))
i=1 i,5=1
OF (Xa,
(P 4 F (Koo o )

with 4,5 = 1..6. We also assume that X! = R!, for i = 1,2,3 and X! = P! for i = 4,5,6. In fact, as we will show in
the next sections the quantity that really matters for us in Eq. (ﬂ) is the term proportional to da. For later use we
now give the bracket formula Eq. (E) for a product of two symmetric functions (the product is not put in a symmetric
form, only the functions are individually symmetric). Using the same rules as before (see also ref. [E]) one obtains
the following expression

<F(Xa) G (Xa) >= (F(Xa)) G (Xa) + F (Xa) (G (Xa)) = 5 (VP F (Xa) VR, G (Xa) = VR F (Xa) VG (Xa)).-

(8)

Before going to the diagonalization procedure we still need to defined an expectation operator in the next section.
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B. Expectation operator
Having now a differential set up, we define a conditional expectation operator £ (.) by the following set of formula

E(da) =da and & (F(Xp,h))=F (Xu,h) (9)

which corresponds to the conditional part of the expectation as the starting point is fixed. We set also

£ (H dRai> =£ (H de) =0, & (H (dX}.dXx3 + dxg;idxgi)> =0 (10)
=1

i=1 i=1



and

n p
& H dX(iing;j =0 for oy #q; (11)

i=1j=1

The role of this operator is to pick up the initial term in a series of independent operators depending on
|| P nging;j, that is the term depending only on the physical operators R® = Riand P* = P{. This
can include contributions proportional to da which can thus be integrated.

From these results we can then see that the expectation of Eq. (f]) gives

E(dF (Xa,a)) = € (<W +(F (Xa,a») da) (12)

For later use we will need to relate £ (F (X4, @)) to a function F (X, ) at a constant «. Given our previous
definitions Eq. (1), one has

6 6
1 . . . .
F (Xo-da @)—F (Xa,0) = =Y Vx: F (Xq, ) X}t > Vi Vi F (Xa,a) (dXLdX), + dXLdX])—(F (Xq, @) da
i=1 i,j=1
(13)
The absence of the /0« term implies that this expression really depends on the choice of the symmetrization of the
function F (X, «). As a consequence considering the expectation, one has :

E(F (Xqeda,)) = & (F (Xa,a) + %Asym (VRiniF(Xa,a))da)
= &((1=()da) F (Xa,a)) (14)

where (.) is the bracket operator defined in Eq. (). The above differential equation can be easily integrated to get
the required relation

E(F (Xay, a2)) = € (exp (a2 — 1) () F (Xay; a2)) (15)

valid for a; > as. We can now exploit the mathematical construction developed in this section to consider the formal
diagonalization of a generic matrix valued quantum Hamiltonian.

III. THE DIAGONALIZATION PROCEDURE

We now consider a generic matrix valued quantum Hamiltonian H (R,P) where R and P are the usual canonical
coordinate and momentum operators satisfying the canonical Heisenberg algebra. Our goal is the find an unitary
transformation U such that UHU™" is a diagonal matrix valued operator ¢ (R,P) (block diagonal for the Dirac
Hamiltonian). This is in general an excessively difficult mathematical problem. For this reason we consider this
problem by dividing it in several steps.

A. The Hamiltonian

First we introduce the unitary matrix U, (X,) = U (X4, @) which diagonalizes the Hamiltonian H (X, ) where the
canonical variables X3 = X have been replaced by the running ones X, so that we can write

Ua (Xa) H (Xo) Ug

(03

(Xa) = E&a (on) (16)

Note that following [f]| we choose to put U, (X,) and H (X,) in a symmetric form. With the help of the previous
identities Eqs. () %E) (Ld), we can compute 5 (Xp) =  (X). Indeed as & (X) = € (¢ (X)) we can write

e(X)=¢ <€0 (Xo) +/0 deq, (Xa1)> : (17)



Clearly €9 (X() corresponds to the diagonal representation of the original Hamiltonian H(X) where the canonical
operators X have been replaced by the classical variables Xy. In practice, it is usually quite easy to diagonalize the
Hamiltonian when the operators are commuting. This is the essence of the method. Starting with classical variables
we can recursively introduce more and more ”quantification” through the running parameter o until we get the full

quantum Hamiltonian. This procedure is now described in the following.
The quantity € (deq,) =& ((%1 + () ) ea, KXoy )) can be straightforwardly computed by using the rule previously
given for the bracket of a product Eq. (§). Indeed we find

0
—H (X +
aa ( Oll)[Jqu

+(Uay) Ud a0y + Uay (H (X)) U, + €0, Uay (Ua,)

( 0 + (. >) oy Xay) = 00,Ua,Uj qu + Eaanlaqu + Uy
8041

%(VPqule ( al)U;rl_vRanlvPiH(Xal)UOt)
)

~5 Ua, VP H (Xoy) VR U, = Ua, Vi H (Xa,) VR UL,
)
—5 (VeUa, H (Xa,) VR US, = Vi Ua, H (Xa,) VRUY,) (18)

% (e 5]

We note that by construction de,, is a diagonal matrix so that we obviously have the following identities

<5§41 T >> oy (Xa,) = Py (RHS. of Eq. [[§) (19)
0 = P_(R.H.S. of Eq. [[§) (20)

where P, and P_ are the projection on the diagonal and off the diagonal respectively. As in [E] we now in-
troduce the notations A = iUy, (Xa,) Vp,US, (Xq,) and Al = —iU,, (Xa,) VR U, (Xa,) as well as Bq, =

(Asym [V, Vi Us, (X)) UL, (Xa,) 50 that Eq. (I9) can be written

0 0
X ) = + + —H (Xa,) U}
(8a1+<>) for (Xa,) = Py (aaananlaal—i—EalU 00, Ua, + U 50~ ( al)Um)

+P+ { AalleEOtl + VRLEQI.A&{ +.A Vpla'al + VPIEOQAP }
5P { A o Allt — Alftea, AL +ea, [ARL AR + [AfL AL 0, )
+%7>+ {~Un, Asym {V Vi, H (Xa )} Ut — [Bartos — can BE] Y (21)

This action is of affine type in €4, (X4,) and will be denoted

(e 1)) o (Xa) = O (Xe) )

with O,, given by the r.h.s. expression of Eq. (@) Now similarly to Eq. (@) we can write :

oy (Xoy) = 20 (Xo) + / " eny (Xay) = 20 (Xo) + / VAU (o) H (Xoy) U (Xo)) (23)

which can be inserted in the expectation Eq. ([[7) to get the full quantum diagonal representation ¢ (X) = &5, (X5) as

h
£ ( (Xo) + / de, (Xan) (24)

£ (50 (Xo) + /Oh O, - [50 (Xo) + /Oa1 dU (Xo,) H (Xa,) UT (X4,) dag] da1>

Eh (Xﬁ)
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Now remark that since oy < a1, the terms Vx,, €q, (Xa,) dXa, and Vy; Vi, €q, (Xa,) (dX} dXI +dX} dXi)
1 aq fey 1 1 1 1

in de (X4, ) do not recombine with anything to give a product of the type dR, dP,, that would induce a day contri-
bution. They will thus cancel in the expectation. As a consequence, Eq. (@) can be written:

en (Xp) =€ (50 (Xo) + /Oh Og, - [50 (Xo) + /Oa1 Oay-Ean (Xay) dag] da1>

Repeating the procedure one can then show by iteration that :

h o)
en (Xp) =& (/O lz/@ Oal...Oandal...dan] €0 (XO)> (25)
n=0 <ap<..<o<o

At this point, an important comment has to be made. The operator O,, have been designed to depend on X,,. We
can use the connection operation defined in Eq. (E) to put the series appearing in the previous formula Eq. (@) at
the same point. Once again, since 0 < «, < ... < a1, we can write, inside the expectation :

|:/ Oal...OandOél...dOén:| €0 (X())

0<an<...<a1<h

_ U e(o‘l_ﬁ)<'>0al...e(o‘"1_0‘”2)<'>Oanle(o‘"_o‘"1)<'>Oane_a"<'>} co (Xn)
0<ap<...<a1<h

We thus deduce that (with the notation X = Xp,):

()= e (X0 = (|ew (n D Tow | [ ewlal) 0o (-al)dal |20 x) (26)

which is compact expression for the diagonal Hamiltonian ¢ (R, P) in terms of the ”classical” diagonal Hamiltonian
g0 (R, P) in which the classical variables Rg, Py have been now replaced by the quantum ones R, P. Here 7 is the
usual notation for the ”time ordered product”. Eq. @ ) is the required expression and constitutes the main result of
this paper.

Clearly the practical application of Eq. (E) requires the knowledge of the transformation matrices U, which enter
into the definition of the operators O,,.

B. The transformation matrix U

Note first that there is a certain arbitrariness in the choice of the unitary matrix U, (X) as explained in [[J] which
reflects a kind of gauge invariance. Actually, multiplying the transformation matrix U, (X) on the right by a diagonal
unitary matrix yields an other diagonalization, equivalent to the previous one. In particular it allows to choose n
conditions for the diagonal entries of U, (X) (n x n being the size of U, (X)). An explicit choice will be done below
to simplify our expressions.

To find the transformation matrix U we use the same approach as for the diagonalization of the Hamiltonian, by
writing :

h
Un(Xp) = € (U (X0)+/ dU,, (Xa)) (27)
0

5(/()h(ai+<>)y (Xa)da> (28)

we can find (9, + (.)) Uy (X4o) by using again the diagonalization process leading to Eq. ([[§). Indeed we have

(2 +4) 0 x) = ((83 +0) V) Utz + ol (et ) U+ (5 +0) H X)) U

VpUsVi H(Xo) Ul =V, U,V H (Xa)UY)

-5
(U Vp,H(Xo) Ve US —UsVr H (X)) Ve UT)
-5

VpUoH (Xa) Vi, Ul — VR, UH (Xa) VR UY) (29)

l\DI& l\DIN



In addition we have from the unitarity condition U,U; = 1 the relation (9, + (.)) (UsUJ}) = 0 which reads :

0 0 )
0= <<% + <.>) Ua> Ut +Us <% + <.>> Us = 5 (VeUVrUf = Vi UaVeUY) (30)

Mixing the two equations Egs. (@) (Bd), we obtain that Eq. (E) after projection on the non diagonal part becomes
the equality

P [(Gare)mutied] = - (ma (g5 - ) moxo) )

—%sap, (Vo UV, UF =V, UaVp,UT)

P_ (VpUaVrH (Xo) Ul — Vi UsVpH (X)) UY)
P_ (UsVpH (Xo) VR, U = UaVr H (Xa) Ve UY)
_ (Vp,UsH (Xo) VR, Ul — VR, UoH (Xo) VR,UT) (31)

z

2
Both conditions Egs. (Bd) (B1) can be solved for (9, + (.)) Uy. Actually, decomposing [(a + (.)) Ua] UF = hr + ahr
in hermitian hr and anti-hermitian ahr part, Eq. () reads

P_ [hr + ahr,eq] = M (Uy) (32)

where M (U,) is the r.h.s of Eq. ) We can now use a particular choice of gauge. We fix our diagonalization
process by setting Py (ahr) = 0. Practically it corresponds to multiply U, on the right by a unitary diagonal matrix
D, (which has n degree of freedom) such that : Py ((£ 4 (.)) UaDqs) DFUS is hermitian. This gives n conditions
that determine D,,.

Now, from Eq. (BJ) and given our gauge choice for U,, we deduce that P_ (ahr) = ahr and [ahr,e.] =
1 (M (Us) + MT(U,)). Then we can formally write ahr under the form

ahr = N (o) .U, (33)
where we have defined :

N (a).Uy = ([.,earl) (M (U,) + M*(Us)) (34)

N~

and the inverse of the commutator operation [, &,] has the following meaning
[eal ™" .M,Ea} = [eal " [M,eal =M for [M,e,]#0
[ea] M = 0 if [M,ea] =0

To complete the determination of U, we still need to deduce hr which is readily obtained from the unitarity condition
Eq. (BQ) as:
hr = —i (Vo Ua VR US =V, UsVp,UT) (35)

Gathering the results Eqs.(B4) (B]) allows us to introduce the operator N, operating on U, in the following manner
No.Uy = (hr + ahr) U, so that we can write

0
— + () | Us| = No.Uy
e vo)e)
with IV, given explicitly by the following expression

N,.Uy = % ([.,ga]—l) (M (Us) + M+ (Uy)) Un + ~ (vp UaVr,US = Vr,UsVpUS) Uy

As for the energy diagonalization, this expression can be rewritten in terms of physical quantities



Nl = —[aea " [7»_ {%Aglv&ga Vea AR + APV pen + VplaaAil}
FEP_ {[ea AR AR — [ea, AT ATY + H.c.] R (PLTI A (36)

where H.C. stands for the hermitic conjugate of the right hand side and ¢, (X,) is computed recursively as explained
before.
As for e (X), we can therefore write for U (X) = Uy, (Xp) :

v = ([ewrnTen | [ o) Voot |oa0) (37)

This expression has a very similar structure as the solution for the energy Eq. (@) except that the operator O, has
to be replaced by N,,.

Note that given the solution derived for U, we can now rewrite the operator O, in an simpler form. Indeed starting
again from

On = (a% + <.>) fa (Xo) =Py [((a% + <.)) Ua) Ufea+eaUa (% + <.>) Ul +U, ((a{; + (. >) H(Xa)) U:{]

*§P+ (VPanVRiH (Xa) U;r = Vg, UaVp,H (Xa) U;r)

<a<h

—%m (UaV b, H (Xo) ViUt — UsVi, H (Xo) VpUT)

—%m (Vo UaH (Xo) Vi, Ut — Vi, UsH (Xo) Vp,UT) (38)

using the unitarity condition for U, yields :

Ounta (Xo) = Py H((% + <.>) Ua) Ul ,sa] + U, ((aaa + <.>) H(Xa)) U;}

+%5a7>+ (Vp,UsVi Ul =V, UsVp U

f%m (Vo,UsVir H (Xo) Ub — VR UVp H (X

Us)
—%m (UaV i, H (Xo) Vi, Ut — UaVi H(Xo) VpUS)
)

Jm (Vo,UsH (Xo) VR, Ud — Vi, UsH (Xo) ViU (39)

Now, using our gauge condition which states that the antihermitian part of P4 (( + (. )) ) U} is null, as well as
the fact that £, (X4 ) is assumed to be an hermitian operator, we are led to the expression

20uc0 (Xo) = Py {UQ <<% + <.>> H(Xa)) UJ}

+52aPs (VRUaVR UL = Vi UaVeUy) (40)

—%m (Vp,UsV i, H (Xo) UF = VR, UsVp, H (Xo) U
—%m (UaVp H (Xo) Vi, U — UV H (Xo) Vp,UL)

—%m (Vo,UsH (Xo) VR, UF = Vi UsH (Xo) VpUS) + H.C. (41)
This can be rewritten in terms of physical operators :

1
Oaay (Xay) = Py {§~A§va15a1 + VREa, Agi + ASZILVPZEG‘I + VPLEOQAQ}

%’ Py {[ea, AR AD — [e0, AR AR + HC.) + P4 {UQ <<% + <.>> H(Xa)) UJ} (42)



Let us remark, that in most of the physical applications (in particular for Dirac and Bloch electrons) the term
(,9% + <>) H (X,,) will cancel.

C. The full system H and U

We can now write the solution of our diagonalization procedure for a general matrix valued Hamiltonian through
an unitary transformation U as the solution of the following system of differential equations

™
BAR

o
\o

[

£ qexp (=h ()T exp [/O<a<hexp (@ () Ou exp (—a (.>)da” % (X)> (43)
00 = & ([eent Tow| [ et Naew(-al)da] |t x) (44)

where O, and N, are given respectively by Eqs.(@) and () The only pre-requirement is that the diagonal form
at « = 0, 9 (Ro, Pp) is known, i.e., when R and P are considered as classical commuting variables (which means
that Up (Xo) is known). Of course these equations do not allow to find directly ¢ (X), U (X) since those quantities
are involved on the R.H.S. of these relations. However, they allow us to produce the solutions for e (X) and U (X)
recursively in a series expansion in fi. As it will appear clearly later on, having both ¢ (X) and U (X) at order n in &,
and reinserting in the exponential of Eqs. (l3)) (44) allows us to find & (X) and U (X) at order n + 1 in . But before
solving recursively the set of equations Eqs.(3) (#4), we first compare the present approach with the one developed
in article |

IV. LINK WITH THE DIFFERENTIAL EQUATION OF REF. [E]

In [E] we developed a different less general approach which led to the differential equation

d

1
Tace (Xa) = [0aUa (Xa) UF (Xa),ca (Xa)] + {§A§l Vica 4+ VreaAl + APV e, + VPZEQASL}

e AP AP [ A AR [ (AT, A2}
+% {Asym {VPZVRLEOL} — Us Asym {VPLVRLH (Xa)} U;r - [Baea - EaB;r] } (45)

which was coupled to the evolution of the transformation matrix U, (X,) as a function of a [f] :

0= aaUa(XQ)UJ(XQ)WLUOL(Xa)aaUz(Xa) - % (Ba - B;r) - % [A(I;lvA(I;Z} (46)
where B, = (Asym [V VpUs (Xa)]) UT (Xo).With these two equations Eqs. (i) and () at hand, the diagonal-
ization process can be performed. Actually, since all quantities are matrix valued and since e, (X, ) is by definition
a diagonal matrix, we can separate the energy equation Eq. (@) in a diagonal and a off-diagonal part such that we
are led to the following two equations

d

——ca (Xa) = Py[RILS. of Eq. [[f (47)

0 = P_[R.H.S. of Eq. [ij (48)

In [E] it was claimed that those three Egs. (@) @) (@) allow us to determine recursively in powers of o the energy
of the quantum system in question. Actually, the integration over « of Eq. ) gives £, (X4 ) at order n in o when
knowing all quantities at order n — 1. By the same token, Eqgs. (i) and (jtd) (whose meaning is that U, (X,) is
unitary at each order in «) involve 9,U, (Xq), and allow to recover U, (X,) at order n by integration over a. As a
consequence, the diagonalization process is perfectly controlled order by order in the series expansion in «. In [E] we
also provided two physical examples at the order h°.

Now we want to show that our solution Eq. (R6) satisfies the differential equation Eq. ([£). Indeed, from Eq. ([L7)
we can write
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0
s = & ([eoenTon| [ ewa)0n e -ar oo xn)
ah 0<ai<h
= (Jen (Xn)
+& (e U eFL(')Oh...e_(a”Q_O‘"1)<'>Oan16_(0‘”1_O‘")<'>Oan6_o‘"<'>] c0 (Xn)
n O0<an<...<as<h
= —()en(Xan)
+oRE (> U e~ (ima2)) ) e(@n-2man-1)()g,  e~(an-1man)()g, ea"<'>] 20 (Xn)
o Lo<an<..<az<n " "
= —()en(Xan)
+0RpEe™ ) Z [/ eo‘2<'>0a2...e(O‘”zo‘"l)<'>0anle(°‘"lO‘")<'>Oaneo‘"<'>} g0 (Xn)
n 0<an<...<az2<h
= — <> €n (Xh) + Orer, (Xh> (49)
We have given previously the expression for Opep (Yr). Using that (.) e (Xp) = —2 Asym {Vp, Vg,ca (Xa)} and Eq.

(i) one gets directly that (¢ (R,P) — o (R, P)) is a solution of the differential (@)

V. DYNAMICAL OPERATORS AND COMMUTATION ALGEBRA

In this section we will see that new non-commuting position and momentum operators which have contributions
from Berry connections emerge naturally during the diagonalization and are more suitably to correspond to physical
operators (for the physical discussion of this point see [é[ﬂ] BIBD).

From Eq.([[§) one sees that the operator O, = (9, + (.)) acting on ¢ (X,) can be decomposed as a sum of a
”translation” operator T and a "magnetisation” M operator (this terminology is explained in ﬁ)

Oato (Xa) = (Ta + Ma) €0 (Xa) : (50)
where the ”magnetisation” operator acts as

Meg (Xy) = %m {lea, AT AL — [eq, AL AR + P4 {UQ <<% + <.>> H (Xa)) Uj} (51)

and
1
Tweo (Xo) = §'P+ {Aglle €o + VRLEOAgl + A(I;IVPIEQ + VPLEOAgl}

It is very interesting to observe that the quantity 7 exp [ fo ca<h Tada} g0 (X) can be written in a compact form. Indeed

let AR =P, [AR] and AP =P, [AF], with the following definitions for the "non-projected” Berry connections
AR = [U,VpUS] and AY = —i[U,VRUZF], we can introduce the following transformation

T exp [ /O . Tada} co (X) = 0 (%) (52)

with x = (r,p) and r and p are new coordinate and momentum operators corrected by Berry connections terms in
the following way :

r = R+ / ARdo= R+A4r
0<a<h

p = P+ / AP da= P+ Ap (53)
0<a<h

justifying the name translation operator (the identity can be checked by noting that both quantity satisfy the same
differential equation B%X =TrX).
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Note that at the lowest order we have :
r = R+hAY
p = P+hAY (54)

where Ag{ and Ag are the usual ”semiclassical Berry connections” defined previously [E]
From equations Eq. (@) we readily deduce the following non trivial algebra

[Ti,Tj] = ’LT“L2@:JT = ih? (VpiAR]. — ijARi) + R [AijARi]
pi,pj] = ih*O7) = —ih® (Vr,Ap, — Vi, Ap,) + h? [Ap, Ap,]
[pi,rj] = —ihd;; +ih*OF = —ihd;; — ih® (Vr,Ar, + Vi, Ap,) + 1 [Ap,, AR,] (55)

where the terms ©;; are the definitions of Berry curvatures. Of course these non trivial commutation relations also give
new contributions to the equations of motion and thus lead to new phenomena [[][][f]. The commutation relations
are valid to any order in i, but in practice we can compute them as well as the energy e (X) in a series expansion in
h. Relations Eqs. (B1)) (Fg) will be very helpful when writing the explicit expression of e (X) in a series expansion in
h in the following section.

VI. SERIES EXPANSION IN &

The exact expression Eq. (@), can now be expanded in a series expansion in . Note that we will always identify
Eh (Rh, Ph) with € (R, P)

A. First order in h

At the first order we obviously get the following expression :

e (X)

h
g0 (X) + /0 Oqdagg (X)

o (X) +h <% + <.>> e0 (X)

o )+ 5P { o0 (00 AR AT — [e0 (). 4FT] A7) (50)

One then recover the formula first derived in ref. [[f] where z = (r, p) are given by the expression Eq. (53).
As previously mentioned we only need to have Uy (Y) and thus the zeroth order Berry phases to get the energy
expansion at the first order. Now with the first order expansion for the diagonalization matrix :

U(X)

Uy (X) + /Oh NodaUy (X) =U, (X) + hU; (X)

_% {00, AT AT — [0 (%), AT Agl}] - i [Aglw“?]) U (X) (57)

the (non-diagonal) Berry connections at this approximation are given by :

AR = i [UpVpU;T| = AF +ih [Ug VU] + WUy (X) Uy (X) AT = AF + hAT
AP = —i [UyVRU;| = AF + ik [UyVRU| + UL (X) Uy (X) AS = AF + hAY (58)
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B. Second order

To the second order, expanding the compact form of the energy operator leads to :

h h o
e(X) =¢0 (%) +/ Oqdagg (X) +/ O, / Oq,dagdareg (X) 4 ki {go (X))
0 0 0
The last contribution is simply
i
h (g0 (X)) = FhAsym {VPVEeo (X)}

The first contribution foh Oqdaeg (X) can be expanded as before as:
h h 1
/ Oadagg (X) = / Py {5,451%50 (Xa) + Vreo (Xa) AL + ALV peo (Xa) + Vpeo (Xo) AL } dov
0 0

B
[ 5P (e (K0 ARTAD = [20 () ATT AT = [r0 (Xo) [T, AL]]
+ [0aUa (Xa) U (Xa) 20 (Xa)] da}

where the Berry connections have to be expanded to the first order, whereas the second order contribution

FL (e 5]
/ Oal / Oazdagdalé‘o (X) —h <€0 (X)>
0 0

has to be expanded to the zeroth order in the Berry connections.
Notice that due to the integration process, the squared terms in AR, AY as well as the first order terms in the
Berry phase AR and AP get a % factor. The consequence is that these contribution can be recombined to yield :

S(X) = 0 () + 5P {[0 (), AT AT = [z (3, AP] A — [en () [AT, A7)}

—%PJF {[[e0 (x), A™] AT — [0 (x), AT ] AR, AR AP — ([0 (x), AT ] AP — [gg (x), AT] AT AT] AR}
5 Asym (Vi V2o () (59)

where now :

h 2 2
h h
r = R+AR =R+ / P AR doy = R+APLAR + 5 PLAR = R41AT + 5 AR
0

n 2 2
h h
p = P+AY =P+ / P AL doy = P+RPLAF + 3 PLAY = P+nAl + 3 AP (60)
0
which of course satisfy the algebra Eq. (F3).
Note that in the Berry connections A% and AF* one can safely replace the operators (R, P) by (r,p) at each order

of the expansion.

VII. PHYSICAL APPLICATION: THE DIRAC ELECTRON IN AN ELECTRIC FIELD

To illustrate our general theory we consider the case of a Dirac electron in an external electric field. We will obtain
the block diagonal Hamiltonian to the second order in % and will compare with the FW transformation. Note that
contrary to the FW which is not an expansion in 7, the method is valid for strong external fields ( actually a FW
transformation expanded into a power series in /i was also recently proposed [ﬂ])

Let consider the following Dirac Hamiltonian (¢ = 1)

Hy=aP+0m+V(R)
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At the first order in & we just need the zero order transformation

_ E+m+ BaP

" VRE(E +m)
where F = v/P2 + m?2. In this case we have (with ¥ =1® o)

R 1 ..—pPaPP+E(E+m)Ba—iEPxX
= UpRU; " =1th
Av = DoRUp ™ =1 22 (B + m)

Al = UPU; =0
which leads to the Berry connections (we use the block diagonal projector Py ):

PxX
2E (E 4+ m)
AF =0

AR =

For the second order we need the first order unitary matrix we can be deduce directly from Eq. lﬁ
_ g R
U, = 1+ ﬁ’P_ (AO) V5V Uy

From U; and using Egs. @ we can compute the projected Berry connections to the second order in powers of & and
thus write the dynamical operators as

PxX N h_QﬂEQVRV — [P.VRV]P
2E(E+m) 2 4F5

h2
r = R+hAOR+§ AR =p
p=P

Now using expression Eq. @ we arrive at the following expression for the diagonal representation of the energy
operator

e = BE (I‘,p) — pE (I’, p) 911'); (I‘,p) +V (I‘)

h? E*V.V - [p.V,V
= BVP*+m? + Vs 4E[f.)’ Ip +V (r) (61)

This expression being fully relativistic, to compare with the usual FW [m] approach we consider the non-relativistic
limit and expand our results to second order in % We readily obtain the well known diagonal representation of the
positive energy (expressed in coordinates R and P) [fl] :

pz pt 1 1/(d 5
- 4+ ——(Ly)Lsr—— v
ST om smi + 2m2c2 R (dR ) JrSmQC2

with L = R A P the angular momentum and S =% /2 the spin. Note that it is the term order 7* in Eq. @ which,
in the non relativistic limit, leads to the Darwin term.

VIII. CONCLUSION

In this paper, we presented a new diagonalization method for a generic matrix valued Hamiltonian which leads to a
diagonal representation where the operator energy takes an elegant and very compact form. This approach reveals a
very rich mathematical structure very reminiscent of the stochastic calculus, and show once more the very important
role played by Berry phases in these systems. It was also found that the diagonal representation of the energy is
solution of a differential equation in A presented previously in [E] and which could only be solved recursively in a series
expansion in f. Actually the solution presented here can also be written explicitly in a series expansion in h, but it
appears that the derivation of the coefficients of this expansion is now much more easier. Indeed we could give the
expression of the energy and the dynamical variables to the second order in & for a generic matrix valued Hamiltonian.
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We then applied this method to the simple case of a Dirac electron in an external electric field and recover the usual
Pauli-Hamiltonian in the non relativistic limit. This approach is general and very promising. We leave for subsequent
work its application to more complicated systems in condensed matter or relativistic particle physics.
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