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Incidence algebra of a presentation

Eric Reynaud*

Département de Mathématiques, Université de Montpellier 11
pl. Eugene Bataillon, 34095 Montpellier Cedex 5

Abstract

In this paper we construct an incidence algebra of a poset associated to a presentation by
a quiver and relations of a finite dimensional algebra. We provide an exact sequence relying
the fundamental groups of the incidence algebra and the presentation. Moreover, we give an
algoritm to calculate any fundamental group.

AMS classification : 16E40; 16G20; 06A11 ; 55Q05

One of the main tools for the study of the category of finite dimensional modules over a
basic algebra, over an algebraically closed field k is its presentation by a quiver and relations.
This theory is mainly due to P. Gabriel. More precisely, it is well known that for each finite
dimensional and basic algebras over an algebraically closed field k, there exists a unique quiver
@ and an admissible ideal I of the path quiver algebra kQ, such that A is isomorphic to kQ/I.
Such a couple (@, I) is called a presentation of A by quiver and relations. For each presentation
(Q,I), we can construct an algebraic fundamental group II; (@, I).

I1 has been proved (see [Rey] or [Bus|) that the fundamental group of an incidence algebra
has a topological interpretation. Indeed, the algebraic fundamental group is isomorphic to a
topological fundamental group of a simplicial complex. In order to give a topological version
of all algebraic fundamental groups, we associate in this paper to a presentation (Q,I), an
incidence algebra A which verifies the following :

Theorem. Let (Q,I) be a presentation of an algebra and let A be the associated incidence
algebra. There exists a sub-group H of I1;(Q, I) which we describe by generators and relations
such that the following sequence is exact :

1 — H — ILI(Q,I) — ILA) — 1
We give a list of sufficient condition to have this subgroup equal to 1 : for example, it happens

in the case of Schurian algebras or in the case in which the quiver does not contain sub-quivers
in the form of an ”eight”. In particular, it become easy to provide an other computation of the
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fundamental group of incidence algebra where the quiver is a crown (their fundamental group
has been calculated before in [GR])

This paper also describes an algorithm to calculate the fundamental groups of presenta-
tions, which allows to present the fundamental groups by generators and relation. In the case
@ has more tha one vertex, the fundamental group of a presentation (Q, I) is isomorphic to
a fundamental group of a couple (Q’,I') in which @’ contains a vertex less than Q. Then
by applying this processes again, we obtain that the fundamental group II;(Q, I) is isomor-
phic to a fundamental group of a presentation of an algebra which quiver contains only one
vertex ; using this we give a presentation by generators and relations. This algorithm is sui-
table also to calculate Hochschild cohomology group of algebras with presentation verifying
Hom(I11(Q, I),k") ~ HH'(kQ/I) ; these algebras are described by I. Assem and M. Saorin in
[PS].

This paper gives some result of my Ph.D. and I want to thank all the persons who helped
me in its realization : particularly Claude CIBILS, my thesis director and Manolo SAORIN,
who is in particular at the origin of the construction of the incidence algebra associated to a
presentation described here, and Maria Julia REDONDO.

In this paper, k is an algebraically closed field. Moreover we suppose that the definitions of
simplicial complexes, poset, topological fundamental group of a simplicial complex, algebraic
fundamental group of a presentation are known. In other case, we find this in [Rey] for example.

1. Algorithm of calculus of m(Q, )

Before giving the algorithm, we introduce some notations. Let @ be a quiver and xg be a
vertex of (). We also consider (¢;)iea and (c});ea two families of paths of () indexed by a set
A. Then, we denote by < (¢; ~ ¢})ica > the smallest equivalence relation on the set P(Q)
containing paths of () and compatible with the concatenation and which verify :

1. if f is an arrow of Q from a to b then f.f~' ~ band f~L.f ~ a.

2. For all ¢ of A, we have : ¢; ~ ¢}

Moreover, we consider an arrow fo of @ from ag to by with ag # by, and we denote by @’
the quiver obtained from @ by identifying the vertices ag and by. More precisely :
— the vertices of @' are the vertices of @ in which ag and by are the same vertex. We
denoted ¢y this new vertex.
— the arrows of Q" are the arrows of ) minus fy. All the other arrows have the same source
and the same terminus than in Q). Let’s notice that a parallel arrow of fy becomes a loop
in Q.
We also denote by p the "projection” P(Q) on P(Q’) defined by :
— p(s) = s for any vertex s not equal to ag and b,
— plao) = p(bo) = co,
— p(f) = f for any arrow f not equal to fo,
- p(fo) = co-

Finally, let’s define R’, the equivalence relation on kQ' : < (p(¢;) ~ p(c}))ica >.



Theorem 1.1. In the context defined before, the morphism p induces an isomorphism

PLEO (Q)/R = Pp(a:o)(Q/)/R/

in which P, (Q) and P,,,)(Q’) are the sub-sets of walks of respectively P(Q) and P(Q’) closed
in zop and p(xo).

Proof. First, we construct an application ¢ from Pp(xo)(Q’ ) to Py, (Q) that verifies pogq = Id.
Let’s denote by w’ = af ... o' a walk of Q' closed in p(z). In general, this walk is not a walk
of Q because we have not necessary (') = s(a;]') for all i of {1,... ,n—1}. The application
q inserts fo and f; ! hetween some arrows of w’ in order to make ' a path of Q.

Let’s define ¢ more precisely. Let s; and ¢; be respectively the beginning and the end of o’
considered as a path of @, and s,,11, ty be zg. Then we consider w = e,.a5".€p_1 . .. €1.a7" €9

a path of , in which the e; are defined as follows :

t; if t; = si11
€, = fo if t; = ag and Si+1 = bo
fo_l if ti = b() and Si+1 = Qg

Then we have p(w) = w’. We define ¢(w’) by q(w') = w. So we have po q = Id.

Now we are going to prove that the image of two R’-equivalent walks by ¢ are two R-
equivalent walks.

For that, it is sufficient to prove this property on the generators of the equivalence relation.
First, We consider an arrow f of Q" and the walks w = p1.f~! f.ps and w’ = p1.ps of Q' closed
in p(xg). Let’s prove that ¢(w) and g(w’) are equivalent. For that, we denote by p| and p}
the walks of ) constructed from p; and ps by inserting fo and f; ! as explained during the
construction of ¢, so we have :

qw) = phes.f e1.f.esph and q(W') = pl.ea.pl
Since t(f) = s(f~') we have e; = t(f) and
qw) = ples.flelfespy = ples.f Lfespy ~ ples.esph
The walks eq, es and e4 being composed only with the arrow fy and its inverse, we obtain

q(w) ~ q(w'). The proof is similar for the insertion of f.f~1.

Now we consider two equivalent generators c¢; and co of the equivalence relation R’, and
the walks w = p1.c]'.co.p2 and W' = p1.pe of Q' closed in p(xo).

By définition of R/, there exists paths ¢} and ¢, of @ equivalent by the relation R such
that p(c}) = ¢1 and p(chy) = co. Let’s prove that the walks ¢(w) and g(w') are equivalent. Let’s
denote again by p} and pf the walks of @ obtained from p; and py by inserting fo and f;° L
Then :

—1
qw) = ples.cy .er.ch.eapy and q(w") = ple2py

The walks ¢, and ¢, being equivalent, we have t(c}) = s(¢,”') and e; = ¢(f), and then :

/ r—1 / / / r=1 / / /
q(w) = pl.es.c] .e1.cy.eq.py = pl.es.c] .Ch.€4.py ~ D].€3.€4.D5



Since the walks es, e3 and e4 are composed only with the arrow fy and its inverse, we
obtain ¢(w) ~ q(w’) again.

By definition of the relation R’, the projection p is also constant on the equivalent classes.
Then p and ¢ induce p. and g, between the sets Py, (Q)/R and P,,.)(Q")/R'. 1l is sufficient to
prove that ¢, o p. = Id; this being true since the image a walk by the application q o p delete
the expressions fo.fy L and fo L fo, but their equivalent classes are the same. O

The algorithm. Let ) be a quiver and I an ideal of kQ). First, we notice that the equivalence
relation defined for the construction of the algebraic fundamental group IT; (Q, I) is indeed the
equivalence relation < (w; ~ w});ca > in which, for all i of A, the paths w; and W) are paths
in the support of a minimal relation. By applying the theorem a number of times equal to the
number of vertices of () minus one, and after the simplification of equivalent loops, we obtain
that the algebraic fundamental group II;(Q,I) is isomorphic to the algebraic fundamental
group of a quiver containing only one vertex. This gives a presentation of the group IT; (@, I)
by generators and relations.

Example 1.2. Let’s consider the incidence algebra of the following quiver. We will denote by
fzy the arrow from z to y.

a
L]

b c
><.><. fO:fab .\><. fozja/b/ / {><
—_— —_— i
Dl S ) \ —>
of v ¢ Al

With

Rl =< fbcfab'\‘fb’cfab’a fbc’fabeb/c’fab/a fbcfa’b'\"fb’cfa/b’a fbc/fa’b'\"fb’c/fa’b’ >
Ry =< foe ~ foefow, Joer ~ foerfovrs  Soefaw ~ foefars  foe fao ~ e farvs >
Ry =< foe~ forefows Joer ~ forer forr s Joefoo ~ foe, Joe foo ~ forers >

We apply the same process on the arrows fp. and fi . ; the new arrows between b and b will
be denoted by f},,. We obtain :

= 0 == )

With
{ Ry=< b~ fiufor, foo ~ foefors  foo~ fop foo fow ~ foer, >
Rs =< b~ flpfors  foy ~ fors  foo~ fln fofon ~ 0 >



Finally, we apply the operation one more time with fy = fpy and we denote by a = p(fys),
6 = p(fy,) and v = p(f;,). Then we obtain a quiver containing only one vertex b and three
arrows «, 3 and ~y with the relations :

R:<bN’75BNb7aNV?ﬁaNb>:<aNﬁN’Y~b>

The algebraic fundamental group is then trivial which is natural because the corresponding
topological fundamental group of this incidence algebra is the one of an octahedra.

2. Incidence algebra associated to a presentation

In this paragraph, to each presentation by a quiver and relations (Q, ) of a k-algebra A
we are going to construct an incidence algebra A’. The goal of the next paragraphs will be to
compare the algebraic fundamental groups of (@, ) and of A’. We will show that there exists
a subgroup H of I11(Q, I) and an exact sequence 0 — H — I1;(Q, ) — II;(A’) — 0.

The algebra A’ is interesting because it provides when H is trivial, a topological version
of the algebraic fundamental group. Indeed, it has been proved (see [Rey] or [Bus]) that the
fundamental groups I3 (A’) and II; (Sim(X)) are isomorphic, in which Sim(X) is the simplicial
complex associated to the poset 3. So if the subgroup H is trivial, the algebraic fundamental
group of (@, ) is isomorphic to the topological fundamental group of a simplicial complex.
Finally, let’s notice that if the presentation (@, ) is already a presentation of an incidence
algebra A, the simplicial complex associated to the poset of A’ is the barycentric decomposition
of the simplicial complex associated to the poset of A and then the fundamental groups of A
and A’ are isomorphic.

We define a poset X. In general it will not be the poset of the incidence algebra A’ that we
will define later.

2.1. The vertices of ¥. We first consider the set C(Q)/~ where C(Q) is the set of paths
of @ and ~ is the equivalence relation used to construct the fundamental group restricted to
C(Q). Then, we denote by 3 the set C(Q)/ ~ minus the classes containing a path in I. Then,
by construction, the paths in a class of ¥ are never equivalent to any other path in 1.

Since the beginning and the end of equivalent paths are the same, the notions of origin,
end, parallelism can be extended to the set . Moreover, since the equivalence relation ~ is
compatible with the concatenation, the set 3 inherits a law of composition partially defined.
We can notice that this operation is totally defined on ¥ U {0} which give to it a structure of
semi-group.

2.2. Order relation on . Let (Q,I) be a presentation and X the set associated to (@, )
constructed as bellow.

Proposition - Définition 2.2.1. Let a and b be the elements of ¥ the four assertions are
equivalents :

L 3w €S | b=waw



2.Vac€a, 3bcb, Jww €C(Q) / b=w.aw
3.3aca, 3beb, Jww €C(Q) / b=waw
4. Yaca, Ybeb FJww €C(Q) / b~w.aw

We say in that case that a divide b and we note denote it by a/b. This relation is then the
restriction to X of the relation divide of the semi-group X U {0}

Proof.

(1 == 2) : Let’s suppose that there exists w and w’ in ¥ that verify b = w.a.w’. Let’s take a,
w and ' respectively in a, w and «’. It is sufficient to define b by b = w.a.w'.

(2 = 3) : evident.

(3 = 4) : all the paths of a (resp. b) are equivalent. Moreover the relation ~ is compatible
with the multiplication.

(4 = 1) : Let’s take b ~ w.a.w’. Since b is not in I, The construction of ¥ tell us that it
is the same for w.a.w’. Moreover, w (resp. w’) is in ¥. In deed, in the opposite case w will
be equivalent to a path in I and the w.a.w’ will be equivalent to a path in I which is not
permitted. Then b = w.a.w’ = w.a.w' O

Proposition 2.2.2. The relation divide is an order relation on X.

Proof. The reflexivity and the transitivity being obvious, we will prove only the antisymétry.
Since a/b and b/a, there exists a1, o, as and of such that a ~ a1.b.o) and b ~ as.a.af
in which a and b are elements of a and b. Let’s take w = aj.a9 and w' = ob.af, we have
a~w.aw.

Then, if we use n times the last equation, we have that a ~ w™.a.w’ for all n of N. Since
I is admissible, there exists ng in N such that F™ C I in which F™ is the ideal containing
the paths of length ng or more. T'wo cases can happen :

1. The classes w and w’ contain one path whose length is strictly positive. Let’s suppose
that it is w and denote by wp this path. Then, This path a is equivalent to w(®.a.w'™ .
But wy® being in I, the element a is equivalent to an element in I which is impossible
by the construction of the set ¥. Finally, this case can not happen.

2. The classes w and w’ only contain vertices. Since I is admissible, the vertices can not be
equivalent to any other path and then w and ' contain respectively the end ¢ and the
beginning s of a ; So w’ = s and w = t. Moreover, for a question of length, the equality
a1.c9 =t induce oy = ap =t . With a similar proof on w’, we have a =»b.

g

Proposition 2.2.3. Let (@, I) be a presentation of an algebra and ¥ the poset a associated
to this presentation, then :

1. dim(kQ/I) > card(¥). Particularly, if kQ/I is finite dimensional then ¥ is finite and the
incidence algebra associated is also finite dimensional.

2. The quiver @) is connected if and only if all quiver of incidence algebra associated are
connected.



Proof.

(1) : Let (w;)ies be a family of path chosen in each classes of element of ¥.. We will prove that
it is a free family in kQ/I. Let’s suppose that ) .. ; A\jw; € I, then there exists J' C J non
empty such that }°,_; Adjw; is a minimal relation : so the path w;, with i € J' are equivalent.
Moreover, since the w; are chosen in different equivalent classes, the cardinal of J can be only
one and the minimal relation can can be written \g.wg = 0 for one k in J. Since wy, is not in
I by construction of X, the element A\ is zero. we repeat the operation until all \; are zero for
i € J. Then, the family (w;);cs is free.

(2) : This proof will be easier after the demonstration the surjection between the two funda-
mental group. U

2.3. Incidence algebra associated to a presentation. We will say that a presentation
(Q, I) verifies the property P if one element of a class of C'(Q)/ ~ is in I induces that all
elements in that class are in I. Then the incidence algebra A’ associated to a presentation (@, I)
is the incidence algebra of X if the presentation satisfies the property P. If the presentation
does not satisfies the property P, we design by A’ the incidence algebra associated to the
presentation (@Q, T ) in which T is the ideal generated by the minimal relation of length at least
one; this being possible since (Q, T) verifies P.

2.4. Exemple Let () be the following quiver and I the ideal of k() :

8
V(&A‘ I =<cea, ¢, fa — oy >
¥

Except the arrows and the vertices, there exists only one path in ) which is Sa = §v. The
incidence quiver is :

— > o Ba=dy

3. Relation between the two fundamental groups.



Let (@, I) be a presentation of an algebra by quiver and relations. In the previous pa-
ragraph, we have construct an incidence algebra A’ with the presentation (@, ). These two
objects, the presentation and the incidence algebra, have their own algebraic fundamental
groups, and our aim is to compare them. We will first prove that there exists always a sur-
jection from II;(Q, I) to II;(A’). Then to study the default of injectivity, we will introduce
a subgroup H of II1(Q, I) such that I1;(Q, I)/H is isomorphic to II;(A’). In other words, we
give a system of generators of the kernel of the surjection.

3.1. Surjection from II; (Q,I) to II;(A’)

Theorem 3.1.1. Let (@, ) be presentation of an algebra and A’ the incidence algebra asso-
ciated, then there exists a surjection :

o I(Q, 1) —» T (D).

Proof. First, let’s suppose that the presentation (Q,I) verifies the property P. Let’s denote
by QE the ordered quiver associated to 3. To simplify the notations of the proof, a vertex of
Q. can be also a class of paths of C(Q)/ ~ or sometimes a path of @ if this path is alone
in its class. It happens for example for the classes of vertices or arrows. Let’s consider now
the application ¢ defined from P(Q), the set of walks of @, to P(Qy,), the set of walks of @,
characterized by :

— If a is a vertex of @) (considered as a constant walk) then ¢(a) = a. We notice that since
the ideal is admissible, a is not in I; the class of a is then in X.

— Let a be an arrow of ) from a to b, then a and b are divisors of a. Since the ideal [ is
admissible, the arrows of ) are not in I ; then « is in X. Since it does not exist, for the
order relation ’divide’, element strictly between a and « (resp. between b and «), there
exists in @)y, two arrows a, and oy from respectively the vertices a and b to the arrows
. We can then define ¢(a) by ¢(a) = o ' .

f f

In Q: a————> b In QZ . ag.a %ab

— The application ¢ is compatible with the composition of paths, then if a5 ...af" is a
walk of P(Q) then

oo ... 0ft) = ¢lan)™ ... dp(ar)™

Let X be the vertex of @ chosen to calculate II; (@, I), the vertex ¢(Xo) = X of Q, will be
taken to calculate Hl(QE,IQZ). Moreover, we denote by ¢ again the morphism induced by ¢
from the group of paths of @ closed in Xy to II; (@, IQz)‘

We will first prove that the application ¢ is surjective. Let p = a5* ... a7' be a walk of @,
crossing successively the vertices aq,. . ., Ant1 With a; = ant+1 = Xo; in other words a; is the
source of w;’. Let’s prove that p is equivalent to a path p’ crossing the sources si ... s,41 of
classes of paths ar, ... , Qpt1-

For all i in {1,...,n}, the vertex s; divides a;, so there exists a path ¢; of Q.. linking s;
to a;. Moreover, since Xy is also a vertex of @, the path ¢; and Cn+1 are the trivial path Xj.




The walks p is then equivalent to :

p = (cpnr105¢Cn) ... (cgloz;QCQ)(c;la?cl)

The situation is summarized in the following schema :

onal 047? s ai? a3 O‘i? ay an O‘i%n nt1=x

Ccl C2 c3 C4 Cn Cn+1
Xog=951 S9 S3 S4 Sn Sn+1=Xg
Let i be fixed in {1,... ,n}. We suppose moreover that a;/a;+1, that is to say that ¢; = 1;

the other case is solved similary. Since a; is linked to a;41 in @y, by «, it does not exist element
in ¥ strictly between a; and a;11. Then it exist an arrows f; from @ such that a;.; = a;.f; or
aiy1 = fi-a;. -

In the second case a;11 = f;.a;, the paths ¢; and ¢;41 have the same origin s; and then the
paths a;c¢; and ¢;11 are parallel and then cz-;llaici is equivalent to s;.

We consider now the first case : a;-1 = a;.f;. The arrow f; of Q has s;,1 as source and s;
as terminus, then there exists arrows fs;, and fs,,, of @y linking respectively s; and s;11 to
the vertex f;; these arrows verify ¢(f;) = f, L +1- Moreover f; divide a;;1, then there exists
a path c of Q,, from f; to a;41.

a; i - Qi1
_ /
’ / fz \ Ci+1
Si fsi fsi+1 87,'+1

The paths ¢;11 and cfs,,, in one hand and «;c; and cfs; in other hand are parallel. The
walks c; +11 a;c; is then equivalent to fs_zi 10_16 fs; and then to f;i | Js; which is exactly the image
by ¢ of fi_l. We notice that if we have considered a;,1/a;, we would conclude that the path is
equivalent to the image of the arrow f;.

We also notice for later that by using similar process, that the walk of @ from a to b :

a—=fi=fhi—=fffi— .= fafoci fi=fa o o> foo fs— .. —b
is equivalent to ¢(c) in which ¢ = fp, fr—1... f1.

We will prove now that ¢ is constant on the ~-equivalence classes. Then it induces the
morphism ¢,. We are going to verify first that for all arrows f from a to b, we have ¢(ff~!) ~

#(b) and ¢(f~1f) ~ ¢(a). Indeed ¢(f~1f) = fglfbfljlfa ~ a = ¢(a); The proof is the same
for the other equality.



Then, it is sufficient to verify that the images of two paths ¢; and co of ) contained in a
same minimal relation are equivalent. Let’s notice first that since (Q, I) verifies the relation P,
the paths ¢y and ¢y are represented in Y. Let’s denote ¢; = ... 1 and co = Gy, ... 01, and
let @ and b be respectively the beginning and the end of the two paths ¢; and cs. Let’s define
now the following paths :

e1 the path of Q),, crossing the vertices a, a1, asayq, ...,c1
ez the path of ), crossing the vertices b, o, apon—1, ..., €1
es the path of (), crossing the vertices a, 81, 5251, ..., c2

eq the path of @)y, crossing the vertices b, B, BmBm—1, -- -, €2

The paths ¢; and ¢» being equivalent, they are represented in ¥ by the same vertex c. The
situation is resumed in the following scheme, the arrows being paths of sz :

€1 €9
//‘\ _ /\
a c b
€3 €4

If we use the remark of the end the surjectivity of ¢, we have 62_161 ~ ¢(c1) and 64_163 ~
@(c2), Therefore ¢(c1) and ¢(cz) are equivalent. We obtain a surjective application ¢, from

Hl(Q,I) to HI(QE)-

Let’s suppose now that the presentation (Q,I) does not verify the property P. We can
deduce from above that there exists a surjection from IT;(Q,T) to A’, and by construction of
T the fundamental groups I11(Q, T') and I1;(Q, I) are isomorphic. The theorem is then proved.
O

Proof of proposition III.2.3. We are going to prove now the property which says that a
quiver () is connected if and only if the poset ¥ is connected.

Let’s suppose that @ is connected and consider a and b two vertices of ¥. Moreover, we
denote by s, and s; the sources of @ and b. Since g/ a and sT,/ b, there exists paths of ¥ denoted
by c1 and cg linking respectively Sq t0 @ and s to b. Moreover, the vertices s, = Sq and sp = sp
of ¥ are vertices of (). Therefore, since () is connected, there exists a walk w of @) linking s,
and sp. Finally cwﬁ(w)cfl is a walk linking a and b. The poset ¥ is then connected.

Conversely, let’s suppose that 3 is connected and let’s denote by x and y two vertices of
Q, they are also in X. Since ¥ is connected, there exists a walk w’ from z to y in Q. The
application ¢ being surjective, there exists a walk of @ from z to y and such that ¢(w) ~ o'
Then, @ is connected.

O

3.2. Generators of the kernel.

Let (Q,I) be a presentation by quiver and relations, and ~ be the equivalence relation
defined in the construction of the algebraic fundamental group II(Q, I). We also consider the
equivalence relation R in P(Q)/~, the set of isoclasses by the equivalence relations ~ of walks
of @, the smallest equivalence relation compatible with the multiplication and verifying the
following property : if two parallel paths ¢; and ¢y of @) divide two ~-equivalent path not in
I, then the classes c1 and o are R-equivalent.

10



Example 3.2.1. Let (@, I) be the following presentation :

_ i 2l _ _
Q= =% I'=<~ya—v6>

g

The paths o and (3 are parallel and divide respectively ya and 8 which are ~-equivalent.
Therefore, the classes of paths a and (8 are R-equivalent.

Example 3.2.2. We consider now the quiver ) containing only one vertex s and only one
arrow f, and the ideal I restricted to {0} :

f
o= [ 1= {0}

The paths s and f are parallel and divide f which is equivalent to itself, therefore the classes
s and f are R-equivalent.

Let H be the normal sub-group of II;(Q, I) associated to the relation R, that is to say

the smallest normal sub-group H of I1;(Q, I) containing the walks pilcil_l.ap, with p a walk

which begins in X, the vertex chosen to calculate I1; (@, I'), and with ¢; and ¢y parallel paths
dividing respectively two paths ~—equivalent non equal to zero in kQ/I. The sub-group H
can be written as follows :

3.3. The exact sequence.

Theorem 3.3.1. Let (Q,I) be a presentation of an algebra and A’ the associated incidence
algebra. Then the group II;(Q, I)/R and I1;(Q,) are isomorphic. In other words, the sequence

0— H—1,(Q,I) — II1(A") — 0

is exact.

Proof. We will use the same notation than the ones in the proof of the surjectivity. Moreover,
it is sufficient to prove this for a presentation that verifies the property P since IT;(Q, I) and
1;(Q,T) are isomorphic.

Let’s prove first that ¢, is constant on the equivalent classes of the relation R ; therefore,
it will induce ¢... We are going to prove that the images of two parallel paths ¢; and c2 in
@ dividing respectively the equivalent paths d; and do not in I, are equivalent. We notice
that ¢; and co are not in I, because in the reverse case di; and ds would be in I which is not
possible.Then the classes ¢; and ¢y are in X.
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Since c1/d; and cp/ds, there exists fi a path of Q. from c; to d; and f» a path of Q.
from ¢y to do. Moreover, we use the same definition than in the proof of the surjectivity for
the paths eq, ea, e3 and e4. We obtain the following situation ; the arrows being paths of @, :

c1
el €2
/ lfl\
a d1 =d2 b
\ If2/
Cc2

By using the remark at the end of the surjectivity of ¢, we have :

p(c1) ~exler ~ ey fil frer ~ ) fo  faes ~ €5 tes ~ ()

The construction of the antecedent used in the proof of the surjectiviy defined an application
1 from the set of walks of @, to quotient set of the walks of () by the two equivalence relations.
We begin to define this application more precisely. Let’s consider the application v defined
from P(Q),,), the set of paths of Q,,, to (P(Q)/ ~)/R, and generated by the following relation :

1. ¢(e) = s(e) for all vertices e of Q.

€1

2. If o ... 7" is a closed walk in zo then

Plogr ... af') = Ylan)™ ... (ar)™

3. If « is an arrow of @, from a to b then there exists an arrows f of @ verifying
b= f.a or b=a.f.If b= f.a then () is the origin of a else 1(a) is equal to f~!.

Let xo be the vertex chosen to calculate IT;(Q, I), the vertex g = ¢(xg) will be also chosen
to calculate Hl(QE,IQZ). Moreover, we will denote one more time by 1, the application
restricted to the set of closed walks in xg. We notice that the image of ¢ is included in

(Qy, IQZ) .
Let’s prove that v is well defined.
1. If there exists f and g verifying b=a.f = g.a, then s(a) = s(f) = s(b), t(f) = s(a) and

t(a) = s(g); the applications source and terminus being always used on the classes of
walks of @ and not on the vertices of ¥. Then f is a loop of extremity s(a). The vertex
s(a) of @ and the arrow f are parallel and divide f, not equal to zero since the ideal I is
admissible, then they are R-equivalent; in fact I being admissible, arrows and vertices
of @ can not be in I. With a similar proof on g we deduce that the two definitions in

that case coincide.

2. If there exists f and g verifying b = f.a = g.a or b = a.f = a.g, then f and g parallel
arrows dividing b, not in I because b is in X, therefore they are R-equivalent.
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Let’s prove now that the application ) is constant on the equivalent class and then induces
an application v, from IT;(Qy,) to II1(Q, I)/H

We will verify this on the generators of the equivalence relation. Let o be an arrow of @),
from the vertex a to the vertex b. Then there exists f verifying b = f.a or b = a.f. In the first
case, insert o la in a walk of @, do not change its image since 1(a) is a vertex. In the second
case, this is equivalent to insert f.f~! in the walk, which do not change its equivalent class.
We do the same thing on aar™!.

Let’s consider now two parallel paths ¢ and ¢’ of @Q,,. We will prove that changing (c) by

¥(c) in a walk of @ does not change its equivalent class. Let ay,...,a, and a},...,a’, be

respectively the vertices crossed by ¢ and ¢’ and let’s denote by a = a1 = a}. For all 4, the
vertex a; is linked to the vertex a;y1 then there exists an arrow f of @ such that a;+1 = a;.f
or a;+1 = f.a;. Then

dr,s € N Jfy... fr4s such that @ = fr+1... fr+s.a.7f71;. ﬁi
I’ ' e N 3ff.. fly suchthat an = fl .. fl gaf. . fl

We have then ¢(c)™! = fi.fo... fr and (<)~ = fi.f}... f.,. These paths are parallel and
theirs ~-classes divide a,, = al,, therefore they are R-equivalent.

Finally let’s prove that the applications . and ¢ verify 1, 0 ¢4 = Id. Then, ¢y, will be
injective. Since 9, and ¢, are two morphisms, it is sufficient to prove this on the vertices and
on the arrows of Q. If a is a vertex of @, then 1,0 ¢.i(a) = a. If f is an arrow of @ from a
to b then

Vx0 Qs (f) = ¢*(fb_1fa) = w*(fb)_l-lb*(fa) = (f_l)_l-a =f
O

3.4. Cases in which the morphism is an isomorphism.

We will give sufficient conditions to have an isomorphism between the two fundamental
groups described in the previous paragraphs, that is to say to have a sub-group H restricted
to the neutral element.

Proposition 3.4.1. Let (Q, I) be a presentation of an algebra and @), the associated incidence
quiver. Then if one of the following conditions is satisfied, the sub-group H is trivial and then

Hl(Qz) = HI(Q7 I)
1. The ideal I is restricted to 0.

2. If ¢; and ¢y are parallel and not equivalent then the paths w.ci.ws and ws.co.wy are not
equivalent, for all paths wi, we, w3 and wy such that the previous products has sense.

3. If ¢; and co are parallel then the paths wi.c;.we and ws.co.ws are not parallel, for all
paths w1, we, wg and wys which are not all of them trivial and such that the previous
products has sense. This condition is independent to I.

4. The couple (Q, I) is the presentation of an incidence algebra, more generally a presenta-
tion of a Schurian algebra.

5. The quiver ) does not contain cycles and sub-quivers in the form of eight, that is to say
sub-quivers in the form :

13



1 C3

./\ ./\.
\_62/' \/
C4

in which arrows represent in fact paths.

Remark. We have just seen that H is trivial in the case of Schurian algebra. Nevertheless,
this is not the case for constricted algebra. Indeed, let’s consider the following quiver @ :

and the ideal I =< éyBa — §'+'#'a’ >. The algebra kQ/I is a restricted algebra non Schurian
and the sub-group H is isomorphic to Z.

Proof de la proposition.
1 : in the case in which I = 0, two equivalent ~-paths are equal. Then if ¢; and ¢y are parallel
dividing a same path d, then c; and cy are equal, and ¢; = ¢o bring no generators to H.

2 : this is a translation of the definition.
3 : if the multiples of ¢; and co are never parallel, they can not be equivalents.

4 :let ¢; and ¢y be two parallel paths dividing d; and dy equivalent and not equal to zero.
Therefore ¢; and ¢ are parallel and not equal to zero. Since the algebra is a Shurian algebra,
this two paths are equivalent.

5 : let ¢; and co be two parallel path dividing two paths d; and ds equivalent. Since it does not
exist quivers in the form of eight and loops then there exists w and w’ such that di = w.cy.w’
and do = w.co.w’. Then since di and ds are equivalent then wldiw' ! and W' do.w ! are

equivalent and then ¢; and ¢y too. O

4. Examples and influence of the presentation.

Example 4.1. The aims of the these two examples is to show simple cases in which the
subgroup H is not trivial.

14



f/‘\\w /

y \ wn72

[ J > /ﬁvw
a I=<w" > W
a

In this example, the vertex a and the arrows w divide w. Then H is equal to the fundamental
group of (@, I). On the right, we find the associated incidence quiver which the fundamental
group is trivial. Let’s consider now the following quiver :

o« B

I =< Ba—dvy>

The quiver of the associated incidence algebra is :

In that case, the arrows «, v and 3, § divide Sa = dv. The relation R is generated by o R~y
and 8 R 6.

Example 4.2. This example shows that the incidence algebra associated to a presentation
(Q,I) is not an invariant of the algebra. Indeed, let’s consider the quiver @ :
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and the two ideals I} =< yfa — da > and I, =< da > of kQ. The two algebra kQ/I; and
kQ/I are isomorphic. Let’s construct now the incidence quivers X ;) and ¥(q 1,y which
fellows :

For the presentation (@, I1), the fundamental group is trivial, then the fundamental group of
the associated incidence quiver is restricted to 1 since the theorem of the exact sequence. For
the second presentation (@, I2), the fundamental group of the associated incidence quiver is
isomorphic to Z. To see that, we are going to calculate the sub-group H of I1;(Q, I2). Only
the paths § and 0 are parallel and not equivalent. The subgroup H is then generated by the
relation Sa — §ya. We choose the vertex a as base point to calculate the fundamental group.
But this relation is trivial in I1; (@, I2) and then H is restricted to 1. The fundamental group
of ¥(q@,1,) is then isomorphic to I1;(Q, I) since the theorem of the exact sequence which is
isomorphic to Z.

Then, there exists two presentations of an algebra whose incidence quivers give different
fundamental groups; The fundamental groups of the associated incidence algebras also depend
on the presentation of the algebra.

Example 4.3. In this example, we recalculate in a simple way the fundamental group of a
type of a particular incidence algebra and then its first group of Hochschild cohomology with
the theorem of Assem and De La Pena. This incidence algebras are such that their quiver is a
crown, that is to say a quiver as follows :
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It has been considered for example in [GS] and their fundamental group has been calculated
in [GR]. For that, let consider the following cyclic quiver @, :

o1
e -
PN . S
77) Qp—1 Qp—2 Qp—3 a2

Let p and ¢ be natural integer such that ¢ < n. We also consider the ideal I, of k(Q),, generated
by the paths of @, of length p x n + ¢. Then the incidence quiver associated to (Qn, Ipg) is
the crown previously described with n vertices on the horizontal and n X p + ¢ vertices on the
vertical. The vertices of the first line represent the vertices of (), the vertices of the second
line are the arrows of @), the vertices of the third line are the path of length 2 of @, etc.

Then, it is sufficient to calculate the fundamental group of @, and the group H. The
fundamental group does not change with I, since I, contains only minimal relation with one
term. It is then isomorphic to Z. For the subgroup H, two cases can happen. If p = 0, it does
not exist not equal to zero and parallel paths then H is 1 and II; (Qe, Iq) is isomorphic to Z.
If p # 0, the path a3 ..., and the origin of a; divide «; ...y, the subgroup H contains a
generator of the cyclic group II; (Q¢, Ipg), then II1(Qe, I,,)/H is trivial.

Then, the fundamental of a crown C,, ;, ; with n columns and with pn + ¢ lines is :

Z ifp=0
L (Crpgr L ,q) = { 0 ifp>0

For an other demonstration, see [GR].

Moreover since Hom(I11(Q, I), k%) ~ HH'(kQ/I) in the case of incidence algebra, we can
deduce that the first Hochschild cohomology group of the incidence algebra of the crown is k
if p =0 and 0 otherwise.
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