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Abstract

We quantize a multidimensional SDE (in the Stratanovich sense) by solving the
related ODE’s in which the Brownian motion has been replaced by the components
of stationary quantizers. We make a connection with rough path theory to show that
such quantizations converge toward the solution of the SDFE. In some particular cases,
we show that this procedure provide some rate optimal quantizations of the equation.

Key words: Functional quantization, Stochastic Differential Equations, Stratanovich

stochastic integral, stationary quantizers, rough path theory, p-variation, Hélder norm.

1 Introduction and preliminaries

Quantization is a way to discretize the path space of a random phenomenon: a random
vector in finite dimension, a stochastic process in infinite dimension. Optimal Vector Quan-
tization theory (finite-dimensional) random vectors finds its origin in the early 1950’s in
order to discretize some emitted signal (see [6]). It was further developed by specialists in
Signal processing and later in Information Theory. The infinite dimensional case started
to be extensively investigated in the early 2000’s by several authors (see e.g. [11], [4], [12],
[13], [12], [3], [8], etc).

In a recent paper ([13]), the functional quantization of a class of Brownian diffusions has
been investigated from a constructive viewpoint. The main feature of this class of diffusions
was that the diffusion coefficient was the inverse of the gradient of a diffeomorphism (both
coefficients being smooth). This class contains most (non degenerate) scalar diffusions.
Starting from a sequence of rate optimal quantizers some sequences of quantizers of the
diffusion as the solutions of (non coupled) ODE’s are produced. This approach relied on
the Lamperti transform and was closely related to the Doss-Sussman representation formula
of the flow of a diffusion as a functional of the Brownian motion. In many situations these
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quantizers are rate optimal (or almost rate optimal) i.e. that they quantize the diffusion
at the same rate O((log N )_%) as the Brownian motion itself where N denotes the generic
size of the quantizer. In a companion paper ([18]), some cubature formulas based on
some of these quantizers were implemented, namely those obtained from some optimal
product quantizers based on the Karhunen-Loeve expansion of the Brownian motion, to
price some Asian options in a Heston stochastic volatility model. Rather unexpectedly in
view of the theoretical rate of convergence, the numerical experiments provided quite good
numerical results for some “small” sizes of quantizers. Note however that these numerical
implementations included some further speeding up procedures based on the stationarity
of the quantizers and the Romberg extrapolation leading to a O((log N )7%) rate.

Recently a sharp quantization rate has been established for a class of 1-dimensional
diffusions in a non constructive way (see [3]). Finally, the standard rate O((log N )_%)
has been extended in [15] to general d-dimensional diffusions (regardless of their ellipticity
properties) and even to Itd processes. This latter approach is constructive as well, although
the resulting quantizers are no longer stationary.

Our aim in this paper is to extend the constructive natural approach initiated in [13]
to general d-dimensional diffusions. To this end, we will need to call upon the rough path

theory to replace the “Doss-Sussman environment”. Namely, we consider a diffusion process
dX; = b(t, X;)dt + o(t, X;) o dW;, Xo=z€R% te(0,T]

in the Stratanovich sense where b : [0, 7] x R? — R¢ and o : [0,7] x R — R%*9 are contin-
uously differentiable with linear growth (uniformly with respect to t) and W = (W), 11
is a g-dimensional Brownian motion defined on a filtered probability space (2,4, P).

Such an SDE admits a unique strong solution denoted X* = (X )icjo,r (the de-

T

pendency in © will be dropped for convenience). The R%valued process X is pathwise

continuous and sup;cjo 71| Xt| € L"(P), r > 0 (where |.| denotes the canonical Euclidean
norm on R%). In particular X is bi-measurable and can be seen as an L (P)-Radon random

P — 12,([0, T}, dt)

variable taking values in the Banach spaces (LT

1

and |g|z» = (fOT |g(t)|pdt) ” denotes the usual LP-norm when pe [1,00).

R | . |L?) where L?’Rd

For for every integer N > 1, we can investigate for X the level N (L", L? )-quantization

p

problem for this process X, namely solving the minimization of the L"(P)-mean L7, o,-

quantization error
en (X, LP) := min {eN,r(a,X, LP), o C L%Rd, la| < N} (1.1)

where ey (o, X, LP) denotes the L"-man quantization error induced by a, namely

1
eny(a, X, LP) := (Emin|X —a|;>r =
aco

min | X —al;» . .
aco T,R LT(]P’)

The use of “min” in (1.1) is justified by the existence of an optimal quantizer to that
problem as shown in [2, 9] in this infinite dimensional setting.

In finite dimension (when considering R%-valued random vectors instead of L, ,-valued

T,Rd
processes) the answer is provided by the so-called Zador Theorem which says (see [6]) that



if E|X|"*0 < 400 for some § > 0 and if g denotes the absolutely continuous part of its
distribution then

~ 1
Niex (X,RY) = Jalgll’s  as N—ooo (1.2)

d+r

where jr,d is finite positive real constant obtained as the limit of te normalized quantization

error when X £ U ([0,1]). This constant is unknown except when d =1 or d = 2.
A non asymptotic version of Zador’s Theorem can be found e.g. in [15]: for every r, 6 >
there exists a universal constant C, 5 > 0 and an integer NV, s > such that

1
VN > Nr,& NEeN,r(X7 Rd) < CT,JHX”TJré-

In infinite dimension, the case of Gaussian processes was the first to have been exten-
sively investigated, first in the purely quadratic case (r = p = 2): sharp rates have been
established for a wide family of Gaussian processes including the Brownian motion, the
fractional Brownian motions (see [11, 12]). For these two processes sharp rates are also
known for p € [1,00] and r € (0,00) (see [3]). More recently, a connection between mean
regularity of t — X; (from [0,7] into L"(IP)) and the quantization rate has been established
(see [15]): if the above mapping is pu-Holder for an index p€ (0, 1], then

eN,r(X, LP) = O((log N)™"), p€ (0,7).

Based on this result, some universal quantization rates have been obtained for general
Lévy processes with or without Brownian component some of them turning out to be
optimal, once compared with the lower bound estimates derived from small deviation theory
(see e.g. [7] or [4]). One important feature of interest of the purely quadratic case is that
it is possible to construct from the Karhunen-Loeve expansion of the process two families
of rate optimal (stationary) quantizers, relying on

— Some sequences (a(N 7pmd)) ~>1 of optimal product quantizers which are rate optimal
i.e. such that ey (™), X, L?) = O(ey2(X, L?)) (although not with a sharp optimal rate).

— Some sequences of true optimal quantizers (or at least some good numerical approx-
imations) (a(™*))y>q i.e. such that ey (oM, X [?) = eno(X, L?).

We refer to Section 1.1 below for further insight on these objects (both being available
on the website www.quantize.math-fi.com).

The main objective of this paper is the following: let (a¥)y>1 denote a sequence of
rate optimal stationary quadratic quantizers of a ¢g-dimensional standard Brownian motion
W = (W',...,W%). Define the sequence 2V = (an)nzl,---7N7 N > 1, of solutions of the
ODE’s . .

N =z + / b(zN (s))ds —|—/ o(zN(s))daN(s), n=1,...,N.
0 0

Then, the finitely valued-process defined by

N
XV =3 e e, a0y

n=1



converges in p-variation toward X (and consequently for the sup norm) as N — oo i.e.
Var, 0.77(X — X) — 0

in probability where

k-1 p
Vary, o,7)(x) := sup (Z 2 (te+1) — 35(@)\”) 0<to<ti <...<t <T, k>1
=0

We also provide some results with respect to the Holder norm.

NOTATION: e For every d > 1, one denotes £ = (£1,...,£%) a row vector of RY.

e | .| denotes the canonical Euclidean norm on R%,

e One denotes by (F;¥);>0 the augmented natural filtration of a process X = (X;);>0 (so
that it satisfies the usual conditions).

e For a bounded function f : [0, 7] — RY, || £ |lsup = supgeio,r] | f()]- If £ is a Borel function

Ifller = (fo 1))

1/p
e For an R%-valued bi-measurable process, we denote || X||, := || | X|» . lp = (IE fOT |Xt|pdt) .
TR

1.1 Some background on functional quantization

Functional quantization of stochastic processes can be seen as a discretization of the path-
space of a process and the approximation (or coding) of a process by finitely many deter-
ministic functions from its path-space. In a Hilbert space setting this reads as follows.
Let (H,< -,- >) be a separable Hilbert space with norm |- | and let X : (Q, A,P) — H
be a random vector taking its values in H with distribution Px. Assume the integrability
condition
E|X|? < +oo. (1.3)

For N > 1, the L?-optimal N-quantization problem for X consists in minimizing
2\ 1/2
<Emin X —qf ) — [|min |X — al|l 2
acq acq

over all subsets o C H with card(a) < N. Such a set a is called N-codebook or N-quantizer.
The minimal N** quantization error of X is then defined by

ey (X, H) := int {(Emem X —a>)V?:a C H, card(a) < N} . (1.4)

For a given N-quantizer o one defines an associated nearest neighbour projection

Mo 1= Z ale,(a)

acx

and the induced a-(Voronoi) quantization of X by setting

X = 7(X), (1.5)



where {Cy() : a € a} is a Voronoi partition induced by «, that is a Borel partition of H
satisfying
Cola) C{z e H:|z—al= mln]m—b\} (1.6)
bEar

for every a € o. Then one easily checks that, for any random vector X : Q@ — o C H,
E|X - X" > E|X - X’ =E min|X —af

so that finally

en(X) = inf{(E\X — X|)Y?: X = f(X), f: H— H Borel measurable, card(f(H)) < N}

= inf {(IE X — X[>)Y?: X : Q — H random vector, card(X (Q)) < N} . (1.7)

A typical setting for functional quantization is H = Li := L%([0,1],dt) (equipped

with < f,g >9:= fo fg(t)dt and ]f]Lg := /< f,f>). Thus any (bi-measurable) process
X = (Xi)sejo,r defined on a probablhty space (92, A,P) such that

T
/ E(X?)dt < +oo
0

is a random variable X : (Q, A, P) — Li. But this Hilbert setting is not the only possible
one for functional quantization (see e.g. [14], [8], [4], etc) since natural Banach spaces like
LP([0,T1],dt) or C(]0,T]) are natural path-spaces.

In the purely Hilbert setting the existence of (at least) one optimal N -quantizer for
every integer N > 1 is established so that the infimum in (1.4) holds as a minimum.
This existence property holds true in any reflexive Banach space and L'-spaces (see [8] for
details).

1.2 Constructive aspects of functional quantization of the Brownian mo-
tion

One considers a scalar Brownian motion (W}),c(o,r) on a probability space (€2, .4,P). The
two main classes of rate optimal quantizers of the Brownian motion are the product opti-
mal quantizers and the true optimal quantizers. Both are based on the Karhunen-Loeve
expansion of the Brownian motion given by

W= Vel (t) (1.8)

k>1

where, for every k > 1,

A = (ﬁ)z and ¢}V (t) = \/gsin (\/LA_I) (1.9)

(W | ek 2 Sln dt
Sk - \/—— / Wt t/\/>

and



The sequence (e} )g>1 is an orthonormal basis of L2. The system (A, e} )g>1 can be
characterized as the eigensystem of the symmetric positive trace covariance operator of
fe(t— fOT(s At) f(s)ds) = (t — E(< f|W > W;). In particular this implies that the
Gaussian sequence (§)r>1 is pairwise uncorrelated hence i.i.d., N(0;1)-distributed. The
Karhunen-Loéve expansion of W plays the role of PC' A of the process: it is the fastest way
to exhaust the variance of W among all expansions on an ortho-normal basis.

The convergence of the series in the right hand side of (1.8) holds in L?P for every we
and P(dw)-a.s. for every t€ [0,T]. In fact this convergence also holds in L?(P) and P(dw)-
a.s. for the sup norm over [0, 7). The first convergence follows from Theorem 2.1(a) further
on applied with X = W and Gy = o(&1,...,&,) and the second one follows e.g. from [14]
P(dw)-a.s.. In particular the convergence holds in L?(dP ® dt) or equivalently in L%QT (P).

1.2.1 Optimal product quantization

A product N-quantization of W is defined by

T \f > VA" sin (=) (1.10)

. . . N ~N
where Ny, ..., N, are non zero integers satisfying Ny--- Ny, < N and §{V’“,...,§LL are

L

optimal quadratic quantizations of £1,...,§,. An optimal product N -quantization W Nprod
is obtained as a solution to the following integral bit allocation optimization problem for

the sequence (Ng)p>1:
min{uw ~WWeesNO| Ny LN, >1, Ny---Np, <N, L> 1} (1.11)

(see [11] for further details and [18] for the numerical aspects). It is established in [11] (as
a special case of a more general result on Gaussian processes) that

1 754 T 0 -1
fHW—WN”’ 9|, < (log N)~> (1.12)

Furthermore, the critical dimension L = Ly (IN) satisfies Ly (N) ~ log N. Numerical
experiments carried out in [18] show that +|W — /I/T?N’pdeQ ~ ¢, (log N)fé with ¢, ~ 0.5
(N < 10000).

It is possible to get a closed form for the underlying optimal product quantizers a™V.
First, note that the normal distribution on the real line being log-concave, there is exactly
one stationary quadratic quantizer of full size M for every M > 1 (hence it is the optimal
one). So, let N > 1 and let (Ni)r>1 denote its optimal integral bit allocation for the
Brownian motion W. For every Nj > 1, we denote by f(Vi) .= {6§£Vk), 1 <ix < Ni} the
unique optimal quantizer of the normal distribution: thus a(0) = {0} by symmetry of the

normal distribution. Then, the optimal quadratic product N-quantizer o/V'P7? (of “true

size” N1 X --- x Np, (n) < N) can be described using a multi-indexation as follows:
N,prod N)
a(nf’fink’_ ) Zﬂ( DIV ek ), ng€ {1,..., Ny}, k>1.
k>1



These sums are in fact all finite so that the functions aéY’p rod

: all are C° with finite
Zlv---aznv"')

variation on every interval of R..

Explicit optimal integral bit allocations as well as optimal quadratic quantizations
(quantizers and their weights) of the scalar normal distribution are available on the web-
site [19]. Note for practical applications that this optimal product quantization is based on
1-dimensional quantizations of small size of the scalar normal distribution N'(0;1). This
kind of functional quantization has been applied in [18] to price Asian options in a Heston
stochastic volatility model.

1.2.2 Optimal quantization

It is established in [11] (Theorem 3.2) that the quadratic optimal quantization of the
Brownian motion reads

wor \f Z NEY ) sm( fx) (1.13)

where (g, (n) = Projﬁd(m (W) ~ N (0; Diag(Xy, . .. aAdW(N))) with

Eqy, vy = Respan {sin (./v/A1) ,...,sin (./\/Aq,, () } and EC%V(N) is an optimal quadratic
quantization of (g4, () of size .

If one considers an optimal quadratic N-quantizer 3 = {B,]LV ,n=1,....,N} C Raw (N)

of the distribution A/ (0; Diag (A1, . .. ,)\dW(N))) (a priori not unique)

dw (N)

Nopt(t) Z B(N \/76 n=1,...,N.

k=1
Once again this defines a C* function with finite variation on every interval of R..
The resulting optimal quantization error satisfies

1 —~
THW — WPt~ % (log N)_% as N — oo (1.14)

where c‘;{/’t = % ~ 0.4502.
The true value for dyy (N) is unknown. A conjecture supported by numerical evidences
is that dy (N) ~ log N (what is proved is that dy (N) = Q(log(N))).

Large scale computations of optimal quadratic quantizers of the Brownian motion have
been carried out (up to N = 10000 and d = 10). They are available on the website [19].
1.2.3 Stationary functional quantizations, Wiener like integral

Both types of quantizations defined above share an important property of quantizers: self-
stationarity.

Definition 1.1 Let a C Li. The quantizer o is stationary for the Brownian motion if

there is a Voronoti quantization W = W< induced by a such that

W=EW|o(W)) as. (1.15)



where E(.|G) denotes the functional conditional expectation given the o-field G on L%QT (P)

(see Annex).

In the case of product quantization WwnN Prod this follows from the stationarity property
of the optimal quadratic quantization of the marginals &, (see [11] or [18]). In the case of
optimal quadratic quantization WN:9Pt this follows from the optimality of the quantization
of Cay ()

We will see that it is possible to define a kind of Wiener integral with respect to a
stationary quantization.

First, we must have in mind that if W is a (F;)-Brownian motion, then one can define the
Wiener stochastic integral (on [0, T]) of any process p€ L2([0,T]xQ, W([0, T])®Fo, dt@dP)
with respect to W. One can see it as a special case of It6 stochastic integral or as an extended
Wiener integral: If p(t,w) denotes an elementary process of the form

n
(p(t, ) = ngl(smsk-u}? O=s0<s1< " <Sp1<s8,="T.
k=1

where ; are Fy-measurable (hence independent of W). Set I.(p) := ng(WSk-H - Ws,).
k=1

Then, I, is an isometry from L7, (P) into L?(F,.,P). Furthermore, one checks that
T

E(/OTgo(s,.)dWs|ff/> :/OTE(QD(S,.H]:]W)dWS

where .7-"¥V denotes the augmented filtration of W at time 7. We follow the same lines to
define the stochastic integral with respect to a stationary quantizer. Set for an elementary
process @

‘/[\T (SD) = Z gk(WskJA - Wsk)
k=1

so that

S

() = Y GEWy,, — W) |W)
k=1

—

= Y EGWay, — We) | Fo Va(W))
k=1

T
= B ([ et 5 v (i)
0
where we used that the o-fields 0(/1/17) and Fy are independent. It follows that

Iz (D)3 < (7 = Ilelzz 115

Hence the linear transformation TT extends to a linear continuous mapping on L%Q (Fo,P).
T
Furthermore, one checks, first on elementary processes, then on the whole L%Q (Fo,P) by
T

continuity of the (functional) conditional expectation that

E (L,(0)| 5o v o(W)) = L ().

8



We will denote from now on

o~ T o~
T.(p)(w) = /O (1, w0) AT ().

t T
Now set for every t€ [0,T], / o(s,w)dWs(w) = / 1jp,4(8)p(s,w)dWs(w).
0

0
One checks using Jensen and Doob Inequality that,

t 2 t 2
E sup /gp(s,.)dWs < E sup /go(s,.)dWs
tejo,1) 1Jo tefo, 1] 1Jo
T
< CE/ ©(s,.) ds. (1.16)
0

On the other hand, as soon as the stationary quantizer « (such that W= W“‘) has pathwise
continuous elements, it follows that if ¢ is an elementary process,

t o~
/ ) AW = Z Ep(W, sk+1/\t Wnt)
0

admits a continuous modification in ¢ € [0,7]. One classically derives by combining this
result with (1.16) and the everywhere density of elementary processes that, for every ¢ €
L%QT (Fo,P), the process

t
(/ ©(s, .)dWs> admits a continuous modification.
0 t€[0,T)

This is always this modification that will be considered from now on. Furthermore, using
the characterization of functional conditional expectation (see Annex), it follows that

E (/0 o(s, )dW, || Fo w(’W)) - /0 o(s, . )dW,. (1.17)

1.2.4 Extension to multi-dimensional brownian motions

To quantize a standard d-dimensional Brownian motion one uses a kind of product-quantization
1

of each of its components with marginal rate optimal quantizers of size [Nd]. Such quan-

tizers share the same properties as the above ones defined in the scalar case.

Proposition 1.1 Let W =: (W1, ..., Wd) denote a d-dimensional standard Brownian mo-
tion and W = (W', ..., Wd) a pathwise continuous stationary quantization of W. Then,

for every i #j, i, je {1,...,d},

E (/ Widw? ya(Wi,Wj)> - / WidWwi,
0 0

Proof. The stochastic integral fo WS’de coincides with the (extended) Wiener integral
defined with respect to the filtration G/, := o(F", FV") (it is clear that W7 is a G/ -
standard Brownian motion). The result is then a straightforward consequence of (1.17). ¢

Remark. The above result still holds true if one considers an additional “0” component
to the Brownian motion W =t (with W0 = ¢).



2 Kolmogorov criterion and convergence in p-variation

The aim of this section is to investigate the connections between the celebrated Kolmogorov
criterion and the tightness of some classes of sequences of processes for the topology of p-
variation convergence. In fact this connection is somehow the starting point of the rough
path theory, but we will look at ti in a slightly different way. Namely if X satisfies the Kol-
mogorov criterion and (Gn)n>1 denotes a sequence of sub-o-algebras of A then a sequence
of processes defined by

XN =RE(X|GY), N=>1,

is (C-tight and) tight for a whole family of topologies induced by convergence in p-variation
(the conditional expectation is considered in the functional sense).
First let us define the p-variation (semi-)norm (and Holder semi-norm).

Definition 2.1 (a) Let x : [0,T] — R? be a continuous function and let p € [1,00). One
defines the p-variation semi-norm by

k—1 P
Var, o7(z) == sup (Z |z (teq1) — :C(tg)|p> L 0<to<t1 <...<4, <T, k>1
=0

(b) The %—Hé’lder semi-norm is closely connected to the p-variation semi-norm defined for
every continuous function x : [0,T] — R? by

[2(t) = 2(s)]

12llp,rrot = sup

DI~

Remark. Indeed, it is clear that

Varyjo(®) < [|#]lp,#or- (2.1)
Although already appearing in one of the seminal papers of rough path theory (see [16]),

its interest has been emphasized in [5].

When p > 1, one defines a norm on VP := {z € C([0,T]), Var,o(z) < +oo} by
setting
Var27[07T} (x) == |=(0)] + Vary o,7)(z).

One proceeds likewise with the Holder semi-norm.

Definition 2.2 Let p > 1, 6 > 0. A process X = (Xi)icpo,1) satisfies the Kolmogorov
criterion (Kpg) if there is a real constant C' > 0 such that

Vs, te [0,T], E|X,—X,/P<C|t—s]'t? and  Xge LP(P).

Theorem 2.1 Let X := (Xi)ico,r) be a pathwise continuous process defined on (2, A,P)
satisfying the Kolmogorov criterion (K, g). Let (Gn)n>1 be a sequence of sub-o-fields of A.
For every N > 1 set

XN =E(X|Gn).

10



For every N > 1, X~ has a pathwise continuous version. Furthermore, if one of the

following conditions is satisfied

(a) GN C Gny1,

(b) There exists a subset D C [0,T] such that X}¥ L, X, te D,
(c) | XN - X|rr, RN 0 for some r > 1,

then

p L
Vag> -, | X _XNHSUp + (| X _XNHq,HOl —0

so that, in particular,
p
Varg (X — XV) £ 0

The proof of the theorem is a variant of the proof of the Kolmogorov criterion for
functional tightness of processes. It consists in a string of several lemmas. For the following

easy lemma, we refer to [10].

Lemma 2.1 Let z, y€ C([0,T],R?) and let p > 0. Then

(a) |z — (0 )Hsup <Var, [OT}(x)-

() If p> 1, Vary jo1(z +y) < Vary o) (x) + Vary o (y) and if 0 <p <1,

(Vary o (@ +y)? < (Var, o@))? + (Var, ory))?

(¢) For every p' > p, (Vary o)z ))p < 27" 7||| B (Vary o))"

(d) Claims (a)-(b)-(c) remain true with the E—Holder semi-norm || . ||p ot instead of the

p- variation semi-norm.

Lemma 2.2 If X satisfies the Kolmogorov criterion (Kpg) and X = E(X|Gy), N > 1
then, the sequence (X™)ns1 is C-tight and for every 6 € (0,0), there exists a random
variable Z € LY (P) such that

P(dw)-a.5.¥s, t€ [0,T], |XN(w)— XN (W) =EZ? |gn) (W)t —s”.  (2.2)

In particular

B =

Var g (XY) < XY 0 < (E(T2)” | G))

Proof. Let s, t€ [0,T]. Let m, n > 1 be two fixed integers.

sup | Xy — XsP < 37 max sup | Xs — Xz [P
5,t€[0,T], t<s<t+ L 0<k<2n—1 [15_57(16;;% 2

< 3P su Z Xer — Xkr r P

- 0<k<2” 1m>% | S H 2—n+(f—1)m’
21

_ P

< DD Z|X’“Z+€2n+m Xer o 1)2n+m| . (23)

k=0 m>0 (=1

11



For every 6'€ (0,0), set

RYr

/
Z = g o sup | X — X P
n>0 5,t€[0,T), t<s<t+ 5

Taking expectation in (2.3) yields

, 2 T \'*? /
s zer Yo Y Y () 20T <

k=0 m>0

On the other hand, for every 6 € [0,T], 2-(*"s) < §/T < 27" 5o that

9/

! / ! 2 !

6 sup |X; — X, [P < 20+ms)0' =0 sup 1X; — X, [P < <—> A
S, tE[0,T], t<s<t+5 5, t€[0,T], t<s<t+ L T

Consequently, for every s, t€ [0,T], and every we €,
|Xi(w) = Xs(@)IP < 2% ()|t — "
Finally, it follows from Jensen Inequality that
P(dw)-a.s. Vs, t€ [0,T], |XN(w)—XN(w)P = |E(X;— Xs|Gn)W)P
E(1X: — X" [Gn)(w)
E(ZY | Gn) )|t — 5. (2.4)

IN

N

so that, on the one hand every X, N > 1 has a pathwise continuous version, and

A

o /
P(dw)-a.s.  Varg o7(XY) < XN @)lpwa < T7 (EE"1G0)@)" . o

Proof of Theorem 2.1. As concerns C-tightness (which is quite classical, see [1], since
it is the original aim of Kolmogorov’s criterion), first note that XY = E(X¢|Gn), N > 1,
is uniformly integrable hence tight. On the other hand it follows from (2.4) that the se-
quence of processes (X~ — X{V)y>1 is C-tight (this is but the original proof of Kolmogorov
criterion). The space (C([0,T],R?), || . ||sup) being a topological space, it is clear that the se-
quence (X, X)n>1 is C-tight on (C([0, 7], R?), || . ||lsup)- Let Q = w-limy P xn x) denote
a weak functional limiting value of (X, X)y>1. If Z = (Z',Z?) denotes the canonical
process on (C([0, T], R2?), || [|lsup), it is clear that Q> =P,.

> Convergence of the sup-norm. Assume that (c) holds: the functional z — |x1(t)—:c2(t)|LrT
is continuous on (C([0, T],R??), || . ||sup). Consequently | X’ - X, £, |Z' —Z?| .. Hence
Z' =272 Q-a.s.. i.e. Q = Px, x) so that (XN X) £ llgee) (X,X) as N — oo. This means

that | XY — X||sup %, 0. On the other hand,

XV |y < CprE(Z” + | Xol” | G)

sup

12



which implies that (| X" — X||5p)n>1 is uniformly integrable and finally that

E(|XY - X|P,.) — 0 as N — oo.

sup

Assume that (b) holds: It follows that for every t1,...,t € D, (X}, ... ,XtJZ) — (X4, -, X))
in distribution so that Q1 and Px have the same marginals. Hence Z' ~ X in distribution
which means that | X" — X||sup — 0 in probability. One concludes like in (c).

If (a) holds, for every te€ [0,7], X{¥ — X; P-a.s.. So that condition (b) is satisfied.

> Convergence of the Hélder semi-norm. As concerns the convergence of the %—Hélder
semi-norm, one proceeds as follows. Let ¢'€ (§,¢) and 0’ := L € (0,6). Assume e.g. that
q > 1. It follows from Lemma 2.1(b)-(c)-(d) that

/

_d 1-< 'a
1 = XMgaror < 277X = XN g % (1K gttt + 1X g p101) *
Consequently || X — XN ||, #ol £, 0. On the other hand
1
X - XNHq,Hol < || X lg, ot + HXNHq,Hol <[ Xlg, o + (E(Z[Gn))
so that uniform integrability implies | X — X ||, mor L%, 0. As concerns g-variation the

result follows from the inequality (2.1). o

Proposition 2.1 Let YV : Q x [0,T] — R?, Ne NU {cc}, be a sequence of bi-measurable
processes. Assume YN € L2 for every N € NU {oo} and

2 T
YWEBy o (e / B[N — v[2dt — 0).
0

Let X : Q x [0,T] — R? be a (bi-measurable) process. Assume that X € L%, (P) for some
T

p > 1 and that X is bi-measurable with respect to the o-field Ty -measurable where Ty

denotes the smallest o-field on [0,T] x Y that makes (w,t) — Yi(w) measurable. Then,

XN —gx |y 28 x

Proof. To establish this result, one may assume without loss of generality that X is a real-
valued process. Then there exists a Borel function ® : R — R such that X;(w) = ®(Y;(w)).
Set p = (P ® Ajo17) © X~1. Let ®. : R — R Lipschitz continuous such that

T
/ / 1B(X;) — O (Xy)[2dtdP = / 1@ — & |?dy < 2.
QJo R

It follows from the contraction property of the conditional expectation in LiQ that
T

IN

IX = XN, < IX =2 N, + [E@OY) = XYM,
LT LT L

T

A

21X — o (YV)|pr, -
LT

13



Now
X =@.(YN)r, < 11X =@(Y)|r, + [@cJuipllY =YV pr,
LT LT LT
Consequently, for every € > 0,

limNSUPIIX—XNHLz;QT < mffe(Y) = @ (Y)llr, =0 o

3 Application to the convergence of quantized SDE’s

3.1 From Ito to Stratanovich

An SDFE
dXt = b(t, Xt)dt + O'(t, Xt)th, X(] S L%d (P)

where b : [0,T] x R* — R% and o : [0,T] x R — M(d x ¢) are smooth enough functions
(e.g. continuously differentiable with bounded differentials) and W = (Wi)gjo, 1s a ¢-
dimensional Brownian motion. First note that without loss of generality one may assume
that ¢ = d by increasing the dimension of W or adding some identically zero components
to X (no ellipticity like assumption is needed here). This SDE can be written in the
Stratanovich sense as follows

dX; = f(X;) o dWy, Xo€ LD, (P), (3.1)

where, for notational convenience W = (WO W1 ... WY)stands for (t, W;), X; = (X?, X}, ...

stands for (t, X;) and f : Ry x R? — R, x R? (with fO(t,x) = t) is a differentiable function
with bounded differentials.

Following rough paths theory developed by T. Lyons ([17]) and many co-authors (see [10]
for an introduction), one can also solve this equation in the sense of rough paths with finite
p-variation, p > 2, since we know (e.g. from the former Kolmogorov criterion) that W a.s.
does have finite p-variation, for any p > 2. Namely this means solving an equation formally

reading
dry = f(x)dys, x0€ RY (3.2)

In this equation y does not represent the path (null at 0) (y;) associated to y; = Wi(w) itself
but the so-called geometric multiplicative functional lying on y with controlled p-variation,
namely a couple y = ((y4)o<s<t<T (V2 Jo<s<e<r) Where y3; =y —ys € RTL 0 < s <

t < T, can be identified with the path (y;) and (y2,)o<s<i<r satisfies, y?, € RE@+D? for
every 0 < s <u <t <T and the following tensor multiplicative property

2 2 2 1 1
Yst = Ysu + Yut + Ysu ® Yu,-

Different choices for this functional are possible, leading to different solutions to the
above Equation (3.2). Thus, the choice that makes coincide a.s. the solution of (3.1) and
the pathwise solutions of (3.2) is given by

vie= ([ ov-whean) (33)

i,j=0,....d

14
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so that
1 1 Li 1,7
ys,u ® yu,t = (yszzys:i)i,jzow.’d .
When pe [2,3), thep-variation distance between two such multiplicative functionals y, z is

defined by
Sy, z) = Varyon(y' —2') + Varysor(y” — 2°)

where

k—1 q
2 2
Vargom)(y”) = sup (E Iytg,mllq> ,0<to<t1 <... <t <T, k>1
=0

Remark. Likewise one defines the Holder distance by setting

oy = %) = |ly" = xlp, ot + 1y* = %[/, 70

where
x; —x3|

||X2||p/2,H0l ‘= sup 2
S,tE[O,T] ’t - S’p

The following theorem describes the continuity of the so-called It6 map y +— x for the
dp-convergence.

Theorem 3.1 (see [10, 17]) Let f € C?T*(Ry xR% R xRY), a > 0, bounded with bounded
first13 two differentials, and let y be a multiplicative functional satisfying 6,(y,0) < 400
for every p€ (2,2 + «). Then Equation (3.2) has a unique solution.

When y is given by (3.3), the solution a.s. coincides with that of the SDE in the
Stratanovich sense.

Furthermore, let (yN)Nzl be a sequence of multiplicative functionals satisfying 5p(yN, y) —
0 as N — oo, for every p€ (2,2 + ). Then, the sequence (x™N)n>1 of (unique) solutions
to the differential equations dz = f(x]N)dyl, zlf = o, N > 1, satisfy
N) N—oo0

— 0.

Vpe (2,2 + a), Vary oz —x

Remark. Following Theorem 4.1 in [5], one also has convergence result with respect to
the Holder norm p,. To be precise, if f is three times differentiable on R? and globally
Lipschitz, then the above theorem remains true by replacing mutatis mutandis, 6, by pp.

3.2 Quantization of the SDE

Let (a™)n>1 denote a sequence of quantizers of the Brownian motion. Each oV is made

up of N functions (or elementary quantizer) oY : [0,7] — R% n = 1,...,N. For con-

venience component “0” will be added accordingly to each elementary quantizer ol by

setting o °(t) = ¢ (which exactly quantizes the function W2 = t). We assume that every

N

. is a continuous function with finite variation over [0, 7).

elementary quantizer o

From now on, our aim is to rely on this theorem to establish that the solutions of the
ODE’s
dzy (t) = f(@Y @)dal (), FN(0) =29, n=1,...,N,

n
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produce a sequence of (non Voronoi) converging quantization of the solution X of the
SDE (3.1) when N — oo by setting

N
N ~N
XN =3 wec. @)
n=1
(keep in mind that {W € C,,(aV)} = {WN =al}, n=1,...,N). At this stage, it is quite
classical background using the definition of the Stratanovich integral and the independence
of the components W, to note that, for every i, j€ {1,...,d},

. Jo Wi dWi — [ Wi dwi — Wiw] - wi), it j
/ (Wi =W odW) =
) JEWE AW — [2 Wi dWE + L(t — s) = Wi(Wi — WE), if i = .

When ¢ or j = 0, the computation is trivial. As concerns WwN , which is made of finitely

(N)

many smooth paths au; , the multiplicative functional Y~ is defined formally by replacing
the Stratanovich integral by o standard Stieltjes integral.

Then first classical step is to prove that d,-convergence of WY to W reduces to that
of approximate Lévy areas fg WSN ZdWéV 7 toward the true ones fot Wi AW? , & # j. This
follows from the following easy abstract lemma which proof, based on Lemma 2.1, is left to

the reader

Lemma 3.1 Let p > 2. Let (WN)Nzl be a sequence of Re-valued processes such that
[ Var,, 0. r(W*" = WN4)|| ' — 0 as N — oo. Then (still using the convention Wy = w0 =
t), for every i, j€ {0,...,d}

IVary fo,r (Wi(W{ = W) = W W WY, — 0 if i#j,

p

[Vary, 0,7 (W (W = WQ) = W (W = WE)),,, — 0 if i=j.
It follows that, if the assumption of this lemma is satisfied by a sequence (W) N>1, the
dp-continuity of the It6 map for the p-variation reduces in this simple case to considering
the approximation in p-variation of the Lévy areas fg WiodW! = f(f WidW{, i # j, and

f(f WiodW! = fg Widwi+ %t by their counterpart defined using W,

Remark. The same holds true with respect to the p-Holder semi-norm.

3.3 Rate optimal quantizers

Proposition 3.1 Let (WN)Nzl be a sequence of stationary rate optimal quadratic func-
tional quantizers of a standard d-dimensional Brownian motion W defined by (1.10) or (1.13).
Then
Vg > 5 Varg o 7(W — W) =0 as N — oc.
p [e—
Proof. This follows from Theorem 2.1(c) since W satisfies the Kolmogorov criterion
K, pj2—1 for every p > 2 and the stationarity property (1.15). o

Remark. Rate optimality of (WN )N>1 is not necessary to derive this convergence.
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t
Lemma 3.2 If1 <i# j <d, the Lévy area </ W;de) satisfies the Kolmogorov
0 t€[0,T
criterion (Kpm/g_l) for every p > 2.

Proof. This is a classical result that derives from a simple application of B.D.G. Inequality
and Holder Inequality.

Lemma 3.3 Let W be a (real-valued) standard Brownian motion.

(a) For every p€ L%QT (Fo,P)

/Ot o(s,.)dWs = \/%Z&g /Ottp(s, Jcos(s/v/ Ay )ds (3.4)

k>1

where & = (WlelV),/VAr are independent, N (0;1)-distributed (see (1.8) and (1.9)) and
independent of p.

(b) For every p€ L%QT (Fo,P)

s i = JES e,
/0 (s, .)dWs = \/;ZT];/O ©(s,.) cos(s/+/An)ds. (3.5)

k>1

Proof. (a) Set for every p€ L%QT (Fo,P),

(o) = 2 e [ (s ddsints/ V) (3.6)
T 0

k>1
T
- @kzgk /0 o(s..) cos(s/\/Ar)ds.

This defines clearly an isometry from L%Q (F0,P) into the Gaussian space spanned by
T

(&n)n>1 since

T 2 T
B (0% = 7 L EEDE ([ oo = cos(s/VAR)ds ) = [ Pt
k>1

The last equality uses that the sequence (\/% cos(m(k — 3)t))k>1 is an orthonormal basis of

L2. Finally, note that for every t€ [0,T], J, (1) = \/%Zkzl VAR & sin(t/v/ k) = We.
This proves that J, = I i.e. is but the (extended) Wiener integral with respect to W.

(b) This follows by taking the (functional) conditional expectation of (3.4). o

Let C([0,T] x R%) r > 0, denote the set of [r|-times differentiable bounded functions
f:]0,T] x R* — R? with bounded partial derivatives up to order |r| and whose partial
derivatives of order |r]| are (r — |[r])-Holder.
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Theorem 3.2 Let p > 2. Let (/WN)Nzl be a sequence of stationary quadratic functional
quantizers of the Brownian motion converging to W in L%Q (P).
T

2p

(a) For every p > 2 and every q > 53

Varq7[o7T} (/ Wslde —/ngdﬁz{v]) L, 0 as N —
0 0

Varg 0,7 </ W;do Wsz - /Wsjvzdﬁ?;vz) 0 as N — oo
0 0

(b) Let f: Ry x Ry x R* — R be C?*® (o > 0). Consider for every N > 1, the solutions
of the quantized ODE’s
dXN = f(XNydw)y, N >1.
Then, for every q > 2,
Var o,7] (XN - X) .o

Remarks. e There is an abuse of notation in the above claim (b) since X% is not a Voronoi
quantizer of X: this quantization of X is defined on the Voronoi partition induced by the

quantization of the Brownian motion W.

e Using the same approach based on Theorem 2.1(c) one can retrieve the classical results
about “natural” rough paths of the Brownian motion defined as the linear interpolation of

the Brownian motion at times ¢, k =0,1,...,n.

e Other extensions to the Brownian bridge or the Ornstein-Uhlenbeck processes and more
generally to Gaussian semi-martingales that satisfy the Kolmogorov criterion are possible
by this method.

Proof. (a) When i # j, this is a straightforward consequence of Theorem 2.1(¢). When
=7,
by = 1 =i (- i Lo
WedWe = -(W¢)* and Wi odW, = —-(W})
0 2 0 2
and
Varg o7 (W2 = (W) < (WL, + WL, ) Varg oz (W' = W)

< (I + EQW Ly | W) ) Vary o ry (W' — W),

. o 2
This finally implies that for every g > prz

Varq,[o,T} (/0 Wsid o Wsi — /0' WSdeWSNz> L 0. ¢
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4 Toward some rate of convergence

We first consider two independent Brownian motions B and W. All the subsequent quan-
tizations are designed from some pathwise continuous stationary quantizers.

Let f: R — R an a-Holder function, o€ (0,1]. Then, for every p > 1, it follows from
B.D.G. and Jensen Inequality that

t R t -
E ( sup | [ (f(Ws)— f(WS)dBS‘p> < E ( sup | [ (f(Ws) - f(WS))dBJp)
tel0,7] JO t€[0,7] JO
T —
< Cor [ ELFOV) - S(WPds
0

T
< Calf / E[W, — W[ ds
0

so that
t

sup | [ (f(Wy) — f(W))dBy]

< Gyl W = W e (4.1)
te[o,T] Jo

P

To obtain some global rates of convergence we focus on the second error term which
writes in full generality

[ ets. 008, =By = BB, [t ek 9
0 w1 0
where ¢(t,w) = f(W(w)).
From now on, we make the assumption that,
for every N > 1, BN s an optimal product N -quantization of B

given by (1.10) where the sequence (N,) of integral bit allocation satisfies (1.11).
Then, (BV[e}lY), is a quantization of (Ble!V),. To be precise, if (£,)n>1 denotes the
N (0; 1)-distributed i.i.d. sequence in the Karhunen-Logve expansion of B,

(B - §N|61‘;V)2 = V(& — é\nn)
where gLV" are optimal quantizations of &,
T ~ S T 2
B (1 [ s - BIPIFY) = B -8 ([ ol )il ()
n>1
so that, owing to Equation (1.2) (Zador’s Theorem),

E (, /OT o(s,w)d(Bs — E;V)y2> <cy n%\f?E </0T (s, ,)de,ZV(s)>

n>1 n

2

Assume now that f is C?. Then,

/OT F(Ws)de) (s) % [f(O) sin <\/1;\_n> + /OT (Sin (\/1;\_”> — sin (\/%)) F(W,)dW
+% /OT <Sin (\Z\_) — sin (V%)) f”(Ws)dg] ,

19




Then, if supejo ) E(f/(W))* + E(f7 (Wy))? < 400,
T 2
E (/ f(Ws)derVLV(S)> = C; <f(0)2 + sup E(f'(Wy))? +E(f”(Wt))2> < 400
0 t€[0,T)
where C, denotes a positive real constant. Consequently

2
1
<Cp Yy —z (4.2)
2 n

n>1

T o~
/0 FW)d(B, — BY)

It follows from the optimal integral bit allocation (1.11) of the NV,,’s that

2

[ sovgam, ~ || <018 - BV, < 008 M), (13
0

2

Combining this estimate with (4.1) yields the following proposition.

Proposition 4.1 Suppose f is C* and f’ is bounded and supyepo,r IIf7 (W), < +oo. Sup-

pose that /WN, N > 1, is a rate optimal sequence of N-quantizations of W and that EN,
N > 1, is a sequence of optimal N-product quantizations of B. Then

T T —~ ~ 1
/ F(W.)dB, — / FATNABY| <, (log N) 3. (4.4)
0 0

2

APPLICATION. The optimal product quantization of the Lévy area of (W', W?) converges
in L2(P) toward the Lévy area at a O(log N)fé)—rate.

This result an be slightly improved since it is established in [9] that the sequence of
optimal N-product quantizers remains rate optimal in LP(IP) as long as 0 < p < 3. This
means that the above rate remains true in LP(P), 0 < p < 3 at least if one considers a
sequence of optimal N-product quantizers for W as well.

A careful reading and understanding of the proof of Theorem 3.1 should probably lead to
some a priori error bounds in a much more general setting. A O((log N )7% )-rate should for a
wide class of multi-dimensional SDFE (in the Stratanovich sense), extending the constructive
results obtained in [13].
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Annex: Functional conditional expectation

Let (X¢t):e[o,r) be a bi-measurable process defined on a probability space (2,4, P) such that

T
/ E(X?)dt < +oo0.
0

One can consider X as a random variable X : (Q, A,P) — L2 := L*([0,T],dt) and more precisely
as an element of the Hilbert space

L2, (A P) = {Y QAP - L2 E[Y[, < +oo}

where |f]2, = fOT f?(t)dt. For the sake of simplicity, one denotes [|Y ||y := ,/E|Y[3, . If B denotes
T T
a sub-o-field of A (containing all P-negligible sets of A) then L?, (Q,B8,P) is a closed sub-space of
T
L%z (Q, A, P) and one can define the functional conditional expectation of X by
T

E(X |B) := Proj;ﬂ .55 (X)-
T

Functional conditional expectation can be extended to bi-measurable processes X such that || X||; :=
E[X][z1 < +oo following the approach used for Re-valued random vectors. Then, E(X | B) is
characterized by: for every B([0,T]) ® B-bi-measurable process Z = (Z);e[o,7], bounded by 1,

T T
IE/ ZtXtdt:E/ Z,B(X | B), dt.
0 0

Furthermore, as soon as the process (E(X¢ | B)):ejo,r) has a B([0,T]) ® B bi-measurable version, one
straightforwardly checks that one may define a modification of the functional conditional expectation
by setting

E(X|B), =E(X:|B),  te[0,T].
EXAMPLES: (a) Let B := 0(N4, B;, 1€ I} where (B;);cs is a finite measurable partition of £ such
that P(B;) > 0, i€ I.
(b) Let X := (Wy)iepo,7] & standard Brownian motion in R? and let B := o(W,, ..., W;,) where
O=to<ti <...<tp,=T. Then

Vit e [tk,tlﬁ-l), E(W|B)t =W +
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