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SHARP ESTIMATES OF THE KOBAYASHI METRIC AND GROMOV HYPERBOL ICITY

FLORIAN BERTRAND

ABSTRACT. Let D = {p < 0} be a smooth relatively compact domain in a four dimensiotrabst com-
plex manifold (M, .J), wherep is a J-plurisubharmonic function on a neighborhood Bfand strictly J-
plurisubharmonic on a neighborhood @D. We give sharp estimates of the Kobayashi metric. Our ajgproa
is based on an asymptotic quantitative description of be¢hdomainD and the almost complex structuse
near a boundary point. Following Z.M.Balogh and M.Bonk [ttese sharp estimates provide the Gromov
hyperbolicity of the domairD.

INTRODUCTION

One can define different notions of hyperbolicity on a giveanifold, based on geometric structures, and
it seems natural to try to connect them. For instance, thes lIbetween the symplectic hyperbolicity and
the Kobayashi hyperbolicity were studied by A.-L.Biolle8][ In the article [1], Z.M.Balogh and M.Bonk
established deep connections between the Kobayashi ofpiisband the Gromov hyperbolocity, based
on sharp asymptotic estimates of the Kobayashi metric. eSiime Gromov hyperbolicity may be defined
on any geodesic space, it is natural to understand its lirikks tve Kobayashi hyperbolicity in the most
general manifolds on which the Kobayashi metric can be defim@mely the almost complex manifolds. As
emphasized by [1], it is necessary to study precisely thealfabhi metric. Since there is no exact expression
of this pseudometric, except for particular domains whemedgsics can be determined explicitely, we are
interested in the boundary behaviour of the Kobayashi matrd in its asymptotic geodesics. One can note
that boundary estimates of this invariant pseudometrigsslexistence is directly issued from the existence
of pseudoholomorphic discs proved by A.Nijenhuis-W.Wd2If], is also a fundamental tool for the study
of the extension of diffeomorphisms and for the classifazatif manifolds.

The first results in this direction are due to I.Graham [12jpwave boundary estimates of the Kobayashi
metric near a strictly pseudoconvex boundary point, piiagithe (local) complete hyperbolicity near such a
point. Considering &.2-theory approach, D.Catlin [5] obtained similar estimategpseudoconvex domains
of finite type inC2. A crucial progress in the strictly pseudoconvex case istdug.Ma [19], who gave
an optimal asymptotic description of this metric. His aguto is based on a localization principle given
by F.Forstneric and J.-P.Rosay [9] using some purely comahalysis arguments as peak holomorphic
functions. The estimates proved by D.Ma were used in [1] tw@the Gromov hyperbolicity of relatively
compact strictly pseudoconvex domains. The aim of this ipage obtain sharp estimates of the Kobayashi
metric on strictly pseudoconvex domains in four almost clemmanifolds:

Theorem A. Let D be a relatively compact strictly-pseudoconvex smooth domain in a four dimensional
almost complex manifoltM, J). Then for every > 0, there existd) < ¢y < e and positive constants’
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and s such that for every € D N N, (0D) and every = v, + v; € T,M we have

1
o~ Co(p)* ( |vn|? CJP(?T(p),vt)>2

_l’_

wer T e ) = oo

sy (Lol chwp),vt))%
Oy <o (it + i)

In the above theoremi(p) := dist(p, D), wheredist is taken with respect to a Riemannian metric.
For p sufficiently close to the boundary the pointp) denotes the unique boundary point such #ia) =
lp—7(p)||. MoreoverN,,(0D) := {q € M,d(q) < eo}. We point out that the splitting = v,, +v; € T, M
in tangent and normal components in (0.1) is understood taken atr(p).

As a corollary of Theorem A, we obtain:

Theorem B.

(1) Let D be a relatively compact strictly-pseudoconvex smooth domain in an almost complex mani-
fold (M, J) of dimension four. Then the domaihendowed with the Kobayashi integrated distance
d(p,y is @a Gromov hyperbolic metric space.

(2) Each point in a four dimensional almost complex manifold islm basis of Gromov hyperbolic
neighborhoods.

The paper is organized as follows. In Section 1, we give gériacts about almost complex manifolds.
In Section 2, we show how to deduce Theorem B from Theoremmallyi Section 3 is devoted to the proof
of our main result, namely Theorem A.

1. PRELIMINARIES

We denote byA the unit disc ofC and byA, the disc ofC centered at the origin of radius> 0.

1.1. Almost complex manifolds and pseudoholomorphic discsAn almost complex structuré on a real
smooth manifoldM is a(1, 1) tensor field which satisfie? = —Id. We suppose thal is smooth. The
pair (M, J) is called aralmost complex manifoldVe denote by/,, the standard integrable structure ©f

for everyn. A differentiable mapf : (M’, J') — (M, J) between two almost complex manifolds is said
to be(.J’, .J)-holomorphicif J (f (p)) o d,f = dpf o J' (p), for everyp € M'. In caseM’ = A C C, such
amap is called @seudoholomorphic disdf f : (M, J) — M’ is a diffeomorphism, we define an almost
complex structuref..J, on M’ as the direct image of by f:

Fed (q) = dgrpf o T (f7(g) o dyf7H,

for everyq € M'.
The following lemma (see [10]) states that locally any altramsnplex manifold can be seen as the unit
ball of C" endowed with a small smooth pertubation of the standardjiiabde structure/,;.

Lemma 1.1. Let (M, J) be an almost complex manifold, with of classC*, k > 0. Then for every
point p € M and every)\, > 0 there exist a neighborhood of p and a coordinate diffeomorphism
z : U — B centered ap (ie z(p) = 0) such that the direct image of satisfiesz,J (0) = Jg and
|24 (J) — JstHck(]B) < Xo.
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This is simply done by considering a local chartU — B centered a (ie z(p) = 0), composing it with
a linear diffeomorphism to insure.J (0) = J, and dilating coordinates.

So letJ be an almost complex structure defined in a neighbortioad the origin inR?", and such that
J is sufficiently closed to the standard structure in unifolwnnm on the closuré’ of U. The.J-holomorphy
equation for a pseudoholomorphic disc A — U C R?" is given by
ou ou
— —J(u)— =0.
ay 7 W

According to [21], for everyp € M, there is a neighborhoot of zero inT, M, such that for every
v € V, there is aJ-holomorphic disa: satisfyingu (0) = p anddyu (9/0x) = v.

(1.1)

1.2. Splitting of the tangent space.Assume that/ is a diagonal almost complex structure defined in a
neighborhood of the origin il®* and such thay/ (0) = J;. Consider a basiéu,ws) of (1,0) differential
forms for the structure in a neighborhood of the origin. Sinckis diagonal, we may choose

wj =dz’ — Bj(z)d#, j =1,2.
Denote by(Y1, Y2) the corresponding dual basis df, 0) vector fields. Then

0 o .
Jj— % _ﬁj(z)ﬁv J= 172'

MoreoverB3;(0) = (3;(0) = 0 for j = 1,2. The basigY7(0), Y2(0)) simply coincides with the canonical
(1,0) basis ofC2. In particularY; (0) is a basis vector of the complex tangent spagéoD) and Yz(0)
is normal tooD. Consider now fort > 0 the translatio®D — t of the boundary ofD near the origin.
Consider, in a neighborhood of the origin(B 0) vector field X; (for .J) such thatX;(0) = Y¥;(0) and
X1(z) generates thg-invariant tangent spacg&;/ (0D — t) at every pointz: € 9D —t,0 < t << 1.
Setting Xo = Y5, we obtain a basis of vector fields(;, X») on D (restricting D if necessary). Any

complex tangent vectar € Tz(l’o)(D, J) at pointz € D admits the unique decomposition= v; + v,
wherev; = a1 X(2) is the tangent component angd = a2 X>(z) is the normal component. Identifying

Tz(l’o)(D, J) with T, D we may consider the decomposition= v, + v,, for eachv € T (D). Finally we
consider this decomposition for pointsn a neighborhood of the boundary.

1.3. Levi geometry. Let p be aC? real valued function on a smooth almost complex manifdid .J) . We
denote by the differential form defined by

(1.2) gp (v) == —dp (Jv),
wherev is a section off'A/. TheLevi formof p at a pointp € M and a vectow € T),M is defined by
Lyp(p,v) :=d(djp) (p) (v, J(p)v) = ddjp(p) (v, J(p)v) .

In case(M, J) = (C", Jg), thenL_pis, up to a positive multiplicative constant, the usual dtad Levi
form:

82p .
Lyp(pv) =4 5251 Uk

We investigate now how close is the Levi form with respect foom the standard Levi form. Fgre M
andv € T),M, we easily get:

(1.3)  Lyp(p,v) = Ly,p(p,v) + d(dF — dj_,)p(p)(v, J(p)v) + ddF, p(p)(v, J(p) — Jst)v).
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In local coordinatesty, to, - - - ,ta,) Of R?", (1.3) may be written as follows

Lip(p,v) = Ly,pp,v)+"v(A="A)T(p)v+"(J(p) — Jst)vDJsv +
(1.4) t(J(p) — Jo)vD(J(p) — Js)v
where

u O d%u
A= (ST 2Ly and D= (—) :
(zz: ot Oty >1<j k<2n 0430tk ) 1<jnon

Let f be a(J’, J)-biholomorphism from(A/’, J') to (M, J). Then for evenyp € M and every € T,,M:

Lyp(p,v)=Lipo f7(f(p),dpf (v).
This expresses the invariance of the Levi form under psdabdtmorphisms.
The next proposition is useful in order to compute the Leuirfdgsee [16]).
Proposition 1.2. Letp € M andv € T,M. Then

‘CJP (p,'U) =A (P ° u) (0) ’
whereu : A — (M, J) is anyJ-holomorphic disc satisfying (0) = p anddou (0/9,) = v.
Proposition 1.2 leads to the following proposition-deforit

Proposition 1.3. The two statements are equivalent:

(1) p ow is subharmonic for any-holomorphic disa: : A — M.
(2) Ljp(p,v) > 0for everyp € M and every € T,M.

If one of the previous statements is satisfied we say et/ -plurisubharmonic We say thap is strictly
J-plurisubharmonicif £;p(p,v) is positive for anyp € M and anyv € T,M \ {0}. Plurisubharmonic
functions play a very important role in almost complex getsgnethey give attraction and localization
properties for pseudoholomorphic discs. For this reaserctimstruction of/-plurisubharmonic functions
is crucial.

Similarly to the integrable case, one may define the notigosefidoconvexity in almost complex mani-
folds. LetD be a domain i{M, .J). We denote byi™/ 0D := TOD N JTHD the J-invariant subbundle of
ToD.

Definition 1.4.

(1) The domainD is J-pseudoconvex (resp. it strictly-pseudoconvex) i ;p(p,v) > 0 (resp.> 0)
foranyp € 9D andv € TpJaD (resp.v € TpJaD \ {0}).

(2) A J-pseudoconvex region is a domald = {p < 0} wherep is aC? defining function,.J-
plurisubharmonic on a neighborhood bf

We recall that a defining function fdp satisfiesip # 0 on9D.
We need the following lemma due to E.Chirka [6].

Lemma 1.5. Let J be an almost complex structure of clagsdefined in the unit balB of R?" satisfying
J(0) = Jy. Then there exist positive constaatand A. = O(¢) such that the functiotog||z||* + A.||z| is
J-plurisubharmonic o8 whenevet|J — JstHCl(E) <e.
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Proof. This is due to the fact that for € B and||J — JstHCI@) sufficiently small, we have:

1 2
LAl ) 2 A= Tl ) = Jul

=201+ 17(0) = TulDIT = Tuller sy ) ol

A
> gllvll®
o]
and
2 1 2
Lym|zll(p,v) > (= —5l®) = Jall = =51 0) = Jal> = =T = Jstllor s
(\MP R Tl He®)
2 2
—%ﬂﬂm—%mu—M%@QWH
6
> ——|\J = Jstllor g 0]
So takingA = 24||.J — Jul|¢1 g, the Chirka’s lemma follows. O

The strict.J-pseudoconvexity of a relatively compact domdinimplies that there is a consta6t > 1
such that:

1
(1.5) Slvl* < Lopp,v) < Cllol?,

for p € dD andv € T/ (0D).

Let p be a defining function forD, J-plurisubharmonic on a neighborhood @f and strictly .J-
plurisubharmonic on a neighborhood of the boundary. Consider the one-formp defined by (1.2)
and leta be its restriction on the tangent bund@D. It follows thatT/dD = Kera. Due to the strict
J-pseudoconvexity of, the two-formw := ddp is a symplectic form (ie nondegenerate and closed) on a
neighborhood 0B D, that tames/. This implies that

(1.6) gR = l(u)(., J)+w(J,.))

2
defines a Riemannian metric. We say tif#io D is acontact structureand « is contact formfor 779D.
Consequently vector fields ii” 9D span the whole tangent bundi®D. Indeed ifv € T70D, it follows
thatw(v, Jv) = a([v, Jv]) > 0 and thugv, Jv] € TOD \ T/0D. We point out that in case € 779D, the
vector fieldsv and.Jv are orthogonal with respect to the Riemannian metkic

1.4. The Kobayashi pseudometric. The existence of local pseudoholomorphic discs proved by
A.Nijenhuis and W.Woolf [21] allows to define tH€bayashi-Royden pseudometrabusively called the
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Kobayashi pseudomettids,,, ;) for p € M andv € T),M:
1 .
Ky (p,v) = inf {— >0,u : A — (M,J) J-holomorphic,u (0) = p, dou (0/0z) = T’U}.
T

= inf {l > 0,u: A, — (M,J), J-holomorphic,u (0) = p, dyu (0/0z) = v}.
r

Since the composition of pseudoholomorphic maps is stdlgsholomorphic, the Kobayashi pseudo-
metric satisfies the decreasing property:
Proposition 1.6. Let f : (M’',J") — (M, J) be a(J’', J)-holomorphic map. Then for any e M’ and
v € T,M' we have
K(]M,J) (f (p) 7dpf (U)) < K(M’,J’) (pvv) :

Since the structures we consider are smooth enough, we rfiag tiee integrated pseudodistangg;, )
of K(J\/LJ):

1
dir,yy (psq) = inf{/o Koy (v (@), 5 @) dt, v :[0,1] = M, v(0) =p,v(1) = q}-

Similarly to the standard integrable case, B.Kruglikov][fitoved that the integrated pseudodistance of the
Kobayashi pseudometric coincides with the Kobayashi psgisthnce defined by chains of pseudholomor-
phic discs.

We now define the Kobayashi hyperbolicity:

Definition 1.7.

(1) The manifold(M, J) is Kobayashi hyperbolic if the Kobayashi pseudodistafige ;) is a distance.

(2) The manifold(2/, J) is local Kobayashi hyperbolic at € M if there exist a neighborhood of p
and a positive constaudt such that

K, (g;v) = Cllo

for everyq € U and every € T, M.

(3) A Kobayashi hyperbolic manifold)/, J) is complete hyperbolic if it is complete for the distance
d(nr,g)-

2. GROMOV HYPERBOLICITY

In this section we give some backgrounds about Gromov hgflierpaces. Furthermore, according to
Z.M.Balogh and M.Bonk [1], proving that a domain with some curvature is Gromov hyperbolic reduces
to providing sharp estimates for the Kobayashi mefjg, ) near the boundary ab.

2.1. Gromov hyperbolic spaces.Let (X, d) be a metric space.

Definition 2.1. The Gromov product of two points, y € X with respect to the basepointe X is defined
by

(aly)o = 5 (Al ) — d(y,) = d(z,)).

The Gromov product measures the failure of the triangleunéty to be an equality and is always non-
negative.

Definition 2.2. The metric spac& is Gromov hyperbolic if there is a nonnegative constastich that for
anyzx,y, z,w € X one has:

(2-1) (w‘y)w > min((m\z)w, (Z’y)w) — 0.
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We point out that (2.1) can also be written as follows:
(2.2) d(z,y) +d(z,w) < max(d(z, z) + d(y,w), d(z,w) + d(y, 2)) + 26,
forz,y,z,w € X.

There is a family of metric spaces for which Gromov hypeititlimay be defined by means of geodesic
triangles. A metric space (X,d) is said to eodesic spaci any two pointsz,y € X can be joined by a
geodesic segmerthat is the image of an isometgy : [0, d(z,y)] — X with g(0) = z andg(d(z,y)) = y.
Such a segment is denoted hy y]. A geodesic trianglén X is the subsetz, y] U [y, z] U [z, z], where
x,y,z € X. For a geodesic spa¢&, d), one may define equivalently (see [11]) the Gromov hypeciigli
as follows:

Definition 2.3. The geodesic spack is Gromov hyperbolic if there is a nonnegative constaatich that
for any geodesic triangle:, y] U [y, 2] U [z, 2] and anyw € [z, y] one has

d(w, [y, z] U [z,z]) <.

2.2. Gromov hyperbolicity of strictly pseudoconvex domains in &most complex manifolds of dimen-
sion four. Let D = {p < 0} be a relatively compacl-strictly pseudoconvex smooth domain in an almost
complex manifolds(M, J) of dimension four. Although the boundary of a compact comptenifold
with pseudoconvex boundary is always connected, this igheotase in almost complex setting. Indeed
D.McDuff obtained in [20] a compact almost complex manifold, .J) of dimension four, with a discon-
nected.J-pseudoconvex boundary. Singeis globally defined by a smooth functiod;plurisubharmonic
on a neighborhood oD and strictly .J-plurisubharmonic on a neighborhood of the bounda, it fol-
lows that the boundarg D of D is connected. Moreover this also implies that there ard4tomplex line
contained inD and so thatD, dp ;) is a metric space.

A C! curvea : [0,1] — 9D is horizontalif &(s) € TJ( yOD for everys € [0,1]. This is equivalent to
&, = 0. Thus we define thieevi lengthof a horizontal curve by

Ljp — length(« / Lip(a ))2ds

We point out that, due to (1.6),

1 1
Ljp —length(a) = /0 gr(a(s),a(s))zds.

SinceT”’0D is acontact structurea theorem due to Chow [7] states that any two point§ihmay be
connected by &' horizontal curve. This allows to define tfarnot-Caratteéodory metricas follows:

di(p,q) :={Lsp — length(a), : [0,1] — 9D horizontal , «(0) = p,a(1) = ¢} .

Equivalently, we may define locally ti@arnot-Caratteodory metricby means of vector fields as follows.
Consider twogr-orthogonal vector fields, Jv € 770D and thesub-Riemannian metriassociated to
v, Ju:

gsr(p,w) := inf {a% + a%, a1v(p) + az(Jv)(p) = w}
For a horizontal curvey, we set

1
gsr — length(a) == /0 gSR(OZ(S),d(S))%dS.
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Thus we define:
di(p,q) = {gsr — length(a),« :[0,1] — 9D horizontal , «(0) = p, (1) = ¢} .
We point out that for a small horizontal curug we have
a(s) = ar(s)v(a(s)) + az(s)J (a(s))v(a(s)).
Consequently
gr(a(s),a(s)) = [ai(s) + a3(s)] gr(a(s), v(a(s))).
Although the role of the bundI&’ 0D is crucial, it is not essential to define the Carnot-Caradlogy metric

with gsr instead ofgr. Actually, two Carnot-Carathéodory metrics defined witfiedent Riemannian
metrics are bi-Lipschitz equivalent (see [15]).

According to A.Bellaiche [2] and M.Gromov [15] and siné@ D is spanned by vector fields @/ 0D
and Lie Brackets of vector fields @’/ 9D, balls with respect to the Carnot-Carathéodory metric vy
anisotropically approximated. More precisely

Proposition 2.4. There exists a positive constafitsuch that for= small enough ang € 9D:

(23) Box (p. ) € Bu(p.¢) C Box(p,C),

whereBy (p,¢) := {q € dD,dy(p,q) < e} andBox(p, e) := {p +v € D, |vy| < &, |v,| < €2}.

The splittingv = v; + v, is taken atp. We point out that choosing local coordinates such that 0,
J(0) = Jg andT 0D = {z = 0}, thenBox(p, ¢) = 0D NQ(0, €), whereQ(0, ¢) is the classical polydisc
Q(0,¢) :={z € C%|z1]| < €%, |z| < €}.

As proved by Z.M.Balogh and M.Bonk [1], (2.3) allows to apxirnate the Carnot-Carathéodory metric
by a Riemannian anisotropic metric:

Lemma 2.5. There exists a positive constatitsuch that for any positive

1

ce(p:0) < dn(p,q) < Cdu(p, q),
wheneveriy (p, q) > 1/k forp,q € OD. Here, the distancé,(p, q) is taken with respect to the Riemannian
metric g, defined by:

gn(p’v) = LJp(p,’Uh) + K2|Un|2,
forp € 0D andv = v, + v, € T,0D.

The crucial idea of Z.M.Balogh and M.Bonk [1] to prove the @ hyperbolicity ofD is to introduce
a function onD x D, using the Carnot-Carathéodory metric, which satisfies) and which is roughly
similar to the Kobayashi distance.

Forp € D we define a boundary projection map: D — 9D by

6(p) = llp — m(p)|| = dist(p, OD).
We notice thatr(p) is uniquely determined only i € D is sufficiently close to the boundary. We set
h(p) = 6(p)2.
Then we defineamagp : D x D — [0, +00) by:

dpr (n(p), 7(q)) + max{h(p), h(q)})
h(p)h(q) 7

9(p,q) == 2log (
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for p,q € D. The mapr is uniquely determined only near the boundary. But an otheice ofr gives a
function g that coincides up to a bounded additive constant that willdigiurb our results. The motivation
of introducing the mapy is related with the Gromov hyperbolic spa€en(Z) defined by M.Bonk and
O.Schramm in [4] (see also [14]) as follows. Lgt, d) be a bounded metric space which does not consist
of a single point and set

Con(Z) := Z x (0,diam(Z)).
Let us define amap : Con(Z) x Con(Z) — [0,400) by
/ /
7((z,h), (2, 1)) :=2log <d(za Z') + Z:}X{h’ h }> .

M.Bonk and O.Schramm in [4] proved th@on(Z), g) is a Gromov hyperbolic (metric) space.
In our case the map is not a metric onD since two different pointp # ¢ € D may have the same
projection; nevertheless

Lemma 2.6. The functiory satisfies (2.2) (or equivalently (2.1)) dn.
Proof. Letr;; be real nonnegative numbers such that
rij = 15 and ry; < g+ g,

fori,j,k=1,---,4. Then
(2.4) 712734 < 4max (713724, 714723).-

Consider now four pointg; € D, i = 1,--- 4. We seth; = 5(p;)? andd, j = dg 5 (m(pi), 7(ps))-
Then applying (2.4) te;; = d; ; + min(h,, h;), we obtain:

(dy,2 + min(hy, ho))(dsa + max(hs, hy))

< 4max((dy 3 + max(hi, h3))(doa + min(hg, ha), (d1 4 + min(hy, ha))(da,3 + max(hg, hs)).
Then:

9(p1,p2) + g(p3,pa) < max(g(p1,p3) + 9(p2,p4), 9(p1,pa) + 9(p2,p3)) + 2log 4,
which proves the desired statement. O

As a direct corollary, if a metrid on D is roughly similar tog, then the metric spadd, d) is Gromov
hyperbolic:

Corollary 2.7. Letd be a metric onD verifying

(2.5) ~C+g(p,q) <d(p,q) <g(p,q) +C

for some positive constait, and everyp, ¢ € D. Thend satisfies (2.2) and so the metric spdde, d) is
Gromov hyperbolic.

Z.M.Balogh and M.Bonk [1] proved that if the Kobayashi metfivith respect taJs) of a bounded
strictly pseudoconvex domain satisfies (0.1), then the Ka$lai distance is rough similar to the function
g. Their proof is purely metric and does not use complex gegnmtcomplex analysis. We point out that
the strict pseudoconvexity is only needed to obtain (1.5heffact thatl'dD is spanned by vector fields of
T7st9D and Lie Brackets of vector fields @f/st9D. In particular their proof remains valid in the almost
complex setting and, consequently, Theorem A implies:
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Theorem 2.8. Let D be a relatively compact strictly-pseudoconvex smooth domain in an almost complex
manifold (M, J) of dimension four. There is a nonnegative constarsuch that for any, ¢ € D

9(p.q) — C < dp 5)(p,q) < 9(p,q) + C.
According to Corollary 2.7 we finally obtain the followingetbrem (see also (1) of Theorem B):

Theorem 2.9. Let D be a relatively compact strictly-pseudoconvex smooth domain in an almost complex
manifolds(M, J) of dimension four. Then the metric spa@, d(p, 5) is Gromov hyperbolic.

Example 2.10. There exist a neighborhodd of p and a diffeomorphism : U — B C R*, centered ap,
such that the functiofiz||? is strictly J-plurisubharmonic o/ and ||z.(J) — Jstlle2@y < Ao. Hence the
unit ball B equipped with the metri¢ 1) ., .7) is Gromov hyperbolic.

As a direct corollary of Example 2.10 we have (see also (2)he&ofem B):
Corollary 2.11. Let (M, J) be a four dimensional almost complex manifold. Then eveint poc M has
a basis of Gromov hyperbolic neighborhoods.
3. SHARP ESTIMATES OF THEKOBAYASHI METRIC

In this section we give a precise localization principle ttoe Kobayashi metric and we prove Theorem
A.

Let D = {p < 0} be a domain in an almost complex manifglt, .J), wherep is a smooth defining
strictly J-plurisubharmonic function. For a poipte D we define

(3.1) 0(p) = dist(p, dD),

and forp sufficiently close t@)D, we definer(p) € 0D as the unique boundary point such that:
3.2) 5(p) = llp — = (p)|-

Fore > 0, we introduce

(3.3) N.:={pe D,i(p) <e}.

3.1. Sharp localization principle. F.Forstneric and J.-P.Rosay [9] obtained a sharp locadizgtrinciple
of the Kobayashi metric near a strictli;-pseudoconvex boundary point of a domainc C". However
their approach is based on the existence of some holomopglaik function at such a point; this is purely
complex and cannot be generalized in the nonintegrable ddse sharp localization principle we give is
based on some estimates of the Kobayashi length of a pathheeboundary.

Proposition 3.1. There exists a positive constantsuch that for everyy € D sufficiently close to the
boundary and for every sufficiently small neighborhdéaf 7(p) there is a positive constartsuch that
for everyv € T),M:

(3.4) Kpru,7)(p,v) = (1 = ed(p)") K (prw,) (ps v)-

We will give later a more precise version of Proposition 3uhere the constants andr are given
explicitly (see Lemma 3.4).
Proof. We consider a local diffeomorphismcentered atr(p) from a sufficiently small neighborhoad of
m(p) to z(U) such that

(1) 2(p) = (6(p),0),

(2) the structure, J satisfiesz,.J(0) = J and is diagonal,
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(3) the defining functiom o z~! is locally expressed by:

pozt(z) = —2Rez + 2Re Z Pj k%% + ijjzj@ +0(]|2)1),
wherep; . andp; 1 are constants satisfying . = px,; andp, 7. = o, .

According to Lemmat.8 in [18], there exists a positive constant(C /4 in the notations of [18]), indepen-
dent ofp, such that, shrinking/ if necessary, for any € D N U and anyv € T,R*:

[ dgx (V)]

K(D,J)(qvv) Z &1 X(q)

wherex(q) == [z1(q)|* + [22(a)|*.

Letu : A — D be aJ-holomorphic discs satisfying(0) = p € D. Assume that(A) ¢ DN U and
let ¢ € A such thaw(¢) € D N oU. We consider &> path~ : [0;1] — D from u(() to the pointp; so
~(0) = u(¢) andvy(1) = p. Without loss of generality we may suppose thf0, 1[) € D N U. From this
we get that the Kobayashi length pfatisfies:

Lip.pn(y) = ; K, 7 (v(t),7(t))dt
Hldyx (¥ @)l
d
S SVCTO) B
This leads to:
x(u(sC))
Lip.p() = «a /( | % =1 |log X(:E;)C))‘ = c1log X(%;)O)’
xX\p

for p sufficiently small. Since there exists a positive constafl/) such that for alk € D N oU:

x(2) = e2(U),
and sincex(p) = §(p)? it follows that

C
(3.5) Lp,y(v) = c1log So2

We setes(U) = ¢ log(ca(U)).

According to the decreasing property of the Kobayashi distawe have:
L+¢|
1 -]

(3.6) dip,.ny(p,u(C)) < da,s,(0,¢) = log

Due to (3.5) and (3.6) we have:
eCS(U) _ 5(p)261
ecs(U) 4 §(p)2a
and so forp sufficiently close to its projection point(p):

<<l

1 —2¢g(p)>er < |¢],
This finally proves that
u(As) CcDNU
with s := 1 — 2e=U)§(p)2er, O
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3.2. Sharp estimates of the Kobayashi metric.In this subsection we give the proof of Theorem A.

Proof. Letp € D N N,, with g small enough and sét := §(p). Considering a local diffeomorphism
z: U — 2z(U) C R* such that Proposition 3.1 holds, me may assume that:

(1) m(p) = 0 andp = (4,0).

(2) DNU c R4,
(3) The structure/ is diagonal and coincides with; on the complex tangent spa¢e, = 0}:
aiz by 0 0
by az 0 O
7 = —
(3.7) Jc 0 0 a b |
0 0 ao as
with
a = i+0(]1]?),
by = O(||zl]),
fori =1,2.

(4) The defining functiom is expressed by:
p(z) = —2Rez; + 2Re Z Pj k% %k + Z P;%%i%k + o=,
wherep; ;, andp; ;- are constants satisfying ., = px,; andp, . = p,, .
Since the structurd is diagonal, the Levi form of at the origin with respect to the structurfecoincides

with the Levi form ofp at the origin with respect to the structufg on the complex tangent space. It follows
essentially from [10].

Lemma 3.2. Letvy = (0,v7) € R* be a tangent vector t8D at the origin. We have:

(3.8) pyalval® = L,p(0,v2) = Lp(0,v2).

Proof of Lemma 3.2Letu : A — C2 be aJ-holomorphic disc such that(0) = 0 and tangent ta-,
u(¢) = ¢vz + O(¢).

SinceJ is a diagonal structure, the-holomorphy equation leads to:

dur ur

3.9 L — =L
whereq; (z) = O(]|z||). Moreover, sincelyu; = 0, (3.9) gives:
2
0L ) —
0¢o¢
This implies that
d?pou 9
—(0) = py3 .
P (0) P2,2|Ut|

Thus, the Levi form with respect td coincides with the Levi form with respect td; on the complex
tangent space @ID?° at the origin. O
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Remark 3.3. More generally, even iff (0) = Jg, the Levi form of a functiop with respect ta/ at the
origin does not coincide with the Levi form @fvith respect to/,;. According to Lemma 3.2 if the structure
is diagonal then they are equal at the origin on the compl@gést space; but in real dimension greater
than four, the structure can not be (genericaly) diagonalDi¢derich and A.Sukhdd] proved that if the
structure J satisfiesJ(0) = Js andd.J = 0 (which is always possible by a local diffeomorphism in
arbitrary dimensions), then the Levi forms coincide at thgio (for all the directions).

Lemma 3.2 implies that since the domdinis strictly J pseudoconvex at(p) = 0, we may assume that
Paz = 1.

Consider the following biholomorphisi (for the standard structut&;) that removes the harmonic term
2§Re(p2,gz§):
(3.10) D(z1,29) = (21 — p27223,22).
The complexification of the structu, J admits the following matricial representation:

ar(®71(2)) bi(®~1(2)) c1(2) c2(2)

bi(@71(2) a(®71(2)  (2) )
0 0 az(®71(2)) ba(®-1(2)) |’
0 0 ba(®71(2)) aa(®1(2))

(3.11) (®.J)c =

where

{ ci(z) = 2paaz2 (a1(®71(2)) — az(®7(2))
c2(2) = 2p2220b1(P7(2)) — P22Z2be (P (2)).

In what follows, we need a quantitative version of Propogif8.1. So we consider the following polydisc
Qua) ={2 € C% 2| <67 |29] < cé%} centered at the origin, wherds chosen such that

(3.12) (D NU)NOQs5a) C {z € C? |n| =6}

Lemma 3.4. Let0 < a < 1 be a positive number. There is a positive constarguch that for every
sufficiently smalb we have:

(3.13) Kpru,n(0;v) = K@ (pnvy,e.,0) (0 v) = <1 - 25ﬁ) K(o(Dn1)nQ 5,0),@..7) (D5 V),
for p = (4,0) and every € T,R*.

Proof. The proof is a quantitative repetition of the proof of Prdpos 3.1; we only notice that according
to (3.12) we have, = §'~¢, implying 8 = 2ac;. a

Let0 < a < o < 1 to be fixed later, independently 6f For every sufficiently smalf, we consider a
smooth cut off functiory : R* — R:

X = 1on Qgsa
X = 0onR"\ Qua
with o/ < «. We point out thaty may be chosen such that

C
(3.14) x| < ST
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for some positive constantindependent of. We consider now the following endomorphismiis:

for z € Q(5,ar), Where
4(2) = (D (2) + )" (Pud (2) — Tst)-

According to the fact thag(z) = O(|z1 + p2,223|) (see (3.11)) and according to (3.14), the differentiaj’of

is upper bounded 0@ s ., independently 0. Moreover thelz; ® ai and thedz, ® 8% components
Z1 Z1

of the structureb,.J areO(|z1 + pa.223|22|) by (3.11); this is also the case for the endomorphigme

define an almost complex structure on the whole sjiecky:

J'(2) = Ja(Id+ ¢ (2))(Id — ¢'(2)) ",

which is well defined sincéq’(z)| < 1. It follows that the structurg” is identically equal tab..J in Qs,q)
and coincides with/,; on R* \ Qs,o7) (see Figure 1). Notice also that singe= dx = 00n9Q54), J'
coincides withJ,; at first order ordQ s .. Finally the structure/’ satisfies:

J = Jg + O(|z1 + pa2z3|)

onQ s .- Tofix the notations, the almost complex structuf@dmits the following matricial interpretation:

@ b4 G
/ / / /
(3.15) =1 Z Z:;
0 0 by d
with
ap = i+0(|2]?),
by = O(l=]),

g = O(lzll=]),

fori =1,2.
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T0Qs.0) = Jlaq,,..., atorderl

J
J’ \
~ /
Jst
\ 0 °
p= (5ﬂ 0)
J|I6Q<5 , = Jsat order1
’ —_ Qs.0) o(DNU)
Q5,07 T

Figure 1. Extension of the almost complex structure

Furthermore, according to the decreasing property of tHealashi metric we have for= (4, 0):

(3.16) K(@(Dn0)nQ(5.0),0.0) (P2 V) = K(@(Dn0)nQs 0,7 (V) Z K(@(DAt)nQ 5,0ry,07) (P> V)
Finally, (3.13) and (3.16) lead to:
(3.17) Kpru,)(p,v) = (1 - 25ﬁ)K(<1>(DmU)mQ(M,),J/)(P,U)c

This implies that in order to obtain the lower estimate of difeen A it is sufficient to prove lower estimates
for Ko (pnu)nq s o, (25 0)-

We set() := &(D N U) N Qs,4- LELTs be the translation of? defined by

Ts5(z1,22) := (21 — 9, 22),
and letyps be a linear diffeomorphism @&* such that the direct image df by ¢; o T o ®, denoted by/’?,
satisfies:
(3.18) JP(0) = Jg.

To do this we consider a linear diffeomorphism such thatiifem@ntial at the origin transforms the basis
(e1,(Ts5 o ®),J'(0)(e1), e3, (T5 o ®).J'(0)e3) into the canonical basig, e, e3, e4) of R%. According to
(3.10) and (3.11), we have

(T5 0 ®),J'(0) = ®,J'(5,0) = J'(6,0).

This means that the endomorphidff; o ®)..J'(0) is block diagonal. This and the fact that(d,0) =
J!, + O(8) imply that the desired diffeomorphism is expressed by:

(3.19) ps(2) = (21 + O(6]21]), 22 + O(6]22])) ,
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for z € T5(£2), and that:

h5(2) Tsl) ale) G0
(3.20) (Pl = | M) sl iy 2 7 =il
0 0 b'275(z) aévé(z)
where
ay 5(2) = ak(q)_l o Ty Lo gpgl(z)) + 0(9)
bs(2) = B o T opyt(2) +0(5)
c;m;(z) = ck(T5_1 o gpgl(z)) + O0(9)

for k = 1, 2. Furthermore we notice that the structul@ is constant and equal th; + O(5) onR*\ (s o
Tso (),

We consider now the following anisotropic dilatidy of C? :

N(org) i [P V2
oL =)= 2142021 +25 )
Its inverse is given by:
(3.21) Ajtz) = (20— V2522
' 9 1-— 217 1-— Al ’

Let

Ws:= Ag o s 0 Ts.

We have the following matricial representation for the ctarification of the structurg® := (As)sJO:

A/La(z) 31,5(2) 1,5(2) Cé,(;(z)
B{,a(z) A/L(s((z) Céﬁ(z) C{,a(z)
(822 Dis(z) Dys(z) Ays(2) Bys(z) ’
(2) (2)
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with
(A5 = a5 + a0
My52) = a5 (2)) — e (A5 (2)
7)? —Z1)°%
Blo(e) = I s e + = )
Bhsl) = Toobh(A5 () - o= R 051(2)
() = == 2451 ()
—77)2
o) = =S 00
z 22
Dys(2) = 1_2Z1(a2,5(A5_1(z))—al1,5(/\5_1( )))—\/%1_2271 15(A51(2))
Dhs(e) = e (eabh (A5 () — T (A5 ()
(45 ()

Direct computations lead to:

( 1
Als(z) = di(a+ 22727, 50) + \/—2_5220(\52\!51 + p2.27%2]) + O(V6)
/ ==, So oy, 1 (==) s o
B s(z) = (1= )2 Vi(Z1 + pa2ie™, 22) + oy 1= 20(|22||21 + p2,2727])
+0(V9)
1 Sy~ -
16(2) = ﬁ(l — 21)0(| |21 + p2222%)) + O(V3)
/ 22 / IN( = ~2 - 1 Z% ~ 1z ~ 2
Dys(z) = = - [(ay — a1)(Z1 + papia™, 22)] + ﬁl_—zlo(!@\!% + p2,227)
+0(V9).

17
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where
5 = 25— +5+0<52 & )
1— Al 1— Z1
5 o= V220 (82 2|).
1— Al 1— Z1
Notice that: 5 5
- 1 z1
— 7 = 26 —0 (6
8,21 “l (1 - 21)2 * 8,21 < 1-— Z1 )
— = V22— 4+ 08|22,
82122 \/_(1—21)2 +8210< 1—21 >
The crucial step is to contrqilj’g—Jstllcl(m) by some positive power @f. Working on a small neighbor-

hood of the unit balB (see next Lemma 3.5), it is sufficient to prove that the diffeial of J’% is controlled
by some positive constant 6f We first need to determine the behaviour of a peirt (21, z2) € ¥5(12)
near the infinite poinf1,0). Letw = (w1,w2) € 2 be such thats(w) = z; then:
b — w1 — 5+O(5|w1 —6|)
LT L 6+ 06w — )’

where the two term®&(d|w; — d|) are equal, and so

1 — /
(3.23) _ w1+ 0+ 00wy — 9d]) < o5
1— 21 25
for some positive constaat independent of. Moreover there is a positive constantsuch that
WQ—FO((S‘WQD 179
3.24 =20 < 072,
(3.24) 22| Wi +6+ 00w —a))| = 2

All the behaviours being equivalent, we focus for instancé¢he derivativea%D’m(z). In this computation
we focus only on terms that play a crucial role:

9

9z 16(2) = _m[(aé —a))(Z1 + p22@® 2)] +
(1 iQZl) %(aé - aa)'wz—é(l—zﬁ] !
J_%%O(@Hz] + p2,272°))

1 2 0

+— —O(|%]|71 + p2252?|) + R(2).
\/%1_21821 (| 2||1 P2,22|) ()

According to (3.23), to (3.24) and to the fact tiia} — a/ ) (z) = O|z|, it follows that fora’ small enough

0
5 —D15(2)

< ¢d?
071 =€
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for positive constants ands. By similar arguments on other derivatives, it follows thiare are positive
constants, still denoted hyands such that

147 llgo ey < <0°-
In view of the next Lemma 3.5, sincks(€2) is bounded, this also proves that

(325) HJ,(S — JStH(Zl(W) S 0(58.

Moreover onB(0, 2) \ Ws(2), by similar and easier computations we see ﬂhﬁ% — JStHCI(W)
is also controlled by some positive constant of his finally implies the crucial control :
j\//&(O) - Jst7
(3.26)

HJ/(S_JstHcl(]Bi(o,z)) < o’

In order to obtain estimates of the Kobayashi metric, we neéatalize the domaids(Q2) = ¥5(® (DN
U)N®(Qs,))) between two balls. This technical result is essentially tdu.Ma [19].

Lemma 3.5. There exists a positive constafitsuch that:

B (0, 6*05“') CUs(Q) C B (0, 605“’) .
Proof of Lemma 3.5We have:

21— 04+ O(d|z1 — §|) 22 + O(0]22]) >
3.27 Uy(z) = V26 .
(3:27) () <z1+5+0(5]21—5]) 21+ 0+ 08|21 — 0])
Consider the following expression:

L(z) = |z1+8+ 00z — )P ¥s(2)[I* — 1)
= |21 =+ 0(8]z1 = ) + 28|22 + O(8]z2])[?
—|z1 + 04+ O8]z — ]|

SinceO(d|z; — 4|) in the first and last terms of the right hand side of the previequality are equal, this
leads to

L(z) = 20M(z)+6°0(|z1]) + 6°0(|22[?),
where
M(z) = —2Rez + |z
Letz € Q= ®(DNU)NQe,.q). Ford small enough, we have:
|21+ 0+ 00021 =) > |z1]? + 6% 4 620(|z1| + 6) + 60(|z1 | + 6] z1|) +

520(|z1| + 6)% + 20Rex
|2112 + 02 +60(|21 ) + 6%0(|21]) + O(6%) 4 26Rez
(3.28) > %(|21|2 +6%) + 26Rez.

Y

Moreover
2Rez; > 2§Rep171z% + 2Rep1 22122 + Z P;%%i%k + O(HzH?’)
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Since the defining functiop s strictly J-plurisubharmonic, we know that, fersmall enough} P;R%i%k+
O(||z|I) is nonnegative. Hence :

2Rez; > 2§Rep171z% + 2Rep1 22122
for z sufficiently small and so there is a positive const@ntsuch that:
(3.29) 2Rezy > —Ch|z1]] 2]

Finally, (3.28) and (3.29) lead to:

1
|21+ 6 + 0021 — 0D > S(|f* +6%)
for z small enough. Hence we have:
L(2)| 45| M (2)] + 620(|z1]) + 620(]22?)
3.30 1\ 2 1= | < .
( ) ||| 5(2)“ | |Zl—|—6—|—0(6|21—6|)|2 = |Zl|2—|—62

The boundary of? is equal toV; U V5 (see Figure 2), where:

{ V1 = ‘I)(D N U) N 8@(5’0/)7

V2 = @(8(DHU))OQ(570/).

o(DNU)

Figure 2. Boundary of2.
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Let z € V4. According (3.30) we have:

15[M ()| + 820(|2a]) + 820(|2 )
2

— <

s =11 < S

40|21 | + 46| 22|? + Co83~
- 522/ + 52

C362—o/
< - -
= §22a 4 52

< Oy

for some positive constants;, Co, C3 andCy, and fora/ small enough.
If z € V5, then

M(z) = —2Rez1 + |2|* = O(|2 + |z || ]))
and so there is a positive constdry such that:
(3.31) M(z) < 56209,
We finally obtain from (3.30) and (3.31):

5—3a’ /

) 53704

c
PR R P>

115 ()* — 1

IN

205

1—3a’

< 2050 2 + Cxd'

1-30/

(205 + Cy)5 2

IN

This proves that:
B<Q1—Cmvcn%«ncB(Q1+CW),
for some positive constaidf. O

Lemma 3.5 provides for every ¢ T,C?:

(3.32) K(]B(O,ec‘sa/ )7575) (O, 1)) S K(\I/(S(Q),jB) (O, 1)) S K(]B(O,e—cw/ ),j76> (O, 1)).

Lower estimate. in order to give a lower estimate df( 0,v) we need the following

proposition:

B(0,eC9),7%) (

Proposition 3.6. Let.J be an almost complex structure definedbr C2 such thatJ(0) = J. There
exist positive constantsand A. = O(e) such that if|| J — Jg[|c1 ) < € then we have:

A
339 Ko 5002 exp (=) ol
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Proof of Proposition 3.6 Due to Lemma 1.5, there exist positive constangd A. = O(¢) such that the
function log||z[|* + Ac||z|| is J-plurisubharmonic o if ||.J — J|lc1s) < e. Consider the function
defined by:

U = ||z]|2eAel=N

Letu : A — B be aJ-holomorphic disc such that(0) = 0 anddyu(d/dz) = rv wherev € T,C? and
r > 0. For sufficiently close to O we have

u(¢) = ¢+ dou(¢) + O(I¢ ).
Setting( = (1 + i¢o and using thef-holomorphy conditionlyu o Jg = J o dyu, we may write:

dou(¢) = Cidou (%) + Czj<d0u (%)) .

0
d, — -
We now consider the following function

T(u() _ @I
CI? ¢I?
which is subharmonic on\\{0} sincelog ¢ is subharmonic. According to (3.34)

lim sup,_,o #(¢) is finite. Moreover settings = 0 we have:

0
o (3)

Applying the maximum principle to a subharmonic extensiow on A we obtain the inequality:

o 2
d()u <a—x>

<expA..
Hence, by definition of the Kobayashi infinitesimal metri@ wbtain for everyy € DNV, v € T, M:

This implies

(3.34) |dou(¢)] < (¢ + T

¢(C) == exp(Acfu(C)));

2

lim sup ¢(¢) >
¢—0

A
(3.35) K 3(@0) 2 exp (—7) ol
This gives the desired estimate (3.33). O

In order to apply Proposition 3.6 to the structu}g, it is necessary to dilate isotropically the ball
B(0,e“°" ) to the unit ballB. So consider the dilation df?:

[(z) =e 9" 2.

_ oo N
(336) K(]B(O,eC5a/),jT5> (0,1)) =€ K(B,F*J“) (0,1)).
According to (3.32) we obtain:

(3_37) e—Céa/K<B7F*j76> (O, 1)) < K(W(g(ﬂ),ﬁ‘S) (O, 1)).
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Then applying Proposition 3.6 to the structlﬁte?’g = j;;(ecga/ .) and toe = ¢6° (see (3.26)) provides the
existence of a positive constafif such that:

(3.38) K(BIJ&) (0,v) > e~ 1% ||y
Moreover

(3.39) K, ((6,0),v) = K(%(Q),ﬁ) (0,d(5,0)¥s(v)),
where

dis0¥s(v) = dolsodows o dseyTs(v)

1 1
= (%(Ul + O(0)v1), \/—2—5(7’2 + 0(5)U2)> :

According to (3.17), (3.38), (3.37) and (3.39), we finallytaih:

1
vy |? n va|? 2
452 26 ’

(3.40) Kppy(p.v) > e (

for some positive constaity; and3”.

Upper estimate. Now, we want to prove the existence of a positive constansuch that
o, ool ?
462 26 '

According to the decreasing property of the Kobayashi métis sufficient to give an upper estimate for
K(q)(DmU)mQ(é’a)?J) (p,v). Moreover, due to (3.32) and (3.39) it is sufficient to prove:

Kp.y(p,v) < e% <

(3.41) 7)00) < e Jo]].

K(B(o,e—wa/),

In that purpose we need to deform quantitatively a standaldntorphic disc contained in the ball
B(0,e~¢9" ) into a.J%-holomorphic disc, controlling the size of the new disc, ahsequently its de-
rivative at the origin. As previously by dilating isotropity the ballB(0, e~“%" ) into the unit ballB, we
may suppose that we work on the unit ball endowed witlsatisfying (3.26). -

We define for a mag with values in a complex vector space, continuousgnand forz € A the
Cauchy-Green operatdny:

1
Toalo)z) =+ [ L dvay

T™JA R —
We consider now the operatdr;; from C'"(A,B(0, 2)) into C'" (A, R*) by:

0
P55 (u) = (Id - Tcgqﬁ(u)£> u,

which is well defined since® satisfying (3.26). Let : A — B be aJ%-holomorphic disc ir¢'" (&, B).

According to the continuity of the Cauchy-Green operatonfC” (A, R*) into C'" (A, R*) and since/?
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satisfies (3.26), we get:

0
475 (u)gu

0
Teeqgs(u)5-u

cur () cr(Bd)

IN
&

475 C1(B) HuHclm(Z)

IN
n\

‘ﬁ—Jst

o Mer@

IN

!l ¢S
o HuHclm(Z)
for some positive constants ¢ andc¢”. Hence

(3.42) (1= "8 ullerr z) < |05 (w)

e < 0l

for any jg—holomorphic discu : A — B. This implies that the mad ; is aC! diffeomorphism
from C1" (A, B) onto &~ (CY"(A,B)). Furthermore the following property is classical: the disis Jo-
holomorphic if and onIy |f<I>J5( u) is Js-holomorphic. According to (3.42), there exists a positteastant
c3 such that forv € R* with ||w|| = 1 — ¢36°, the maph,, : A — B(0,1 — c36°) defined byh,,(¢) = Cw
belongs tod <(CY"(A,B)). In particular, the ma@%l(hw) iS ajg-holomorphic disc fromA to the unit

ball B.
Consider nows € R* such that|w|| = 1 — ¢36%, andh,, the associated standard holomorphic disc. Let

us estimate the derivative of th-holomorphic disa: := @%(hw) at the origin:

Oh

w = %(0)
= 52 (20) 0
= 20) + Lt 0 2
8.43) — Sul0)+ Tez (155 ) ©
whereTz denotes th€alderon-Zygmunadperator. This is defined by:
Tezlo)) =+ [ oy

for a mapg with values in a complex vector space, continuous/Toaﬂd forz € A, with the integral in the
sense of principal value. Sin@&: is a continuous operator frodf (A, R*) into C"(A, R*), we have:

ez (a5 ) ©

for some positive constamatandc”’. Moreover, according to (3.42) we have:

(3.44) ‘

< C”/(SSHU’HCLT(Z)

0
< cllagp(u)g u -

o S A+ ) llerr(xy < 2wl

(3.45) lellerrmy = H‘I’ﬁl("w) cLr(A) ~
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Finally (3.43), (3.44) and (3.45) lead to:

?
(3.46) <1—%WwaH§H55<§§UWD<®HS<L+%WWNwW

This implies that the map — Q (@%hw) (0) is a small continuously differentiable perturbation of

the identity. More precisely, using (3.46), there existsoaifive constant, such that for every vector
v € R*\ {0} and forr = 1 — ¢46%, there is a vectow € R* satisfying|jw| < 1 + c36° and such that

%(@%MOHD:mﬂMH%eHWWB)

o/l

-1
O~y

Figure 3. Deformation of a standard holomorphic disc.

Hence the?g—holomorphic dis@%hw : A — B satisfies

1 .
o lh,(0) = 0,

vl

=2 h(0) = T

This proves estimate (3.41), giving the upper estimate efofém A.
The lower estimate (3.40) and the upper estimate (3.41)iegtimate (0.1) of Theorem A.
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