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Abstract

Let H(q,p) be a Hamiltonian on T*T™. We show that the se-
quence Hy(q,p) = H(kq,p) converges for the ~ topology defined by
the author, to H(p). This is extended to the case where only some
of the variables are homogenized, that is the sequence H(kx,y,q,p)
where the limit is of the type H(y,q,p) and thus yields an “effective
Hamiltonian”. We give here the proof of the convergence, and the first
properties of the homogenization operator, and give some immediate
consequences for solutions of Hamilton-Jacobi equations, construction
of quasi-states, etc....

We also prove that the function H coincides with Mather’s o function

defined in [Md] which gives a new proof of its symplectic invariance

proved by P. Bernard [Bern J].
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1 Introduction

The aim of this paper is to define the notion of homogenization for a Hamil-
tonian diffeomorphism of 7*7T™. In other words, given H(t,q,p) defined for
(¢,p) in T*T™, t in R, 1-periodic in ¢ we shall study whether the sequence Hy,
defined by Hy(t,q,p) = H(kt, kq,p) converges for the symplectic metric 7 de-
fined in V1)) to some Hamiltonian H, necessarily of the form H(q,p) = h(p).

This convergence of Hy to H should be understood as the convergence
of the time one flows of Hy, ¢!, to the time one flow of H, % t-again for the
symplectic metric . This metric is necessarily rather weak, since for example
there cannot be any C° convergence for the flows.

However such convergence implies convergence of the variational solution

(see [O-V] for the definition) of Hamilton-Jacobi equations.

Qu(t,q)+ H(k-t,k-q, Zu(t,z)) =0
D { Z(O,Q) = f(q) - ’

to the variational solutions of

— %u(t, q) + H(t,q, %u(t, x))=0
(#) { S(O,q) = flq) - ’

It is important to notice that none of these convergences implies any kind
of pointwise or almost everywhere convergence (however C° convergence of
the flows implies vy-convergence as we proved in [V, we refer to Humiliere’s
work in [Hu] for stronger statements), but rather to some variational notions
of convergence, like I'-convergence (see [le G|, [Dal M]|). This or similar
notions are used in homogenization theory, the theory of viscosity solutions
for Hamilton-Jacobi equations (see [L-P-V]}), or the rescaling of metrics on

T (see [GH)).
All the above-mentioned papers can be considered as anticipating the

theory of “symplectic homogenization” that is presented here. We believe
some of the advantages of this unified treatment are

(1) the disposal of any convexity or even coercivity (as in [L-P-V]) assump-
tion on H in the p direction, usually needed to define H because of the



use of minimization techniques for the Lagrangian. In fact our homog-
enization is defined on compact supported objects, and then showed to
extend to a number of non compact supported situations.

(2) the natural extension of homogenization to cases where H has very
little regularity (less than continuity is needed).

(3) a well defined and common definition of the convergence of Hj, to H or
r to @ that applies to flows, Hamilton-Jacobi equations, etc.

(4) The symplectic invariance of the homogenized Hamiltonian extends
the invariance results defined for example in [Bern 1] for Mather’s «

function, making his constructions slightly less mysterious.

(5) geometric properties of the function H (see proposition B.2, [5)). yield-
ing computational methods extending those obtained in the one-dimensional
case in [[-P-V] or in other cases (see for example [Cond)]).

This paper will address these fundamental questions, some other appli-
cations will be dealt with in subsequent papers.
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2 A crash course on generating function met-
ric

This section is devoted to defining the metric v for which we shall later
prove that the sequence Hy(q,p) = H(kq,p) is convergent. The reader may
well skip this section and jump directly to section B, possibly returning here
for reference.

Let M be an n-dimensional closed manifold, L be a Lagrangian subman-
ifold in 7*M Hamiltonianly isotopic to the zero section Oy (i.e. there is a
Hamiltonian isotopy ¢; such that ¢;(Oy) = L).

Definition 2.1. The smooth function S : M x R¥ — R is a generating
function quadratic at infinity for L if
i) there is a non degenerate quadratic form ¢ on R? such that

VeS(g;:6) = VB(§)| < C

ii) the map
oS

(:¢) — a—g(q;ﬁ)

has zero as a regular value
iii) by i) and ii), Xy = {(¢;€) | %(q; £) =0} is a compact submanifold in
M x R*. The map
i5 2 — T"M

oS
(¢:€) — (g, a—q(q;ﬁ))
has image i5(3;) = L.

Remarks 2.2. (1) In this paper, we shall always use a semicolon to separate
the “base variables” ¢ from the “fibre variables”, .

(2) We still speak of generating function when there are no fibre variables.
In this case, L is the graph of the differential dS(q).

(3) In the sequel we shall abbreviate “generating function quadratic at
infinity” by “G.F.Q.L.".

Now when L is Hamiltonianly isotopic to the zero section, we know ac-
cording to [V1] (prop 1.5, page 688) that the generating function is unique up
to some elementary operations (see [VI], loc.cit.). Moreover, an elementary
computation shows that denoting by S* the set

{(g:6) e M x RF | S(g;€) < A}

bt



we have for C' large enough that
H* (S, 8™ )~ H*(M)® H*(D~,0D")

where D~ is the unit disc of the negative eigenspace of B. Therefore, to each
cohomology class o in H*(M) — {0} we may associate the image of a @ T (T
is a chosen generator of H*(D~,0D~) ~ Z), and by minmax a critical level
c(a, S) (see V1] section 2, p.690-693).

Definition 2.3. Let L be Hamiltonianly isotopic to the zero section. We set

c-(L) =c(1,8) 1€ H(M)
ci(L) =c(p,S) pe H"(M)\{0}
WL = dwS) = el,5)

Remark 2.4. 1) Note that we may always add a constant to S. This shifts
c_(L) and c, (L) by the same constant, so that, unless we normalized in
some way S, c_(L),c; (L) are not well defined, but their difference (L) is
well-defined. However, if we specify the Hamiltonian H yielding the isotopy
between the zero section and L, we may normalize S by requiring that its
critical values coincide with the actions

[P()() H(t, q(t), p(t))] di

where (¢(t),p(t)) = gpt(q(O), 0) satisfies p(1) = 0.
Thus cy(H) is well defined. Since if ! is generated by some compact

supported Hamiltonian, such a Hamiltonian is unique, we may define c ()
for ¢ € HD (T*T™)

2) We shall sometimes deal with the case M = R". Then we need
quadraticity of S both in the £ and z variable, so that

i) in Definition P.1 should be replaced by

i’) there exists a quadratic form ¢(z, &) on M x R*¥(= R" x R*) such that

IVS(q;€) = VB(g;§)| < C .

The map 7 is well defined on the set £ of Lagrangian submanifolds Hamilto-
nianly isotopic to the zero section, where the Hamiltonian is assumed to be
compact supported.

According to [V1], the metric v defines a metric on £ by setting

Definition 2.5. v(L, L) = c¢(p, S65")—c(1, S6S") where (S©5")(q; £, &) =
S(g:€) = S5(a;:€).



That this is indeed a metric is a consequence of Lusternik-Shnirelman’s
theory, as we proved in [V1].

Our goal however is to define a metric on H.(T*M) = C([0, 1] xT*T™, R)
the set of compact supported, time dependent Hamiltonian isotopies of T* M,
and on HD.(T*M) the group of time one maps of Hamiltonians in H,.(7T*M).
In general, we may set

Definition 2.6. We set

Y(p) =sup{v(p(L),L) | L € L} .

V() =y,
Remark 2.7. For M =T"™, the graph of ¢ ,

[(p) ={(z,0(2)) | 2 € T"T"}

is a Lagrangian submanifold of T*T™ x T*T™ (where T*M is T*M with the
symplectic form of opposite sign : —dp A dq).

But T*T™ x T*T™ is covered by T*(Ap«rn) where Ap«pn is the diagonal,
and we may lift T'(¢) to I'(), which is now a Lagrangian submanifold in
T*(Apspn).

When ¢ has compact support, we may compactify both f(¢) and Aq«rn
and we get a Lagrangian submanifold I'() in 7%(S™ x T™). We then defined

in [V1] (page 679)
V() = clprm @ psn, T(p)) —c(1® 1,T(¢)) .

We proved in that () < v(p).

Proposition 2.8. (see [V3])
The map 7 defines a bi-invariant metric on HD.(T*M) since
i) it is nondegenerate 7(p) = 0 <= ¢ = id
i) it is invariant by conjugationy (1o =) = (@) for any ¢ in HD(T*M).
iii) it satisfies the triangle inequality

V() <7(e) +7(¥)

for any @, in HD.(T*M).
The above properties also hold for v instead of ¥ when M = T™.



Let A\ = pdg be the Liouville form on T*M. A vector field Z is called
a Liouville vector field, if Z = Z, + Xy where Xy is Hamiltonian, while
izyw = A (hence izw = A + dH). In particular Z is conformal (i.e. the flow
Yy of Z satisfies 1fw = e'w) and we have

(1) V(W) = e'y(p) -
In the set H.(7T*M) the metric 7 is defined as follows
Definition 2.9. Let H be a Hamiltonian, with flow 1!. We denote by

F(H) =sup {7(¢") | t € [0, 1]}
and similarly
A(H) = sup {7(¢') | t € [0,1]}
Finally we state some convergence criterion for the 5 metric.
Proposition 2.10. Let M =R" or T™.
1) Assume the sequence Hy of Hamiltonians on T*M with fized support
converges C° to H. Then Hj, converges for the v metric to H.

2) There is a constant C' such that if ¢ is supported in Wr = {(q,p) €
T*M | |p| < R} and for any z in T*M d(z,p(2)) < €, we have

Y(p) < CeR

Proof. Part 1) is proved as in [V]]] Proposition 4.6 (page 699).

As for part 2), we may follow the some pattern as in the proof of propo-
sition 4.15 (loc.cit. page 703), provided we prove that there is a C? small
Hamiltonian supported in W5k such that its time one map, 1, satisfies

d(z,0(z)) > e Vz€ Wg .

Given H without critical point in Wx, and C? small, it is well known that
Y' has no periodic orbit of period less than 1, hence d(z,(z)) is bounded
from below by some £y > 0. This concludes our proof. O

We may therefore define, as Humiliere did in [Hd], the completion H (T*M)
of H.(T*M) for . By the above proposition we deduce that a C°-converging
sequence of Hamiltonians will be a Cauchy sequence for -, hence defines an
element in H (T*M). We thus get

Proposition 2.11. There is an inclusion map
CO([0,1] x T*M,R) — H (T*M)
Similarly if HDo(T*M) is the C° closure of HD.(T* M) we have an inclusion
HDo(T*M) — HD(T*M)



2.1 Variational solutions of Hamilton-Jacobi equations

Let us consider the symplectic covering of T*T" x T*T™ by T*(T™ x R™) given
by

(q,p,Q,P) - (Qapap_PaQ_Q)

Let ¢' be the Hamiltonian flow of H(q,p). Then, the graph of ¢’ has

image f(got). Let Si(q, P,€) be a generating function for I'(¢"). We denote
by ¢(1(q) ® i, S;) the number c(u, Si,) where S, (P, &) = S(q, P,&§). Then
ui(q, P) = ¢(1(q) ® 1(P), S;) is a variational solution of

{ Su(q, P)+ H(q, P+ Zu(q)) =0
uO(Q7P) = 0

We refer to [D-V] and [C-V]] for more informations on variational solu-
tions.

3 Statement of the main results

3.1 Standard homogenization.

Let H(t,q,p) be a C* Hamiltonian on T*T™, 1-periodic in ¢, and compact
supported

Theorem 3.1 (Main theorem).
Let H(t,q,p) be a C* Hamiltonian on the torus T™. Then the following
holds:

(1) The sequence Hy(t,q,p) = H(kt, kq,p) y-converges to H(t,q,p) = h(p),
where h is continuous.

(2) The function H only depends on ¢', the time one map associated to H
(i.e. it does not depends on the isotopy (¢')ep.1])-

(3) The map
A:C?*([0,1] x T*T™,R) — C°(R",R)

given by A(H) = H extends to a nonlinear projector (i.e. it satisfies
A% = A) with Lipschitz constant 1

A: H(T'T") = C°(R", R)

9



where the metric on H is given by v and the metric on C°(R™,R) is
the C° metric.

The next theorem states some properties of the map A

Theorem 3.2 (Main properties of symplectic homogenization).
Let A be the map defined in the above theorem. Then it satisfies the
following properties:

(1)
(2)

(3)
(4)

(5)

(6)

(7)

The map A is monotone, i.e. if Hy < Hy then A(Hy) < A(H,).

The map A is invariant by Hamiltonian symplectomorphism:

A(H o)) = A(H) for allyp € HD(T*T™)
We have A(—H) = —A(H).

The map A extends to characteristic functions of subsets, hence in-
duces a map (still denoted by A) between the set of subsets of T*T",
P(T*T™), to the set of subsets of R™, P(R™). This map is bounded by
the symplectic shape of Sikorav (see [Bd, [Sif, [El]), i.e.

shape(U) C A(U)
If L is a Lagrangian Hamiltonianly isotopic to Ly, = {(¢,po) € T*T" }
and H(L) > h (resp. < h) we have A(H)(po) > h (resp. < h).

We have

.1 —
lim L. (4) = sup H(p)
k—o0 ]{} peERn

1 —
lim —c_(*) = inf H(p)

k—o0 ]{} peER™

Given any measure i on R™ the map

i) = [ AU @nt)

is a symplectic quasi-state (cf. [E-H/ for the definition and proper-
ties of this notion, based on earlier work by [Aarned/). In particular we
have A(H+ K) = A(H)+ A(K) whenever H and K Poisson-commute
(i.e. {H, K} =0).

Remarks 3.3. e In the assumption could be replaced by the property

that H; < Hj in the sense of [V]]].

10



e Asaresult of [5]if u is a smooth subsolution of the stationary Hamilton-
Jacobi equation, that is H (x, p+du(z)) < h then H(p) < h. Similarly if
w is a smooth supersolution, that is H(q, p+du(q)) > h then H(p) > h.

e From [5]), we get the following statement: let

Ef = {po € R" | 3L Hamiltonianly isotopic to L,,, H(L) > c}

E. = {po € R" | 3L Hamiltonianly isotopic to L,,, H(L) < ¢}
As aresult, if p € E) NE, , we have H(p) = c.

3.2 Partial Homogenization

We here consider the case where the Hamiltonian is defined on T*T™ x M,
where M is some symplectic manifold. We shall only consider here the case
where M = T*T™, but the general case can be easily adapted.

Theorem 3.4 (Main theorem, partial homogenization case). Let H(x,y,q,p)
be a Hamiltonian on T*T™ ™. Then

(1) The sequence
Hk('ra Y, q7p) = H(kl’, Y, Q7p)

y-converges to F(y, 4, D)
(2) The map

A, C2([0,1] x T*T™™ R) — C°(R™ x T*T™, R)

given by A,(H) = H extends to a projector (i.e. it satisfies A2 = A,)
with Lipschitz constant 1

Ay H(T*T™™) — H (R™ x T*T™)

—~

where the metric on H is 7.
(3) If H((va)<x7 y) = H(l‘,y, Q7p)7 we hCL'Ue

A(H)(y,q,p) = A(Hgp)(y)

11



Remark 3.5. (1) The Hamiltonian H(y,q,p) is called the effective Hamil-
tonian. In case it is smooth, its flow is given by ®(xo, o, g0, o) =

(x(t), y(t), q(t), p(t))

y(t) = o, @ / (or q(t), p(t))dt.

i(0) = 51 000,000, 5(0) = =0 (00,000

(2) It is not true anymore that H depends only on the time one map of H.
It however only depends on the family of time one maps of H, ).

(3) More generally, using [3), we may translate in our situation the prop-
erties of A stated in the first proposition. The projector A, is not in-
variant by symplectic maps. It is however invariant by fiber-preserving
hamiltonian symplectic maps: if 1) = 1 X 1. in other words

Ao (H o)y, q,p) = A(H)(y, v2(q,p))

3.3 Homogenized Hamilton-Jacobi equations

Our theorem has some interesting applications to generalized solutions of
evolution Hamilton-Jacobi equations

Sult,q) + H(t,q, gu(t,z)) =0
(#) { Z(O,Q) = f(q) - ’

where t e R,q € T™.

Smooth solutions to such equations are only defined for ¢ less than some
Tj : solutions exhibit shocks, that is [u|c1(o,77x7mr) blows up as T' goes to
To.

There are essentially two types of generalized solutions for such equations :
viscosity solutions (cf. [[C-IJ]) and variational solutions (cf. [O-V]). These
two solutions do not coincide in general, with one notable exception: when
the Hamiltonian is convex in p.

From [L-P-V] it follows that if H is convex in p, and wy is the solution of

Dug(t,q) + H(kt, kq, Zug(t, q)) =0
(H5) { zk((), q) = f(q) ’

12



the sequence (uy)r>1 converges to u, the solution of
7 wta) + Higutg) =0
o7 Qtu( g ox U\
LR i

Our theorem, together with results by Humiliere (cf. [Hu]) implies that this
extends to the non convex case, provided wuy, is the variational solution and
H is given by our main theorem. We now state the more general proposition,
yielding the analog of [[-P-V]] when n = 0:

Proposition 3.6. Let H € CO(T*T™™™), f € C°(T™™) and uy be the vari-
ational solution of

Dug(t,x,q) + H(kx, q, Zug(t,z,q)) = 0
HJP, ok (t; 2, @ e D

Then klim ug(t, q) = u(t,q) where convergence is uniform on compact time
— 400

intervals and w is the variational solution of (H.JP).

Sa(t,,q) + H(bo,g. £3(t,,4)) O
u(0,2,q9) = f(x,q)

More precisely, there is a sequence € going to zero, such that

(HJP) {

|Uk(t,l',Q) - ﬂ(taxaqn S 5kt

The next three sections will be devoted to the proof of our main theorem,
first in the “standard case”, then in the “partial homogenization” setting.

4 Proof of the main theorem.

Let us give the reader the main steps of the proof. We denote by ¢f be the
flow of H(k - q,p). Starting from a G.F.Q.I. of the flow ¢' = !, we shall in
the first part of subsection [L1], construct a G.F.Q.L. of .

our proof will then be split in two steps

e Finding a candidate @ for the limit of ¢/

e Showing that the limit of ¢} is indeed B

13



The first step goes along the following lines: if H is independent form g,
then ¢(u, @ 1(p), ) = H(p), so we have to prove that

lim c(p, ® 1(p), ¢}.) = H(p)

k—o00

exists. This is the second part of subsection .1 and is proved in proposition

E7

The second step is more delicate, and is dealt with in subsection 3. In
fact, the formula obtained for the G.F.Q.L of ¢! yields an inequality valid
for any Hamiltonian map «

lim inf ¢(p, pra) < c(p, Pav)

k—o0
proved in proposition fL.T]].

We must then prove the reverse inequality, This relies in a crucial way
on the main result of [VJ], which implies that a 1/k-periodic Lagrangian in
T*T™ contained in the unit disc bundle, has v norm converging to zero.

We now give the details of the proof.

4.1 Reformulating the problem and finding the ho-
mogenized Hamiltonian.

First of all, we shall assume we are dealing with an autonomous Hamiltonian.
We shall see in the next section that the general case reduces to this one.
Let ¢! be the flow associated to H, and ¢ = !
Similarly let ¢! be the flow associated to Hi(q,p) = H(kq,p) , and ¢ =
o1 We first compute ¢ as a function of .

Lemma 4.1. Let py(q,p) = (kq,p), then o = py opy.

Proof. The map py, is conformally symplectic, hence
dHy(2)€ = dH (pi(2))dpe(2)§ = w (Xu(pr(2)), dpe(2)8)

= (prw)(dpy," (2) X1 (pr(2)), €)

Since pjw = kw, we get

X (2) = k((pr)eXu) (2)
= (pr)«(kXu)(2)

The flow of kX is ¢*, hence the flow of (py).(kXp) is p '™ pr. O

14



We are thus looking for the y-limit of p, ' ¥ py..

Remark : The map pgl is not well defined on T*T™, so that a priori the
lemma only makes sense on T*R™. However given a continuous path z(t)
from zg to z; in T*T™, and wug such that kug = 29, we may find a unique
continuous path u(t) such that u(0) = up and k.u(t) = z(t). Therefore given
an isotopy ¢ starting at the identity, there is an unique isotopy {/;t such that
prt = 1. Moreover the map ¢! only depends on ¢! and not on the choice
of the Hamiltonian isotopy.

Note also that we may replace ¢ = ! by ©'/" for some fixed integer r.
Indeed, if p, ' p*/"py c-converges to 1, we have that

o "ok = pr (Pt prr) 07"

c-converges to p,p- L. If our theorem is proved for /", ¢ will be generated
by a Hamiltonian depending only on the p variable. We easily check that in
this case

prpprt =
In other words, p,f(pk k. converges to ¢ .

We assume in the sequel that ¢ is C* close to the identity, so that it lifts
to a Hamiltonian diffeomorphism of T*R"™ C! close to the identity, @. The
map @ has a generating function

S(Q.p) = (p.Q) +5(Q.p)
where S is defined on T*T™, and S defines ¢ by the relation

7(er S@no) = (ert @)

)

@(%(Qm)m) = <Q 8Q(Q D), )

This means that the graph of @ , T'(y), in T*R™ x T*R™ ~ T*Ags., has
the compact supported generating function S(q, p) defined on T*7T™.
In other words, if ¢(q,p) = (Q, P) we have

q_

or else

Q3|Q>QJ

We now give the composition law for generating functions, due to Chekanov

(cf. [Chd])
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Lemma 4.2. Let @1, py be Hamiltonian maps having Sy,S, as generating
functions. Then @1 o o has the generating function

S(qr,p2;q2,01) = S1(qr,p1) + S2(q2, p2) + (P1, 1) + (P2, ¢2) — (P1, @2) — (P2, @1)-
= S1(q1,p1) + S2(q2, p2) + (P1 — P2, 1 — @2).

Note that if we set po = p; — v, @@ = ¢4 + u, we have
S(q1,p2;q1 +u,pa +v) =

Sl(q17p2 + U) + SZ((_h + U,pz) - <,U7u>

so that S is a generating function quadratic at infinity.

Proof. Tt is a simple computation. The lemma claims that

~ ~ ~

S(q1,p2; 92, p1) = S1(qr, p1) + S2(q2, p2) — (P1, @)

so we must prove that ¢; o @9 maps

08 05,
—(q1, 2592, 01), 02 | = 8—(612,192),192
P2

Op

o8N,
(h’ﬁql q1,P2; 42, P1 q1, ) q1,P1

where (q1,p1, g2, p2) are constrained by

to

~

oS , 05,
—(q1, p2; g2, =0 1i.e. = —(q,
O (‘h P25 G2 pl) q2 Iy (Ch p1)

~

8_§( )=0 ie = %( )
8(]2 q1,P2, 42, P1 €. D 8q2 q2, P2

These last two equations are equivalent to

CETMRI N P T
©2 Ops q2,P2), P2 g2, O q2, P2

= (q2,p1)

16



and

~

P E LR R Y DR T
¥Y1(42,P1 ®1 1 q1,P1),P1 qi1, o q1,P1

and thus

R LT DU G TR
Y1 0 P2 8p2 q1,P2;492P1), P2 | = Ch’@ql qd1,P2;492, P1

where (q1, pa; g2, p1) are constrained by

~ ~

oS oS
a ) ; ) = aq_ ) ; ) = 0
s ((h P25 G2 pl) O ((J1 P25 G2 p1)

More generally, we get

Lemma 4.3. The map @* is generated by

Sk(QthéPh(J%p% ce an—lapk—ka) =
Yr(q, Prip1, @2 D2y Q=1 P15 Q) + Qr(q1, Dk P1, G2, P2, + 5 Q=15 Pk—1, Gk

where
k

Zk((.h)pk;pla q2,P2, "+ ,qk—1, Pk—1, Qk) = Z S(q]’pj)
j=1
and
k—1

Qil(q1, Prs D1y @25+ o1, Phe1, @) = DDy — Pj1 45 — i) + (Pry 1)
=1

<

Proof. The proof follows immediately by induction from the previous lemma.
O

Note that Q)i could be rewritten as

Qr(q1, P P15 @25+ Qh—1, Pr—1, Q) =
k—1
Py, @5 — qj+1) + (Prs x) -
j=1
Again, Y is defined on (T*T™)*, while Qy is defined on (T*R™)*. Finally we
have

17



Lemma 4.4. Let ¢ be generated by S(q,p), then @i, = pi " pi is generated
by Fj given by R
(g, priprs s Q15 Pr—1, Q1) =

1
EZk(kql,pk;pl, o kQe—1, Pe—1, kar) + Qg Pes P - Qe—1, Pr—1, Qk)

Proof. Indeed if S(q, p; £) is a generating function for ¢, we have that pI;l@/)pk
is generated by %S(l{;q,p; £).

Thus in our case, we expect the generating function

~

Gre(q1, Pk P15 @2, -+ Qe D=1, Qi) =

~

E2k<kQIapk§plaQ2a e Q=1 Pk—1, Gk)

1
+EQk(kQIapk§p17Q2a S QE—1, PE-15 k) -
But the fiber preserving change of variable ¢; — kq;(j > 2) sends @k to

Fi(qi, pesp1, @2, 3 Q15 P15 Qi) =

~

EEk(kql,pk;pl,k‘qQ, o kqe—1, PE-1, Q1)

1
+ 2 Qu(kay, pr; prs Ko, - K1, P15 k) -
It is easy to check that the last term is equal to

Qr(q1, P P15 Q25+ 5 Qo1 D—1, Pk -

We now set
Fi(qi, pe; 01, G20+ Qo1 P15 Dk) =

Fio(q, 01301, 62, 5 Q—1, Pk—1, Pk) — (P> q1)

and to simplify our notations

T=q, Y=k, &= (DP1,92, s Qe—1,Pk—1,Dk) -

thus
k

Fr(z,y:6) = > S(5,) + Qulw,y,€) — (v, 2)

j=1

18



Definition 4.5. We set hy(y) = ¢(ps, Fiy) where Fy,, = Fi(z,y;£). We will
also denote this function as c(p, ® 1(y), F)-

Remark 4.6. As long as we write c¢(u, ® 1(y), S) for a generating function
S, there is no ambiguity. However, if A is the Lagrangian associated to S,
and we write an expression like ¢(y, (A),), one should be careful since S is
only defined up to a constant, and this constant yields a coherent choice of
a G.F.Q.I for (A), for each y, so that the c(u, A,) are well-defined up to the
same constant for all values of the parameter y, and not up to a function of
y as one could expect.

Clearly we take a G.F.Q.I. S for L and then (L), has GF.QL S, =
S(y,e).
Proposition 4.7. The sequence (hi) is a precompact sequence for the C°
topology.

The proposition will follow from Ascoli-Arzela’s theorem once we prove
the following

Lemma 4.8. The sequence of (hy,) is equicontinuous.

Proof. Indeed let @ be the lift of v, = p, '¢Fp, to T*R™. It has support in
some tube
TiR" ={(q;p) € T'R™ | |p| < A} .

Now for each p there exists ¢(p), £(p) such that

) p ) =0 ) p ) =0

Fi.(q(p),p,&(p)) = ha(p) -

Moreover, for generic ¢, the map p — (¢(p),&(p)) is smooth on the comple-
ment of some codimension 1 set. Thus for p in this complement,

0

dhy.(p) = a—yFk(x(p),p, £(p))

=q(p) — Qx(q(p),p)
where @) is defined by

or(q,p) = (Qr(q,p), Pr(q, p)) -

The quantity ¢(p) — Qx(q(p),p) can be estimated as follows : the first coor-
dinate of the flow @, satisfies

oOH

qe(t) = a—p(qu(t),pk(t))
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hence |qx(t)| is bounded by C' = sup{ %—I;(q,p)) | (¢,p) € T*T"} hence
lg — Qk(q,p)| < C. From this we get the inequality

dha(p)] = ]%Fk@(p),p,g(p))' <c

and since hy is continuous, it is C-Lipschitz. U

From Ascoli-Arzela and the above lemma, we see that the sequence hy, is
relatively compact.
We will then need to prove that

Lemma 4.9. If a subsequence of p,;lwkpk has a limit @, then the sequence
itself converges to this limit.

Proof. We first claim that

(1) V(" PF) < k()
B 1
(2) YV(ox opr) = 27(p) -

Indeed, we may write

P = (v () Y) (0 ()?)..ab” BT (i)t

Since each factor is conjugate to 1, and we have k factors, property (1)
follows immediately. Property (2) follows from the scaling property of v by
conformal conjugation (see [).

Now let k large enough, so that fy(p,;lgokpk,@ is less than €. Let n =
kq + r. Note first that if r = 0,

Y(pra " pras B) = (07 (03 0" i) palp7 '@ pa))

since
$=pa'?'pa
But using (2), we get

(o " i)

SN

Yoz (pi 0" o) palpg B pa)) = v(pg " (pr " pr) @ %) pa)) <

1 _ _
Edv(pklw’“pw <e

20

d——d

¥

) <



Then we claim that
qhiﬂlo v (plquJrr P hgrs l;ql #"prq) = 0

kq+r

Indeed, working in 7*R"™, we may write pkq+rpl;q1 = D14 (r/kg) a0d PFITTTRE =

T

2
thus

V(Orgir T Phatrs Pig D 0ka) = V(0L (0 /g) (Prg P Pka) (g " Pha) P10 1) Prg ™ Pha) =
VO (k) (Piog PPk (g " Pha) P11 ) Pig 0" Phg)
Now we use the fact we proved earlier, that
V(Prg €0k ) < €
and that
V(Prg @ Prg) < W) se

for ¢ large enough.
We use the fact thatp and p, satisfy p;'p = $°p, to infer the next
estimate of the above quantity

’7<p;i(r/kq)¢wl P14(r/kq) 7/}2671) =7 (@r/kql)ﬁ(r/kq) (23 P14-(r/kq) w2)

where v(1);) < e. The above is then small as soon as kq is large enough.
We thus proved that for ¢ large enough,

V(Progir ™ Prgirs Prg " Prq)

is close to zero, Since we proved earlier that fy(p,;;(pkq Prq) < € this proves
that the limit of p, ' ¥ p,is indeed @.
O

4.2 Concluding the proof of the main theorem.

The last section gave us a function he (p) limit of some subsequence hy, (p).
Since he, is continuous, according to Humiliere (cf. propp.11)) it has a flow
in H(T*T™). We denote by " this flow.

Proposition 4.10. The map @ is the limit of @1, = p;. ' ©"pr : we have

Jm 1(o0,7) =0.
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This will be based on the following two propositions

Proposition 4.11. For any « in ﬁ(T*T”), there exists a sequence {, such
that

Time(p, e, @) < e(p, Pev)
Proposition 4.12. Consider a subsequence of (py,) such that
lime(p ® 1(p), ¢r,) = lim g, (p) = hoo(y)

Then we have
lime(n ® 1(p), @5,) = ~hoo(p)

Remark 4.13. Note that this means that if we define H as in proposition [,
the operator A satisfies A(—H) = —A(H). This is typically a statement
that does not hold in the case of viscosity solutions, since if u(t,x) is a vis-
cosity solution associated to H, u(—t, x) is not in general a viscosity solution
associated to —H.

Proof that Proposition and imply proposition [f.10. Indeed take o =

© !, where @ is the limit associated by the previous subsection to some sub-
sequence (k,),>1. We get

lim (11, 00, ") < e(p, 1d) = 0.

and since for any 1, c(u,v) > 0 we get,

lim c(p, 0, 77") = 0

Now we must prove lim, ¢(1, 9,1, ) = 0, and it is enough to show that
lim (1, ¢p,a)) = (1, )
for any o in H(T*T™).
But

C<17(pl/'ky(){> = _C(:uvoéilgozyl) = _C(:uv ‘Pe:l‘)‘il) :

We may then apply proposition [L.I]] to the sequence ((pl;l) since according
to proposition

lim e(n @ 1(p), ¢5,') = —hoo (p)
and —ha(p) has flow L in the completion H(T*T™).
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As a result
lim (1, pp,0) = = lime(p, 9y, 'a)

> —c(p, 7 'a™t) = (1, %a) .

We thus proved the following statement: if ¢(u, ® 1(p), ¢k, ) converges
to hs, then ¢, converges to p. Now assume there are two subsequences,
©k,, @1, such that c(pu, @ 1(p), pr,) converges to he, while ¢(u, ® 1(p), p1,)
converges to koo. Then we find subsequences of () converging to @ and v
(where @ is the flow of h,, while ¥ is the flow of ¥).

But according to lemma [L.9, two converging subsequences of (¢) must
have the same limit, thus A, = k.

This concludes our proof of 1.1, modulo the proof of and .13, O

Proof of proposition [{.11. First of all, if S(x,y,n)is a G.F.Q.I of a, ¢ra has
the G.F.Q.L

¢k(u7v;xay7n7§) =

Note that for each y, there is a cycle C(y) homologous to 7" x E_ (x
lives in T, € in Ey, E is the negative eigenspace for Fj) such that

Fi(y, Cy)) < ha(y) +¢ .

(we denote by (y,C(y)) the set of (z,y,&) such that (z,£) € C(y)). Unfor-

tunately we may not get such an estimate if we simultaneously require that

C(y) is to depend continuously on y. However, we may assume the above

estimate holds outside of Uss where Uy is a d-neighbourhood of some grid in

(R™)* (see figure [l]), while inside Us, Fx(y, C(y)) < a for some constant a.
Indeed we have

Lemma 4.14. Let F(u,x) be a smooth function on V x X such that there
exists C'(u) € Ho(X) with F(u,C(u)) < f(u). Then for any subset U in V,
such that each connected component of V. —U has diameter less than €, there
exists a continuous map u — C(u) and a constant a, such that

F(u,C(u)) < f(u) + axu(u)

Thus Fi.(y,C(y)) < hx(y) + ax’(y) + & where x° is a smooth function
equal to one on Us and to zero outside Uss, a is some constant, and ¢ is
arbitrarily small.

Assume first Us is empty (i.e. x° = 0).

Set

(I)k(u7v;x7y777) = S(%%U) + h’k<y) + <y —v,u— .§L’>
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defined on T(;, , x Rg x (R})* x N (N is the vector spaces where 7 lives).

Let I' be a cycle in T{, , x (R;)" x (R})* x N in the homology class
of T7, ) X Apy X N7 (A, is the diagonal in R} x (R})* and the negative

(u,v)
eigenspace of (y, —x)).

We choose T' such that ®,(T') < c(p, ®r) + ¢ = (i, ppa) + &, which is
possible by definition.

Let now I' xy C be the cycle

I xy C={(w,v,2,9,§n) | (w,0,2,9,m) €T, (u,§) € Cy)} .

We claim that B

and [' xy C is a cycle in the homology class of
Ty X Bzy X E7 X Ni7 X Ny
so that

c(p, prar) = e, @p) < (L) < e, Bp) + £ < e, Prev) +

Let us now try to establish the inequality in the general case,
Let k, be a sequence such that c¢(u, ® 1(y), ¢, ) converges to hoo(y). We
replace @ by ®,; where F}, is replaced by the explicit formula for Fy, given

by lemma [.4.

H

¢
O (u,v;7,7,&,1m) = S(a1,0,7) ZZ (. 95, &§5)+Qe(T, Y)+(ye—v, u—11)

We may now “spread our error” ax®(y) by translating it. More precisely,
let us choose different x3(y) so that

Fi(y, Ci(y)) < hu(y) + auxi(y) + €

and such that the supports, U ]‘5, of the X? are so chosen that the intersection
of (n 4 2) distinct U7 is empty.
Consider
Dy p(u, v;T,7,m) =

—_

¢
S(z1,v;m) EZ hk (y5) +akX]<yj)) + Qe Y) + (ye — v,u— 1)
]:
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U,= . Us=

Figure 1: The sets U}
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Then, let I" be a cycle in the same homology class as above, such that
EM(T) < c(,u,@M) + £
and
['xy C = {(u,v;7,5,n) | (u,v,7,7,n) €T, (lx;,&) € Ci(y;) } -

Now I' Xy C belongs to the suitable homology class, and we may thus infer
that

c(p, prar) = c(p, @eg) < (T xy C)
and @1, (T xy C) < &,4(T"). We may conclude that

C(Ma (bf,k) S C(Ma 6[,]9) + 2¢

Finally, we must show

Lemma 4.15. We have

— — A
C(:ua (I)Z,k) S C(:u7 (I)k) + Tk;

Proof. Indeed 5“3 is the generating function of ¢, 5, & where
Urse = p; " (%,5 o0--:0 wi,zs) Pe

where @Z)i,& is the time one flow of hy(y) + arx3(y).

But because these flows commute, we have that i s, is the time one flow
of

Kis.0(y <th y) + anxi(y ))

Now since (n+2) sets U, g have empty intersection, we have that
(n +2) hence

S X?(y)’ <

A
| Krs.0(y) — hi(y)| < 7k
As a result
Ay,
V(5.0 Vi) < a

where 1)y, is the time one flow of hi(y) hence

Y (wk,é,z&a i/kaé)
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IN

A
‘

and

IN

C(/h 515,/&) C(/i, %,5,504)

a
C(:ua wk&> + 7]?

A
‘

IN

IN

C(:uv @ka) +
[

Since by assumption, as v goes to infinity along a subsequence v, goes
to ¥ we get
C(:uv ‘sza) = C(:uv (I)E,k) S

_ — a
(i, Bog) + 2 < e, ) + 6+ 7’“

_ Ay,
< clp,pa) +
Taking ¢ large enough, we see that

11511 c(p, po, -k, )

< c(p, par)
as announced. This concludes the proof of Proposition f.11]. O

Remark 4.16. It is important to notice that here

V4
Dy = S(a1,v;m) Z hi(y) + ax(y;)) + Qu(@. ) + (ye — v, u — 21)

41
T

cannot be bounded from above by

| =
-

Il
—

a
S(z1,v;m) + hi(y;) + Qe(T, ) + (ye — v, u — 1) +Z
J

as it is obvious by choosing (v, ..., y¢) such that each y; is in U;. ¢ the above
proof would not hold if we replace XJ( ) by an analogous functlon XJ(C] D).
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Proof of proposition 5.5. Let I', be the graph of ¢ in coordinates

Lo ={(X(z,y), 2,y = X(,y), X(2,y) — ) [ p(,y) = (X(2,9),Y(z,))}

Then the reduction of I'y, at y = yo is (Iy)y, = {(X(z,9),y0 — Y (2, 90))}
that is Ly, — ¢(L,,) where

Ly, = {(z,90) [ € T"}

Now c(ue ® 1(y), ') = c(u, (Uy)y) = c(p, Ly — o(Ly))-

Remark 4.17. We refer to remark [f.§ and remind once again the reader of
the extra care that has to be taken when using such expressions as c(u, Ay).
Here ¢(p, (I'y),)) is well defined if we choose a G.F.Q.I. for I',,.

If o = @1, = p, ' ¥*pr, then @y is 1/k-periodic, hence so is L, — ¢1(Ly,).
Lemma 4.18. The quantity v(L, — ¢x(Ly)) goes to 0 as k goes to infinity.
Proof. Note that L, is not exact, but if 7, is the translation by the vector y
in the p direction

Ly = 7y(0n)
er(Ly) = o7 (07n)
and we identify
Y(Ly — or(Ly))
to
¥ (0pn — (1, Yo 0 7,) (07m)) = (7, r7y (07n))

Moreover (7, '¢x7,)(0r,) is Hamiltonianly isotopic to the zero section and
invariant by any translation in the z direction by a vector in %Z”. More
precisely the Hamiltonian isotopy 7, '¢x7,)(0g,) is invariant by such trans-
lation.

Thus v(7, 'x7,(07n)) is the v invariant of some Lagrangian contained in
the product 777} (where T} = (R/+Z)"), Hamiltonianly isotopic (in 777}
to the zero section. Since

*rmn * mn n ]'
we get, according to the main result in [VH], that

(7, oy (0rn)) < 0(1/k)
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As aresult, c(u, Ly — @r(Ly)) = —c(1,0(Ly) = Ly) = —c(1, Ly — ¢, (Ly))
This last quantity differs from

—c(pt, Ly — @El(Ly))
by
’7<Ly - ‘Pl;l<Ly)) = ’Y(SOk(Ly> - Ly)

which goes to zero as k goes to infinity.
Hence

c(p, Ly_SO/;1<Ly)) = c(p, pr(Ly)—Ly) = —c(1, Ly—pr(Ly)) = —c(p, Ly—pr(Ly))

In other words, denoting hy, the number ¢(u, ® 1(y), ¢, '), we proved

hi(y) = c(pe © 1(y), 0, ") = c(p @ L(y), Ly — ;' (Ly)) =

el ® 1(9), Ly — 5 (L)) +0(7) = ~hely) +0(;)
]

We thus showed that some subsequence of ¢ converges to . On the
other hand, we proved in lemma [[.9 that this implies convergence of the
sequence itself to . Wa may finally conclude that ¢ converges to ©, and
thus that the sequence H(kq, p) converges to H for the  metric, which proves
the first statement of the main theorem.

End of the proof of theorem [B1. Assertion [2] follows from the fact that @'
determines H, and that

g = lim plotpy
which only depends on ¢*.
We finally prove assertion [[3].

\hea (y) = hi2 ()] < Je(pe @ 1(y), pi ' olor) — c(pe @ 1(y), pi " @5pi)| <
_ _ _ o 1 _ _
v (" K)o pi " hpr) < v(py o Febpr) < =1 Foh) < (et es)

Therefore A is Lipschitz, with Lipschitz constant one, for the norms v
and C° and thus extends to a Lipschitz map from H(T*T") to C°(R", R).

Since is H only depends on p, then H = H, we get that A is a projector.

This concludes our proof of theorem B.1]. 0
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5 Proof of theorem 3:2.

In order to prove [1] of theorem B.2, we need to prove that if H; < H, then
hooq < hso2. But this follows immediately from the fact that Si(g,p) <
Sa(q, p) hence, Fj, 1 < Fj, o and therefore

hiei(y) = c(p @ 1(y), Fi1) < c(p® 1(y), Fr2) = hi2(y)

As a result, heo 1(y) < hooa(y).
If we wanted to assume only H; < H, so that ¢ < ) and

P 1ok = pr o3Pk

and by going to the limit, p; = @,. Now @, and @, are the flows of H; and
Hy which depend only on p.
Therefore they commute, and our assertion follows from the

Lemma 5.1. If o', the time one flow of H(p), satisfies Id < @' then H is
positive.

Proof. In Appendix A we prove that c_(p') = inf,cgn H(p). Therefore if
c_(p') is positive, H must be non-negative. O

To prove [2], we have to compare A(H o)) to A(H). Note that the flow
associated to H o is 1)~ 1p! o4p. Thus A(H o)) is associated to the y-limit
of

P T on = (o0 o) (0 O o) (o o)
But limy . v(p;, '~ px) = 0, hence

lim o M, = lim oty

Similarly for property [3), we have to compare limy, ., p; '¢"*px and
limg oo pi, ' @ Fpr. Clearly, if the limit exists, they must be inverse from each
other, that is they are given by ¥ and (p)~!. Now it follows from [Hu] that
two continuous compact supported Hamiltonians H, K in ﬁ, such that their
flows satisfy @i = Id in H(T*T™) must satisfy H + K = 0.

We now prove property [4). Now, we may consider a decreasing sequence
of smooth functions H, such that lim, H, = yy, the limit being here a
pointwise limit. Then H, is also a decreasing sequence, and therefore has a
limit H ., and we denote by A(U) the support of H,. Since for any sequence
K, decreasing to xy, there is for each v a p such that K, < H,, we have
Ko < Hy. By symmetry, we get Ko, = Ho hence the support of Ko
coincides with the support of H. By symmetry, we see that the supports of
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K and H, must coincide (in fact the functions will coincide). This support
defines A(U).

Assume now L is a Lagrangian submanifold Hamiltonianly isotopic to
L,,. Then, by the Hamiltonian invariance we just proved, A(L) = A(L,,).
Now it is easy to show that

A(Ly,) = {yo}

Since shape(U) contains p if and only if U contains a Lagrangian L,
Hamiltonianly isotopic to L,, we get that for p € shape(U), we must have
po € shape(U). This concludes the proof of [4].

As for property [5]), it is an easy consequence of the above. Indeed,
assume first H (L) > h where L is Hamiltonianly isotopic to L,,. Let &,,, be a
function on (R*)™ equal to 1 near py, very negative in a tube containing the p-
projection of the support of H, and compact supported. Then if ¢)(L,,) = L,
we have

H>h-Kp, ot
hence
H>h-kpyoth="h Fp,=h-ky,

As a result,

H(po) = hripy(po) = h

Changing H to —H, and using [3] we get the second statement.
Finally, to show that ( is a quasi-state, it is enough to deal with the case
where 4 is a Dirac mass at p. We must then prove

(1) (Monotonicity) H; < H, implies H, < Hy. This follows from [T].

(2) (Quasi-linearity) If H, K Poisson commute, then (H + K)(p) = H(p)+

K (p). this follows from the fact that if H, K commute, with respective
flows ', ¢", then H + K has flow ¢'¢" and then A(H + K) corresponds
to

lim p Myt gt = (lim gt ) lim picto™ py)
and this corresponds to A(H)(p) + A(K)(p).
(3) (Normalization) ¢(1) = 1. We see that Hr(q,p) = x[-r,r)(P) SO

Note that the inversion of limits will only be justified when we deal
with non compact supported Hamiltonians in section J.

This concludes the proof of theorem B.2.
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6 Proof of the partial homogenization case

We here consider the case of the sequence H(kzx,y,q,p) and prove that it
converges to H(y,q,p) obtained by performing the above homogenization,
on the variables (z,y) and freezing the (g, p) variable.

The flow of H(kx,y,q,p) is given by

( T = %HU{?J%%(LP)
q: %H(kxayvqap)

p: _%H<kx7y7Q7p)

Set

t t t t

zp(t) =k - x(E), Yi(t) = y(g), a(t) = Q<E)upk<t) = pz(E)

We shall consider the flow ¢} associated to the Hamiltonian.

p

ik = %H(:pka Yk, qkapk)
(S —%H@%ym%’pk)
0 = %5 H (Th, Yrs qrs 1)

pk = _%%H(xka Yk, qkapk)

\

Then our map is generated by pglwﬁtpk where

pk<xkaykanapk> = (k : xka@JkanaPk)

Let Sy(@k, Yk, G, Pr, §) be a generating function for the flow above. The
candidate for the homogenization is again given by limy_.., H; where

Hy(y,q,p) = c(pe ® 1(y) @ 1(q, p), Sk)
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is obtained by freezing the (g, p) variables and performing homogenization
as in the previous section. The precompactness of the sequence is proved as

in proposition f.7.

Let us reformulate the problem by considering the symplectic form oj on
T*T™" given by dy A dx + kdp A dq. For a Hamiltonian H(z,y, ¢, p) its flow
for oy, is defined by the equations

T = %_I;(ffa?/,qu)a y = _%_I;I(xay7qvp)

i =15p@y.a.p), P=F5 (Y4

Now to a function S(z,Y, ¢, P) on T*(T™™) we may associate the Hamil-
tonian map given by

X—x:g—f}(a:,Y,q,P), y—Y = (:L’ Y,q, P)

Q-q=15(x,Y.q,P), (p—P)=1%(zY,qP)

Indeed this amounts to the identification of T*(T™™) x T*(T™*") en-
dowed with oy © oy, to T*(T™*™ x R™*™) endowed with the standard form
by

<x7y7q7p7X7Y7Q7P) —>(SU,Y,q,P,y—Y,X—SU,k(p—P),k(Q—Q))

Two such transformation are composed by the following formula: If
Si(x1, Y1, q1, P1), So(2, Y, go, P2) are the generating functions for ¢y, o, we
will have

S<x7Y7Q7 P;x27Y17q27P1) = Sl(x7Y17q7P1> + S2<x27Y7 Q27P)_
(x =22, Y1 =Y) = k(Pr — P,q — q2)

Indeed, the constraining equations are

(98 = 0= 9%2(25,Y, 2, P) =Y + Y1 =0

g_ﬁizoﬁaa_?(xayluq7pl>+_l’+$2:o

05 =0 = B2(19,Y,q2, P) + k(P — P1) =0

aQQ

\ aa_lfl:0<:>88_51;1<'r7Y17q7P1>+k<q_q2):0
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and the map ¢ is given by

oS 1
(x,Y+a_x(fL',Y,q,P;$2,Y1,QQ,P1),Q,P+_

a8
k Oq

("L‘7Y7q; Pa x27}/17q27P1)) -

oS 108
(.T + 8—Y<x7Y7Q7 P;x27}/17q27pl> Y q+ Eﬁ—P@’Y’q’ P;.’L‘27}/17q27pl),P)
that is
05, 1085
(.T Y_'_ a (.ﬁU 1/'17Q7P1) q7P+E8—<x Y17q7P1)) -
0S5 1085,
( 8Y<x27yq27p) Yq—i_Ea—P(anYuq%P)
Now the map ¢, sends
oS 108
(x7}/1+6—;(x7}/17qapl) P1+Ea—($ }/17Q7P1))
051 108
< +8—}/1(x Y17Q7P1) Yiaq+kapl(x }/17q7P1)P)

and the map ¢y sends

05S. 108
(xQ’Y«F a—ZL'z(:L‘Q’Y’ CJ2>P) P+ Ea—l(l‘%ya QQ,P)) -
0955 108
(xz +— 5y 2(29,Y,¢2, P), Y, qa + — - 8132 (22,7, qz,P),P)

Since

e

Y=Y+

952
Op

q C]2+%

\
we may infer

Y =¥10o P2
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6.1 Resolution in the (¢, P) variables
For j = 1,2, let the functions

0S; 0S;
a—Pi(x27KQQ7P)7 8—q2($27K927P)

be C*! bounded, and assume k is large. We may then solve

aa—%(,I‘Q’YV’qQ’P)+k’(P—P1):O

%(xuyluqvpl> + k(q - QQ) =0
in
(QQu Pl) = (qQ<x7 Y7 q, P; T, Y1)7 P1<$U, Y7 q, P; T, Yl))
This requires the following matrix to be invertible:

925,
2

1
I — k Bq

&5, (x% Ya q2, P)

%aqap ($2,Y, q27P)

1028 10%8
- 1<x27Y7 Q27P) I—: 3p21

k OpOdq <x7Y17q7P1)

N

We thus get a new generating function

~

S(x,Y,q, Pyxo, Y1) = S(x,Y, q, P20, Y1, qo(2,Y, q, Py 22, Y1), Pi(2,Y, q, P;x2,Y1))
Note that
la2(2, Y, g, P; 23, Y1) =qller = O(1/k),  [|Pi(,Y, q, P; 22, Y1)=Pllcr = O(1/k)
hence
1S(x,Y, q, P; 2, Y1) — S(x,Y,q, P; 22, V1,4, P)|lcr = O(1/k)
where

S<x7Y7Q7P;x27Y17q7P):Sl('r7Y17Q7P)+S2<x27Y7Q7P>_ <.’,U—.’L'2,Y1—Y>
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6.2 Generating functions for H(kz,y,q,p)

Suppose now that Sy is a function of (z1, Y1, ¢1, P, &) and Sy of (22, Ya, g2, Pa, &)
Then

S<x7Y7Q7 P;x27Y17q27P17§17§2) = Sl<x7}/17Q7 Plugl) + S?<x27Y7 q27P7 §2>_
(=22, Y1 =Y) = k(Pr — P,qg — q2)

The conditions are then given by

@CUQ,Y, Q27P7£2) + k(P — Pl) =0

9q2
%(I‘,th, P17£1) + k(q - Q2) =0

and for k large enough we may write, as in the previous section

(q27P1) = (QZ(%Yaqa P;$27Y17§17§2)7P1(x7Y7Q7 P;$27Y17§17€2))

hence we set

§($,KQ,P;$2,H,€1,€2) = Sl(xaYiaQ7Pl(xaKQ7P;x27H7€17§2)7§1)+
52<x27Y7 QQ<.T,Y,q,P;.§U27}/17£17£2),P, §2) - <.§U - x?uyl - Y) - k<P1 - P7q - q2>

Again, we have, as above

||§("L‘7Y7q7 P;x27Y17§17§2) - S(x7KQ7P;$27Y17q7 Pa gl)SZ)HCI = O(l/k:)

6.3 The case of ¢/ terms

Let ¢! be the flow associated to H(z,y, q,p) for the symplectic form oy, the
flow Wt associated to H(kz,y,q,p) for oy is given by

T, = g}

Indeed Wt is defined by the equations

By
OH

{ #(t) = Gr(ke,y,q,p),  §(t) = =k (kz,y.q,p)
q<t) ap (kx7y7q7p)7 p<t) = _%_I;(kxayaq7p)
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and setting kx = u, we get

{ u(t) = /fy(u,y,q,p% y(t) = —kaH(uyqp)
q(t) = G (u,y.0.p), D) = —%2(u,y,4,p)

Defining p(,y,q,p) = (kx,y,q,p), we get

Wi (2(0), 9(0),4(0), p(0)) = (w(t), y (1), 4(2), p(1)) = (u(t), y(t), a(t), p(t)) =
P (u(t), y(t),a(t), p(t) = pi @ (u(0), 5(0), 4(0), p(0))

hence
Wi = oy 5 P
This is not surprising, since ¥} is Hamiltonian for oy (hence it is oy-
symplectic) while ¢f is Hamiltonian for o) (hence is oj-symplectic) and
prok = koy.
Let Fi(x,Y,q, P,£) be a generating function associated to the time one
flow of H(z,vy,q,p), for ox, we shall have

Fg(l‘,Y,q,P;f,Y,q,?,E) =
1
D Y505, P &) = D {ay — w0, Yy = Vi) = k(g; — g1, By — Pra)
— =
Here
x1:x7q1:q7PZ:P7}/€:Y7
T = <x27 "'7373)76 = ((J27 "'7q€)7ﬁ = (Pb "'7P571)7? = (Y17 "'7}/371)75 = (glu "'755)

The condition for solving the constrains in (g, P) is the invertibility of
the following matrix

—120.(z,Y,q,P)  155(7.Y,q,P)

This amounts to the inequality

N (onp@Yoa. P) G5 (.Y 0. P)
k i =
apaq(x Y,q,P) B—F(anaq)P)
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since a matrix of the type .

I+A C 0 0
B I+A C 0 0
0 0 I+A C ... 0
0 0 B I+A C
0 0 0 B I+A

is invertible provided [|A|[,|B]|,||C|| are small enough (independently
from the number of blocks: this follows from Gershgorin’s theorem, stating
that if R bounds the sum on any line of the off diagonal terms , the eigen-
values of the matrix are at distance less than R from the diagonal terms).
Under the above assumption (x), we have that

”Fg(l’,Y,q, P7f7?7qaﬁug> - ﬁg(.T,Y,q,P;T,?,g)Hcl S Cle

where

J4 J4
Fy(a,Y,q, P;2,Y,8) = > Fla;,Y;,¢,P,§) = > (x5 — 210, Y; — Vi)

j=1 7=1

Now let us for typographical convenience revert to (z,v,q,p) notation
instead of (z,Y,q, P). Let the generating function associated to ¥}, be given
by

Fi(z,y,q,p;€)

We thus have according to proposition [L.1]] a function h(y,q,p) and a
cycle I'(y, g, p) with the proper homology class such that

Fio(y,q,p:T(y,q,p)) < hilq,y,p)

where hmk—>oo hk (?/> q, p) = hoo(yv q, p)
Moreover I'(y, q,p) may be allowed to depend continuously on (y,q,p)
provide we allow the weaker inequality

Fr(y, 4,0 T(y,4,p)) < hi(q,y,p) + ax;(q,p)

where now x; is supported on Wf , a 0 neighbourhood of a grid in the
(q, p) variables. Note that we used proposition .11, in order to get rid of the
y dependence of .
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Then

Fk€<x7y7q7p; fuy7g) =

| =

!
D Fu(w 5 0,0,6) = (y5 — Yjens w5 — Ti4)
=1

will satisfy on

Toe = {(25,95,4.9,&) | (25,&) € Ti(yj,0,0)}

the inequality

Fk5<xuy7q7p;f7y7g) S

a

¢
> hily.q.p) + EX]'((LP) —(Tj = Tjr1, Yj — Yj+1)
j=1

~ |-

As before we choose the x; so that the intersection of 2m + 2 supports

supp(y;) Is empty.
Thus Fy, is bounded by the generating function of hx(y, ¢, p) plus 7. We
therefore get for all «, that

c(p, Wha) < ¢(p, Ua) + &

Finally, we may conclude the proof of theorem B.4 as in the standard case.

7 Proof of proposition

We shall limit ourselves to the case where homogenization is done on all
variables.
Now according to [Hu], if u1,us are given by ¢(1(q), Ly) and ¢(1(q), La),
we have
c(1(q), L1) — c(1(q), La2)| < v(L1, L2)

Thus if L1 = ¢1(A) and Ly = ¢o(A), we have
YL, L) < v(pr93 )
In our case, L = ¢, L = 7, we get
lur(t, q) —ult, q)| < (@i

Now we have according to the computation of lemma .9, that

kt——kt t——t

Y @) < kv(ppp ")
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Taking the supremum over ¢ in [0, 1], we get

sup v(erp ") <k sup v(o@ )
te[0,k] te(0,1]

thus impliying our estimate.

8 Non compact-supported Hamiltonians and
the time dependent case

8.1 The coercive case

Assume first that H (g, p) is not compact supported, and that H is coercive,
that is
lim H(q,p) = +o0

|p|—o0

Then let x : R — R be a truncation function, that is
(1) x is supported in [-2A, 2A4]
(2) x=Lon[A, 4]

We then consider x(|p|)H(q,p) = K(q,p), and denote by ¢ the flow of
H, ¢' the flow of K. Since ' preserves H, we have that if a(c),b(c) are
defined by

W = {(q,p) | Ip| <a(N)} € {(¢,p)H(q,p) <A} € {(a,p) | Ip| <DV} = W'D

Then ¢! sends W™ into W*™) thus, for A > b()\), we have ¢! = .
Since py, preserves W, we get that ¢! = p, '@ p, sends also W™ into
W™ and moreover coincides with ¢f on W,

The conclusion is given by the following result due to [Hu]

Lemma 8.1. Let ¢k, 1L be two sequences of Hamiltonian flows Let U C V C
Z such that for any t, pL.(U) CV, ¢t (V) C Z ¢Yp(U) CV and ¢}, = ¥} on

t

V. Then if v — limg_.0o ), = P and v — limy_oo ¥}, = @t we have

—t

v =%

on U.
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Proof. Indeed ¢} oty "(U) C W hence (¢} o1 ") v = Idy Now we claim that
if a sequence py, such that (p)y = Idy having y-limit p, then p,; = Idp.
Indeed this follows from [Hu] section 4.2. O

As aresult, taking c(A) = a(b(\)), we get that U = WV = WA 7 =
WeWN  the assumptions of the lemma are satisfied, hence the restriction of ﬂt
to U is independent from the choice of y.

Note that the condition that @t =" on U only implies that the gener-
ating Hamiltonians H, K differ by a constant.

Applying this to x1(|p|) and x2(|p|) we get that

Definition 8.2. Let H be a Hamiltonian such that

lim H(q,p) = +o0

|p|—o0

Then we denote by H the Hamiltonian equal to the common value of the K,
for A going to infinity.

Thus any autonomous proper Hamiltonian can be homogenized.

Proposition 8.3. The map A from %(T*T”) to C°(R™) extends to a map
defined on the set of coercive Hamiltonians, i.e. such that limyy . H(q,p) =
+00

Consider now a 1-periodic Hamiltonian H (¢, q,p) on T*T™ and consider
the Hamiltonian K(¢,7,q,p) = 7 + H(t,q,p). This new Hamiltonian is
not compact supported, but, considering the function y as defined above,
K, (t,7,q,p) = x(7)(t + H(t,q,p)) is compact supported.

The same argument as above show that K, can be homogenized, and the
limit K, is of the form 7+ H(p) on || < A.

Remark 8.4. Note that we may also use the distance 7 defined by

Y(p,id) = sup{y(p(L),L) | L € L}

and we may also define the weak limit as ¢ = limy ¢y, if and only if for any
L in £ we have

limy(pr(L), (L)) =0

We may now consider applications of the non compact situation to homog-
enization for Hamilton-Jacobi equations. Indeed, let us consider a Hamilto-
nian H (¢, ¢, p) and a function f of class C!, and ' its flow. Since the graph of
df is bounded, we may truncate H, in such a way that ¢'(I'y) is unchanged.
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Thus H is now compact supported, and we get a function us(¢, x), and we
get that the solution uy (¢, x) of

Dup(t, q) + H(kt, kq, Zug(t, q)) =0
_ { u(0,q) = f(q) ’

converges to the solution %y of

u(0,q) = f(q)

If fis only C°, we need to consider a sequence f, converging to f. Since

(H7) { 2u(t, q) + H(Lu(t,g)) = 0

Lemma 8.5.

[T — TUgleo < |f — gleo
Proof. Indeed, let ¥ be a Hamiltonian diffeomorphism of T*N such that
U(As) = Ay, where Ay = {(z,df(z)) | + € N}, and such that y(¥) <

|f = gleo.
Then the function uy is obtained as ¢(1(x), ¢*(Ay)), and we have

lc(1(z), ' (Af)) — c(1(z), ¢ (Ag))| = le(L(z), ¢ (Af)) — c(1(z), " T (Ay))] <
le(1(z), " (Ay) = "W (Ap))] < Je(1(x), Ay = U(Ap))| < v(Ap, U(Af)) <
Y(¥) = |f — gleo

8.2 The non coercive case

Assume for example that

H($1,9€27P17p2) = h(p17p2)

outside a compact set. Notice that the Poisson brackets, { H,p1} = {H,p2} =
0 outside a compact set, therefore {H, |pi|? + [p2|*} = 0 outside a compact
set. The flow ¢! of H will then remain inside a bounded domain W* for X
large enough. We may then use the same truncation method as above, and
infer that we may homogenize H:

Proposition 8.6. Let H(x1,xo,p1,p2) = h(p) outside a compact set. Then
we have a homogenization operator A with the same properties as in the
compact supported case.
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Corollary 8.7. Assume uy is a variational solution of Hamilton-Jacobi equa-
tion (HJy). Then the sequence uy, converges uniformly to u solution of (HJ).

Remark 8.8. By an approximation method, this will work for any hamiltonian
such that

lim [H(q,p) —h(p)| =0

|p|—o0

9 Homogenization in the p variable

9.1 Partial Legendre transform

Let A be some Lagrangian submanifold Hamiltonianly isotopic to the diago-
nal in T*(T™) x T*T™.

We may consider A as a graph over the diagonal: it has a G.F.Q.I. of the
form S(q, P, &), so that

oS

0
@ PO.q+ 9 (1. P€).P)| (¢.P) e T'T")

A= {(q.P—
{(q, R

But we may consider A as a Lagrangian in 7*(7T™ x T™) and as such, it
may have a G.F.Q.L. in the (¢, Q)) variables, that is

OF OF —
L={(q, —8—q(q,Q,n),Q, -=(0:Q,m) | (¢,Q) € T" x T}

oQ

where T™ x T™ is the covering of T" x T™ such that ¢ — ) is defined in
R"™.

We may say that S and F' are Legendre dual to each other. Note that
while in the case without fibre variables, Legendre duality is a map, here it
is only a correspondence, since the G.F.Q.I. are not unique. If F' is a convex
function in ), we have

S(q, P) =sup{(p, Q) — F(¢,Q) | Q —q € R"}

Note that the use of F'is more convenient when we must find a generating

function of ¢(L). Indeed, if S1.(q,¢) is a G.F.Q.L for L, then

S@(L)(Qa q, ga 77) - SL(Q) 5) + F(qv Qa 77)

is a G.F.Q.I for ¢(L).
Let us consider the sequence H(z,k - p). Its flow is given by

t —1 kKt
Q/szak Y Ok
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where 0y(q, p) = (¢, k- p).
Note that here oy is a bona fide map on T*T™, so that we do not have to

invoke covering arguments. Since o}, satisfies ojw = %w, we get, that

B 1
v(oy, ' oy) = E’V(@“)

There is a priori no limit for the sequence o, 'p*oy: indeed if ¢! is the
flow of H(p), o, '¢**o), will be the flow of H(kp). However let us write
Tk(qap) = (k " T, %)a then

t -1 Kkt _—1 —1 Kkt 1t
Yy =0, 0k =Ty P P PKTR =Ty PrTk

Now
Y(rp ") < ext
thus

v (7 o) (78 ') = (7 ek w ) m) = (ke ) < et

Now since 7, '% ‘7, is generated by H(k - p), we do not get a limit for
H(x,k - p) but we get:

Proposition 9.1.

lim y(H (k- p), H(k - p)) = lim (¢4 77") =0

k—o0

In spite of the fact that H(k - p) has no limit as k& goes to infinity, this
has a number of applications.
First, let us consider the standard parabolic Hamilton-Jacobi equations

{ srult:a) + H(g, gru(t,q)) = 0
u(0,q) = f(q)

Set ui(t,q) = zu(k - ¢,k - x), then uy, satisfies the equation

{ grue(t, @) + H(kg, gt q) = 0
u(0,9) = 3/ (kq)

and since H (kq, p) converges to H, we get that
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that is ;
_ q
t,q) ~ ku(—, -

where %(t, q) is solution of

{ Su+ H(5u(t,q))
u(0,q) =0

Since the solution is given by

a(t,q) = —tH(0)

we get

u(kt, kq) = —ktH(0) + kug(t, q)

where v, goes to zero with k, since so does v(H(kq,p), H) and the initial
condition is of the order ;.
In other words,

u(ta Q) = —tﬁ(O) + w(t7 q)

where w is bounded.
The sequences of Hamilton-Jacobi equations

(HJ) Sult,q) + H(kq, Zu(t,q)) =0

(HJ}) du(t,q) + H(q, kZu(t,q) =0

We shall assume H is smooth for simplicity. Note that if we set uy(¢,z) =
vk(t, kx), then if vy is a solution of (H.J;), we have that u; is a solution of
(HJ},). Indeed, let Ly be the geometric solution for (H.Jy), then the image
of Ly by the map

%, kp)

is a geometric solution for (HJ;). Note that if the initial condition for vy is
given by f(x), then the initial condition for wy is given by f(kz). However
if wy, is a variational solution for (H.J;) with initial condition g(x), then,

according to lemma .5,

(t7 T, qap) B (t7 T,

|wi(t, 2) — ui(t, )| < sup. l9(z) = f(kx)| < llg = fell < llgll + 1171
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Now
|uk(ta ZL‘) - ﬂ(ta ZL‘)| < et

so that vg(t, kx) is approximated by @(¢, x). In other words,
_
vk(ta ZL‘) = U(t, E) + 0(1)
Thus

g (t, ) + LH(0)] < [a(t, =) + tH(0)] + |u(t, -

A E) —u(t,

1 —
lim ;vl(t,:c) =—H(0)
Proposition 9.2. Let u be a variational solution of

Du(t, q) + H(g, Zu(t,q)) = 0
) { 3(0, q) = f(q) ’

then 1
lim —u(t,q) = —H(0)

t—oo ¢

9.2 Connection with Mather o function

The « function has been defined by Mather for a Lagrangian L(z,£) as

) = i int { [ £0t.a(0)4(0)dt — (1 = au) [0(0) = 0ca(T) = 1}

T—o0
As a special case, we may show

Proposition 9.3. Let H be the Legendre dual of the Lagrangian L, i.e. H
15 strictly convex in p and

L(t, 2, &) = sup {(p, &) — H(t,q,p)}-
Then

() = fim ot {1 [ L0004t~ (1 = au) [ a(0) = 0ca(T) = 22}

T—o0
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Proof. 1t is enough to consider the case p = 0. Then let
Pe=A{q:[0,1] — M| q(0) = zo}
and 7 : P, — M the map ¢q — ¢(1).. Let
t
Eo) = [ Llates) ties))ds
0

defined on P, and consider F; as a G.F.Q.I. . We shall write (x1, ¢)to remind
the reader that 7(q) = q(t) = x;.

Now
DEana) = [ | Getates) ites) — 5 5 ates) ies) | autas)as
S aO.4(0)30(0) = S a(0),16(0)6900)

Setting oL
p(t) = 8—5((1@)7&1@))

we get (z1, ‘g—flt) = (x1,p1) = ¥'(x0,0). Therefore E; is a G.F.Q.L of ©'(0y).
and since

inf{Ey(z,q) | ¢ € P,q(1) = o} = c(1(2), Er) = up(x)

is a geometric solution of HJ, we have, as proved in

1
tlim guL,t(a:) = —H(0)

10 Some examples and applications

10.1 Homogenization of H(t¢,q,p) in the variable ¢

Applying the above in the case of partial homogenization, we see that we may
associate to a time-periodic Hamiltonian H (t,q,p) an autonomous Hamilto-
nian H(q,p). However, this is nothing else than

_ 1 (T
H(q,p)Zf/ H(t,q,p)dt
0

47



Indeed, if H(kt,q,p) has flow ¢, we have

lim ¢} = o'

k—o0

in the C° topology, where @ is the flow of

1 T
T/ Xu(t,q,p)dt = X4(q, p)
0

by the fundamental theorem of classical averaging. Since C° limit implies v
convergence, we get our claim.
10.2 The one dimensional case: 1[p|* — V(z)

In [[=P=V]}, the case H(q, p) = 1[p|*—V () is explicitly dealt with, in the case
V' is bounded from below. We shall see here that this follows immediately
from property of theorem B.3. Indeed, we have, assuming V' > 0 is
one-periodic

Hp)=0 i |p| < [} (V(2)"2de

H(p) =X\ where A solves |p| = fo )+ ) V2 d it | > fo (z)dz

Indeed, this follows immediately from theorem B.2 property [3].
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10.3 Some computations

Figure 2: The red set is the complement of the support of the Hamiltonian
H(q,p).

Figure 3: The red set is the complement of the support of the Hamiltonian
H(kq, p)-

We let H be a Hamiltonian vanishing on the complement of the red set in
figure 2, and equal to one in the complement. We claim that H(p) for p in
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[—2,2].

Indeed, we see that a clever path in the labyrinth of figure 3 will have
any possible Liouville form. Thus, we have L € £, contained in Hy = 1 for
any p in [~1,1]. As a result, H(p) > 1 for any p in [~1,1]. Since obviously,
H(p) = 1 for |p| € [1,2], we get H(p) = 1 on [-2,2] while H(p) = 0 for
p| = 2.

Remark 10.1. This example can be easily adpated to get Homogenized Hamil-
tonians taking more than two values.

10.4 Homogenized metric and the Thurston-Gromov
norm

First consider the case where H generates the geodesic flow of g, even though,
since H(q,p) = |p|§, H is not compact supported (but we shall prove that
it may be extended to this setting). Then Hj, generates the geodesic flow of
the rescaled metric by the covering map

IS — ™
q — kq

of degree k.

It is well known that if d is the distance defined by ¢ (i.e. d(z,y) is the
length of the shortest geodesic for g connecting x to y) and dj the one defined
by g (corresponding to Hy), we have

1

and

lim d =d
where d is the metric associated to some flat Finsler metric g. It is well
known that g, does not converge to g in any reasonable sense, except for the

convergence of minimizers of the associated energy functional

1
By = [
This is connected to the notion of T'-convergence (cf. [Dal M|, [Bd]). In
particular we easily see that the length for dj, of the shortest closed geodesic
in the homotopy class a (in Z"), ¢x(cv), converges to the length for d of the
shortest closed geodesic in the homotopy class a, £(«).
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Indeed,
(o) = inf{dg(z,z+ ) | x € R"}

and since dy(x,r + «) converges uniformly to d(x,z + a), and x needs only
to vary in a fundamental domain of the covering of the torus by R", we get
that

lim lp(a) = () .

j—+oo
Now it is well known that in the class « there is a second closed geodesic,
obtained by a min max procedure. If we denote by

le(er, B) = inf {sup{di(z(t), z(t) + ) | t € [0, 1]} | [=(t)] = B in m (T™)} .
and similarly for ¢(c, 3), do we have

lim £ (a, B) = e, B)?

k—+o00

The methods of our theorem imply a positive answer, since

(e, 8) = ela A B, E)

Note that the analogous statement cannot hold for the whole length spec-
trum of g, (i.e. the set of lengths of closed geodesics), as it is easy to construct
examples for which the length spectrum of g, becomes dense as k goes to
infinity i.e. for any A € R, and § > 0 there is kg in N such that for all & > k&,
Spec (gr) VA =8, X+ 6] # 0.

11 Further questions

We could try to compare the homogenization point of view withe the KAM
point of view: consider the Hamiltonian Hy(p) + €¢H1(q,p) = H:(q,p). The
question is to compute the symplectic homogenization of H..

As was pointed out by Sergei Kuksin, the type of homogenization or av-
eraging described here is a kind of “dequantized averaging”, in the sense that
usual homogenization is concerned with the limit of the “quantized Hamil-
tonian”, H(%, D,) as € goes to zero. Here we deal directly with H(Z,p) the
“classical Hamiltonian”. It is natural to ask whether in the framework of the
above section, the laplacian associated to the homogenized metrics converges
to some operator. This is true according to I'-convergence classical results
([B1]), the limiting operator is A.. But this is not the Laplacian of the
metric go. First of all g, is not riemannian, but only Finslerian. Moreover,
it seems that g, detects changes in the metric on small sets: typically a
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three torus with a metric made small along three lines in three orthogonal
directions will have a much smaller g, than one without such “short direc-
tions“. But the Laplacian does not detect this, since the Brownian motion
will not see such lines. So the only reasonable question is whether the metric
Joo determines the Laplacian A,.

One may ask a more general question, that is

Question 11.1. Assume H, converges to H for the c-topology. Does the
spectrum of the operators H,(z, D,) converge to the spectrum of H(x, D,)?

Finally in a publication in preparation, we shall explain the connection
between the above homogenization and the self-tuning of oscillators.

Appendix A: Capacity of completely integrable
systems

Let ¢! be the time on flow associated to the Hamiltonian h(p) defined on
T*T™. Our goal is to prove the following

Proposition A.1.

ci(p1) = suph , c(p1) = igfh
p

osch = 7(p1)

Proof. Set ©'(q,p) = (Qi(q,p), Pi(q,p)), then the graph of ¢; defines a La-
grangian submanifold I'; in 7% (7™ xR") as the image of (6,r) — (%Qt , it
Ry, Q — q). Note that even though @, is in T™, (); — ¢ has a unique deter-
mination in R™ which is continuous in ¢ and equals 0 for t = 0. The same

argument allows us to define %Qt =q+ %.

Moreover, if we set z = €2y =P £ =p_ P pn=@Q, —q, the

symplectic form is given by d€ A dx + dn A dy. In our case, where ¢, is the
flow of a “standard” integrable system, we have

t
Ty = q+ §hl(p) Y =p & =0 ne = h'(p)

Thus if we set fi(z,y) =t h(y), we have
0 0
& = %ft('ruy) o e = 8—yft(x7y)
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that is f; is a generating function of I'; with no “fibre variables”. It is then
easy to see that

ciler) = swpfy . e (@) = intfy

v(¢t) = sup f; —inf f;

Since fi(z,y) = h(y) this proves our proposition.

]
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