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Abstract

This paper studies the design of a static output feedback
controller for nonlinear systems described by multiple model
approach. Motivated by quadratic stabilization result developed
for parallel distributed compensation (PDC) controller, an Qutput
PDC (OPDC) controller that corresponds to a nonlinear static
output feedback control law is proposed. Both stabilization and
pole placement are addressed, firstly by a cone complementarity
formulation of the problem and secondly by transformation to
linear matrix inequality (LMI) problem. An example is given to
illastrate the results.

Keywords: Multiple model approach, nonlinear systems,
regulators, Lyapunov method, complementarity problem, LML

1 Introduction

There have been several recent studies concerning the stability
and the synthesis of controllers for nonlinear systems described
by Takagi-Sugeno models [14]. There has been also an increasing
interest in the multiple model approach [17,13] which also uses
the T-S systems to modeling. Many of these studies use a
quadratic Lyapunov function and PDC technique [1] to derive
sufficient conditions for the stability and stabilizability
[T1[SH6M13](16]1[18]. The stability depends on the existence of a
common positive definite matrix guarantying the stability of all
local subsystems. The gain of the PDC control which is a
nonlinear state feedback controller, can be expressed as the
solution of a linear matrix inequality (LMIs}) set [18]. Recently a
number of control law have been derived from the PDC
controller [41{7](11]. For example, a Dynamic PDC (DPDCY,
which is a dynamic nonlinear control law, is used to stabilize a T-
S model [7] while in [4] a Proportional PDC (PPDC}) controller
which allows to reduce the number of parameters in PDC
technique is presented. In [21] a dynamic output feedback
controller is proposed for continuous-time T-S systems and in [8]
a static output feedback control for switching discrete-time
systems is studied. LMIs constraints for pole assignment in LMI
regions [12] to achieve desired performances are considered in
[2](9] for PDC controller and also in {15] for static output
feedback control law.,

In this paper, the LMI approach is used to develop a static output
feedback controller for nonlinear systems described by T-§
models. We propose an Qutput PDC (OPDC) controller which is
useful when only the output of the system is available. Using the
quadratic Lyapunov method, sufficient conditions for the global
asymptotic stability are derived in LMIs form for OPDC
controller.

This paper is organized as follows. Section 2 and 3 recall
previous results. Section 4 deals with the OPDC stabilization,
firstly by a cone complementarity formulation and secondly by
transformation to LMI problem. LMI formulation for pole
placement is also considered for this last formulation. Numerical
example is given in section 5 to iflustrate the result.

Notation: In this paper, we denote the symmetric positive definite

matrix X by X >0, the transpose of X by X7, the conjugate of
ze C by 7 and the Kronecker product by ®.

2 T-S continuous models

A T-S model is based on the interpolation between several LTI
local models as follows:

x(ty= iu:(z(t))(ﬁl,-x{f) + Bu(t)) ' 1)
i=1

where n is the number of sub-models, x(f)eR¥ is the state
vector, u(t)eR™ is the input vector, 4, e RP?, B; e RP™ and
z() e RY is the decision variable vector.

The cheice of the variable z(¢) leads to different class of systems.
It can depend on the measurable state variables and possibly on
the input. In this case, the system (1} describes a nonlinear
system. It can also be an unknown constant valtue, system (1) then
represents a linear differential inclusion (LDI)[18]. This variable
can also be a function of the measurable outputs of the system,
this case will be considered in the section 4.

The normalized activation function ;(z(1)) in relation with the
 sub-model is such that:

Szt =1
E]P» 1) @

Hiz)20 Viefl,...n}
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The global output of T-§ model is interpolated as follows:

¥y =T W NGx() 3
i=1
where y(f) € R is the output vector and C; € R*%. More detail

about this type of representation can be found in [1}{14]. It
should be point out that at a specific time, only a number s of
local models are activated, depending on the structure of the
activation functions y,(.).

3 Previous results

The PDC controller [1}{6], which is nonlinear in general, is
described by:

u(r) = 3 AK;() o)
=]

Substituting (4) in (1), we obtain the closed-loop continuous T-$
model: :

0= 3, 3O DA ®)
i=1j=1

where

A=A +BK; )

For PDC controller design, it is supposed that the system (1) is
locally controllable, ie. the pairs (A, B), Vief{l,...n} are
controflable.

The stability conditions for system (5) are formulated by thearem

1 and for less of conservatism by theorem 2. In order to simplify -

the notation of the forthcoming equations, lets us denote:

- ~ 5T ~ ~
~ Ay + Ay Ay + Ay
L(Afj,P)=[ 'f; f’) P+F{-—"’; f‘) 6

Theorem 1. The closed-loop continuous T-S model described by
(5) is globally asymptotically stable if there exist a symmetric
matrix P >0 such that

LA, P)<0 Viefl,..n} (8a)
LA, P)<0 Vi< jefl,..n} _ (8b)

and 1, (z(tu; (=(2)) = 0,

Proof: see [1] »

For less of conservatism, the following constraints take into
account the number of local models s simultaneously activated

n:
L&, P)+-DR<0 Vie{l..n} 92)

Y4, P)-R<0 Vi< jefl..n} (9b)

Where R is a symmetric semi-definite positive matrix. In the
PDC technique, which is a state feedback law, the conditions (8)
and (9) are easy to convert into an LMI problem [1].

4 Static output stabilization using OPDC

In the sequel, we assume that z{r} is a function of the measurable
outputs of the system, z(t)=h{y(r)) and the following
assumption holds:

Assumption I : The matrix C; = C,V i€{),..,n} is full row rank

The OPDC is a nonlinear static output feedback which shares the
same activation functions as the T-S mode] (E):

n
w(ty = TN ()Fy() (10)
i=1
where F}elk’”" is the local output feedback controller to
determine. :

Taking into account the expression (10), the closed loop model
(1) becomes: .

0= 5 SO VA (1n
i=1j=1

where )

Ag = A+ BFC, Vi, je{l, n} (12)

The synthesis of OPDC controller for T-8 model can be done
using the results (8) and (9) by simply replacing ff,j by ij . We
obtain respectively:

L{A;.P)<0, Vie{l,..n} : {132)
L{a;,P)<0 Vi<je{l,.n} (13b)
and

L{Az P)+{s-DR<0, Vi&{l,..,n} (142)
LA; P)-R<0 Vi< je{l..n} (14b)

However the obtained equations are no longer linear with regard
to the unknown matrices P and K, Vi€{l,...,n}. So, the solution
is not guaranteed to belong to a convex domain and the classical
tools for solving sets of matrix inequalities cannot be used. It
constitutes the major difficulty of output feedback design.

In the following, sufficient conditions are given to ensure
asymptotic stability of (11), firstly by transformation to cone
complementarity problem in section 4.1 and secondly by
variables changes in section 4.2.

4.1 Cone complementarity formulation
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Constraints (13} give sufficient conditions for global asymptotic
stability of (1 1), But they are BMIs in P, and F, ¥ ie{l,...n} and
hard to linearize. However, it is possible to solve the problem
locally by using iterative methods. For example the path-
following meihod to locally solve a BMI is proposed in [10] and
used in [§3]. For the global resolution of BMis one will consult
the reference [19].

Another way to deal with the static output feedback contro! for T-
S models is to transform the synthesis of the output feedback into
a cone complementarity problem. Consider the following LMI
constraints of the form

v I
F(V.W,Z)=0, 20 s
wwayzo. (L)
where V,W are symmetric matrix variables of same size, Z is
matrix variables and F()) is a symmetric matrix-valued, affine
function. The corresponding cone complementarity problem is
Minimize Tr(VW) subject io (15)
This section proposes an algorithm based on a cone

complementarity problem [3]. The method uses the following
lemma.

Lemma 1 (Elimination lemumna, [18])

Let GERPP,UCRP™ and VeRP!'. Let & and V be
respectively the orthogonal complements of U/ and V ie. for U,

0T =0 and the matrix (U (7) is of maximum rank. Then the

following three propositions are equivalent:

i) G+UxvT + vxTuT 20, holds for some X e R™
iy TGl <0 a VTGV <0
" if) G-owWi <0 e G-oUU? <0, holds for some
celR. |

A- Controller elimination:

In the following, the procedure elimination uses only the
equivalence between the 1% and the 3™ proposition. The
constraints (13a) can be rewritten as follow

GP)+U(PVEVT + VETU(P) <0 (16}
with
G(P)=ATP+PA, UP)=PB,, V=0T

Applying the elimination lemma to (16), we obtain after
elimination of the variable K

ATP+PA -6, PBBIP<0 (17a)
ATP+PA—G,CTC<0 (17b)

To guarantee equivalence between the 3 propositions of lemma 1,
we must respect the strict form of these inequalities. Indeed, by
applying the same procedure of elimination as before to the strict
form of (13b), we obtain after elimination of the variable F

T
(A;+ A; + BF,C) P+ P{A;+ A; + BF,C)~ o;PB;B] P <0(18a)

(4 +4;+ B,-ch)rm P(A; +A; + BF,C}-0;CTC<0  (i8b)

In the same way we obtain after elimination of the variable F; of
(18):

(A" + AJ)TP * P(Ai + Aj)_ o;PB;B] P-G;PBB P<0
{4 +4;) P+ P(4;+ 4)) - 0;PB;BI P~ 5yCTC <0

(4 +4,) P+ P(A + 4;)—0,CTC-5,;PBBT P <0

(4 +Aj)TP+ P(4; + 45}~ 0,CTC-T,CTC<0

(19
Applying the Schur complement [18] to (19) and multiplying
(17a) in the left and the right by @ =P, we obtain from (19)

and (17) the following system which is equivalent to the strictly
form of (13):

oAl +A0-0.88] <0

AlP+PA-0,CTC<0

oA+ Aj)T +{A; +A})Q-0;BBT B <0
BT ¥l

T
04+ A;) +(4; +4))0- 0,887 QCT]<0 (20a)

cQ _ Vi

(A,-+A_,-)TF+P(A,~+Aj)—GUCTC PB | .o
BTp vl

(4 +Aj)TP+P(A,- +4;)-0;CC CT]< 0

Vi< je{l,..n} and w2 (z() = 0

PO=1 (20b)

Where e RP? is the identity matrix. It should be noted that
conditions (20a) are LMIs in PeR??, Qe R?¥® and scalars

~ ~ oyl — 1 . ,
6, 0y V; =(c,-j) . Yy =(G,-j) but the equation (20b) is non
convex. This equality can be enforced by imposing Tr(PQ)=p
with the additional constraint

'[P 1]20 ' Q2n
I @

To solve such a problem a convergent algorithm is proposed in
[3}. ‘This heuristic is based on a linear approximation of Tr{PQ)
by Tr(FyQ + QpF) where Fy and @y is a particular solution of the

LMI constraints (20a)-(21) (see Annex). We then obtain the
following cone complementarity problem:
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Minimize Tr(RyQ + QuF) subject to (20a)-{21} (22)

B- Controller reconstruction:

Assuming that P and Q satisfying (22} are founded, we can now
compute an appropriate controller by solving the LMI problem
(13)in F,V i€{l,..,n}. Which allows us to propose the following
result.

Theorem 2. Suppose that there exist symmetric positive definite

matrices PeR?? and Qe R such that the objective (22) is
achieved such that Tr{FQ+QyP)=2p. Then there exist a

n
nonlinear output feedback u(f)= Zu,-(z(l))f'}y(r) that stabilises
i1

globally asymptoticaily the T-S§ model (11) where F is the
solution of LMIs (13). =

The numerical example given in section 5 illustrates the method.
It is significant to note that the transformation of the constraints
(14) into a cone complementarity problem is not direct and
requires additional nonconvex constraints due to the presence of
the matrix R.

4.2 LMI formulation for synthesis

in the following we present another method to tramsform the
BMIs conditions (13) and (14) in P and F,Vie{l,..,n} into
LMIs conditions which are used to design directly a stabilizing
OPDC.

Theorem 3. Suppose that there exist matrices N;, M and © such
that '

Q0=0
oaf + 4,0 +CTN] BT + BN,C <0 (232)

0(a,+ A7) +(4+4;)0+CT(NTET + N Bl )+

(BN, +B;N,)C=<0 (23b)
with
CQ=MC (23c)

Vi<je{l,..,n} and Hilz(thp(z(£)) # 0. Then there exist a
n

nonlinear output feedback u(r)= Eu,-(z(r])F}y(r) that stabilises
i=

globally asymprotically the T-S model (11} with
-1
F= NfCCT(CQCT) vie{l,...n} (24)

Proof : The inequality {13a) is equivalent to
Q4+ BECT +(4; + BECQ <0 (25)
where P71 = Q> 0. With the changes of variables

CQ=MC and EM =N, 26)

The inequality (17) becomes
oAl + A‘.Q+(B,~N,<C)T +BN,C<0 27

The LMIs (23b) are obtained from (13b} using the same changes
of variables (26). Since the matrix C is assumed full row rank,
we deduce from (26) that there exist a non-singular matrix

~1
M=CQCT(CCT) " and then K= N;M ™. ]

For less of conservatism the following result tack into account the
number of local model simultaneously activated (s).

Theorem 4. Suppose that there exist matrices N;, M, § and 0
such that

0>0,520

AT + A0+ CTNT BT + BNC+(s—1)§<0 (28a)

o(a; + A)" +{+ A;)0+ CT(NTBT + NTBT )+

(BN, +BN,)C-2550 (28b)
with
cQ=MC (28¢)

Vi< jefl..,n} and n(z(OM;((0)}# 0. Then there exist a
n

nonlinear output feedback (1} = E].l,-(z(t))F}y(t) that stabilises
i=1

globally asymptotically the T-S model {11) where F, is defined in
243,

Proof : 1t can be easily e‘stablished using the same step as theorem
3.

Remarks:

1. Since C is assumed full row rank, to respect constraint (28¢)
it suffices to impose particular structure to matrix Q
dependent on matrix C.

2. In case where F;=F,Vie{l,..,n} the synthesis of linear

static output feedback w(r)= Fy(z) can be reduced to find
matrices N and Q such that ¥ ie{l,..,n}:

T TaT T
(QA; +AQ+CTNTBT +BNC 0O Jd’ 29)

] -0
with CQ= MC (30)

3. Another control law derived from OPDC controller which is
useful when the input matrices are linearly independent, i.e.
B;=0,B,0;>9, ie{l...n}, is considered in {I5]. The
modified OPDC control law has the form

R M 1
u(ty = Epf(z(r))a,-ﬁy(r)(Eu;(z(t))ai) and leads to less
i=l i=1

conservative stability conditions than the above results (see

[15]).
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4.3 LMI formulation for pole-placement

In order to achieve some desired transient performance, a pole
placement should be considered. For many problems, exact pole
assignment may not be necessary, it suffices 10 locate the pole of
the closed loop system in a sub-region of the complex left half
plane [2][12]{20]. This section discusses a pole assignment in
LMl regions.

Definition 1 [12]. A subset D of the complex plane is called an
LMI region if there exist a symmetric matrix o = ((x,-j) e RP¥and

amatrix §= (Bu) € R¥¥ such that D={z e € fp(z) < {)}

where fp{z)= (U-ij + ﬂ,‘jZ*‘BﬁZ), v f,jE{l,..,p}.

Theorem 5 [12]. A mawix A is D-stable if and only if there
exists a symmetric positive definite matrix X such that

Mp(A, X)<0

where Mp(A, X)=a® X +B®(AX) + B7 ®(AX)" []

For example, z disk region D, centered at (—g,0) with radins
r >0 can be obtained by taking the matrices o and § as follows:

-r g 01
o] (2]

which give the expression of this sub-region:

fD,,(Z)=( 7 ”q) a3

i+q -r

As 1t is shown in figure 1, this region which include conic region,
allows to fix a lower bound on both the exponential decay rate:

—q+r and the damping ratio: &gy = 41— P ig° (r<g) of the
closed-loop response

Sm
A

Re

Figure 1. Disk region D

Since the prescribed LMI region (31) will be added as
supplementary constraint to these in (23) and (28) it should be
noted that it only suffices to locate the poles of the dominant term
in the prescribed LMI regions, i.e. the case of i =j. It follows
that the system (11) is D, -stable if there exists a matrix ¢>0
such that

g0+ AiiQJ <0 32)

-rQ
qQ+QA; 10

With the same changes of variables (26), the equation (32) Jeads
to the following LMI formulation:

-rQ qU+AQ+BNCY ;
q0+0AT +(BN.C) —Q <0 (33)
5 Numerical example
Consider the T-S model (1) where s=n=2
=270 M e=p 0] (34
e P B = ol —[ a)
I | c=[1 0] 34b
2=, ot B = ol €= (34b)
1—tanh{y{s) 1+ tanh{{r}
Wy = L——z(—)) Ha (30} = (—2(—)) (34c)

e  The resolution of the cone complementarity problem (22)
with the convergent algorithm given in annex allows to

compute :
pe 0.1361 00352} (7389 -0.1666 35)
“l00352 1.559 2= 01666 06450

which verify the constraint (20b) i.e. PQ=1.

With P defined in (35), the synthesis of the static output
controller is obtained from the feasible LMIs (13) in
EVie{l,.,n}:

F=-7.1128, F; =-22239 ' (36}

Example of simulation of the closed loop T-S model (34) is
presented in figure 2 with the stabilizing OPDC control law

u(r):(pl(y(r))ﬁ +1.1-_,(y(r))F2)y(r) and K and F, are
defined in (36).

o To compute the stabilizing OPDC controller by using the
results of section 4.2, the matrix. @ must be diagonal
accordingly of the remark 1 and the structure of C given in
(34). This constraint is shown to be conservative for certain
examples.

6 Conclusion

This paper presents static output feedback controller for nonlinear
system described by T-5 models. We have shown that the OPDC
controller can be designed by two methods, The first one applies
a cone complementarity formulation while the second uses a
direct convex formulation of the initial BMIs problem. Also pole
placement in LMI form is considered for the second method. It
should be noted that the cone complementarity formulation is less
conservative than the second formulation. The cause of the
conservatism of the second methed is due to the assumption 1 (€
is full row rank). This assumption requires a particular structure
for the matrix @ and consequently to the Lyapunov function

v{x(0) = x()" 07'x(1).
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Annex : Linearization algorithm [3]

I. Find a feasible point B, and @ that satisfy the LMI

constraints {20a)-(21). If there are one, exit. Otherwise set
k=0.

2. Set Vp=F, W, =0, and find P ;.0 that solve the LMI
problem:

Minimize Tr(V,Q + W, P) subject to (20a} and (21).

3. If the objective has reached a stationary point, stop.
Otherwise, set k =k +1 and go to step 2.

This heuristic is guaranteed to converge to a stattonary point. For
more detail about this algorithm see {3].

10 . . :
5 -4
=
0
0 0.5 1 15 2 25 3 35 4
15 . . -

3.5 4
1m A 1 L 1 i 1 1
() 05 1 15 2 25 3 35 4
1
Figure 2. Closed loop model (34) with x(0) = (10, 0.5)
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