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◆♦♥❤♦♠♦❣❡♥❡♦✉s ❜✐❤❛r♠♦♥✐❝ ♣r♦❜❧❡♠ ✐♥ t❤❡

❤❛❧❢✲s♣❛❝❡✱ Lp t❤❡♦r② ❛♥❞ ❣❡♥❡r❛❧✐③❡❞ s♦❧✉t✐♦♥s

❈❤ér✐❢ ❆♠r♦✉❝❤❡✱ ❨✈❡s ❘❛✉❞✐♥

▲❛❜♦r❛t♦✐r❡ ❞❡ ▼❛t❤é♠❛t✐q✉❡s ❆♣♣❧✐q✉é❡s ❞❡ P❛✉

❈◆❘❙ ❯▼❘ ✺✶✹✷

❯♥✐✈❡rs✐té ❞❡ P❛✉ ❡t ❞❡s P❛②s ❞❡ ❧✬❆❞♦✉r

■P❘❆✱ ❆✈❡♥✉❡ ❞❡ ❧✬❯♥✐✈❡rs✐té ✕ ✻✹✵✵✵ P❛✉ ✕ ❋r❛♥❝❡

❆❜str❛❝t

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ st✉❞② t❤❡ ❜✐❤❛r♠♦♥✐❝ ❡q✉❛t✐♦♥ ✐♥ t❤❡ ❤❛❧❢✲s♣❛❝❡ R
N
+ ✱ ✇✐t❤ N ≥ 2✳

❲❡ ♣r♦✈❡ ✐♥ Lp t❤❡♦r②✱ ✇✐t❤ 1 < p < ∞✱ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss r❡s✉❧ts✳ ❲❡
❝♦♥s✐❞❡r ❞❛t❛ ❛♥❞ ❣✐✈❡ s♦❧✉t✐♦♥s ✇❤✐❝❤ ❧✐✈❡ ✐♥ ✇❡✐❣❤t❡❞ ❙♦❜♦❧❡✈ s♣❛❝❡s✳

❑❡② ✇♦r❞s✿ ❇✐❤❛r♠♦♥✐❝ ♣r♦❜❧❡♠✱ ❍❛❧❢✲s♣❛❝❡✱ ❲❡✐❣❤t❡❞ ❙♦❜♦❧❡✈ s♣❛❝❡s✳
❆▼❙ ❈❧❛ss✐✜❝❛t✐♦♥✿ ✸✺❉✵✺✱ ✸✺❏✸✺✱ ✸✺❏✹✵✳

✶ ■♥tr♦❞✉❝t✐♦♥

❚❤❡ ♣✉r♣♦s❡ ♦❢ t❤✐s ♣❛♣❡r ✐s t❤❡ r❡s♦❧✉t✐♦♥ ♦❢ t❤❡ ❜✐❤❛r♠♦♥✐❝ ♣r♦❜❧❡♠ ✇✐t❤
♥♦♥❤♦♠♦❣❡♥❡♦✉s ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s

(P)















∆2u = f in R
N
+ ,

u = g0 on Γ = R
N−1,

∂Nu = g1 on Γ.

❙✐♥❝❡ t❤✐s ♣r♦❜❧❡♠ ✐s ♣♦s❡❞ ✐♥ t❤❡ ❤❛❧❢✲s♣❛❝❡✱ ✐t ✐s ✐♠♣♦rt❛♥t t♦ s♣❡❝✐❢② t❤❡
❜❡❤❛✈✐♦✉r ❛t ✐♥✜♥✐t② ❢♦r t❤❡ ❞❛t❛ ❛♥❞ s♦❧✉t✐♦♥s✳ ❲❡ ❤❛✈❡ ❝❤♦s❡♥ t♦ ✐♠♣♦s❡
s✉❝❤ ❝♦♥❞✐t✐♦♥s ❜② s❡tt✐♥❣ ♦✉r ♣r♦❜❧❡♠ ✐♥ ✇❡✐❣❤t❡❞ ❙♦❜♦❧❡✈ s♣❛❝❡s✱ ✇❤❡r❡ t❤❡
❣r♦✇t❤ ♦r ❞❡❝❛② ♦❢ ❢✉♥❝t✐♦♥s ❛t ✐♥✜♥✐t② ❛r❡ ❡①♣r❡ss❡❞ ❜② ♠❡❛♥s ♦❢ ✇❡✐❣❤ts✳
❚❤❡s❡ ✇❡✐❣❤t❡❞ ❙♦❜♦❧❡✈ s♣❛❝❡s ♣r♦✈✐❞❡ ❛ ❝♦rr❡❝t ❢✉♥❝t✐♦♥❛❧ s❡tt✐♥❣ ❢♦r ✉♥✲
❜♦✉♥❞❡❞ ❞♦♠❛✐♥s✱ ✐♥ ♣❛rt✐❝✉❧❛r ❜❡❝❛✉s❡ t❤❡ ❢✉♥❝t✐♦♥s ✐♥ t❤❡s❡ s♣❛❝❡s s❛t✐s❢②

❊♠❛✐❧ ❛❞❞r❡ss❡s✿ ❝❤❡r✐❢✳❛♠r♦✉❝❤❡❅✉♥✐✈✲♣❛✉✳❢r ✭❈❤ér✐❢ ❆♠r♦✉❝❤❡✮✱
②✈❡s✳r❛✉❞✐♥❅❡t✉❞✳✉♥✐✈✲♣❛✉✳❢r ✭❨✈❡s ❘❛✉❞✐♥✮✳

Pr❡♣r✐♥t s✉❜♠✐tt❡❞ t♦ ❊❧s❡✈✐❡r ❙❝✐❡♥❝❡ ❏❛♥✉❛r② ✷✸✱ ✷✵✵✼



❛♥ ♦♣t✐♠❛❧ ✇❡✐❣❤t❡❞ P♦✐♥❝❛ré✲t②♣❡ ✐♥❡q✉❛❧✐t②✳ ❚❤❡ ✇❡✐❣❤ts ❝❤♦s❡♥ ❤❡r❡ ❜❡❤❛✈❡
❛t ✐♥✜♥✐t② ❛s ♣♦✇❡rs t♦ |x|✳ ❚❤❡ r❡❛s♦♥ ♦❢ t❤✐s ❝❤♦✐❝❡ ✐s ❣✐✈❡♥ ❜② t❤❡ ❜❡❤❛✈✐♦✉r
❛t ✐♥✜♥✐t② ♦❢ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ s♦❧✉t✐♦♥ EN t♦ t❤❡ ❜✐❤❛r♠♦♥✐❝ ♦♣❡r❛t♦r ✐♥ R

N ✳
▲❡t✬s r❡❝❛❧❧ ❢♦r ✐♥st❛♥❝❡ t❤❛t

E3(x) = c3 |x|, E4(x) = c4 ln |x|, E5(x) =
c5
|x|
,

❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r ✐❢ f ∈ D(RN)✱ t❤❡ ❝♦♥✈♦❧✉t✐♦♥ EN ∗ f ❜❡❤❛✈❡s ❛t ✐♥✜♥✐t② ❛s
EN ✳ ■♥ t❤✐s ✇♦r❦✱ ✇❡ s❤❛❧❧ ❝♦♥s✐❞❡r ♠♦r❡ ❣❡♥❡r❛❧ ❞❛t❛ f ❀ ❛♥❞ t❤❡ s♦❧✉t✐♦♥s ✇✐❧❧
❤❛✈❡ ❛ ❜❡❤❛✈✐♦✉r ❛t ✐♥✜♥✐t② ✇❤✐❝❤ ✇✐❧❧ ♥❛t✉r❛❧❧② ❞❡♣❡♥❞ ♦♥ t❤❡ ♦♥❡ ♦❢ ❞❛t❛
✐♥ R

N
+ ❛♥❞ ♦♥ t❤❡ ❜♦✉♥❞❛r②✳ ❲❡ ❤❛✈❡ ❛❧s♦ tr✐❡❞ t♦ ❣✐✈❡ ❛♥♦t❤❡r ♠♦t✐✈❛t✐♦♥ t♦

t❤✐s ❝❤♦✐❝❡✱ ♠♦r❡ ♣r❡❝✐s❡❧② ❢♦r t❤❡ ❜✐❤❛r♠♦♥✐❝ ♣r♦❜❧❡♠✱ ✐♥ t❤❡ s✉❜s❡❝t✐♦♥ ✷✳✹✱
❛❢t❡r t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ s♣❛❝❡s✳

❖✉r ❛♥❛❧②s✐s ✐s ❜❛s❡❞ ♦♥ t❤❡ ✐s♦♠♦r♣❤✐s♠ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❜✐❤❛r♠♦♥✐❝ ♦♣✲
❡r❛t♦r ✐♥ t❤❡ ✇❤♦❧❡ s♣❛❝❡ ❛♥❞ t❤❡ r❡s♦❧✉t✐♦♥ ♦❢ t❤❡ ❉✐r✐❝❤❧❡t ❛♥❞ ◆❡✉♠❛♥♥
♣r♦❜❧❡♠s ❢♦r t❤❡ ▲❛♣❧❛❝✐❛♥ ✐♥ t❤❡ ❤❛❧❢✲s♣❛❝❡✳ ❚❤✐s ❧❛st ♦♥❡ ✐s ✐ts❡❧❢ ❜❛s❡❞ ♦♥
t❤❡ ✐s♦♠♦r♣❤✐s♠ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ▲❛♣❧❛❝❡ ♦♣❡r❛t♦r ✐♥ t❤❡ ✇❤♦❧❡ s♣❛❝❡ ❛♥❞
❛❧s♦ ♦♥ t❤❡ r❡✢❡❝t✐♦♥ ♣r✐♥❝✐♣❧❡ ✐♥❤❡r❡♥t ✐♥ t❤❡ ❤❛❧❢✲s♣❛❝❡✳ ◆♦t❡ ❤❡r❡ t❤❡ ❞♦✉❜❧❡
❞✐✣❝✉❧t② ❛r✐s✐♥❣ ❢r♦♠ t❤❡ ✉♥❜♦✉♥❞❡❞♥❡ss ♦❢ t❤❡ ❞♦♠❛✐♥ ✐♥ ❛♥② ❞✐r❡❝t✐♦♥ ❛♥❞
❢r♦♠ t❤❡ ✉♥❜♦✉♥❞❡❞♥❡ss ♦❢ t❤❡ ❜♦✉♥❞❛r② ✐ts❡❧❢✳

❚❤✐s ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ❙❡❝t✐♦♥ ✷ ✐s ❞❡✈♦t❡❞ t♦ t❤❡ ♥♦t❛t✐♦♥s ❛♥❞
❢✉♥❞❛♠❡♥t❛❧ r❡s✉❧ts✳ ■♥ ❙❡❝t✐♦♥ ✸✱ ✇❡ st✉❞② t❤❡ ❜✐❤❛r♠♦♥✐❝ ♦♣❡r❛t♦r ✐♥ t❤❡
✇❤♦❧❡ s♣❛❝❡ ❛♥❞ ✇❡ ❡st❛❜❧✐s❤ ✐s♦♠♦r♣❤✐s♠ ♣r♦♣❡rt✐❡s ✇❤✐❝❤ ✇❡ ✇✐❧❧ ✉s❡ ✐♥ t❤❡
s❡q✉❡❧✳ ❆t ❧❛st✱ ❙❡❝t✐♦♥ ✹ ✐s ❞❡✈♦t❡❞ t♦ t❤❡ r❡s♦❧✉t✐♦♥ ♦❢ Pr♦❜❧❡♠ (P)✳ ❚❤❡ ♠❛✐♥
r❡s✉❧t ✐s ❚❤❡♦r❡♠ ✹✳✶✱ ✇❤❡r❡ ✇❡ ♦❜t❛✐♥ ❣❡♥❡r❛❧✐③❡❞ s♦❧✉t✐♦♥s u ∈ W 2, p

l (RN
+ )

t♦ ❜✐❤❛r♠♦♥✐❝ ♣r♦❜❧❡♠✱ ✇❤❡r❡ l ✐♥❞✐❝❛t❡s t❤❡ ❜❡❤❛✈✐♦✉r ❛t ✐♥✜♥✐t② ♦❢ t❤❡s❡
s♦❧✉t✐♦♥s✳ ■♥ ❛ ❢♦rt❤❝♦♠✐♥❣ ✇♦r❦✱ ✇❡ s❤❛❧❧ ❡①❛♠✐♥❡ t❤❡ ❝❛s❡ ♦❢ r❡❣✉❧❛r ❞❛t❛
❛♥❞ t❤❡ ❤♦♠♦❣❡♥❡♦✉s ♣r♦❜❧❡♠ ✇✐t❤ s✐♥❣✉❧❛r ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳

✷ ◆♦t❛t✐♦♥s✱ s♣❛❝❡s✱ ♠♦t✐✈❛t✐♦♥ ❛♥❞ ❦♥♦✇♥ r❡s✉❧ts

✷✳✶ ◆♦t❛t✐♦♥s

❋♦r ❛♥② r❡❛❧ ♥✉♠❜❡r p > 1✱ ✇❡ ❛❧✇❛②s t❛❦❡ p′ t♦ ❜❡ t❤❡ ❍ö❧❞❡r ❝♦♥❥✉❣❛t❡ ♦❢
p✱ ✐✳❡✳

1

p
+

1

p′
= 1.

▲❡t Ω ❜❡ ❛♥ ♦♣❡♥ s❡t ♦❢ R
N ✱ N ≥ 2✳ ❲r✐t✐♥❣ ❛ t②♣✐❝❛❧ ♣♦✐♥t x ∈ R

N ❛s
x = (x′, xN)✱ ✇❤❡r❡ x′ = (x1, . . . , xN−1) ∈ R

N−1 ❛♥❞ xN ∈ R✱ ✇❡ ✇✐❧❧ ❡s♣❡❝✐❛❧❧②

❧♦♦❦ ♦♥ t❤❡ ✉♣♣❡r ❤❛❧❢✲s♣❛❝❡ R
N
+ = {x ∈ R

N ; xN > 0}✳ ❲❡ ❧❡t RN
+ ❞❡♥♦t❡

✷



t❤❡ ❝❧♦s✉r❡ ♦❢ R
N
+ ✐♥ R

N ❛♥❞ ❧❡t Γ = {x ∈ R
N ; xN = 0} ≡ R

N−1 ❞❡♥♦t❡ ✐ts
❜♦✉♥❞❛r②✳ ▲❡t |x| = (x2

1 + · · · + x2
N)1/2 ❞❡♥♦t❡ t❤❡ ❊✉❝❧✐❞❡❛♥ ♥♦r♠ ♦❢ x✱ ✇❡

✇✐❧❧ ✉s❡ t✇♦ ❜❛s✐❝ ✇❡✐❣❤ts

̺ = (1 + |x|2)1/2 ❛♥❞ ❧❣ ̺ = ln(2 + |x|2).

❲❡ ❞❡♥♦t❡ ❜② ∂i t❤❡ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡
∂

∂xi

✱ s✐♠✐❧❛r❧② ∂2
i = ∂i ◦ ∂i =

∂2

∂x2
i

✱

∂2
ij = ∂i ◦ ∂j =

∂2

∂xi∂xj

, . . . ▼♦r❡ ❣❡♥❡r❛❧❧②✱ ✐❢ λ = (λ1, . . . , λN) ∈ N
N ✐s ❛

♠✉❧t✐✲✐♥❞❡①✱ t❤❡♥

∂λ = ∂λ1
1 · · · ∂λN

N =
∂|λ|

∂xλ1
1 · · · ∂xλN

N

✱ ✇❤❡r❡ |λ| = λ1 + · · · + λN .

■♥ t❤❡ s❡q✉❡❧✱ ❢♦r ❛♥② ✐♥t❡❣❡r q✱ ✇❡ s❤❛❧❧ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣♦❧②♥♦♠✐❛❧ s♣❛❝❡s✿
✖ Pq ✐s t❤❡ s♣❛❝❡ ♦❢ ♣♦❧②♥♦♠✐❛❧s ♦❢ ❞❡❣r❡❡ s♠❛❧❧❡r t❤❛♥ ♦r ❡q✉❛❧ t♦ q❀
✖ P∆

q ✐s t❤❡ s✉❜s♣❛❝❡ ♦❢ ❤❛r♠♦♥✐❝ ♣♦❧②♥♦♠✐❛❧s ♦❢ Pq❀

✖ P∆2

q ✐s t❤❡ s✉❜s♣❛❝❡ ♦❢ ❜✐❤❛r♠♦♥✐❝ ♣♦❧②♥♦♠✐❛❧s ♦❢ Pq❀
✖ A ∆

q ✐s t❤❡ s✉❜s♣❛❝❡ ♦❢ ♣♦❧②♥♦♠✐❛❧s ♦❢ P∆
q ✱ ♦❞❞ ✇✐t❤ r❡s♣❡❝t t♦ xN ✱ ♦r

❡q✉✐✈❛❧❡♥t❧②✱ ✇❤✐❝❤ s❛t✐s❢② t❤❡ ❝♦♥❞✐t✐♦♥ ϕ(x′, 0) = 0❀
✖ N ∆

q ✐s t❤❡ s✉❜s♣❛❝❡ ♦❢ ♣♦❧②♥♦♠✐❛❧s ♦❢ P∆
q ✱ ❡✈❡♥ ✇✐t❤ r❡s♣❡❝t t♦ xN ✱ ♦r

❡q✉✐✈❛❧❡♥t❧②✱ ✇❤✐❝❤ s❛t✐s❢② t❤❡ ❝♦♥❞✐t✐♦♥ ∂Nϕ(x′, 0) = 0❀
✇✐t❤ t❤❡ ❝♦♥✈❡♥t✐♦♥ t❤❛t t❤❡s❡ s♣❛❝❡s ❛r❡ r❡❞✉❝❡❞ t♦ {0} ✐❢ q < 0✳
❋♦r ❛♥② r❡❛❧ ♥✉♠❜❡r s✱ ✇❡ ❞❡♥♦t❡ ❜② [s] t❤❡ ✐♥t❡❣❡r ♣❛rt ♦❢ s✳
●✐✈❡♥ ❛ ❇❛♥❛❝❤ s♣❛❝❡ B✱ ✇✐t❤ ❞✉❛❧ s♣❛❝❡ B′ ❛♥❞ ❛ ❝❧♦s❡❞ s✉❜s♣❛❝❡ X ♦❢ B✱
✇❡ ❞❡♥♦t❡ ❜② B′ ⊥ X t❤❡ s✉❜s♣❛❝❡ ♦❢ B′ ♦rt❤♦❣♦♥❛❧ t♦ X✱ ✐✳❡✳

B′ ⊥ X = {f ∈ B′; ∀v ∈ X, 〈f, v〉 = 0} = (B/X)′.

▲❛st❧②✱ ✐❢ k ∈ Z✱ ✇❡ s❤❛❧❧ ❝♦♥st❛♥t❧② ✉s❡ t❤❡ ♥♦t❛t✐♦♥ {1, . . . , k} ❢♦r t❤❡ s❡t ♦❢
t❤❡ ✜rst k ♣♦s✐t✐✈❡ ✐♥t❡❣❡rs✱ ✇✐t❤ t❤❡ ❝♦♥✈❡♥t✐♦♥ t❤❛t t❤✐s s❡t ✐s ❡♠♣t② ✐❢ k ✐s
♥♦♥♣♦s✐t✐✈❡✳

✷✳✷ ❲❡✐❣❤t❡❞ ❙♦❜♦❧❡✈ s♣❛❝❡s

❋♦r ❛♥② ♥♦♥♥❡❣❛t✐✈❡ ✐♥t❡❣❡r m✱ r❡❛❧ ♥✉♠❜❡rs p > 1✱ α ❛♥❞ β✱ ✇❡ ❞❡✜♥❡ t❤❡
❢♦❧❧♦✇✐♥❣ s♣❛❝❡✿

Wm, p
α, β (Ω) =

{

u ∈ D
′(Ω); 0 ≤ |λ| ≤ k, ̺α−m+|λ| (❧❣ ̺)β−1 ∂λu ∈ Lp(Ω);

k + 1 ≤ |λ| ≤ m, ̺α−m+|λ| (❧❣ ̺)β ∂λu ∈ Lp(Ω)
}

,
✭✶✮

✸



✇❤❡r❡

k =











−1 ✐❢ N
p

+ α /∈ {1, . . . ,m},

m−
N

p
− α ✐❢ N

p
+ α ∈ {1, . . . ,m}.

■♥ t❤❡ ❝❛s❡ β = 0✱ ✇❡ s✐♠♣❧② ❞❡♥♦t❡ t❤❡ s♣❛❝❡ ❜②Wm, p
α (Ω)✳ ◆♦t❡ t❤❛tWm, p

α, β (Ω)
✐s ❛ r❡✢❡①✐✈❡ ❇❛♥❛❝❤ s♣❛❝❡ ❡q✉✐♣♣❡❞ ✇✐t❤ ✐ts ♥❛t✉r❛❧ ♥♦r♠✿

‖u‖W m, p
α, β

(Ω) =
(

∑

0≤|λ|≤k

‖̺α−m+|λ| (❧❣ ̺)β−1 ∂λu‖
p

Lp(Ω)

+
∑

k+1≤|λ|≤m

‖̺α−m+|λ| (❧❣ ̺)β ∂λu‖
p

Lp(Ω)

)1/p

.

❲❡ ❛❧s♦ ❞❡✜♥❡ t❤❡ s❡♠✐✲♥♦r♠✿

|u|W m, p
α, β

(Ω) =
(

∑

|λ|=m

‖̺α (❧❣ ̺)β ∂λu‖
p

Lp(Ω)

)1/p

.

❚❤❡ ✇❡✐❣❤ts ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ✭✶✮ ❛r❡ ❝❤♦s❡♥ s♦ t❤❛t t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s♣❛❝❡

s❛t✐s✜❡s t✇♦ ♣r♦♣❡rt✐❡s✳ ❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ D

(

RN
+

)

✐s ❞❡♥s❡ ✐♥ Wm, p
α, β (RN

+ )✳ ❖♥

t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ❢♦❧❧♦✇✐♥❣ P♦✐♥❝❛ré✲t②♣❡ ✐♥❡q✉❛❧✐t② ❤♦❧❞s ✐♥ Wm, p
α, β (RN

+ )✿

❚❤❡♦r❡♠ ✷✳✶✳ ▲❡t α ❛♥❞ β ❜❡ t✇♦ r❡❛❧ ♥✉♠❜❡rs ❛♥❞ m ≥ 1 ❛♥ ✐♥t❡❣❡r s✉❝❤
t❤❛t

N

p
+ α /∈ {1, . . . ,m} ♦r (β − 1)p 6= −1.

❚❤❡♥ t❤❡ s❡♠✐✲♥♦r♠ | · |W m, p
α, β

(RN
+ ) ❞❡✜♥❡s ♦♥ Wm, p

α, β (RN
+ )/Pq′ ❛ ♥♦r♠ ✇❤✐❝❤ ✐s

❡q✉✐✈❛❧❡♥t t♦ t❤❡ q✉♦t✐❡♥t ♥♦r♠✱ ✇✐t❤ q′ = inf(q,m− 1)✱ ✇❤❡r❡ q ✐s t❤❡ ❤✐❣❤❡st
❞❡❣r❡❡ ♦❢ t❤❡ ♣♦❧②♥♦♠✐❛❧s ❝♦♥t❛✐♥❡❞ ✐♥ Wm, p

α, β (RN
+ )✳

◆♦✇✱ ✇❡ ❞❡✜♥❡ t❤❡ s♣❛❝❡

◦

W
m, p
α, β (RN

+ ) = D(RN
+ )

‖·‖
W

m, p
α, β

(R
N
+

)
;

✇❤✐❝❤ ✇✐❧❧ ❜❡ ❝❤❛r❛❝t❡r✐③❡❞ ✐♥ ▲❡♠♠❛ ✷✳✸ ❛s t❤❡ s✉❜s♣❛❝❡ ♦❢ ❢✉♥❝t✐♦♥s ✇✐t❤
♥✉❧❧ tr❛❝❡s ✐♥ Wm, p

α, β (RN
+ )✳ ❋r♦♠ t❤❛t✱ ✇❡ ❝❛♥ ✐♥tr♦❞✉❝❡ t❤❡ s♣❛❝❡ W−m, p′

−α,−β(RN
+ )

❛s t❤❡ ❞✉❛❧ s♣❛❝❡ ♦❢
◦

W
m, p
α, β (RN

+ )✳ ■♥ ❛❞❞✐t✐♦♥✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ P♦✐♥❝❛ré

✐♥❡q✉❛❧✐t② ♦♥
◦

W
m, p
α, β (RN

+ ) ✭❝❢✳ ❬✹❪✮✿

❚❤❡♦r❡♠ ✷✳✷✳ ❯♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✷✳✶✱ | · |W m, p
α, β

(RN
+ ) ✐s ❛ ♥♦r♠

♦♥
◦

W
m, p
α, β (RN

+ ) ✇❤✐❝❤ ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❢✉❧❧ ♥♦r♠ ‖ · ‖W m, p
α, β

(RN
+ )✳

❲❡ s❤❛❧❧ ♥♦✇ r❡❝❛❧❧ s♦♠❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ✇❡✐❣❤t❡❞ ❙♦❜♦❧❡✈ s♣❛❝❡sWm, p
α, β (RN

+ )✳

✹



❲❡ ❤❛✈❡ t❤❡ ❛❧❣❡❜r❛✐❝ ❛♥❞ t♦♣♦❧♦❣✐❝❛❧ ✐♠❜❡❞❞✐♥❣s✿

Wm, p
α, β (RN

+ ) →֒ Wm−1, p
α−1, β (RN

+ ) →֒ · · · →֒ W 0, p
α−m, β(RN

+ ) ✐❢
N

p
+ α /∈ {1, . . . ,m}.

❲❤❡♥
N

p
+ α = j ∈ {1, . . . ,m}✱ t❤❡♥ ✇❡ ❤❛✈❡✿

Wm, p
α, β →֒ · · · →֒ Wm−j+1, p

α−j+1, β →֒ Wm−j, p
α−j, β−1 →֒ · · · →֒ W 0, p

α−m, β−1.

◆♦t❡ t❤❛t ✐♥ t❤❡ ✜rst ❝❛s❡✱ ❢♦r ❛♥② γ ∈ R s✉❝❤ t❤❛t
N

p
+ α − γ /∈ {1, . . . ,m}

❛♥❞ m ∈ N✱ t❤❡ ♠❛♣♣✐♥❣

u ∈ Wm, p
α, β (RN

+ ) 7−→ ̺γu ∈ Wm, p
α−γ, β(RN

+ )

✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✳ ■♥ ❜♦t❤ ❝❛s❡s ❛♥❞ ❢♦r ❛♥② ♠✉❧t✐✲✐♥❞❡① λ ∈ N
N ✱ t❤❡ ♠❛♣♣✐♥❣

u ∈ Wm, p
α, β (RN

+ ) 7−→ ∂λu ∈ W
m−|λ|, p
α, β (RN

+ )

✐s ❝♦♥t✐♥✉♦✉s✳ ❋✐♥❛❧❧②✱ ✐t ❝❛♥ ❜❡ r❡❛❞✐❧② ❝❤❡❝❦❡❞ t❤❛t t❤❡ ❤✐❣❤❡st ❞❡❣r❡❡ q ♦❢
t❤❡ ♣♦❧②♥♦♠✐❛❧s ❝♦♥t❛✐♥❡❞ ✐♥ Wm, p

α, β (RN
+ ) ✐s ❣✐✈❡♥ ❜②

q =







































m−

(

N

p
+ α

)

− 1, ✐❢



















N
p

+ α ∈ {1, . . . ,m} ❛♥❞ (β − 1)p ≥ −1,

♦r
N
p

+ α ∈ {j ∈ Z; j ≤ 0} ❛♥❞ βp ≥ −1,
[

m−

(

N

p
+ α

)]

, ♦t❤❡r✇✐s❡.

✭✷✮

✷✳✸ ❚❤❡ s♣❛❝❡s ♦❢ tr❛❝❡s

■♥ ♦r❞❡r t♦ ❞❡✜♥❡ t❤❡ tr❛❝❡s ♦❢ ❢✉♥❝t✐♦♥s ♦❢Wm, p
α (RN

+ ) ✭❤❡r❡ ✇❡ ❞♦♥✬t ❝♦♥s✐❞❡r
t❤❡ ❝❛s❡ β 6= 0✮✱ ❢♦r ❛♥② σ ∈ ]0, 1[✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ s♣❛❝❡✿

W σ, p
0 (RN) =

{

u ∈ D
′(RN); w−σu ∈ Lp(RN) ❛♥❞ ∀i = 1, . . . , N,

∫ +∞

0
t−1−σp dt

∫

RN
|u(x+ tei) − u(x)|p dx <∞

}

,

✭✸✮

✇❤❡r❡ w = ̺ ✐❢ N/p 6= σ ❛♥❞ w = ̺ (❧❣ ̺)1/σ ✐❢ N/p = σ✱ ❛♥❞ e1, . . . , eN ✐s t❤❡
❝❛♥♦♥✐❝❛❧ ❜❛s✐s ♦❢ R

N ✳ ■t ✐s ❛ r❡✢❡①✐✈❡ ❇❛♥❛❝❤ s♣❛❝❡ ❡q✉✐♣♣❡❞ ✇✐t❤ ✐ts ♥❛t✉r❛❧
♥♦r♠✿

‖u‖W σ, p
0 (RN ) =

(

∥

∥

∥

∥

u

wσ

∥

∥

∥

∥

p

Lp(RN )
+

N
∑

i=1

∫ +∞

0
t−1−σp dt

∫

RN
|u(x+ tei)−u(x)|p dx

)1/p

✺



✇❤✐❝❤ ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ♥♦r♠

(

∥

∥

∥

∥

u

wσ

∥

∥

∥

∥

p

Lp(RN )
+
∫

RN×RN

|u(x) − u(y)|p

|x− y|N+σp
dx dy

)1/p

.

❙✐♠✐❧❛r❧②✱ ❢♦r ❛♥② r❡❛❧ ♥✉♠❜❡r α ∈ R✱ ✇❡ ❞❡✜♥❡ t❤❡ s♣❛❝❡✿

W σ, p
α (RN) =

{

u ∈ D
′(RN); wα−σu ∈ Lp(RN),

∫

RN×RN

|̺α(x)u(x) − ̺α(y)u(y)|p

|x− y|N+σp
dx dy <∞

}

,

✇❤❡r❡ w = ̺ ✐❢ N/p+ α 6= σ ❛♥❞ w = ̺ (❧❣ ̺)1/(σ−α) ✐❢ N/p+ α = σ✳ ❋♦r ❛♥②
s ∈ R

+✱ ✇❡ s❡t

W s, p
α (RN) =

{

u ∈ D
′(RN); 0 ≤ |λ| ≤ k, ̺α−s+|λ| (❧❣ ̺)−1 ∂λu ∈ Lp(RN);

k + 1 ≤ |λ| ≤ [s] − 1, ̺α−s+|λ| ∂λu ∈ Lp(RN); |λ| = [s], ∂λu ∈ W σ, p
α (RN)

}

,

✇❤❡r❡ k = s − N/p − α ✐❢ N/p + α ∈ {σ, . . . , σ + [s]}✱ ✇✐t❤ σ = s − [s] ❛♥❞
k = −1 ♦t❤❡r✇✐s❡✳ ■t ✐s ❛ r❡✢❡①✐✈❡ ❇❛♥❛❝❤ s♣❛❝❡ ❡q✉✐♣♣❡❞ ✇✐t❤ t❤❡ ♥♦r♠✿

‖u‖W s, p
α (RN ) =

(

∑

0≤|λ|≤k

‖̺α−s+|λ| (❧❣ ̺)−1 ∂λu‖
p

Lp(RN )

+
∑

k+1≤|λ|≤[s]−1

‖̺α−s+|λ| ∂λu‖
p

Lp(RN )

)1/p

+
∑

|λ|=[s]

‖∂λu‖W σ, p
α (RN ).

❲❡ ❝❛♥ s✐♠✐❧❛r❧② ❞❡✜♥❡✱ ❢♦r ❛♥② r❡❛❧ ♥✉♠❜❡r β✱ t❤❡ s♣❛❝❡✿

W s, p
α, β(RN) =

{

v ∈ D
′(RN); (❧❣ ̺)β v ∈ W s, p

α (RN)
}

.

❲❡ ❝❛♥ ♣r♦✈❡ s♦♠❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ✇❡✐❣❤t❡❞ ❙♦❜♦❧❡✈ s♣❛❝❡s W s, p
α, β(RN)✳ ❲❡

❤❛✈❡ t❤❡ ❛❧❣❡❜r❛✐❝ ❛♥❞ t♦♣♦❧♦❣✐❝❛❧ ✐♠❜❡❞❞✐♥❣s ✐♥ t❤❡ ❝❛s❡ ✇❤❡r❡ N/p + α /∈
{σ, . . . , σ + [s] − 1}✿

W s, p
α, β(RN) →֒ W s−1, p

α−1, β(RN) →֒ · · · →֒ W σ, p
α−[s], β(RN),

W s, p
α, β(RN) →֒ W

[s], p
α+[s]−s, β(RN) →֒ · · · →֒ W 0, p

α−s, β(RN).

❲❤❡♥ N/p+ α = j ∈ {σ, . . . , σ + [s] − 1}✱ t❤❡♥ ✇❡ ❤❛✈❡✿

W s, p
α, β →֒ · · · →֒ W s−j+1, p

α−j+1, β →֒ W s−j, p
α−j, β−1 →֒ · · · →֒ W σ, p

α−[s], β−1,

W s, p
α, β →֒ W

[s], p
α+[s]−s, β →֒ · · · →֒ W

[s]−j+1, p
α−σ−j+1, β →֒ W

[s]−j, p
α−σ−j, β−1 →֒ · · · →֒ W 0, p

α−s, β−1.

✻



■❢ u ✐s ❛ ❢✉♥❝t✐♦♥ ♦♥ R
N
+ ✱ ✇❡ ❞❡♥♦t❡ ✐ts tr❛❝❡ ♦❢ ♦r❞❡r j ♦♥ t❤❡ ❤②♣❡r♣❧❛♥❡ Γ

❜②✿
∀j ∈ N, γju : x′ ∈ R

N−1 7−→ ∂j
Nu(x

′, 0).

▲❡t✬s r❡❝❛❧❧ t❤❡ ❢♦❧❧♦✇✐♥❣ tr❛❝❡ ❧❡♠♠❛ ❞✉❡ t♦ ❍❛♥♦✉③❡t ✭❝❢✳ ❬✶✵❪✮ ❛♥❞ ❡①t❡♥❞❡❞
❜② ❆♠r♦✉❝❤❡✲◆❡↔❛s♦✈á ✭❝❢✳ ❬✹❪✮ t♦ t❤✐s ❝❧❛ss ♦❢ ✇❡✐❣❤t❡❞ ❙♦❜♦❧❡✈ s♣❛❝❡s✿

▲❡♠♠❛ ✷✳✸✳ ❋♦r ❛♥② ✐♥t❡❣❡r m ≥ 1 ❛♥❞ r❡❛❧ ♥✉♠❜❡r α✱ t❤❡ ♠❛♣♣✐♥❣

γ = (γ0, γ1, . . . , γm−1) : D

(

RN
+

)

−→
m−1
∏

j=0

D(RN−1),

❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ ❛ ❧✐♥❡❛r ❝♦♥t✐♥✉♦✉s ♠❛♣♣✐♥❣✱ st✐❧❧ ❞❡♥♦t❡❞ ❜② γ✱

γ : Wm, p
α (RN

+ ) −→
m−1
∏

j=0

Wm−j−1/p, p
α (RN−1).

▼♦r❡♦✈❡r γ ✐s s✉r❥❡❝t✐✈❡ ❛♥❞ Kerγ =
◦

Wm, p
α (RN

+ )✳

✷✳✹ ▼♦t✐✈❛t✐♦♥

Pr♦❜❧❡♠ (P) ❤❛s ❜❡❡♥ ✐♥✈❡st✐❣❛t❡❞ ❜② ❇♦✉❧♠❡③❛♦✉❞ ✭❝❢✳ ❬✼❪✮ ✐♥ ✇❡✐❣❤t❡❞
❙♦❜♦❧❡✈ s♣❛❝❡s ✐♥ L2 t❤❡♦r② ❢♦r N ≥ 3 ❛♥❞ ✇✐t❤♦✉t t❤❡ ❝r✐t✐❝❛❧ ❝❛s❡s ❝♦r✲
r❡s♣♦♥❞✐♥❣ t♦ ❧♦❣❛r✐t❤♠✐❝ ❢❛❝t♦rs✳ ❚❤❡ ❛✐♠ ♦❢ t❤✐s ✇♦r❦ ✐s t♦ ❣✐✈❡ r❡s✉❧ts ✐♥
Lp t❤❡♦r②✱ ✇✐t❤ 1 < p < ∞✱ t♦ r❡❞✉❝❡ ❝r✐t✐❝❛❧ ✈❛❧✉❡s ❛♥❞ ❡s♣❡❝✐❛❧❧② t♦ r❡❛❝❤
✇❡❛❦❡r s♦❧✉t✐♦♥s ❢r♦♠ ♠♦r❡ s✐♥❣✉❧❛r ❞❛t❛✳

▲❡t✬s t❤r♦✇ ❧✐❣❤t ♦♥ t❤✐s ❢✉♥❝t✐♦♥❛❧ ❢r❛♠❡✇♦r❦ ✐♥ t❤❡ L2 ❝❛s❡✳ ■❢ ✇❡ ❝♦♥s✐❞❡r
Pr♦❜❧❡♠ (P) ✇✐t❤ ❤♦♠♦❣❡♥❡♦✉s ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✱ ✐✳❡✳ g0 = g1 = 0✱ ✇❡ ❝❛♥
❣✐✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥✿ ❋♦r ❛♥② ❣✐✈❡♥ f ∈ V ′✱ ✜♥❞ u ∈ V
s✉❝❤ t❤❛t

∀v ∈ V,
∫

RN
+

∆u∆v dx = 〈f, v〉V ′×V .

❲❤✐❝❤ ✐s t❤❡ ❛♣♣r♦♣r✐❛t❡ s♣❛❝❡ V t♦ ✉s❡ t❤❡ ▲❛①✲▼✐❧❣r❛♠✬s ❧❡♠♠❛❄ ❲❡ ♠✉st
❤❛✈❡ ✜rst❧②✱ ❢♦r ❛♥② v ∈ V, ∆v ∈ L2(RN

+ ) ❛♥❞ s❡❝♦♥❞❧②✱ t❤❡ ❝♦❡r❝✐✈✐t② ❝♦♥❞✐t✐♦♥

❢♦r t❤❡ ❜✐❧✐♥❡❛r ❢♦r♠✿ (u, v) 7−→
∫

RN
+

∆u∆v dx✳

❇② ❚❤❡♦r❡♠ ✷✳✷✱ ✇❡ ❤❛✈❡✿

∀v ∈
◦

W
2, 2
0 (RN

+ ), ‖v‖W 2, 2
0 (RN

+ ) ≤ C ‖∇2v‖
L2(RN

+ )
N2 .

▼♦r❡♦✈❡r✱

∀v ∈
◦

W
2, 2
0 (RN

+ ), ‖∇2v‖
L2(RN

+ )
N2 = ‖∆v‖L2(RN

+ ),

✼



❤❡♥❝❡ t❤❡ ❝♦❡r❝✐✈✐t② ♦❢ t❤❡ ❢♦r♠✳ ❈♦♥s❡q✉❡♥t❧②✱ Pr♦❜❧❡♠ (P) ✇✐t❤ g0 = g1 = 0

✐s ✇❡❧❧✲♣♦s❡❞ ♦♥ V =
◦

W
2, 2
0 (RN

+ )✳ ❲❤✐❝❤ ❛r❡ t❤❡ ❛♣♣r♦♣r✐❛t❡ s♣❛❝❡s ♦❢ tr❛❝❡s
❢♦r t❤❡ ❝♦♠♣❧❡t❡ ♣r♦❜❧❡♠❄ ❚❤❛♥❦s t♦ ▲❡♠♠❛ ✷✳✸✱

u ∈ W 2, 2
0 (RN

+ ) ⇒ (γ0u, γ1u) ∈ W
3/2, 2
0 (RN−1) ×W

1/2, 2
0 (RN−1),

❝♦♥s❡q✉❡♥t❧② ✇❡ ♠✉st t❛❦❡ (g0, g1) ∈ W
3/2, 2
0 (RN−1) × W

1/2, 2
0 (RN−1) ✐♥ t❤❡

♣r♦❜❧❡♠ ✇✐t❤ ♥♦♥❤♦♠♦❣❡♥❡♦✉s ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳

❘❡♠❛r❦ ✷✳✹✳ ■❢ ✇❡ ❝♦♥s✐❞❡r t❤❡ ♣r♦❜❧❡♠ ❢♦r t❤❡ ♦♣❡r❛t♦r I + ∆2✿

(Q)















u+ ∆2u = f in R
N
+ ,

u = g0 on Γ,

∂Nu = g1 on Γ,

✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✈❛r✐❛t✐♦♥❛❧ ❢♦r♠✉❧❛t✐♦♥ ✇✐t❤ g0 = g1 = 0✿ ❋♦r ❛♥② ❣✐✈❡♥
f ∈ V ′✱ ✜♥❞ u ∈ V s✉❝❤ t❤❛t ∀v ∈ V ✱

∫

RN
+

u v dx+
∫

RN
+

∆u∆v dx = 〈f, v〉V ′×V .

❚❤✐s ❢♦r♠ s❛t✐s✜❡s ♥❛t✉r❛❧❧② t❤❡ ❝♦❡r❝✐✈✐t② ❝♦♥❞✐t✐♦♥ ♦♥ V = H2
0 (RN

+ )✱ ✇❤❡r❡
H2

0 (RN
+ ) ❞❡♥♦t❡s ❤❡r❡ t❤❡ ❝❧❛ss✐❝❛❧ ❙♦❜♦❧❡✈ s♣❛❝❡ ♦❢ ❢✉♥❝t✐♦♥s v ∈ H2(RN

+ )
s✉❝❤ t❤❛t v = ∂Nv = 0 ♦♥ Γ✳ ❋♦r t❤❡ ♥♦♥❤♦♠♦❣❡♥❡♦✉s ♣r♦❜❧❡♠✱ ✇❡ ♠✉st t❛❦❡
(g0, g1) ∈ H3/2(RN−1) ×H1/2(RN−1)✳ �

✷✳✺ ❚❤❡ ▲❛♣❧❛❝❡ ❡q✉❛t✐♦♥ ✐♥ R
N
+

❲❡ s❤❛❧❧ ♥♦✇ r❡❝❛❧❧ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ r❡s✉❧ts ♦❢ t❤❡ ▲❛♣❧❛❝❡ ❡q✉❛t✐♦♥ ✐♥ t❤❡
❤❛❧❢✲s♣❛❝❡✱ ✇✐t❤ ♥♦♥❤♦♠♦❣❡♥❡♦✉s ❉✐r✐❝❤❧❡t ♦r ◆❡✉♠❛♥♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳
❚❤❡s❡ r❡s✉❧ts ❤❛✈❡ ❜❡❡♥ ♣r♦✈❡❞ ❜② ❇♦✉❧♠❡③❛♦✉❞ ✭❝❢✳ ❬✻❪✮ ✐♥ t❤❡ ♣❛rt✐❝✉❧❛r
❝❛s❡ ✇❤❡r❡ p = 2 ❢♦r N ≥ 3✱ t❤❡♥ ❣❡♥❡r❛❧✐③❡❞ ❜② ❆♠r♦✉❝❤❡✲◆❡↔❛s♦✈á ✭❝❢✳ ❬✹❪✮
❛♥❞ ❆♠r♦✉❝❤❡ ✭❝❢✳ ❬✺❪✮ ✐♥ Lp t❤❡♦r② ❢♦r N ≥ 2✱ ✇✐t❤ s♦❧✉t✐♦♥s ♦❢ s♦♠❡ ❝r✐t✐❝❛❧
❝❛s❡s ❜② ♠❡❛♥s ♦❢ ❧♦❣❛r✐t❤♠✐❝ ❢❛❝t♦rs ✐♥ t❤❡ ✇❡✐❣❤t✳ ▲❡t✬s ❛❧s♦ q✉♦t❡ t❤❡ ♣❛rt✐❛❧
r❡s✉❧ts ♦❢ ▼❛③✬②❛✲P❧❛♠❡♥❡✈s❦✐✟✙✲❙t✉♣②❛❧✐s ✭❝❢✳ ❬✾❪✮ ❢♦r t❤❡ ❙t♦❦❡s s②st❡♠ ✐♥ R

3
+

✇✐t❤ t❤❡ ✈❡❧♦❝✐t② ♦❜t❛✐♥❡❞ ✐♥W 1, 2
0 (R3

+) ♦rW 2, 2
1 (R3

+)✱ ❛♥❞ t❤♦s❡ ♦❢ ❚❛♥❛❦❛ ✭❝❢✳

❬✶✷❪✮ ❢♦r t❤❡ s❛♠❡ ♣r♦❜❧❡♠ ❛♥❞ t❤❡ ✈❡❧♦❝✐t② ✈❡❝t♦r ✜❡❧❞ ✐♥ Wm+2, 2
0 (R3

+) ✇✐t❤
m > 0✳

▲❡t✬s ✜rst r❡❝❛❧❧ t❤❡ ♠❛✐♥ r❡s✉❧t ♦❢ t❤❡ ❉✐r✐❝❤❧❡t ♣r♦❜❧❡♠

(PD)







∆u = f in R
N
+ ,

u = g on Γ,

✽



✇✐t❤ ❛ ❞✐✛❡r❡♥t ❜❡❤❛✈✐♦✉r ❛t ✐♥✜♥✐t② ❛❝❝♦r❞✐♥❣ t♦ l✳

❚❤❡♦r❡♠ ✷✳✺ ✭❆♠r♦✉❝❤❡✲◆❡↔❛s♦✈á✮✳ ▲❡t l ∈ Z s✉❝❤ t❤❛t

N

p′
/∈ {1, . . . , l} ❛♥❞

N

p
/∈ {1, . . . ,−l}. ✭✹✮

❋♦r ❛♥② f ∈ W−1, p
l (RN

+ ) ❛♥❞ g ∈ W
1−1/p, p
l (Γ) s❛t✐s❢②✐♥❣ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t②

❝♦♥❞✐t✐♦♥

∀ϕ ∈ A
∆
[1+l−N/p′], 〈f, ϕ〉

W−1, p
l

(RN
+ )×

◦

W
1, p′

−l
(RN

+ )
= 〈g, ∂Nϕ〉Γ , ✭✺✮

✇❤❡r❡ 〈., .〉Γ ❞❡♥♦t❡s t❤❡ ❞✉❛❧✐t② ❜❡t✇❡❡♥ W
1/p′, p
l (Γ) ❛♥❞ W

−1/p′, p′

−l (Γ)✱ ♣r♦❜❧❡♠

(PD) ❤❛s ❛ s♦❧✉t✐♦♥ u ∈ W 1, p
l (RN

+ )✱ ✉♥✐q✉❡ ✉♣ t♦ ❛♥ ❡❧❡♠❡♥t ♦❢ A ∆
[1−l−N/p]✳

❚❤❡ s❡❝♦♥❞ r❡❝❛❧❧ ❞❡❛❧s ✇✐t❤ t❤❡ ♣r♦❜❧❡♠ ✇✐t❤ ♠♦r❡ r❡❣✉❧❛r ❞❛t❛✳

❚❤❡♦r❡♠ ✷✳✻ ✭❆♠r♦✉❝❤❡✲◆❡↔❛s♦✈á✮✳ ▲❡t l ∈ Z ❛♥❞ m ≥ 1 ❜❡ t✇♦ ✐♥t❡❣❡rs
s✉❝❤ t❤❛t

N

p′
/∈ {1, . . . , l + 1} ❛♥❞

N

p
/∈ {1, . . . ,−l −m}. ✭✻✮

❋♦r ❛♥② f ∈ Wm−1, p
m+l (RN

+ ) ❛♥❞ g ∈ W
m+1−1/p, p
m+l (Γ)✱ s❛t✐s❢②✐♥❣ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t②

❝♦♥❞✐t✐♦♥ ✭✺✮✱ ♣r♦❜❧❡♠ (PD) ❤❛s ❛ s♦❧✉t✐♦♥ u ∈ Wm+1, p
m+l (RN

+ )✱ ✉♥✐q✉❡ ✉♣ t♦ ❛♥
❡❧❡♠❡♥t ♦❢ A ∆

[1−l−N/p]✳

❈♦♥❝❡r♥✐♥❣ t❤❡ ◆❡✉♠❛♥♥ ♣r♦❜❧❡♠

(PN)







∆u = f in R
N
+ ,

∂Nu = g on Γ,

❧❡t✬s ✜rst r❡❝❛❧❧ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐❝✐t② r❡s✉❧t ✇✐t❤ t❤❡ ✇❡❛❦❡st ❤②♣♦t❤❡s❡s✳

❚❤❡♦r❡♠ ✷✳✼ ✭❆♠r♦✉❝❤❡✮✳ ▲❡t l ∈ Z s✉❝❤ t❤❛t

N

p′
/∈ {1, . . . , l} ❛♥❞

N

p
/∈ {1, . . . ,−l + 1}. ✭✼✮

❋♦r ❛♥② f ∈ W 0, p
l (RN

+ ) ❛♥❞ g ∈ W
−1/p, p
l−1 (Γ) s❛t✐s❢②✐♥❣ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐✲

t✐♦♥
∀ϕ ∈ N

∆
[l−N/p′], 〈f, ϕ〉

W 0, p
l

(RN
+ )×W 0, p′

−l
(RN

+ )
+ 〈g, ϕ〉Γ = 0, ✭✽✮

✇❤❡r❡ 〈., .〉Γ ❞❡♥♦t❡s t❤❡ ❞✉❛❧✐t② ❜❡t✇❡❡♥W
−1/p, p
l−1 (Γ) ❛♥❞W

1−1/p′, p′

−l+1 (Γ)✱ ♣r♦❜❧❡♠

(PN) ❤❛s ❛ s♦❧✉t✐♦♥ u ∈ W 1, p
l−1(R

N
+ )✱ ✉♥✐q✉❡ ✉♣ t♦ ❛♥ ❡❧❡♠❡♥t ♦❢ N ∆

[2−l−N/p]✳

❆s ❢♦r t❤❡ ❉✐r✐❝❤❧❡t ♣r♦❜❧❡♠✱ ✇❡ ❝❛♥ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✿

✾



❚❤❡♦r❡♠ ✷✳✽✳ ▲❡t l ∈ Z ❛♥❞ m ≥ 0 ❜❡ t✇♦ ✐♥t❡❣❡rs s✉❝❤ t❤❛t

N

p′
/∈ {1, . . . , l} ❛♥❞

N

p
/∈ {1, . . . ,−l −m}. ✭✾✮

❋♦r ❛♥② f ∈ Wm, p
m+l(R

N
+ ) ❛♥❞ g ∈ W

m+1−1/p, p
m+l (Γ) s❛t✐s❢②✐♥❣ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t②

❝♦♥❞✐t✐♦♥ ✭✽✮✱ ♣r♦❜❧❡♠ (PN) ❤❛s ❛ s♦❧✉t✐♦♥ u ∈ Wm+2, p
m+l (RN

+ )✱ ✉♥✐q✉❡ ✉♣ t♦ ❛♥
❡❧❡♠❡♥t ♦❢ N ∆

[2−l−N/p]✳

❘❡♠❛r❦ ✷✳✾✳ ◆♦t❡ t❤❛t ❢♦r t❤❡s❡ ❢♦✉r t❤❡♦r❡♠s✱ t❤❡ s♦❧✉t✐♦♥s ❝♦♥t✐♥✉♦✉s❧②
❞❡♣❡♥❞ ♦♥ t❤❡ ❞❛t❛ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ q✉♦t✐❡♥t ♥♦r♠✳ �

✸ ❇✐❤❛r♠♦♥✐❝ ♦♣❡r❛t♦r ✐♥ R
N

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ s❤❛❧❧ ❣✐✈❡ s♦♠❡ ✐s♦♠♦r♣❤✐s♠ r❡s✉❧ts r❡❧❛t✐✈❡ t♦ t❤❡ ❜✐❤❛r✲
♠♦♥✐❝ ♦♣❡r❛t♦r ✐♥ t❤❡ ✇❤♦❧❡ s♣❛❝❡✳ ❲❡ s❤❛❧❧ r❡st ♦♥ t❤❡s❡ ❢♦r ♦✉r ✐♥✈❡st✐❣❛t✐♦♥
✐♥ t❤❡ ❤❛❧❢✲s♣❛❝❡✳ ❆t ✜rst✱ ✇❡ ❝❤❛r❛❝t❡r✐③❡ t❤❡ ❦❡r♥❡❧

K =
{

v ∈ W 2, p
l (RN); ∆2v = 0 ✐♥ R

N
}

.

▲❡♠♠❛ ✸✳✶✳ ▲❡t l ∈ Z✳

✐✮ ■❢
N

p
/∈ {1, . . . ,−l}✱ t❤❡♥ K = P∆2

[2−l−N/p]✳

✐✐✮ ■❢
N

p
∈ {1, . . . ,−l}✱ t❤❡♥ K = P∆2

1−l−N/p✳

Pr♦♦❢✳ ▲❡t u ∈ K✳ ❆s ✇❡ ❦♥♦✇ t❤❛t ∆2u = 0 ❛♥❞ ♠♦r❡♦✈❡r u ∈ W 2, p
l (RN) ⊂

S ′(RN)✱ t❤❡ s♣❛❝❡ ♦❢ t❡♠♣❡r❡❞ ❞✐str✐❜✉t✐♦♥s✱ ✇❡ ❝❛♥ ❞❡❞✉❝❡ t❤❛t u ✐s ❛ ♣♦❧②✲
♥♦♠✐❛❧ ♦♥ R

N ✳ ❇✉t ❛❝❝♦r❞✐♥❣ t♦ ✭✷✮✱ ✇❡ ❦♥♦✇ t❤❛t t❤❡ ❤✐❣❤❡st ❞❡❣r❡❡ q ♦❢ t❤❡
♣♦❧②♥♦♠✐❛❧s ❝♦♥t❛✐♥❡❞ ✐♥ W 2, p

l (RN) ✐s ❣✐✈❡♥ ❜②✿

q =











1 − l −N/p ✐❢
N

p
+ l ∈ {j ∈ Z; j ≤ 0},

[2 − l −N/p] ♦t❤❡r✇✐s❡.

❲❡ ❝❛♥ t❤✉s s❡❡ t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ t❤❡ st❛t❡♠❡♥t ❛♣♣❡❛r ♣r❡❝✐s❡❧②✳

▼♦r❡ ❣❡♥❡r❛❧❧②✱ ❢♦r ❛♥② ✐♥t❡❣❡r m ∈ N✱ ✇❡ ❞❡✜♥❡ t❤❡ ❦❡r♥❡❧

Km =
{

v ∈ Wm+2, p
m+l (RN); ∆2v = 0 ✐♥ R

N
}

.

❚❤❡ s❛♠❡ ❛r❣✉♠❡♥ts ❧❡❛❞ ✉s t♦ ❛ r❡s✉❧t ✇❤✐❝❤ ✐♥❝❧✉❞❡s t❤❡ ♣r❡❝❡❞❡♥t✱ ❝♦rr❡✲
s♣♦♥❞✐♥❣ t❤❡♥ t♦ ❝❛s❡ m = 0✳

✶✵



▲❡♠♠❛ ✸✳✷✳ ▲❡t l ∈ Z ❛♥❞ m ∈ N s✉❝❤ t❤❛t

✐✮
N

p
/∈ {1, . . . ,−l −m}✱ t❤❡♥ Km = P∆2

[2−l−N/p]✳

✐✐✮
N

p
∈ {1, . . . ,−l −m}✱ t❤❡♥ Km = P∆2

1−l−N/p✳

❲❡ ❝❛♥ ♥♦✇ ❢♦r♠✉❧❛t❡ t❤❡ ✜rst r❡s✉❧t ♦❢ ✐s♦♠♦r♣❤✐s♠ ✐♥ R
N ✿

❚❤❡♦r❡♠ ✸✳✸✳ ▲❡t l ∈ Z✳ ❯♥❞❡r ❤②♣♦t❤❡s✐s ✭✹✮✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♣❡r❛t♦r ✐s ❛♥
✐s♦♠♦r♣❤✐s♠✿

∆2 : W 2, p
l (RN)/P∆2

[2−l−N/p] −→ W−2, p
l (RN) ⊥ P

∆2

[2+l−N/p′].

Pr♦♦❢✳ ▲❡t ✉s r❡❝❛❧❧ ✭❝❢✳ ❬✷❪✮ t❤❛t ✉♥❞❡r ❛ss✉♠♣t✐♦♥ ✭✹✮✱ t❤❡ ♦♣❡r❛t♦r

∆ : W 2, p
l (RN)/P∆

[2−l−N/p] −→ W 0, p
l (RN) ⊥ P

∆
[l−N/p′] ✭✶✵✮

✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✳ ❇② ❞✉❛❧✐t②✱ ✇❡ ❝❛♥ ❞❡❞✉❝❡ t❤❛t ✐t ✐s t❤❡ s❛♠❡ ❢♦r t❤❡
♦♣❡r❛t♦r

∆ : W 0, p
l (RN)/P∆

[−l−N/p] −→ W−2, p
l (RN) ⊥ P

∆
[2−l−N/p′]. ✭✶✶✮

■❢ ✇❡ s✉♣♣♦s❡ ♥♦✇ t❤❛t l−N/p′ < 0✱ ✇❡ ❝❛♥ ❝♦♠♣♦s❡ ✐s♦♠♦r♣❤✐s♠s ✭✶✵✮ ❛♥❞
✭✶✶✮ t♦ ❞❡❞✉❝❡ t❤❛t t❤❡ ♦♣❡r❛t♦r

∆2 : W 2, p
l (RN)/P∆2

[2−l−N/p] −→ W−2, p
l (RN) ⊥ P

∆
[2+l−N/p′] ✭✶✷✮

✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✳ ❇② ❞✉❛❧✐t②✱ ✇❡ ❝❛♥ ❞❡❞✉❝❡ t❤❛t t❤❡ ♦♣❡r❛t♦r

∆2 : W 2, p
l (RN)/P∆

[2−l−N/p] −→ W−2, p
l (RN) ⊥ P

∆2

[2+l−N/p′] ✭✶✸✮

✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ♣r♦✈✐❞❡❞ t❤❛t ✇❡ ❤❛✈❡ −l −N/p < 0✳
❚♦ ❝♦♠❜✐♥❡ ✭✶✷✮ ❛♥❞ ✭✶✸✮✱ ✐t r❡♠❛✐♥s t♦ ❜❡ ♥♦t❡❞ t❤❛t ✐❢ l−N/p′ < 0✱ t❤❡♥ ✇❡
❤❛✈❡ P∆2

[2+l−N/p′] = P∆
[2+l−N/p′] = P[2+l−N/p′]❀ ❛♥❞ s②♠♠❡tr✐❝❛❧❧②✱ ✐❢−l−N/p <

0✱ ✇❡ ❤❛✈❡ P∆2

[2−l−N/p] = P∆
[2−l−N/p] = P[2−l−N/p]✳ ▼♦r♦✈❡r✱ ✐❢ ✇❡ ♥♦t❡ t❤❛t t❤❡

r❡✉♥✐♦♥ ♦❢ t❤♦s❡ t✇♦ ❝❛s❡s ❝♦✈❡rs ❛❧❧ ✐♥t❡❣❡rs l ∈ Z✱ ✇❡ ❝❛♥ ❞❡❞✉❝❡ t❤❛t ❢♦r
❛♥② l ∈ Z s❛t✐s❢②✐♥❣ ✭✹✮✱ t❤❡ ♦♣❡r❛t♦r

∆2 : W 2, p
l (RN)/P∆2

[2−l−N/p] −→ W−2, p
l (RN) ⊥ P

∆2

[2+l−N/p′] ✭✶✹✮

✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✳

❲❡ ❝❛♥ ❡st❛❜❧✐s❤ ♥♦✇ ❛ r❡s✉❧t ❢♦r ♠♦r❡ r❡❣✉❧❛r ❞❛t❛✱ ✇✐t❤ t✇♦ ♣r❡❧✐♠✐♥❛r②
❧❡♠♠❛s✳

✶✶



▲❡♠♠❛ ✸✳✹✳ ▲❡t m ≥ 1 ❛♥❞ l ≤ −2 ❜❡ t✇♦ ✐♥t❡❣❡rs s✉❝❤ t❤❛t

N

p
/∈ {1, . . . ,−l −m}, ✭✶✺✮

t❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♣❡r❛t♦r ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✿

∆2 : Wm+2, p
m+l (RN)/P∆2

[2−l−N/p] −→ Wm−2, p
m+l (RN).

Pr♦♦❢✳ ❲❡ ✉s❡ ❤❡r❡ ❛♥♦t❤❡r ✐s♦♠♦r♣❤✐s♠ r❡s✉❧t ✭❝❢✳ ❬✸❪✮✳ ▲❡tm ≥ 1 ❛♥❞ l ≤ −1
❜❡ t✇♦ ✐♥t❡❣❡rs✳ ❯♥❞❡r ❤②♣♦t❤❡s✐s ✭✶✺✮✱ t❤❡ ▲❛♣❧❛❝❡ ♦♣❡r❛t♦r

∆ : Wm+1, p
m+l (RN)/P∆

[1−l−N/p] −→ Wm−1, p
m+l (RN), ✭✶✻✮

✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✳ ❚❤❡♥✱ r❡♣❧❛❝✐♥❣ m ❜② m− 1 ❛♥❞ l ❜② l+ 1✱ ✇❡ ❝❛♥ ♦❜t❛✐♥
t❤❛t ❢♦r m ≥ 2 ❛♥❞ l ≤ −2✱ ✉♥❞❡r ❤②♣♦t❤❡s✐s ✭✶✺✮✱ t❤❡ ♦♣❡r❛t♦r

∆ : Wm, p
m+l(R

N)/P∆
[−l−N/p] −→ Wm−2, p

m+l (RN), ✭✶✼✮

✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✳ ▼♦r❡♦✈❡r ✭❝❢✳ ❬✷❪✮✱ ❢♦r l ≤ −2✱ t❤❡ ♦♣❡r❛t♦r

∆ : W 1, p
1+l(R

N)/P∆
[−l−N/p] −→ W−1, p

1+l (RN)

✐❢ N/p /∈ {1, . . . ,−l − 1},
✭✶✽✮

✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✳ ❚❤❡♥✱ ❝♦♠❜✐♥✐♥❣ ✭✶✼✮ ❛♥❞ ✭✶✽✮✱ ✇❡ ❝❛♥ ❞❡❞✉❝❡ t❤❛t ❢♦r
m ≥ 1 ❛♥❞ l ≤ −2✱ ✉♥❞❡r ❤②♣♦t❤❡s✐s ✭✶✺✮✱ t❤❡ ♦♣❡r❛t♦r

∆ : Wm, p
m+l(R

N)/P∆
[−l−N/p] −→ Wm−2, p

m+l (RN), ✭✶✾✮

✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✳ ❘❡♣❧❛❝✐♥❣ ♥♦✇ m ❜② m+1 ❛♥❞ l ❜② l−1 ✐♥ ✭✶✻✮✱ ✇❡ ♦❜t❛✐♥
t❤❛t ❢♦r m ≥ 0 ❛♥❞ l ≤ 0✱ ✉♥❞❡r ❤②♣♦t❤❡s✐s ✭✶✺✮✱ t❤❡ ♦♣❡r❛t♦r

∆ : Wm+2, p
m+l (RN)/P∆

[2−l−N/p] −→ Wm, p
m+l(R

N), ✭✷✵✮

✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✳ ❚❤❡ ❧❡♠♠❛ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❝♦♠♣♦s✐t✐♦♥ ♦❢ ✐s♦♠♦r♣❤✐s♠s
✭✶✾✮ ❛♥❞ ✭✷✵✮✳

▲❡♠♠❛ ✸✳✺✳ ▲❡t m ≥ 1 ❛♥ ✐♥t❡❣❡r s✉❝❤ t❤❛t

N

p′
6= 1 ♦r m = 1,

t❤❡♥ t❤❡ ❜✐❤❛r♠♦♥✐❝ ♦♣❡r❛t♦r

∆2 : Wm+2, p
m−1 (RN)/P∆2

[3−N/p] −→ Wm−2, p
m−1 (RN) ⊥ P[1−N/p′]

✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✳

✶✷



Pr♦♦❢✳ ▲❡t✬s ♥♦t❡ t❤❛t ✐t s✉✣❝❡s t♦ ♣r♦✈❡ t❤❛t t❤❡ ♦♣❡r❛t♦r ✐s s✉r❥❡❝t✐✈❡✳ ❍❡r❡
❛❣❛✐♥✱ ✇❡ ❝♦♠♣♦s❡ t✇♦ ▲❛♣❧❛❝❡ ♦♣❡r❛t♦rs✳ ❲❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐s♦♠♦r♣❤✐s♠
✭❝❢✳ ❬✷❪✮✿ ❢♦r m ∈ N✱

∆ : W 1+m, p
m (RN)/P∆

[1−N/p] −→ W−1+m, p
m (RN) ⊥ P[1−N/p′]

✐❢
N

p′
6= 1 ♦r m = 0.

✭✷✶✮

❘❡♣❧❛❝✐♥❣ m ❜② m− 1✱ ✇❡ ♦❜t❛✐♥ t❤❛t ❢♦r m ≥ 1✱ t❤❡ ♦♣❡r❛t♦r

∆ : Wm, p
m−1(R

N)/P∆
[1−N/p] −→ Wm−2, p

m−1 (RN) ⊥ P[1−N/p′]

✐❢
N

p′
6= 1 ♦r m = 1,

✭✷✷✮

✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✳ ❈♦♠♣♦s✐♥❣ ✇✐t❤ ✭✷✵✮✱ ❢♦r l = −1✱ ✇❡ ♦❜t❛✐♥ t❤❡ r❡s✉❧t✳

❲❡ ❝❛♥ ♥♦✇ ❣✐✈❡ ❛ ❣❧♦❜❛❧ r❡s✉❧t ❢♦r t❤❡ ❜✐❤❛r♠♦♥✐❝ ♦♣❡r❛t♦r✳

❚❤❡♦r❡♠ ✸✳✻✳ ✐✮ ▲❡t l ∈ Z s✉❝❤ t❤❛t

N

p′
/∈ {1, . . . , l + 1} ❛♥❞

N

p
/∈ {1, . . . ,−l − 1},

t❤❡♥ t❤❡ ❜✐❤❛r♠♦♥✐❝ ♦♣❡r❛t♦r

∆2 : W 3, p
l+1(R

N)/P∆2

[2−l−N/p] −→ W−1, p
l+1 (RN) ⊥ P

∆2

[2+l−N/p′]

✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✳
✐✐✮ ▲❡t l ∈ Z ❛♥❞ m ≥ 2 ❜❡ t✇♦ ✐♥t❡❣❡rs s✉❝❤ t❤❛t

N

p′
/∈ {1, . . . , l + 2} ❛♥❞

N

p
/∈ {1, . . . ,−l −m},

t❤❡♥ t❤❡ ❜✐❤❛r♠♦♥✐❝ ♦♣❡r❛t♦r

∆2 : Wm+2, p
m+l (RN)/P∆2

[2−l−N/p] −→ Wm−2, p
m+l (RN) ⊥ P

∆2

[2+l−N/p′]

✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✳

Pr♦♦❢✳ ❋♦r l ≤ −1✱ ✐t✬s ❝❧❡❛r t❤❛t ❧❡♠♠❛s ✸✳✹ ❛♥❞ ✸✳✺ ❡①❛❝t❧② ❝♦✈❡r ♣♦✐♥ts ✐✮
❛♥❞ ✐✐✮✳ ■t r❡♠❛✐♥s t♦ ❡st❛❜❧✐s❤ t❤❡ t❤❡♦r❡♠ ❢♦r l ≥ 0✳
❆❝❝♦r❞✐♥❣ t♦ ❬✷❪✱ ❢♦r l ≥ 0✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♣❡r❛t♦r ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✿

∆ : W 1, p
l+1(R

N) −→ W−1, p
l+1 (RN) ⊥ P

∆
[2+l−N/p′]

✐❢ N/p′ /∈ {1, . . . , l + 1}.
✭✷✸✮

✶✸



❋♦r m ≥ 1 ❛♥❞ l ≥ 1✱ ✇❡ ❛❧s♦ ❤❛✈❡ t❤❡ ✐s♦♠♦r♣❤✐s♠✿

∆ : Wm+1, p
m+l (RN) −→ Wm−1, p

m+l (RN) ⊥ P
∆
[1+l−N/p′]

✐❢ N/p′ /∈ {1, . . . , l + 1}.
✭✷✹✮

❘❡♣❧❛❝✐♥❣ m ❜② m − 1 ❛♥❞ l ❜② l + 1✱ ✇❡ ❞❡❞✉❝❡ ❢♦r m ≥ 2 ❛♥❞ l ≥ 0✱ t❤❡
✐s♦♠♦r♣❤✐s♠✿

∆ : Wm, p
m+l(R

N) −→ Wm−2, p
m+l (RN) ⊥ P

∆
[2+l−N/p′]

✐❢ N/p′ /∈ {1, . . . , l + 2}.
✭✷✺✮

❘❡♣❧❛❝✐♥❣ m ❜② m+ 1 ❛♥❞ l ❜② l − 1 ✐♥ (24)✱ ✇❡ ♦❜t❛✐♥ ❢♦r m ≥ 1 ❛♥❞ l ≥ 2✱
t❤❡ ✐s♦♠♦r♣❤✐s♠✿

∆ : Wm+2, p
m+l (RN) −→ Wm, p

m+l(R
N) ⊥ P

∆
[l−N/p′]

✐❢ N/p′ /∈ {1, . . . , l}.
✭✷✻✮

❆♥❞ ♥♦✇ r❡♣❧❛❝✐♥❣ m ❜② m+1 ✐♥ (21)✱ ✇❡ ♦❜t❛✐♥ ❢♦r m ≥ 1✱ t❤❡ ✐s♦♠♦r♣❤✐s♠✿

∆ : Wm+2, p
m+1 (RN)/P∆

[1−N/p] −→ Wm, p
m+1(R

N) ⊥ P[1−N/p′]

✐❢ N/p′ 6= 1.
✭✷✼✮

❋✐♥❛❧❧②✱ ✐❢ ✇❡ r❡t✉r♥ t♦ (16) ✇✐t❤ l = −1 ❛♥❞ m+ 1 ✐♥st❡❛❞ ♦❢ m✱ ✇❡ ❤❛✈❡ ❢♦r
m ≥ 1✱ t❤❡ ✐s♦♠♦r♣❤✐s♠✿

∆ : Wm+2, p
m (RN)/P[2−N/p] −→ Wm, p

m (RN). ✭✷✽✮

❚❤❡♥✱ ❝♦♠❜✐♥✐♥❣ (26)✱ (27) ❛♥❞ (28)✱ ✇❡ ♦❜t❛✐♥ ❢♦r m ≥ 1 ❛♥❞ l ≥ 0✱ t❤❡
✐s♦♠♦r♣❤✐s♠✿

∆ : Wm+2, p
m+l (RN)/P[2−l−N/p] −→ Wm, p

m+l(R
N) ⊥ P

∆
[l−N/p′]

✐❢ N/p′ /∈ {1, . . . , l}.
✭✷✾✮

■t r❡♠❛✐♥s t♦ ❥✉st✐❢② ♦rt❤♦❣♦♥❛❧✐t② ❝♦♥❞✐t✐♦♥s t♦ ❝♦♠♣♦s❡ (29) ✇✐t❤ (23) ❛♥❞
(25)✱ ✇❤✐❝❤ ✇✐❧❧ ❣✐✈❡ ✉s r❡s♣❡❝t✐✈❡❧② t❤❡ ✐s♦♠♦r♣❤✐s♠s ♦❢ ♣♦✐♥ts ✐✮ ❛♥❞ ✐✐✮✳
▲❡t f ∈ Wm−2, p

m+l (RN) ⊥ P∆2

[2+l−N/p′] ✇✐t❤ m ≥ 1✱ t❤❡♥ ✇❡ ❤❛✈❡ f ⊥ P∆
[2+l−N/p′]

❛♥❞ ❛❝❝♦r❞✐♥❣ t♦ (23) ♦r (25)✱ t❤❡r❡ ❡①✐sts u ∈ Wm, p
m+l(R

N) s✉❝❤ t❤❛t ∆u = f ✳
❲❡ ✇✐❧❧ s❤♦✇ t❤❛t u ⊥ P∆

[l−N/p′]✳ ▲❡t ψ ∈ P∆
[l−N/p′]✱ ✇❡ ❦♥♦✇ t❤❛t t❤❡r❡ ❡①✐sts

ϕ ∈ P[2+l−N/p′] s✉❝❤ t❤❛t ψ = ∆ϕ✱ ✐✳❡✳ ϕ ∈ P∆2

[2+l−N/p′]✳

❛✮ ❈❛s❡ m = 1✿ u ∈ W 1, p
l+1(R

N)✱ f ∈ W−1, p
l+1 (RN) ⊥ P∆2

[2+l−N/p′]✳

▲❡t ✉s ♥♦t❡ t❤❛t ψ ∈ W 0, p′

−l (RN) ❛♥❞ ϕ ∈ W 2, p′

−l (RN)✱ s✐♥❝❡
N

p′
/∈ {1, . . . , l}✳ ❲❡

❛❧s♦ ❤❛✈❡ t❤❡ ✐♠❜❡❞❞✐♥❣ W 2, p′

−l (RN) →֒ W 1, p′

−l−1(R
N)✱ s✐♥❝❡

N

p′
6= l + 1✳ ❚❤❡♥✱

✇❡ ❤❛✈❡ ψ = ∆ϕ ∈ W−1, p′

−l−1 (RN)✳ ❚❤✐s ✐♠♣❧✐❡s

✶✹



〈u, ψ〉
W 1, p

l+1
(RN )×W−1, p′

−l−1
(RN )

= 〈u,∆ϕ〉
W 1, p

l+1
(RN )×W−1, p′

−l−1
(RN )

= 〈∆u, ϕ〉
W−1, p

l+1
(RN )×W 1, p′

−l−1
(RN )

= 〈f, ϕ〉
W−1, p

l+1
(RN )×W 1, p′

−l−1
(RN )

= 0.

❜✮ ❈❛s❡ m ≥ 2✿ u ∈ Wm, p
m+l(R

N)✱ f ∈ Wm−2, p
m+l (RN) ⊥ P∆2

[2+l−N/p′]✳

❙✐♥❝❡ l ≥ 0✱ ✇❡ ❤❛✈❡
N

p
+ m + l /∈ {1, . . . ,m}✱ t❤❡r❡❢♦r❡ ✇❡ ❝❛♥ ❞❡❞✉❝❡ t❤❡

❝❤❛✐♥ ♦❢ ✐♠❜❡❞❞✐♥❣s Wm, p
m+l(R

N) →֒ · · · →֒ W 1, p
l+1(R

N)✳ ▼♦r❡♦✈❡r
N

p′
6= l + 2✱

t❤❡♥ ✇❡ ❛❧s♦ ❤❛✈❡ Wm−2, p
m+l (RN) →֒ · · · →֒ W 0, p

l+2(R
N) →֒ W−1, p

l+1 (RN)✳ ❆❢t❡r
t❤❛t✱ ✇❡ r❡♣❡❛t t❤❡ r❡❛s♦♥✐♥❣ ♦❢ ❝❛s❡ m = 1✳
❚❤❡♥✱ ✇❡ ❤❛✈❡ u ∈ Wm, p

m+l(R
N) ⊥ P∆

[l−N/p′]✱ ❛♥❞ (29) s❤♦✇s ✉s t❤❛t t❤❡r❡ ❡①✐sts

z ∈ Wm+2, p
m (RN) s✉❝❤ t❤❛t ∆z = u✳ ❚❤✉s ✐t ❢♦❧❧♦✇s t❤❛t t❤❡ ♦♣❡r❛t♦r

∆2 : Wm+2, p
m+l (RN)/P∆2

[2−l−N/p] −→ Wm−2, p
m+l (RN) ⊥ P

∆2

[2+l−N/p′]

✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✳

✹ ●❡♥❡r❛❧✐③❡❞ s♦❧✉t✐♦♥s ♦❢ ∆2 ✐♥ R
N
+

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ s❤❛❧❧ ❞❡❛❧ ✇✐t❤ Pr♦❜❧❡♠ (P) ✐♥ t❤❡ ❤❛❧❢✲s♣❛❝❡✳

❋♦r ❛♥② q ∈ Z✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ s♣❛❝❡ Bq ❛s ❛ s✉❜s♣❛❝❡ ♦❢ P∆2

q ✿

Bq =
{

u ∈ P
∆2

q ; u = ∂Nu = 0 ♦♥ Γ
}

.

❲❡ s❤❛❧❧ ❡st❛❜❧✐s❤ t❤❡ ♠❛✐♥ t❤❡♦r❡♠✿

❚❤❡♦r❡♠ ✹✳✶✳ ▲❡t l ∈ Z s✉❝❤ t❤❛t

N

p′
/∈ {1, . . . , l} ❛♥❞

N

p
/∈ {1, . . . ,−l}.

❋♦r ❛♥② f ∈ W−2, p
l (RN

+ ), g0 ∈ W
2−1/p, p
l (Γ) ❛♥❞ g1 ∈ W

1−1/p, p
l (Γ) s❛t✐s❢②✐♥❣

t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥

∀ϕ ∈ B[2+l−N/p′],

〈f, ϕ〉
W−2, p

l
(RN

+ )×
◦

W
2, p′

−l
(RN

+ )
+ 〈g1,∆ϕ〉Γ − 〈g0, ∂N∆ϕ〉Γ = 0, ✭✸✵✮

♣r♦❜❧❡♠ (P) ❛❞♠✐ts ❛ s♦❧✉t✐♦♥ u ∈ W 2, p
l (RN

+ )✱ ✉♥✐q✉❡ ✉♣ t♦ ❛♥ ❡❧❡♠❡♥t ♦❢

✶✺



B[2−l−N/p]✱ ❛♥❞ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t C s✉❝❤ t❤❛t

inf
q∈B[2−l−N/p]

‖u+ q‖W 2, p
l

(RN
+ ) ≤

C
(

‖f‖W−2, p
l

(RN
+ ) + ‖g0‖W

2−1/p, p
l

(Γ)
+ ‖g1‖W

1−1/p, p
l

(Γ)

)

.

◆❇✿ 〈g1,∆ϕ〉Γ ❞❡♥♦t❡s t❤❡ ❞✉❛❧✐t② ❜r❛❝❦❡t 〈g1,∆ϕ〉W 1−1/p, p
l

(Γ)×W
−1/p′, p′

−l
(Γ)

✱ ❛♥❞

〈g0, ∂N∆ϕ〉Γ t❤❡ ❞✉❛❧✐t② ❜r❛❝❦❡t 〈g0, ∂N∆ϕ〉
W

2−1/p, p
l

(Γ)×W
−1−1/p′, p′

−l
(Γ)

✳

✹✳✶ ❈❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ ❦❡r♥❡❧

▲❡t ✉s ❞❡♥♦t❡ ❜② K t❤❡ ❦❡r♥❡❧ ♦❢ t❤❡ ♦♣❡r❛t♦r

(∆2, γ0, γ1) : W 2, p
l (RN

+ ) −→ W−2, p
l (RN

+ ) ×W
2−1/p, p
l (Γ) ×W

1−1/p, p
l (Γ),

✐✳❡✳
K =

{

u ∈ W 2, p
l (RN

+ ); ∆2u = 0 ✐♥ R
N
+ , u = ∂Nu = 0 ♦♥ Γ

}

.

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ✉s❡s t❤❡ r❡✢❡❝t✐♦♥ ♣r✐♥❝✐♣❧❡ ✭❝❢✳ ❋❛r✇✐❣ ❬✽❪✮✳

▲❡♠♠❛ ✹✳✷✳ ▲❡t l ∈ Z✳

✐✮ ■❢
N

p
/∈ {1, . . . ,−l}✱ t❤❡♥ K = B[2−l−N/p]✳

✐✐✮ ■❢
N

p
∈ {1, . . . ,−l}✱ t❤❡♥ K = B1−l−N/p✳

Pr♦♦❢✳ ●✐✈❡♥ u ∈ K ✱ ✇❡ s❡t

ũ(x′, xN) =







u(x′, xN) if xN ≥ 0,

(−u− 2xN∂Nu− x2
N∆u)(x′,−xN) if xN < 0.

❚❤❡♥ ✇❡ ❤❛✈❡ ũ ∈ S ′(RN) ❛♥❞ ✇❡ s❤♦✇ t❤❛t ∆2ũ = 0 ✐♥ R
N ✳ ❲❡ ❝❛♥ ❞❡❞✉❝❡

t❤❛t ũ✱ ❛♥❞ ❝♦♥s❡q✉❡♥t❧② u✱ ✐s ❛ ♣♦❧②♥♦♠✐❛❧✳ ❋✉rt❤❡r♠♦r❡✱ u ∈ W 2, p
l (RN

+ )
✐♠♣❧✐❡s t❤❛t ✐ts ♠❛①✐♠✉♠ ❞❡❣r❡❡ ✐s t❤❡ s❛♠❡ ❛s ✐♥ ▲❡♠♠❛ ✸✳✶✳

▼♦r❡ ❣❡♥❡r❛❧❧②✱ ❢♦r ❛♥② m ∈ N✱ ✇❡ ❞❡♥♦t❡ ❜② K m t❤❡ ❦❡r♥❡❧ ♦❢ t❤❡ ♦♣❡r❛t♦r

(∆2, γ0, γ1) : Wm+2, p
m+l (RN

+ ) −→ Wm−2, p
m+l (RN

+ )×W
m+2−1/p, p
m+l (Γ)×W

m+1−1/p, p
m+l (Γ),

✐✳❡✳

K
m =

{

u ∈ Wm+2, p
m+l (RN

+ ); ∆2u = 0 ✐♥ R
N
+ , u = ∂Nu = 0 ♦♥ Γ

}

.

■❞❡♥t✐❝❛❧ ❛r❣✉♠❡♥ts ❧❡❛❞ ✉s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✿

✶✻



▲❡♠♠❛ ✹✳✸✳ ▲❡t l ∈ Z ❛♥❞ m ∈ N✳

✐✮ ■❢
N

p
/∈ {1, . . . ,−l −m}✱ t❤❡♥ K m = B[2−l−N/p]✳

✐✐✮ ■❢
N

p
∈ {1, . . . ,−l −m}✱ t❤❡♥ K m = B1−l−N/p✳

❲❡ ♥♦✇ ✐♥tr♦❞✉❝❡ t❤❡ t✇♦ ♦♣❡r❛t♦rs ΠD ❛♥❞ ΠN ✱ ❞❡✜♥❡❞ ❜②✿

∀r ∈ A
∆

k , ΠDr =
1

2

∫ xN

0
t r(x′, t) dt,

∀s ∈ N
∆

k , ΠNs =
1

2
xN

∫ xN

0
s(x′, t) dt.

❙♦ ✇❡ ♦❜t❛✐♥ t❤❡ s❡❝♦♥❞ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ K m✿

▲❡♠♠❛ ✹✳✹✳ ▲❡t l ∈ Z ❛♥❞ m ∈ N✳ ❯♥❞❡r ❤②♣♦t❤❡s✐s ✭✹✮✱ ✇❡ ❤❛✈❡

K
m = B[2−l−N/p] = ΠDA

∆
[−l−N/p] ⊕ ΠNN

∆
[−l−N/p]. ✭✸✶✮

Pr♦♦❢✳ ❆ ❞✐r❡❝t ❝❛❧❝✉❧❛t✐♦♥ ✇✐t❤ t❤❡s❡ ♦♣❡r❛t♦rs ②✐❡❧❞s t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧❛s✿

∀r ∈ A
∆

k ,



























∆ΠDr = r ✐♥ R
N
+ ,

∂NΠDr =
1

2
xNr ✐♥ R

N
+ ,

ΠDr = ∂NΠDr = 0 ♦♥ Γ,

✭✸✷✮

❛♥❞

∀s ∈ N
∆

k ,



























∆ΠNs = s ✐♥ R
N
+ ,

∂NΠNs =
1

2

(

xNs+
∫ xN

0
s(x′, t) dt

)

✐♥ R
N
+ ,

ΠNs = ∂NΠNs = 0 ♦♥ Γ.

✭✸✸✮

▼♦r❡♦✈❡r✱ ❢♦r ❛♥② r ∈ A ∆
k ❛♥❞ s ∈ N ∆

k ✱ ΠDr ∈ Pk+2 ❛♥❞ ΠNs ∈ Pk+2✳ ❚❤✉s✱
✐❢ r ∈ A ∆

[−l−N/p] ❛♥❞ s ∈ N ∆
[−l−N/p]✱ ✇❡ ❝❛♥ ❞❡❞✉❝❡ t❤❛t ΠDr ∈ B[2−l−N/p] ❛♥❞

ΠNs ∈ B[2−l−N/p]✳
❈♦♥✈❡rs❡❧②✱ ✐❢ ✇❡ ❝♦♥s✐❞❡r u ∈ B[2−l−N/p]✱ t❤❡♥ ✇❡ ❤❛✈❡ ∆u ∈ P∆

[−l−N/p]✳ ❙✐♥❝❡

P∆
[−l−N/p] = A ∆

[−l−N/p] ⊕ N ∆
[−l−N/p]✱ t❤❡r❡ ❡①✐sts (r, s) ∈ A ∆

[−l−N/p] × N ∆
[−l−N/p]

s✉❝❤ t❤❛t ∆u = r+s ✐♥ R
N
+ ✳ ❆❝❝♦r❞✐♥❣ t♦ ❢♦r♠✉❧❛s ✭✸✷✮ ❛♥❞ ✭✸✸✮✱ t❤❡ ❢✉♥❝t✐♦♥

z = u − ΠDr − ΠNs s❛t✐s✜❡s✿ ∆ = 0 ✐♥ R
N
+ ❛♥❞ z = ∂Nz = 0 ♦♥ Γ✳ ❚❤❡

❢✉♥❝t✐♦♥ z ❜❡❧♦♥❣✐♥❣ t♦ A ∆
[2−l−N/p] ∩ N ∆

[2−l−N/p] = {0}✱ t❤❡♥ u = ΠDr + ΠNs✳

❋✉rt❤❡r♠♦r❡✱ t❤❡ s✉♠ ✭✸✶✮ ✐s ❞✐r❡❝t✱ ❜❡❝❛✉s❡ ✐❢ (r, s) ∈ A ∆
[−l−N/p] × N ∆

[−l−N/p]

s✉❝❤ t❤❛t ΠDr = ΠNs = u✱ t❤❡♥ ∆u = r = s✳ ❚❤❛t ✐♠♣❧✐❡s ∆u = 0 ✐♥ R
N
+

✇✐t❤ u = ∂Nu = 0 ♦♥ Γ✱ ❤❡♥❝❡ u = 0 ✐♥ R
N
+ ✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ❝❧❛r✐✜❡s t❤❡ ❦❡r♥❡❧ B[2−l−N/p] ✐♥ t❤❡ s✐♠♣❧❡st ❝❛s❡s✳

✶✼



Pr♦♣♦s✐t✐♦♥ ✹✳✺✳ ▲❡t l ∈ Z s✉❝❤ t❤❛t
N

p
/∈ {1, . . . ,−l}✳

✐✮ ■❢ −l −N/p < 0✱ t❤❡♥ B[2−l−N/p] = {0}✳
✐✐✮ ■❢ 0 < −l −N/p < 1✱ t❤❡♥ B[2−l−N/p] = R x2

N ✳

Pr♦♦❢✳ ■❢ −l − N/p < 0✱ t❤❡♥ ✇❡ ❤❛✈❡ B[2−l−N/p] ⊂ P1✳ ◆♦✇✱ ✐❢ ϕ ∈ P1

✇✐t❤ ϕ = ∂Nϕ = 0 ♦♥ Γ✱ ✇❡ ♥❡❝❡ss❛r✐❧② ❤❛✈❡ ϕ = 0✳ ■❢ 0 < −l − N/p < 1✱

t❤❡♥ B[2−l−N/p] = B2 =
{

ϕ ∈ P∆2

2 ; ϕ = ∂Nϕ = 0 ♦♥ Γ
}

✳ ◆♦✇✱ ✐❢ ϕ ∈ P2

✇✐t❤ ϕ = ∂Nϕ = 0 ♦♥ Γ✱ ❛ ❞✐r❡❝t ❝❛❧❝✉❧❛t✐♦♥ s❤♦✇s t❤❛t ϕ(x) = c x2
N ✱ ✇❤❡r❡

c ∈ R✳

❘❡♠❛r❦ ✹✳✻✳ ❚❤✐s ♣r♦♣♦s✐t✐♦♥ ②✐❡❧❞s ❛♥ ❛♥s✇❡r t♦ ✐♠♣♦rt❛♥t ♣❛rt✐❝✉❧❛r ❝❛s❡s✿

✐✮ ■❢ l ≥ 0 ♦r ✭l = −1 ❛♥❞ N/p > 1✮✱ t❤❡♥ B[2−l−N/p] = {0}✳
✐✐✮ ■❢ l = −1 ❛♥❞ N/p < 1✱ t❤❡♥ B[3−N/p] = B2 = R x2

N ✳ �

✹✳✷ ❚❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥

❲❡ s❤❛❧❧ ♥♦✇ s❤♦✇ t❤❡ ♥❡❝❡ss✐t② ♦❢ ❝♦♥❞✐t✐♦♥ ✭✸✵✮ ✐♥ ❚❤❡♦r❡♠ ✹✳✶✳

▲❡♠♠❛ ✹✳✼✳ ▲❡t l ∈ Z s✉❝❤ t❤❛t

N

p′
/∈ {1, . . . , l}. ✭✸✹✮

▲❡t f ∈ W−2, p
l (RN

+ ), g0 ∈ W
2−1/p, p
l (Γ) ❛♥❞ g1 ∈ W

1−1/p, p
l (Γ)✳ ■❢ ♣r♦❜❧❡♠ (P)

❛❞♠✐ts ❛ s♦❧✉t✐♦♥ ✐♥ W 2, p
l (RN

+ )✱ t❤❡♥ ✇❡ ❤❛✈❡ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥✿

∀ϕ ∈ B[2+l−N/p′], 〈f, ϕ〉
W−2, p

l
(RN

+ )×
◦

W
2, p′

−l
(RN

+ )
+ 〈g1,∆ϕ〉Γ − 〈g0, ∂N∆ϕ〉Γ = 0,

✇❤❡r❡ 〈g1,∆ϕ〉Γ ❞❡♥♦t❡s t❤❡ ❞✉❛❧✐t② ❜r❛❝❦❡t 〈g1,∆ϕ〉W 1−1/p, p
l

(Γ)×W
−1/p′, p′

−l
(Γ)

❛♥❞

〈g0, ∂N∆ϕ〉Γ ❞❡♥♦t❡s t❤❡ ❞✉❛❧✐t② ❜r❛❝❦❡t 〈g0, ∂N∆ϕ〉
W

2−1/p, p
l

(Γ)×W
−1−1/p′, p′

−l
(Γ)

✳

❘❡♠❛r❦ ✹✳✽✳ ❇② Pr♦♣♦s✐t✐♦♥ ✹✳✺✱ ✐❢ l − N/p′ < 0 ❛♥❞ ♣❛rt✐❝✉❧❛r❧② ✐❢ l ≤ 0✱
✇❡ ❤❛✈❡ B[2+l−N/p′] = {0}✳ ❚❤✉s t❤❡r❡ ✐s ♥♦ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✐♥ t❤❡s❡
❝❛s❡s✳ �

Pr♦♦❢✳ ❙♦ ✇❡ ❛ss✉♠❡ t❤❛t l ≥ 1✳ ❚❤❡ ✜rst ♣♦✐♥t ✐s t♦ ❥✉st✐❢② t❤❡ ❞✉❛❧✐t✐❡s ✐♥ t❤❡
s♣❛❝❡s ♦❢ tr❛❝❡s✳ ◆♦t✐♥❣ t❤❛t ✉♥❞❡r ❤②♣♦t❤❡s✐s ✭✸✹✮✱ ❢♦r ❛♥② ϕ ∈ B[2+l−N/p′]✱

✇❡ ❤❛✈❡ ϕ ∈ W 3, p′

−l+1(R
N
+ ) ❛♥❞ ❛❧s♦ ϕ ∈ W 4, p′

−l+2(R
N
+ )✱ ✇❡ ❝❛♥ ❞❡❞✉❝❡ t❤❛t ∆ϕ|Γ ∈

W
1−1/p′, p′

−l+1 (Γ) ❛♥❞ ∂N∆ϕ|Γ ∈ W
1−1/p′, p′

−l+2 (Γ)✳ ■t r❡♠❛✐♥s t♦ ✈❡r✐❢② t❤❡ ✐♠❜❡❞❞✐♥❣s

✶✽



W
1−1/p′, p′

−l+1 (Γ) →֒W
−1/p′, p′

−l (Γ), ✭✸✺✮

W
1−1/p′, p′

−l+2 (Γ) →֒W
−1−1/p′, p′

−l (Γ). ✭✸✻✮

✐✮ ❚♦ s❤♦✇ ✭✸✺✮✱ ✇❡ ❜r❡❛❦ ❞♦✇♥ t❤✐s ✐♠❜❡❞❞✐♥❣ ✐♥t♦

W
1−1/p′, p′

−l+1 (RN−1) →֒W 0, p′

−l+1/p′(R
N−1), ✭✸✼✮

W 0, p′

−l+1/p′(R
N−1) →֒W

−1/p′, p′

−l (RN−1), ✭✸✽✮

✇❤❡r❡ ✭✸✽✮ ✐s ❡q✉✐✈❛❧❡♥t ❜② ❞✉❛❧✐t② t♦

W
1/p′, p
l (RN−1) →֒ W 0, p

l−1/p′(R
N−1). ✭✸✾✮

❖❜s❡r✈❡ t❤❛t ✭✸✼✮ ❤♦❧❞s ✐❢ ❛♥❞ ♦♥❧② ✐❢
N − 1

p′
− l+1 6= 1−

1

p′
✱ ✐✳❡✳

N

p′
6= l✱ ✇❤✐❝❤

✐s ✐♥❝❧✉❞❡❞ ✐♥ ✭✸✹✮✳ ▲✐❦❡✇✐s❡ ✭✸✾✮ ✐s s❛t✐s✜❡❞ ✐❢ ❛♥❞ ♦♥❧② ✐❢
N − 1

p
+ l 6=

1

p′
✱ ✐✳❡✳

N

p
6= −l + 1✱ ✇❤✐❝❤ ❝❛♥✬t ❤❛♣♣❡♥ ❢♦r l ≥ 1✳

✐✐✮ ❙✐♠✐❧❛r❧②✱ t❤❡ ✐♠❜❡❞❞✐♥❣ ✭✸✻✮ ✐s ❡q✉✐✈❛❧❡♥t t♦

W
1−1/p′, p′

−l+2 (RN−1) →֒W 0, p′

−l+1+1/p′(R
N−1) ✭✹✵✮

W
1+1/p′, p
l (RN−1) →֒W 0, p

l−1−1/p′(R
N−1). ✭✹✶✮

❚❤❡ ✐♠❜❡❞❞✐♥❣ ✭✹✵✮ ❤♦❧❞s ✐❢ ❛♥❞ ♦♥❧② ✐❢
N

p′
6= l− 1✱ ✇❤✐❝❤ ✐s ✐♥❝❧✉❞❡❞ ✐♥ ✭✸✹✮✳

❚❤❡ ✐♠❜❡❞❞✐♥❣ ✭✹✶✮ ✐s s❛t✐s✜❡❞ ✐❢ ❛♥❞ ♦♥❧② ✐❢
N

p
/∈ {−l + 1, −l + 2}✳ ❙✐♥❝❡

l ≥ 1✱ ✐t s✉✣❝❡s t❤❛t
N

p
6= 1 ❢♦r l = 1✳ ❆ss✉♠❡ t❤❛t l = 1 ❛♥❞

N

p
= 1✱

t❤❡♥ ✇❡ ❤❛✈❡
N

p′
= N − 1 ❛♥❞ t❤✉s B[2+l−N/p′] = B[4−N ]✳ ■❢ N ≥ 3✱ t❤❡r❡

✐s ♥♦ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ❜❡❝❛✉s❡ B[4−N ] = {0}✳ ■❢ N = 2✱ t❤❡♥ ✇❡ ❤❛✈❡

p = p′ = 2 ❛♥❞
N

p′
= 1✱ ❜✉t t❤❛t ✐s ❡①❝❧✉❞❡❞ ❜② ✭✸✹✮✳

◆♦✇ ✐t ✐s ❝❧❡❛r t❤❛t ❢♦r ❛♥② u ∈ D

(

RN
+

)

✇❡ ❤❛✈❡

∀ϕ ∈ B[2+l−N/p′],
∫

RN
+

ϕ∆2u dx =
∫

Γ
u∆∂Nϕdx

′ −
∫

Γ
∂Nu∆ϕdx′.

▲❡t u ∈ W 2, p
l (RN

+ ) ❛♥❞ ϕ ∈ B[2+l−N/p′]✳ ❚❤❛♥❦s t♦ t❤❡ ❞❡♥s✐t② ♦❢ D

(

RN
+

)

✐♥ W 2, p
l (RN

+ )✱ t❤❡r❡ ❡①✐sts ❛ s❡q✉❡♥❝❡ (uk)k∈N ⊂ D

(

RN
+

)

s✉❝❤ t❤❛t uk → u

✐♥ W 2, p
l (RN

+ )✳ ❚❤❡r❡❢♦r❡ ∆2uk → ∆2u ✐♥ W−2, p
l (RN

+ )✱ uk → u ✐♥ W
2−1/p, p
l (Γ)

✶✾



❛♥❞ ∂Nuk → ∂Nu ✐♥ W
1−1/p, p
l (Γ)✳ ❲r✐t✐♥❣ t❤❡ ♣r❡✈✐♦✉s ❢♦r♠✉❧❛ ❢♦r ❛♥② uk✱ ✇❡

♦❜t❛✐♥ ❜② ♣❛ss✐♥❣ t♦ t❤❡ ❧✐♠✐t ❛s k → ∞

∀ϕ ∈ B[2+l−N/p′],
〈

∆2u, ϕ
〉

W−2, p
l

(RN
+ )×

◦

W
2, p′

−l
(RN

+ )
= 〈u, ∂N∆ϕ〉Γ − 〈∂Nu,∆ϕ〉Γ .

❚❤✐s ♣r♦✈❡s t❤❡ ♥❡❝❡ss✐t② ♦❢ ❝♦♥❞✐t✐♦♥ ✭✸✵✮✳

✹✳✸ ❚❤❡ ❤♦♠♦❣❡♥❡♦✉s ♣r♦❜❧❡♠

❍❡r❡ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❤♦♠♦❣❡♥❡♦✉s ♣r♦❜❧❡♠ ✐♥ R
N
+ ✱ ✐✳❡✳ f = 0✱ ✇✐t❤ st❛♥❞❛r❞

❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳ ▲❡t t❤❡ ♣r♦❜❧❡♠

(P0)















∆2u = 0 in R
N
+ ,

u = g0 on Γ,

∂Nu = g1 on Γ,

✇✐t❤ g0 ∈ W
2−1/p, p
l (Γ) ❛♥❞ g1 ∈ W

1−1/p, p
l (Γ)✳

▲❡♠♠❛ ✹✳✾✳ ▲❡t l ∈ Z✳ ❯♥❞❡r ❤②♣♦t❤❡s✐s ✭✹✮✱ ❢♦r ❛♥② g0 ∈ W
2−1/p, p
l (Γ) ❛♥❞

g1 ∈ W
1−1/p, p
l (Γ) s❛t✐s❢②✐♥❣ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥

∀ϕ ∈ B[2+l−N/p′] , 〈g1,∆ϕ〉Γ − 〈g0, ∂N∆ϕ〉Γ = 0, ✭✹✷✮

♣r♦❜❧❡♠ (P0) ❛❞♠✐ts ❛ s♦❧✉t✐♦♥ u ∈ W 2, p
l (RN

+ )✱ ✉♥✐q✉❡ ✉♣ t♦ ❛♥ ❡❧❡♠❡♥t ♦❢
B[2−l−N/p]✱ ✇✐t❤ t❤❡ ❡st✐♠❛t❡

inf
q∈B[2−l−N/p]

‖u+ q‖W 2, p
l

(RN
+ ) ≤ C

(

‖g0‖W
2−1/p, p
l

(Γ)
+ ‖g1‖W

1−1/p, p
l

(Γ)

)

.

Pr♦♦❢✳ ❋✐rst❧②✱ t❤❛♥❦s t♦ ▲❡♠♠❛ ✹✳✹✱ ♥♦t❡ t❤❛t ❝♦♥❞✐t✐♦♥ ✭✹✷✮ ✐s ❡q✉✐✈❛❧❡♥t t♦
❜♦t❤ ❝♦♥❞✐t✐♦♥s

∀r ∈ A
∆
[l−N/p′], 〈g0, ∂Nr〉Γ = 0, ✭✹✸✮

∀s ∈ N
∆

[l−N/p′], 〈g1, s〉Γ = 0. ✭✹✹✮

❈♦♥s✐❞❡r t❤❡ ❉✐r✐❝❤❧❡t ♣r♦❜❧❡♠✿

(R0)







∆ϑ = 0 in R
N
+ ,

ϑ = g0 on Γ.

❙✐♥❝❡ g0 ∈ W
2−1/p, p
l (Γ) = W

1+1−1/p, p
1+(l−1) (Γ)✱ ❚❤❡♦r❡♠ ✷✳✻ ❤♦❧❞s ✇✐t❤ m = 1

❛♥❞ l − 1 ✐♥st❡❛❞ ♦❢ l✳ ❚❤❡♥ ❤②♣♦t❤❡s✐s ✭✻✮ ❜❡❝♦♠❡s
N

p′
/∈ {1, . . . , l} ❛♥❞

✷✵



N

p
/∈ {1, . . . ,−l}✳ ▼♦r❡♦✈❡r ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✭✺✮ ❝♦rr❡s♣♦♥❞s ♣r❡❝✐s❡❧②

t♦ ✭✹✸✮✳ ❲❡ ❝❛♥ ❞❡❞✉❝❡ t❤❛t ♣r♦❜❧❡♠ (R0) ❛❞♠✐ts ❛ s♦❧✉t✐♦♥ ϑ ∈ W 2, p
l (RN

+ )✳

❈♦♥s✐❞❡r ♥♦✇ t❤❡ ◆❡✉♠❛♥♥ ♣r♦❜❧❡♠✿

(S0)







∆ζ = 0 in R
N
+ ,

∂Nζ = g1 on Γ.

❚❤❡♦r❡♠ ✷✳✽ ❤♦❧❞s ✇✐t❤ m = 0✳ ▼♦r❡♦✈❡r ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✭✽✮ ❝♦rr❡✲
s♣♦♥❞s ♣r❡❝✐s❡❧② t♦ ✭✹✹✮✳ ❲❡ ❝❛♥ ❞❡❞✉❝❡ t❤❛t ♣r♦❜❧❡♠ (S0) ❛❞♠✐ts ❛ s♦❧✉t✐♦♥
ζ ∈ W 2, p

l (RN
+ )✳ ❙♦ ✇❡ ❝❛♥ r❡❛❞✐❧② ✈❡r✐❢② t❤❛t t❤❡ ❢✉♥❝t✐♦♥ ❞❡✜♥❡❞ ❜②

u = xN ∂N(ζ − ϑ) + ϑ ✭✹✺✮

✐s ❛ s♦❧✉t✐♦♥ t♦ (P0)✳ ❍♦✇❡✈❡r ✇❡ ♠✉st s❤♦✇ t❤❛t u ∈ W 2, p
l (RN

+ )✳ ❋♦r t❤✐s✱ ✇❡
r❡♠❛r❦ t❤❛t u s❛t✐s✜❡s

(T )







∆u = 2 ∂2
N(ζ − ϑ) in R

N
+ ,

u = g0 on Γ,

✇✐t❤ 2 ∂2
N(ζ − ϑ) ∈ W 0, p

l (RN
+ ) ❛♥❞ g0 ∈ W

2−1/p, p
l (Γ)✳

✐✮ ■❢
N

p
6= −l + 1✱ t❤❡♥ ✇❡ ❤❛✈❡ t❤❡ ✐♠❜❡❞❞✐♥❣ W 2, p

l (RN
+ ) →֒ W 1, p

l−1(R
N
+ )✳ ❇②

✭✹✺✮✱ ✇❡ ❞❡❞✉❝❡ t❤❛t u ∈ W 1, p
l−1(R

N
+ )✳ ❋✉rt❤❡r♠♦r❡ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ●r❡❡♥

❢♦r♠✉❧❛✿

∀r ∈ A
∆
[l−N/p′], 〈∆u, r〉

W−1, p
l−1

(RN
+ )×

◦

W
1, p′

−l+1
(RN

+ )
= 〈u, ∂Nr〉W 1−1/p, p

l−1
(Γ)×W

−1/p′, p′

−l+1
(Γ)
,

✐✳❡✳

∀r ∈ A
∆
[l−N/p′],

〈

2 ∂2
N(ζ − ϑ), r

〉

W−1, p
l−1

(RN
+ )×

◦

W
1, p′

−l+1
(RN

+ )
= 〈g0, ∂Nr〉Γ .

❚❤✉s t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ♦❢ ♣r♦❜❧❡♠ ✭T ✮ ✐s s❛t✐s✜❡❞ ❛♥❞ t❤❛♥❦s t♦
❚❤❡♦r❡♠ ✷✳✽✱ ✐t ❛❞♠✐ts ❛ s♦❧✉t✐♦♥ y ∈ W 2, p

l (RN
+ )✱ ✉♥✐q✉❡ ✉♣ t♦ ❛♥ ❡❧❡♠❡♥t ♦❢

A ∆
[2−l−N/p]✳ ❙♦ t❤❡ ❢✉♥❝t✐♦♥ z = u− y ∈ W 1, p

l−1(R
N
+ ) ❛♥❞ s❛t✐s✜❡s

(K)







∆z = 0 in R
N
+ ,

z = 0 on Γ.

❲❡ ❝❛♥ ❞❡❞✉❝❡ t❤❛t z ∈ A ∆
[2−l−N/p]✱ ✐✳❡✳ u = y + r ✇✐t❤ r ∈ A ∆

[2−l−N/p] ⊂

W 2, p
l (RN

+ )✱ ✇❤✐❝❤ s❤♦✇s t❤❛t u ∈ W 2, p
l (RN

+ )✳

✷✶



✐✐✮ ■❢
N

p
= −l + 1✱ t❤❡ ♣r❡✈✐♦✉s ✐♠❜❡❞❞✐♥❣ ❞♦❡s ♥♦t ❤♦❧❞✳ ❚❤❡♥ ✇❡ ♦♥❧② ❤❛✈❡

W 2, p
l (RN

+ ) →֒ W 1, p
l−1,−1(R

N
+ )✱ ✇✐t❤ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❛ ❧♦❣❛r✐t❤♠✐❝ ✇❡✐❣❤t ✐♥

t❤❡ s❡❝♦♥❞ s♣❛❝❡✳ ❇② ✭✹✺✮✱ ✇❡ ❝❛♥ ❞❡❞✉❝❡ t❤❛t u ∈ W 1, p
l−1,−1(R

N
+ )✳ ❋✉rt❤❡r♠♦r❡

✇❡ ❤❛✈❡ l −
N

p′
< 0✱ t❤✉s t❤❡r❡ ✐s ♥♦ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ❢♦r (T ) ✇❤✐❝❤

❛❞♠✐ts ❝♦♥s❡q✉❡♥t❧② ❛ s♦❧✉t✐♦♥ y ∈ W 2, p
l (RN

+ )✱ ✉♥✐q✉❡ ✉♣ t♦ ❛♥ ❡❧❡♠❡♥t ♦❢

A ∆
1 = R xN ✇❤✐❝❤ ✐s ✐♥❝❧✉❞❡❞ ✐♥ W 2, p

l (RN
+ )✳ ❚❤❡ ❡♥❞ ♦❢ t❤❡ ♣r♦♦❢ ✐s s✐♠✐❧❛r t♦

t❤❡ ♣r❡✈✐♦✉s ❝❛s❡✳

❲❡ ❝❛♥ ♥♦✇ ❡①t❡♥❞ t❤✐s r❡s✉❧t t♦ ♠♦r❡ r❡❣✉❧❛r ❞❛t❛✳

▲❡♠♠❛ ✹✳✶✵✳ ▲❡t l ∈ Z ❛♥❞ m ≥ 1✳ ❯♥❞❡r ❤②♣♦t❤❡s✐s ✭✾✮✱ ❢♦r ❛♥② g0 ∈

W
m+2−1/p, p
m+l (Γ) ❛♥❞ g1 ∈ W

m+1−1/p, p
m+l (Γ)✱ s❛t✐s❢②✐♥❣ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐✲

t✐♦♥ ✭✹✷✮✱ ♣r♦❜❧❡♠ (P0) ❛❞♠✐ts ❛ s♦❧✉t✐♦♥ u ∈ Wm+2, p
m+l (RN

+ )✱ ✉♥✐q✉❡ ✉♣ t♦ ❛♥
❡❧❡♠❡♥t ♦❢ B[2−l−N/p] ✇✐t❤ t❤❡ ❡st✐♠❛t❡

inf
q∈B[2−l−N/p]

‖u+ q‖W m+2, p
m+l

(RN
+ ) ≤ C

(

‖g0‖W
m+2−1/p, p
m+l

(Γ)
+ ‖g1‖W

m+1−1/p, p
m+l

(Γ)

)

.

Pr♦♦❢✳ ❲❡ str✐❝t❧② r❡s✉♠❡ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✹✳✾✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ♥♦t❡ t❤❛t
g0 ∈ W

(m+1)+1−1/p, p
(m+1)+(l−1) (Γ) ❛♥❞ g1 ∈ W

m+1−1/p, p
m+l (Γ)✱ t❤❡♥ ✇❡ ✉s❡ ❚❤❡♦r❡♠s ✷✳✻

❛♥❞ ✷✳✽✳ ❚♦ s❤♦✇ t❤❛t u ∈ Wm+2, p
m+l (RN

+ )✱ ✇❡ ♠✉st ❞✐st✐♥❣✉✐s❤ t✇♦ ❝❛s❡s✳ ■❢
N

p
6= −l−m+ 1✱ t❤❡♥ ✇❡ ❤❛✈❡ t❤❡ ✐♠❜❡❞❞✐♥❣ Wm+2, p

m+l (RN
+ ) →֒ Wm+1, p

m+l−1(R
N
+ )✳

■❢
N

p
= −l − m + 1✱ t❤❡♥ ✇❡ ❤❛✈❡ Wm+2, p

m+l (RN
+ ) →֒ Wm+1, p

m+l−1,−1(R
N
+ )✳ ■♥ t❤❡

s❡❝♦♥❞ ❝❛s❡✱ ✇❡ ♠✉st r❡♠❛r❦ t❤❛t l−
N

p′
< 0✱ s♦ t❤❡r❡ ✐s ❛❣❛✐♥ ♥♦ ❝♦♠♣❛t✐❜✐❧✐t②

❝♦♥❞✐t✐♦♥ ❢♦r (T )✳

◆♦t❡ t❤❛t ✇❡ ❤❛✈❡ t❤❡ ❝❤❛✐♥ ♦❢ ✐♠❜❡❞❞✐♥❣s Wm+2, p
m+l (RN

+ ) →֒ Wm+1, p
m+l−1(R

N
+ ) →֒

· · · →֒ W 2, p
l (RN

+ ) ✐❢ ❛♥❞ ♦♥❧② ✐❢
N

p
/∈ {−l −m + 1, . . . ,−l}✱ ❛♥❞ t❤❡♥ ▲❡♠♠❛

✹✳✶✵ ✐s ❛ r❡❣✉❧❛r✐t② r❡s✉❧t ✇✐t❤ r❡s♣❡❝t t♦ ▲❡♠♠❛ ✹✳✾✳

✹✳✹ ❊①✐st❡♥❝❡ ♦❢ ❛ s♦❧✉t✐♦♥ t♦ ♣r♦❜❧❡♠ (P)

❲❡ ❝♦♠❡ ❜❛❝❦ t♦ t❤❡ ❣❡♥❡r❛❧ ♣r♦❜❧❡♠ (P) ❛♥❞ ❚❤❡♦r❡♠ ✹✳✶✳ ❇② ▲❡♠♠❛ ✷✳✸✱
t❤❡r❡ ❡①✐sts ❛ ❧✐❢t✐♥❣ ❢✉♥❝t✐♦♥ ug ∈ W 2, p

l (RN
+ ) ♦❢ (g0, g1)✱ ✐✳❡✳ ug = g0 ♦♥ Γ ❛♥❞

✷✷



∂Nug = g1 ♦♥ Γ✱ s✉❝❤ t❤❛t

‖ug‖W 2, p
l

(RN
+ ) ≤ C

(

‖g0‖W
2−1/p, p
l

(Γ)
+ ‖g1‖W

1−1/p, p
l

(Γ)

)

.

❙❡t h = f−∆2ug ∈ W−2, p
l (RN

+ ) ❛♥❞ v = u−ug✱ t❤❡♥ ♣r♦❜❧❡♠ (P) ✐s ❡q✉✐✈❛❧❡♥t
t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇✐t❤ ❤♦♠♦❣❡♥❡♦✉s ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✿

∆2v = h ✐♥ R
N
+ , v = ∂Nv = 0 ♦♥ Γ.

❚❤❡♥✱ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✭✸✵✮ ❢♦r Pr♦❜❧❡♠ (P) ❜❡❝♦♠❡s✿

∀ϕ ∈ B[2+l−N/p′] , 〈h, ϕ〉
W−2, p

l
(RN

+ )×
◦

W
2, p′

−l
(RN

+ )
= 0. ✭✹✻✮

❙♦✱ ✇❡ ❝❛♥ ❝♦♥s✐❞❡r ♥♦✇ t❤❡ ❧✐❢t❡❞ ♣r♦❜❧❡♠

(P⋆)















∆2u = f in R
N
+ ,

u = 0 on Γ,

∂Nu = 0 on Γ,

✇❤❡r❡ f ∈ W−2, p
l (RN

+ ) ❛♥❞ f ⊥ B[2+l−N/p′]✳

●✐✈❡ ❛t ✜rst ❛ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ W−2, p
l (RN

+ )✿

▲❡♠♠❛ ✹✳✶✶✳ ❋♦r ❛♥② f ∈ W−2, p
l (RN

+ )✱ t❤❡r❡ ❡①✐sts F = (Fij)1≤i, j≤N ∈

W 0, p
l (RN

+ )
N2

s✉❝❤ t❤❛t

f = ❞✐✈ ❞✐✈ F =
N
∑

i, j=1

∂2
ijFij,

✇✐t❤ t❤❡ ❡st✐♠❛t❡

N
∑

i, j=1

‖Fij‖W 0, p
l

(RN
+ ) ≤ C ‖f‖W−2, p

l
(RN

+ ).

Pr♦♦❢✳ ❲❡ ❦♥♦✇ ❜② ❍❛r❞②✬s ✐♥❡q✉❛❧✐t② t❤❛t t❤❡ ♥♦r♠ ❛♥❞ t❤❡ s❡♠✐✲♥♦r♠ ✐♥
◦

W
2, p′

−l (RN
+ ) ❛r❡ ❡q✉✐✈❛❧❡♥t✱ ✐✳❡✳ t❤❡r❡ ❡①✐sts ❛ ❝♦♥st❛♥t ❈ s✉❝❤ t❤❛t

∀u ∈
◦

W
2, p′

−l (RN
+ ),

‖∇2u‖
W 0, p′

−l
(RN

+ )
N2 ≤ ‖u‖ ◦

W
2, p′

−l
(RN

+ )
≤ C ‖∇2u‖

W 0, p′

−l
(RN

+ )
N2 .

▲❡t

✷✸



T :
◦

W
2, p′

−l (RN
+ )−→W 0, p′

−l (RN
+ )

N2

u 7−→∇2u.

❇② t❤❡ ♣r❡✈✐♦✉s ✐♥❡q✉❛❧✐t✐❡s✱ T ✐s ❛ ❧✐♥❡❛r ❝♦♥t✐♥✉♦✉s ✐♥❥❡❝t✐✈❡ ♠❛♣♣✐♥❣✳ ❲❡

s❡t G = T
(

◦

W
2, p′

−l (RN
+ )
)

✱ ❡q✉✐♣♣❡❞ ✇✐t❤ t❤❡ ♥♦r♠ ♦❢ W 0, p′

−l (RN
+ )

N2

✱ ❛♥❞ S =

T−1 : G −→
◦

W
2, p′

−l (RN
+ ). ❚❤❡ ♠❛♣♣✐♥❣ h ∈ G 7−→ 〈f, Sh〉

W−2, p
l

(RN
+ )×

◦

W
2, p′

−l
(RN

+ )

✐s ❛ ❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧ ♦♥ G✳ ❚❤❛♥❦s t♦ ❍❛❤♥✲❇❛♥❛❝❤ t❤❡♦r❡♠✱ ✇❡ ❝❛♥ ❡①t❡♥❞

✐t t♦ ❛ ❧✐♥❡❛r ❢✉♥❝t✐♦♥❛❧ ♦♥ W 0, p′

−l (RN
+ )

N2

❞❡♥♦t❡❞ ❜② Φ✳ ❚❤❛♥❦s t♦ ❘✐❡s③ r❡♣✲

r❡s❡♥t❛t✐♦♥ t❤❡♦r❡♠✱ ✇❡ ❦♥♦✇ t❤❛t t❤❡r❡ ❡①✐sts F = (Fij) ∈ W 0, p
l (RN

+ )
N2

s✉❝❤
t❤❛t

∀h = (hij) ∈ W 0, p′

−l (RN
+ )

N2

, 〈Φ, h〉 =
∫

RN
+

Fij hij dx,

✇✐t❤ ❊✐♥st❡✐♥ ❝♦♥✈❡♥t✐♦♥ ♦❢ s✉♠❛t✐♦♥ ♦♥ r❡♣❡❛t❡❞ ✐♥❞✐❝❡s✳ P❛rt✐❝✉❧❛r❧②✱ ✐❢ h ∈
G✱ ✇❡ ❤❛✈❡

〈f, Sh〉 =
∫

RN
+

Fij hij dx,

✐✳❡✳
∀u ∈

◦

W
2, p′

−l (RN
+ ), 〈f, u〉 =

∫

RN
+

Fij ∂
2
iju dx.

❲❡ ❝❛♥ ❞❡❞✉❝❡ t❤❛t

∀u ∈ D(RN
+ ), 〈f, u〉 =

〈

∂2
ijFij, u

〉

,

✐✳❡✳ f = ❞✐✈ ❞✐✈ F = ∂2
ijFij✳

◆♦✇ ✇❡ ❝❛♥ ❡st❛❜❧✐s❤ ❛ ✜rst ✐s♦♠♦r♣❤✐s♠ r❡s✉❧t ✐♥ t❤❡ ❤❛❧❢✲s♣❛❝❡✿

Pr♦♣♦s✐t✐♦♥ ✹✳✶✷✳ ▲❡t l ∈ Z✳ ❯♥❞❡r ❤②♣♦t❤❡s✐s ✭✹✮✱ ✇✐t❤ 2 + l −N/p′ < 0
♦r 2 − l −N/p < 0✱ t❤❡ ❜✐❤❛r♠♦♥✐❝ ♦♣❡r❛t♦r

∆2 :
◦

W
2, p
l (RN

+ )/B[2−l−N/p] −→ W−2, p
l (RN

+ ) ⊥ B[2+l−N/p′]

✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✳

Pr♦♦❢✳ ▲❡t✬s ✜rst ❛ss✉♠❡ t❤❛t 2 + l − N/p′ < 0✳ ▲❡t f ∈ W−2, p
l (RN

+ )✳ ❚❤❡♥

❜② ▲❡♠♠❛ ✹✳✶✶✱ ✇❡ ❝❛♥ ✇r✐t❡ f = ∂2
ijFij ✇✐t❤ (Fij)1≤i, j≤N ∈ W 0, p

l (RN
+ )

N2

✳

■❢ ✇❡ ❡①t❡♥❞ Fij t♦ R
N ❜② 0✱ ✇❡ ♦❜t❛✐♥ (F̃ij)1≤i, j≤N ∈ W 0, p

l (RN)
N2

✱ ❛♥❞

t❤✉s f̃ = ∂2
ijF̃ij ∈ W−2, p

l (RN) ❛s ❡①t❡♥s✐♦♥ ♦❢ f s✉❝❤ t❤❛t ‖f̃‖W−2, p
l

(RN ) ≤

C ‖f‖W−2, p
l

(RN
+ )✳ ❇② ❚❤❡♦r❡♠ ✸✳✸✱ t❤❡r❡ ❡①✐sts z̃ ∈ W 2, p

l (RN) s✉❝❤ t❤❛t f̃ =

∆2z̃ ✐♥ R
N ❛♥❞ ✇r✐t✐♥❣ z = z̃|RN

+
✱ ✇❡ ❤❛✈❡ f = ∆2z ✐♥ R

N
+ ✱ ✇✐t❤ z ∈ W 2, p

l (RN
+ )✱

z|Γ ∈ W
2−1/p, p
l (Γ) ❛♥❞ ∂Nz|Γ ∈ W

1−1/p, p
l (Γ)✳ ❙✐♥❝❡ B[2+l−N/p′] = {0}✱ t❤❡r❡

✷✹



✐s ♥♦ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ❢♦r ▲❡♠♠❛ ✹✳✾ ✇❤✐❝❤ ❛ss❡rts t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛
s♦❧✉t✐♦♥ v ∈ W 2, p

l (RN
+ ) t♦ t❤❡ ❤♦♠♦❣❡♥❡♦✉s ♣r♦❜❧❡♠

∆2v = 0 ✐♥ R
N
+ , v = z ❛♥❞ ∂Nv = ∂Nz ♦♥ Γ. ✭✹✼✮

❚❤❡ ❢✉♥❝t✐♦♥ u = z − v ❛♥s✇❡rs t♦ ♣r♦❜❧❡♠ (P⋆) ✐♥ t❤✐s ❝❛s❡✳

❙♦ ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t ✐❢ 2 + l −N/p′ < 0✱ t❤❡ ♦♣❡r❛t♦r

∆2 :
◦

W
2, p
l (RN

+ )/B[2−l−N/p] −→ W−2, p
l (RN

+ ) ✭✹✽✮

✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✳ ❚❤✉s ❜② ❞✉❛❧✐t② ✇❡ ♦❜t❛✐♥ t❤❡ ✐s♦♠♦r♣❤✐s♠

∆2 :
◦

W
2, p
l (RN

+ ) −→ W−2, p
l (RN

+ ) ⊥ B[2+l−N/p′], ✭✹✾✮

✐❢ 2 − l −N/p < 0✳

■t r❡♠❛✐♥s t♦ s♦❧✈❡ (P⋆) ✐❢

2 + l −N/p′ ≥ 0 ❛♥❞ 2 − l −N/p ≥ 0. ✭✺✵✮

■t s✉✣❝❡s t♦ ❝❤❡❝❦ t❤❡ ❝❛s❡s l ∈ {−1, 0, 1}✱ ♦✉ts✐❞❡ ✇❤✐❝❤ ❝♦♥❞✐t✐♦♥ ✭✺✵✮ ❞♦❡s
♥♦t ❤♦❧❞✳ ❋♦r t❤❛t✱ ✇❡ ❡st❛❜❧✐s❤ ❛ ♣r❡❧✐♠✐♥❛r② ♣r♦♣♦s✐t✐♦♥✿

Pr♦♣♦s✐t✐♦♥ ✹✳✶✸✳ ▲❡t l ∈ {−1, 0} s✉❝❤ t❤❛t N/p 6= 1 ✐❢ l = −1✳ ❋♦r ❛♥②
f ∈ W 0, p

l (RN
+ )✱ t❤❡r❡ ❡①✐sts z ∈ W 4, p

l (RN
+ ) s✉❝❤ t❤❛t ∆2z = f ✳

Pr♦♦❢✳ ❯♥❞❡r t❤❡s❡ ❤②♣♦t❤❡s❡s✱ ❝♦♥s✐❞❡r t❤❡ ❡①t❡♥s✐♦♥ f̃ ♦❢ f t♦ R
N ❜② 0✱

s♦ f̃ ∈ W 0, p
l (RN)✳ ❙❤♦✇ ❛t ✜rst t❤❛t t❤❡r❡ ❡①✐sts z̃ ∈ W 4, p

l (RN) s✉❝❤ t❤❛t
∆2z̃ = f̃ ✳

❛✮ ■❢ l = −1✱ t❤❡♥ f̃ ∈ W 0, p
−1 (RN) ❛♥❞ ✇❡ ❤❛✈❡ N/p 6= 1✳ ❚❤✉s ▲❡♠♠❛ ✸✳✹ ♦❢

✐s♦♠♦r♣❤✐s♠ ✐♥ R
N ❤♦❧❞s ✇✐t❤ m = 2 ❛♥❞ l = −3✱ ❤❡♥❝❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢

z̃ ∈ W 4, p
−1 (RN) s✉❝❤ t❤❛t ∆2z̃ = f̃ ✳

❜✮ ■❢ l = 0✱ t❤❡♥ f̃ ∈ Lp(RN)✳ ❍❡r❡ ❛❣❛✐♥ ▲❡♠♠❛ ✸✳✹ ❤♦❧❞s ✇✐t❤ m = 2 ❛♥❞
l = −2✱ ❤❡♥❝❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ z̃ ∈ W 4, p

0 (RN) s✉❝❤ t❤❛t ∆2z̃ = f̃ ✳

❚❤❡♥ ✇❡ ❝♦♠❡ ❜❛❝❦ t♦ t❤❡ r❡str✐❝t✐♦♥ z = z̃|RN
+
❢♦r ✇❤✐❝❤ ✇❡ ❤❛✈❡ ♥❛t✉r❛❧❧②

∆2z = f ✐♥ R
N
+ ✳

◆♦✇ ✇❡ ❝❛♥ ✜❧❧ t❤❡ ❣❛♣ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✶✷✿

Pr♦♣♦s✐t✐♦♥ ✹✳✶✹✳ ▲❡t l ∈ {−1, 0, 1} s✉❝❤ t❤❛t

N

p′
6= 1 ✐❢ l = 1 ❛♥❞

N

p
6= 1 ✐❢ l = −1.

✷✺



❚❤❡♥ t❤❡ ❜✐❤❛r♠♦♥✐❝ ♦♣❡r❛t♦r

∆2 :
◦

W
2, p
l (RN

+ )/B[2−l−N/p] −→ W−2, p
l (RN

+ ) ⊥ B[2+l−N/p′]

✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✳

Pr♦♦❢✳ ❆t ✜rst ✇❡ ✇✐❧❧ ✉s❡ ▲❡♠♠❛ ✹✳✶✶ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✹✳✶✸ t♦ s♦❧✈❡ ✭P⋆✮ ❢♦r
l ∈ {−1, 0}✳
▲❡t f ∈ W−2, p

l (RN
+ ) ✇✐t❤ l ∈ {−1, 0} ✈❡r✐❢②✐♥❣ ✭✹✮✳ ❇② ▲❡♠♠❛ ✹✳✶✶✱ t❤❡r❡

❡①✐sts F = (Fij)1≤i, j≤N ∈ W 0, p
l (RN

+ )
N2

s✉❝❤ t❤❛t f = ❞✐✈ ❞✐✈ F ✳ ■t s✉❢✲
✜❝❡s t♦ ❛♣♣❧② Pr♦♣♦s✐t✐♦♥ ✹✳✶✸ t♦ ❛❧❧ t❤❡ ❝♦♠♣♦♥❡♥ts Fij ♦❢ F t♦ ✜♥❞ Z =

(Zij)1≤i, j≤N ∈ W 4, p
l (RN

+ )
N2

s✉❝❤ t❤❛t ∆2Z = F ✐♥ R
N
+ ✳ ❙❡tt✐♥❣ z = ❞✐✈ ❞✐✈ Z✱

✇❡ ♦❜t❛✐♥ z ∈ W 2, p
l (RN

+ ) s✉❝❤ t❤❛t ∆2z = f ✐♥ R
N
+ ❜❡❝❛✉s❡ t❤❡ ♦♣❡r❛t♦rs ❞✐✈

❛♥❞ ∆ ❝♦♠♠✉t❡✳ ❚❤✉s ✇❡ ❤❛✈❡ z|Γ ∈ W
2−1/p, p
l (Γ) ❛♥❞ ∂Nz|Γ ∈ W

1−1/p, p
l (Γ)✱

❛♥❞ ▲❡♠♠❛ ✹✳✾ ❛ss❡rts t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ s♦❧✉t✐♦♥ v ∈ W 2, p
l (RN

+ ) t♦ ♣r♦❜❧❡♠
✭✹✼✮✱ s✐♥❝❡ ✇❡ ❤❛✈❡ st✐❧❧ B[2+l−N/p′] = {0} ✭❝❢✳ ❘❡♠❛r❦ ✹✳✽✮✳ ❚❤❡♥ t❤❡ ❢✉♥❝t✐♦♥
u = z − v ❛♥s✇❡r ❛❣❛✐♥ t♦ ♣r♦❜❧❡♠ ✭P⋆✮ ❢♦r l ∈ {−1, 0}✳
❋✐♥❛❧❧② t♦ s♦❧✈❡ t❤❡ ❝❛s❡ l = 1✱ ✇❡ ♣r♦❝❡❡❞ ❜② ❞✉❛❧✐t② ❢r♦♠ t❤❡ ❝❛s❡ l = −1✳
❲❡ ❤❛✈❡ t❤❡ ✐s♦♠♦r♣❤✐s♠

∆2 :
◦

W
2, p
−1 (RN

+ )/B[3−N/p] −→ W−2, p
−1 (RN

+ ) ✐❢
N

p
6= 1, ✭✺✶✮

t❤❡r❡❢♦r❡ ❜② ❞✉❛❧✐t②✱ t❤❡ ✐s♦♠♦r♣❤✐s♠

∆2 :
◦

W
2, p
1 (RN

+ ) −→ W−2, p
1 (RN

+ ) ⊥ B[3−N/p′] ✐❢
N

p′
6= 1. ✭✺✷✮

❘❡♠❛r❦ ✹✳✶✺✳ ■t ✐s ❛❧s♦ ♣♦ss✐❜❧❡ t♦ s♦❧✈❡ ❞✐r❡❝t❧② t❤❡ ❝❛s❡ l = 1✳ ❚❤❡ ✜rst
st❡♣ ✐s t♦ ❡①t❡♥❞ Pr♦♣♦s✐t✐♦♥ ✹✳✶✸ t♦ l = 1 ✇✐t❤ N/p′ 6= 1✳ ❍❡r❡ ✇❡ ❝♦♥s✐❞❡r
t❤❡ ❡①t❡♥s✐♦♥ f̃ ∈ W 0, p

1 (RN) ♦❢ f ∈ W 0, p
1 (RN

+ ) ❞❡✜♥❡❞ ❜②✿

f̃(x′, xN) =















f(x′, xN) if xN > 0,

0 if xN = 0,

−f(x′,−xN) if xN < 0.

❚❤❡♥ ✇❡ ✉s❡ ▲❡♠♠❛ ✸✳✺ ✇✐t❤ m = 2✱ ✇❤✐❝❤ ❛ss❡rts t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ❢✉♥❝t✐♦♥
z̃ ∈ W 4, p

1 (RN) s✉❝❤ t❤❛t ∆2z̃ = f̃ ✐♥ R
N ✱ ✐❢ N/p′ 6= 1 ❛♥❞ f̃ ⊥ P∆

[1−N/p′]✳

❚❤❡r❡ ❛r❡ t✇♦ ❝❛s❡s✿ ❡✐t❤❡r N/p′ > 1✱ t❤❡♥ P∆
[1−N/p′] = {0} ❛♥❞ t❤❡r❡ ✐s ♥♦

❝♦♥❞✐t✐♦♥ ♦♥ f̃ ❀ ♦r N/p′ < 1✱ t❤❡♥ P∆
[1−N/p′] = P0 ❛♥❞ ✇❡ ♠✉st ❤❛✈❡ f̃ ⊥ P0✳

❇✉t N/p′ < 1 ✐♠♣❧✐❡s t❤❛t W 0, p
1 (RN) →֒ L1(RN) ❛♥❞ ✇❡ ❤❛✈❡
∫

RN
f̃ dx = 0,

✷✻



❛s ❛ str❛✐❣❤t❢♦r✇❛r❞ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤✐s ❡①t❡♥s✐♦♥ ♦❢ f ✳ ❚❤❛t ❡①❛❝t❧② ♠❡❛♥s
t❤❛t f̃ ⊥ P0✳ ❚❤✉s z = z̃|RN

+
∈ W 4, p

l (RN
+ ) s❛t✐s✜❡s ∆2z = f ✐♥ R

N
+ ✳

❚❤❡ s❡❝♦♥❞ st❡♣ ✐s t♦ r❡s✉♠❡ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✶✹ ❢♦r l = 1 ✇✐t❤
N/p′ 6= 1✳ ■❢ N/p′ > 1✱ ✇❡ ❤❛✈❡ st✐❧❧ B[3−N/p′] = {0}✱ s♦ t❤❡ s❛♠❡ r❡❛s♦♥✐♥❣
❤♦❧❞s❀ ✐❢ N/p′ < 1✱ ✇❡ ❦♥♦✇ t❤❛t B[3−N/p′] = R x2

N ❛♥❞ ▲❡♠♠❛ ✹✳✾ r❡q✉✐r❡s
t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ❢♦r ♣r♦❜❧❡♠ ✭✹✼✮✿

∀ϕ ∈ R x2
N , 〈∂Nz,∆ϕ〉Γ − 〈z, ∂N∆ϕ〉Γ = 0,

✇❤✐❝❤ ❜♦✐❧s ❞♦✇♥ t♦
〈∂Nz, 1〉Γ = 0. ✭✺✸✮

❇✉t r❡♠❡♠❜❡r t❤❛t f ♠✉st s❛t✐s❢② t❤❡ ♦rt❤♦❣♦♥❛❧✐t② ❝♦♥❞✐t✐♦♥ ❢♦r (P⋆)✱ ✐✳❡✳
〈f, x2

N〉W−2, p
1 (RN

+ )×
◦

W
2, p′

−1 (RN
+ )

= 0 ❛♥❞ ♠♦r❡♦✈❡r ✇❡ ❤❛✈❡ f = ∆2z ✐♥ R
N
+ ❀ t❤✉s

〈∆2z, x2
N〉W−2, p

1 (RN
+ )×

◦

W
2, p′

−1 (RN
+ )

= 0✳ ■t s✉✣❝❡s t♦ ✇r✐t❡ t❤❡ ●r❡❡♥ ❢♦r♠✉❧❛

〈

∆2z, x2
N

〉

W−2, p
1 (RN

+ )×
◦

W
2, p′

−1 (RN
+ )

= −
〈

∂Nz,∆x
2
N

〉

Γ
= −2 〈∂Nz, 1〉Γ ,

t♦ s❡❡ t❤❛t ✭✺✸✮ ❤♦❧❞s✳ �

❚♦ ✜♥✐s❤ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✶✱ ✐t r❡♠❛✐♥s t♦ ❝♦♠❜✐♥❡ Pr♦♣♦s✐t✐♦♥s ✹✳✶✷
❛♥❞ ✹✳✶✹✱ ✇❤✐❝❤ ♣r♦✈✐❞❡s t❤❡ ✐s♦♠♦r♣❤✐s♠

∆2 :
◦

W
2, p
l (RN

+ )/B[2−l−N/p] −→ W−2, p
l (RN

+ ) ⊥ B[2+l−N/p′], ✭✺✹✮

❢♦r ❛♥② l ∈ Z ✈❡r✐❢②✐♥❣ ✭✹✮✳ ❚❤✐s ❛♥s✇❡rs ❣❧♦❜❛❧❧② t♦ ♣r♦❜❧❡♠ (P⋆) ❛♥❞ t❤✉s
t♦ ❣❡♥❡r❛❧ ♣r♦❜❧❡♠ (P) ❜② ♠❡❛♥s ♦❢ t❤❡ ❧✐❢t✐♥❣ ❢✉♥❝t✐♦♥ ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡✳

❘❡❢❡r❡♥❝❡s
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❬✷❪ ❈✳ ❆♠r♦✉❝❤❡✱ ❱✳ ●✐r❛✉❧t✱ ❏✳ ●✐r♦✐r❡✳ ❲❡✐❣❤t❡❞ ❙♦❜♦❧❡✈ s♣❛❝❡s ❢♦r
▲❛♣❧❛❝❡✬s ❡q✉❛t✐♦♥ ✐♥ R

N ✳ ❏✳ ▼❛t❤✳ P✉r❡s ❆♣♣❧✳ ✼✸✱ ✻ ✭✶✾✾✹✮✱ ✺✼✾✕✻✵✻✳
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