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OPTIMAL EIGENVALUE ESTIMATE FOR THE DIRAC�WITTENOPERATOR ON BOUNDED DOMAINS WITH SMOOTH BOUNDARYDANIEL MAERTENAbstrat. Eigenvalue estimate for the Dira�Witten operator is given on boundeddomains (with smooth boundary) of spaelike hypersurfaes satisfying the dominantenergy ondition, under four natural boundary onditions (MIT, APS , modi�ed APSand hiral onditions). Roughly speaking, any eigenvalue of the Dira�Witten operatorsatis�es
|λ|2 >

n

(n − 1)
R0 ,where R0 is the in�nimum of (the opposite of) the lorentzian norm of the onstraintsvetor. Equality ases are also investigated and lead to interesting geometri situations.1. IntrodutionThe aim of spetral geometry is to derive some geometri properties from the study of thespetrum of a ertain ellipti operator, whih is mostly a Laplae operator (Laplaian onfuntions, Hodge Laplaian on p�forms or Dira�Laplaian on spinors). In that ontext,a lassial issue is to give lower bounds for the eigenvalues of the Dira operator on aompat manifold (Mn, g), (n > 2). In [5℄, T. Friedrih proved that any eigenvalue λ ofthe Dira operator satis�es(1.1) λ2 >

n

4(n− 1)
inf
M

Scalg ,where Scalg denotes the salar urvature of (Mn, g). A few years later, O. Hijazi [9, 10℄improved this result by showing that, for any n > 3,(1.2) λ2
>

n

4(n− 1)
µ1 ,where µ1 is the �rst eigenvalue of the onformal Laplaian. Clearly, estimates (1.1) and(1.2) are under interest only if the salar urvature is positive. In a reent work, O. Hijaziand X. Zhang [12℄ established an analogous version of (1.1) for the Dira�Witten operatorunder a hiral boundary ondition, of a ompat spaelike hypersurfae (M,g, k) satisfyingthe dominant energy ondition, namely(1.3) λ2 >

n

4(n − 1)
inf
M

{
Scalg + (trgk)

2 − |k|2g − 2 |δgk + dtrgk|g

}
.On the other hand, S. Raulot [16℄ proved an eigenvalue estimate for the Dira operatoron domains with boundary. More preisely, if Ω is a ompat domain of an n�dimensionalRiemannian spin manifold (M,g), whose boundary ∂Ω has positive mean urvature H, heshowed under a natural boundary ondition (alled "MIT" boundary ondition), that anyDate: 19th Deember 2007. 1



2 DANIEL MAERTENeigenvalue λ of the spetrum of the Dira operator on Ω (whih is an unbounded disreteset of omplex numbers of positive imaginary part) satis�es(1.4) |λ|2 >
n

4(n − 1)
inf
Ω

Scalg +n Im(λ) inf
∂Ω
H .The most interesting fat in Inequality (1.4) is that the bound depends on some boundarygeometri quantity, whih is not the ase for Inequality (1.3). In addition, S. Raulot showedthat equality in (1.4) leads to the existene of imaginary Killing spinor on Ω, and also tothe onlusion that the boundary ∂Ω is a totally umbilial and onstant mean urvaturehypersurfae.The goal of this artile is to generalise Inequalities (1.3) and (1.4) in several dire-tions. Indeed, we shall prove analogous versions of (1.3) for the Dira�Witten operator onbounded domains, under four natural boundary onditions (see [11℄) and also generalise(1.4) for the Dira�Witten operator.The artile is organised as follows: In Setion 2, we give our geometri onventions andpreliminary results; Setion 3 is devoted to the statements of the main results and theirproves. 2. Geometri Bakground2.1. Notations. We onsider (Nn+1, γ) a Lorentzian manifold of signature (−,+, · · · ,+)whih ontains (Mn, g, k), a spin (in dimension 3 this only means orientable) Riemannianhypersurfae (not neessarily ompat) whose indued metri is g and seond fundamentalform (extrinsi urvature) is k. Let Ω be a ompat domain in (Mn, g, k) satisfying thedominant energy ondition, whih reads as the following inequality along Ω

Scalg + (trgk)
2 − |k|2g > 2 |δgk + dtrgk|g .We will work with the omplex spinor bundle of N restrited to the hypersurfae domain

Ω, that is to say Σ := Σ(N)|Ω whih is given by the hoie of a unit normal e0 of M in N ,along Ω. More preisely, if one denotes by PSpin(n,1)(N) the bundle of Spin(n, 1)�frameson N , and by ρn,1 the standard representation of Spin(n, 1) then
Σ(N) := PSpin(n,1)(N) ×ρn,1 C

[(n+1)/2].Now the hoie of unit normal e0 of M in N , along Ω, indues a natural inlusionSpin(n) ⊂ Spin(n, 1) and so we an de�ne
Σ := PSpin(n,1)(N)|Ω ×(ρn,1)|Spin(n)

C
[(n+1)/2].

Σ naturally arries two sesquilinear inner produts: the �rst one denoted by (∗, ∗) isSpin(n, 1)-invariant (it is not neessary positive); the seond one whih is denoted by
〈∗, ∗〉 := (e0 · ∗, ∗) is Spin(n)-invariant and Hermitian de�nite positive (· is the Cli�ordation with respet to the metri γ). The Hermitian or anti-Hermitian harater of theCli�ord multipliation by vetors di�ers if we onsider (∗, ∗) or 〈∗, ∗〉 and is desribedin [13℄, for instane. Σ is also endowed with two di�erent onnetions ∇,∇ whih arerespetively the Levi-Civita onnetions of γ and g. Let us take a spinor �eld ψ ∈ Γ(Σ)and a vetor �eld X ∈ Γ(TΩ), then our onventions are

∇Xψ = ∇Xψ −
1

2
k(X) · e0 · ψ

〈k(X), Y 〉γ = 〈∇XY, e0〉γ .



EIGENVALUE ESTIMATE FOR THE DIRAC�WITTEN OPERATOR 3In these formulae · denotes the Cli�ord ation with respet to the metri γ. The induedmetri, Levi-Civita onnetion and seond fundamental form of the boundary ∂Ω, arerespetively denoted by ℓ, ∇̃, θ. Our onventions are, for any X,Y ∈ Γ(T∂Ω) and ψ ∈ Σ|∂Ω,
∇XY = ∇̃XY + θ(X,Y )ν

∇Xψ = ∇̃Xψ +
1

2
θ(X) · ν · ψ,where ν is the unit normal to ∂Ω pointing inside Ω, and · still denotes the Cli�ord ationwith respet to the metri γ. Finally we de�ne the following geometri quantity

R0 :=
1

4
inf
Ω

{
Scalg + (trgk)

2 − |k|2g − 2 |δgk + dtrgk|g

}
.2.2. Dira-Witten operators and Bohner�Lihnerowiz formulæ. From now on,

(ek)
n
k=0 denotes an orthonormal basis at the point, with respet to the metri γ, and where

ν = e1. We an then de�ne the Dira�Witten operator of ∇
Dϕ =

n∑

k=1

ek · ∇ek
ϕ ,where · is the Cli�ord ation with respet to the metri γ. Notie that D an be onsideredas a deformation of D the usual Dira operator of ∇ sine we reover D = D as soon as

k ≡ 0. The Dira-Witten operator D is learly formally self adjoint in L2 with respet to
〈∗, ∗〉 in the lass of ompatly supported spinor �elds, and we have the lassial Bohner-Lihnerowiz-Weitzenbök formula (f. [1, 7, 15℄ for instane)(2.1) D

∗
D = DD = ∇∗∇ + R ,where

R :=
1

4

(Salγ + 4Riγ(e0, e0) + 2e0 ·Riγ(e0)
)

=
1

4

{(
Scalg + (trgk)

2 − |k|2g
)

+ 2(δgk + dtrgk) · e0

}
.As usual, we derive from (2.1) an integration formula. The idea is to onsider a ertainspinor �eld ϕ and to de�ne the 1�form ωϕ ∈ Γ(T ∗Ω) by the relation

ωϕ(X) = 〈∇Xϕ+X · Dϕ,ϕ〉 .Then, omputing the g�divergene of ωϕ, we obtain
divg ωϕ = |Dϕ|2 − |∇ϕ|2 − 〈Rϕ,ϕ〉 ,whih gives, applying Stokes' theorem(2.2) ∫

Ω
|Dϕ|2 =

∫

Ω
|∇ϕ|2 +

∫

Ω
〈Rϕ,ϕ〉 +

∫

∂Ω
〈∇νϕ+ ν · Dϕ,ϕ〉 .We now have to introdue P the twistor operator with respet to the onnetion ∇,whih is de�ned by the relation

PXϕ := ∇Xϕ+
1

n
X · Dϕ ,for every X ∈ Γ(TΩ) and every spinor �eld ϕ ∈ Γ(Σ). We derive a seond integrationformula based on a Bohner�Lihnerowiz formula for the twistor operator.



4 DANIEL MAERTEN2.1. Proposition. For any spinor �eld ϕ ∈ Γ(Σ), we have(2.3) ∫

Ω
|Pϕ|2 =

(
n− 1

n

)∫

Ω
|Dϕ|2 −

∫

Ω
〈Rϕ,ϕ〉 −

∫

∂Ω
ωϕ(ν) .Proof: We �rst prove the Bohner�Lihnerowiz formula for P , namely

|Pϕ|2 =
n∑

k=1

〈
∇ek

ϕ+
1

n
ek · Dϕ,∇ek

ϕ+
1

n
ek · Dϕ

〉

= |∇ϕ|2 +

(
1

n
−

2

n

)
|Dϕ|2

= |∇ϕ|2 −
1

n
|Dϕ|2 .We integrate this formula on Ω so that∫

Ω
|Pϕ|2 =

∫

Ω
|∇ϕ|2 −

1

n

∫

Ω
|Dϕ|2

=

(
n− 1

n

)∫

Ω
|Dϕ|2 −

∫

Ω
〈Rϕ,ϕ〉 −

∫

∂Ω
ωϕ(ν) ,where the seond line is obtained thanks to (2.2). �It is lear that the value of the 1�form ωϕ depends upon the boundary ondition that willbe used. We will need the intermediate result:2.2. Lemma. For any spinor �eld ϕ ∈ Γ(Σ), we have along the boundary ∂Ω(2.4) ωϕ(ν) =

〈
ν · ej · ∇̃ej

ϕ+
1

2

(
(trgk)ν · e0 · −k(ν) · e0 · +(trℓθ)

)
ϕ,ϕ

〉
.Proof: Just ompute, using the relations of ompatibility between the di�erent onne-tions

∇νϕ+ ν · Dϕ = ν ·

n∑

j=2

ej · ∇ej
ϕ

= ν · ej ·

(
∇̃ej

−
1

2
k(ej) · e0 · +

1

2
θ(ej) · ν·

)
ϕ

= ν · ej · ∇̃ej
ϕ+

1

2

(
(trgk)ν · e0 · −k(ν) · e0 · +(trℓθ)

)
ϕ .

�3. Main Results3.1. "MIT" boundary ondition. Remind that our aim is to �nd an estimate for thespetrum of the Dira�Witten operator under a natural boundary ondition (that hadbeen used in order to obtain some blak hole version of the positive mass theorem forasymptotially hyperboli manifolds [4, 13℄). It onsists on �nding a lower bound for |λ|2where λ is any non�zero omplex (a priori) number involving in the following ellipti �rstorder boundary problem
(MIT)

{
Dϕ = λϕ on Ω
F (ϕ) = ϕ on ∂Ω

,



EIGENVALUE ESTIMATE FOR THE DIRAC�WITTEN OPERATOR 5where ϕ is non�zero (eigen�)spinor �eld, and where F ∈ End
(
Σ|∂Ω

) is de�ned by therelation F (ψ) = iν · ψ. The boundary ondition F (ψ) = ψ was originally introdued byphysiists of the MIT, and this the reason why it is often alled "MIT" boundary ondition.Their idea is based on the fat that the Dira (and also the Dira�Witten) operator onmanifold with boundary is not formally self�adjoint anymore, sine we have the followingintegration by parts formula(3.1) ∫

Ω
〈Dϕ,ψ〉 =

∫

Ω
〈ϕ,Dψ〉 −

∫

∂Ω
〈ν · ϕ,ψ〉 ,for any spinor �elds ϕ,ψ. This defet of self�adjointness has a onsequene on the spetrumof the problem (MIT).3.1. Lemma. The spetrum of (MIT) is a disrete set of omplex numbers with positiveimaginary parts.Proof: Let λ be any eigenvalue of (MIT) with ϕ a orresponding eigenspinor �eld. Justtake ψ = iϕ in (3.1) and onsequently get

2 Im(λ)

∫

Ω
|ϕ|2 =

∫

∂Ω
|ϕ|2 > 0 ,and so Im(λ) > 0. Assume now that Im(λ) = 0, then ϕ should vanish on ∂Ω and so onthe whole Ω, by the ontinuation priniple. This ontradits the fat that an eigenspinoris by de�nition non identially zero. �For later use we introdue some geometri quantities.3.2. De�nition. We set

HMIT
0 := inf

∂Ω

{
trℓθ −

∣∣∣k∂Ω(ν)
∣∣∣
g

}
, k∂Ω(ν) :=

n∑

j=2

k(ν, ej)ej .The �rst main result of this note is a generalisation of the lower bound of [16℄ for theDira�Witten operator (we reover (1.4) when we set k ≡ 0 on Ω).3.3. Theorem. Let Ω be a ompat domain of a spaelike spin hypersurfae (M,g, k) whihsatis�es the dominant energy ondition along Ω (so that R0 > 0). The boundary ∂Ω isassumed to verify HMIT
0 > 0. Then under the (MIT) boundary ondition, the spetrumof the Dira�Witten operator on Ω is an unbounded disrete set of omplex numbers withpositive imaginary part, suh that any eigenvalue satis�es(3.2) |λ|2 >

n

(n− 1)

(
R0 +HMIT

0 Im(λ)
)
.Proof: The fat that, under the (MIT) boundary ondition, the spetrum of the Dira�Witten operator on Ω is an unbounded disrete set of omplex numbers with positiveimaginary part, has been proved in the previous lemma.As far as Inequality (3.2) is onerned, we onsider a 1�parameter family of modi�edspinorial Levi�Civita onnetion. Indeed, for any α ∈ R, we de�ne the ation of ∇α on Σby the relation

∇α
Xϕ := ∇Xϕ+ iαX · ϕ ,



6 DANIEL MAERTENfor every X ∈ Γ(TΩ). We an then de�ne the Dira�Witten operator with respet to theKilling onnetion ∇α

D
αϕ =

n∑

k=1

ek · ∇α
ek
ϕ ,where · is the Cli�ord ation with respet to the metri γ. An easy omputation gives therelation D

α = D− inα, so that D
α is not formally self�adjoint in L2 with respet to 〈∗, ∗〉in the lass of ompatly supported spinor �elds if α 6= 0.We onsider a ertain spinor �eld ϕ and de�ne the 1�form ωα

ϕ ∈ Γ(T ∗Ω) by the relation
ωα

ϕ(X) = 〈∇α
Xϕ+X · Dαϕ,ϕ〉 .We notie that ωα

ϕ(X) = ωϕ(X) − α(n − 1) 〈iX · ϕ,ϕ〉. Then, we only have to omputethe g�divergene of the 1�form ξ(X) := 〈iX · ϕ,ϕ〉. To this end, we assume that our loalbase satis�es ∇ej
em = 0 at the point where the omputation is made (this is equivalent to

∇ej
em = −k(ej , em)e0) so that

divg ξ = −
n∑

j=1

ej · ξ(ej)

= −

〈
i∇ej

ej︸ ︷︷ ︸
=0

·ϕ,ϕ

〉
−

〈
iej · ∇ej

ϕ,ϕ
〉
−

〈
iej · ϕ,∇ej

ϕ
〉

= −〈iDϕ,ϕ〉 −
1

2

〈
i ej · k(ej)︸ ︷︷ ︸

=−trgk

·e0 · ϕ,ϕ

〉
− 〈ϕ, iDϕ〉 +

1

2

〈
i k(ej) · ej︸ ︷︷ ︸

=−trgk

·e0 · ϕ,ϕ

〉

= −〈iDϕ,ϕ〉 − 〈ϕ, iDϕ〉 .Using Stokes' theorem and integration formula (2.2), we get
∫

∂Ω
ωα

ϕ(ν) =

∫

Ω
|Dϕ|2 −

∫

Ω
|∇ϕ|2 −

∫

Ω
〈Rϕ,ϕ, 〉 + α(n − 1)

∫

Ω

(
〈iDϕ,ϕ〉 + 〈ϕ, iDϕ〉

)
.Easy omputations lead to the relations

|∇αϕ|2 = |∇ϕ|2 + nα2 |ϕ|2 + α
(
〈iDϕ,ϕ〉 + 〈ϕ, iDϕ〉

)

|Dαϕ|2 = |Dϕ|2 + n2α2 |ϕ|2 + nα
(
〈iDϕ,ϕ〉 + 〈ϕ, iDϕ〉

)
.Plugging this into our integration by parts formula, we obtain(3.3) ∫

∂Ω
ωα

ϕ(ν) =

∫

Ω
|Dαϕ|2 −

∫

Ω
|∇αϕ|2 −

∫

Ω
〈Rαϕ,ϕ, 〉 ,where R

α := R + n(n− 1)α2. The twistor operator with respet to the onnetion ∇α isde�ned by
Pα

Xϕ := ∇α
Xϕ+

1

n
X · Dαϕ ,for every X ∈ Γ(TΩ) and every spinor �eld ϕ ∈ Γ(Σ). We straightly have

|Pαϕ|2 = |∇αϕ|2 −
1

n
|Dαϕ|2 > 0 ,and, after integration on Ω we get, using (3.3)(3.4) 0 6

∫

Ω
|Pαϕ|2 =

(
n− 1

n

)∫

Ω
|Dαϕ|2 −

∫

Ω
〈Rαϕ,ϕ, 〉 −

∫

∂Ω
ωα

ϕ(ν) .



EIGENVALUE ESTIMATE FOR THE DIRAC�WITTEN OPERATOR 7We now need to give some elementary properties of the boundary spinorial endomor-phism F (the proof is left to the reader).3.4. Proposition. The endomorphism F is symmetri, isometri with respet to 〈∗, ∗〉,ommutes to the ation of ν· and antiommutes to eah ek·, (k 6= 1).The important fat is that the boundary ondition of (MIT) allows us to express theboundary integrand of (3.4) in terms of the extrinsi urvature tensors k and θ.3.5. Lemma. If F (ϕ) = ϕ then along the boundary ∂Ω we have(3.5) ωα
ϕ(ν) =

1

2

〈
e0 ·

{(
trℓθ − 2(n − 1)α

)
e0 + k∂Ω(ν)

}
· ϕ,ϕ

〉
.Proof of Lemma 3.5: We use Equation (2.4)

ωα
ϕ(ν) =

〈
ν · ej · ∇̃ej

ϕ+ αiν · ej · ej · ϕ+
1

2

(
(trgk)ν · e0 · −k(ν) · e0 · +(trℓθ)

)
ϕ,ϕ

〉

=

〈
ν · ej · ∇̃ej

ϕ− (n− 1)αiν · ϕ+
1

2

(
(trℓk)ν · e0 · −k

∂Ω(ν) · e0 · +(trℓθ)
)
ϕ,ϕ

〉
.Taking Proposition 3.4 into aount and also the assumption F (ϕ) = ϕ, it omes out

ωα
ϕ(ν) =

1

2

〈(
(trℓθ − 2α(n − 1)) − k∂Ω(ν) · e0 ·

)
ϕ,ϕ

〉

=
1

2

〈
e0 ·

(
(trℓθ − 2α(n − 1))e0 + k∂Ω(ν)

)
· ϕ,ϕ

〉

=
1

2
〈e0 ·K

α
MIT · ϕ,ϕ〉 ,where we have de�ned the vetor �eld K

α
MIT ∈ Γ(TN|∂Ω) as

K
α
MIT =

(
trℓθ − 2α(n − 1)

)
e0 + k∂Ω(ν) .

�Then, it is well known that the boundary integrand ωα
ϕ(ν) is non�negative if and only if

K
α
MIT is ausal and future oriented, whih reads as(3.6) trℓθ − 2α(n − 1) >

∣∣∣k∂Ω(ν)
∣∣∣
g
.As a onsequene, if one assumes that (3.6) holds and that Dϕ = λϕ, then (3.4) implies

0 6

(
n− 1

n

)
|λ− inα|2

∫

Ω
|ϕ|2 −

∫

Ω
〈Rαϕ,ϕ, 〉

0 6

(
n− 1

n

)(
|λ|2 + n2α2 − 2nα Im(λ)

) ∫

Ω
|ϕ|2 −

∫

Ω
〈Rαϕ,ϕ, 〉

0 6

(
n− 1

n

)(
|λ|2 − 2nα Im(λ)

) ∫

Ω
|ϕ|2 −

∫

Ω
〈Rϕ,ϕ, 〉 ,whih is possible only if |λ|2 > n

(n−1)R0+2nα Im(λ) . Now just take α = α0 = 1
2(n−1)H

MIT
0so that K

α0
MIT is learly ausal and future oriented and we obtain the desired inequality,namely

|λ|2 >
n

(n− 1)

(
R0 +HMIT

0 Im(λ)
)
.

�



8 DANIEL MAERTENThe equality ase in (3.2) is not easy to treat in general, but we an however deduesome information under a natural additional assumption.3.6. Theorem. Under the assumptions of Theorem 3.3, equality in (3.2) always leads tothe existene of an imaginary ∇�Killing spinor on Ω of Killing number −iα0 = −λ/n.If we assume furthermore that k∂Ω(ν) = 0 along the boundary ∂Ω, then ∂Ω is a totallyumbilial and onstant mean urvature hypersurfae of Ω.Proof: Suppose now that equality holds in (3.2). Thereby, there exists a non�zero λ�eigenspinor �eld ϕ suh that(3.7) Pα0ϕ ≡ 0 ,
〈
e0 ·K

α0
MIT · ϕ,ϕ

〉
≡ 0 .The seond equation of (3.7) simply says that the vetor �eld K

α0
MIT is lightlike, whihmeans in other words

trℓθ −
∣∣∣k∂Ω(ν)

∣∣∣ ≡ 2(n − 1)α0 .The �rst equation of (3.7) an be reformulated as
∇Xϕ+

(
λ

n

)
X · ϕ = 0 , ∀X ∈ Γ(TΩ),that is, ϕ is a Killing spinor. It is well known that the Killing number (

−λ
n

) has to be eitherreal or purely imaginary. But remind that Im(λ) > 0, and so λ ∈ iR∗
+. For later use, weset λ = iµ with µ a positive real number. We onsider now any vetor �eld X ∈ Γ(T∂Ω)tangent to the boundary, and we ompute

−i
(µ
n

)
X · ϕ = ∇Xϕ

= ∇X(iν · ϕ)

= i
(
∇Xν · ϕ+ ν · ∇Xϕ

)

= i
(
∇Xν · −k(X, ν)e0 · −i

(µ
n

)
ν ·X·

)
ϕ

= i
(
−θ(X) · −k(X, ν)e0 · +

(µ
n

)
X·

)
ϕ .This �nally leads to(3.8) ∀X ∈ Γ(T∂Ω) ,

(
−θ(X) · −k(X, ν)e0 · +

(
2µ

n

)
X·

)
ϕ = 0 .The ondition (3.8) notably implies that for any vetor �eld X ∈ Γ(T∂Ω), the vetor �eld{

−θ(X) − k(X, ν)e0 +
(

2µ
n

)
X

} is lightlike, and onsequently we have(3.9) ∀X ∈ Γ(T∂Ω) , k(X, ν)2 =
∣∣∣θ(X) − 2

(µ
n

)
X

∣∣∣
2

g
.



EIGENVALUE ESTIMATE FOR THE DIRAC�WITTEN OPERATOR 9The striking relation (3.9) somehow measures the failure of ∂Ω to be totally umbilial. Wenow prove that µ = nα0. Indeed, using (3.8), we ompute along the boundary
(

2µ

n

) n∑

j=2

〈ej · ϕ, ej · ϕ〉 =
2(n− 1)µ

n
|ϕ|2

=

n∑

j=2

〈ej · ϕ, {θ(ej) · +k(ej , ν)e0} · ϕ〉

= −

n∑

j=2

〈ϕ, ej · {θ(ej) · +k(ej , ν)e0} · ϕ〉

=
〈
ϕ,

{
trℓθ − k∂Ω(ν) · e0·

}
ϕ
〉

=
〈
ϕ, e0 ·K

0
MIT · ϕ

〉
,whih an be written in short as 〈

ϕ, e0 ·K
0
MITϕ

〉
= 2µ(n−1)

n |ϕ|2. Besides, using the seondequation of (3.7), we know that
0 =

∫

∂Ω

〈
e0 ·K

α0
MIT · ϕ,ϕ

〉

=

∫

∂Ω

〈
ϕ, e0 ·K

0
MIT · ϕ

〉
− 2(n − 1)α0

∫

∂Ω
|ϕ|2

= 2(n − 1)
(µ
n
− α0

) ∫

∂Ω
|ϕ|2 ,whih entails µ = nα0 sine the eigen�spinor ϕ annot vanish identially along ∂Ω. Sup-pose furthermore, that k∂Ω(ν) = 0 on the boundary, then it is lear from (3.9) that ∂Ω isa totally umbilial and onstant mean urvature hypersurfae. �3.2. APS Boundary Condition. The Atiyah�Patodi�Singer (APS) boundary onditionwas often used in order to prove positive mass theorem for asymptotially �at blak holes(that is to say for asymptotially �at manifolds with boundary [8, 14℄). More preisely,we denote by Π± the L2-orthogonal projetions on the spaes of eigenspinors of positive(respetively negative) eigenvalues of the Dira operator of the boundary D̃ :=

∑
j>2

ej ·∂Ω∇̃ej
,where ·∂Ω denotes the Cli�ord ation with the respet to boundary metri ℓ. In this setion,our aim is to �nd a lower bound for |λ|2 where λ is any non�zero omplex (a priori) numberinvolving in the following ellipti �rst order boundary problem

(APS)

{
Dϕ = λϕ on Ω
Π+(ϕ) = 0 on ∂Ω

,where D still denotes the Dira�Witten operator. We �rst prove that the spetrum of(APS) is real.3.7. Lemma. The spetrum of (APS) is a disrete set of real numbers.Proof: Let λ ∈ C be any eigenvalue of (APS) with ϕ a orresponding eigenspinor �eld.Now, ·N , ·Ω, ·∂Ω the Cli�ord ations of respetively γ, g, ℓ satisfy the following relations(3.10) X ·∂Ω ψ = X ·Ω ν ·Ω ψ, X ·Ω ψ = iX ·N e0 ·N ψ .



10 DANIEL MAERTENThese identities imply D̃ = −ν ·
∑
j>2

ej · ∇̃ej
, where · = ·N is still the Cli�ord ation of γ.The spinor bundle Σ|∂Ω has a natural L2�orthogonal deomposition(3.11) Σ|∂Ω = Im Π+ ⊕ Im Π− ⊕ Ker D̃

= Σ+
|∂Ω ⊕ Σ−

|∂Ω ⊕ Σ0
|∂Ω

.An important fat is that D̃ antiommutes with ν·, namely ν · D̃ = −D̃ν·. Indeed, for anyspinor ψ ∈ Σ|∂Ω we have
D̃(ν · ψ) = −ν ·

n∑

j=2

ej · ∇̃ej
(ν · ψ)

= −ν · ej ·

(
∇ej

(ν · ψ) −
1

2
θ(ej) · ν · ν · ψ

)

= −ν · ej ·

(
−θ(ej) · ψ + ν · ∇ej

ψ +
1

2
θ(ej) · ψ

)

= −ν · ej ·

(
−

1

2
ν · θ(ej) · ν · ψ + ν · ∇ej

ψ

)

= −ν · D̃ψ .Thereby, it turns out that ν ·Σ±
|∂Ω ⊂ Σ∓

|∂Ω and ν ·Σ0
|∂Ω ⊂ Σ0

|∂Ω. Remind our integration byparts formula (3.1) ∫

Ω
〈Dϕ,ψ〉 =

∫

Ω
〈ϕ,Dψ〉 −

∫

∂Ω
〈ν · ϕ,ψ〉 .Taking ϕ a solution of (APS) for an non�zero eigenvalue λ and setting ψ = ϕ in the formulaabove, leads to

(λ− λ) ‖ϕ‖L2(Ω) = −〈ν · ϕ,ϕ〉L2(∂Ω) .But, Π+ϕ = 0 means ϕ|∂Ω ∈ Σ−
|∂Ω ⊕ Σ0

|∂Ω, and ν · Σ±
|∂Ω ⊂ Σ∓

|∂Ω+ gives 〈ν · ϕ,ϕ〉L2(∂Ω) = 0beause of deomposition (3.11). We thus obtain λ− λ = 0, that is λ is real. �For later use we introdue a geometri quantity.3.8. De�nition. We set
HAPS

0 := inf
∂Ω





trℓθ −


(trℓk)

2 +
n∑

j=2

k(ν, ej)
2




1
2





.The seond main result of this note is a generalisation of the lower bound of [11℄ for theDira�Witten operator under the (APS) boundary ondition (we reover the inequality of[11℄ when we set k ≡ 0 on Ω).3.9. Theorem. Let Ω be a ompat domain of a spaelike spin hypersurfae (M,g, k)whih satis�es the dominant energy ondition along Ω (so that R0 > 0). The boundary
∂Ω is assumed to verify HAPS

0 > −2λ̃ (the de�nition of λ̃ will be given below). Then



EIGENVALUE ESTIMATE FOR THE DIRAC�WITTEN OPERATOR 11under the (APS) boundary ondition, the spetrum of the Dira�Witten operator on Ω isan unbounded disrete set of real numbers, suh that any eigenvalue satis�es(3.12) λ2 >
n

(n− 1)
R0 .Proof: The fat that, under the (APS) boundary ondition, the spetrum of the Dira�Witten operator on Ω is an unbounded disrete set of real numbers, has been proved inthe previous lemma.Thanks to the isomorphisms of the several Cli�ord ations (3.10), we an improve (2.4)

ωϕ(ν) =

〈
−D̃ϕ+

1

2

(
trℓθ + (trℓk)ν · e0 − k∂Ω(ν) · e0 ·

)
ϕ,ϕ

〉

=

〈
−D̃ϕ+

1

2
e0 · KAPS · ϕ,ϕ

〉
,where we have de�ned the vetor �eld KAPS ∈ Γ(TN|∂Ω) as

KAPS = (trℓθ)e0 − (trℓk)ν + k∂Ω(ν) .Let (λ̃m, ψm)m∈Z the eigenvalues and eigenspinors of D̃ (with the onvention that λ̃m < 0if and only if m < 0). If we suppose that Π+ϕ = 0, then ϕ = ϕ0 +
∑

m<0
ϕm, where ϕm isthe L2�orthogonal projetion of ϕ on the line Rψm and ϕ0 ∈ Ker D̃. We an dedue

∫

∂Ω
ωϕ(ν) =

∑

m<0

∫

∂Ω

〈
(−λ̃m +

1

2
e0 · KAPS·)ϕm, ϕm

〉
.It is well known that 〈

(−λ̃m + 1
2e0 ·KAPS·)ϕm, ϕm

〉
> 0 if the vetor �eld (KAPS−2λ̃me0)is ausal and future oriented, for eah integer m < 0. This equivalently means

trℓθ − 2λ̃m >

(
(trℓk)

2 +
∣∣∣k∂Ω(ν)

∣∣∣
2
) 1

2

,for every m < 0. This ondition will be satis�ed if(3.13) HAPS
0 > −2λ̃ := −2 inf

m<0

{
−λ̃m

}
.As a onsequene, if one assumes that (3.13) holds and that ϕ is solution of (APS) for anon�zero λ ∈ R, then (2.3) implies

0 6

(
n− 1

n

)
λ2

∫

Ω
|ϕ|2 −

∫

Ω
〈Rϕ,ϕ, 〉 ,whih is possible only if

|λ|2 >
n

(n− 1)
R0 .

�3.10. Remark . The boundary assumption HAPS
0 > −2λ̃ is quite weaker than the one usedin [11℄, even for the ase k ≡ 0.



12 DANIEL MAERTEN3.11. Remark . Aording to the lower bound of C. Bär and O. Hijazi(3.14) λ̃ >
1

2
Vol(∂Ω, ℓ)

−1
n−1

√
(n− 1)

(n− 2)
Y (∂Ω, ℓ) ,where Y (∂Ω, ℓ) denotes the Yamabe invariant of the losed manifold (∂Ω, ℓ), we an replaethe boundary assumption HAPS

0 > −2λ̃ by the stronger one
HAPS

0 > −Vol(∂Ω, ℓ)
−1

n−1

√
(n− 1)

(n− 2)
Y (∂Ω, ℓ) .We will use this ondition in order to investigate the equality ase of (3.12).The equality ase in (3.12) is not easy to treat in general, but we an however de-due some information under the stronger boundary assumption (3.14) introdued in theprevious remark.3.12. Theorem. Let Ω be a ompat domain of a spaelike spin hypersurfae (M,g, k)whih satis�es the dominant energy ondition along Ω (so that R0 > 0). The boundary

∂Ω is assumed to have a positive Yamabe invariant and to verify the boundary inequality
HAPS

0 > −Vol(∂Ω, ℓ)
−1

n−1

√
(n−1)
(n−2)Y (∂Ω, ℓ) . Then equality in (3.12) always leads to theexistene of an imaginary ∇�Killing spinor on Ω of Killing number −λ/n, and the boundarymetri ℓ is Einstein with positive salar urvature on ∂Ω.Proof: Suppose that equality holds in (3.12). Thereby, there exists a non�zero λ�eigenspinor �eld ϕ suh that(3.15) Pϕ ≡ 0 ,

〈
e0 · (KAPS − 2λ̃e0) · ϕ,ϕ

〉
≡ 0 .The seond equation of (3.15) simply says that the vetor �eld (KAPS − 2λ̃e0) is lightlike,whih means in other words

HAPS
0 = −2λ̃ ,but it says that we are in the equality ase of (3.14), and so the boundary metri ℓ isEinstein with positive salar urvature on ∂Ω.The �rst equation of (3.15) an be reformulated as

∇Xϕ+

(
λ

n

)
X · ϕ = 0 , ∀X ∈ Γ(TΩ),that is, ϕ is a Killing spinor of Killing number −λ/n. �3.13. Remark . If we replae the boundary assumption of Theorem 3.12 by HAPS

0 > −2λ̃(or by HAPS
0 > 0 as in [11℄), then equality in (3.12) annot our.3.3. Modi�ed APS Boundary Condition. The modi�ed Atiyah�Patodi�Singer (mAPS)boundary ondition was �rst introdued in [11℄. In this setion, our goal is to �nd a lowerbound for |λ|2 where λ is any non�zero omplex (a priori) number involving in the followingellipti �rst order boundary problem

(mAPS)

{
Dϕ = λϕ on Ω
Π+(ϕ+ ν · ϕ) = 0 on ∂Ω

,where D still denotes the Dira�Witten operator. As for the (APS) problem, we �rst provethat the spetrum of (mAPS) is real.



EIGENVALUE ESTIMATE FOR THE DIRAC�WITTEN OPERATOR 133.14. Lemma. The spetrum of (mAPS) is a disrete set of real numbers.Proof: Let λ ∈ C be any eigenvalue of (mAPS) with ϕ a orresponding eigenspinor �eld.We know that
(λ− λ) ‖ϕ‖L2(Ω) = −〈ν · ϕ,ϕ〉L2(∂Ω)

= −
1

2

∫

∂Ω
〈ϕ+ ν · ϕ,ϕ − ν · ϕ〉

= 0 ,sine ϕ + ν · ϕ ∈ Σ−
|∂Ω by de�nition and ϕ − ν · ϕ ∈ Σ+

|∂Ω. Indeed, we an show that
Π+ν = νΠ− (that is a onsequene of ν · D̃ = −D̃ν·), and so

Π+(ν · ϕ− ϕ) = Π+(ν · ϕ+ ν · ν · ϕ)

= ν · Π−(ϕ+ ν · ϕ)

= ν · (ϕ+ ν · ϕ)

= ν · ϕ− ϕ .

�The third main result of this note is a generalisation of the lower bound of [11℄ for theDira�Witten operator under the (mAPS) boundary ondition (we reover the inequalityof [11℄ when we set k ≡ 0 on Ω).3.15. Theorem. Let Ω be a ompat domain of a spaelike spin hypersurfae (M,g, k)whih satis�es the dominant energy ondition along Ω (so that R0 > 0). The boundary
∂Ω is assumed to verify HAPS

0 > 0 . Then under the (mAPS) boundary ondition, thespetrum of the Dira�Witten operator on Ω is an unbounded disrete set of real numbers,suh that any eigenvalue satis�es(3.16) λ2 >
n

(n− 1)
R0 .Proof: The fat that, under the (mAPS) boundary ondition, the spetrum of the Dira�Witten operator on Ω is an unbounded disrete set of real numbers, has been proved inthe previous lemma.We still have

ωϕ(ν) =

〈
−D̃ϕ+

1

2
e0 ·KAPS · ϕ,ϕ

〉
,where KAPS has been de�ned in the previous setion. If we suppose that Π+(ϕ+ ν · ϕ) = 0,then we know (see the proof of the lemma above) that ϕ+ ν · ϕ ∈ Σ−

|∂Ω and ϕ− ν · ϕ ∈ Σ+
|∂Ω.Therefore,

0 =
1

2

〈
D̃(ϕ+ ν · ϕ), ϕ − ν · ϕ

〉
L2(∂Ω)

=
〈
D̃ϕ,ϕ

〉
L2(∂Ω)

,



14 DANIEL MAERTENwhere the seond line is obtained thanks to the property ν · D̃ = −D̃ν·. Assume ϕ issolution of (mAPS) for a non�zero λ ∈ R, then (2.3) implies
0 6

(
n− 1

n

)
λ2

∫

Ω
|ϕ|2 −

∫

Ω
〈Rϕ,ϕ, 〉 ,sine the ondition HAPS

0 > 0 implies that KAPS is ausal and future oriented. This leadsto the desired inequality, namely
λ2

>
n

(n− 1)
R0 .

�The equality ase in (3.16) is not easy to treat in general, but we an however deduesome information under a natural additional assumption.3.16. Theorem. Under the assumptions of Theorem 3.3, equality in (3.2) always leads tothe existene of an imaginary ∇�Killing spinor on Ω of Killing number −λ/n. If we assumefurthermore that k∂Ω(ν) = 0 along the boundary ∂Ω, then ∂Ω is an apparent horizon.Proof: Suppose that equality holds in (3.16). Thereby, there exists a non�zero λ�eigenspinor �eld ϕ suh that(3.17) Pϕ ≡ 0 , 〈e0 · KAPS · ϕ,ϕ〉 ≡ 0 .The seond equation of (3.17) simply says that the vetor �eld KAPS is lightlike, whihmeans in other words
HAPS

0 = 0 ,and the �rst one reads as
∇Xϕ+

(
λ

n

)
X · ϕ = 0 , ∀X ∈ Γ(TΩ),that is, ϕ is a Killing spinor of Killing number −λ/n.If we suppose futhermore k∂Ω(ν) = 0 along the boundary ∂Ω, then HAPS

0 = 0 an be re-formulated as trℓθ = |trℓk| whih, in the General Relativity literature, is the ondition tobe an apparent horizon. �3.4. Chiral Boundary Condition. In the present setion, our aim is to �nd an estimatefor the spetrum of the Dira�Witten operator under a natural boundary ondition asso-iated to a hirality operator. It onsists on �nding a lower bound for |λ|2 where λ is anynon�zero omplex (a priori) number involving in the following ellipti �rst order boundaryproblem
(CHI) {

Dϕ = λϕ on Ω
G(ϕ) = ϕ on ∂Ω

,where ϕ is non�zero (eigen�)spinor �eld, and where G ∈ End
(
Σ|∂Ω

) is de�ned by therelation G(ψ) = εν · e0 · ψ, with ε = ±1. The boundary ondition G(ψ) = ψ was originallyintrodued (as the (APS) ondition) to prove some blak hole version of the positive masstheorem for asymptotially �at manifolds [6, 7℄. Some of our arguments appeared �rst in[12℄, but our onlusion onerning the equality ase is muh more stronger. As usual inthis artile, we �rst prove that the spetrum of (CHI) is real.



EIGENVALUE ESTIMATE FOR THE DIRAC�WITTEN OPERATOR 153.17. Lemma. The spetrum of (CHI) is a disrete set of real numbers.Proof: Let λ ∈ C be any eigenvalue of (CHI) with ϕ a orresponding eigenspinor �eld.We know that
(λ− λ) ‖ϕ‖L2(Ω) = −〈ν · ϕ,ϕ〉L2(∂Ω)

= −〈ν · ϕ, e0 · e0 · ϕ〉L2(∂Ω)

= 〈ν · e0 · ϕ, e0 · ϕ〉L2(∂Ω)

= ε 〈ϕ, e0 · ϕ〉L2(∂Ω) ,whih is real sine e0· is Hermitian with respet to the salar produt 〈∗, ∗〉. �For later use we introdue a geometri quantity.3.18. De�nition. We set
HCHI

0 := inf
∂Ω

{trℓθ + ε(trℓk)} .The last main result of this note is a generalisation of the lower bound of [11℄ for theDira�Witten operator under the (CHI) boundary ondition (we reover the inequality of[11℄ when we set k ≡ 0 on Ω).3.19. Theorem. Let Ω be a ompat domain of a spaelike spin hypersurfae (M,g, k)whih satis�es the dominant energy ondition along Ω (so that R0 > 0). The boundary ∂Ωis assumed to verify HCHI
0 > 0. Then under the (CHI) boundary ondition, the spetrumof the Dira�Witten operator on Ω is an unbounded disrete set of real numbers, suh thatany eigenvalue satis�es(3.18) |λ|2 >

n

(n − 1)
R0 .Proof: The fat that, under the (CHI) boundary ondition, the spetrum of the Dira�Witten operator on Ω is an unbounded disrete set of real numbers, has been proved inthe previous lemma.We now need to give some elementary properties of the boundary spinorial endomorphism

G (the proof is left to the reader).3.20. Proposition. The endomorphism G is symmetri, isometri with respet to 〈∗, ∗〉,antiommutes to the ation of ν· and e0·, and ommutes to eah ek·, (k > 2).The important fat is that the boundary ondition of (CHI) allows us to express theboundary integrand of (3.4) in terms of the extrinsi urvature tensors k and θ.3.21. Lemma. If G(ϕ) = ϕ then along the boundary ∂Ω we have(3.19) ωϕ(ν) =
1

2

(
trℓθ + ε(trℓk)

)
|ϕ|2 .Proof of Lemma 3.21: We use Equation (2.4)

ωϕ(ν) =

〈
ν · ej · ∇̃ej

ϕ+
1

2

(
(trgk)ν · e0 · −k(ν) · e0 · +(trℓθ)

)
ϕ,ϕ

〉

=

〈
ν · ej · ∇̃ej

ϕ+
1

2

(
(trℓk)ν · e0 · −k

∂Ω(ν) · e0 · +(trℓθ)
)
ϕ,ϕ

〉

=
1

2

(
trℓθ + ε(trℓk)

)
|ϕ|2 .



16 DANIEL MAERTENwhen we take Proposition 3.20 and the assumption G(ϕ) = ϕ into aount. Assume ϕ issolution of (CHI) for a non�zero λ ∈ R, then (2.3) implies
0 6

(
n− 1

n

)
λ2

∫

Ω
|ϕ|2 −

∫

Ω
〈Rϕ,ϕ, 〉 ,sine the ondition HCHI

0 > 0 indues the non�negativity of the boundary integral in (2.3).This leads to the desired inequality, namely
λ2 >

n

(n− 1)
R0 .

�On the ontrary to the other boundary onditions, equality ase in (3.18) an be treatedin general.3.22. Theorem. Under the assumptions of Theorem 3.19, equality in (3.18) always leadsto the existene of an imaginary ∇�Killing spinor on Ω of Killing number −λ/n, and theseond fundamental form of ∂Ω is proportional to k∂Ω, sine
θ + εk∂Ω ≡ 0 .In partiular, ∂Ω is an apparent horizon.Proof: Suppose now that equality holds in (3.18). Thereby, there exists a non�zero

λ�eigenspinor �eld ϕ suh that(3.20) Pϕ ≡ 0 , HCHI
0 ≡ 0 .The seond equation of (3.20) simply says that trℓθ+ε(trℓk) = 0 on ∂Ω. The �rst equationof (3.20) an be reformulated as

∇Xϕ+

(
λ

n

)
X · ϕ = 0 , ∀X ∈ Γ(TΩ),that is, ϕ is a Killing spinor. We onsider now any vetor �eld X ∈ Γ(T∂Ω) tangent tothe boundary, and we ompute

−

(
λ

n

)
X · ϕ = ∇Xϕ

= ε∇X(ν · e0 · ϕ)

= ε
(
(∇Xν) · e0 · ϕ+ ν · (∇Xe0) · ϕ+ ν · e0 · ∇Xϕ

)

= ε

(
∇Xν · e0 · −k(X, ν) − ν · k(X) · −

(
λ

n

)
ν · e0 ·X·

)
ϕ

= ε
(
− θ(X) · e0 · −k(X, ν) − ν · k(X) ·

)
ϕ−

(
λ

n

)
X · ϕ .This �nally leads to (after a left multipliation by e0·)(3.21) ∀X ∈ Γ(T∂Ω) , (θ(X) · −k(X, ν)e0 · +ν · e0 · k(X)·)ϕ = 0 .



EIGENVALUE ESTIMATE FOR THE DIRAC�WITTEN OPERATOR 17The ondition (3.21) an be improved, using one again G(ϕ) = ϕ

0 = (θ(X) · −k(X, ν)e0 · +ν · e0 · k(X)·)ϕ

=
(
θ(X) · −k(X, ν)e0 · +ν · e0 · k

∂Ω(X) · +ν · e0 · k(X, ν)ν·
)
ϕ

=
(
θ(X) · +ν · e0 · k

∂Ω(X)·
)
ϕ

=
(
θ(X) + εk∂Ω(X)

)
· ϕ ,for every X tangent to the boundary. This indues θ + εk∂Ω ≡ 0 on ∂Ω. �3.23. Remark . The Gauss equation expliitely gives the Rii urvature of g restrited tothe boundary when equality is ahieved in (3.18)

Ricg,∂Ω =
Scalℓ

(n− 1)
ℓ− (trℓθ)θ + θ ◦ θ

=
Y (∂Ω, ℓ)

(n− 1)
ℓ− (trℓk)k

∂Ω + k∂Ω ◦ k∂Ω ,sine ℓ is an Eintein Yamabe metri, and θ + εk∂Ω ≡ 0 on ∂Ω (ε2 = 1).Referenes[1℄ R. Bartnik, The mass of an asymptotially �at manifold, Comm. Pure Appl. Math., 39 (1986),661-693.[2℄ H. Baum, Complete Riemannian manifolds with imaginary Killing spinors, Ann. Global Anal. Geom.,7 (1989) 4, 205�226.[3℄ H. Baum, Odd-dimensionnal Riemannian manifolds with imaginary Killing spinors, Ann. GlobalAnal. Geom., 7 (1989) 2, 141�154.[4℄ P. T. Chru±iel, M. Herzlih, The mass of asymptotially hyperboli Riemannian manifolds,Pai� Journal of Mathematis, 212 (2003), 2, 231�264.[5℄ T. Friedrih, Der erste Eigenwert des Dira�Operators einer kompakten Riemannshen Mannig-faltigkeit nihtnegativer Skalarkrümmung, Math. Nah., 97 (1980) 2, 117�146.[6℄ G. W. Gibbons, S. W. Hawking, G. T. Horrowitz, M. J. Perry, Positive mass theorem forblak holes, Commun. Math. Phys., 88 (1983), 295-308.[7℄ M. Herzlih, The positive mass theorem for blak holes revisited, J. Geom. Phys., 26 (1998), 97�111.[8℄ M. Herzlih, A Penrose-like inequality for the mass of Riemannian asymptotially �at manifolds,Commun. Math. Phys., 188 (1998), 121-133.[9℄ O. Hijazi, Opérateurs de Dira sur les variétés riemanniennes. Minoration des valeurs propres. Thèsede 3ème yle, Eole Polytehnique (1984).[10℄ O. Hijazi, Lower bounds for the eigenvalues of the Dira operator, J. Geom. Phys., 16 (1995), 27-38.[11℄ O. Hijazi, S. Montiel, A. Roldán, Eingenvalue boundary problems for the Dira operator, Com-mun. Math. Phys., 231 (2002), 375-390.[12℄ O. Hijazi, X. Zhang, The Dira-Witten operator on spaelike hypersurfaes, Comm. Anal. Geom.11 (2003), no. 4, 737�750, 53C27 (53C50 58J50 58J60).[13℄ D. Maerten, The positive energy-momentum theorem in AdS�asymptotially hyperboli manifolds,Ann. Henri Poinaré 7 (2006), no. 5, 975�1011.[14℄ D. Maerten, A Penrose�like inequality for maximal asymptotially �at spin initial data sets, toappear in Ann. Glob. Anal. Geom.[15℄ T. Parker, C. Taubes, On Witten's proof of the positive energy theorem, Commun. Math. Phys.,84 (1982), 223�238.[16℄ S. Raulot, Optimal eigenvalues estimate for the Dira operator on domains with boundary,math.DG/0603512 v1.
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