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INHOMOGENEOUS BOUNDARY VALUE PROBLEMS FOR
COMPRESSIBLE NAVIER-STOKES AND TRANSPORT
EQUATIONS.

P. I. PLOTNIKOV, E.V. RUBAN AND J. SOKOLOWSKI

ABSTRACT. In the paper compressible, stationary Navier-Stokes equations are
considered. A framework for analysis of such equations is established. The
well-posedness for inhomogeneous boundary value problems of elliptic-hyperbolic
type is shown.

1. INTRODUCTION

1.1. Problem formulation. In the paper we prove the existence of solutions and
present the asymptotic analysis for inhomogeneous boundary value problems for the
compressible Navier-Stokes equations. We assume that the viscous gas occupies a
bounded domain £ C R3 with the boundary 99 of class C*°. The state of the gas
is completely characterized by the density o(x), velocity field u(x), temperature
T(z), and internal energy e(x). The motion of the gas is described through the
following system of partial differential equations for the state variables

2
div (11 (Vu + Vu* — 3 div ul) + v, divul) = div(ou ® u) + Vp + g,
div(pu) =0, pu-Ve+pdivu=
K AT + %(Vl(Vu + Vu* — % divul) + vy divul) : (VT + Vu"),

which represent the moment balance law, mass conservation law, and energy balance
law. Here p(z) is the pressure, e(Z) is specific internal energy, g is mass force, and
v;, Ko are positive coefficients. For the derivation of equations (1.1) we refer to
[19].

The physical properties of a gas are reflected through constitutive equations relating
the state variables to the other quantities in equations (1.1) — the pressure and
the specific internal energy. We restrict our considerations to the case of perfect
polytropic gases with the pressure and the internal energy which are defined by the
formulas p = (¢, — ¢,)0T and e = ¢, T, where ¢, is the specific heat at constant
volume and ¢, is the specific heat at constant pressure such that v =: ¢,/c, > 1.
Denote by e, [, 0co, Too, and AT, characteristic values of the velocity, length,
density, temperature, and temperature oscillation. They form five dimensionless
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2 INHOMOGENEOUS BOUNDARY VALUE PROBLEMS

combinations — the Reynolds number, Prandtl number, Mach number, viscosity
ratio, and relative temperature oscillation defined by

Ooollool ViCp 2 ugo 1 12 AT
Re = Pr=—, Ma"= —>— A=-+-—, ——.
¢ vy 8 Koo’ & pToo(y—1)° 3 + vi” T

Without any loss of generality we can assume that AT, /T = Pr = 1. After
passage to the dimensionless variables

T—lx, 00— U, 00— 0000 1 — T+ ATD,
we obtain the following boundary value problem in the scaled domain Q = [~1Q)
(1.1a) Au+ A\Vdivu =k div(ou @ u) + wV (o(1 4+ 9)) + og in Q,
(1.1b) div(pu) =0 1in Q,

(1.1c) A9 = kyL (guw + (v = 1)1+ 9)odiv u) —kw 'l —~y"H)D in Q,

where k = Re, w = Re/(yMa?), the dissipative function D, and dimensionless mass
force g are defined by the equalities

1
D= i(Vu—f—Vu*)Q—&—()\— 1) divu?, g =u1%000.

The governing equations should be supplemented with the boundary conditions.
Further we shall assume that the velocity of the gas coincides with a given vector
field U € C*(R?)? on the surface Q. In this framework, the boundary of the
flow domain is divided into three subsets: the inlet ¥;,, outgoing set Yu¢, and
characteristic set g defined by the equalities

(1.1d) Sin={2€eX:U-n<0}, Youu={xeX: U -n>0}

Yo ={z € 9Q: U-n = 0}, where the denotation n stands for the unit outward
normal to 9. We shall assume that the state variables satisfy the boundary
conditions

(1.1e) u=U, ¢¥9=00n09d9Q, p=gon X,

in which g is a given positive function.

The general theory of compressible Navier-Stokes equations is covered by mono-
graphs [9], [18] and [25]. In particular, the main results on the existence of global
weak solutions for stationary problems with the zero velocity boundary conditions
were established in [18] and sharpened in [25]. See also [11] and [29] for generaliza-
tions. We refer to papers [6] and [10] for an overview of a growing massive literature
devoted to the study of incompressible limits for solutions to non-stationary Navier-
Stokes equations.

There are numerous papers dealing with with the zero velocity boundary value
problem to steady compressible Navier-Stokes equations in the context of small
data. We recall only that there are three different approaches to this problem
proposed in [3], [27], and [22], respectively. The basic results on the local existence
and uniqueness of strong solutions are assembled in [25]. For an interesting overview
see [28].

The inhomogeneous boundary value problems were studied in papers [16]-[17],
where the local existence and uniqueness results were obtained in two dimensional
case under the assumption that the velocity u is close to a given constant vector.
There are difficulties including;:
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e The problem of the total mass control. It is important to notice that, in
contrast to the case of zero velocity boundary conditions when the total
mass of gas is prescribed, in inhomogeneous case the problem of the control
of total mass of gas remains essentially unsolved.

e The problem of singularities developed by solutions at the interface between
Ein and Eout U 20.

e The formation of a boundary layer near the inlet for small Mach numbers.

In this paper we consider the question of existence of continuous strong solutions to
problem (1.1) under the assumptions that the Reynolds number k& and the inverse
viscosity ratio A~! are small, but not infinitesimally small, and Ma < 1. This
corresponds to almost incompressible flow with low Reynolds number. We also
consider the problem of incompressible limit as w — oo. Before the presentation of
the main results we introduce some notation.

1.2. Definitions. In this paragraph we assemble some technical results which are
used throughout of the paper. Function spaces play a central role, and we recall
some notations, fundamental definitions, and properties, which can be found in
[1] and [5]. Let © be the whole space R? or a bounded domain in R? with the
boundary 99 of class C*. For an integer [ > 0 and for an exponent r € [1,00),
we denote by H'" () the Sobolev space endowed with the norm |[ul|gi.r(q) =
SUP| < [0%ul| (). For real 0 < s < 1, the fractional Sobolev space H*"(Q)
is obtained by the interpolation between L"(2) and H'7"(f2), and consists of all
measurable functions with the finite norm

[uller) = llullr@) + lulsr.0,

where

(1.2) g = / & — 4]~ u(z) — u(y)|" ddy.
QxQ

In the general case, the Sobolev space H'**7 () is defined as the space of mea-
surable functions with the finite norm ||ul| gi+sr(q) = sUpjq < [|10%u| gsr(q). For
0 < s < 1, the Sobolev space H*"(Q) is, in fact [5], the interpolation space
[L7(Q), H'"(Q)],,,. Furthermore, the notation H," (), with an integer I, stands
for the closed subspace of the space H'"(Q) of all functions v € H%"(Q2) which
being extended by zero outside of Q belong to H:"(R?).

Embedding of Sobolev spaces. For sr > d and 0 < a < s — r/d, the embedding
H*"(Q) — C*(Q) is continuous and compact. In particular, for sr > d, the Sobolev
space H*"(Q) is a commutative Banach algebra. If st < d and t=1 = =1 — d~!s,
then the embedding H*"(Q) — L!() is continuous. In particular, for a@ < s,
(s—a)yr<dand g7t =r=t —d7(s — a),

(1.3) [ull ey < elry s, o, B, Q)[ull e (.-

If (s — a)r > d, then estimate (1.3) holds true for all 8 € (1, c0).

Elliptic equations. Let  C R? be a bounded domain with the boundary of class
C, and A € (C*(Q2))? be a positive symmetric matrix-valued function. Let us
consider the following problem. For given

ho,g: Q—R, h:Q—R3 and H = divh + hg,
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to find function u satisfying the equation and boundary condition
(1.4) div (AVu) = H in Q, w =g on 0.

Proposition 1.1. Let s > 0 and r € (1,00). Then for any H € H>"(Q) and
g € HT27(Q) problem (1.4) has a unique solution u € H*T27(Q) satisfying the
inequality

(1.5) [l grs+er@) < (A s,7)([[H || 5o @) + (|9l ms+2m))-

If fo,f € H"(Q) and g € HT17(Q), then problem (1.4) has a unique solution
u € H¥17(Q) which admits the estimate

(1.6)  ullgstrr) < c(A,Q,s,7)([[h] gor ) + [hollzer @) + 9l o1 (02))-

Proof. For integer s the estimate (1.5) is the classic result, see [32], of the theory
of second order elliptic equations, [32]. In the case of integer s > 1, estimate (1.6)
follows from (1.5). For particular case s = 0 see [20] and [21]. For fractional s, the
estimates follows from the interpolation theorem, [5]. It is important to note that
for fractional s € (k, k + 1), the boundary condition is understood in the sense of
the interpolation theory u — g € [Hgf’r(Q), H§+1’T(Q)]s - O

)

1.3. Results. Transport equations. The progress in the theory of compressible
Navier-Stokes equations strongly depends on the progress in the theory of transport
equations. With applications to the compressible Navier-Stokes equations in mind,
we consider the following boundary value problem for the linear transport equation

(1.7) Lo =uVp+op=f in Q =0 on Xj,.
Here u is a C'-vector such that u = U on 99Q. The inlet ¥, is defined by relations
(1.1d).

By nowadays there exists a complete theory of weak solutions to the class of
hyperbolic-elliptic equations developed in [8] and [26] under the assumptions that
the equations have C! coefficients and satisfy the maximum principle. Recall that
an integrable function ¢ is the weak solution to problems (1.7) if the integral identity

(18) /Q (0 2°C— fC)da =0

holds true for all test functions ¢ € C*(£2) vanishing on X,u. The following propo-
sition is a particular case of general results by Oleinik and Radkevich, we refer to
Theorems 1.5.1 and 1.6.2 in [26] .

Proposition 1.2. Assume that Q is a bounded domain of class C?, the vector field
u belongs to the class C1(Q)3, and o —divu(z) > 6 > 0. Then for any f € L>(£),
problem (1.7) has a unique solution such that for all r € [1,00],
(1.9) el < (0 =~ divuallow) 1l o)-

Moreover, this solution is continuous in the interior points of Xy, and vanishes on
Sin. If, in addition, cl (Zoux U Xo) N el Sy, is a Ot one- dimensional manifold,
then a bounded generalized solution to problem (9.27) is unique.

The questions on smoothness properties of solutions are more difficult. We recall
the classical results of [14] and [26], related to the case of

T = cl Sin Nl (Sow USo) = 0.
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In particular, the following proposition is a consequence of Theorem 1.8.1 in the
monograph [26].

Proposition 1.3. Assume that 2 is a bounded domain of the class C? and X, = ().
Furthermore, let the following conditions hold.
1)The vector field u and the function f belong C*(R3).
2)The vector field u can be extended in a vicinity ' of the domain Q such that the
inequality
o —sup {|divu| + sup [0, u;|} >0
o ij

is fulfilled. Then a weak solution to problem (1.7) satisfies the Lipschitz condition
in cl Q.

Note also that the case, with 02 = Yy, in the Sobolev spaces is completely
covered in the papers [4] and [22], [23]. The case of nonempty interface I' is still
weakly investigated. The following result, which is used throughout of the paper,
partially fills this gap.

Assume that a characteristic set I' C 0 and a given vector field U satisfy the
following condition, referred to as the emergent vector field condition.

Condition 1.4. The set T is a a closed C*° one-dimensional manifold. Moreover,
there is a positive constant ¢ such that

(1.10) U-VU-n)>c>0onT.

Since the vector field U is tangent to 9Q on ', the quantity in the left-hand side of
(1.10) is well defined.

This condition is obviously fulfilled for all strictly convex domains and constant
vector fields. It has simple geometric interpretation, that U - n only vanishes up
to the first order at I, and for each point P € T, the vector U(P) points to the
part of 02 where U is an exterior vector field. Note that the emergent vector field
condition plays an important role in the theory of oblique derivative problem for
elliptic equations, see [13]. The following theorem is the first main result of this
article.

Theorem 1.5. Assume that 992 and U comply with Condition 1.4, the vector field
u belongs to the class C1(Q), and satisfies the boundary condition

(1.11) u = U on 0.
Furthermore, let s and r are constants satisfying
(1.12a) 0<s<1l, 1<r<oo, K=:25—3/r<1

Then there are positive constants c* > 1 and C , which depend on 022, U, s, r,
llullc1) and do not depend on o, such that: for any o > o* and f € H>"(Q) N
L>(Q)) problem (1.7) has a unique solution ¢ € H®" () N L>®(Q), which admits
the estimates

(1.13)

el o) < Co™ [ fllasr@) + Co™ | flloe(oy for sr # 1,2,
@l mrer) < Co™ [ fllmer(oy + Co (1 +1og o) /7| fll Lo (q) for sr=1,2,
where the accretivity defect o is determined by
(1.14) a(r,s) =max {0, s—r~", 2s —3r "' }.
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In order to obtain strong continuous solutions we introduce the scale of Banach
spaces X*7 defined by the following.

Definition 1.6. For any exponents s and r satisfying the inequalities
0<s<l1, sr>3, K=25s—3r <1,
denote by X*" the Banach space H*" () N HY*(Q) endowed with the norm
lulls,r = llwll o) + lullzre )
Here the exponent p is defined by the relations
(1.15) p=01—-r)"" fork<1/2, p=3/(2—k) for1/2 <k <1,
so that the couples (s,r) and (1, p) have the common accretivity defect
a(r,s) = a(p,1) = k.
We also denote by X757 the Banach space of all functions ¢ : Q — R having the
finite norm
lell1+s,r = llells,r + 1Vells,r
Note that the embeddings X*" < C(Q) and X1t — C1(Q) are compact.

Theorem 1.5 implies the following result which proof is given in Section 9.

Theorem 1.7. Let I' = ¢l i, N el (Zous U Xg) and U € C™(9N) comply with
Condition 1.4, a vector field u satisfies boundary condition (1.11), and exponents
s, r satisfy the inequalities

(1.16) 0<s<l1l, sr>6, k=2s—3r'<1.

Furthermore, assume that ||u|14+s, < R. Then there are positive constants o* > 1
and C depending only on 2, U, s, r,, and R such that for any o > ¢* and f € X",
problem (1.7) has a unique solution ¢ € X*", which admits the estimate

(1.17) I@llsr < Co | flls,r + Co™ 25| Fl -

Since the space X®" is a Banach algebra, Theorem 1.7 along with the contraction
mapping principle yields the following result on solvability of the adjoint problem

(1.18) Lo :=—divipu)+op=f in Q, ¢=0 on Tou.

Theorem 1.8. Let the manifold T* = ¢l Xout N ¢l (Zin U ) and U € C*°(9N)
comply with Condition 1.4, a vector field u and exponents s, v meet all requirements
of. Theorem 1.7. Then there are positive constants c* > 1,C depending only on
Q, U, s, r,,and R, such that: for any o > o* and f € X*", problem (1.18) has a
unique solution p € X" satisfying inequality (1.17).

Lame equations and Bergman projection. The main idea of our approach is to
express divu in terms of ¢ and ¥, next to substitute this expression in the mass
balance equations, and by doing so to reduce the original problem to a boundary
value problem for the transport equation. This requires careful analysis of solutions
to the boundary value problem for the Lame equations

(1.19) Av+4+ AVdivv=Fin 2, v =0 on 99Q.
The question is: whether is it possible to obtain direct expression for div v without

solving equations (1.19). It is easily seen that that divv satisfies the operator
equations

(I + \) (divv) = F, where o = divA™'V, F =divA~'F.
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where A~! be the inverse to the Laplace operator defined by the equalities
(1.20) AT'F=v, Av=FinQ, v=0on9dQ.

Hence the problem is to find the effective representation for the resolvent (I +
Ae/)~1. The unexpected fact is a connection between </ and the Bergman pro-
jection. Recall, [2], that the harmonic Bergman space b"(2) is defined by b"(Q2) =
{u:€ L"(Q) : u is harmonic in Q}. The harmonic Bergman projection 2 is defined
to be the orthogonal projection from L?(€2) onto ?(£2), and the harmonic reproduc-
ing kernel Q(z,y) is the integral kernel of the projection £. The metric properties
of the harmonic Bergam projection for balls and half-spaces were studied in [2],
[30], [31]. However, the boundedness of the harmonic Bergman projection in L"(2)
for regular bounded domains was proved only recently in paper [15]. The following
theorem on the decomposition of operator A, which proof is given in Section 10, is
the second main result of this paper.

Theorem 1.9. Let Q be a bounded domain with C* boundary and s € [0,00),
r € (1,00). Then:

(i) The operator of : H*"(Q) — H*>"(Q) is bounded and its norm depends only on
Q and s,r.

(ii) There exists a bounded operator # : H®"(Q) — H*TL7(Q), which norm de-
pends only on ) and s,r, such that o =1— 2/2+ X .

(#ii) The Bergman projection 2 : H*"(Q) — H*"(Q) is bounded.

In particular, this theorem yields the representation Q(z,y) = 2V,V,G(z,y) +
o(z,y) with a regular kernel o(z, y) in terms of the harmonic Green function G(z, y).
Notice that the classic theory gives the formula @ ~ A;A,Ga(x,y), where Gy is
the biharmonic Green function.

Existence theory. We are now in a position to formulate the main result of this
paper on solvability of problem (1.1). Let us consider the following boundary value
problem for the incompressible Navier-Stokes equations

(1.21) Aug — Vpo = kdiv(ug ® ug), divug=0in Q,
ug=Uon 00, Ilpyg=npg.

In our notations II is the projection,

1
1.22 Ilu =u — .
( ) u=u meaSQ/de
Q

It is well known, see [7], that for each U € C°°(Q) satisfying the orthogonality
conditions

(1.23) U-nds=0

o0
and all sufficiently small k, this problem has a unique C'*° — solution. The triple
(00,u0,%9) =: (1,u0,0) can be regarded as an approximate solution to problem

(1.1) for small Mach numbers. We impose the following restrictions on the domain
Q and the boundary data:

H1.The vector field U € C*° and the manifold
(1.24) LNT* = {cl(Sin) N el Sow U o) } U {cl(Sout) N cl(Eim UX0) }
satisfy emergent field condition (1.4). Moreover, U also satisfies condition (1.23).
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H2 The mass forces are potential, i.e., g = —V® € C*(Q). The boundary value
of the density is in the form

(1.25) g=1—wt(py+®).
The unperturbed pressure pg and potential ® satisfy the orthogonality condition
(1.26) /(pO—I—(I))(U-n)dS:O.

o0

Conditions (1.25) and (1.26) prevent the formation of boundary layer and develop-
ing singularities near the inlet as w — 0.

H3. Furthermore, we shall assume that the viscosity ratio A and exponents s,r
satisfy the conditions

(1.27) 0<s<l, sr>6 k=2s—3r '<1/12
(1.28) Colll2|ls.r + I12|1]: < 27 (N +2) for all t € [6,7],

where C' is a constant in Theorem 1.5 corresponding to the exponents s, and the
constant R = 2||ugl|14s,r, the notation |||2|||sr, ||| 2|l stands for the norms of
the Bergman projection

N2l = [12NLxsr xomys N2 = 12 L ), Lt @))-

The following theorem is the main result of this paper.

Theorem 1.10. Assume that Q, U, s,r, and A > 1 comply with conditions (H1)-
(H3). Then there exist positive constants k*, w* such that for each fized k € [0, k*],
and all w > w*, problem (1.1) has a solution (U, 0,,Y,) € (X1T57)3 x X7 x
X157 such that

(1.29) luw = woll14sr + [low = Uls.r + [Yoll14s,r — 0 as w — oo.

1.4. Structure of the paper. Now we can explain the organization of the paper.
In Section 2 we derive the perturbation equations (2.2) for the deviations (v, ¢, ) of
the states variables from the limiting quantities (ug, 1,0). The aim is to solve prob-
lem (2.2) by an application of the Schauder fixed point theory. In this framework
our considerations are focused on the study of linearized boundary value problem
(2.3). In Section 3 we derive L? estimates for solutions to this problem . In the
next section we employ Theorem 1.9 to reduce the linearized problem (2.3) to the
following boundary value problem for the transport operator equation

(1.30) uVe + ollp + )\LHQHQD = %4_29?@ +finQ, ¢=0on %,

Here o = w/(A + 1), the projection II is determined by (1.22), 2 is the harmonic
Bergman projection, and Z# is unessential compact operator. In sections 5 and 6
we derive a priori estimates and prove the solvability of problem (1.30) .There are
two differences between problems (1.30) and (1.7). The first is the presence of the
Bergman projection in equation (1.30). We cope with this difficulty assuming that
A is sufficiently large. The second is the presence of the projection IT in (1.30). It is
important to note that the behavior of solutions to problem (1.30) drastically differs
from the behavior of solutions to problem (1.7). While for solutions to problem
(1.7) the Fichera-Oleinik estimates gives |||l r2(q) ~ o~ || f||z2(q), for solutions to
problem (1.30) we also have [Tl 20y ~ o | fllL2(0) but [(T—)e| ~ || fllL2(0)-
The disparity between IIp and (I — IT)e leads to the singularity ||v|14s, ~ w"®
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as w — oo. This indicates the formation of a weak boundary layer near inlet for
small Mach numbers. In section 7 we show that a singular component of solutions
vanishes for the well- prepared data satisfying Condition H 2. In the next section
we complete the proof of Theorem 1.10. The last two sections are devoted to the
proof of Theorems 1.5 and 1.9.

At the end of the section we discuss shortly possible generalizations of the ob-
tained results.
In the case sr < 1, when the trace of a function ¢ € H*"(Q2) on the boundary of
2 is not defined, the accretivity defect is equal to 0. It seems that in this case the
emergent fields conditions is not needed for the solvability of solution to problem
1.7 in H*" (). If this conjecture is correct, then the statement Theorem 1.10 holds
true when the only manifold I' satisfies the emergent vector field condition.
The restriction on the viscosity ratio A is essential for our approach. The possible
way to cope with this difficulty is to apply the projections 2 and I — .2 to both the
sides of operator transport equation (1.30). As a result we obtain the system of two
transport equations for the functions Z¢ and (I— 2)p, which involves the commu-
tatior [uV, 2] and does not contain the large parameter o at nonlocal terms. The
fisrt difficulty is that the boundary conditions for the functions Q¢ and (I — 2)¢
are unknown. The second is that the commutator [uV, 2] is bounded in Sobolev
spaces if and only if u-n = 0 at 9€2. Hence this trick works properly in the case
when 9€) = ¥, but in general case the problem can not be resolved in the frame
of classic theory of transport equations.
Theorem 1.10 deals with ”well-prepared” boundary data, satisfying conditions H2,
but even in this case the solutions are not uniformly smooth for small Mach num-
bers. The investigation of this problen requires the construction of the formal
asymptotics of solutions for large w.

2. PERTURBATION EQUATIONS. LINEARIZED PROBLEM.

In this section we deduce the equations for the deviations of state variables
(u, 0,9) from their limiting values. We shall look for a solution to problem (1.1) in
the form

(21> u=up+v, Q:1+w71(p0+q))+§07197

where v and ¢ are new unknown functions. Substituting this expressions into (1.1)
leads to the following equations for the functions (v, ¢, 9),

(2.2a) Av + AV divv —wVe — k% v = Ulv, ¢, 9]
(2.2b) uVy + divv — div(ud) = Tlv, ¢, 9],

(2.2¢) AV — kuVY + kbdiv(ullp) — kw™ ' #'v = O[v, ¢, 9],
(2.2d) v=0, 9=00n0%, ¢=0o0n .

Here b = 1 — v~ 1, the differential operators % and ¥ are defined by the equalities

Uv=divla®v+vea), a=ug+2 v,

(2.2¢)
Wv ==2bdiv ((Vug + Vug)v) + 2bAug - v,
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operators U, T, and © are given by
U =FkdiviGu®@u) +wV(cd) —cVP, T=7T1+7Ts, O =0+ 06,
T, = —w tdiv((py + ®)u), YTy = —pdivyv,

(2.2f) 0, = —w’lkb(uV(po + @)+ D0)7

0, = kb((l'[(p + 9+ ¢¥)divv 4+ w_lDl) + k(1 — b)quV4d,
where
¢ = p—04+w H(po+®), 2Dy = (Vue+Vuy)?, 2D; = (Vv+VvH)2+2(A—1)div v

Our aim is to prove the existence of small solution to this problem for all suf-
ficiently large w. In this framework, considerations are focused on the analysis of
the linearized problem

(2.3a) AV + AVdivy —wVe =k%v+F in Q,
(2.3b) uVy +divv — div(du) = G in ©,

(2.3¢) AY — kuVd + kbdiv(ullyp) = kw™ ' #v + H, in Q
(2.3d) p=0on%y,, v=0, ¢¥=0o0n09Q,

where u and a are considered as given functions of class X'**". With applications
to nonlinear problem (2.2) in mind, we shall assume that functions F and H admit
the representations

(2.4) F=divF+f, H=divh+hg

in which a matrix-valued function F :  — R?, vector fields f,h : Q — R3, and a
function hg : Q — R have the finite the norm

(2.5) [Fle = Ifllze) + IFllzey,  [He = hllze@) + |hollzio),
(2-6) |F|5,T = Hf| st ||f0HS,Ta ‘H|S,r = ||hHs.,T + ”hO”smv

Hence our first goal is to prove the well posedness of problem (2.3). The proof
occupies the next four sections.

3. LINEAR PROBLEM. FIRST ESTIMATES

In this section we derive L? estimates for solutions to linear problem (2.3). By
abuse of notation, we will write ¥ and m instead of Iy and (I — II)ep.

Theorem 3.1. Let a vector field u € X' and exponents s,r meet all require-
ments of Theorem 1.10, and ||[u|1+s, + ||all1+s, < R. Then for any € > 0, there
exist constants ¢, k* > 0, and w* > 1, depending only on 022, s, r, R, and €, such
that for all w > w* and k € [0,k*] a solution (v, p,0) € (X1T57)3 x X7 x X1+sr
to problem (2.3) satisfies the inequalities

(3.1a) IVlimr2@) < lFl2 + cw' (|G 2oy + | H]2),
(3.1b) [1Bll22() < cw™ |2 + cw™2H(||Gl L2 () + | H]2),
(3.1c) Im| < cw™V2HEF |y + (|Gl L2y + | Hl2),
(3.1d) 9]l z1.2 () < c(w™ "k[F|2 + kw27 Gl 2 (o) + |H]2),

where the norm | - |2 is defined by (2.5).
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We split the proof into three steps. First we employ the energy identity to obtain
the estimates for the velocity vector field and p via the average density m, next we
apply Theorem 1.7 to obtain the estimate for m, and finally we deduce inequalities
(3.1).
Step 1. Denote by P and S the functions

P=k%v+F=divP+p, S= g?ﬂv—ﬁ—H:: divs + s,

(3.2) P=ka@v+kikvea+F, p=f,

2kb 2kb
S = (VUQ—FVUS)V—FI’I, S0 = TAUO 'V+h0.

W
Multiplying both sides of equation (2.3a) by v, integrating the result by parts, and
recalling equation (2.3b) we arrive at the identity

/ (IVV]* + Aldiv v[*) dz = —(v,P) + w(p, div v),
Q

where (-, -) denotes the scalar product in L?(€). On the other hand, equation (2.3b)
implies
. . 1 2 1 1 2
pdivvdr = (p, G + div(du)) + 5] ¢ divudr — 3 ©°|U,| dX.
Q Q Zout

By virtue of orthogonality condition (1.23), we have

1 1

3 /<p2 divudz = m{p,divu) + 3 /@2 divudz.

Q Q

Combining these identities we obtain

(3.3) /(|VV|2 + Al divv|?) dz + % / U, @2 dE = —(v,P)+
Q Eout
wm[(1,G + div(du)) + (B, divu)] + w(@, G + div(du)) + %(div w, 7).

Since v vanishes on 0, we have for any § > 0, [(v,P)| < §[|[Vv|[7s o) +cd~'[P]3,

where ¢ depends only on Q. Recalling the estimate ||ul|c1(q) < c¢R we conclude
from this and (3.3) that for suitable choice of k,

(34) IVl 2) < cPl+ cwlml(IGllLz i) + 19112 () + I[Pl L2 )+
cw(IGlZ2 ) + 191F2(0) + [BZ20):

where the constant ¢ depends only on 2, R , and k. Next lemma gives the estimate
for ¢ in terms of the deviation ¥ = ¢ — m.

Lemma 3.2. There erists k*, depending only on ||ul|c1(q), such that for all r €
(1,00) and k € [0,k*], a solution to problem (2.3c)- (2.3d) admits the estimate

(3.5) 191 z1.2(0) < (Q)(KIPllL2 () + |S]2)-

Proof. The proof obviously follows from Lemma 1.1. O
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Combining (3.5) with inequality (3.4) we obtain the estimate
(3:6) VI < cwlml(E +1@llr20) + cw(@ll72 ) + E) + P35,

where E = HG”Lz(Q) + ‘S|2
The next lemma gives the complementary estimate for ¥ in terms of v and 9.

Lemma 3.3. Under the assumptions of Theorem 3.1 there is k* > 0 depending
only on R and Q such that for k € [0,k*], each solution to problem (2.3) admits
the estimate

(3.7) [Bllz2i@) < c(@w™ (IVImr29) + [P2)

Proof. Choose an arbitrary function ¢ € L?(Q) with II¢ = ¢ and a vector field q
such that

q€ Hy?(Q), divg=¢, lallzr2@) < (¢l r2(0)-
Multiplying both sides of equations (2.3a) by q and integrating the result over {2
we obtain

w/w(dw = /(Vv :Vq+ Adivvdivq)dx + (P, q),
Q Q
which yields (3.7) and the lemma follows. (]

Step 2. In this paragraph we estimate the quantity m related to the mean value
of the "density” ¢. Our considerations are based on the following auxiliary lemmas,
first of which constitutes the continuity of the embedding X*" < H/22(Q).

Lemma 3.4. There is a constant ¢, depending only on Q0 and s,r, such that the
inequality || f|| gi/2.2(q) < cllfllxsr holds true for all functions f € X*".

Proof. Since by virtue of (1.3) the embedding H*(Q) — H'/?2(Q) is bounded for
all p > 3/2, it suffices to prove the lemma for the case when the exponent p(r, s) in
Definition 1.6 of the space X*7 satisfies the inequality p < 3/2 and, consequently,
k = 2s — 3r~1 satisfies the inequality x < 1/3. By virtue of (1.15) in this case we
have p = (1 — k). Introduce the quantities
T:27p V:TSTE(/{T+3)(172/<;)

r—p’ 2((1—r)r—1)
By Definition 1.6, we have r > 3 and hence 7 € (0,1). The inequality (r/3)(2(1 —
k) — k(1 — 2K)) > 5/3 — 2k, which is obviously true for allr > 3 and s € [0,1/3],
implies the inclusion v € (0,1).

Now choose an arbitrary function f with || f||x=r = 1, and note that

e =yl 7M@) = F)1? = (1 =y # [ f @) = FOI) (& =y " =7 | f(2) = F()]°)
< cle —y|7F | f (@) = f)]" +clz —yl T | f(2) — f(y)]” =
& —y| 7SN (@) = F)7 + el — I~ f (@) — f()]P,

1—7

where
1—v 1—TST< 1-37r <1
q: = .
p(l—=7) p(l—=7) p(l1-7)

Thus, we get the following estimate for the semi-norm | f|; /22, defined by (1.2)

|f|§/2,29 <clfls 0+ C|f|Z,p,Q-
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(From this and Definition 1.6 of the space X*" we conclude that

£ 1220y < ellf ey + 1 ran(q) < elf e + ||f||H1 ()
< ¢

s,r s,r) < )

and the proof lemma 3.4 is completed. (Il

Lemma 3.5. Let exponents s, and a vector fieldu € X757 meet all requirements
of Theorem 1.8. Furthermore, assume that ||u|l11+s,» < R. Then there are o1 > 1,
¢ >0 andé > 0, depending only on Q, U,s,r, and R such that the adjoint boundary
value problem

(3.8) —div(nu)+o1m=01in Q, n=0o0n Ty
has a solution, satisfying the inequalities

<e, 01/(1—77)dx>5>0.

Q

(3.9)

Proof. Choose ¢* so large that conditions of Theorem 1.8 are fulfilled for the couple
of exponents (s,r). Fix an arbitrary o7 > max{c*, | divul/c1(o}. Recall that
llullc1(q) < c(s,r)R. By virtue of Theorem 1.8, problem (3.8) has a unique solution
n € X7 satistying the inequality ||n||s,» < c(r,s,01). Let us show that 7 is non-
negative. Multiplying both sides of equation (3.8) by the function n_ = min{0, n}
and integrating the result over ) we obtain the identity

/(01 — 27 divu)p? do — 271 /(Un)nz d¥ = oq /77_ dr <0,
Q Sin Q

which yields n— =0 and n > 0.

Next we show that n is strictly positive on ¥;,. Since 7 is a continuous strong
solution to equation (3.8) and the derivatives of the vector field u are continuous in
cl €, the function u-Vn is continuous in cl 2. Hence 7 is continuously differentiable
along integral lines of vector field u. Choose an arbitrary point P € Yj,. If
n(P) = 0, then u- Vn(P) = —o; < 0. It follows from this and the inequality
u(P)-n(P) < 0 that n < 0 on some segment of the integral line, passing through P
and belonging to 2, which contradicts non-negativity of 7. Hence n(P) > §(P) > 0
at each point P € ¥j,. Let us prove that § does not depend on the choice of a
solution and a vector field u. Assume, in contrary to our claim, that there exists a
sequence of vector fields u,, satisfying the conditions of Lemma 3.5 and a sequence
7, of solutions to problem (3.8) (with u replaced by u,) such that n,(P) — 0 as
n — oo. Without any loss of generality we can assume that u,, — u weakly in
X7 and 5, — n weakly in X*". In particular, u,, — u in C1(Q2), and n,, — 7
in C(Q). It follows from this that 7 is a strong continuous solution to problem
(3.8) and, as it was mentioned above, n(P) > 0, which contradict to equality
n(P) = limn, (P) = 0. Hence for each P € ¥i,, we have n(P) > §(P) > 0, where §
depends only on P, s,7, 2, R and U. Combining this result with the identity

o [(tmyde == [(U-np(p)as
Q Zin

we obtain (3.9), which completes the proof. a
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We are now in a position to estimate the quantity m. Multiplying both sides of
(2.3b) by 1 and integrating the result by parts we get the integral identity

mol/(lfn)dz:/n(’jdxfcrl/(lfn)@dx,

Q Q Q

where
® =G +div(du) — divv

Since, by virtue of Lemma 3.4, ||n]| g1/22(q) < ¢, we have

(3.10) Im| < c||@||p2(q) + ¢ sup /CQﬁ dx.
C”H1/2,2(Q):1Q

On the other hand, multiplying both sides of (2.3b) by ¢ € Hy*(Q) and integrating
the result by parts we get the identity

J (& dy = / div(¢u)p da,

Q
which leads to the estimate

(3.11) 181151200 < e Rl 12(0-

Next note that for all 0 < 3 < 1/2, we have H%2(Q) = H?2(Q)’, which together
with the interpolation theorem and the embedding H'2(Q2) — H”2(Q) implies the
inequalities

HB,

sup /CQﬁ dr<c  sup /CQﬁ dx = [|®|| go.2)y =
H(”H1/2,2(Q):1Q 1<l (Q)zlﬂ

18] -2y < C(ﬂaQ)(”QjHH*l’z(Q))ﬁ(H@HLZ(Q))175~
Combining this estimate with (3.11) we obtain
m| < e(|[@ll 2@ + Bl @)” 1810
Next note that by virtue of inequality (3.5) we have
18l L2y < c(@llzz@) + £+ [[VIa12@),

which implies the estimate

(3.12) m| < el@llez@) + @7z 1Pz + B+ [vlarz@)'

Step 3.We begin with the observation that inequality (3.12) leads to the estimate
wim|([@l L2 (e) + E) < cwl@llzz2@) (12l r2 (@) + E)+
wl[Blga e (1Z]220) + B) ™7 + el @l VIl ey (1Bl 2 + E)
(From this we conclude that
wm| (@]l + E) < cw (||¢||2LQ(Q) + E*)+

1+

(3.13) _ _ _ _
Cw”‘PHp(Q) ||V||11L11,B2(Q) tewk ||‘PH§2(Q) ||V||}ql,ﬁ2(g)-

By virtue of Lemma 3.3 we have

(3.14) [llz2@) < cw™ (IVImr2() + IP2),
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which along with the Young inequality leads to the estimates

(315)  wlBILih VI < cw (VI3 + VI g P ?) <

cw (VI H 2) + IP).
Repeating these arguments gives the inequality
_ 1— _
W B ey IV sy < 6 PE(IVim 20 + [Pla).
By the Cauchy inequality, for any positive 9,
WPE (V2@ + [Pl2) < 8(I1VIE 2q) + [P3) + c(8)w* B2
;From this we conclude that
(316)  wE IRl IV < 01V ey + c(0)w? 22 + c|PJ2
Next, inequality (3.14) yields the estimate
(3.17) w (lZ2(q) + £%) < cw™ (IVlF12(q) + [P) + cwE?
Substituting (3.15), (3.16), and (3.17) into (3.13) and noting that w > 1, w < w?~2#
we obtain the inequality
wm| ([@llr2() + E) < (8 + cw™) |[V|F2(q) + c(8)* TP E? 4 ¢|P[3
In its turn, substituting this inequality into (3.6) and using inequality (3.14) we
arrive at the estimate
(1—c6—cw™?) ||v||%11,2(9) < P2 4 cw? ?PE?,

where a constant ¢ depends only on €2, and |[ul/¢1(q). From this we conclude that
for all 8 € (0,1/2) and w > w*(R2, B, |lullc1(q)), a solution to problem (2.3) satisfies
the inequality

(3.18) VI 2y < cPI3 + cw® 2 B2,

which together with (3.14) implies the estimate

(3.19) 1Pl r2(0) < cw™[Pla +cw ™ E

Combining inequalities (3.18),(3.19), and (3.12) we arrive at the estimate
(3.20) Im| < c(w™!P|s +w PE) .

Finally inequalities (3.19) and (3.5) lead to the estimate for the temperature
(3.21) 9]l mr120) < cw™ ' k[Plo + ckw (|Gl L2 () + ¢ H]a-

Notice that for = (1 — €)/2, inequalities (3.18)-(3.21) imply the estimates
[Vll2@) < P2+ cw'* = (|Gl 12q) +|S]2),
1Bl z2(0) < cw ™ Pla + cw™ 2 (|Gl 2q) + |S]2),
Im| < cw™ 2Py + cw (|Gl 2 () + |S]2),
9]l 220y < elw™ kP2 + kw27 G| L2 () + |S]2) -
On the other hand, representation (3.2) yields
P2 < [Flz + ck|[vllazi),  |Sl2 < [H|z + ckw™ V]| a2(g)-

(3.22)

Substituting this result into (3.22) and choosing k and w™! sufficiently small we
obtain (3.1), which completes the proof of Theorem 3.1.
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4. LAME EQUATION AND BERGMAN PROJECTION

Now our aim is to derive a priori estimates in Sobolev spaces for solutions to
linear problem (2.3). To this end we eliminate div v from the mass balance equations
(2.3b), and convert equations (2.3) into a system of transport equation for ¢ and
elliptic equations for v and 1. This procedure requires the detailed analysis of the
boundary value problem

(4.1) Av+4+ AVdivv=wVep+Pin Q, v =0 on 09Q.

In this section we establish the solvability of problem (4.1) and discuss in details
the relation between the Lame operator and the harmonic Bergman projection.
Further we shall assume that Q C R? is a bounded domain with C*° boundary 9.
Let A~! be the inverse to the Laplace operator defined by (1.20). The following
result is a straightforward consequence of Lemma 1.1.

Lemma 4.1. For any r € (1,00) and s € [0,00), the operators A~ : H>"(Q) —
H3T27(Q), A=Y div : H*"(Q) — H*tL"(Q) are bounded.

The main result of this section is the following theorem. Introduce the operator
Z and parameter o defined by the equalities
T=A+1D)"I+XA+2)7'2), o=w@+N""

By Theorem 1.9, the operators 2,.7 : X*" +— X*%" are bounded and their norms
depend only on £, s,7, and A.

Theorem 4.2. Let A > 0, s > 0 and r € (1,00). Then there exist operators
F,9G : H5"(Q) — HTL7T | satisfying the inequality

(4.2) [ Zollms+rr@ny + |G ellmtir@) < Q5,7 N)[lells,r Vo € H>(Q),
such that the representation

(4.3) divv=0cI-A+2)"'2)p+0Fp+ (T +9)divA~'P

holds true for any solution v € H*T17(Q) to boundary value problem (1.19).

Proof. Applying to both sides of (4.1) the operator div A~! we arrive to the fol-
lowing equation for div v,

. + ivv) = F, where I' =wa/p +divA™ P, =divA~
(44) (I 4+ \)(divv) = F, where F =wa/p +divA™'P, & =divA™'V

which, by virtue of Theorem 1.9, can be rewritten in the equivalent form
A
(1+NI- EQ +AX) (divv) = F.

Applying to both sides of this equation the operator & and using the identity
2? = 2 we obtain

(4.5) (I+ A7) (divv) = TF.

By Theorem 1.9 the operator # : H*"(Q) — H*7(Q) is bounded, and hence
the operator J ¢ : H*"(Q) — H*"(12) is compact. It follows from this that for
A # —1,—2, operator equation (4.4) is a Fredholm equation. Let us prove the
uniqueness of solutions to this equation. Let v € H*"(Q)) satisfies the equation
(I4+ X7 )v =0. It follows from the compactness of #" and bootstrap arguments
that v belongs H*!(Q) for all ¢ > 0 and, in particular, v € L?(2). Since &/ is non-
negative in L?(Q), we conclude from (4.4) that v = 0. Hence a solution is unique,
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which along with the Fredholm Theorem implies the existence of a bounded inverse
I+XT7#)"t: Ho"(Q) — H*"(Q). It follows from this that

(4.6) divv = (7 +9)F,
where
G =-2\TH1A+ )\9,%/)719 HO(Q) — HSH’T(Q)

is the bounded linear operator with the norm depending only on €2, s,7, and .
Next note that F' = w(I—2712+ %) +div A~!P. Substituting this identity into
(4.6) we obtain representation (4.3) with the operator . = (A + 1)(T % + Y.<),
which completes the proof. ([

Corollary 4.3. Assume that a vector function P admits representation P = div P+
p. Then a solution to problem (1.19) satisfies the inequalities

(4.7 [Vllge < c(wllellpiq) + [Ple) for allt € (1,00),
(4.8) [VIli4sr < c(@|l@lls,r + Pls,r) for all 7 € (1,00), s € (0,1),

where the constant ¢ depends only on 2, X, and exponents s,r,t.
Proof. Using identity (4.3) we can rewrite equation (1.19) in the form
v=A"T'V(wp—-Ao(I-A+2)"'2)p—AoFp—\NT +9)divA~'F) + A~'P
Since

| div AP oy < Pl || div AP, < [P,
estimates (4.7), (4.8) obviously follows from Theorem 4.2 and Lemma 4.1. O
Corollary 4.4. Assume that s, and U comply with conditions of Theorem 3.1,

and (v, p,9) € (X1T57)3 x X7 x X197 45 q solution to problem (2.3). Then the
function ¢ satisfies the operator transport equation

(4.9) u-Vo+o(l-—A+2)7'Q)p+0F5=A+1)(A+2)"'m + Qo + div(Ju),
where

(4.10) Qo=G— (7 +9)divA~ (k% v +F).

Recall that o =11, m = (I —1)e.

Proof. We begin with the observation that for F = 0 and ¢ = 1, zero is the only
solution to problem (1.19), which along with (4.3) yields the identity ((I — (A +
2)7'2) + 0.7)(I —II) = 0. Next notice that a solution to problem (2.3) satisfies
equations (4.1) with F replaced with k% v + F. It follows from this that for such
a solution identity (4.3) can be written in the form

divv = o((I —(A+2)l9)+ 9)1@ (7 +9)divA~ Y (k% v + F).

Substituting this equality into equation (2.3b) and recalling the relations ¢ = m+g,
@ = Iy, we obtain (4.9) and the assertion follows. O
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5. MODEL LINEAR PROBLEM. EXISTENCE OF STRONG SOLUTION

Using Corollary 4.4 we can replace mass balance equation (2.3b) with trans-
port equation (4.9), and thereby split (2.3) into elliptic and hyperbolic parts. The
principal parts of the modified problem reads

u-Vo+o(I— LQ)go = @+ div(Ju) in Q,

A+2
(5.1a) AY — kVY + kbdiv(up) = S in ©
¢=0on %y, ¢=0ond.
(5.1b) Av+AVdivv —wVe=Pin Q, v =0on .

In this section we prove the existence and uniqueness of strong solutions to problem
(5.1). We shall assume that given functions P = divP + p, S = divs + s¢, and @
have the finite norms |P|s ., |S]s,» and ||@||s,-. Next introduce the quantities

(52) es,r = ||Q||SJ' + |P|s,T + |S|5J'a ¢ = ”QHL‘(Q) + ‘Plt + ‘S|t7

where the norms | - |; and | - |5, are defined by formulas (2.5), (2.6), respectively.
Theorem 5.1. Let exponents s,r, and a vector field u € X757 with ||ulls, < R
meet all requirements of Theorems 1.7 and 1.8, and C' be the constant from Theorem
1.8. Furthermore, assume that the viscosity ratio A satisfy the inequality (1.28).
Then there are constants w*,k*, and c, depending only on s,r, A\, R, and ), such
that for all w > w*, k € [0,k*), problem (2.3) has a unique solution satisfying the
inequalities

(5.3a) U”‘PHL‘(Q) + HVHH“(Q) <€, olellsr + IVliits,r <€+ O'QHQSM
(5.3b) 9] 1450 < cot €+ o T20€, 4+ |S]s 0

Proof. The proof is based on the following consequence of Lemma 4.1.

Lemma 5.2. Under the assumptions of Theorem 5.1, there exist k* > 0 and ¢ > 0
depending only on Q, r,s and ||ull14sr, such that for all H = divh + hg and
0 <k <k*, the following problem

AY—ku-VI=H inQ, 9=0 ond,
has a unique solution satisfying the inequality ||V 145 < c|H|s . Moreover, |9 g1+ () <
c|H|; for allt € (1,7].

Let us return to the proof of Theorem 5.1. Since equations (5.1a) and (5.1b)
are independent, we begin the proof with the following construction of solutions to
boundary value problem (5.1a). By virtue of Theorems 1.7, 1.9, and Lemma 5.2,

the recurrent system of equations
(5.4) u-Vo, +oo, =c(A+2)7"12¢p, 1 +div(d,u) + Q in Q, ¢ =0on Ty,
. AV, — ku - VI, + kbdiv(up,_,) = S5,

0o = Y9 = 0, has a sequences of functions ¢, € X*", ¥, € X'+ Moreover,
Fichera-Oleinik estimate (1.9) implies the inequalities

. -1 _
lent1=enllre) < (o=lldivvlicw)  (eA+2) 712l en—pn-1ll i @) +elInt1—Inl e (e)-
On the other hand, Lemma 5.2 yields the estimate

1Uns1 — Onllare o) < cllon — On-1llze@)
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which leads to
1 . -1 -1
lont1=enllee@) <o ((o=lldivview) (A2 HI2ll+ollen—en-1llLe@)) -
It follows from this and condition (1.28) that the estimates
lent1 — @nllee) < dllen — en-1ller@) g <1,

hold true for all sufficiently large o and t € [6,r]. Hence there exists o*, depending
only on A and || div ul|¢(q), such that for all ¢ > o, the sequence ¢,, converges in
L*(Q) to a function ¢ and the sequence 1,, converges in H*(2) to a function 9.
Next, (1.9) implies

. -1 _
lenllzey < clo=[ldivvlew)  (e(A+2) " I12llellen—1llLe@y+eldnllm @ +1Qll L)) -
On the other hand, Lemma 5.2 yields the estimate

[9nllzre @) < cllon—1llLeo) +clSe -

Combining the obtained estimates and recalling (1.28) we finally obtain that for all
large o,

lenllze@) < dllen-llze@) +eo (1@ i) +1Sl), 0<g<1,
which along with Lemma 5.2 gives the estimate
(5.5) el + 19l mre(e) < co  (1QULe) +1Sl), 6 <t <

Applying estimate (1.17) in Theorem 1.7 to equation (5.1a) we obtain

lenlls,r < CO+2)TH (12N s rllen—1lls,r + o[ 2N lonll L)) +
Co™ (I0nllisr + 1Qlls.r) ++Co™ (|90l 1 () + 119

8,7

L ()
On the other hand, Lemma 5.2 and (5.4) imply the inequality
(5.6) [9nll1+s,r < cllen—1lls,r + |S]s,r.

From this and (1.28) we derive the inequalities

lonlls.r < allen—ills.r + 0 Cllon-1llrr@) + o™ (1QUs.r + [Hlsr)+
co 2 (Ql ey + HLr), g <1

Combining this result with (5.5) we finally obtain

enlls,r < co™'(]|Q

s T 1S]sr) + 00'71+2H(||QHLT(Q) + [H|).

Hence the sequence ¢, is bounded and converges weakly in X*" to the function
v € X*7 satisfying (5.3a). Estimate (5.3b) for ¥ easy follows from the estimate for
¢ and (5.6). It remains to note that estimates for v follow from the estimates for
¢ and inequalities (4.7)-(4.8) in Corollary (4.3). O
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6. LINEARIZED EQUATIONS. STRONG SOLUTIONS

We are now in a position to prove the main theorem on solvability of basic
problem (2.3).

Theorem 6.1. Let exponents s,r, a vector field u € X157 and the viscosity ratio
A meet al requirements of Theorem 5.1, and

[allitsr + laflitsr < R,

where a is the vector field given in the definition of operator % . Furthermore,
assume that G € X7, the functions F and H have the finite norms |F|s, and
|H|s,». Then there are constants w*, k* and ¢ depending only on R, s,7,\, and 2,
such that for all w > w*, k € [0,k*), problem (2.3) has a unique solution which
admits the estimate

(6.1a) wllells,r + IVll4sr < e ((@[BlL20) + wlm| + [VIlE20))+
([Fls,r + [Hlsr + 1Glls,r),
(6.1b) 19M14s,r < cllells,r + cw71||v||1+3¢ + c[H]s .

Proof. Applying Corollary 4.4 we can replace the mass balance equation (2.3b) in
(2.3) by transport equation (4.9) and rewrite the system (2.3) in the equivalent
form

Av 4+ AVdivy —wVe =P in ,

1 A+1
(6.2) u-Vo+o(I-— mg)go — div(du) = —Uf@—l—a)\_’_ 2m—|— Qo in Q,
AY — kEVY + kbdiv(up) = S in
p=0o0n%y,, ¥9=0v=0onod.
where
P=k%v+F =:divP + p, SEEWV+H::diVS+50,
w
(6.3) P=kav+ikvea+F, p=f,
2kb 2kb
s:—T(VuO—i—VuS)v—i—h, 50:7Au0-v+h0.
(6.4) Qo=G— (7 +9)divA~'P.

Each solution to problem (6.2) can be formally regarded as a solution to equations
(5.1) with
(6.5) Q=0cA+1)(A+2)""m+cFp+ Qo.

Thus, we can derive a priori estimates for solutions to problem (6.2) by using
inequalities (5.3). We begin with the estimates

(6.6)
|P[sr = ”IPHS,T +1lp s < ck||v]|

‘S|s,r = ||S||s,r + ||30||s,r < Ckw_IHVHSJ + |H|s,r < Ckw_IHVHH”(Q) + ‘H|S,r7

s | Flsr < cllVIigr ) + [Flsr,

,From this and Lemma 4.1 we conclude that

| div ATIP s < c|ATIP||14sr < ¢|Psy < c(kl|v|l grr@) + |Fls,r)s
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which, along with estimate (4.2) for the operator ¢, and expression (6.4) for Qo,
implies the inequality
1Qolls,r < c(klIVIigrr(@) + [Flsr)-
On the other hand, it follows from Theorem 4.2 that
17 ls.r < el TPl ) < cll@llir)-

Combining these inequalities with expression (6.5) for @ we obtain the estimate

1Qls,r < c|Gllsr + [Flsr) + olm| + ol[@llLr) + [VIar () -
Introduce the quantities
(6 7) 55,7« = HGHS,T + ‘F|s,7" + |H|s,7“7 St = UHGHL‘(Q) + |F|t =+ |H|t7
' Gsr = oll@llsr + IVlsr, & =alellLi) +IVIaro-

With this notation we have

1Qlls,r < cFsr + By + a|ml,

which along with (6.6) gives

€pr = ([Ploy + [Slor + [Qlls) <l
From this and inequality (5.3a) we obtain
(6.8) Gsr < s + B, + colm| + o e,

s,r+ B, + colm)|.

Now our task is to estimate €, and &, Repeating the previous arguments we arrive
at the inequalities

[Pl = [[P[|r) + [P @ +Fl- <cllvilgre) + [Flr,
1S]r = lIsllr@) + lIsoll ) < ckw™ VilLr ) + [Hlr < ckw™ V] gre) + [Hlr-

Lr(Q) S Ck||V|

Thus, we get
1Qollr < c(kl[vllmro) + [Flr).
and, by virtue of Theorem 4.2, that
7@l < clZ@llare) < cll@llrew)-

Here we use the continuity of embedding L™(Q) — H'%(Q). Combining these
estimates with the expressions for Qg and @ we obtain

(6.9) €, < Sy + cBg + oml.
Substituting this result in inequality (5.3a) with ¢t = r we arrive at the estimate
(6.10) 6, < cFr + B + co|m)|.
It remains to estimate &5. We have
Ple = [[Pllze(o) + [IPllse) < ckl|vliLs) + [Fls < c[|[VIlmr2@) + [Fls,
1Sl6 = lIsllzo (o) + Isolle) < ckw™ (IV]lLs) + [Hle < ckw ™ |[V]m12() + | Hle
| FPlls ) < cllZPl a2 < cll@llz2@)-

Thus, we get the inequality €5 < ¢F¢ + ¢®B2 + o|m|, which together with (5.3a)
gives the estimate

(6.11) B < 6 + B2 + co|lm|.
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Substituting (6.11) into (6.10) and then into (6.8) we finally obtain
®s,r S C%’s,r + CUQK(ST + 56 + 62 + J|m|) § Co—zm(gs,r + Q§2 + CT|7n|)

Since 0 = (X + 1)~ !w, this estimate implies desired inequality (6.1a). Estimate
(6.1b) for ¥ easily follows from (6.1a) and Lemma 5.2. In particular, a solution
(v, 0,9) € (X1F57)3 x X7 x X157 {5 unique.

Since the equations (6.2) differ from equations (5.1) by lower-order compact
terms, the existence of a solution to (6.2) follows from its uniqueness and the
Fredholm alternative. d

At the end of the section we touch on the adjoint problem. Direct calculations
show that the formal adjoint of equations and boundary conditions (2.3) reads

AW + AV divw — VY — k% *w — kw ' #*x = F* in Q,
—div(u-Vp) +wdivw — kII(uVy) = G* in Q,

Ax + kdiv(yu) + div(ully) — kdivally = H*, in Q
Y=0o0n X, w=0, x=0ondN.

(6.12)

The analysis of problem (6.12) is similar to that of problem (2.3). Further, we shall
use the following particular result.

Theorem 6.2. Under the assumptions of Theorem 6.1, there are constants w*, k*
and ¢, depending only on R, s,r,\, and Q, such that for all w > w*, k € [0,k*),
problem (6.12) has a unique solution (w,1),x) € (X1T57)3 x X7 x X187 which
satisfies the following estimates
(6.13) )l L20) < c/F* |2+ CW71/2+€(”G*”L2(Q) + [ H*|2),
Xl 20y < elF o + cw™ /242G 12(0) + ¢[H" 2.
Proof. The change of variable w* = ww brings the equations to the form
AW + \Wdivw* —wVy — k% *w* — k¥ x = wF* in Q,
—div(u- V) +divw* — kII(uVy) = G* in Q,
Ax + kdiv(yu) — div(ully)) + divully) = H*, in
Yp=0o0n Yoy, W' =0, x=0o0nodN.

(6.14)

Equations (6.14) are similar to equations (2.3), and the proof of Theorem 6.1 re-
mains valid for Theorem 6.2. The only remark is that the references to Theorem 1.7
should be replaced by those to Theorem 1.8. Estimates (6.13) follow from energy
estimate (3.1b), which holds true for solutions to problem (6.14). O

7. BOUNDARY LAYER APPROXIMATION

In this section we briefly discuss a boundary layer phenomena. The formal
application of Theorem 6.1 to problem (1.1) shows that [¢l|s, ~ w™ 25 and
[ V|l14s.r ~ w?* e for large w. In other words, Vv develops singularity at the inlet
as w — 00. From the mathematical standpoint, such a behavior is caused by two
factors: the first is the accretivity defect k # 0, and the second is a disparity
between the density mean value (I —IT)p and the deviation ITy. Or aim is to show
that in the case of "well prepared data” satisfying condition (H2), problem (1.1)
has a regular solution for all sufficiently large w.
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To this end notice that the right- hand side of governing equations (2.2) can be
split into two parts: the leading part (0, Ty, ©01) of order w™!, and small quadratic
terms (¥, T2, ©2). In this section we deduce estimates for solutions to the boundary
value problem

Avy + AVdivvy; —wVip = Z vy in Q,

u-Vyp +divvy — div(ud;) = Ty in Q,

AV — kY + kbdiv(up,) = ko ' # vy + 0y, in Q
p1=0o0n %, vy=0, ¥ =0o0n099Q,

(7.1)

which can be regarded as the principal part of problem (1.1). Recall that functions
T, and ©; are defined by formulae (2.2f). The following theorem is the main result
of this section.

Theorem 7.1. Let exponents s,r, a vector field u € X757, the viscosity ratio A
and constants w*, k* comply with hypotheses of Theorem 6.1, and € > 0. Then
there is a constant ¢ depending only on R, s,r, A\, &, and Q such that for all w > w*,
k € [0,k*), problem (7.1) has a unique solution which admits the estimates

—1/2+42k+¢ —3/2+42k+¢
, .

(7.2)  wllprllsr + [[Vill14s,r < cw [F1]14s, < w™! +aw

Proof. Tt follows from the expression (2.2f) that functions T; and ©; have the
bounds

(7.3) T1] +[01] < C(”Tl”SJ’ + ||@1||s,7") < Cw_17

where the constant ¢ depends only on |ull14s,r, €, s,7 , and pg, ®9. Equations
(7.1) meet all requirements of Theorem 6.1 and their solutions satisfy inequalities
(6.1a) with F =0, G = Y1, H = O;. In particular, estimate (6.1a), together with
the energy estimates (3.1a), (3.1b), implies the inequality

(74) wllerlls, + [Villis,r < cw @lmh + (181 llz20) + Vil #120)

_’_cw—1+2n S cw—l/2+2m+a +cw|m|1.
It remains to estimate m; = (I — II)¢;. Denote by w,v,x € (X1T57)3 x X7 x
X157 a solution to the adjoint problem (6.12) with the right- hand sides F* = 0,

H* =0, G* = 1. Theorem 6.2 guarantees the existence and uniqueness of such
solution. Moreover, inequalities (6.13) imply the estimates

(7.5) 1Bl L2 () + Xl 20y < cw™ /2P
By the definition of adjoint problem, we have
= me;s Q /godx = me;s Q /(le +0O1x)dx =
(7.6) ) 79 Q 1
meas € /(le +O1x)dr + (I - H)wmeas Q /Tl dx
° Q

It follows from the expression (2.2f) and condition (H2), that

/Tl de = —w™! /div((po +®)u)dr = —w™! /(po + @)U -nds=0
Q Q Q
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(From this and (7.3), (7.5) we obtain

Ima| < cl| Y1)l 2oy 1Pl 2@y + cll©1ll 2@ Xl 2@y < cw™/2F=.

Substituting this inequality in (7.4) gives (6.1a) and the theorem follows. O

8. PROOF OF THEOREM 1.10

In this section we establish the local solvability of problem (2.2) and thus prove
Theorem 1.10. We solve problem (2.2) by an application of the Schauder fixed
point Theorem in the following framework.

Assume that 2, U, A, r, s and the limiting functions ug, pg meet all requirements
of theorem 1.10. Fix a positive € such that

(8.1) % +e < 1/6.

For each w > 0, denote by M, C (X1T57)3 x X7 x X157 3 bounded convex set
defined by the equalities

My ={(v,0,9) : [Vll1psr 073 Nllar S0, [[0]l140r <w 0}
For every (v, p,9) € M, we set
(8.2) u=uy+v, a=uy+2"'v
Then there is wp(s, ) such that for all w > wy and (v, p,¥) € M,
lallits, + [[allitsr < R =2[uoll14s.r

Therefore, the vector fields u and a comply with conditions of Theorems 6.1 and
7.1. For every (v,p,9) € M, and u, a defined by (8.2), consider the boundary
value problem

Avy + AV divvy — wVpo — k% ve = Vv, @, I,

u- Vg + divvy — div(uds) = Talv, ¢, 9],

Ay — ku - VU5 + kbdiv(ullps) — kw™ ' # vy = Os[v, @, 9],
vo=0, ¥2=00n02, ¢y=0o0n %,

(8.3)

where nonlinear differential operators W, Ty, O are defined by (2.2f). It follows
from Theorem 6.1 that this problem has a unique solution (va, ¢2,93) € (X1T57)3x
X" x X157 Thus, the mapping

(8.4) E:(v,0,9) = (v, 01,01) + (V2, 92,72),

is well-defined in 9. Recall that (v1,p1,%1) is a solution to problem (7.1) given
by Theorem 7.1. Let us prove that = maps 9, into itself. Since X*" and X!*+57"
are Banach algebras, formulae (2.2f) imply the estimates

9] < (@l + [0l + @)1+ wl|9]lsr) < cw™/3,

IT2lls,r < cllolls,r
182115, < e((llellsr + 1915, + @™ I sr + (95,0 + I@llsr) 1] 145,04
Ulelsr + 1905 + w15 +w ™ VIR o) S ™0

VH 1+s,r < cw_4/3,

(8.5)

In our notation, ¢ denotes generic constants, which are different in different places
and depend only on Q, U, A, r,s, and unperturbed solution ug, pg. Next, by
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Theorem 3.1, a solution to problem (8.3) satisfies the energy inequalities (3.1) with
(F, G, H) replaced by (U3, T2, 02). It follows from this and (8.5) that

(8.6) Ima| + 1Byl 2() + [Vl rr2) < cw /31

Next note that equations (8.3) meet all all requirements of Theorem 6.1 and, as a
consequence, functions (va, s, ¥2) satisfy inequalities (6.1) with (F, G, H) replaced
by (g, T3, 02). From this and (8.5), (8.6) we get the estimates

[Vallitsr < w325 gyl 0 < w

—5/342K+e + w—7/6

—5/3+2k+¢
)

~7/6

||192||1+s,r < cw < cw

Combining this result with estimates (7.2) for (v1,¢1,91) we finally obtain

(8.7)
[vitvallits, < w22 oo, < w3 2TETE 19 4|14, < cw

Recall that the constant ¢ does not depend on w. Inequalities (8.7) and (8.1)imply
the existence of a constant w*, depending only on 2, U, A, r, s, ug, pg such that =
maps the set M, into itself for all w > w*.

Since the set of solutions to problems (8.3) and (7.1) is weakly compact in
(X153 x X7 x X1+97 the mapping = is weakly continuous on 9, and, by virtue
of the Schauder fixed-point theory, it has at least one fixed point (v, ¢.,Jw) € M,
for all large w. It remains to note that limiting relations (1.29) follows from the
definition of 9M,,, which completes the proof of Theorem 1.10. [J

9. PROOF OF THEOREMS 1.5-1.7

9.1. Proof of Theorem 1.5. Our strategy is the following. First we show that in
the vicinity of each point P € %, there exist normal coordinates (y1,y2,y3) such
that u-V, = e;V,. Hence problem of existence of solutions to transport equation
in the neighborhood of ¥, is reduced to a boundary value problem for the model
equation Jy, ¢ + o = f. Next we prove that the boundary value problem for the
model equations has a unique solution in fractional Sobolev space, which leads to
the existence and uniqueness of solutions in the neighborhood of the inlet set. Using
the existence of local solution we reduce problem (1.7) to the problem for modified
equation, which does not require the boundary data. Application of well-known
results on solvability of elliptic-hyperbolic equations in the case I' = () gives finally
the existence and uniqueness of solutions to problems (1.7).

Normal coordinates. First we introduce some notation which will be used through-
out of this section. For any a > 0 we denote by Q, the cube [—a,a]® and by QF
the slab [—a,a]? x [0,a] in the space of points y = (y1,¥y2,y3) € R3. We will write
Y instead of (y2,ys) so that y = (y1,Y).

Definition 9.1. A standard parabolic neighborhood associated with the constant cg
is a compact subset of a slab QF, defined by the inequalities

(9-1) Pa={y=Y)€Q)a”(Y) <y <a™(Y)},
where a® : [~a,a] x [0,a] — R are continuous, piece-wise C*-functions satisfying
the inequalities
—a<a (Y)<0<at(Y)<a,
(9.2) —co/ys <a” (V) < at(Y) < co\/Y3,
04,0 (V)] < o, [0y, (V)] < co/ /-
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Denote by ¢ and Y, the surfaces determined by the relations

2iyn = {y 1Y e Qin7 Y1 = a_(Y)},
S =1y Y € Qowr, y1=a"(Y)}

where Qin, = {Y : a™(Y) > —a} and Qour = {Y : a™(Y) < a}. It is clear that
0Py = (0Qa NOP,) UL UXY

out

Lemma 9.2. Let C*°-manifold T = ¢l i U ¢l (Zout N o) and a vector field U €
C>(02)3 comply with Condition 1.4, and u € C*(R®)? be a compactly supported
vector field such that u = U on 0S2. Denote M = |[ul|ci(rsy. Then there are
positive constants a, ¢, C, p, and R, depending only on M, 020, and U, with the
properties:

(P1) For any point P € T' there exists a mapping y — x(y) which takes diffeomor-
phically the cube Q, onto a neighborhood Op of P and satisfies the equations

(9.3) 9y, x(y) = u(x(y)) in Qa,
and the inequalities
(9.4) [1xllct(@u) + X Hlerwor) < C, [x(y)] < Clyl.

(P2) There is a standard parabolic neighborhood P, associated with the constant c
such that

(95) X(Pa) =0puUQ, X(E:ln) =YnN0Op, X(Egut) =Yout N Op.
(P4) Denote by G4 C P, the domain

(96) G, = {y = (ylvy) €P,:Y € an}7
and by Bp(p) the ball |x — P| < p. Then we have the inclusions
(9.7) Bp(p)NQ Cx(G,) COpNQC Bp(R)NQ.

The next lemma constitutes the existence of the normal coordinates in the vicin-
ity of points of the inlet ¥;,.

Lemma 9.3. Let vector fields u and U meet all requirements of Lemma 9.2 and
U,=-U(P) -n>N >0. Then there are b > 0 and C > 0, depending only on
N, Q and M = |[ul|c1(q), with the following properties. There erists a mapping
y — x(y), which takes diffeomorphically the cube Qp = [—b,b]> onto a neighborhood
Op of P and satisfies the equations

(98) ay?,x(y) = U(X(y)) in Qb7 X(ylay270) S 89 N OP fO?” |y2| S a,

and the inequalities

(9.9) [xller@u + X e < C x(y)l < Clyl,  x(0) = P.
The inclusions
(9.10) Bp(pi) nQcC X(Qb N {yg > O}) C BP(RZ) neQ,

hold true for p; = C~'b and R; = Cb.

Model equation. Let P, be a standard parabolic neighborhood associated with the
constant ¢y and satisfying all conditions of Definition 9.1. Consider the boundary
value problem

(9.11) 0y p(y) +op(y) = f(y) in Pa, ¢(y) =0 for y; =a (V).
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Lemma 9.4. Let exponents v, s and the accretivity defect o meet all requirements
Theorem 1.5, 0 > 1, and f € H®*"(P,) N L>®(P,). Then there is a constant
¢, depending only on a,cq,r,s such that a solution to problem (9.11) admits the
estimates

TN e o) + 0(s,m0) | fllLee(p.))

el pa) < o I f e

<clo
(0.12) ol o (poy < e

where
o(s,r,0) = (140) 7 forrs £1,2,  p(s,r,0) = o T (1+log o)/ for rs = 1,2,
the accretivity defect o = max{0,s — 1/r,2s — 3/r}.

The proof is given in Appendix B. Next, let us consider the following boundary
value problem

(9.13) Oysp+op=finQf =[—a,a]®* x[0,a], ¢(y)=0 for y3 =0.

Lemma 9.5. Let exponents r,s and the accretivity defect o meet all requirements
of Theorem 1.5 and o > 1. Then for any f € H>"(P,) N L>(P,), problem (9.13)
has a unique solution satisfying the inequality

(9.14) H‘PHHS,T(QD <c(r,s,q) (U_1||f||HSvT(Qa+) + (s, U)||f||Loo(Qa+))-
Proof. The proof of Lemma 9.4 can be used also in this simple case. O

Local existence results. It follows from the conditions of Theorem 1.5 that the
vector field u and the manifold I" satisfy all assumptions of Lemma 9.2. Therefore,
there exist positive numbers a, p and R, depending only on Q and [|u||¢1(q), such
that for all P € T, the canonical diffeomorphism x : @, — Op is well-defined and
meet all requirements of Lemma 9.2. Fix an arbitrary point P € I' and consider
the boundary value problem

(9.15) u-Vo+op=fin Op, p=0o0n %y NOp.

Lemma 9.6. Assume that r,s, a and U satisfy all conditions of Theorem 1.5 and
llullciqy < M. Then there exists 0* > 1, depending on 2, s,r, and M such that for
any f € CY(Q) and o > o*, problem (9.15) has a solution satisfying the inequalities

|

(9.16) srBp(p) < 0 FlorBrry + 005,70 fllLeBrro))s

el Lo Br (o)) < 07 I f Iz (Bp(R))»

where the constant ¢ depends only on 092, U, M, s,r, and p, R are determined
by Lemma 9.2. Moreover the solution is uniquely defined in the ball Bp(p) and
coincides with the weak solution to problem (9.15) defined by Proposition 1.2

Proof. We transform equation (9.15) using the normal coordinates y given by
Lemma 9.2. Set 3(y) = ¢(x(y)) and f(y) = f(x(y)). Next note that equation
(9.3) implies the identity uV,¢ = 0,,%(y). Therefore the function p(y) satisfies
the following equation and boundary conditions

(9.17) 0, p+op=finP,, P=0onXx?,
where XY is the set of all points y = (y1,Y) € 9P, such that y; =a~ (V) > —a is
given by Definition 9.1. Next consider the boundary value problem

(9.18) 0y p+op=FfinP, @y)=0fory; =a (V).
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It follows from Lemma 9.4, that ¢ satisfies the inequality

18]l er Py < (o™ e pa) + (5, 0 fll Lo () <
(o™ liar ) + 0(s,m,0)[1f] L))

Here the constant ¢ depends only on M, r, s, U and 9. It follows from Definition
9.1 that ¥, C {y1 = a (Y)} and solutions to problems (9.17) and (9.18) coincide
in the domain GG, determined by Definition 9.1.

If o* € L*>®(Q) is a weak solution to problem (1.7), then the function ¢(y) =
©*(x(y)) satisfies the equation

0y p+0op=finD(Pa),

which is understood in the sense of distribution. It follows from this that the
functions ¢, 9y, € L>(P,) are continuous with respect to y;. In particular, the

trace ¢(a—(Y),Y) = lim( )@(yl,Y) is well defined. On the other hand, by
yiNa~ (Y

Proposition (1.2), the function ¢* is continuous and vanishes at Xi,. Since x(XY ) =

¥in N Op, we conclude from this that the function ¢ vanishes at Ezyn and coincides

with @ in the domain G,. Hence ¢* = ¢ in Bp(p) N {2, and the lemma follows. O

In order to formulate the similar result for interior points of inlet we introduce
the set

(9.19) Sh={z €T dist (z,T) > p/3),
where the constant p is given by Lemma 9.2. It is clear that

inf U(P)-n(P)> N >0,
pexf)

where the constant N depends only on M, U, and 9. It follows from Lemma
9.3 that there are positive numbers b, p;, and R; such that for for each P € X ,
the canonical diffeomorphism x : @ — Op C Bp(R;) is well-defined and satisfies
the hypotheses of Lemma 9.3. The following lemma gives the local existence and

uniqueness of solutions to the boundary value problem
(9.20) u-Vo+op=finOp, ¢=0o0n2%;N0p.

Lemma 9.7. Suppose that the exponents s,r,« satisfy condition (1.12). Then for
any f € CY(Q), 0 > 1 and P € X!, problem (9.15) has a unique solution satisfying
the inequalities

(9 21) |<p|s,T,BP(Pi) < Cp(S,T, U)Hf”LOO(BP(Ri)) + 0-_1Hf||HS‘T(BP(Ri))7
lelceey <o I ll=@er)-
where ¢ depends on X3, M, U and exponents s,r. Moreover, this solution coincides
with a weak solution to problem (9.15) given by Proposition 1.2
Proof. Using the normal coordinates given by Lemma 9.3 we rewrite equation (9.20)
in the form.

0y p+0op=finQy, @=0forys=0.
Applying Lemma 9.4 and arguing as in the proof of Lemma 9.6 we obtain (9.21). O
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Existence of solutions near inlet. We are now in a position to prove the local ex-
istence and uniqueness of solution for the boundary value problem (1.7) near the
inlet. Let €; be the t-neighborhood of the set ¥j,,

Q. ={x e Q: dist (x,5) < t}.

Lemma 9.8. Lett = min{p/2, p;/2} and T = max{R, R;}, where the constants p,
p; and R, R; are defined by Lemmas 9.2 and 9.3, respectively. Then there exists
a constant C, depending only on M, 092, U and exponents s,r, such that for any
f € CH(Q), the boundary value problem

(9.22) u-Vo+op=/finQ, ¢=0o0ny

has a unique solution p; satisfying the inequalities

(9.23)

el mer iy < Clo(s,r, ) fllL= @) + o If Lo @) ety < o I fllLe@n-

Moreover, p; coincides with a weak solution to problem (9.15) given by Proposition
1.2.

Proof. There exists a covering of the characteristic manifold I'" by the finite collec-
tion of balls Bp,(p/4), 1 < i < m, P, € I'. Obviously, the balls Bp,(p) cover the
set

Vr={zeQ: dist (,T) < p./2}.

By virtue of Lemma 9.6 for any P € T, a solution to problem (9.23) is uniquely
determined in some neighborhood of P containing the ball Bp(p). Hence it suffices
to prove estimates (9.23). To this end note that by equality (1.2) we have

el ryr = / |z —y| 73" p(x) — o(y)| dady <
(V)2
[z =y 7" p(x) — (y)|"dady + cp™* "5 |p|| T oo vy meas(Vr)?.
Vr)2n{la—yl<p/2}

Since any pair of points x,y € Vr with |z — y| < p/2 belongs to some ball Bp,(p),
the first term in the right- hand side of this inequality does not exceed the sum

3 / [ = ol f @) — F)ldrdy = D7 ll% 0

" Bp;(p)?

which leads to the estimate

9:24) llellaeroe) = [elsrve + lelLron) <D Iollmar B () + ll@l Lo,

where ¢ depends on s,r and p, i.e., on s,r, U, 02 and M. By Lemma 9.6 in each
of such balls, a solution to problem (9.22) satisfies inequalities (9.16), which leads
to the estimate

(9.25)

el rrerory < co(5,70) > Ffllowe, (ry + o™ > N Fllaer B0, () + cll@l Lo o)
[ [
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On the other hand, we have [[¢[|r= (B, (p) < a’1||f||c(BPZ_(R)). Moreover, since
Bp,(p) C Qp we have

o(s,ra) > Hf”TC(Bpi(R))"_U_l S M ller e, r)) < 9(s: ) fllo@ey+mo ™ | Fllmer@n)

(From this and (9.25) we finally obtain the estimates for solution to problem (9.22)
in the neighborhood of the characteristic manifold I,

(9.26) ol mer ey < cpls, o) flle@r) + co™ I flmar@r

where ¢ depends only on M, 992, U and s, r.
Our next task is to obtain the similar estimate in the neighborhood of the com-
pact X C Yi,. To this end, we introduce the set

Vin = {x € Q: dist (z,%)) < pi/2},
where X! is given by (9.19). Let Bp,(p;/4), 1 < k < m, be a minimal collection

of balls of radius p;/4 covering X . It is clear that the balls Bp, (p;) cover the set
Vin. Arguing as in the proof of (9.24) we obtain

el mrer vy < Xl
k

s,mBp, (p) T Cll@ll Lo (i)

From this and Lemma 9.7 we obtain
T —1 r
leller iy < eo(s,70) Y I lea, () + €0 D e rBa, (o)
k k

Thus, we get

|<)0|s,r,Vm < C@(T, S, J)Hf”C(QT) + C071|f‘s,r,QT~
Since Vr and Vi, cover €, this inequality along with inequalities (9.26) yields
(9.23), and the lemma follows. O

Partition of unity. Let us turn to the analysis of general problem
(9.27) ZLyp:=u-Vo+op=finQ, ¢=0on%,.

We split the weak solution ¢ € L*(Q) to problem (9.27) into two parts, namely
the local solution ¢y, determined by Lemma 9.8, and the remainder vanishing near
inlet. To this end fix a function n € C*°(R) such that

(9.28) 0<n <3, n(u)=0foru<1andn(u)=1foru>3/2,

and introduce the one-parametric family of smooth functions

(9.29) xi(x) = %/W(z(gj — y)n(diSt . Em)) dy.

t t
R3

where @ € C*°(R3) is a standard mollifying kernel. It follows that y; is a C*
function with |Vx:| < ¢/t and

(9.30) xt(x) =0 for dist (x,%5,) <t/2, xi(x) =1 for dist (z, Xi,) > 2¢.
Now fix a number ¢ satisfying all assumptions of Lemma 9.8 and set
(9.31) e(@) = (1= xi/2(2))pe(2) + $().

By virtue of (9.30) and Lemma 9.8, the function ¢ € L>°(€2) vanishes in ;4 and
satisfies in a weak sense to the equations

u-Vo+0o¢=xi2f +pra-Vyxyo=:Fin, ¢=0on %,
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Next introduce new vector field a(x) = x;/s(z)u(z). It easy to see that x;/s = 1 on
the support of ¢ and hence the function ¢ is also a weak solution to the modified
transport equation

(9.32) L :=u-Vo+op=Fin Q.

The advantage gained here is that the topology of integral lines of the modified
vector field u drastically differs from the topology of integral lines of u. The cor-
responding outgoing and characteristic sets have the other structure and i, = 0.
In particular, equation (9.32) does not require boundary conditions. Finally note
that C'-norm of the modified vector fields has the majorant

(9.33) [aller) < M1+ et™),

The following lemma constitutes the existence and uniqueness of solutions to the
modified equation.

Lemma 9.9. Suppose that
(9.34) o>0% " =16M1+cit™")+16, M = |[ulci(q),

and 0 < s < 1,7 >1. Then for any F € H>"(Q2) N L>®(Q), equation (9.32) has a
unique weak solution ¢ € H*"(2) N L>(Q) such that

(9.35) Ipllzs ) < o IFlaer)s  8llee@) < o IFllp= (o),
where ¢ depends only on 7.

Proof. Without any loss of generality we can assume that F' € C!(Q). By virtue
of (9.33) and (9.34), the vector field & and o meet all requirements of Proposition
1.3. Hence equation (9.32) has a unique solution ¢ € HY>°(€). For i = 1,2,3 and
7 > 0, define the finite difference operator

dir = — (0l + 7€) — 0(2).
It is easily to see that
(9.36) U- Vo4 0070 =087 F — dix0- Vo(z + 7e;) in QN (Q — Te;).
Next set n,(x) = n(dist (z,09)/h), where 7 is defined by (9.28). Since Sin = 0,
the inequality

(9.37) lim sup/gﬁ ~Vnp(z)dx <0
h—0

holds true for all nonnegative functions g € L*°(2). Choosing h > 7, multiplying
both sides of equation (9.36) by n|d:i-¢|"~20;-¢ and integrating the result over
QN (Q— Te;) we obtain

1
Nnldird|" (o — ;divﬁ) dr — / [0irp Q- Vi, da =
QN(Q—7e;) Qn(Q-re;)

(6;rF — biru- Vo(z + Tei))nh|§i7—¢|r726ir¢ dx.

QN(Q—re;)
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Letting 7 — 0 and then A — 0 and using inequality (9.37) we obtain

(9.38) /|ax,¢|r(a - %div @) dr < / (05, F — 05,1 - V) [0y, 0" 20y, ¢ da.
Q Q
Next note that

> 00 V6|00 6 00,6 < BTllor () D 100,01
On the other hand, since 1/r + 3 < 4, inequalities (9.33) and (9.34) imply

1 nd *
o — (; +3)allcr) >0 —0" > 1.

(From this we conclude that
(c—0") Z/|ami<z>\’"dx < Z/ 100,010z, F| dz < e[V 1oy IV L (@)
L) o)

which leads to the estimate
(9.39) Vol < c(r)o™IVF| L) for o > o*(M,r).

Next multiplying both sides of (9.32) by |¢|" =27, and integrating the result over Q
we get the identity

[t =t avaymlol do [ lora- Vundo = [ Funlor2ods.
Q Q Q
The passage h — 0 gives the inequality

/(0 —r~tdiva)|¢|" dz < /|F||¢\T*1 dz.

Q Q
Recalling that o — r~!divii > o — o* we finally obtain
(9.40) ol r) < 3(7‘)0’71|‘FHLT(Q)-
Inequalities (9.39) and (9.40) imply estimate (9.35) for s = 0,1. Hence for o > o*,
the linear operator .£~! : F + ¢ is continuous in the Banach spaces H"7(£2)
and HY"(Q) and its norm does not exceed c(r)o~!. Recall that H*" () is the
interpolation space [L"(Q), HY"(Q)]s, . From this and the interpolation theory we

conclude that inequality (9.35) is fulfilled for all s € [0,1], which completes the
proof. O

We are now in a position to complete the proof of Theorem 1.5. Fix ¢ > o*,
where the constant ¢* depends only on X, U and [|ul|c1(q), and it is defined by
(9.34). Without any loss of generality we can assume that f € C'(Q). The existence
and uniqueness of a weak bounded solution for ¢ > ¢*, follows from Lemma 1.2.
Therefore, it suffices to prove estimate (1.13) for [[¢|| .- (). Since H*"(Q)NL> ()
is the Banach algebra, representation (9.31) together with inequality (9.30) implies

(9.41) lellzer@) < cllledlmer @y + l@illLe @) + cllollasr @)
On the other hand, Lemma 9.9 along with (9.32) yields

18l zrer () < co | F |l gy < co Hixeyafllmer) + o o Vxiallgr o
<o (Iflmor@) + el mer@n))-
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Substituting this estimates into (9.41) we arrive at the inequality

el ey < C(Uil||<pt||HSvT(Q) + [loellLoe ,) + Gr71Hf||1ﬁlw(szt) + 071||f||L°<>(Q)),
which along with (9.23) leads to the estimate (1.13), and the theorem follows.
9.2. Proof of Theorem 1.7. It follows from conditions of Theorem 1.7 that a

solution ¢ meets al requirements of Theorem 1.5 and admits estimate (1.13). By
Conditions of Theorem 1.7, we have r(s/2) > 3 and hence

K K K 1/2 1/2
o flle @) < N Fllrrorzriy < oI FlHE | A0y <

I fll =) + co® || fll o s 0| fll )
Substituting this estimate in (1.13) we obtain (1.17) and the theorem follows.

10. PROOF OF THEOREM 1.9

10.1. Representation of harmonic vector fields. First we prove the following
auxiliary result on the representation of harmonic vector fields in the unit ball.

Theorem 10.1. Letv € C*(B) be a harmonic function in the unit ball B = {|y| <
1}. Assume that a vector field W € C°°(B) satisfies the following equations and
boundary conditions

(10.1) AW =01inQ, W =0,¥n on 01,
(10.2) AYp=vinQ, Y =0 on .

Then the vector field W has the representation
1

/t 1/2 ty t,

0

»Jk\'—‘

(10.3) divW(y) = %v(y) + Yu(y) in B, where ¥v(y

and for any r € (0,1) and integer s > 0,
(10.4) |V vl getrr(my < c(ry 8) 0] Eor (B)-
Proof. We split the proof into the sequence of lemmas.

Lemma 10.2. Under the assumptions of Theorem 10.1,
1

/tl/Qv(ty) dt for y € 0B.
0

(10.5) oy =Vip-n= %

Proof. Let us consider the classical identity

1 1
/G y, x)v(x) dr, where G(y,x) = 4—( 2] - )
™

|22y —a| |z -yl

Direct calculations show that the normal derivative of the Green function coincides
with the Poisson kernel

1— |z
On,G(y,2) = V,G(y,z) -y = 5 for |yl =1

4|z — y|
Using the denotations

r=pf y=ps, &c€0B, cosl=c-¢,
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in which £ and ¢ are arbitrary points of 0B, we can rewrite the expression of the
normal derivative of ¢ in the form

1
1 1— p?
O (s) /p p{47r |1+ p2 — 2pcos 9)|3/2U(P€) €} orall¢ €
0 OB

Recall that for any harmonic function u in the unit ball,
1 1—p?

ulps) = E/ |1+ p2 — 2pcos 0)|3/2u
oB

(&) d¢ for all ¢ € OB,

which leads to the identity

1 - 2
dr | 14 p2 —2pcos 9)|3/2U(P§)dfzv(p S).
OB

Thus, we get

1
/tl/Qv(ty) dt for all y € OB
0

N |

Buh(y) = / o(pPy) dp =

and the lemma follows. O

Lemma 10.3. Under the assumptions of Theorem 10.1, the vector field W satisfies
equality (10.3).

Proof. By virtue of Lemma 10.2, we have

(10.6) W(y) =

N =

1
/tl/th(y) dt for y € B,
0

where the vector fields W, satisfy the equations and boundary conditions
AW, =0in B, W;=u(y)y on B, where v:(y) = v(ty).

Since A(vy) = 2Vuz, we have Wy = vy — 20, where the vector field ®; is a
solution to the boundary value problem

A@t:Vvt in B, (I)t:OOH 0B.
Thus, we get
(10.7) div Wy (y) = div (v (y)y) — 2div @4(y).

On the other hand, since the components ®. ; of the vector field ®; vanish at 0B,
we have 0y, ®; ; = 0, P ;n; on 0B, which leads to the boundary condition for div ®,

(10.8) div®, = 9,®, -n on IB.

Since 9y, v is a harmonic function in B, identity (10.5), with ¢ and v replaced by
®,; and 0, vy, respectively, yields the representation

On®y; (y) =

N |

1
/ 712(8,,v:)(1y) dr for y € 9B,
0
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which along with the equality (10.8) leads to the identity
1
o, — L[ .
div®, = 5T [Vue|(ry) - ydr for y € OB .
0
Recalling that div ®; and Vu,(y) - y are harmonic in the unit ball we obtain

1
div®, = %/7‘1/2 Vu(ry) - ydr for y € B .
0
Noting that [Vu](7y) - y = ;v (7y), we conclude from this that
1
div @;(y) = fvt i/r‘l/zvt Ty) dT in B.
0

Substituting this equality into (10.7) we arrive at the identity
1
1
div Wy (y) = 2v(y) + Vue(y) -y + 3 /Tﬁl/Z’Ut(Ty) dr in B,
0

which along with (10.6) implies

(10.9)

1
div W (y /t1/2vt )dt + = 5 /tl/Q[Vvt cydt+ = //t1/2 2v¢(Ty) dtdr.
0 0 0

Using the identities Vu; - y = td:[v(ty)] and v:(Ty) = v(tTy) we can rewrite the
integrals in the right-hand side in the form

1 1 11 1
3
/tl/QVv )ydt =v(y)— 3 /t1/2 //t1/2 “V2y(try) dtdr = /(z_l/Q—zl/Z)v(zy) dz.
0 0 00 0

Substituting these equalities into (10.9) we arrive at (10.3), and the lemma follows.
O

Our next task is to prove estimate (10.4) for the remainder in representation
(10.3). We obtain this estimate, as a consequence of the following result on weighted
estimates for the harmonic functions in the unit ball.

Lemma 10.4. Assume that an integrable function a : [0,1] — R satisfies the
conditions

— 1a and F,v = [ a(t)v .
o 0/1 0~a(t) — a(L)] dt < M, and Foo(y) O/<t> (ty) dt

Then for any r € (1,00) and integer s > 0, there exists a positive constant c(r, s)
such that the inequality

||ﬁaUHHs+M(B) < Mc(r, s) ||’U||Hw(B)

holds true for all harmonic functions v € C*°(B).
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Proof. First we prove the lemma in the case a(1) = 0. It easy to see that

—3/r

Vel zrs1r 3y <2, s)|[v| metrr(B,)s

where vy = v(t-), B = tB. Thus, we get

1
(1010) [ Zuvlleriogm) < clrs) / ()1t [0l a0+, .
0

Let us estimate (s + 1)-norm of v in B; by its s-norm in the ball B. Denote by
n € C*°(R) the cut-off function, which vanishes on the interval (—oo, 0] and is equal
to 1 on the interval [1,00). For any ¢ € [0, 1), set

n(y) =n(1—-t)"'1-yP)., yeB.

It is clear that 7, vanishes on B and is equal to 1 in the ball B;. Next note that
for any test function ¢ € C§°(B),

)/(’(}Ant +2VoVn)e dt’ = ‘/v(apAnt —2div(eVn)v) dt‘ <
B

T [ Wlleldy+ = [ lvelay <

B\Bt B\Bt

] /
/ s v+ [ Il d) <

C”UHL"‘(B)(HSD/dlSt (yﬁB)l

L’ (B) T Vel L"'(B)) < C”U”L'”(B)||90||H1v7'/(B)’

which gives the estimate
(10.11) [vAD 4+ 2V V| -1y < e(r)(1 = )7 H|v| 15y

Since the function 7nyv satisfies the following equation along with the boundary
conditions

A(nw) = vAn +2VoVn: in B, mv =0 on 9B,
we obtain
[0l grr sy < e()llmevllgrrsy < e(r) (1 =) o]l prs)

Applying these arguments to the harmonic functions 0%v, |a| < s, we conclude that
for any integer s > 0,

(10.12) lollrsen(sy) < e(r)(1 = )~ 0]l ez

Moreover, if we consider the chain of the balls B/, C Bs/s C Bgs C Byjs C B,
then we get the estimate

(1013) HU”C5+1(31/2) < C(S, 7‘)||1)||Hs+4,7~(31/2) < 840(57 ?")HUHHs,r(B).
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Combining (10.10) with (10.12), (10.13) and using the classical inequality ||[v]|zs.(B,)
/" o]

Cs(B;) We obtain

1/2 1
X - §c||v|cs+1(31/2)/|a(t)|dt+c/ [ P——
0 1/2

1
loleccey [ (=0 a0 de
0

which gives the desired estimate in the case a(1l) = 0. Next note that by virtue
of Lemma 10.2, the function 2u = .7 ;v satisfies the following equations and the
boundary conditions

Au=0, AP =win B,
u=0,=VY-y, ¥ =0ondB.
Since [|9]| gs+2.r () < (7, 8)[|v]| gor(B) We have
||y\/z/v||Hs+l,r(B) S C||u||H5+1,r(B) S CHV’(# . yHHerl,r(B) S CH’UHHs,r(B),

which gives the desired estimate in the case a = Vt. The general case follows from
the representation a(t) = a(t) — a(1) + a(1)(1 — vt) + a(1)y/t. O

In order to complete the proof of Theorem 10.1 it remains to note that ¥ =
4_1521/\/5 and the function 1/v/t meets all requirements of Lemma 10.4. (]

The following theorem gives an extension of Theorem 10.1 in the case of an
arbitrary bounded domain with the smooth boundary.

Theorem 10.5. Let Q C R? be a bounded domain with C>® boundary 052, s be
a nonnegative integer and r € (1,00) be given. Then for any harmonic function

u € C*®(9),
(1014) ||421/u — u/2||HS+1,T(Q) < C(T, S, Q)Hu”Hs,r(Q)

Proof. We reduce Theorem 10.5 to Theorem 10.1 using the change of indepen-
dent variables and the partition of unity. To this end we note that
(10.15) Fu=u—divWw,
where a harmonic vector field W is given by a solution to the boundary value
problem

AW =0in Q, W =0,¢n on 01,
(10.16) .
Ap=uinQ, ¢ =0 on 0.

We consider div W as a linear operator on the linear space of smooth harmonic
functions, and prove that the principal part of this operator is simply w/2. The
proof of this fact naturally falls into three steps :

Step 1. For each diffeomorphism y — x(y) of an open set subset of R?, we denote
by Y and g the matrix-valued functions defined by the equalities

Y(y) = (x')™")", 8ly)=YY, g=detg.

In particular, the elements of the fundamental matrix g are given by the formulae

9i(y) = [Vuil(x(v) - [Vy;](x(y))-

<
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For given p > 0, denote by BT the ball
Bt ={yeR’: [y— P <p, P={0,0,1)}.

Lemma 10.6. For an arbitrary point P € 0%, there exist p > 0, a neighborhood U
of P, and mapping x — y(z) of class C*(U) such that y(x) takes diffeomorphically
U onto the ball BY, and

y(UNQ)=BNB", yO@Q2NU)=0BNB" .
Moreover corresponding fundamental matriz g € C°(B™) has the representation
(10.17) g(y) = ¢"*1+ (1 — |y|»)G(y) in BU BT, where G € C=(BY).

Proof To simplify our notation the diffeomorphisms x,y are denoted by the
same symbols as the variables x, y.

In some neighborhood U of P, the surface 02U U admits C* conformal param-
eterization x = x(q1,42), |g;| < p, such that x(0,0) = P and

0q;2(q1,92) - 0g;2(q1,q2) = Q(q1,92) 045,
where @ is a positive C* function. In particular the outward normal n to 9Q N U
is a smooth function of conformal coordinates ¢;. For suitable choice of U and p,
the mapping
7= (q1,92,q3) — z(q1,92) — 3Q(q1,32)n(q1, g2)
takes diffeomorphically the ball B(p) = {|q| < p} onto U and

g(B(p))N{gz >0} =UnNKQ, qB(p)) N{gs =0})=UnoQ.

The corresponding fundamental matrix g(q) = z’(q)~!(z'(¢)™!)* coincides with
Q~1(¢)I on the hyper-plane g3 = 0. In other words, the mapping  — ¢ is conformal
at 9Q U U. Next denote by y(q) the conformal mapping of the half-space {g3 > 0}
onto the unit ball B such that y(0) = P*. It is clear that the composite mapping
y — q — x meets all requirements of the lemma. O

Now fix an arbitrary point P € 90 and diffeomorphism y : U — BT satisfying
all hypotheses of Lemma 10.6. Set

() = u(z(y), ) = daly), W = W(a(y)).
Straightforward calculations lead to the identity
(10.18) [div W](x(y)) = divV(y) + b(y) - V(y) in BT N B,
where

Yy
Now our aim is to derive equations for the vector field V. We begin with the
observation that the normal vector n to 02 and the normal vector 7 = y to 0B are
related by the formula

n(z(y)) = |Yy| 'Yy = g~ ¥/%Yy on 8B N BY.
On the other hand, we have V¢ = YV¢ in BT N B, and Y*Y = ¢'/3I on BN B*.
Thus, we get
(10.19) Ondn(z(y)) = (Vé-y)Yy =0,6Yv on BN BT.
The change of variables in (10.16) leads to the following equations for the vector
field W and the function ¢

$BW =0, Bo=uin BUBT,
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where the Beltrami operator is defined by the equality
Bu =: g'/* div (g_1/2gVu).
¢From this, the expression for V, and identity (10.19) we obtain the following
equations for V = (V1, V5, V3) and ¢,
BV; =NW,,Y;,) in BNBY, V=0,(g"2¢) v on 8B N BT,
HBp=uin BNBY, ¢$=00n0BNB".
Here the bilinear form N is defined by
N(f,h) = fB(h)+2gV f-Vh=2div(fgVh) + a(B(h) — 2div(gVh)).

Step 2. The next step is the localization of all introduced functions inside the
ball BT. Note that the fundamental matrix g can be extended over B\ BT such that
the extension (also denoted by g) is positive, infinitely differentiable, and coincides
with ¢*/3T on OB. In other words, g = ¢'/*T+ (1 — |y|?)G with G € C*°(B). Next
choose an arbitrary function n € C§°(B™) and set

v=nu, ¢=g"%np, H=nV.

Assume that the vector field H and functions v, 1) are extended by 0 over B\ BT. It
follows from (10.20) and the identity n2(f) = Z(nf) — N(f,n) that the extended
vector field H = (H;, Ho, H3) and the functions 1), vy satisfy the following equations
and boundary conditions

(10.20)

(10.21a) BH; =N (Vj,n) +nN(Wy,Yj,) in B, H=0,9 v on dB,
(10.21b) Bp = g3 + JV(a,gl/Bn) in B, % =0ondB,
(10.21c) Pv=N(u,n)in B, v=nuon dB.

In these equations all quantities are compactly supported in BT N B and extended
by 0 over B\ BT. Split H and 4 into the parts

(10.22) H=H,+H:, ¢ =1+,
where Hy and 1y are solutions to the boundary value problems

AHy=0in B, Hy= 9,9y 7 on 9B,
(10.23) Ao =vp in B, =0 on IB,

Avg=0in B, wvg=wv on 0B.
It follows from this and (10.21) that the reminders H; and ; satisfy the equations
(10.24a) AHy ;=g (N (Vj,n) +nN (W, Yii) — $1H;) in B,
H, =0,¢y1 7 on 0B,

(10.24b)  A¢y=v—vg+g 3 (N(g7*n,¢) — Z1¢) in B,y =0 on 9B,

in which the second order differential operator %, =: 2 — g'/3A is defined by the
equality

g7 2 = div (g7 G V(1= |yP)o) + 20Gy) + Vg~ oV,

Identity (10.18) implies the equality
n(y)[div W](z(y)) = divH(y) — V- V(y) + b(y) - H(y) in B" N B,
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which along with (10.15) yields the identity
n(y) [ —u)(2(y)) = — divH(y) + Vi - V(y) — b(y) - H(y) in B¥ N B.

The next step is crucial for our approach. It is easy to see that by virtue of (10.23),
the vector field Hy and the functions g, vg meet all requirements of Theorem 10.1,
which gives

1 1 1
div H()(y) = 51)0 + 7/’00 = iﬂﬂ—f— *(1)0 — 'U) + %U(].

2
Recalling the identity u(y) = u(x(y)) we finally obtain
1
(10.25) W)~ Lul(e(y)) = yu,
where

(10.26) &,u = —%(vo —v) —Vvg —divHy(y) + VnV(y) — b(y) - H(y) in BT N B.

Notice that the function &,u € C*°(B) is compactly supported in BN B*.
Step 3. Now our aim is to estimate &, in the Sobolev spaces. This procedure
is based on the following lemma.

Lemma 10.7. Let Let g € (C°°(B))? be a positive symmetric matriz field such
that

g=g""T+ (1 -G, GeC>(B).

Furthermore, assume that functions v, f € C*°(B) satisfy the equation

PBv = f in B,
and vy s a solution to the Dirichlet problem

Avg=01in B, wvg=wv ondB.

Then for any r € (1,00) and integer s > 0,
(10.27) 111 = [g2)oll s (m) + | Brollzemsrm) < elf i) + [0 (),
(10.28) lvoll e () + v = vollge+1r () < ([ flls-1.r(B) + V]2 (B))
where the constant ¢ depends only on r,s, and g.

Proof. We begin with the observation that the function (1 — |y|?)v satisfies the
equation and the boundary conditions

B((1—[yl)v) = (1= |y[*)f +N(v,1—[y[*) in B,
(1 —|y|*)v =0 on OB.
It follows from Lemma 1.1 that
11 = y*)vllgesrr sy < c(lflge-rr) + IN @, 1= [y ge-r0m))-
On the other hand, we have
IV (v, 1= [y*) | ge—rm ) < cllvllasrs),

which leads to the estimate

1= [yP)vllmesrry < cllfllme=1r) + 10l mer(m)-
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(From this and the expression for the differential operator %, we obtain estimate
(10.27). Next note that the function v —vj satisfies the equations and the boundary
conditions

A —wg) =g Y3(f — #v) in B, v—vy=0ondB.
Lemma 1.1 along with inequality (10.27) for the right-hand side imply the estimate

v —vollzr=+1.r() < Ul fllzra=rr () + [0 Hom())-

which completes the proof. [J
The next lemma gives the key estimate for &,.

Lemma 10.8. Under the above assumptions, there exists a constant ¢ depending
only on exponents r € (1,00), s > 0, the function n and the fundamental matriz g
such that the inequality

HgnuHHerlﬂ'(B) < C(T,S,U,g)HuHHw(Q)

holds true for all smooth harmonic functions u.

Proof. We estimate step by step all quantities in the expression for &£,u starting
with v. Since v = nu, we have

(10.29) vl zsm By < elltll g (Brp+) < cllullgsr (),
which leads to the estimate
IN@, | rs-10(5) < cl@ll marBrp) < cllullasr(o)-

The function v meets all requirements of Lemma 10.7 with f = A (un). Applying
this lemma and using inequality (10.29) we obtain the following estimates for v and
o

(10.30)  [I(1 = [y[*)vllzre+r.r() + lvollzer sy + 1o = voll gatrr sy < cllullmsr(s)-
Next applying Theorem 10.1 to the harmonic function vy we arrive at the estimate
(1031) ||7/UOHHS+1””(B) S C||UHH5,’V‘(B).

Now our task is to estimate V and H . Applying Lemma 1.1 to boundary value
problem (10.16) we get the inequality

Wl @) < cllol|gerer) < cllullgero)-
Since 7 is compactly supported in the ball B¥, we conclude from this that
(10.32) 1| v (my < cll@ll v (Brp+y < cllll garzr ) < cllull gar @),
(10.33) [[H|| gr=+1r(p) < el VIgssrrsrs+) < Wl getr.rrp+) < cllullmear ) -

Next we derive estimates for the auxiliary function ;. It follows from (10.21b)
that the function (1 — |y|?)w satisfies the equation

(10.34)  B((L—lyI*)¥) = (L= yI*)(g"P0 + N (&, 9"°n) + N(@, (1 = [y[*)),

and vanishes on 9. On the other hand, inequalities (10.29) and (10.32) imply the
following estimate for that the right- hand side of this equation

1L = 1y*) (9" %0 + N(D,g"°0) + N (0, (1= [y )| o+ 1m0
< clullzer(@) + 19l me+2r(prp+) + 1Yl e m) < cllullmar@)-
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Applying Lemma 1.1 to equation (10.34) we obtain that [(1 — |y[*)¢|| ge+s.r () <
cllul| g5, (), which gives
(10.35) [|B1(¥)lrs+1m() < cllllmsszr o) +elL= [y | getsro) < cllullmer @)

This result along with inequalities (10.30) gives the following estimate for the right-
hand side of equation (10.24b),

v —vo+ g~ 3(N(B,97*n) — Br) || a1 () <
cllull ey + cll@ll merzr Brpr) < cllullmer)-
Applying Lemma 1.1 to equation (10.24b) we derive the estimate for 11,
(10.36) |1l o) < cllullmsr(o)-

Now we can estimate the vector field H;. Applying Lemma 10.7 to equation
(10.21a) and using estimates (10.33) we obtain

%1 (H;) || 2y < N (Vi) + 0N Wi, Yi) i) < cllull ger ) -

It follows from this and (10.33) that the right- hand side of equation (10.24a)
satisfies the inequality

IN(Vy,m) + N (Wi, Vi) = B1(H;)l e () < clluller )

Applying Lemma 1.1 to equations (10.24a) and using (10.36) we get
||H1HHs+2,r(Q) S C”u”Hs,r(Q) + CHV?,/J . y||Hs+2,r(Q) S CHUHHS,T(Q).
Combining this result with inequalities (10.30), (10.31), and (10.33) we conclude
that || Eyull gs+t1.r(q) < cllull g (@), which completes the proof. O

Step 3. Since 012 is compact, there is a finite collection of points P; € 012,
1 < i < n, such that the corresponding neighborhoods U; given by Lemma 10.6
cover 0f). Denote by K the compact set Q\|JU; and set d = dist. (K,09). There
is a collection of points P; € K, n+1 <4 < m, such that the balls U; = B(P;,d/2)
cover K. Obviously the sets U;, 1 < i < m, cover €. It is well known that there
are smooth functions (;, 1 < ¢ < m, with the properties

G € C°(R?), spt ¢ € U, ZQ =1
We have for any u € C*(Q),
Au—uf2= G(Hu—u/2).

For each 1 < i < n, denote by n; the function 7;(y) = {(x(y)), where x(y) is a
diffeomorphism of the ball BT onto U; defined by Lemma 10.6. It follows from
this lemma that n; € C§°(R?), and spt n € BT. In particular, we have ||¢;(«/u —
uw/2) | ger) < Enullgsr By, where &, is given by formula (10.26). From this,
identity (10.25) and Lemma 10.8 we conclude that

(10.37) G (v —u/2)|| sy < c(s, 7, Q)||ul| o) for 1 < i <n.
On the other hand, the expression .7 = div A~V yields the identity
Gi(Au—u/2) =div(Gw) — V(- w — Gu/2,
where w is a solution to the boundary value problem
Aw =Vuin Q, w =0 on 0.
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We have
A(Gw) =2div(V¢ @ w) + AGw + V(Gu) —uV( in Q,
A(Gu) = 2div(uV() — AGu in Q.

Since functions (;w and (;u vanish on 0f2 for all ¢ > 1, we conclude from this and
Lemma 4.1 that inequalities

Wit < cllullmar@),  Gullpstir@) < clullger@),
1GiwW o2 (0) < e[l gesir) + lull o) < cllullmsr @),

hold true for all i > n + 1. Therefore, ||¢;(Zu — u/2)|| gst1.r () < c|lulgsr(q) for
n+ 1 < i < m. This estimate along with inequalities (10.37) implies estimate
(10.14), and the theorem follows. OJ

10.2. Proof of Theorem 1.9. We are now in a position to complete the proof of
Theorem1.9. Denote by b*"(Q2) the set of all harmonic functions v € H*" (), and
by b.(£2) the set of all harmonic functions of class C*°(€2). We will write simply
b" instead of %7 It is clear that b7 (Q) is a closed subspace of H*"(Q). Let us
prove that b.(€2) is dense in b>7(Q2) for all 1 < r < oo and integer s > 0. Assume
s > 1, and choose an arbitrary u € b*"(Q). Then there is a sequence v, € C*°(Q)
such that v, — u in H*"(Q2) as n — oo. Denote by u,, € C*(Q) a solution to the
boundary value problem Awu, = 0in Q and u,, = v, at 9Q. It remains to note that
by Lemma 1.1, |[u — up || grsr) < cllu —vn|gor@) — 0 as n — oo.

It remains to prove that b.(€2) is dense in 0" (€2). Suppose, in contrary to our claim,
that there is a function u € b"(Q2) \ cl b.(€2). The Hahn-Banach theorem yields the
existence of w € L™ () such that

(10.38) (¢, w) =0 for all ¢ € b.(2) and (u,w) #0 .

Set ¢ = AN (w) € H>" () N Hé’r/(Q), and choose an arbitrary function v €
C*>(99). Denote by ¢ € b.(£2) the harmonic extension of v onto . Since (¢, w) =0,
the Green formula implies

0= (C, Ag) — (g An) = / vBpds, Vv e C5(Q),
oN

which yields the equality 0, = 0 and ¢ € Hg ! (Q). Hence there exists a sequence
of functions ¢, € C§°(Q) such that ¢, — ¢ in H>" (Q) and A, — w in L ()
as n — oo. From this we conclude that 0 = (u, Ap,) — (u,w), which contradicts
to (10.38).

Next notice that by virtue of Lemma 4.1, operator &/ : H*"(Q) — H*"(Q) is
bounded for all s > 0 and r € (1,00). In particular, &/u—u/2 is well defined for all
u € H*"(Q). Since b.(€2) is dense in b>7(Q2), this result along with Theorem 10.5
yields the following.

Corollary 10.9. Under the assumptions of Theorem 10.5, inequality (10.14) holds
true for all harmonic functions uw € H*"(Q).

Now we can derive the representation (44) in Theorem 10.5. Denote by 0.(2) C
C>*(9) the linear space of all functions ¢ = Ap with an arbitrary ¢ € C5°(£).
We shall consider o.(Q) as a linear subspace of L?(€2). It is clear that a function
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u € L?(Q) is harmonic if and only if (u,¢) = 0 for all { € 0.(2). In other words,
cl 0.(2) = b%(Q)*. For any element ¢ € 0.(2), we have

¢ =divAT'VAp = divA ! AVp = Ap = (.
Since the operator <7 is bounded in L?(), it follows from this that that A¢ = ¢
for all ¢ € cl 0.(Q) = b*(Q)*+, and hence &/ (I — 2) = I — 2. Thus, we arrive to
the desired representation

1 1
(10.39) Su=u— ig@u + H u, where % = (o — 51),@

Next we prove that the projection 2 is bounded in L"(Q2). For r € [2, 6], we have
| 2ul| - () < 2| ullLr @) + lullLr @) + 218 7ul| Lo () < cllullLr@) + cllF ullpr2(q)-
On the other hand, Corollary 10.9 yields the estimate

| ull g2 0) = (& —1/2)2ul| 120y < cf| 2ullr20) < cllullz2q)-

Combining these estimates we conclude that the operator 2 : L"(Q2) — L"(f2) is
bounded for all r € [2,6]. Noting that the embedding H5(Q) — L"(Q), r > 1, is
bounded and arguing as before we obtain that for all r > 6,

[2ull < cllullLr@) + el ull o) < cllull @) + cllLullLs @) < cllullLr)-

Hence the projection 2 is bounded in L"(Q2) for all » > 2. Since the projection is
symmetric, the boundedness of @ in L"(2) for r € (1,2) follows from the duality
argument. Hence the inequality ||2ulgs. ) < cf|ul|gsr (o) is fulfilled for s = 0.
Assuming that this inequality holds for s, we will prove it for s + 1. To this end
note that, by virtue of Corollary 10.9,

[Qull gre+1m () < 2| Ful| grevrr@) + [[ull o) + 22wl gerir@)

< C||u||Hs+1,r(Q) + C||QuHHb,7(Q) < C||uHHs+1,r(Q).
Therefore, the operator 2 is bounded in H*T17(Q), and hence it is bounded in
H*"(Q) for any r € (0,00) and integer s > 0. From this and Corollary 10.9 we
conclude that the operator ¢ : H5"(Q) — H*"(Q) — H**17(Q) is bounded for

all » > 1 and integer s >. It remains to note that the boundedness 2 and % for
real s > 0 follows from the interpolation theory, which completes the proof. [J

APPENDIX A. PROOF OF LEMMAS 9.2 AND 9.3

Proof of Lemma 9.2 We start with the proof of (P1). It follows from emergent
field Condition 1.4 that for for each point P € T, there exist the standard Carte-
sian coordinates (z1,x2,x3) with the origin at P such that in the new coordinates
U(P) = (U,0,0) with U = |U(P)|, and n(P) = (0,0,—1). Moreover, there is a
neighborhood O = [k, k]? x [~t,t] of P such that the intersections 9 N O and
I' N O are defined by the equations

Fo(z) =23 — F(x1,22) =0, VEy(z)-U(z) =0,
and Q2N O is the epigraph {Fy > 0} N O. The function F satisfies the conditions
(11.1) ||F||C'2([—k,k]2) <K, F(0,0)=0, VF(0,0)=0,
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where the constants k,t < 1 and K > 1 depend only on the curvature of 92 and
are independent of the point P. Since the vector field U is transversal to I', the
manifold I' N O admits the parameterization

(11.2) z = (g(y2), y2, F(a(y2),92)),

such that g(0) = 0 and ||g|c2([—,k) < C, where the constant C' > 1 depends only
on 2 and U.

With this notation, the inequality (1.10) implies the existence of positive con-
stants N* independent of P such that for 2 € 9Q given by the condition Fy(x1, 2o, x3) =
x3 — F(x1,22) = 0, we have
(11.3) N~ (w1 — g(x2)) < =V Fy(z) - U(z) < NT (21 — g(x2)) for z1 > g(x2),

—N~ (21 — g(22)) < VFy(z) - U(z) < =N (21 — g(x2)) for 1 < g(x2).

Choose the standard Cartesian coordinate system (z1,z9,23) associated with

the point P. Let us consider the Cauchy problem.

Oy, x = u(x(y)) in Qq,
(11.4) x1(y) = 9(y2), x2(y) = ya for y; =0,
x3 = F(a(y2), y2) + y3 for y1 = 0.

Without any loss of generality we can assume that 0 < a < k < 1. For any such a,

problem (11.4) has a unique solution of class C'(Q,). Denote by F(y) = Dyx(y).
The calculations show that

uy 9'(y2) 0 U ¢ 0
S0 :=3S(y) I 1 0 |.50=( 0o 1 o0 |,
e uz Oy, F(9(y2),y2) 1 0 0 1
which implies
(11.5) I30) 1 < C/3,  [Boly) = F(O0)] < ca

Differentiation of (11.4) leads to the ordinary differential equation for §
9y, 8 = Dyu(x)§, § = Fo-
y1=0
(From this get

By, I8 = Soll < M([I3 = Foll + 130l

and hence ||F — Fol| < ¢(M)||Solla. Combining this result with (11.5) we finally
arrive at

(11.6) 1§(y) —SO)] < ca.

This inequality along with the implicit function theorem implies the existence of
a > 0, depending only on M and Q, such that the mapping = = x(y) takes dif-
feomorphically the cube @, onto some neighborhood of the point P and satisfies
inequalities (9.4).

Let us turn to the proof of (P2). We begin with the observation that the manifold
x~1(0Q N O) is defined by the equation

Do(y) = w3(y) — Fx1(y), 22(y)) =0,y € Qu-
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Let us show that @ is strictly monotone in y3 and has the opposite signs on the
faces y3 = ta. To this end note that the formula for F(0) along with (11.6) implies
the estimates

10y523(y) — 1 + [Oy;21(y)| + [9ysw2(y)| < ca in Q.
Thus, we get
l1—ca < 8y3(1)0(y) = ay3333(y) - 8961'F('r1ax2)8y3xi(y) < 1+ ca.

It follows from (11.6), that for y3 = 0, we have |z5(y)| < caly|, which along with
(9.4) yields the estimate

@0 (y)| < |z3(y)| + [Fz(y)| < caly| + KCly|* < ca® for y5 = 0.
Hence there is a positive a depending only on M and {2, such that the inequalities
1/2 S 81/3(1)0(9) S 2a :I:(I)O(yla Y2, :|:CL) > 07

hold true for all y € Q,. Therefore, the equation ®o(y) = 0 has a unique solution
y3 = ®(y1,92) in the cube Q,. Moreover the function ® € C!([—a, a]?) vanishes for
y1 = y3 = 0. Thus, we get

Pai=x H(ONQ) ={P(y1,92) <ys <a, [yl lyal <a}.
Note that |u(x(y)) —Uei| < M|x(y)| < Ca. Therefore, we can choose a = a(M, )
such that 2U/3 < wuy < 4U/3 and Cluz| < U/3 in Q,. Recall that z1(y) — g(z2(y))
vanishes at the plane y; = 0 and
By, [11(y) — 8(@2())] = wa(y) — @' (x2(y))ua(y).
We obtain from this that for a suitable choice of a,
(11.7) 1 |U/3 < |21(y) — a(z2(y))| < [11]5U/3 for y € Q..
Equations (11.4) imply the identity
9y, @0(y) = VFo(x(y)) - u(xz(y)) = VFo(x(y)) - U(z(y)) for o(y) = 0.
Combining this result with (11.3) and (11.7), we obtain the estimates
which along with the identity
aqu) = 73?!1 (I)O(ays @0)71
yield the inequalities
—¢ < 0y, ®(y1,y2) < eyp for —a <y <0,
(11.8) cy1 < 0y, ®(y1,92) < cfor 0 < y; < a,
\5’y2(1>(y17y2) S C7O S (I)(ylay2) S Cy%

It is clear that for sufficiently small a, depending only on U and 2, the functions
OF (yy) = ®(+a,yo) admit the estimates ca? < ®F(yz) < a. Set
Qin ={Y € [—a,a] x[0,a] : 0 < ys < P (y2)},
Qout = {Y :€ [—a,a] x [0,a]: 0 <yz < ®F(y2)}.
It follows from (11.8) that for every Y € Qip, (Y € Qout) the equation yz = ®(y1, y2)
has a unique solution a=(Y) < 0, (a™(Y) > 0). We adopt the convection that

a*(Y) = 4a for y3 > ®*(yz). It remains to note that, by virtue of (11.8), the
functions a* meet all requirements of Lemma 9.2.
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Proof of Lemma 9.3. The proof is similar to the proof of Lemma 9.2.
Choose the local Cartesian coordinates (z1,x2,x3) centered at P such that in
new coordinates n = e3. By the smoothness of 912, there is a neighborhood
O = [~k, k]? x [~t,t] such that the manifold 9 N O is defined by the equation

I3 :F(l'l,l'g), F(0,0) :O, |VF(ZL'1,CC2)| SK(|ZL’1|+|£L’2|)

The constants k, t and K depend only on 2. Let us consider the initial value
problem
(119) 8U3XZu(X(y)) in Qa7 X —0 = (y17y27F(y1792))~

Without any loss of generality we can assume that 0 < b < k < 1. For any such b,
problem (11.9) has a unique solution of class C!(Qy). Next, note that for y3 = 0
we have

(11.10) x(m) < (K +Dlgl. fu(x(y)) — u(0)] < M(K + 1)yl
‘Dy

Denote by §(y) = D,x(y). The calculations show that

1 0 (V51 1 0 Ul(P)
Fo :=F(v) = 01 u |, FO)=[ 0 1 u(P) |,
va=0 0 0 ug 00 U,
which along with (11.10) implies
(11.11) IFO)F < C/3, [1Bo(y) = F(O)] < cb.

Next, differentiation of (11.9) with respect to y leads to the equation
9y, 8 =Dyu(x), 3§ = To-
y3=0

Arguing as in the proof of Lemma 9.2 we obtain |§—Fo| < ¢(M)||ol/b. Combining
this result with (11.11) we finally arrive at ||§(y) — F(0)|| < cb. From this and the
implicit function theorem we conclude that there is b > 0, depending only on M
and , such that the mapping x = x(y) takes diffeomorphically the cube @}, onto
some neighborhood of the point P, and satisfies inequalities (9.9). Inclusions (9.10)
easily follows from (9.9).

APPENDIX B. PROOF OF LEMMA 9.4

Throughout of the section the notation ¢, C' stands for various constants depend-
ing only on the domain P, and exponents s, r. Furthermore, for any y = (y1, y2, y3)
and z = (21, 22, 23) we shall write Y and Z for (y2,ys) and (22, 23), respectively.

The existence and uniqueness of solutions to problem (9.11) is obvious. Multi-
plying both sides of equation (9.11) by |p|" "l and integrating the result over P,
we obtain the inequality

(12.1) lellzr .y < o HIfllorep,) for r < oco.

Letting r — oo we conclude that (12.1) holds true for r = oo. Let us turn to
the proof of inequality (9.12) and begin with the case s = 1. First we derive the
estimates for d,, ¢, k = 2,3. For every y € R3, we denote by Y = (y2,y3). The
function 9, ¢ has the representation 9,, ¢ = ¢’ + ¢, where

¢ (y) = —e"W ="My o= (V) f(a™(Y),Y) for k = 2,3,
¢ (y) = —e? W= () f(a™ (V),Y) for k=1,
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and ¢ is a solution to boundary value problem
Oy + 09" =0y, fin Py, ¢"(y)=0fory; =a” (V).

It follows from (12.1) that ||¢"||Lr(p,) < o | fllgr.(p,)- On the other hand, in-
equalities (9.2) yield the estimate

a*(Y)

s - r - ro(a— —at
I/ (51, V)| dyr < ()0 M| F [ pyys 21 — €7l D=t 00Dy,

a=(Y)

Since 0 < at —a= < cy?l)/2 we conclude from this that
r — r —r/2 —co
(122) @m0 IS limm, [ 0720 e V)
0

We have

a ac? co" 3 for 2<r<3
o ! /ygrm(l—e_c” Us)dys = 0" 3 / t_’“/g(l—e_c‘/z) dt < { co~tlogo  for r=2

A 0 co~1 for 1<r<?2

Thus, we get

co~te for re(1,2)U(2,3)
co 't %logo  for r=2

19/l poy < ellflle e
where @ = max{0,1 — 1/r,2 — 3/r}. Combining the estimates for ¢’ and ¢” we
obtain (9.12).

The proof of inequality (9.12) for 0 < s < 1 is more complicated. By virtue of
(12.1), it suffices to estimate the semi-norm |¢|s . p,. Since the expression (1.2) for
this semi-norm is invariant with respect to the permutation (Y,Z2) — (Z,Y), we
have

(123)  Iplrm < @D 1= [ o) = el |z =yl dady,

where D, = {(y,2) € (Pa)? :a=(Z) < a (Y)}. It is easy to see that

a”(Y)

P — o) = (1, 2) ~ plin, D)+ [ I (o, 2) dr
a=(2)
Y1
(12.4) / e? @Y (f(21,Z) — f(x1,Y))dzy = I, + I + I.
a=(Y)
Hence our task is to estimate the quantities
(12.5) J = / |I|"|z —y| 3" dydz, k=1,2,3.

a

The evaluation falls naturally into three steps and it is based on the following
proposition
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Proposition B.1. Ifr,s >0 and i # j # k, i # k, then

/ 2 — 73 dyady; < cr, 8))en — v TV
[_a7a]2

Proof. Note that the left-hand side of the desired equality is equal to

2 2 e du;dvy.:
|Zk_yk‘_1_rs / (1+ |2i — yil”* + |25 — y5 )( 2-rs)/2 _AYi0Y;

e |2k — yrl? |2k — yrl? —
—a,a

c(r,s)lze —yl 7177 /(1 1wl + lys ) G2 dyady;,
R2
and the proposition follows. (I
Step 1. We begin with the observation that, by virtue of the extension principle,

the right- hand side f has an extension over R?, which vanishes outside the cube
(3, and satisfies the inequalities

(12.6) 1o sy < cla,r, )| fllaar@a),  fllze@s) < NfllLe@a)-

Next recall that a=(Z) < y1,21 < a for all (y,z) € D,. From this and Proposition
B.1 we obtain

ne [ {0 [ wen-ewmar{ [ el dpdndss} dnda}dz
[~a,a]?  [a=(Z),a]? [~a,a]®
< / { / lo(21,Z) — o(y1, Z)["ly1 — 21|71 7"* dy1dz1}dZ-
[—a,a]*  [a=(Z),a]?
Since the right- hand side of this inequality is invariant with respect to the permu-

tation (y1,21) — (21,¥1), we have

(12.7)  Jy < ¢(r,s) / / lo(21,2) — o(y1, Z)|"Jyr — 21|+ "¢ dyldzl} dz,

—a,a)?2  D(Z)

where D(Z) = {(yl,zl) :a (Z) <z <y; < a}. Next note that for all (y;,21) €
D(Z),

Y1 z1
o1, 7) = / eI f(1, Z) dt = / 7 f(t+ €, Z) dt
a=(2) a=(2)—¢

where £ = y; — 21 > 0. Thus, we get
21
(128) oln.2) - ¢ 2)= [ N+ e2) - St 2)der
a=(2)
a”(2)
/ et f(t+€,Z)dt = Iy + Lo
a=(2)—¢
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Since f is extended over R?, we have the estimate

a

2a
/|I11|T|y1—z1|_1_rsdy1dz1S / /|M(Z17§aZ)|Td21d§,

D(Z) a=(2) 0

z1
where M(z1,€,2) = ¢571r / "2 (f(t+ €, 2) — f(t, Z)) dt.dzydE
a=(2)
It is easy to see that M satisfies the equation and boundary condition
0., M +oM =K for z; € (a™(Z),a), M=0forz =a (Z),

where K(z1,€,2Z) = 57V (f(z1 + &, Z) — f(21,Z)). Multiplying both sides of
this equation by |M|"~2M and integrating the result over the interval (a=(Z),a)
we arrive at the inequality

K / T 1-1/r 7 1/r
o / M| dz; < / M| K| dz < ( / \M|’"dz1) ( / |K|’"dz1> :
a—(2) a—(2) a—(2) a—(2)

which gives

/IJ\/I(»ZM&Z)\TdmSff_rﬁ_l_rS / |f(z1+ & 2) = f(z1, 2)" dz.
a=(2) a=(2)

Recalling that f is extended over R? and vanishes outside the cube Q3, we obtain
the following estimate for the quantity I7; in the right-hand side of (12.8),
(129) / / |I11|T‘y1 721|7177‘S dyldzle S

[—a,a]? D(Z)

a

2a
o’ / / /5717r5|f(21 +&,2) — f(21,2)|" dz1d€dZ <
[—a,a]>a=(2) 0

o’ / 1f(y1,2) = f(z21, 2)"lys — 21| " "0 dyrdzadZ < co || e @zoprer @y < €0 I (o gs)-
R4

In order to estimate I;2 note that
a”(Z)
Dol =] [ 6 2)de] < e une” D0 (1= )
a=(2)-¢
which gives
a 2a
/ [La|" |y — 21|71 dyndzr < co || fll T (000 / er7le (D=2 dzy /5_1_T5(1 —e 7 de <
D(Z) a=(2) 0

00717T+T5Hf”2°°(Q2a) /5*171‘3(1 _ e*i)rdg < 60717T+TS||f||200(Q2a)'
0
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(From this we conclude that

o] [yr — 21| " dyrdz1dZ < C||f|\2°o(Q2a)0717T+m
[—a,a]> D(Z)
Substituting this inequality together with (12.9) in (12.7), and recalling inequalities
(12.6) we finally obtain the estimate
(12.10) H < (o N e a + 07T e )
Step 2. Our next task is to estimate the quantity Jo. It follows from (12.8) that

|]2| < C“f”Lw(Pa)U—lea(a*(Y)—yl) (1 _ eo(a*(Z)—a*(Y))).

Since 0 < a™(Y) —a™(Z) < clza — 2| + c|\/z3 — \/y3|, we have

(12.11) Jy = / L™z —y| 77" < co || fll 0. (J23 + J2z), where

D,

J23 = / ero(a_(Y)—yl)(l _ efca|\/yi3*\/5‘)r|z _ y|737”dydz,
D

a

Jog = / ero(a (Y)—y1) (]_ _ e*CU|y27z2|)T|Z _ y‘f?)frsdydz.
D

a

It follows from the obvious inclusion
D, C{(y,2) : ya2,21,22 € (—a,a), y3,23 € (0,a), a~ (V) <y <at(Y)}

that
a at(Y)
Jog < / {/[/ (/|Z*y|737”d21d22>6m(a_(y)7y1)dyl} dy2}(1*€7w‘\/%7\/£l)rdysdz3
[0,0]2 @ a=(Y) [0,a]?

Next, Proposition B.1 along with the inequality |[a™ (Y) —a™(Y)| < ¢\/y3 yields the
estimate

at(Y) at(Y)
/ ( / ‘Z_y|—3—rsdzld22>ero‘(a’(Y)—yl) dy1 < C|y3_z3|—1—rs / ero(af(Y)—yl) dyl <
a=(Y) [-a,a]® a=(Y)

- —1—rs ro(a™ —at — —1—rs —co\/1
co ™ ys — 2| 7T (1 — @@ OO <o gy g T (1 - VIR,

which leads to the inequality
(12.12)

Ja3 SCU_I/S(ZS)dZSa S(z3) :/(1_6—00 yS)(1—€_Cg‘m_‘/gl)r|y3—23|_1_T8dy3~
0 0

The change of the variable t = \/y3/2z3 — 1 gives the inequality

(oo}
S <eczg" /(1 — e MDY — el |1 (b 4 2)| T (E 4 1) dE <

-1

1 oo
CZ??TS /(1 _ e—cu|t\—cu)<1 _ e—cu\t|)r|t|—1—7“s dt + CZ;TS /(1 _ e—c;Lt>r+1t—1—2rs dt,
-1 1
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where p = 04/z3. The second change of the variable 7 = ut along with the identity
23" = 0?5 ?"¢ yields the estimate

S(z3) < co®*(S1(1) + Soc (1)),

where
I o

Sl — ,u—rs /(1_e—CT—cu)(l_e—CT)rT—l—rs dT, Soo _ /(1_e—cr)r+17_—1—2rs dr .
0 H

Note that the inequality 0 < s < 1 guarantees the convergence of these integrals.
Substituting this estimate into (12.12) we finally obtain

a ova
(12.13) Jpg < oo /(51 (1) + Soo () dzg = co73 / (S1() + Soo () dps
0 0

Since (1 —e=7~#)(1 —e=°T)" < 7" +cur” and (1 — e~ 7)™ < 7™t we have
the estimates

S (p) < ep™ 22 uSo(u) < e+ ep” 2 for all pe (0,1).

(From this and the inequality » — 2rs +2 = —1+r(1 — k) > —1 we conclude that
the integrals in (12.13) converge at 0, and are finite for each finite 0. On the other
hand, we have for p > 1,

pS1(p) < ep ™", pSec(p) < ept e

Hence for all 0 > 1

ova
2rs—3 rs—1 f # 1.2
< pp2rs—3 1-rs , 1-2rs 2rs—3 { o +o or sr ,
Jag < co / (1 +p ) dptco <c (0_2rs—3 + O_rs—l)(]_ +logo) for sr=1,2
Va

Since (2rs — 3), (rs — 1) < ra, we conclude from this that for all o > 1,
(12.14) legr < co® when sr # 1,2, and J213T < co®(1+log o)/ when sr = 1,2,
Let us estimate the quantity Joo. We have

Jag < / /{ / e‘”"(af(y)_yl)\z—y|_3_mdz1dy1dz3}(1—6_‘"“7‘”2_22')TdygdygdZQ.
[—a,a]? [0,a] [—a,a]?x]0,a]
Since

|z —y| ¥ " dardzs < clys — 2|7V

[—a,a]x[0,a]

we have
7@ (=Y o 1737 Ao dyydzs < coHyg — 20| T,
[-a,a]*x[0,a]

which yields

oo %)
J22 < 60'71 /(l_efca\y27z2\)r|y2_22‘rsfldy2 — co,rsfl /(1_67c\t|)r|t|flfrsdt < ca_rsfl.
—0o0

— 00
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Since for all ¢ > 1, 077! < co™, we conclude from this and inequalities (12.14),
(12.11) that
(12.15)

le/r < | fllpe(p,yo® for sr# 1,2, J21/r < C||fHLoo(7)a)O-a(].+10gU)l/r for sr =1,2.
Step3. We begin with the observation that the function I3(y;,Y, Z) defined by
relation (12.4) satisfies the equation and boundary condition

Oy Is+o0l3 =Kz fora (V) <y <a, I3(a”(Y),Y,Z)=0,
where K3(y1,Y,Z) = f(y1,Z) — f(y1,Y). Multiplying both sides of this equation
by |I3|" 7215 and integrating the result over the interval (a=(Y'),a) we arrive at the

inequality
a a a a
- o1 , 1-1/r , 1/r
o [ inlans [l < () imlran) ([ )
a=(Y) a=(Y) a=(Y) a=(Y)

which leads to the estimate
a

/ Il dyy < o / Fls Z) — Flyn, Y)[" dy.
a=(Y) [—a,a]

Since a~ (YY) <y for all (y,z) € D,, we conclude from this and the inequality

/ |Z o y|737rsd2’1 < C|Y o Z|727TS
[—a,a]

that

(12.16) J3:/|13\T\z—y|73*”dydz§

Da

co" / lf(y1, Z) — f(ys, V)|"|Y — Z|7 2" "*dy,dY dZ <

[—a,a]3
ca—r||f||7I;T(7a,a;HSvT([fa,a]2)) < CO-_T”fH;IS’T(Qa)'

Combining estimates (12.10), (12.15), and recalling inequalities (12.6) we conclude
that under the assumptions of the lemma,

lellsrp. < (07 Ifllzrrpa) + 07 F I f oo p,)) for sr#1,2

lellsrpe < (07 Iflzsr(pa) + 0 (1 +10g ) V7| f || oep,)) for sr=1,2
which completes the proof. [J
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