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Boundary stabilization of elastodynamic systems.

Part I: Rellich-type relations for a problem in elasticity
involving singularities.

Brossard, R.*, Lohéac, J.-P.1.

Abstract. For the Lamé’s system, mixed boundary conditions generate singularities in the solution,
mainly when the boundary of the domain is connected. We here prove Rellich relations involving these
singularities.

These relations are useful in the problem of boundary stabilization of the elastodynamic system when
using the multipliers method. This problem is studied in the second part [3].

Résumé. Pour le systeme de Lamé, des conditions au bord mixtes génerent des singularités dans la
solution, en particulier lorsque la frontiere du domaine est connexe. Nous prouvons ici des relations de
Rellich, en tenant compte de ces singularités.

Ces relations sont utiles pour obtenir la stabilisation frontiere du systeme élastodynamique, en utilisant
la méthode des multiplicateurs. Ce probleme est étudié dans la deuxieme partie [3].

Introduction

In this work, we present a detailed proof of a result which has been announced in [2] and some extension
of this result.
Let 2 C R™ be a bounded connected open set such that its boundary satisfies

0NpNIQN = @7
00 =00p UdQy, with meas(dQp) # 0, (1)
meas(0Qy) # 0.

We denote the boundary interface by I' = 9Qp N 0Ny
At a given x € 0f2, we can consider v(x) the normal unit vector pointing outward of Q. For a regular
vector field v, we define the strain tensor and the stress tensor by

€i(v) = % (Oivj + 0;vy), o(v) =2pe(v) + Adiv (v) I, ,

where A and p are the Lamé’s coefficients and I,, is the identity matrix of R"™.

We introduce following Sobolev spaces: L2(Q) = (L%(Q2))", H*(Q2) = (H*(Q))", for every s > 0, and
HL(Q) ={veH (Q)/v=0, on dQp}.

We here consider the following mixed boundary problem:

—div(o(u)) =£f, inQ,
u=g, on 0Qp, (2)
o(wv =h, on 00y,
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2 Rellich type relations

where f € 1L2(Q), g € H*/2(0Qp) and h € H'/2(00y).

It is well-known that this problem admits a unique solution in H*(£2).

Furthermore, singularities are generated in the solution when the boundary interface I' is non-empty.
These singularities are described in [4, [0 [6] in the bi-dimensional case. Similar situations appear in
Laplace problems and have been addressed by many authors (see for example [5l [1]).

We prove here integral relations for problem , of the type of those introduced in [II] by Rellich.

For a given point xg in R™, we denote by m the following function: m(x) = x — xp.

For two vector fields, v and vs, let us define

O(v1,v2) = 2(a(vi)r)-(m-V)va) — (m-v) (0(v1):€(v2)). (3)

If the solution of problem is regular enough (for example H?, then by means of two successive Green’s
formulae, we obtain the following Rellich relation

2 /Q div(e(u))-((m-V)u) dx = (n — 2) /Q o(u):e(u) dx + . O(u,u) dvy.

The aim of this paper is to generalize such a relation. It is organized as follows.

e In Section 1, we study the n-dimensional case when the interface is empty. In this case, the above
Rellich relation holds (Theorem [1.1J).

e In Section 2, we study the case of a bi-dimensional polygonal domain. Here, some additional terms
can appear in the Rellich relation (Theorem [2.1

e In Section 3, we generalize the previous result in the case of a smooth bi-dimensional domain
(Theorem [3.1)): in this case additional punctual terms appear.

e Finally, in Section 4, we study the case of a smooth n-dimensional domain. Here the additional
term is an integral term along the interface I' (Theorem [4.1]).

In three last sections, we need to analyze the local structure of the solution of mixed problem in a
neighborhood of the interface I'. This is done thanks to results of previous works by P. Grisvard [4} [5] [6]
and B. Mérouani [9].

We emphasize that these Rellich relations are useful for proving boundary stabilization results for the
elastodynamic system by using the multiplier method as well as in [5l [7, [I]. This work is developed in
the second part.

1 The case of a n-dimensional domain without interface
In this section, we assume and that 0Qy and 9Qp are defined by means of above function m,

Ny ={xe€dN/mx)v(x) >0}, 0p={xecd/mkx)vix)<0}, (4)

so that we get (see Figure
r=0. ()

We obtain the following Rellich-type relation.

Theorem 1.1 — Let 2 C R” be a bounded connected open set, where n > 2, such that its boundary is
of class C? and satisfies and . Let u € HY(Q) be the solution of problem with

fel?(), geHY?00p), hecHY2(0y).

Then ©(u,u) (see (3)) belongs to L*(9Q) and

Q/Qdiv(o(u))-((rnV)u)dx:(n—2)/ﬂo(u):e(u)dx—|— . O(u,u)dy.
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N

Figure 1: an example of a domain 2 without interface.

Proof. Our proof is composed of two steps: first we prove a hidden regularity result, secondly we apply
Green’s formula.
e First step. Let us prove that u € H?(Q).
e Interior regularity. For every open subset V such that V C €, multiplying by a cut-off function leads
us to the following problem
—div(g(a)) =f, inR".
We know that for this problem, f € L?(R") implies: u € H?(R™). Hence we get: u € H2(V).
e Boundary regularity. Let x be a point of 02p. We introduce a neighborhood V of x in R™ such that
YNoQd =VNoQp. Multiplying by a cut-off function and changing the coordinates leads us to some
problem in the following form
{ —div(g(a)) =f, inR7},
u=g, on R"~! x {0},
where R? = {(z1,...,2,) € R" /2, > 0}, f € L%R") and g € H3/?(R"1).
Using a trace result, we can build U € H?(R?) such that U = g, on R"~* x {0}.
We write f = div(6(U)) — div(g(a)). f € L*(R?) and U=1u— U satisfies

~div(5(U)) =f, inR7,
Uu=o0, on R"~! x {0}.

Using the differential quotients method, we prove that . € H*(R’.). Hence we get: u € H*(QNV).
For a point x of 0y, a similar method leads to: u is H? in some neighborhood of x.

Finally, since € is compact, we can conclude that u belongs to H?(£2).

e Second step. Green’s formulae.

We may now apply Green’s formula a first time,

2/Qdiv(a(u))~((m~V)u) dx :2/6 (c(u)v)-((m-V)u) d’ny/ o(u):V((m-V)u) dx

Q Q

:2/{99(0(u)u)~((m.v)u) d’)’f2/9cr(u):e(u) dxf/QV(o(u);e(u)).mdx,

and a second time,

2/Qdiv(a(u))-((m~V)u)dx :2/3 (U(u)u)-((m-V)u)d'y—Q/ o(u): e(u) dx

Q Q

Q

— [ ) (o)) dy +n [ otwselw) ix.

Hence, we get the required results. O
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2 The case of a bi-dimensional polygonal domain

We here study the case of a convex polygonal domain Q C R?. We assume that its boundary OS2 satisfies
and furthermore, the interface I' is composed of two points,

r= {51352}7 (6)

These points s; and sy will be considered as two vertices of 99, (see Figure [2)).

00

Figure 2: a polygonal domain 2 with a non-empty interface I' = {s;,s2}.

We assume moreover that there exists xg € R? such that
m-v >0, ondQy, and m-v <0, ondQp. (7)

Let us recall that changing boundary conditions generates singularities in the solution of our problem.
We will denote by c(s) the coefficient of the singularity associated to point s.

At each point s;, we define w(s;) the angle of Q. If w(s;) = 7, we denote by 7(s;) the unit tangent vector
to 9 pointing toward 9Qp, (see Figure . Let us observe that condition @ leads to

w(s;)) =m=m(s;) v(s;) =0. (8)

Let us define

o grtNBut+ N (Wanz <3M+/\)> .
T o+ A

We here obtain a Rellich-type relation in the following form:

Theorem 2.1 — Let Q C R? be a bounded convex polygonal open set such that its boundary satisfies
, @ and . Let u € HY(Q) be the solution of problem with

fel?(Q), geH?0Qp), heH?HQy).
Then ©(u,u) belongs to L1(98) and
2 /Q div(o(u))-((m-V)u) dx = O(u,u)dy+ 7T Z c(s)*(m(s)-T(s)),

oQ s€{s1,s2}
w(s)=m

where ¢(s) is the singularity coefficient of u at point s.
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We emphasize that in above Rellich relation, singular term c(s)?(m(s)-7(s)) appears only if w(s) = 7.
In order to prove this Theorem, we use results of P. Grisvard and B. Merouani [4, 9, [6] and we proceed
as well as in [5].

Proof. As well as for Theorem |11} we can prove that for every open set V such that V C Q, u € H3(V).
Similarly, for every x € 92\ T" such that x is not a vertex, there exists a neighborhood V of x such that
ueH*(VNQ).

For a vertex § € 9Q \ T, we use [4, [0 [6] to prove that there exists a neighborhood V of § such that
ue H2(VNQ).

Now consider s € I'. Let 7 and 73 be the adjacent edges to s. Using a cut-off function, we can suppose that
u vanishes outside a disk D(s,d). We can suppose that ¢ is small enough, so that D(s,d) NI C vy U;.
We take some € > 0 and define (see Figure [2))

H. ={(r,0) € (¢,400) x (0,w)}, fe ={(c,0) /0 € (0,w)},
OHpe ={(r,0) /r >}, OHne = {(r,w) /r > e},

so that OH. = OHp. U OH . UT ..

OH pe

Figure 3: an example of set H. for w < 7.

Then u € H?(H.) and Theorem [1.1] gives

2/ div(o(u))-((m-V)u) dx:/a O(u,u)dv. (9)

He

Using Lebesgue’s Theorem, we easily get

div(o(u))-((m-V)u) dx - div(o(u))-((m-V)u) dx.
He e H
We now consider the convergence of the right-hand side of @ Projecting method and changing coordi-
nates leads us to consider the following problem

—div(e(n)) =f, inH,
u=0, on OHp, (10)
v =bzero, ondHn,

where H = {(r,0) € R} x (0,w)}, OHp
and where f € L2(H).

Hence, we can write u = U + 0 where U € H?(H). We use the structure of the solution of given in
[4, 9L [6] and we now consider two cases.

I
—~

(r,0)/r >0}, OHx = {(r,w) /r > 0}, in polar coordinates,

2.1 First case: w <
A

1
Let us denote by v the Poisson’s coefficient of the system, i.e. v = GO
1

Following [4], @} 6], we have to consider this equation in a,
4(1 —v)? — a?sinw
3—4v '

sin?(ow) =
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Let (a;)i=1,...x be the sequence of complex roots of such that Ra € (0,1]. From [4, 9] [6], we get

VA

K
Jur € H*(H)/ Vi€ [l,K], 3(vi,v?) € (C(0,w],C))? : a=1tg+ Z@?[To‘i (vi(0) +1In(r) vi())].
i=1

Writing ug = U + ug, we get

K
u=ug+y R (vi(0) + () vi(e))] (12)

i=1
The main point of our proof lies in the following Lemma which will be proved at the end of this section.

1
Lemma 2.1 — Vi€ [1,K], Ra; > 3

Hence, for the Rellich-type relation, there is no corrective term. We then prove

O(u,u)dy — O(u,u)dy. (13)
oM. =0 Jon

We know that u can be written in the form . Using this form, we expand the left-hand side in
(13) and we have to consider u; and us two functions taken among the following ones: ug, R[r®iv}(6)],
Rirei In(r) vZ(9)].

We have: 3C >0 : |O(uy,uz)| < C|Vuy||Vus|.

e First case: u; = ups = up

In this case, we have: ug € H?(H) and we may use Lebesgue’s Theorem to get the result.

e Second case: u; = ug and uy = R[r*ivi(0)]

We have: 3C > 0 : |Vug| < O r¥ei—1,

Hence, 3C > 0 : [O(uy, up)| < C|Vuy|rRei—1,

Now, with lemma Ra; —1 > —1/2. Then we may apply Lebesgue’s Theorem and get

/ O(uy, ug) dy — O(uy, uz) dv, / O(uy,uz) dy — O(ur, up) dv.
OHpe =0 Jonp OH N« =0 Jony

Moreover, there exists C' > 0 such that
‘/ ®(u1,uz)d7\ =c ] / O(uy, uy) d9| <0t —0,
ff 0 e—

since Ra; > 1/2. Then is satisfied.

Remark. We get a similar result with uy = R[r®i In(r) v?
the roles of u; and us.

e Third case : u; = R[r*v;(#)] and uy = R[r* v} ()]

(9)]. We also get the same result when reversing

i
We have: 3C > 0 : |Vuy| < Cr%*i—l | |[Vuy| < CrRe—t,
Then, 3C >0 : |O(uy,uy)| < CrReitRe; =2,
Now, with Lemma Roa; + Rao;j —2 > —1. Then applying Lebesgue’s Theorem, we get

/ O(uy, ug) dy — O(uy,uy) dv, / O(uy, ug) dy — O(uy,uy)dy.
OHpe =0 Jonp OH e =0 Jony

Moreover, there exists C' > 0 such that

’/ @(ul, u2) d"y‘ =¢ ’/ @(ul’ 112) d@' < Ceﬂ?ai+§ﬁo¢j71 ‘_0_) 0’
fa 0 £—
since fa; + Na; —1 > 0. Then is satisfied.

2

Remark. We get a similar result with uy, us or both in the form R[r In(r) v7(0)]. O
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Proof of Lemma [2.7]

This Lemma has been proved in a different form especially in [13, [10].
Assume that a solution of o = 7y +1in is such that v € (0,1/2).

1- 2 1

We have: sin?(aw) = M = 5(1 — cos(2yw) cosh(2nw) + i sin(2yw) sinh(2nw)) .

— )2 — a2 sin? )2 (A2 2 ; 02
Moreover, 4(1 —v)? — o*sin“w _ 4(1 —v)* — (v* — n? 4 2iyn) sin“w .

3—4v 3—4v
We then get
(3 — 4v)(1 — cos(2yw) cosh(2nw)) = 2(4(1 —v)? + (n* —4?)sin?w),
(14)
(3 — 4v) sin(2yw) sinh(2nw) = —4ynsin®w.

The first equation of is even with respect to 7, the second is odd. We conclude that, if « is a solution
of , then @ also is.

We then assume in the following 0 < v < 1/2 and n > 0. Let us rewrite the second equation of
(3 — 4v) sin(2yw) sinh(2nw) + 4ynsin*w = 0. (15)

Let us remind that 0 < v <1/2 and 0 < w < 7.
We then have in

(3 — 4v) sin(2yw) sinh(2nw) > 0,
ypsinfw > 0
And
(3 — 4v) sin(2yw) sinh(2nw) = 0,
ypsinfw = 0.

Hence n = 0, and the first equation of gives
(3 — 4v) cos(2yw) + 8(1 — v)? — (3 — 4v) — 272 sin*w = 0.
Since 3 —4v > 0, for every v € (0,1/2], we have
0> (3—4v)cosw +8(1 —v)? — (3 —4v) — %sian = %(COS2w +2(3 —4v)cosw + 16v° —24v + 9
= %(cosw + (3 —4v))? > 0.

Which is impossible. O

2.2 Second case: w=T

e Structure of the solution. Once again, we use [4, [, [6].
In this case, equation becomes

41— v)? — a?
sin?(ar) = (?)i# (16)
1 In(3—4
The roots of such that Ra € (0,1] are: « = 3 + ik and @, with: k= y
™

Then the singular solution of is: ug(r,0) =R (r*v(d)).
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We need to know exactly ug. To this end, we introduce the following intermediate functions

a(f) =1 [sin(—%&) - sin(%ﬁ) — 2/@(003(—%9) — cos(%@))} exp(k0),
b(0) = v [COS(—%Q) - cos(%G) + 2k (sin(—ge) - sin(%@))} exp(k0) ,

m(0) = 4(vy + 2) sin(%@) cosh(k0) ,

n(0) =4(vg +2) COS(%@) sinh(k0) ,

A
where vy = ﬂ

We can write

us(r,0) = r [cos(k:ln(r)) ( ‘2((99)) 1%9)) ) tsin(k In(r)) ( ;E’gf&(gf )} . (17)

Then we get: g € H2(H), es € R : 4 =1ug + csugs,
and then, if we write ug = U + ug, we have

u=ug+csug. (18)

e End of the proof of Theorem in the second case. As well as in paragraph we use and
expand ©(u,u). Similarly, terms where ug appears vanish.

We now consider the remaining term, quadratic with respect to ug.

Since w = 7, we have (m-v) =0, on OH.

Hence, o(ug)v =0, on 9Hy. Then O(ug,ug) =0, on IHy.

Moreover, ug = 0, on 9Hp. This implies that (m-V)ug = (m-v)(v-V)ug.

Then O(ug,us) = (m-v)(2(c(us)v) (v-V)ug — o(ug):e(ug)) =0 on IHp.

It only remains to compute the integral on I..

For a given € > 0, A technical computation gives: O(ug,ug)dy =Tm(0)-7(0) + O(e).
.
We then get: lirr(l)/ O(u,u)dy = |es|? lir%/ O(ug, ug) dy = T |cs|* m(0)-7(0).
e=0Jr, e=0Jr.
This achieves the proof of Theorem [2.1 O

3 The case of a smooth bi-dimensional domain

We here study the case of a bounded connected domain 2 C R%2. We assume that its boundary 9 is of
class C? and satisfies (1)) and (6) (In (6], s1 and sy are two points of 9Q (see Figure [3).).
We assume moreover that there exists xg € R? such that is satisfied. At each point s;, we denote by
7(s;) the unit tangent vector to 92 pointing toward 9€Qp.
It can be observed that

m(sq)-v(s1) = m(sq2)-v(sz) = 0. (19)

In this case, the Rellich-type relation can be written as follows:

Theorem 3.1 — Let Q C R? be a bounded connected domain of class C* which satisfies , @ and
(19). Let u € H'(Q) be the solution of problem with

fel?(Q), geH?0p), heH/?HQy). (20)
Then ©(u,u) belongs to L1(99) and
2/ div(o(u))-((m-V)u) dx = O(u,u)dy+ 7Y Z c(s)*(m(s)-T(s)),
Q2 o0 s€{s1,s2}
where ¢(s) is the singularity coefficient of u at s.

Once again, we need to know the structure of the studied functions.
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0Oy

Figure 4: a smooth bi-dimensional domain {2 with a non-empty interface.

3.1 The case of the semi-disk: structure of the solution

We first study the case Q = DT (p), where p > 0 so that in polar coordinates, we may define D" (p) =
(0,p) x (0,7), D% (p) = (0,p) x {r} and AD}(p) = (0,p) x {0} U {p} x (0,7), (see Figure |3.1) and we
consider the problem

—div(o(u))=f, in D (p),

u=0, on dD}(p), (21)

o(u)y =0, on dD%(p) -

oD% (p)

Figure 5: the considered domain is a semi-disk.

We denote by tig the function defined by in the whole half-plane. Let ¢ be a cut-off function belonging
to C>°(R™, [0, 1]) such that supp(s) C [0, p2] and ¢ =1 on [0, p1], with 0 < p1 < pa < p. We can define

ug(r,8) = ag(r,0)s(r). (22)
Using results of paragraph we get
Proposition 3.1 — Let u be the solution of problem where £ € L2(DT(p)). We have
Jlug € H*(DT(p)), Fles €R : u=ug + csug,
where ug is defined by .
This Proposition means that, if we define the operator .4, by

D(A,) ={v e Hp(D"(p)) / A,v € L* (Dt (p)) and o(v)v =0, on 0D} (p)} and A,v = —div(c(v)),



10 Rellich type relations

we get: D(A,) C H*(D'(p)) ® Rug.
We want now to characterize the singular coefficient cg according to f. To this end, we introduce the
following intermediate functions

a(0) =1y [sin(—gG) - sin(—%@) + 2k (cos(—%@) - cos(—%@))} exp(k0),
b(0) = 1y [COS(—%H) - cos(—%@) — 2k (sin(—gﬁ) - sin(—%@))} exp(kd),
m(8) = 4(vo + 2) sin(—%&) cosh(k) ,

() = 4(vp + 2) cos(—%@) sinh(k@) ,

where k and vg have been introduced in subsection 22
We then define

*r g) = cos(kIn(r)) [ a(0) +m(9) sin(kIn(r)) [ —b() — 7(6)
e R S I el (P )

In the distributions sense, ¥* is a L2 solution of the following problem

—div(c(u)) =0, in D (p),
u=0, on (0,p) x {0},
oc(u)yr =0, on 0D} (p).

Let us now consider g(f) = X*(p, ), for every 6 € (0, 7). We have g € C>([0,7]). Let ¥* € H'(D*(p))
be a weak solution of the following problem

—div(o(u)) =0, in DT (p),

u=0, on (0, p) x {0},
u-=g, on{p}X(O,w),
olujr=0, on dDF(p).

We define 8* = ¥* — ¥*. S* is then, in sense of distributions, a L2 solution of the following problem

—div(o(u) =0, in D*(p),
u=0, on dD}(p),
o(u)y =0, on 0D} (p).

We get the following result

Proposition 3.2 — For f € L2(D"(p)), let u be the solution of problem and let cg be the singular
coefficient of this solution. There exists »x € R*, independent of £, such that

1
cs = — S*-fdx.
> JD*(p)

Proof. Let (v,)nen € H5 (D (p))N be such that (v,,) tends to S* in L2(D*(p)).
For all n € N, we have

/ U(uR):e(vn)dx+cs/ o(ug):e(vy) dx:/ fov,dx.
D+ (p) D+(p) D+(p)

Now, we have of course

/ fv,dx —— f-S*dx.
D+ (p)

n=ee Jp(p)
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Moreover,

/ o(ug):€e(vy,)dx = 7/ div(o(ug)) vy dx —— — div(e(ug))-S*dx =0,
D+ (p) D+ (p)

n=ee Jpr(p)

since ugp = u — cgug satisfies the homogeneous Neumann condition on 8DJJ(,(p).
Then, there exists s € R such that

/ o(ug):e(vy)dx —— .
D+ (p)

n—0o0

We then get

»cg = / S*-fdx.
D+ (p)

Now, s is independent of f. Thus s € R* and the Theorem is proved. g
We now want to get an estimate of the H2-norm of the regular part according to f.

Proposition 3.3 — For f € L*(D*(p)), let u € D(A,) be the solution of problem (21)). Let us denote
its reqular part by ug € H2(D*(p)).
There exists C > 0 independent of £ such that

gm0+ (o)) < ClifllLz(p+p)) -

Proof. We define L%(D"(p)) = {f € L*(D*(p)) /u € H*(D"(p))}. Using Proposition we may
observe that the map f — cg is linear and continuous.
Let us denote by L% (D% (p)) its kernel which is a closed linear space, and define

T: LA(D*(p) — D(A,) NHX(D*(p))
fR —  UupR.

T is continuous linear and one-to-one. Moreover, we have T~ !(ug) = —div(c(ugr)), for every ug in
D(A,) NH?(D*(p)). We now apply the open-mapping Theorem,

3C>0: Vuge D(A)NEAD (0), [div(our)lliz s < C lurlmoipn - (23)

Consider now

T: D(A,)NH*(D*(p)) — Li(DT(p)
ug +—— —div(c(ug)).
T is continuous, linear and one-to-one. Moreover, we can easily see that D(A,) NH?(D(p)) is a Banach
space with the norm induced by H?(D%(p)). Once again we apply the open-mapping Theorem,
3C>0: VYuge D(A,)NHX (D" (p), [urlump+) < Cldivio(ur)le ). (24)

Let us consider f € L2(D¥(p)) and u € D(A,), the corresponding solution of (2I). Let ur € H?(D*(p))
and cg € R be such that u = ug + csug. Writing the variational formulation with v = ug, we get

/ a(uR):e(uR)dx+cs/ o(us):e(uR)dx:/ fupdx.
D+ (p) D+ (p)

D*(p)

Using Theorem there exists some constant C' > 0 independent of f such that |cs| < C'||f||L2(p+(p))-
Then there exists C > 0 independent of f such that

s [ atus)seur) dx] < ClEuacor i urlin oo
D+(p)
Moreover, we get easily the existence of ¢ > 0 independent of f such that

/ o(ug):€e(ugr) dxzc|\uR||%H1(D+(p)).
D*(p)
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At last, we have
‘/ fup dx‘ < NEllz o+ (o) arlls (p+ o)) -
D+(p)
Then, there exists C' > 0 independent of f such that

larllm (p+(p) < CllfllLzp+(p)) - (25)
We deduce Proposition from , and . O

3.2 Structure of the solution in the general case

We now consider the case of a bounded connected domain (2 satisfying geometrical assumptions given in
the introduction of this paragraph. As well as in the case of the polygon, the solution of problem will
be locally H? in the neighborhood of every point of Q and of every point of the boundary, except the
points of I'. We will then work at these points.

ow D

811)]\7

Figure 6: an example of domain induced by a neighborhood of s.

Let then s be one of the two points of the interface, and let W C R? be a neighborhood of s. We denote

(see Figure
w=Wna, awN:WﬂE)QN, 6wD:(WﬂaQD)U(8wﬂQ). (26)
Using a localization process leads us to consider the following problem

—div(o(u)) =g, inw,
u=20, on Jwp , (27)
oc(u)r =0, on Jwy ,

where g € L?(w).
For this problem, we define the operator B by

D(B) = {v e Hh(w)/Bv € L*(w) and o(v)v =0, on dwy} and Bv = —div(s(v)).

We assume that w is such that there exists a C2-diffeomorphism ¢ from w onto DT (p) for some p > 0,
such that

d(s)=0,  ¢(dwp)=09D}(p),  G(dwn)=0Dy(p). (28)
Without any restriction, we suppose that s is located at origin and that x;-axis is tangent to w at this
point. Reducing w if necessary, there exists 1 € C2(R,R) such that 90N W C {(z,¢(z)) /z € R}. Let
us consider the following function ¢,

p1(z1,m2) =w1,  P2(w1,@2) = w2 —P(21).
Using these local coordinates, can be written as follows
—div(E(@) =&, in D*(p),
u=0, on DS (p), (29)
Gy =0, on dD%(p),
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where g € L2(D*(p)) and where 6 = o + 3 with

Pra() = —(2p + A)Y'(21) 021,

Pra(0) = — )’ (21)2tiz (30)
Bor(@) = (2 + N (21)? oty — (2 + M) (w1)O161 — (p + A’ (1) Data

Baz() = ! (21)?Oaiia — pa’ (1) 012 — (w0 + N/ (1) Doy -

As well as in [I], we consider problem as a perturbation of problem in order to get the following
regularity result. This result generalizes Proposition |3.1

Proposition 3.4 — Let w be an open subset of R* defined in (26), there exist p > 0 and a C*-
diffeomorphism ¢ from w onto DY (p) such that 18 satisfied and

D(B) ¢ H*(w) @ R(ug o ¢),
where ug is given by .

Proof. We take p and ¢ as above.
Let A, be the operator defined by

D(A,) = {v e HL (D" (p)) /| A,v € L*(D*(p)) and ¢(V)v =0, on D} (p)} and A,v = —div(5(¥)).
We need the following Lemma, which gives estimates of the perturbation.

Lemma 3.1 Let p,, be a fized real positive number. For p € (0,py,) and v € D(A,), B(v) belongs to
HY (DT (p))* and there exists C > 0, independent of p, such that

Y e DA, (1Bl p+pn < Cvolvlipa,) -
This Lemma is proved at the end of this section. Let us now use it. B
Consider a solution @ of (29) belonging to D(A,). Using lemma we get that (@) belongs to
HY (D" (p))*. Using a classical trace result, we can build u" € H?(D¥(p)) such that
@ =0 on dD}(p), o(@)v=—F(a), on dDL(p)
and such that there exists C' > 0, independent of p and u, so that
10" [[g2(p+ (o)) < C \|B(ﬁ)||H1(D+(p))4 .
We can write problem as follows,
—div(o(@)) — div(3(1)) — div(c(0")) = &, in D*(p),
a=0, on DS (p),
c(@)r=0, on D% (p) .
We now define the operator P, by
Po: D(A,) — L2(D*(p))
Using Lemma we get that P, is continuous and that its norm is bounded by C,/p, where C is
independent of p. Furthermore, A, is an isomorphism from D(A,) onto L?(D*(p)). Hence, for p > 0

small enough, flp = A, + P, is an isomorphism from D(A,) onto L*(D"(p)).
Proposition [3.4] is then proved. O
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Proof of lemma [3.9]

For p € (0, p) and v € D(A,), let us prove that 3;1(v) belongs to H'(D*(p)).
Since v € D(A,), there exists cg € R and v € H?*(D"(p)) such that v = vg + csug.
For i € {1,2}, we have

0;P11(v) = 9;B11(VR) + cs0:511(us) -
e The term depending on vy satisfies
0iP11(VR) = — (21 + N)00 (21)02vR1 — (21 + N (21)0i2VR1 -

Since ¢'(0) = 0 and p € (0, prm), there exists M > 0 independent of p such that |¢'(x1)] < M p. Then
there exists C' > 0 independent of p such that

120+ MY (21)92VRi iz < Cpllvruz -
Thanks to Proposition there exists C' > 0 independent of p such that
(26 + X' (21)0i2vrillLe < Cpllvipea,) -

On the other hand, since v and ug satisfy boundary conditions, vg satisfy them. Then 0;vg satisfy a
Dirichlet condition on D} (p). Thanks to Proposition there exists C' > 0 independent of p such that

[01vrllL: < Cpllviipea,)

since Poincaré’s constant is proportional to p. Moreover, o12(vg) and 22 (v g) satisfy a Dirichlet condition
on dD};(p). Finally we get C > 0 independent of p such that

[02vRlL2 < Cpllvlpea,)
and there exists C' > 0 independent of p such that
(20 + N0t (21)0avrillLz < Cpllvlp(a,) -

Hence we can write ||8Z-/5’11(VR)||L2 =0(p HV||D(AP))~
e Let us now consider the remaining term depending on ug. Again, we have

0iB11(csug) = —(2u+ N)egdn' (x1)d2us1 — (21 + Nest (x1)di2us: -
For this terms, we know ug explicitly. We then get C' > 0 independent of p such that
120+ N)esdi' (21)0zus L2 < C\/ples,
and there exists C' > 0 independent of p such that
121 + Nest' (21)0ipus L2 < C/ples .

Now, using Proposition we obtain C' > 0 independent of p such that [cs| < C'[|v][pa,)-
And we can write [|0;811(csus)|L: = O(V/plIVliD(a,))-

Finally, we get: (11(v) belongs to H (D (p)), and there exists C' > 0 independent of p such that
181 (V) [ (p+ (o) < C VP IVIiD(a,) -

We proceed similarly for other coefficients 3;;(v) and we obtain the required result. O
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3.3 Proof of the Rellich-type relation

We can now prove Theorem
Let u € H!(Q) be the solution of problem with data satisfying (20]).
Let us proceed as well as in the polygonal case. We first use trace Theorem and build @ € H?*(2) such
that & = u and o(Q)v = o(u)v on ON.
Then U = u — u satisfies
—div(e(U)) =F, inQ,
U=o0, on 0Qp, (31)
c(Ur =0, on 00y,

where F = div(o(@)) — div(c(u)) € L*(Q).
We take € > 0 small enough and we define

Q. =Q\ (D(s1,e) U D(s2,¢)), . = (D(s1,e) UOD(s2,¢)) N Q,
O0pe = 00pe \ (D(sl,s) U D(SQ,E)) , O0ne = 00Ne \ (D(sl,e) U D(sz,e)) ,

so that we have Q. = 9Qp. U QN UT..
For s € I, we apply Proposition to U in D(s,e) N Q. We obtain Ug € H?(D(s,e) N ) and cg € R
such that U = Ug + cs(ug o ¢). Writing ugp = Ug + 1, we get

u=ug+cs(ugog), in D(s,e)NQ, with UREHz(D(S,E)ﬁQ).

Using this form, we expand ©(u,u).

Terms containing ug are obviously integrable on 9Q N D(s, g).

Let us consider terms depending only on ug.

Observe that on 9Q N D(s,¢), |(m-v)| < Cd(.,s).

By a computation, we get that |(m-v)o(ug o ¢):e(ug o ¢)| is bounded on 9Q N D(s,¢).
Now, (o(ug o ¢)v)-((m-V)ug o ¢) is of course integrable on 0Qx N D(s, €), since it vanishes.
On 092p N D(s,¢), since ug o ¢ = 0, we have (m-V)ug o ¢ = (m-v)(v-V)ug o ¢.

Hence, |(c(ug o ¢p)v)-(m-V)ug o ¢| is bounded on 9Qp N D(s, ).

We then obtain that ©(u, u) belongs to L}(922 N D(s,¢)). Hence, it belongs to L' (99).

Now, since u € H?(Q.), we apply twice Green’s formula and we obtain

/ div(o’(u))-((m'V)u)dx:/ O(u,u) dvy.
Q. o

Qe

Using Lebesgue’s Theorem, we get

/ div(o(u))-((m-V)u) dx - div(o(u))-((m-V)u) dx, / ~ O(u,u)dy 7 O(u,u)dy.
Qc Q 0QN\T. o0

For the remaining integral on 'z, we observe that ’J(QS) - Ig’ = O(e). By a similar computation as at
the end of section [2, we get

O, 1) dy — T [es [ m(0) 7(0).

r. e
The Rellich-type relation is then proved. O

4 The case of a smooth n-dimensional domain

We here study the case of a bounded connected domain 2 C R™. We assume that its boundary 952 is of
class C? and satisfies . We assume furthermore that I" is a (n — 2)-dimensional submanifold of class
C? and there exists a neighborhood ' of ' such that QN is a (n — 1)-submanifold of class C3, (see
Figure .

We assume moreover that there exists xg € R™ such that is satisfied.

It can be observed that under these assumptions,

m-v=0, onl. (32)
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00N

Figure 7: a general smooth domain  with a non-empty interface.

At each point s of T', we consider T" as a submanifold of 9 of co-dimension 1 and we denote by 7(s) the
unit normal vector to I" pointing outward of Q.
In this case, the Rellich-type relation can be written as follows.

Theorem 4.1 — Let Q C R" be a bounded connected domain of class C* which satisfies and above
geometrical assumptions. We assume moreover that the boundary satisfies . Let u € HY(Q) be the
solution of problem with

fel?(Q), geH?0p), heH/?HQy). (33)

Then ©(u, u) belongs to LY(0) and there exists ¢ € L2(T'), depending on local singularity coefficients of
u, such that

Z/Qdiv (a(u))~(m-V)udx:(n—Q)/Qa(u):e(u)dx—k 8Sz@(u,u)d7+£|§|2m-7ds.

As above, we need to know the local structure u at each point of I'.

4.1 The case of the semi-cylinder: structure of the solution

We here use notations of section D (p) is the semi-disk with radius p in dimension 2. For d = n — 2,
we here consider the case 2 = CT(p) where C*(p) = Dt (p) x R (see Figure .

oCH (p)w /

z

Figure 8: the considered domain is a semi-cylinder.

Coordinates of x € CT(p) will be denoted by (z1,2,2), where z = (z1,. .., z4) € R%
Let us define 0CY;(p) = D% (p) x R® and 0} (p) = 0D (p) x RY.
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We consider the problem
—div(o(w) =£, inC*(p),
u=0, on 9C} (p) , (34)
o(u)y =0, on dC;(p) .

Our aim is to generalize regularity results got in section [3.1
Let ug € (H' (D" (p)))? be the singular solution defined by (22).
Let ul, € HY(D*(p)) be the Shamir function [12] defined in polar coordinates by

ul(r,0) = ¢(r) Vr sin(g) ,

where ¢ is a cut-off function belonging to C*°(R, [0, 1]) such that supp(s) C [0, p2] and ¢ = 1 on [0, p1],
With0<p1<p2<p.

Observe that ulS is the solution of some mixed boundary problem for Laplace equation in D% (p) (see for
instance [1]). It belongs to HY (D% (p)) \ H2(D*(p)). We define ug € H!(D*(p)) by

us = t(u§7uga"'aulS)' (35)
The structure of the solution of is given in the following Proposition.

Proposition 4.1 — Let u be the solution of problem . Then,

1. for every i in {1,...,d}, g—zu belongs to H(CT(p)),

2. there exists a unique element of L2(R%, H2(D*(p))) x L2(R?), (ug, cs), such that u = ugr +us®cg,
where ug is defined by ,

3. there exists C' > 0, independent of p, such that

gz @m0+ (p))) < ClifllLzc+ (o)) »

ou

92 S Clfllezcryy, Yied{l,...,d},

H (C*(p))

lesliLeay < ClifllLzc+p)) -

Proof. The first point of above Proposition and corresponding estimates can be easily obtained by using
differential quotients. Hence we only develop the proof of the second one.

Notation. In order to get a more readable proof, we will say that some non-negative real number
satisfies condition C(f) if there exists C' > 0 independent of p such that this real number is bounded by
C 2o+ (o))

Let us denote the solution of problem by u = *(uy,...,u,) and define

u’ = ( - ) e (H'(CH(p))*.

Using Ay = 0%, 4 93,, we rewrite in the following form,

—Aou; = g;, in C*(p),
Vie{3,...,n}, u; =0, on 9C3(p) , (36)
aQ’UJZ‘ = hz s on 80;}(;)) .

With the first point, we get g; € L2(C*(p)) and h; € HY/2(CH(p)).

Moreover [|gillLz(c+(p)) and [[hillgr/2(c+ () satisfy the condition C(f).

Then, using [I], there exists (ug;,cs;) € L2(R%, H2(D*(p))) x L2(R?) such that: wu; = ug; + uk ® cg;.
Furthermore, ||URi||L2(Rd’H2(D+(p))) and ||CSi||L2(Rd) satisfy the condition C(f).
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It remains to obtain the result for u®. We denote by div, the divergence operator in R2. We also denote
by e2(u®) and o2(u®) the strain tensor and the stress tensor in dimension 2. Hence, u® satisfies

—diva(oa(u®)) =g, in C*(p),
u =0, on 9C}(p), (37)
oo(u®)v = he | on 9C%(p)
where g € (L*(C*(p)))?, h® € (HY2(C(p)))*.
Again, [|g°([(L2(c+ ()2 and ||h®||m1/2(c+ ()2 satisfy the condition C(f).
Using a trace result, we can build u® € (H?(C*(p)))? such that [[G°||(2(c+(,)))2 satisfies the condition
C(f) and that U® = u® — @° satisfies an equation in the form with h¢ = 0.
In this equation, there are no derivative with respect to z. We then can work for a given z, and we get
that, for almost every z, U¢ satisfies
—dng(O’g(Ue(., Z))) = Ge('7z) ’ in D+(p) ;
U¢(.,z) =0, on dDS(p), (38)
o2(U¢(.,2z))v =0, on 9CK(p),
where G¢(.,z) € (L2(D*(p)))? and there exists C' > 0 independent of p such that

1G°(, 2) 2o+ ()2 < CIEC2) L2+ (o)) -
With Propositions and we can write u®(.,z) = u%(.,z) + ci(z)ug where uy(.,z) €
(H2(D*(p)))?. Furthermore, there exists C' > 0 independent of p such that
uR (. 2) |2+ ()2 < CIEC 2) w2+ 0)))2
and
c§(z) = / S*(x) G*(x,2) dx .
D+ (p))

We easily get that c¢g € L*(R?) and that [|c§|y2ga) satisfies the condition C(f).
We also get that u§, € (L*(R%, H?(D"(p))))? and that [[u% || 12®a m2(p+(p))))2 satisfies the condition C(f).
We now write
uR = t(tu%7uR37"'7uRn>7 CS = t(c§7cg7css7""csn)'
and we obtain the required result. O

Remark. Proposition may be expressed in other words.
For p > 0, let By(p) be the ball of R? centered at the origin of radius p. We define

C*(p) = D*(p) x Ba(p), T'(p) = {(0,0)} x Ba(p),

. . ) . (39)
9C(p) = DN (p) x Ba(p),  9C}(p) = dC*(p)\ dCx (p),
and consider the following problem
~div(o(w) = £, i C*(p),
u=0, on 9C}(p) , (40)

o)y =0, on dCT;(p) .
Using a cut-off function, Proposition allows us to prove that, if we define the operator A, by
D(A,) = {v € HH(C*(p) / A,v € LACH () and o(v)v =0, on 0C5(p)}, A = —div(o(v).
we get:  D(A,) C H2(CT(p)) & (us @ L*(Ba(p)))-
We now can estimate of the H?-norm of the regular part according to f.

Proposition 4.2 — For f € L2(CT(p)), letu € D(A,) be the solution of problem . Its regular part,
ug € H2(C™(p)), satisfies: there exists C > 0 independent of £ such that

||URHH2(C‘+(p)) <C HfH]m(Cw(p)) .
Proof. We only follow the proof of Proposition [3.3] O
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4.2 Structure of the solution in the general case

We now consider the case of a bounded connected domain (2 satisfying geometrical assumptions given in
the introduction of this paragraph. As well as in the 2-dimensional case, the solution of problem is
locally H? in the neighborhood of every point of Q and of every point of 9 \ T

Figure 9: an example of domain induced by a neighborhood of a point of T

For s € T', let W C R” be a neighborhood of s. We define (see Figure ?7?)

w=WnQ, y=WnT,
(41)
dwy =W NoQy, 6wD:(W089D)U(8wﬂQ),
A localization process (see [I]) leads us to consider the following problem:
—div(o(u)) =g, inw,
u=0, on Qwp , (42)

o(u)r =0, on Jwy ,

where g € L?(w).
For this problem, we define the operator B by

D(B) = {v € H(w) /Bv € L*(w) and o(v)n =0, on dwy}, Bv = —div(o(v)).

We assume that w is such that for any p > 0, there exists a C?-diffeomorphism ® from w onto C*(p)
which satisfies

®(s) =0, @(dwp)=0Ch(p), B(dwn)=0Cx(p), ®(7)=T(p). (43)

Modifying w if necessary, and for simplicity, we will consider a particular ®. As well as in subsection [3.2
without any restriction, we suppose that the considered point s of I' is located at the origin, that dw is
tangent to zg-axis and 7 to the subspace {x1 = x2 = 0} at this point.

Reducing w if necessary, there exists ¢ € C2(R"1,R) and v € C?>(R%,R) such that

Vx = (1‘17:L‘27Z) cw, Q(X) = (331 - 1/’(2)71'2 - d)(!L‘l,Z),Z) (44)
and
V.$(0,0) = V,3(0) =0, %(0,0) =0. (45)

Hence, the Jacobian matrix of ® is given by:

1 0 -V,
_ J¢
De=| -2 1 'V,
0 0 Iy
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Especially, D®(0) = I,,.
Using these local coordinates, can be written as follows

—div(5(n)) =&, inC¥(p),

a=0, on 86:"5(;)) , (46)
ga)y =0, on 9C%(p) ,
where g € L2(C*(p)) and where
&() = uVe(Vave +' Ve'va) + \(Ve:Va)Ve. (47)

Once again, we write 3(1) = &(@1) — o(@1) and we consider 3(1) as a perturbation of problem in
order to get the following regularity result.

Proposition 4.3 — Let w be an open subset of R" defined in form . There exist p > 0 and a
C2-diffeomorphism ® from w onto C*(p) such that 1s satisfied and

D(B) ¢ H*(w) @& ((us ® L*(Ba(p))) o ®) ,

where ug is given by .

Proof. We take p and ® as above.
Let A, be the operator defined by

D(A,) = {v e HL(Ct(p)) / A,v € L*(CT(p)) and &(¥)v =0, on ICF(p)}, A,y = —div(5(¥)).
The following Lemma allows us to estimate the perturbation B=6—o.

Lemma 4.1 — For p > 0 and v € D(A,), B(v) belongs to HY(CH(p))"" and there exists C > 0,
independent of p, such that

Vv € D(A,), ||B(V)|‘H1(é+(p))n2 <CVplvipea,) -
Assuming that Lemma holds, we follow the proof of Proposition O

Proof of Lemma [4.1]
Using , we can write, for (i,5) € {1,...,n}? and v € D(A,), above functions Bij in the form:
~ n ..
Bij(v) =Y oo,
k=1
where V(i, 7, k,1) € {1,...,n}%, &}, € C1(C*(p)) and 7 (0) = 0.
For v e D(A,) and t € {3,...,n}, we have

315[?”' (V) = Z atlig kv + Z KJZJI Okt vy -

k=1 k=1

On one hand, we use Proposition there exists C' > 0 independent of p such that
10ktvill 26+ () < ClIVIDCA,) -
Since /f;gl (0) =0, there exists C' > 0 independent of p such that

n
} : ij
H R 8ktvl

k=1

< Cplvlpea,) -

L2(C*(p))
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On the other hand, since v satisfies a Dirichlet condition on 86’5 (p), O v satisfies also a Dirichlet condition
on a part of the boundary, for k& € {3,...,n}. Then, since the Poincaré’s constant is proportional to p,
there exists C' > 0 independent of p such that

106V 264 (py) < CPlIVIDCa,)

Moreover, since o15(v) and o5 (v) satisfy a Dirichlet condition on dC¥(p), we get that there exists C' > 0
independent of p such that

||82v||]L2(C+(p)) <Cplvlpa,)-
We get then C' > 0 independent of p such that

|55 omitnn] .y, < CPIVIDA
We then have got C' > 0 independent of p such that
18:Bi5 (V) |2+ () < C PIIVID(A,) -
We now assume that ¢ € {1,2}. Similarly, there exists C' > 0 independent of p such that

o (53 o)

k=3 1=1

<C
iy < CPIVInw

Since v € D(A,), there exists vg € L2(RY, H?(D*(p))) and cg € L?(RY) such that v = vz + us ® cs.
Once again, as above, we get C' > 0 independent of p such that

2 n
0 ( Hij 6“)131)‘ p v Ap)
H t ;;z; " LG Ivllo
For the remaining term with ug, we have
2 2 n 2 n
(ZZ”M O (vs ®cs ) SN o (ks @cs), + > Yk (Oreus @ ),
k=11=1 k=11=1 k=11=1

Observe that ug is explicitly known. A technical computation gives C' > 0 independent of p such that

8/‘6 akuS@)CS ‘ CsllL2
H;; i ( Jlaes gy < C VP lesll
and

”ZZHM 5ktuS®Cs) ‘LZ(CH N f‘|CS‘|L2

k=11=1

Since there also exists C' > 0 independent of p such that

leslle < Cllvilpea,)

we get C' > 0 independent of p such that

Finally, for every (i,7) in {1,...,n}%, we get: (3;;(v) € H'(CT(p)), and there exists C' > 0 independent
of p such that

(>3 A ouvs s cs))|.L <€ VAV,

k=11=1

1835112 6+ (o)) < CVPIIbVIID(A,) -
Lemma, is then proved. O
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4.3 Proof of the Rellich-type relation

We now can prove Theorem
Let u € H'(Q2) be the solution of problem satisfying conditions (33)).
Using a trace result, we build @ € H?({2) such that G = u and o(@)v = o(u)v on 9Q. Then U =u -1
satisfies
—div(e(U)) =F, in 2,
U=o0, on 00p, (48)
oc(Uw =0, on 00y,

where F = div(o(1)) — div(c(u)) € L3(Q).

Figure 10: construction of (..

Let € > 0 be small enough and define (see Figure

Q. =0\ DT,e), I'. =90D(T,e)NQ,
GQstﬁﬂN\D(F,s), aQDEZaQD\D(F,é‘),

where D(T,e) = {x € R” /d(x,T) < e}. We have Q. = 9Qp. Uy, UT-.
As well as for Theorem [3.1} ©(u, u) belongs to L(99).
Observe that u € H2(£2.). We apply twice Green’s formula and obtain

/ div(e(u))-((m-V)u) dx = (n — 2) / o(u):e(u) dx + O(u,u)dy.
Qe

Q. 002

Using Lebesgue’s Theorem, we get

/Q div(o(u))-((m-V)u)dx — [ div(c(u))-((m-V)u)dx,

e—0 Q

/ o(u):e(u) dx — o(u):e(u)dx,
Q. Q

/ O(u,u)dy — O(u,u) d~y.
90D UOQ N« =0 Jaq

It remains to study the convergence of the integral on I'.. We consider s € I'. After convenient rotation
and translation, we assume that this point s is the origin, and that 7(s) and v(s) give the first and the
second axises of coordinates. We write T.(s) = . N (s, 7,v) where (s, 7,v) is the plane containing s
generated by 7 and v.

Applying Proposition [4.3| we get u = ug + (ug o ®) ® cg(s) on some neighborhood w(s) of s. We have



Brossard, Lohéac 23

®(T.) = {e} x (0,7) in polar coordinates.
We obtain

™

d
O ) dy = Y lesi(s) [l ul)-(m- k) - (mw)| Vul ] do

I.(s) i—1 0=0

HesEP [ elugug)eds +0().
0=0

Using results of [0l [, we get

/7T [(uVufg)(mVufg) - (m~u)\Vuf9\2]5d0 = %(m(s)-r(s)) +0(e).
0=0

Moreover, we have obtained in section [3.3

Aio @(ug', ug)(—: do = T(m(s)~‘r(s)) + 0(5) )

Hence, we obtain

d
., Bty = [TIEEF + 1] Y lesi(6) Jmis) (5) + 0).

We integrate the previous result on w(s) NT. Since I' is compact, we can introduce a finite covering of T’
by {w(s)}ser and the associated cut-off functions which constitute a partition of the unity of I'. We then
combine a finite number of equalities and we finally get the function ¢ announced in Theorem [£.1] The

Rellich-type relation is obtained by passing to the limit when ¢ tends to 0. g
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