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SCALING LIMIT AND AGING FOR DIRECTED TRAP MODELS

OLIVIER ZINDY

Abstract. We consider one-dimensional directed trap models and suppose that the
trapping times are heavy-tailed. We obtain the inverse of a stable subordinator as
scaling limit and prove an aging phenomenon expressed in terms of the generalized
arcsine law. These results confirm the universality of this phenomenon described by
Ben Arous and Cerny for a large class of graphs.

1. INTRODUCTION

What is usually called aging is a dynamical out-of-equilibrium physical phenomenon
observed in disordered systems like spin-glasses at low temperature. It is defined by
the existence of a limit of a given two-time (usually denoted by ¢, and ¢,,+t) correlation
function of the system as both times diverge keeping a fixed ratio between them. The
limit should be a non-trivial function of the ratio. It has been extensively studied in
the physics literature, see [[1] and therein references.

The trap modelis a model of random walk that was first proposed by Bouchaud and
Dean [[[0, [2] as a toy model for studying this aging phenomenon. In the mathematics
litterature, much attention has recently been given to the trap model, and many aging
result were derived from it. The trap model on Z is treated in [[§ and [d], on Z? in
B, on Z (d > 3) in [] and on the hypercube in [B, f]. A comprehensive approach
to obtaining aging results for the trap model in various settings was later developed
in [[. The striking fact is that these aging results are identical for Z?, d > 2 and the
large complete graph, or the REM. In other terms, the mean-field results are valid

from infinite dimension down to dimension 2.

The one-dimensional trap model has some specific features that distinguish it from
all other cases. The most useful feature is that we can identify its scaling limit as an
interesting one-dimensional singular diffusion in random environment, see [[[§]. This
process differs considerably from the scaling limit for d > 2, namely the fractional
kinetics process, i.e. the time change of a d-dimensional Brownian motion by the
inverse of an independent a-stable subordinator, see [fJ]. In fact, the universality of the
aging phenomenon is a question about the transient part of relaxation to equilibrium
and not necessarily related to equilibrium questions.

Here, we give an answer to a question of Ben Arous and Cerny [f] by studying the
influence of a drift in the one-dimensional trap model. We identify the scaling limit
of the so-called directed trap model with the inverse of an a-stable subordinator and
prove an aging result expressed in terms of the generalized arcsine law. These results
confirm the universality of the phenomenon described by Ben Arous and Cerny M-
Furthermore, this extends some results of Monthus [[9], who studies the influence of
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2 O. ZINDY

a bias in the high disorder limit (i.e. when « tends to zero with our notations, see
(B-2)) using renormalization arguments. Note that the ideas of the proof developed
in this paper are deduced from a strong comparison with one-dimensional random
walks in random environment in the sub-ballistic regime. Indeed, analogous results
are obtained for this asymptotically equivalent model in [I4] (using [[d]) and [L§].

The rest of the paper is organized as follows. The main results are stated in Section
B In Section fJ, we present some elementary results about the environment, the
embedded random walk as well as preliminary estimates, which will be frequently
used throughout the paper. Section ] and Section [j are respectively devoted to the
proof of the scaling limit and to the proof of the aging result.

2. NOTATIONS AND MAIN RESULTS

Let us first fix 0 < € < 1/2. Then, the directed trap model is the nearest-neighbour
continuous-time Markov process X = (X;);>o with state space Z, given by Xy = 0
and with jump rates

1 -1
s+¢e)T ify=ax+1
— 2 x )
(21) C(l‘,y) : { E%_gg T;l lfy:ZL‘—l,
and zero otherwise, where 7 = (7,),ez is a family of positive i.i.d. heavy-tailed random

variables. More precisely, we suppose that there exists o € (0,1) such that

(2.2) lim u*P(r, > u) = 1.
In particular, this implies E [7,] = +00. Sometimes 7 is called random environment

of traps. The Markov process X; spends at site x an exponentially distributed time
of mean 7,, and then jumps to the right with probability p. := (% + ¢) and to the
left with probability ¢. := (% — ¢). Therefore, X is a time change of a discrete-time
biased random walk on Z. More precisely, we define the clock process and the embedded
random walk associated with X as follows.

Definition 1. Let S(0) := 0 and let S(k) be the time of the k-th jump of X, for
k € N*. For s € Ry, we define S(s) := S(|s]) and call S the clock process. Define the
embedded discrete-time random walk (Y,)n>0 by Yy, := X; for S(n) <t < S(n+1).
Then obviously, (Yy,)n>o is a biased random walk on Z.

Observe that (Y;,),>0 satisfies P(Y,,;1 = Y, +1) = %+z—: =1-P(Y,41 =Y,—1), for
all n > 0. Therefore, (Y},),>0 is transient to 400 and the law of large numbers implies
that, P-almost surely,

Y,
(2.3) — — v, =2 >0, n — oo.
n

Furthermore, it follows from the definition of X that the clock process can be written
k—1

(2.4) Sk)=> e, k>1,
=0

where (e;);>0 is a family of i.i.d. mean-one exponentially distributed random variables.
We always suppose that the e;’s are defined in this way. Then, the process (X;)i>o
satisfies

(25) Xt — YS_I(t)7 vt c R+7
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where the right-continuous inverse of an increasing function ¢ is defined by ¢! (¢) :=
inf{u >0: ¢(u) > t}.

Now, let us fix 7' > 0 and denote by D([0,77]) the space of cadlag functions from
[0, T] to R. Moreover, let X¥) be the sequence of elements of D([0,7]) defined by
Xin
Ne’
Then, the scaling limit result can be stated as follows.

(2.6) XM = 0<t<T

Theorem 1. The distribution of the process (Xt(N); 0 <t <T) converges weakly to the
distribution of (v V.7 1(t); 0 <t < T) on D([0,T]) equipped with the uniform topology,

where (V,(t); t > 0) is an a-stable subordinator satisfying Ele\Ve®] = =" and
sin(am) o _ sin(amr) (2€)a
© :

T T

vt = v

Although this result can be compared with the limit in [f], we do not obtain the
fractional kinetics process. This difference can be explained by recalling that the
fractional kinetics process is the time change of a Brownian motion by the inverse of
an independent a-stable subordinator while our embedded random walk satisfies the
law of large numbers with positive speed, see (.3). Furthermore, observe that the
case € = 1/2 is trivial; indeed Y is deterministic, v. = 1 and the clock process, which
can be written S(k) = Zf:_ol 7;€;, 1s just a sum of i.i.d. heavy-tailed random variables.
Now let us state the second main result concerning the aging phenomenon.

Theorem 2. For all h > 1, we have

. sin(am 1/h
(2.7) lim P(Xy, = Xy) = (ar) / y* (1 —y) *dy.
0

t—o0 m

Remark 1. Note that, in [[], Bertin and Bouchaud study the average position of the
random walk at time t, +1t given that a small bias h is applied at time t,,. They found
several scaling regime depending on the relative value of t, t,, and h.

In the following, C' denotes a constant large enough, whose value can change from
line to line.

3. PRELIMINARY ESTIMATES

In this section, we list some properties of the environment 7 and of the embedded
random walk Y as well as preliminary results.

3.1. The environment. Let us define the critical depth for the first n traps of the
environment by

1/«
(3.1) gn) = Lﬁ
(logn) ==
Then, we can introduce the notion of deep traps as follows:
(3.2) 0 = 6(n)=inf{z>0: 7, >g(n)},
(33) 5]' = 5](7’1,) = Hlf{.ﬁlf > (5]',1 DTy 2 g(n)}, j > 2.

The number of such deep traps before site n will be denoted by 6,, and defined by
(3.4) 0, :=sup{j >0: 0; <n},
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where &y := 0. Now, let us define

(3.5) p(n) :==P(n > g(n)),
and observe that (B.4) implies p(n) ~ g(n)~*, n — oo. We introduce now the following
series of events, which will occur with high probability, when n goes to infinity:

(3.6) E(n) = {ngp(n)(l— )g@ngngo(n)<1+b;n)},

(37) 52(71) = {51 A min (5j+1 — 5]) Z p(n)} s

1<j<0p—1

logn

—v(n)<z<0

(3.8) E(n) = { max 7, < g(n)} ,

where p(n) and v(n) are given, for some 0 < k < 1/3 and 0 <y < 1, by

(3.9) pn) = n",

(3.10) v(n) = |(logn)*].

In words, £;(n) requires that the number of deep traps is not too large, £(n) requires
that the distance between two deep traps is large enough and £3(n) ensures that the
time spent by X on Z_ is negligible.

Lemma 1. Let £(n) := &1 (n) N &y(n) N Es(n), then we have

(3.11) lim P(E(n)) = 1.

n—oo

Proof. Note that the number of traps deeper than g(n) in the first n traps is a binomial
random variable with parameter (n, ¢(n)). Then, recalling (B.2), the proof of Lemma
[ is easy and left to the reader. U

Since we want to consider disjoint intervals of size 2v(n) around the d,’s, we in-
troduce now a subsequence of the deep traps defined above (see (B-2)-(B-3))). These
so-called x-deep traps are defined as follows:

(3.12) 07 = 0(n):=inf{r >v(n): 7. > g(n)},

(3.13) 6; = 0;i(n):=inf{z > d;_ ; +2v(n): 7 > g(n)}, Jj>2.

The number of such *-deep traps before site n will be denoted by 6 and defined by
(3.14) 0, :=sup{j > 0: 07 <n}.

For any v € N* and any x € Z, let us denote by B, (z) the interval [z — v,z + v]. Ob-

serve that the intervals (B, ,)(d7))1<j<e; Will be made of independent and identically
distributed portions of environment 7 (up to some translation).

The following lemma tells us that the x-deep traps coincide with the deep traps
with an overwhelming probability when n goes to infinity.

Lemma 2. If £*(n) := {6,, = 0}, then we have
(3.15) lim P(&*(n)) = 1.

Proof. Recall first that the x-deep traps constitute a subsequence of the deep traps.
Furthermore, we have &(n) C £*(n) for all large n. Therefore, Lemma [[] implies
Lemma J. O
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3.2. The embedded random walk. Let us first introduce the hitting time (,, of
site n for the embedded random walk Y defined by

(3.16) G :=inf{k >0: Y, =n}, n € N.

Since Y is transient to 400, we have (,, < oo, for all n > 0 almost surely. To control
the behavior of Y, let us state the following result.

Lemma 3. Let A(n) := {ming<;<;<c,(Y; — Yi) > —v(n)}, then we have

(3.17) nan;) P(A(n)) = 1.

Observe that, on A(n), each time X (or Y) hits a site x, it will necessarily exit
B, m)(z) on the right.

Proof. Let us fix ¢ > v-!. Then, observe that the law of large numbers implies that
P(¢, < en) — 1, n — oo. Therefore, it is sufficient to prove that P(ming<;<j<en(Y; —
Y;) < —v(n)) — 0, n — oo. Let us write

3 ¢ — . — 2 . p—

(3.18)  P( min (¥;-Y) < -v(n)) < On® max B(Y; < —v(n)).

Now, for all x and every ¢t < 0, an application of Chebycheft’s inequality yields
P(Y;/j <) = E[lgy,—je<o] < E[e7 777

(3.19) = e IE[M) = ¢ iAMDY

where A(t) := log E[e*1] denotes the logarithmic moment generating function associ-

ated with the law of Y;. By taking the infimum over ¢ < 0 in (B.19), we get

(3.20) P(Y;/j <) < e )

where I(z) := sup,«o{tx — A(t)}. Note that (B.20) corresponds to the upper bound in
the LDP (large deviation principle) for an i.i.d. sequence (see Cramer’s theorem in
R, [L3] page 27). Since E[Y;] = v. > 0, we have I(z) = sup,cp{tr — A(t)} for z < v,
(see (2.2.7) in [[J]), which means that [ is the convex rate function associated with

Y. Now, assembling (B.1§) and (B:20) yields

(3.21) IP’( min (Y, - Y;) < —1/(71)) < Cn? max e 1(55%).
0<i<j<cn 0<5<cn
Then, Lemma f§ will be a consequence of
I
(3.22) sup Hz) <logr. <0,
z<0 T

where r. := ¢./p. < 1. To prove (B.29), observe that an easy computation yields
A(logr.) = 0. Therefore, by definition I(x) > zlogr. for all x < 0, which gives (B.22).

Finally, assembling (B-2]]) and (B:29) implies that P(ming<;<;j<c,(Y;—Y;) < —v(n)) <
Cn2e(MesTe which tends to 0 when n tends to infinity (recall that v(n) is defined in

(B-10) and satisfies v(n) = | (logn)'™ | for some 0 < v < 1). O
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3.3. Between deep traps. Here, we prove that the time spent between deep traps
is negligible.
Lemma 4. Let us define Z(n) := {Egio Tv;€il{ry. <gn)} < ”l/a} . Then, we have

logn
(3.23) P(Z(n)) — 1, n — oo.
Proof. Observe first that, on A(n), we have inf,<., Y; > —v(n) and that Lemma

implies P (Z(n)¢) = P(Z(n)° N.A(n)) + o(1). Therefore, using Markov inequality, we
only have to prove that

Cn 1/
n
(3.24) E{ ;:0 Tneil{nzu(n)}l{m<g(n>}] = O(logn>’ n — oo.

After reaching x € [—v(n),n| (if  is reached), the process Y visits « a geometrically
distributed number of times before hitting n. The parameter of this geometrical ran-
dom variable is equal to g. + p. ¥(x,n), where 1)(z,n) denotes the probability that ¥
starting at = + 1 hits x before n. An easy computation yields that

1 —qprot
(3.25) (x,n) =re——"="—,
O S
with r. = ¢./p. < 1. We will denote by G(z,n) the mean of this geometrical ran-
dom variable. Moreover, let us use respectively P,(-) and E,[-] to denote the condi-
tional probability and the conditional expectation with respect to 7 (sometimes called
quenched expectation). Recalling that each visit takes an exponential time of mean

Tz, We obtain

Cn n
(326) ET |:Z TYiei]_{in_V(n)}1{7—Yi<g(n)}:| S Z Tac(l + G($7 n))]-{’rx<g(n)}

1=0 z=—v(n)
Since z — G(x,n) is decreasing and G(—v(n),n) — (1 — v.)/v., when n — oo, we
get that the expectation in (B.24) is, for all large n, less than CnE [ry; 70 < g(n)] =
CnE[r; 1 <1< g(n)]+0(n). Now, let us fix 0 < p < 1 and introduce w = w(n) :=
inf{j >0: p<plg(n) <1}. Then, we get

(3.27) Elr; 1< <g(n)] < g(n) Zpﬁ[”(m > o/ tlg(n))

—_

< Cg(n)'™ ) p~ < Cg(n)'™,

J

where we used the fact that (B.2) yields that there exists 0 < C' < oo such that
P(, > u) < Cu™, for all u > 0. Therefore, recalling (B29), the fact that ng(n)' = is
a o(n/*/logn) concludes the proof of Lemma f. O

Il
o
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3.4. Occupation time of a deep trap. Since (, < oo for all y € N, we can properly
define for x € N,

<x+u(n)
(3'28) TJ::Ta:(n) = Z TYieil{Yi:z}a
0
o o <z+u(n)
(3.29) To=Ta(n) == Y meilyes, )
0

Moreover, let us introduce P* and E* the probability and the expectation associated

with the process starting at site z. We have the following estimate for the Laplace

transforms of 7, and T,.

Lemma 5. For all x € N and all X > 0, we have

P(r, > g(n))™' arm
n sin(am

D n — 00,

(3.30) E° [1 e e > g<n)] ~ v

where A\, := \/n**. Moreover, the same result holds with T, replaced by T..
Proof. Let us first write

(3.31) E[(1— ) L zgmy | = E[EZ[L — e Lz

Starting at site x, the process Y visits x a geometrically distributed number of times
before reaching x+v(n). An easy computation yields that the mean of this geometrical
variable, denoted by G(x, x + v(n)) satisfies 1 + G(x, r + v(n)) — v, when n — oo.
Therefore, recalling that each visit takes an exponential time of mean 7,, we obtain

1
(3.32) EZ[e 1] =

—1/a
= m + O(n ), n — oQ.

Now, using an integration by part, we get that E* [(1 — e_)‘"T”)l{szg(n)}] is equal to

Aotz o0 o P
—ni]P’Tsz] +/ e _P(r, > z)dz + o(n~ %),
1+ Aoz lz ( ) o) Sy (L Az 12)? ( ) ( )
The first term is lower than C\,g(n)!=® = CAX*(\,g(n))'™* = o(n™!), since a < 1.
For the second term, using (B.9), we can estimate P(7, > z) by (1 —n)z~* < P(7, >
z) < (1 +mn)z®, for any n, when n is sufficiently large (recall that g(n) — oo, when
n — 00). Hence, we are lead to compute the integral

[e’) )\ U—l 1
3.34 —Tte %z = (N h)® (1 —gy)*d

14+ Anvz Lg(n)

(3.33)

(making the change of variables y = \,v-'z/(1 + \,v-'2)). For a < 1 this integral
converges, when n — oo, to l'a+ 1)['(—a + 1) = n(zay> Which concludes the proof
of (B30).

To prove that the result is true with T, in place of T}, observe first that P(7, >
g(n); MaXyeB, ) ()\{z} Ty = g(n)) = o(n™1), when n — oo, which implies

(3.35) E*|(1 — e—Aﬁw)1{m(n)}} = E° [(1 - e_/\”i‘)l&(n)] +o(n7Y),
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where &4(n) = {maxyep, @\ Ty < 9(n) < 7:}. Then, let us introduce T, =

Cfl} v(n :
o Tvi€il{vieB, )\ {z}} = L'x — T, and write

(3.36) E* [(e’A"TI - efA"T””)l&(n)] <\ E* [Tleal(n)],

where we used the fact that 1 —e™ < z, for any x € R. Using the same arguments
as in the proof of Lemma ], we can prove that

(337) Ef |:Tx154(n):| < 1{Tzzg(n)} Z Ty(l + G(y, T+ I/(Tl))l{q—y<g(n)}.
YEBy (n) (@)\{z}

Using the fact that the previous sum depends only on sites y in B, ,)(z) which are
different from x, together with the same arguments as in the proof of Lemma [, we get
E* [Tgcl&(n)} < Crv(n)g(n)'~*P(r, > g(n)) < Cv(n)g(n)'~2*. Therefore, we obtain
that the left-hand term in (B-3§) is a o(n~1), which together with (B-35) concludes the
proof of Lemma [. O

4. PROOF OF THEOREM [I|

Let us first define H, := inf{t > 0 : X; = x}, for any x € N. Now, fix T' > 0, and
let Ht(N) be the sequence of elements of D([0,7]) defined by

Ny . Hpwy

(
(4.1) HY = <

0<t<T.

Proposition 1. The distribution of the process (Ht(N); 0 <t <T) converges weakly to
the distribution of (v¥)~Y*V,(t); 0 <t < T) on D([0,T]) equipped with the Skorokhod

M, -topology, where (V,(t); t > 0) is is an a-stable subordinator satisfying E[e V=®)] =
e .

The so called Skorokhod M;-topology is not so common in the literature. Therefore,
we refer to [B0] for detailed account on M;j-topology.

Proof. Let 0 = up < up < -+ < ug < T and ; > 0 for i € {1,..., K}. We will
check the convergence of the finite-dimensional distributions of H by proving the
convergence of E[exp{— Efil ﬁi(Hq(Liv) — Hq(ﬁ)l)}].

Observe first that for any u € Z we have P(maxyep, .,y ) 7y > 9(T'N)) = o(1),
when N — oo. Then, this remark applied at v’ := |ug_1N| — v(T'N) with Lemma [J
yield

ClugN|
(42) ]P( Z TYiei]‘{YiEBV(TN)(u’)} < CNI/a(l()g N)*1> — 1, N — o,
i=0
which means that the time spent by X in B,y (u') is negligible. Recalling that on

A(TN) (whose probability tends to one by Lemma [) the process never backtracks
more than v(T'N), we deduce from ([.2) that

(4.3) ]P(HLUHNJ — Hy < CNY*(log N)*l) ~1, N-—o
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Hence, defining H' := BK_lN_é(Hu/ — H\yy ,n|) We get

B o St )]

r —2 o (N) (N) / (N) (N)
= E |1a7w) e Tis” BulHuy —HupZ ) H! o= (i ’H“K—l)] + o(1)
(44) = B[R, [en BT -] glucaN [eonid ] (1),

where Ef,‘ denotes the law of the process in the environment 7, starting at z and
reflected at site y. The last equality is a consequence of the strong Markov prop-
erty applied at time H|,, ,n| together with the fact that on A(T'N) the process
never backtracks more than v(T'N). Now, observe that the two quenched expecta-
tions in (f.4) depend on two disjoint portions of the environment: (—oo;u’) N Z and
(W, |lug N |) N Z. Hence, since the 7,’s are i.i.d., these two quenched expectations are
independent random variables and we obtain

F [e—zi’ilm(ff&?)—ff&ﬁn]

(N)

- ) : . -
= B [or DRI | g [l [eoottil]] 4 o(1),

T,|u

Using again ([.3) and Lemma [} we have
B [o S0 D HE2,)] g oS 2] s [ o)

By the shift invariance of the environment, it is sufficient to prove that

“1/a ar
4.5 E [e_ﬁKN Y HN’] — ex {—.71)_0‘ (U — ug— }, N — 00,
(4.5) 8 ey o 8 O (ux — ug-1)
where N’ := |ugN | —|ug_1N| ~ (ug—ug—1)N, when N — oo. Indeed, iterating this
procedure K —2 times will give the convergence of the finite-dimensional distributions.

Let us prove (). Recalling Lemma [, Lemma B and Lemma [, we obtain

o [e_ﬁKN—l/aHN,i| ) 15(N’)ﬁA(N’)ﬁI(N’)e_ﬁKN_l/aHN,i| —+ 0(1)
_ R |e BNV Tanww} +o(1)

- *

— 1/ On * (N7
(46) -k 16*(N’)e Br N1 Zi]—VlTai(N):| +O<1),

where T, is defined in (B.2§). Furthermore, since on £*(N’")NA(N’) the process never
backtracks before 0 — v(N') after hitting 6 for 1 < i < 6%, we get, by applying

successively the strong Markov property at the stopping times Hée?w vy Hy,

] 0%,
- g, or —Br N~/ Ty,
E [e Bx N HN ] — E 15*(N’)0A(N/) HET,M:—V |:e Br 67.:| :| + O(l)
L _]:1
O )
* _ -1/ «

(4.7) < E HE?'(&_V [e Pl Téz} } +0(1),

L j=1

where 0y, := N'¢o(N’ )(1 — @) Then, observing that the quenched expectations

o7 —Br N1/ Ty
(E [e ™" "]

7,07 —v

, 1 < j < 0u) are ii.d. random variables by construction of
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the *-deep traps and shift invariance of the environment, we obtain
-1/« * _ -1/« Q !
(4.8) E [e*ﬁKN / HN/} <E [Eflléf_y [e PN Téi‘” Y o).
Since an easy computation yields that P(d7 # 61) = P(maxo<y<,(nvy 7y > g(IN')) =
o((N'¢(N"))~1) and P(H_,(n1y < Hynn) = o((N'¢(N'))~') when N' — oo (or equiv-

alently when N — o), we get

QN/

(49)  E[e N ] <otV T > (N (1),
Now, using Lemma [, this yields

“1/a am
£10) limsupE [e Vx| < e { = T (g —uie ) .
(4.10) limsupE e <P Tnfam B (ur — ug 1)

Moreover, we can similarly obtain the same lower bound, which implies (f.5) and
concludes the proof of the convergence of the finite-dimensional distributions.

For the tightness, the arguments are exactly the same as in []. We refer to section
5 of ] for a detailed discussion. U

Proof of Theorem [l.
We use (D([0,T1]), M;) (resp. (D([0,T1]),U)) to denote the space D([0,T]) equipped
with the M; (resp. uniform) topology. Let us introduce

(N)

(4.11) X, = sup XM, t>0,

which corresponds to the generalized inverse of the increasing process HN). Let D!
denote the subset of D([0,T]) consisting of unbounded increasing functions. By corol-
lary 13.6.4 of [PQ] the inverse map from (D', M;) to (D', U) is continuous at strictly
increasing functions. Since the a-stable subordinator V,, (which appears in the limit
of HN) in (D', M;)) is almost surely strictly increasing (indeed, its Lévy measure,

denoted by TIl,, satisfies I1,((0, 00)) = 00), the distribution of X converges to the
distribution of v#V_ ! weakly on (D', U) and the limit is almost surely continuous.

Now, Theorem [l will be a consequence of
(4.12) P(sup{|Xt(N)—YiN)|; OgtST} >7> — 0, N — o0,
for any v > 0. To prove (f.13), recall first that Proposition [[limplies that P(Hyajog v >
TN)— 1, when N — oo, such that we only have to prove
(4.13) P (sup{|X; — X;|; 0 <t < Hnorogn|} > YN®) — 0, N — .
Furthermore, observe that
(4.14)  sup{|X; — X;]; 0 <t < H|yorogn) } = max{[Vy, — Yi|; 0 < k < (| netogn]}

by definition and that on A(| N*log N |) (whose probability tends to 1 when N goes
to infinity), this last quantity is less than v(|N*log N|) = o(N?), when N — ooc.
This yields (f.13) and concludes the proof of Theorem [I. O
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5. PROOF OF THEOREM [}

To bound the number of traps the random walk can cross before time t let us
consider

(5.1) ny = |t*loglogt],

and observe that Theorem [[] implies that P(X, > n;) — 0, t — oo. Moreover, since
we need more concentration properties for the random walk in the neighborhood of
the ¢;’s, we introduce

(5.2) v =v(n) := | C"loglogn,|,

for some C” large enough which will be chosen later. For convenience of notations we
will use v, 7 and ¢, in place of v(n;), 7(n;) and J;(n;) throughout this section.

Then, we define the sequence of random times (77);>1 as follows: conditioning
on 7, (T});>1 is defined as an independent sequence of random variables with the
law of H5;+p in the environment 7 starting at site 97 and reflected at 07 — v. Hence,
under the annealed law P, the T7’s are are i.i.d. since the intervals B, (d7) are made
of independent and identically distributed portions of environment 7 (by definition).
Then, we give an analogous result to the extension of Dynkin’s theorem proved in [[[q]

(see Proposition 1 in [[I{]).

Proposition 2. For any t > 0, let {; :=sup{j > 0: Ty +---+TF < t}. Then, for
all 0 < 1 < 29 < 1, we have

(5:3) lim P(t(1—5) ST} +---+ T S H1—w1)) = Smﬁf‘“) / (1 - 2)° ' da.

For all 0 < x1 < x9, we have

. . . sin(ar) [ dx
(5:4)  Hm P(t(14+a0) ST7 4+ Ty <UL+ w0)) = — / (1 ta)

Before proving this result, let us first recall Lemma ] and make the following ob-
servation, which is the main ingredient in the proof of Proposition B.

Remark 2. If we consider

Cx +7v(ng)

(5.5 T(@)=T"xm) = Y welychim)atvmyy €L
0

then the same arquments as in the proof of Lemma [ yield, for all X > 0,
P(r, > g(ny))™'  am
to sin(ar)

(5.6) E7[1- e r 2 gln)| ~

v YA, t — oo.

Proof. Observe first that an easy computation yields that P*(H,_, < oo) = O(rY),

£

when ¢ — oo (where we recall that r. = ¢./p. < 1). Moreover, we have r/"™) =
o((t*p(ng))~1). Therefore, Remark J yields
P(r, > g(ny))™t  an

t> sin(ar)

(5.7) E[1 _ e_)‘TTl*] -

(R 1 — oo.

Then, the arguments are exactly the same as in the proof of Proposition 1 in [I§].
Observe that this result would exactly be Dynkin’s theorem (see Feller, vol. II, [I7], p.
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472) if the sequence (77);>1 was an independent sequence of random variables in the
domain of attraction of a stable law of index «. Here, this sequence depends implicitly
on the time ¢, since the *-deep traps are defined from the critical depth g(n;). O

Recalling Lemma ], we will now prove that the results of Proposition P are still
true if we consider, in addition, the inter-arrival times between deep traps. Before,
let us define the notion of inter-arrival times between x and y, for any x,y > 0, by:

(5.8) H(z,y):=inf{t >0: Xp, =y}
Proposition 3. For anyt >0, let {; :=sup{j > 0: Hs, <t}. Then, we have
(5.9) lim P(Hy,, <t < H,15) = 1.
For all 0 < x1 < 29 <1, we have
(510)  Jim P(t(1—22) < Hy, <t1—a1)) = sin(ar) / (1—2)° "z~ da.

—00 t T -
For all 0 < x1 < x9, we have

. sin(ar) [*2  dx
< < = -

(5.11) tllglo]}”(t(l +x1) < Hs,, <1+ 22)) - /xl T

Proof. We first need to prove that after hitting 6; + 7, the particle does not backtrack
more than 7. We detail this result with the following lemma.

T {H(8; + 7,0, +v) < H(; +7,0;)}.

Lemma 6. Let us define B(n;) := A(n;) N();Z
Then, we have

(5.12) tlim P (B(n:)) = 1.

Proof. Since Lemma [ says that P (A(n;)) tends to one, we only have to prove that
Oy

(5.13) lim IP’( \{HG; + 7,6, +v) > H(S; +7, @)}) —0.
j=1

t—o00

Recalling that on £(n;) NE*(n;), whose probability tends to 1 when ¢ tends to infinity
(by Lemma [l and Lemma J), the number 6, of deep traps (i.e. deeper than g(n;)) is

bounded by C(log nt)l%, it is sufficient to prove that

(5.14) lim > PH(G+7.5+v) > H(6;+7,5)) | =0.

t—o0
1j<C(logne) =5
Now, the strong Markov property applied at H(d; + 7) implies that the probability
term in (p.I4) is bounded by P((_ < o0), which does not depend on j. Therefore,
(p-I4) will be a consequence of

(5.15) P((_y < 00) = o((logn) " 1on),  t— 0.

Recalling that we have P({_5 < oo) < Cr? (where 1. = ¢./p. < 1), we conclude
the proof of Lemma [| by choosing C” larger than —2a/(1 — «)logr. (recall that
v =7(n;) = |C'loglogn;]). O
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Let us introduce C(n;) := {X; < n;}, whose probability tends to one (recall The-
orem [J). Now, to prove Proposition B, observe that on £*(n;) N A(n;), the random
times (H(d;,9;+7))1<j<p;, have the same law as the random times (77 )1<;<p;, defined
previously. If we define ¢, := sup{j > 0: H(0y,0,+7)+---+H(J;,0,4+7) < t}, then,
using Proposition [, Lemma P and Lemma [, we get that the result of Proposition
is true with (H(d;, d; +7))1<j<e;, and & in place of (1})1<j<p; and £;. Now, recalling
Lemma [] and since ni/a/ log ny = o(t), when ¢t — oo, we obtain

h{nlan(th = Et -1 ) Hé[t S t < H5[t+p)
> lignianP’(I(nt) s B(ng); C(ng) s |t — (H(01,01 +7) + -+ H(z, 67 + V)| > &),

for all € > 0. Thus, using Lemma [}, Lemma fi, Proposition | (for ¢, and (H (65,0, +
V))1<j<e;,) and letting & tends to 0, we get that

(5.16) lim P(ly =€, —1; Hs, <t < Hy, 4z) = 1.
We conclude the proof by the same type of arguments. O

To complete the proof of Theorem J}, we will prove the following localization result,
which means that the particle is in the last visited deep trap with an overwhelming
probability.

Proposition 4. We have
(5.17) lim P(X; = &,,) = 1.

t—o00
Proof. Now, for any deep trap d;, let us denote by p; the invariant measure associated
with the trap model on [§; — v, d; + 7] reflected at sites §; —v and d;+7 and normalized
such that p;(d;) = 1. Clearly, p; is the reversible measure given by

7—$ —
(5.18) pi(z) = ri "= e (0, —v;0;+7)NZL.
Ts.
J
Since the process is reflected at sites d; — v and d; + 7, we have p;(0; —v) < 75, /75
and y1;(6; — v) < r/75,45/75,. Moreover, since yu; is an invariant measure and since
1i(0;) =1, we have, for any = € [§; —v,d; + 7| and all s > 0,

6.
(519) PTf‘gj_y75j+p\(Xs = l‘) < ,u](x)

Furthermore, let us introduce the event
On,

(5.20) D(ny) = O { max T, < (lognt)ﬁ},

z€By(6;)\{6;}

with § > £(% + 1 + 7). Observe that the probability of D(n;) tends to one, when

t tends to infinity. Indeed, since the number of deep traps is less than C(log nt)l%,
and recalling that the number of sites contained in the B, (d;)’s is less than 2v (with
v =v(ny) = |(logny)'™]), this fact is just a consequence of (R.g). Recalling (5.1§),
observe that on D(n;) we have

_ 1 1
(5.21) sup pi(z) < Crl(log myﬂﬁ n, > < Cn; >,
Ie[éjfl/,(;j‘i’y}\{(sj'}



14 0. ZINDY
for any 1 < j < 6,,. Hence, combining (f.19) and (5.2]]), we obtain on D(n;)
Xs #0;) < Cny >, Vs >0.

S

(522) L

Now, we fix 0 < £ < 1. Then, let us write that liminf;, . P(X; = d;,) is larger than
h{n lan(Xt = 5& 3 et = £(1+§)t)
(5.23) > ligiglﬂ[”(ft = liten) — lil;n sup P(Xy # 64, 5 € = Liagen)-

Considering the first probability term in (5.23), we get using Proposition [ that it is
equal to
(5.24) liminf P(H;, , > (1+&)t) = sin(ar) / T de
t—o0 ¢ T ¢ r(1+1)
In order to estimate the second probability term in (p.23), let us introduce the event
F(ng) := B(ng) NC(ny) N D(ng) NE(ne) NE*(ne) NI(ny) N {Hs,, <t < H5£t+p} :

Observe that the preliminary results obtained in Section J] together with Theorem [,
Proposition § and Lemma [ imply that P(F(n;)) — 1, when ¢ — oo. Then, we have
that limsup, . P(X; # 0¢, ; € = li14¢)) is less than

(5.25) limsup P(F () 5 X¢ # 00,5 b = lii+g))
t—o00
On,
< lilin sup [ |:1.7'—(7Lt) > Lixiz, ;zt:zt(w):j}] :

But on the event F(n,) N {{; = l;14¢) = j} we know that for all s € [Hs,,t] the walk
X, is in the interval [0; — v, §; + 7] . Indeed, on the event B(n,)NC(n;)NZ(n;) we know

that once the position ¢; + 7 is reached then within a time ni/a/ logn; = o(t), when
t — 00, the position §;,; is reached, which would contradict the fact that £y = j.
Hence, we obtain, for all j € N,

(5.26) P (F(ne); 5 < On,s Xo # 005 b = biire) = J)

5. _L
= E[l{jsent}lmnt)me(m) Sp Erlsy v (X, # 5]»)] < Cny ™,

where we used (5.23) on the event D(n;). Considering now that, on the event £(n;),
the number 6,,, of deep traps is smaller than C'(log nt)l% we get that

(5.27) liin supP(X; # g, 5 b = lya4e)) = 0.
Then, assembling (5-23), (5:24), (p-27) and letting & tends to 0 in (p-24) concludes
the proof of Proposition f. O

Proof of Theorem [J. let us fix h > 1 and introduce the event
(528> g<t7 h’) = {Xt = 5515} N {Xth = 5@}1}7

whose probability tends to 1, when ¢ tends to infinity (it is a consequence of Proposi-
tion f). Then, we easily have { Xy, = X;} NG(t,h) = {€y, = ;} N G(t, h). Therefore,
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since Proposition B implies that lim, ., P(¢y, = ¢;) exists, we obtain

(5.29) tlim P(Xy, = X)) = tlim Ply, = 4;) = tlim P(Ty, 11 > th)
sin(a 1/h _ _
- g/ y (1 —y) " dy,
T 0
which concludes the proof of Theorem . O
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