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ABSTRACT. The goal of this article is to analyze the time asymptotic stabil-
ity of one dimensional Bloch walls in ferromagnetic materials. The equation
involved in modelling such materials is the Landau-Lifchitz system which is
non-linear and parabolic. We demonstrate that the equilibrium states called
Bloch walls are asymptotically stable modulo a rotation and a translation trans-
verse to the wall. The linear part of the perturbed equation admits zero as an
eigenvalue forbiding a direct proof.

1. Introduction. Over the last decade, the interest for ferromagnetism modeliza-
tion had grown (see [7]). One of the main goals of these mathematical studies is to
understand the behaviour of dynamical structures in ferromagnets [3, 4, 5, 10, 11, 12]
to validate models. The obtained results will be exploited to enhance numerical
simulations of ferromagnets used by physicists [9] to understand and optimise the
magnetic characteristics of ferromagnetic materials. Remembering that the main
mean of observation is the microwave resonnance, we understand the importance
of studying the stabilty of the magnetization in ferromagnets; this study would
validate mathematically and therefore numerically, the use of that mean of obser-
vation. Then, one of the key points to understand this stability is to analyse the
stability of the microstructures developped by the magnetization: it is to say the
walls, separation zones between the domains in which the magnetization is smooth.

No extensive study of wall stability in micromagnetic states has been done yet.
The three dimensional structure of these objects is very complex and there are
no mathematical description in the three dimensional case and some for the two
dimensional one [1, 6].

The three dimensional model is the following : we denote by u = (u1, u2, us) the
magnetic moment defined on R} x Q with values in S? the unit sphere of R3, where
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Q is the ferromagnetic domain. The variations of u are gouverned by the following
Landau-Lifschitz equation :

Ju
ot

The effective field heyr(u) is given by
h(u) = A Au+ hq(u),

= —uNhepp(u) —u (uA hegs(u))

where AAw is the exchange field, and where the demagnetizing field hg(u) satisfies

rot(hq(u)) =0,
div(hg(u)) = —div(u), (1)
uw=0in R3\ Q.

This system has solutions for regular finite domain  as shown in [5].

In this paper we consider an asymptotic one dimensional model of nanowire
obtained and justified by D. Sanchez in [14]. In this case the demagnetizing field
writes :

ha(u) = —uges —uges = uj e1 — u (2)

where (e, e2, e3) is the canonical basis of R® and where u = (u1, ug, u3).

Remark 1. This model is obtained using a BKW method, taking the limit when
the diameter of the wire tends to zero (see [14]).

Finally using a space scaling factor to set A = 1, for a line along the z-axis we
study the following system

u: R xR, — §2

ou
o7 = U h(u) = wA (A h(u) (3)

2
with h(u) = % +uy ex

Remark 2. The demagnetizing field hq(u) given by Formula (2) only appears in
Landau-Lifschitz Equation in the expression uANhg(u) = uA(urer —u) = uA(uier).
It is the reason why we can work with the expression of h(u) giwen in (3).

The aim of the paper is to study the stability of a static wall profile which
separates the domain in which v = —e; (in the neighborhood of —c0) and the
domain in which u = ey (in the neighborhood of +00).

This profile is given by

thz
My = 0

1

chz
We remark that Landau-Lifschitz equation (3) is invariant by translation in the
variable x and by rotation around e;. Hence for all A = (0,0) € R x R, the profile
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z — Ma(z) = Rg(Mo(z — 0)) is a static solution of (3) satisfying limu = —e; and

Egéu = e1, where we denote by Ry the rotation of angle 6 around ey:
1 0 0
Ry = 0 cosf —sinf
0 sinf cosf

Our main result is the following

Theorem 1. Let € > 0, there exists n > 0 such that, for all vy in H?(R) with
lvo| = 1 for all x in R and such that ||vo — Mol|g2®) < 1, if we denote by v the
solution of (3) with vy as the initial data then, for allt in RT, ||v(t)— Mo|| g2y < €.
Furthermore there exists A = (0,0) € R? such that v tends to M when t tends to
infinity for the norm H'(R).

The invariance of (3) by rotation-translation implies that the linearized equation
in the neighborhood of My has zero as an eigen-value, wich is a major obstruction
to obtain strightly the stability result. In addition all the known results about
the stability of travelling waves are proved for semilinear equation (see [8]). Here
the considered Landau-Lifschitz equation is quasilinear and we have to combine
variational estimates with the methods used in [8].

The paper is organized as follows : in Section 2 we describe the perturbations of
My in the mobile frame (Mo(x), Mi(x), Ms), where M;(x) = 0,—thx) and
M,y = (0,1,0), writing

u(t,z) = ri(t,2)My(z) + ro(t, )Mz + /1 — r? — r3 My(x).

We obtain then an equivalent formulation of Equation (3) where the unknown is
r = (r1,r2), of the form:

(&

or or 0%r
E:‘CT+F($’T’%5$> (4)

where Lr denotes the linear part.

The stability of My for Equation (3) is then equivalent to the stability of the
zero solution for Equation (4).

The two parameters family of static solutions M, for Equation (3) induces in
the new coordinates a two parameters family Rj of statics solutions for Equation
(4). In Section 3, we decompose the solution r of (4) in

r(t,x) = Ry (x) + W ()

where W € (Ker £)*. This decomposition is rather classical for the study of static
solution stability for semilinear parabolic equations (see [8]). This technique has
also been used in [2] to demonstrate the stability of travelling waves in thin films
or in [13] in the case of the radially symmetric travelling waves in reaction-diffusion
equations.
The main difficulty here is that Equation (4) is quasilinear and then the non
2

r
linear term F' depends also on Pl We then use Section 5 variational estimates for
x
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the non linear part combined with more classical linear estimates on the operator
L (proved in Section 4).

In the following we denote by - the scalar product in R*, and by (| ) the scalar
product in L%(R).

2. Equation for the perturbations of the wall.

2.1. Moving frame. We consider the following moving frame (Mq(x), M1 (z), Ms)
with

chz
My=1| O |, M= 0 and My = | 1
1
— 0
Ch$ —th(E

We consider u as a little perturbation of My and we write v on the form

u(t,x) = ri(t, z) My (x) + ro(t, x) Ma(z) + \/1 —(r1(t,2))2 = (ro(t, x))2Mo(x). (5)

We denote A = /1 —72 —r2. In order to ensure the regularity of \, we as-

sume that ||u — Mo| g @) < 3 This asumption is correct since we study little
perturbations of M.

We have
dMy 1
il UL /s
¢ dcjl\% che
1
et N V#
B e
0 shx
= 2T - M,
¢ dx? ch2z ' ch2g

1
o ¢ =thaMy+ —»M;
chz
° h(MO) = fM() where f(x) = 2th23} —1.

Furthermore
h(u) = aoMy + a1 My + as M,
with
92\ shx or; 1
=—=+A ] — —2——

@0 0x? +Af(@) +2m ch2z Ox chz
527'1 1 5/\

a) = _
0x? chz Oz
527'2

a2

T 0%
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We replace u by its expression (5) in Equation (3), and we obtain that

o\ or or
aMO + 8_t1M1 + 8_t2M2 = — (7‘1@2 — T‘gal)MQ — (T‘gao — /\ag)Ml — ()\al — T‘lao)Mg

— /\(’I”QCLQ — /\ClQ)MQ + )\()\al — Tlao)Ml —+7r1 (7‘1&2 — Tzal)Mg

— rl(/\al — Tlao)MQ — T9 (7"1&2 — Tgal)Ml + 7"2(7’2&0 — )\az)MO

(6)

Projecting Equation (6) in the directions M; and M we obtain that if w is
solution of (3) then

1o}
% = —raag + Aag + A(Aay — riag) — r2(riaz — r2a1)
(7)
(97‘2
v = —(Aa1 —mag) — A(reap — Aaz) + r1(riae — roaq)

Remark 3. FEquation (7) is equivalent to Equation (3). Indeed we write Equation
(3) on the form :

ou

where F(u)(x)is orthogonal to u(x) for all z € R.
Equation (7) is the projection of (3) on the directions My and Ms, that is if

(r1,72) satisfies Equation (7), then u = ri My + roMs + /1 — 12 — r2My satisfies

ou Ju
G py) = (O Ry My =0,
We remark that uw = r1 My + roMs + /1 — 12 — r3My is a normed vector field,
0
thus 8_? -u=0. Furthermore, u- F(u) =0. Thus, if (r1,r2) satisfies Equation (7),
ou

then (E — F(u)) - AMoy = 0 and since A # 0 (since we consider little perturbations

0
of My) we obtain that the third composant of a0 F(u) is zero.
Thus for little perturbations of My, Equation (3) is equivalent to (7).

We detail Equation (7) replacing the a;’s by their values. We obtain that Landau-
Lifschitz equation is equivalent for little perturbations of M to the following system:
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ory 92\ shx or1 1
s1_ .22 _9 eI O S
ot "2 0z? raAf(2) 2r ch2z + e Oz chzx
827‘2 827‘2 827‘1 1 9\ 2827“1
A _ g2 AN
+ 0x? 2 02 + 02 + chz Ox " 0x?
1 O\ ED shx or1 1
Y B A Y D SVE BBy VA Sl
Tlcha:&a: ”83: rf(z) " ch?z + 13x chz
Ory 9%ry 1 o0\ 92\ 5 shzx or 1
T2\ A 22 2L 9 9~
ot gz~ Pzar Trige TN @) ngeT S g o
+52T2 262T2 527'1 9 1 O0X 62)\
_ s B A ga
02 2 0x? 172 ox? " 2chr O "2 02
2 . shx 8T1L
)\ ’I“Qf( ) 2/\7’17’2 Ch +2/\ a$ Ch$

(®)

We denote 7 = (r1,72), and we define p : B(0,3) € R? — R by u(¢) =

V1—1&? =1 (that is A = 1+ pu(r)). We then write Equation (8) on the condensed
form detailed in the following proposition:

Proposition 1. The function u € C*(RT; H*(R; S?)) such that ||u — My~ < 3

satisfies Landau-Lifschitz equation (3) if and only if u = r1 My+roMa++/1 — 72 — r2 My
where r = (r1,r2) salisfies:

0%r or or Or

O = Lr G () + e ) (o) + Hor) (o

5% —) + P(z,7) (9)
with

2
oﬁ:JLwithJ:(_l _1>adL——a——l—f(werecallthatf(x):

1 -1 o2
2th%x — 1),
o G(r) is the matriz defined by:

T1T2 TQ
1_ 12 _ ;2 2 _ 2 +ulr)
—-ri—7r; 1—7rf—r;3

r% T17T2

ROV RV e
o Hi(x,r) is the matriz defined by:
9 ro/1 =12 — 13 — 173 —Tg — Tor?
mchx ro — 13 mrg + 773

Hyi(z,r) =
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o Hy(r) € L2(R?) is a symetric bilinear form defined by

VI=rZ —rZr 47y
1-— r% — 7"%3
Hy(r)(&1,82) = (A=rf=r)(&- &)+ (r-&)(r-&))

1—7“%—7"31"2—7"1

3

2 2
1—7r{—r;

e P is defined by
shx shx
—rou(r) f(z) — 2rory T T (r?+r2)rif(x) —24/1— 12 — r%r%—ch%

shx shx
Tl:“(r)f(x) + QT%M =+ (T% + Tg)TQf(x) -2 \ 1- T% - 7"%7’17"2%

The properties concerning G, Hi, Hy and P are summarized in the following
proposition:

Proposition 2. e G €C>®(B(0,1/2); M%(R)) and G(¢) = O(¢]?)
e H; € C*(R x B(0,1/2); M?(R)) and Hy(x,r) = O(|r|)
o Hy € C>®(B(0,1/2); L2(R?)), with Ha(z,r) = O(|r])
e P cC®R x B(0,1/2);R?) with P(x,r) = O(|r|?) uniformly in z € R

P(z,r) =

3. A new system of coordinates. We remark that L is a self adjoint operator on
L?(R), with domain H?(R). Furthermore, L is positive since we can write L = [* ol

1
with | = — + thx, and Ker L is the one dimensional space generated by —.

x chx
The matrix J being invertible, Ker £ is the two dimensional space generated by

e1 and ey with
0 1
e1(x) = ( 1 ) es(a) = ( iz ) (10)
chzx 0

We introduce £ = (Ker £)*. We denote by @ the orthogonal projection onto &
for the L?(R) scalar product.

Landau-Lifschitz equation (3) is invariant by translation in the variable « and by
rotation about the axis e;. This two parameters family of invariance explains the
presence of the eigenvalue zero (of multiplicity 2) for the linearized operator £. We
will write the solution u as a rotation-translation of My plus a term in £.

For A = (6,0) fixed in R? we know that the profile My rotated of the angle
and translated of o is a solution of Landau-Lifschitz equation. We denote by My
this solution:

1 0 0
Ma(z)=1 0 cos@ —sinf | My(z—o0)
0 sinf cosd

and we introduce R (z) the coordinates of M (z) in the basis (M (x), Ma(x)):

o) = (40 )
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In a neighborhood of zero (which represents the wall profile My in the frame
(M1, Ms)), we use a coordinate system given by

r(z) = Ra(z) + W(x). (11)
with (A, W) € R? x €.

The map r — (A, W) is a diffeomorphism from a neighborhood of zero in H?(R)
to a neighborhood of zero in R? x €. Indeed let r € H%(R). In order to use the
coordinate system (11), there must exist a unique pair (A, W) € R? x & such that
r(z) = Ra(z) + W(x).

If r = Ry + W then taking the scalar product of r with e; and es, since W €
€ = (Ker £)* and since (e, e3) defined by (10) is a basis of Ker £, we have

(rlex) = (Raler) and (rles) = (Ralez) (12)
Furthermore, if A € R? satisfies (12) then W =r — Ry € £
We define 1 : R? — R? by
(Rale1)

P(A) =
(Ralez2)

Therefore (11) defines a system of coordinates in a neighborhood of 0 if 4 is a local
diffeomorphism in a neighborhood of zero. This is the case since v is C*> and since
¥'(0) = Id.

We compute now the equation of the perturbation in the coordinates (A, W).

We write the solution r of Equation (9) on the form :
r(t,x) = Ry (x) + W(t,x)
where for all t, W(t) € € and where A : R} — R2.

We will rewrite Equation (9) in the coordinates (A, W). The equation on A is
obtained by taking the scalar product of (9) with e; and es. The equation on W is
obtained using ) the orthogonal projection onto &.

If A =(0,0) is fixed, we know that x — R (z) satisfies (9) that is we have:

d’Rp dRA dRpn dRA
ML H AL g 2o 2
LRy + G(Rp)( = )+ Hi(x, Ra)( e )+ Ha(Ra)( iz dx )

In order to isolate the linear part in W we perform the Taylor expansion for G,

Hy, Hy and K, and we have at order 1:

G(Rar + W) = G(Rp) + G(Rp, W)(W)

+ P(z,Rpy) =0

with
Glor, v)(€) = /O G (01 + 502)(€)ds
and at order 2:
G(Ra + W) = G(Ra) + G'(Rp)(W) + G(Ry, W) (W)
where .
Glon (€)= [ (1= 96" (w1 + sw)c. s

We will use the same notations for Hy, Ho and K.
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‘We have " p o
ag
E(%RA-F%&,RA-FW =LW +T,+...T5 (13)
where
82
]CAW G(RA) 8 2
oW dRy OW , 0’Ry
= KiW := Hi(, RA)a— + 2H3(RA)(—— o &U) G'(Ra )(W)W
OR dRAx dR
+ H (, Ra) (W) ==+ Hy(Ra)(W)(== =) + P/ (. R ) (W)
FPwW. 4 O2W
=Ri(z, A\ W)(—— 522 )= G(RmW)(W)W
ow oW ow —~ ow
_ 1 -
Ty = Ry(a, A, W, Z-) = Ha(Ba + W) (75—, ) + Hu(e, Ry, W) (W)(5-)
: diy OW
+ 2H (R, W) (W) (= )
T, = R, W) = G )W) (L) 1 B o wy w24,
~ dRpx dR
+ Ha(Ra, W)(WP) (2 T8 4 Pa, Ry, W)(W®)
dx dx (14)

We take the scalar product in L2(R) of (13) with e; and ep. Since (e;]2%) =
(LW e;) = 0, we obtain that:

dA )
AN) = = ;T (15)
where
( (e1]09Ra) (e1|05Ra) )
A(A) = (16)
(e2[0pRn) (2|05 Ra)
and

o= ({7

We remark that A(0) = Id, thus for A little enough, we can inverse the matrix
A(A) and we can write the equation satisfied by A on the form:

dA ow
S5 = MiA)W) + Ma(W, 5. A) (17)

where
Mi(M)(W) = A(A)H(T] + T3)

oW (18)

M

JA) = A(N)NTy + Ty + T%)
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Applying the projection operator @ to (13) yields to the following evolution
equation for W:

ow ?w ow
W = £W+QICAW+QR1($,A, W)( o2 )+QR2($,A, VV7 %)—’_Q,}?{’)(x?/&a W)
(19)
where the linear operator ICp is defined by
AW =KW + AW + KW (20)
with
IC3W = =ML (A)(W)Og Ry — MZ(A)(W)Dy Ra (21)
and where the nonlinear term R (z, A, W, 88—‘1/) is given by:
ow. ow 1 ow 9 ow
RQ(x7A7W Oz ) - RQ(x7A7W Oz ) MQ(Aam Oz )aGRA MQ(A7VV7 Oz )80'RA
(22)
L . de do
Remark 4. In the projection of Equation (13) we have replaced a and T by

their expressions given by Equation (17). In the previous equations, M} and M?
are respectively the first and the second component of M;.

We have thus proved the following proposition:

Proposition 3. Ifr : (t,z) — r(t,z) is small enough for the norm L>=(R;; H%(R)),
then we can write v on the form

r(t,x) = RA(t) (z) + W (t, z)

with A € L= (R} ;R?) and W € L>®(R/;€). This decomposition is unique.
Furthermore 1 is solution for Equation (9) if and only if (A, W) satisfies the
system coupling Equation (19) and Equation (17).

4. Linear Estimates.

4.1. Study of the operator L. The self-adjoint operator L is a compact pertur-
2

bation of 52 + 1, thus its essential spectrum is [1, +oo[. Furthermore, we can
x

0
write L =" ol with | = —— +thx, thus L is positive and 0 is a simple eigenvalue

ox

associated with the eigenvector —.
chx

We denote £ = (Ker L)*. The restriction of L on E is a symmetric definite
positive operator. We denote by a > 0 its smallest eigenvalue.

Proposition 4. There exists constants K1 and Ko such that for allu € E

Ki|| Ll g < Jlull s < Kol|L2ul e
Ki|[Lull > < [Jull g2 < Ka|[Luf L2

K1 L3 ul| e < ullus < Kzl L3ul| 2
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Proof. Since « is the smaller eigenvalue of L on E, we have:
1
Vue Hlull e <~ Lul 1. (23)
e

Furthermore,
"2 = llu" = fu+ fullLz < IL(u)llz2 + [ fllzellull 2

thus with the previous inequality, we obtain that there exists a constant K such
that for all w in F

l[ull > < K[| Luf 2 (24)

Since the domination of the L? norm of Lu by the H? norm of u is obvious, we
conclude the proof of the H? estimate.

Now we have L?u = u® — 2fu” — 2f'v’ — f"u+ f2u that is

[u@ 2@ < (L%l 2@y + Crllull @)
since f, f" and f” are bounded on R

< |[Lullr2my + CLK || Lul| 2,
with Estimate (24)
CiK
< (14 =) L2ul| gy

with Estimate (23) applied on Lu
thus we obtain that there exists a constant C5 such that
l[ul| 2y < Cal| L?ul| 2 ()

Since the opposite bound is obvious, we obtain an estimate about the H* norm.
By interpolation result, we deduce the intermediate estimates and we conclude
the proof of Proposition 4. O

4.2. Estimates for the perturbed operator £ + QK. We recall that Ky is
defined by (20).

We remark that since A — Rp is regular and since Ry—g = 0, there exists a
constant C3 such that

ORA
| RAll Lo (r) + ”W”LW(R) < Cs]A| (25)

Therefore by properties of G, Hy, Hs and P, there exists then a constant Cy
such that

[ICAW + KXW || 2wy < CalA] |[W ]| 2

Furthermore by properties of M; and Proposition 4, since @ is an orthogonal
projection in L?, there exists a constant Cj such that

QAW || L2ry < Cs|A] [[LW]| 2 (26)

In the same way, we prove that there exists a constant Cf such that

L2 QAW |2y < CHIA| [LFW | L2(ry (27)
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In addition, for W € £

(QIAW|W) = (KW|W)
since QW =W
0*wW
ORp OW ow ow
— _ / - J— RN
N /RG (7a) Jr Ox W /RG(RA) Or Ox
by integration by parts

QAW W) < Col AW [I31m)
with estimate (25)

where the constant Cg does not depend on A nor on W.

Writing that

(QKAW + QRW W) < |QKIW + QIR W || 2| W] 2

IN

Cr| AW 13
we obtain then that there exists a constant Cg suct that

(QAW|W)| < Cs|A[IILE W2z (28)

We denote by Sa(t) the semigroup generated by the linear operator £ + QCx.
We have the following proposition:

Proposition 5. There exists 3 > 0, there exists 17 > 0, there exists a constant Ks
such that if |A(t)] < m for allt > 0 then fort >0

[SAOWo i < Kze 74| Wol| g

e B

t
Woll 2
\/EII ollz

ISA(E)Wo | < K3

forWo e E

Proof. We fix Wy € £ and we denote by W the solution of the Cauchy problem

8—W = LW + QAW
ot
W(t=0)=W,

We set A(t) = HL5W(L‘)||%2(R).
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dA 1 OW | 4

— = 2(L>——|L2W
== AL W)

= 2(JLWILW) + (QKAW|LW)

= LW + 2AQKAW|LIV)

IN

_2||LW||%2(R) +2Cs|A| ||LW||2L2(R)
with Estimate (26).

1
We fix 0} = 20 and for |A| < 7] we obtain that
5

dA

2
= S —ILW 72w

1 2 1 2
< _K_22||W||H2(]R) < _K_22||W||H1(R)
with Proposition 4

IN

K? .
—K—;2||L2W||i2(n«)
with Proposition 4

_xE,
thus A(t) < A(0)e *3 and then with Proposition 4 there exists a constant K} such
that

W @) 1) < Kse ™ [Woll )
Kt

2

1
We set now B(t) = W ()| 72y + I LZW ()]|72m)-

dB oW
AT

1

)+ (L2W|LZW) + 2t(L> 88—2[/|L§W)
oW
= 2AWILW) +2(W|QKAW) + (WILW) + 26(— | LW)

= (WILW) + 2(W[QKAW) + 2t [ [|LW |22 g, + (QKAWILW)

IN

~LEW 132y + 2Cs|Al [ L2W 172y — 2LILW 132y + 2Cs| Al [ LW 72 g,
with Estimates (26) and (28)
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1 1
We set n :min(4—cs, E) and if [A| <7y we obtain that
B 1,1 ,
oS _§||L2W||L2(R) — LW |72 g,
.1 , 1
< —Q—KQQHWHHl(R) —’5?22HW||H2(R)
with Proposition 4
< L 2 KL piw
< —@HW”L%R) - tK—22||| lL2()
with Proposition 4
K?
< 1
= ToR?
_xt,
Therefore B(t) < B(0)e % . We remark that B(0) = ||[Wolr2(r), thus if we
KQ
denote g = —@, we obtain that

1 _ 1"
IW (122 gy + HILEW[L2) < [WollZage ™

and so using Proposition 4 there exists a constant K4 such that

K// "
W 2wy < TiHWOHLQ(R)e_ﬂ ¢
Setting m1 =min(n},ny), f =min(F’, ") and K3 =max(K}, KY), we conclude
the proof of Proposition 5.
O

5. Stability. We consider (A, W) the solution of System (17)-(19) with initial data
(Ao, Wo) € R? x (H?(R))2.

In a first step, under Hypothesis H:” A(t) remains little”, we prove that if Wy is
small, then W (¢) remains closed to zero for the H? norm.

In a second step, under Hypothesis H, we show that in addition, (1 + ¢)2W (t)
remains bounded for the H! norm.

As a conclusion, we establish that Hypothesis H is justified when Ay and Wy are
small.

In the following subsection, we prove preliminar estimates on the non linear
terms.

5.1. Preliminar nonlinear estimates.

Lemma 1. There exists a constant K4 such that for all X € R? such that |\| < m
and all w € &,

IMa(A)(w)] < Ea|M[[[w]] )

dw
|M2(U), %7)\” < K4Hw||%11(]R)
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Proof. We recall that My and My are defined by (18).
We have for £ =1..2

(TiJex) = /G (Ra(e)) T ) - en(a)de

B , de \ dw
_ / (G (R2)( )ek—l—G(R)\) o) P

by integration by parts
[(Thler)l < ClA[Jwl]| ey

thus
ITy| < CIAl[|wl g1 ()

Furthermore, with the definition of T (cf. Equation (14)) there exists a constant
C such that

T3] < Cllwllz ) Al

Since the matrix A(\) is invertible for |A\| < 51, we obtain the estimation on Mj.

Concerning Mo we remark that for k = 1..2

(Tylex) = / G(Ra,w) () Ty (1) - ex(a)da

d [/~ dw ~ dw dey,
- [ |2 (G, ) & G(Ry, —
/ sz (GRs,w)(w)) Toen(@) + G, w)(w) 2 (@) - T )
by integration by parts
that is there exists a constant C such that
ITil < Cllwl gy

A straightforward estimate on Ty and T gives that there exists a constant C' such
that |Ty| + |T5| < C|lw]|31 (), therefore since A()) is invertible, we conclude the
proof of Lemma 1. O

Lemma 2. There exists a constant K5 such that for all X such that |A| < n; and

allw e &,
Pw

IIQR1(x,/\7w)(d 5 )||L2 ®) < Ksllwl| g m) |l g2 )

d%w
QR (x, /\aw)(@)HHl(R) < Ksllwll gz w) |l 23 w)

dw
[QR2(z, A, w, E)HHl(R) < Ks|lwl| g wy llwl] 2 w)

QR (x, A, w)|| a1y < Ksllwl|F @)

Proof. 1t is a straightforward application of the definitions of R1, Ra, Rs, of the
properties of G, Hy, Hs, and P, and of Proposition 4. O
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5.2. First step: variational estimate on W.

Proposition 6. There exists na > 0 (with no < m ) such that if |[A(t)] < ne for allt,
then, there exists a constant v1 such that if ||LW (t = 0)||z2 < 71, thent — [[LW]||2
is decreasing and there exists Kg such that

W)l 2wy < Kol Woll 2w
Proof. We take the scalar product on Equation (19) with J2£2W. We remark that:

|J2£2W> (aw | JALPW ) =4 (8W | L*W ) = —Q%HLWH%z
o (LW | J2L2W) = —4 (JLW | L*W) = —4 (JL%W | L%W) — 4|32,

o QAW | 222W) = (LIQIAW | J'LEW) thus, since J* = —4Id, with
Estimate (27)

(QKAW | J2L2W)| < 4CL|A[|ILEW |22

O*wW 1 9*wW 3
QR (z, A, W)( 50 )] J2£2W> -4 <L2[QR1(x,A, W)( 5 | Liw)
thus with Lemma 2
82 2 2 1 82W 3
QRu(a A W)(Fz) | LW )| < 4||LHQRu (2 A W)l | LW ey
;s L7z w)
oW 3
< g |arae Wil 1w,
with Proposition 4
4K 3
< T W@ Wl |22 W L2y
Wlth Lemma 2
4K K?2
< > QHLWlleHL W7

Wlth Proposition 4

In the same way, we prove that

8W 4K5K2 3
T 2w )| < EEL Ll A

‘(QRQ(CE A W,
and that

4K5

K32
[(QRa (2, A, W)|J2L2W) | € =222 || LW || 12| LEW 22

Therefore we obtain that if |A| < s, then

3
LW 2| L2 W72

d : 6K5K3
G EW L + 2 L3 WGe < 2C5m | L3 W 7. + —2=2
1

that is:
6K5K22

d
LW + 1w (220 - B mw) <o o)
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Ky
6K-K2
while || LW (t)| 2wy < 71 this quantity remains decreasing with Equation (29), and
thus remains less than ~1.

We fix 12 < 11 such that 2C%ne < 1, and we set 1 = If [A| < 1 then

Therefore, with Proposition 4, we have:
K
VEZ 0, W )llmze) < KellLW (Bl < K LWoll 2w < 22 1Wol e

K,

and we conclude the proof setting Kg = T
1

O

5.3. Second step: parabolic estimates on W. Using Equation (19) we have:

W(t) = Sal Wo+/ Sa(t — $)QR1(z, A W)(%Qg)(s)ds

+ [ 8- )QRate AW, G5 s

t
+ [ Sa(t = )QRa(ar, A, W)() ds
0
and with Proposition 5, we know that while |[A(t)| < n1 there exists a constant K
such that

e—B(t=s) 02w

t
W E e < Kse | Wollm r) +/0 Ky—— Wi QR (2, A, W) (= 52 Y 2wy ds

t ow
+/ K3€_ﬂ(t_s)||QR2(33,A7VV,%)(S)HHl(R)
0

t
+ / Kse P09 | QRs(x, A, W)(5)|| 1 sy
0

Using Lemma 2 we obtain that
e—B(t—s)
Vt—s

W@ < Kse™?!|[Wol R)+/ K-S Ks|W ()]l ) | W ()] 2y ds

t
+ / K32 K| W(5) a1 oy | W (5)| 2y s
0

t
4 [ Kae IR W) ey
0

Using Proposition 6 we know that if ||[Wo||g2r)y < 71 and if |A(t)| remains less
than 7y then ||[W(s)|| g2y < Ko||Wol g2y for all s.
We define G(t) by

G(t) = sup (1+8)*[|W(s)|
s€[0,t]
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‘We obtain then that

t
WOl < Kse P [ Wollir + Kok ( / <1+s>4eﬁ<t8>ds) GO
0

b o—Blt—s)
0o Vt—s 0

Now there exists a constant K7 such that for all ¢ we have

e~ Pt K
<
(1+t)z =7

+K3K5 K| Woll 2 ) G (1) <

t e—B(t—s) t K
e _ _ _ — 7
— (1 2d Blt=s)(1 2ds <
0 s/t—s( + ) S+/Oe (1+3) = o2

/t(1+ J e Pt=9gs < LT
o ° e

Thus we obtain that there exists a constant C' such that

L+ WO < KsKql|[Wollar + K Ks Ko Kql|[Wol| 2 G(t) + K3 Ks K7 (G(1))?

1
and since G is a non decreasing map, denoting oy =max{K3K7, Z}’ oy = K3KsKgK7
and a3 = K3K5K7 we obtain that

G(t) < ar||Wollm + az||Wol =G (t) + a3(G(t))? (30)

We have then the following result:

Proposition 7. Let 1y and v, being given by Proposition 6. There exists yo with
0 < 79 < 71 such that for all 6 > 0 there exists T > 0 such that if the following
assumptions are satisfied:

(i) for all t, |A(t)] < n2,
(11) [ILWol 2y < 72,
(iid) [Wollmr(m) < 7,
then for all t > 0 we have
)
(141)2
Proof. Under Hypothesis (i) and if || LW || 12(r) < 71 we have proved Estimate (30).

W ()] (my <

1
We set 2 =min( o ~1). Under Hypothesis (i) and (i7) we have that for all ¢
2

1
as(G(1)? - 3G +ar|[Wollm @) 20 (31)
1
Let us study the polynomial map P, : £ — az&% — —¢+av. If v < 49 1=
2 160[1&3
then this polynomial map has two positive zeros. The smaller one is &; (v) = Ton (1-
a3

1
V1 —16a1a3v). We remark that since ay > 1 then & (v) > v.
Let 6 > 0 be fixed.

¢
(1+s)"%ds + / e P9 (14 5)

)
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The map v +— &;(v) tends to zero when v tends to zero, so we can fix 7 > 0 such
that for v € [0, 7], £(v) < 4. Even if it means reducing 7 we can assume that 7 < §
and 7 < y5/2.

Under Hypothesis (i), (i7) and (¢ii), the map G(t) satisfies (31) and G(0) =
[Wollr ry < &1(IWollmr (v)). Thus for all ¢, G(t) < & ([Wollm(w)) < 0.

This conludes the proof of Proposition 7. O
5.4. Estimates for A. We integrate Equation (17) between ¢ = 0 and ¢. We obtain

that
ADL< ol + [ MUV EIds + [ 1MaW(0), G

We assume that [Ao| < 2 and that [[LW|[2r) < 72. We fix an arbitrary §. with
Proposition 7, while |A(t)| remains less that 7o we have, if [|[Wo| g1 ) < 7 we have:
4]
Wt < —.
WOl <
Using this estimate in Equation (32) and using Lemma 1 we obtain that while
|A(t)] < n2 we have:

(s), A(s))lds  (32)

t t
2 1 5 1
A <™+ [ Kpo—L ki — Y s
IA®)] < 5 +/0 47725(1+S)2d8+/0 10 (1+s)4d$ (33)

We fix § > 0 such that

K 5/+OO ! d+K52/+OO U ge<™
b b g
e 1) L Tyt T2

With Proposition 6 we find 70 > 0 and if [Ag| < %, I LWollg2ry < 72 and if

Wollzr1 )y < 7o then with Estimate (33), |A(t)| remains less than 7, for all time,
and all the estimates are true for all time, which concludes the proof of our theorem.

Acknowledgement: the authors are pleased to thank V. Bruneau and J. F.
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REFERENCES

[1] Frangois Alouges, Tristan Riviere, and Sylvia Serfaty. Néel and cross-tie wall energies for
planar micromagnetic configurations. Control, Optimisation and Calculus of Variations, 8:31—
68, 2002.

[2] Andrea L. Bertozzi, Andreas Miinch, Michael Shearer, and Kevin Zumbrun. Stability of com-
pressive and undercompressive thin film travelling waves. FEuropean J. Appl. Math., 12(3):253~
291, 2001. The dynamics of thin fluid films.

[3] Gilles Carbou. Modele quasi-stationnaire en micromagnétisme. C. R. Acad. Sci. Paris Sér. I
Math., 325(8):847-850, 1997.

[4] Gilles Carbou and Pierre Fabrie. Time average in micromagnetism. J. Differential Equations,

147(2):383-409, 1998.

Gilles Carbou and Pierre Fabrie. Regular solutions for Landau-Lifschitz equation in a bounded

domain. Differential Integral Equations, 14(2):213-229, 2001.

[6] Antonio DeSimone, Robert V. Kohn, Stefan Miller, and Felix Otto. Magnetic
microstructures—a paradigm of multiscale problems. In ICIAM 99 (Edinburgh), pages 175~
190. Oxford Univ. Press, Oxford, 2000.

[7] Laurence Halpern and Stéphane Labbé. Modélisation et simulation du comportement des
matériaux ferromagétiques. Matapli, 66:70-86, 2001.

[8] Todd Kapitula. Multidimensional stability of planar travelling waves. Trans. Amer. Math.
Soc., 349(1):257-269, 1997.

=



20

GILLES CARBOU, STEPHANE LABBE

[9] Stéphane Labbé and Pierre-Yves Bertin. Microwave polarisability of ferrite particles with non-

uniform magnetization. Journal of Magnetism and Magnetic Materials, 206:93—105, 1999.

[10] Christof Melcher, Domain wall motion in ferromagnetic layers. Physica D, 192:249-264, 2004.
[11] Tristan Riviére and Sylvia Serfaty. Compactness, kinetic formulation, and entropies for a

problem related to micromagnetics. Comm. Partial Differential Equations, 28(1-2):249-269,
2003.

[12] Tomds Roubicek. Optimization of fine structure in micromagnetism. In Free boundary prob-

lems: theory and applications, IT (Chiba, 1999), volume 14 of GAKUTO Internat. Ser. Math.
Sci. Appl., pages 398-408. Gakkotosho, Tokyo, 2000.

[13] Violaine Roussier. Stability of radially symmetric travelling waves in reaction-diffusion equa-

tions. Ann. Inst. H. Poincaré Anal. Non Linéaire, 21(3):341-379, 2004.

[14] David Sanchez, Behaviour of the Landau-Lifschitz equation in a ferromagnetic wire, preprint

MAB, 2005.

Received September 15, 2004; revised February 2005.

E-mail address: gilles.carbou@math.u-bordeauxl.fr, stephane.labbe@math.u-psud.fr



