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Using a catalog of seismicity for Southern California, we measure how the number of triggered
earthquakes increases with the earthquake magnitude. The trade-off between this relation and the
distribution of earthquake magnitudes controls the relative role of small compared to large earthquakes.
We show that seismicity triggering is driven by the smallest earthquakes, which trigger fewer events
than larger earthquakes, but which are much more numerous. We propose that the nontrivial scaling of
the number of triggered earthquakes emerges from the fractal spatial distribution of seismicity.
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N�M� � P�M�n�M� � 10���b�M; (3)
ence of earthquakes below the detection threshold, which
may significantly bias the estimation of �. This method
Large shallow earthquakes are always followed by
aftershocks, that are due to the stress change of the
mainshock. The number n�M� of aftershocks of a main-
shock of magnitude M has been proposed to scale with M
as [1–14]

n�M� � 10�M: (1)

This relation accounts for the fact that large earthquakes
trigger many more aftershocks than small earthquakes. A
similar relation holds for the distribution of earthquake
magnitudes P�M� [15] given by

P�M� � 10�bM; (2)

with b typically close to 1, which implies that small
earthquakes are much more frequent than large
earthquakes.

Because large earthquakes release more energy and
trigger more aftershocks than smaller earthquakes, it is
usually accepted that interactions between earthquakes
and earthquake triggering are dominated by the largest
earthquakes. However, because they are much more fre-
quent that larger earthquakes, small earthquakes are also
just as important as large earthquakes in redistributing
the tectonic forces if b � 1 [16]. Other quantities, such as
the Benioff strain �� 100:75M, are dominated by small
earthquakes if b > 0:75.

The � exponent is an important parameter of earth-
quake interaction that is used in many stochastic models
of seismicity or prediction algorithms [2–5,7,8,14,17].
This parameter controls the relative role of small com-
pared to large earthquakes. While there is a significant
amount of literature on the b value, very few studies have
measured accurately the � exponent in real seismicity
data. Many studies use � � b without justification
[2,8,10,14,17]. In this case, small earthquakes are just
as important as larger ones for the triggering process.
Using (1) and (2), the global number N�M� of aftershocks
triggered by all earthquakes of magnitude M scales as
0031-9007=03=91(5)=058501(4)$20.00 
and is indeed independent of M in the case � � b. In the
case �< b, aftershock triggering is controlled by the
smallest earthquakes, while the largest earthquakes
dominate if � > b.

A few studies measured directly � from aftershock
sequences, using a fit of the total number of aftershocks
as a function of the mainshock magnitude [6,9,11,13].
These studies yield � value close to 1, but the limited
range of the mainshock magnitude considered and the
large scatter of the number of aftershocks per mainshock
do not allow an accurate estimation of �. The case � � b
also explains another well-documented property of after-
shocks, known as Bath’s law [13,14,18], which states that
the difference between the mainshock magnitude and its
largest aftershock is on average close to 1.2, indepen-
dently of the mainshock magnitude. Again, the limited
range of mainshock magnitudes used in these studies and
possible biases of data selection [19] does not allow one to
test the dependence of the magnitude difference as a
function of the mainshock magnitude.

Other studies measured � indirectly using a stochastic
triggering model called ‘‘Epidemic Type Aftershock
Sequence’’ model (ETAS) [3,7,20] based only on the
Gutenberg-Richter and Omori laws [2,7]. This model
assumes that each earthquake above a magnitude thresh-
old m0 can trigger direct aftershocks, with a rate that
increases as �10�M with its magnitude, and decays with
time according to Omori law [21]. The average total
number of aftershocks n�M�, including the cascades of
indirect aftershocks, has the same dependence �10�M

with the mainshock magnitude M as the number of direct
aftershocks. Using this model, � can be measured using a
maximum likelihood method [3,7,20]. For instance, [20]
analyzed 34 aftershock sequences in Japan and measured
� in the range �0:2–1:9� with a mean value of 0.86. The �
values obtained from the inversion of this model are not
well constrained due to the small number of events avail-
able and to possible biases of the inversion method.
Indeed, these studies do not take into account the influ-
2003 The American Physical Society 058501-1



P H Y S I C A L R E V I E W L E T T E R S week ending
1 AUGUST 2003VOLUME 91, NUMBER 5
may also be biased by the incompleteness of the catalog
just after the mainshock, and by possible trade-offs be-
tween the ETAS parameters. The regime � � b of the
ETAS model is probably not relevant for real seismicity. If
we do not assume a roll-off of the magnitude distribution
P�M� for large M, this regime gives a finite time singu-
larity of the seismicity rate which goes to infinity in finite
time tc as 1=�tc � t�m [22]. Such a power-law increase of
seismic activity can describe the acceleration of the de-
formation preceding material failure as well as a star-
quake sequence [22], but cannot describe a stationary
seismic activity.

In this study, we use a stacking method to estimate the
average rate of earthquakes triggered (directly or indi-
rectly) by a previous earthquake as a function of the
magnitude of the triggering earthquake. We use the seis-
micity catalog of Southern California provided by the
Southern California Data Center [23], which covers the
time period 1975–2003, and which is complete above
M � 3 for this time period. The magnitude distribution
shown in Fig. 1(b) follows the Gutenberg-Richter law for
M � 3 and attests for the completeness of the catalog for
this time period above magnitude 3. We do not use the
usual distinction between ‘‘foreshocks,’’ ‘‘mainshocks,’’
and ‘‘aftershocks,’’ and the constraint that the after-
shocks must be smaller than the mainshock because
this classification is not based on physical differences.
Indeed, recent studies have shown that a simple model
that assumes that each earthquake can trigger earth-
quakes of any magnitude, without any distinction be-
tween ‘‘foreshocks,’’ ‘‘mainshocks,’’ and ‘‘aftershocks’’
can reproduce many properties of real seismicity in-
cluding realistic foreshock sequences [2,3,7,14,24,25].
Constraining ‘‘triggered earthquakes’’ to be smaller
than the mainshock would obviously underestimate the
number of earthquakes triggered by small mainshocks
and thus overestimate �.
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FIG. 1 (color online). Average rate of triggered earthquakes n�M;
different values of the magnitude M of the triggering earthquake in
rate of aftershocks K�M� as a function of M is shown in panel (b)
K�M� is obtained by fitting each curve n�M; t� by K�M�=t0:9 in t
mainshocks, there is a roll-off of the seismicity rate for small time
after large mainshocks, caused by the saturation of the seismic net
M � 6:5 and t > 0:3 day for M � 7.
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We define a ‘‘triggered earthquake’’ as any event oc-
curring in a space-time window R	 T after a preceding
‘‘mainshock’’ above the background level, whatever the
relative magnitude of the triggered and triggering earth-
quakes. We consider as a potential mainshock each earth-
quake that has not been preceded by a previous larger
earthquake in a space-time window d	 T in order to
estimate the rate of seismicity triggered by this main-
shock removing the influence of previous earthquakes.

This definition of triggered earthquakes and ‘‘main-
shocks’’ contains unavoidably a degree of arbitrariness in
the choice of the space-time windows but the estimation
of � is found to be robust when changing T, R, and d. We
have tested different methods for the choice of R, either
fixed or increasing with the mainshock magnitude.We use
a distance R increasing with the mainshock magnitude
because the aftershock zone is usually found to scale with
the rupture length [26,27]. We use R equal to 1 rupture
length of the mainshock. For small mainshock magni-
tudes, this choice would lead to unacceptable values of R
smaller than the location error, and thus to underestimate
the number of triggered earthquakes of small main-
shocks. Therefore, we impose R > 5 km, larger than the
location error. Taking R fixed has the advantage of not
introducing by hand any scaling between the aftershock
zone and the mainshock magnitude. However, it may
overestimate the number of earthquakes triggered by
the smallest mainshocks if R is too large, or underesti-
mate the number of triggered events of the largest main-
shock if R is too small.

The results obtained for T � 1 year, R � 0:01	
100:5M km, and d � 50 km are presented in Fig. 1. The
rate of triggered earthquakes is found to decay according
to Omori’s law K�M�=tp, with the same exponent p 
 0:9
for all mainshock magnitudes M [Fig. 1(a)]. The ampli-
tude K�M� increases exponentially �10�M as a function
of M with � � 0:81 [Fig. 1(b)]. This confirms that the
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he range 0:01< t < 365 days for M< 6:5. For large M � 6:5
s after the mainshock due to the incompleteness of the catalog
work. Therefore we measure K�M� in the range t > 0:1 day for
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FIG. 2 (color online). Cumulative magnitude distribution of
triggered earthquakes for different values of the mainshock
magnitude between 3 (dark line, small circles) and 7 (gray line,
large symbols) using the same time interval for the selection of
aftershocks as in Fig. 1.
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scaling of the rate of triggered earthquakes with M
follows (1). Our method is more accurate than previous
studies [6,9,11,13]. Indeed, these studies [6,9,11,13] de-
termine the scaling of n�M� with M using the total
number of aftershocks [6,9,11,13] in a time window �0�
T� after a mainshock, and can thus be biased by the
incompleteness of the catalogs just after a large main-
shock or by the background seismicity at large times after
a mainshock. In contrast, in order to deal with these
problems, we use the seismicity rate in the time window
where we observe the Omori law decay characteristic of
triggered seismicity.

The value of � is robust when increasing or decreasing
the distance R used for the selection of triggered earth-
quakes between 1 and 5 rupture lengths, or when increas-
ing the minimum value of R from 2 to 10 km. Selecting
earthquakes within a disk of fixed radius R � 50 km for
all mainshock magnitudes yields a slightly smaller value
� � 0:72. Decreasing R leads to a smaller value of �
because it underestimates the number of events triggered
by the largest mainshocks, which have a rupture size
larger than R. When increasing R from 10 to 100 km,
the value of � first increases with R and then saturates
around � � 0:72 for R � 50 km. We have also checked
that � is not sensitive to the parameter d used for the
selection of mainshocks if d � 50 km. All values of �,
for reasonable values of the parameters R in the range
30–100 km, T between 0.1 and 2 yrs and d > 50 km, and
for different time periods of the catalog, are in the range
�0:7–0:9�. We have also tested the method on synthetic
catalogs generated with the ETAS model. We recover the
� parameter with an error smaller than 0.05.

For the same catalog of seismicity, we measure using
a maximum likelihood method the b value of the
Gutenberg-Richter law (2) equal to b � 1:08� 0:10. We
have also tested that the magnitude distribution P�M� of
triggered events is independent of the mainshock magni-
tude. Figure 2 shows the magnitude distribution of trig-
gered events for different ranges of the mainshock
magnitude, using the same data as in Fig. 1. This figure
shows that a large earthquake can be triggered by a
smaller earthquake. Our results suggest that � is signifi-
cantly smaller than the b exponent of the magnitude
distribution. Whether the exponent � varies with region
and maybe even with time is an interesting question that
is outside the scope of this Letter but we urge further
studies in that direction.

We now propose a simple explanation for this non-
trivial scaling of the number of triggered earthquakes
with the mainshock magnitude, and we suggest that �
can be related to the fractal structure of the spatial dis-
tribution of seismicity. It is widely accepted that the
aftershock zone scales with the rupture length [26,27].
While the area affected by the stress variation induced
by an earthquake increases with the rupture length, the
stress drop is independent of the mainshock magni-
058501-3
tude [28,29]. The stress variation at a distance from the
mainshock proportional to the fault length L is thus
independent of the mainshock magnitude, neglecting
the effect of the finite width of the crust and the visco-
elastic deformation in the lower crust. Therefore, assum-
ing that earthquakes triggered by the stress change
induced by the mainshock, the density of earthquakes
triggered at a distance up to R 
 L from the mainshock is
independent of the mainshock magnitude. The increase of
the number of triggered events with the mainshock mag-
nitude results only from the increase in the aftershock
zone size with the rupture length.

The rupture length is usually related to the magnitude
by [28]

L� 100:5M: (4)

The same relation thus holds between the aftershock zone
size R and the mainshock magnitude.

In order to estimate the scaling of the number of
triggered events with the rupture length, we need to
make an assumption about the spatial distribution of
earthquakes around the mainshock. Assuming that trig-
gered earthquakes are uniformly distributed on the fault
plane, and using (4), the number of earthquakes trig-
gered by a mainshock of magnitude M is given by n�M� �
L2 � 10M [9] and thus leads to � � 1. The value � � 0:5
obtained for a numerical model of seismicity [12] sug-
gests that in this model earthquakes are triggered
mostly on the edge of the fracture area of the mainshock
[12]. Our result � � 0:8 for Southern California seismic-
ity implies that triggered earthquakes are distributed
neither uniformly on the rupture plane nor on the edge
of the rupture, but rather on a fractal structure of dimen-
sion D< 2. Using the definition of the capacity fractal
058501-3
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dimension, the number of aftershocks is

n�M� � RD; (5)

where R is the characteristic length of the aftershock
zone. Using (4) and (5), we obtain the scaling of the
number of triggered earthquakes with the mainshock
magnitude

n�M� � 100:5DM (6)

which gives � � 0:5D. Our estimation � � 0:8 for
Southern California seismicity thus suggests D � 1:6.
This value of the fractal dimension of aftershocks hypo-
centers has never been measured for Southern California
seismicity. Our estimate of D is significantly smaller than
the value measured in the range �2–2:8� for aftershock
sequences in Japan [20]. This fractal dimension of the
spatial distribution of triggered earthquakes results in
part from the fractal structure of the fault system [30],
but it may also reflect the nonuniformity of the distribu-
tion of the earthquakes on the fault due to the heteroge-
neity of stress or strength on the fault. The fractal
dimension of the aftershock distribution may thus be
smaller than the fractal distribution of the fault system.

While the energy release and the total slip on faults is
controlled by the largest earthquakes, the suggestion that
�< b implies that small earthquakes may be more im-
portant than large earthquakes in triggering earthquakes.
We have also checked that the magnitude distribution of
triggered earthquakes is independent of the mainshock
magnitude (Fig. 2). This implies that earthquake trigger-
ing is driven by the smallest earthquakes at all scales,
even for the largest earthquakes. Other observations [25]
support the conclusion that the same mechanisms can
explain the triggering of a large earthquake by a smaller
one and the triggering of a small earthquake by a previous
larger event.

A recent study [14] has proposed that secondary after-
shocks dominate an aftershock sequence, so that subse-
quent large aftershocks are more likely to be triggered
indirectly by a previous aftershock of the mainshock. Our
study further suggests that the smallest earthquakes will
dominate the triggering of following earthquakes. The
importance of small earthquakes casts doubts on the
relevance of calculations of direct stress transfer func-
tions to predict seismicity [31], because large earthquakes
are likely to be triggered by the smallest earthquakes
below the detection threshold of the seismic network.
Small earthquakes taken individually have a very low
probability of triggering a large earthquake. But because
they are much more numerous than larger earthquakes,
collectively, they trigger more earthquakes. This result
requires the existence of a small magnitude cutoff m0,
below which earthquakes may occur but cannot trigger
earthquakes larger than m0, or a change of the scaling of
N�M� given by (3) for small earthquakes, otherwise the
058501-4
seismicity at all scales would be controlled by infinitely
small earthquakes.
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