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Abstract

Systems with long-range persistence and memory are shoswhibit different precursory as well as
recovery patterns in response to shocks of exogeneousvamsogeneous origins. By endogeneous, we
envision either fluctuations resulting from an underlyihgatic dynamics or from a stochastic forcing
origin which may be external or be an effective coarse-@uitescription of the microscopic fluctua-
tions. In this scenario, endogeneous shocks result fromd dd constructive interference of accumu-
lated fluctuations whose impacts survive longer than thgelahocks themselves. As a consequence,
the recovery after an endogeneous shock is in general skawesarly times and can be at long times
either slower or faster than after an exogeneous pertarbafihis offers the tantalizing possibility of
distinguishing between an endogeneous versus exogenaass of a given shock, even when there
is no “smoking gun.” This could help in investigating the groeous versus self-organized origins in
problems such as the causes of major biological extinctiohshange of weather regimes and of the
climate, in tracing the source of social upheaval and ward,s® on. Ref.|E9] has already shown how
this concept can be applied concretely to differentiateeffiects on financial markets of the Sept. 11,
2001 attack or of the coup against Gorbachev on Aug., 19, {&gdgeneous) from financial crashes
such as Oct. 1987 (endogeneous).

1 Introduction

Most complex systems around us exhibit rare and suddenittocanss that occur over time intervals that
are short compared to the characteristic time scales af plositerior evolution. Such extreme events ex-
press more than anything else the underlying “forces” Ugindilden by almost perfect balance and thus
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provide the potential for a better scientific understandihgomplex systems. These crises have funda-
mental societal impacts and range from large natural cafgsts such as earthquakes, volcanic eruptions,
hurricanes and tornadoes, landslides, avalanches, ilighstrikes, meteorite/asteroid impacts, catastrophic
events of environmental degradation, to the failure of eegiing structures, crashes in the stock market,
social unrest leading to large-scale strikes and upheasahomic drawdowns on national and global scales,
regional power blackouts, traffic gridlock, diseases andespics, and so on. It is essential to realize that
the long-term behavior of these complex systems is oftetralted in large part by these rare catastrophic
events[[2p]. The outstanding scientific question is how saxgfe-scale patterns of catastrophic nature might
evolve from a series of interactions on the smallest ane:asingly larger scalef [28], or whether their origin
should be searched from exogeneous sources.

Starting with Hurst's study of 690 time series records of @bghysical phenomena, in particular river flow

statistics, documenting the so-called “Hurst effect” afdaerm persistencé J10], many studies in the last
decades have investigated the existence of long memowteffea large variety of systems, including me-

teorology (wind velocity, moisture transfer in the atmosyeh precipitation), oceanography (for instance
wave-height), plasma turbulence, solar activity, stiatt@se chemistry, seismic activity, internet traffic, fi-

nancial price volatility, cardiac activity, immune resgenand so on.

The question addressed here is whether the existence ofengpry processes may lead to specific sig-
natures in the precursory and in the relaxation/recovdagtation of a system after a large fluctuation of
its activity, after a profound shock or even after a catadtio event, that may allow one to distinguish an
internal origin from an exogeneous source. Let us put thistjon in perspective with regards to the extinc-
tion of biological species as documented in the fossil ecBuring the past 550 million years, there have
been purportedly five global mass extinctions, each of whiath a profound effect on life on Earth. The
last end-Cretaceous mass extinction (with the disappeearaii39 — 47% of fossilizable genera and perhaps
75% of species) marking the Cretaceous/Tertiary (K/T) lolauy about 65 millions ago is often attributed
to the impact of a huge meteor in the Yucatan penindulh [15]otAer scenario is that a burst of active
volcanism was the real origin of the extinctid [#, 5]. It eeen suggested that this extinction was actually
driven by longer-term climatic changes, as evidence byabethat certain species in the Late Maastrichtian
disappeared a distinctive time before the K/T boundfry [, A completely endogeneous origin has
also been proposed, based on the concepts of nonlinearafdexibetween speciefs [0, 1] illustrated by
self-organized criticality and punctuated equilibfif P2] (see [14] for a rebuttal). The situation is even
murkier for the extinctions going further in the past, forishhthe smoking guns, if any, are not observable
(see however the strong correlation between extinctiodsvattanic traps presented ifj [5]). How can we
distinguish between an exogeneous origin (meteorite anigen, abrupt climate change) and endogeneous
dynamics, here defined as the progressive self-organigsgpnse of the network of interacting species that
may generate its own demise by nonlinear intermittent meggtedbacks or in response to the accumulation
of slowly varying perturbations in the environment? Is ispible to distinguish two different exogeneous
origins, one occurring over a very short time interval (mete) and the other extending over a long period
of time (volcanism), based on the observations of the regoaed future evolution of diversity?

The aviation industry provides another vivid illustratiohthe question on the endogeneous versus exoge-
neous origin of a crisis. Recently, airlines became the @iinadustry victim of the September 11, 2001
terrorist attacks. The impact of the downturn in air traves$ been severe not just on the airlines but also on
lessors and aircraft manufacturers. The unprecedentedinlar travel and airline performance prompted
the US government to provide $5 billion in compensation anchéke available $10 billion in loan guaran-
tees. This seems a clear-cut case for an exogeneous shoskevétothe industry was deteriorating before
the shock of September 11. In the first eight months of 2004seyager traffic for US carriers rose by an
anemic 0.7 percent, a sharp fall from annual growth of neaggrcent over the previous decafle [3], illus-
trated by the record levels of the earned profits of $39 bilbmd of delivery of more than 4,700 jetliners



from 1995 to 2000. The US airlines’ net profits dropped fromgires of nearly 4 percent during 1998-2000
to losses of greater than 3 percent during the first half ofLl266spite aggressive price cuts as airlines tried
to fill seats and profits vanished.

Many other examples are available. We propose to addresgémeral question of exogeneous versus
endogeneous origins of shocks by quantifying how the dyosuoii the system may differ in its response to
an exogeneous versus endogeneous shock. We start with e Simgan field” model of the activityd (¢)
of a system at time, viewed as the effective response to all past perturbagonisodied by some noisy
functionn(r),

t

AW = [ drnn K-, ®

—0o0
where K (t — ) can be called the memory kernel, propagator, Green funabioresponse function of the
system at a later timeto a perturbation)(7) that occurred at an earlier time Notwithstanding the linear
structure of [[1), we do not restrict our description to linegstems but take](1) as an effective coarse-
grained description of possible complex nonlinear dynamiEor instance, it has been shovyn][30] that
the extremal nonlinear dynamics of the Bak and Sneppen nauklof the Sneppen model of extremal
evolution of species, which exhibit a certain class of sefanized critical behaviof [R7], can be accurately
characterized by the stochastic process called “Lineatifraal stable motion,” which has exactly the form
(fl) for the activity dynamics.

Expression[(1) contains for instance the fractional Brammhotion (fBm) model introduced by Mandelbrot
and Van Ness[[16] as a simple extension of the memoryles®nanealk to account for the Hurst effect.
From an initial valueB (0), we recall that the fBm is defined by

Ba(t) = Bn(0) = ey | 4 o) Kt =), @

wheredr n(7) = dW; is usually taken as the increment of the standard random wittkwhite noise
spectrum and Gaussian distribution with variafélV;] = dr and the memory kerndk (¢ — 7) is given

by
Kit—1) = (t—T)H_

= (t-n)f-

, foro<7<t 3)
—(-7)H"z, forr<0. (4)

ForH > 1/2, the fBmBy (t) exhibits long term persistence and memory, since the effgzst innovations
of dW is felt in the future with a slowly decaying power law weigki{¢t — 7). For our purpose, the fBm is
non-stationary and it is more relevant to consider globstiifistically stationary processes.

Here, we consider processes which can be described by amaheguation of the form[[1) andl](2) but
with possibly different forms for the noise innovationsand for the memory kernek. Simple viscous
systems correspond 16 (¢t — 7) o exp[—(t — 7)/T], whereT is a characteristic relaxation time. Complex
fluids, glasses, porous media, semiconductors, and soeoharacterized by a memory kerd€(t — 7)
e=2t=7)" ‘with 0 < 8 < 1, a law known under the name Kohlrausch—Williams—Wiatts B8].[Itis also
interesting to consider fractional noise motion (fNm) defiras the time derivative d8(t), which does
possess the property of statistical stationarity. A fNmefired by [J1) with

1 1

Kme(t_T) = (t—T)%_H = (t—7-)1—9 ) (5)

for H =1/2 + 0. Persistencd /2 < H < 1 (respectively antipersisten€ée< H < 1/2) corresponds to
0 < 0 < 1/2 (respectively—1/2 < 6 < 0). Such a memory kernel describes also the renormalized @mor
law for earthquake aftershocKs 2§, 8].



2 [Exogeneous versus endogeneous shock

In the following, we consider systems described by a long orgrimtegral [1) with kernelK (¢) decaying
faster thanl /\/¢ at large times, so as to ensure the condition of statistietiosarity. This excludes the
fBm which are non-stationary processes but includes the. fNm

2.1 Exogeneous shock

An external shock occurring at= 0 can be modeled in this framework by an innovation which takes
form of a jumpA, (7). The response of the system for 0 is then
t

At) = A K(t) + / drn(t) K(t — 7). (6)

— o0

The expectation of the response to an exogeneous shoclsis thu
Eexo[A(t)] = Ao K(t) + n(n) , (7)

where(n) is the average noise level and= f0+°° dr K(7) is the average impact of a perturbation which
is usually smaller thari to ensure stationarity (this corresponds to the sub-atitiegime of branching
processeq [7]).

The time evolution of the system after the shock is thus tme sfithe process it would have followed in

absence of shock and of the kerdé{t). The responsel, K (¢) to the jumpA, §(7) examplifies that< (¢)

is the Green function or propagator of the coarse-grainedtean of motions of the system. Expressifin (6)
simply expresses that the recovery of the system to an edtshniock is entirely controled by its relaxation

kernel.

2.2 Endogeneous shock
2.2.1 Conditional response function

Let us consider the natural evolution of the system, wittemyt large external shock, which nevertheless
exhibits a large burst(t = 0) = A att = 0. From the definition[{1), it is clear that a large “endogersgou
shock requires a special set of realization of the innowat{g/(¢)}. To quantify the response in such case,
we recall a standard result of stochastic processes witk fiariance and covariance that the expectation of
some proces () conditioned on some variablé taking a specific valu&j is given by [11]

Cov(X(t),Y)
E[Y?] ’

where E[Y?] denotes the expectation &2, Cov(X (¢),Y) is the covariance of andY, E[X(¢)] and

E[Y] are the (unconditional) average &f(t) and of Y. Expression[{8) recovers the obvious result that

E[X(¢)|Y = Aog] = E[X(¢)] if X andY are uncorrelated. A result generalizif§ (8) holds when has an
infinite variance corresponding to a distribution with a powaw tail with exponent smaller than[g].

E[X@)Y = Ao] — E[X(#)] = (4o — E[Y]) (8)

Let us assume that the proced§t) and the innovationg’s have been defined with zero mean, which is
always possible without loss of generality by a translatibat us callX (¢t > 0) = A(¢t) andY = A(0).
Under the assumption that the noige) has a finite variance, we obtain frofj (1)

0
Cov(A(t), A(0)) = / dr K(t—71) K(-71), 9)

— 00
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and o
E[A(0)?] = / dr (K (—7)]? (10)

For stationary processes such that) decays faster thaly/t so as to make the integral in {10) convergent,
E[A(0)?] is a constant. We thus obtain the posterior-(0) response (above the stationary average) to an
endogenous shock occurring at time: 0 under the form of a conditional expectation4ft), conditioned

by the existence of this shock:

Fendo[A(£) A(0) = Ao] x Ag /0 T Kt w) K () (11)

for large Agy. This relaxation of the activity after an endogeneous sh&ak general significantly different
from that given by|[(7) following an exogeneous shock.

2.2.2 Conditional noise trajectory

What is the source of endogeneous shocks characterizede liggponse functiorh (11)? To answer, let us
consider the procesg/ (t) = ffoo dr 1(r), wheren(t) = n(t) — (n) defines the centered innovations
forcing the system[[1). Using the properfy (8), we find thattfe: 0

Eendo[W (£)|A(0) = Ag] = Cov[W(t), A(0)]

t
A (o= Bl x (4 ~Bl4) [ drK(-r). @2
whereE,q0[W (t)|A(0) = Ag] = 0fort > 0 since the conditioning does not act after the shock. Exjmess
(L2) predicts that the expected path of the continuous iathav flow prior to the endogeneous shock (i.e.,
for ¢ < 0) grows like AW (t) = 7(t)At ~ K(—t)At upon the approach to the tinte= 0 of the large
endogeneous shock. In other words, conditioned on the vdigar of a large endogeneous shock, there is
specific set of trajectories of the innovation flexit) that led to it. These conditional innovation flows have
an expectation given by (12).

Inserting the expressiof (12) for the average conditionaenin the definition[{1) of the process, we obtain
an expression proportional tp [11). This shows that theyssery activity preceding and announcing the
endogeneous shock follows the same time dependence adakeaticen (11) following the shock, with the
only modification that (for ¢t > 0 counting time after the shock at= 0) is changed into-t (for ¢t < 0
counting time before the shock at= 0). We can also usé ([L2) intp] (1) and calculate the activitgrafie
endogeneous shock to recovgr](11). These are two equiwasrgt of arriving at the same result, the one
using (1R) illuminating the fundamental physical origintoé endogeneous response.

These results allow us to understand the distinctive feataf an endogeneous shock compared to an exter-
nal shock. The later is a single very strong instantaneotisinpation that is sufficient in itself to move the
system significantly according tfd (6). In contrast, an “egefeeous” shock is the result of the cumulative ef-
fect of many small perturbations, each one looking relétibenign taken alone but, when taken all together
collectively along the full path of innovations, can add @herently due to the long-range memory of the
dynamical process. In summing, the term “endogeneous’ad biere to refer to the sum of the contribution
of many “small” innovations adding up according to a spegcifiast probable trajectory, as opposed to the
effect of a single massive external perturbation.

2.3 Numerical simulation of an epidemic branching process ith long-range memory

To illustrate our predictiong)(7) anfl {11), we use a simpldampic branching model defined as follows. The
model describes the time evolution of the rate of occurrefi@vents as a function of all past history. What
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is called “event” can be the creation of a new species or a aavilf of organisms as if][6], the occurrence
of an earthquake as ifi [2f, 8], the amplitude of the so-cdlahcial volatility as in [20] or of aviation
traffic, a change of weather regime, a climate shift and sd’be.rate)(¢) of events at time is assumed to
be a function of all past events according to

At)= > dlt—t), (13)

) | t;<t

where the sum is carried over all past events that occurréthast; prior to the present. The influence

of such an event at a previous tities felt at timet through the bare propagatoft — ¢;). In our present
illustration, we consider a process equivalent to a fNm witirst exponent? = 1/2 + 6, which can be
shown to correspond to the choig¢t) = 0 ¢ /(t + ¢)'%, wherec is an ultra-violet regularization time
embodying a delay process at early times in the activityoese after an event. Indeed, the Master equation
corresponding to the proce$s](13) can be sh¢wr{]26, 8] tothéngabut (1) with the renormalized or dressed
propagatork (t) o< 1/(t + ¢)'~°.

Numerical simulations of the epidemic branching processparformed by drawing events in succession
according to a non-stationary Poisson process with iretaaius rate (13). Figurfls 1 dijd 2 show successive
magnifications of time series of the activity rate after angeneous shock and around an endogeneous
shock, respectively, in order to visualize the precursarg gelaxation activities. In figurg 2, an external
source of activity necessary for seeding has been addedassaR process of raje= 10~ corresponding

on average to one external event over a time interval0of). The most striking visual difference is the
existence of the precursory signal occurring at many timaescfor the endogeneous shock. Fig[jre 3
quantifies the precursory and relaxation rates associatibdastivity shocks. The top panel shows the
relaxation of the activity (rate of events) following anextal shock compared to that after an endogeneous
shock, for a single realizatiort,. is the time of the shock. The horizontal axistis- t. for the relaxation

of the activity after the shock. The precursory activityoptio the shock is also shown for the endogeneous
shock as a function of, — ¢t. The bottom panel shows the same three activity functiotes aleraging
over many realizations, translating time in the averagimghat all shocks occur at the same time denoted
t.. The prediction[{7) states that the relaxation of the agtigfter an exogeneous shock should decay as
K(t) oc 1/(t — t. + ¢)'=% while the decay after an endogeneous shock should be givéipywhich
predicts the lawx 1/(t — t. + ¢)' 2%, that is, a significantly smaller exponent f#r> 0. Similarly, we
predict that the precursory activity prior to an endogeseshock should increase asl/(t. — t + ¢)' =29,
These predictions are verified with very good accuracy, es sefigure[B.

These simulations confirm that there is a distinctive déifee in the relaxation after an endogeneous shock
compared to an exogeneous shock, if the memory kernel isisulftiy long-ranged. For a single realization,
there are unavoidable fluctuations that may blur out thiedihce. However, we see a quite visible precur-
sory signal (foreshock activity) that is symmetric to thelaxation process in the case of an endogeneous
shock. This follows from the model used here which obeysithe-teversal symmetry. This may be used
as a distinguishing signature of an endogeneous shock.

3 Classification of the distinctive responses for differentlasses of memory
kernels

The family of power law kernels used in the simulations pnése in figureg]1]]2 and 3 are only one pos-
sibility among many. Our formalism allows us to classify thistinctive properties of the relaxation and
precursory behaviors that can be expected for an arbitramaony kernel. We now provide this classifica-

tion by studying [(7) and (11).



3.1 Short-time response

We compare the initial slopes of the relaxations after theuoence of the shock at = 0. Thus, by
short-time, we mean the asymptotic decay law just afterfloels For this, we expand](7) to get

Feo[A(H)] = Ao K(0) |1+ f{((g)) t+ 0(#)} — 49 K(0) {1 + O iy (’)(t2)] . (4
whereK'(t) denotes the derivative df (¢) with respect to time.
Similarly, expanding the integral ifi (11) for short times abtain
EuntoADA©) = Aa] x 40 0) 1+ 355 oo 04+0()] (15
where .
FO = [ dulk(w) (16)
is a monotonically decreasing function of time.t
It is convenient to use the parameterization
F(t)=e 90 17)

whereg(t) is an monotonously increasing function of time. Insertjfig)(in (I4) and[(75) leads to

EualA(0] = 40 K) |1 - (3000~ ) e 0] (18)
and .
Eanto AWDIAO) = Ao] x 40P (0) [1- 1/0) ¢+ O] 19)

1. Forg”(0) = 0, thatis,g(t) = 2at corresponding to an pure exponential relaxafioft) o« exp[—at],
the velocities of the responses to an exogeneous and to emelmgs shock are identical;

2. for ¢”(0) > 0 corresponding to a super-exponential relaxatfo(t) « exp[—at‘| with ¢ > 1, the
exogeneous relaxation is slower than the endogeneous one;

3. for ¢”(0) < 0 corresponding to a sub-exponential relaxation such agtlsad exponentiak (¢) o
exp[—at] with ¢ < 1 or to the family of regularly varying functions such as powawvs, the exoge-
neous relaxation is faster than the endogeneous one.

The exponential relaxation thus marks the boundary betwgeropposite regimes. As is intuitive, a sub-
exponential relaxation betraying a long memory procesdsléa a slower short-time recovery after an en-
dogeneous shock, because it results from a long preparatiicess[(12).

3.2 Asymptotic long-time response

Since K (t) is a monotonously decaying functiof; (¢t + ) < K(t) for anyu > 0. This leads to the
following inequality

Eendo[A(t)|A(0) = Ag] < AgK (1) /0 ™ K(u), (20)
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which is valid if the integralf(;roo du K (u) exists, that is, i (¢) decays faster thaty't at large times. This
shows that, as soon ds(t) < C/t for any positive constant’, E¢,q0[A(t)|A(0) = Ap] < Eexo[A(%)].
But the difference may be small and inobservable. For ingtafor K (t) oc 1/t'7% with > 0, a careful
examination of the integral if (11) shows that, due to thetrimution of the conditional noise close to the

shock, we have
A

EondO[A(t)’A(O) = AO] X tl—-‘r

~ Eexo [A(t)] . (21)

Thus, there is no qualitative difference in the relaxaties of an endogeneous shock and exogeneous shock
in this case: the contributions of all the conditional aitfiyprior to the endogeneous shock is equivalent to
that of the shock itself. A more elaborate and analysis §ipaoithe problem at hand must be performed to
predict the prefactors that will be different in the endogmus and exogeneous cases.

In constrast, for memory kernel§ (t) oc 1/t1=% with & > 0 decaying slower thai/¢, as for a stationary
fNm of the form ($), we obtain

BEondo[A(#)|A(0) = Ag] Ei§9- > Eexo[A(t)] o

=20 (22)

tl—@ :
In this case, the relaxation following an endogeneous skeclays significantly more slowly than for an
exogeneous shock. This case is examplified in fifjure 3. Iroig time limit, the decay law/¢ thus marks
the boundary between two opposite regimes.

3.3 lllustration

An illustration of this critical behavior is provided by tmesponse of the price volatilityo; at scaleAt
defined as the amplitude (absolute value) of the retysit) = In[p(¢)/p(t — At)] = €(t) - oa(t) =
e(t) - e¥at®) of afinancial asset(t) is a random sign. Indeed, financial price time series have seewn
to exhibit a long-range correlation of their log-volatilita;, described by a moddl [PR,]29] in which (¢)

follows the procesq]1) with
AT
Kai(t) ~ Ky —~ for At <t T, (23)

whereT = 1 year is a so-called integral time scale. This fofn} (23) @poads to the parameterizatidh (5)
with § = 1/2. Sornette et al.[J29] have shown that there is a clear distimbetween the relaxation of stock

market volatility after an exogeneous event such at theeBapér 11, 2001 attack or the Aug., 19, 1991
coup against Gorbachev and that after an endogeneous ex#nas the October 19, 1987 crash. In this
model, the long-range memory acting on the logarithm of tiatility induces an additional effect, namely

the exponent of the power law relaxation after an endogenesback is a linear function of the amplitude

of the shock.

3.4 Synthesis of the asymptotic short- and long-time reginse

We have found two special functional forms for the resporeméd K (t) oc 1/t and K (t) o exp|—at],
which are “invariant” or indifferent with respect to the eggneous versus exogeneous origin of a shock.
Thus, for normal exponential relaxation processes as wétirgpower relaxationx 1/, the functional form

of the recovery does not allow one to distinguish betweemaogeneous and an exogeneous shock.

These two invariants( (¢) o exp|—at] and K (t) o« 1/t delineate two opposite regimes, the first one for
short-time scales and the second one for long-time scales:



1. for K(t) oc 1/t'=% with # > 0, the endogeneous response decays more slowly than theneouge
response, at all time scales;

2. forexp|—at] < K(t) < 1/t for any positiver, the endogeneous response decays more slowly than
the exogeneous response at short time scales and has thdeggendence as the exogeneous response
at long time scales; this regime describes for instancettbched exponential relaxation of complex
fluids alluded to above;

3. for K(t) < exp|—at] for any positiver, the endogeneous response decay faster than the exogeneous
response at all time scales.

More complicated behaviors can occur when the memory kéfiie) exhibits a change of regime, crossing
the exponential and/ot/t boundaries at certain time scales. Each situation reqairgsecific analysis
which yields sometimes surprising non-intuitive resug [

4 Conclusion

We think that the conceptual framework presented here magppéed to a large variety of situations,
beyond those alluded to in the introduction. For instanke,result [(12) has been shown to explain the
so-called inverse Omori's law for earthquake foreshockiigtbefore a mainshock, in a simple model of
earthquake triggerind][9]. The same mechanism may exgh@ptemonitory seismicity pattern known as
“burst of aftershocks”[[13]: a mainshock with an abnormédisge number of aftershocks has been found to
be a statistically significant precursor to strong earthgad2]].

Many dynamical systems in Nature, such as geophysical ahagical systems (immune network, memory
processes in the brain, etc.), or created by man such ad strcietures and networks (Internet), States
and so on, exhibit long-memory effects due to a wealth of iptsssnechanisms. For instance, Krishan
Khurana at UCLA has suggested to us that the concept propesedould explain that endogeneous civil
wars have long-lasting effects with slow reconstructiompared with the fast recovery after exogeneous
wars (that is, imposed or coming from the outside). The imireg emphasis on the concepts of emergence
and complexity has emphasized an endogeneous origin obthplicated dynamical behavior of complex
systems. In reality, most (so-called) complex systemslaadsult of their internal dynamics/adaptation
in response to a flow of external perturbations, but some egeltexternal perturbations are rare extreme
shocks. What is the role of these exogeneous shocks in thergahization of a complex system? Can
one distinguish the impact of extreme exogeneous shocks & endogeneous organization at different
time scales? Our present analysis has just scratched tleeswf these important and deep questions by
suggesting an angle of attack based on the conditionalritist@rocess at the basis of strong endogeneous
fluctuations. Extensions of the present simplified framé&worolve the generalization to multidimensional
coupled processes such asfin [12] and to nonlinear spatipeteal processes.

We are grateful to A.B. Davis. V. Keilis-Borok and V.F. Pisako for useful exchanges. This work was
partially supported by the James S. Mc Donnell Foundaticst @éntury scientist award/studying complex
system.
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Figure 1: Rate of activity following an exogeneous shock imueerical simulation of the epidemic branch-
ing model [IB) generated with a memory kernel decaying asaeptaw ¢(t) ~ 1/(t + ¢)'*? with pa-
rameters) = 0.1 andc = 0.001 without a constant source term & 0). The rate of activity following
an exogeneous shock that occurred at 0 is shown at increasing magnification from top to bottom. It is
evaluated using a bin size decreasing by factorsddfom 6t = 10 (a) todt = 0.01 (d). Averaging over
many such realizations would yield the average power laayléd(t) ~ 1/(t + ¢)'~? predicted by [(7).
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Figure 2: Rate of activity prior to and after an endogengogsinerated major burst of activity generated
by a numerical simulation of the epidemic branching mofig) (@ith a power law kernel with the same
parameterd = 0.1 andc = 0.001 as in figure[]l with in addition a constant Poisson source teitim rate

1 = 0.001 corresponding, on average, to one event added from an ektgarce pet 000 time units. Most

of the observed activity is thus the result of interactiorsneen events. The rate of activity close to the
largest peak of activity is shown at increasing magnificetifsom top to bottom and is evaluated as in figure
fl. Both precursory and relaxational processes can be @gsanmany time scales.
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Figure 3: Rate of activity for a single sequence (a) of thelepiic branching model defined Hy|13) gener-
ated with a memory kernel decaying as a power law of time wi¢hparameterg = 0.2 andc = 1072 and
averaged over many sequences (b). The exogeneous refaisatibown with diamonds, the endogeneous
relaxation is shown as crosses and circles are for the me@guactivity in the endogeneous case. Large
fluctuations are observed in the precursory activity anchendndogeneous relaxation when looking at a
single sequence, due to the small numisei 00 of observed events. Averaging over 50 realizations, we
see clearly the faster decay ratel /t' % for the exogeneous relaxation predicted [y (7) compareld thvét
endogenous one predicted fpy|(11). The same decayudtg'—2? predicted by[(31) is observed for both
the endogeneous precursory and post-event relaxation.
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