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ASYMPTOTIC NORMALITY OF THE QUASI MAXIMUM
LIKELIHOOD ESTIMATOR FOR MULTIDIMENSIONAL
CAUSAL PROCESSES

By JEAN-MARC BARDET AND OLIVIER WINTENBERGER
CES (SAMOS-Matisse), University Paris 1 Panthéon-Sorbonne, France

Strong consistency and asymptotic normality of the Quasi-
Maximum Likelihood Estimator (QMLE) are given for a general
class of multidimensional causal processes. For particular cases al-
ready studied in the literature (for instance univariate or multivari-
ate GARCH, ARCH, ARMA-GARCH processes) the assumptions
required for establishing these results are often weaker than existing
conditions. The QMLE asymptotic behavior is also given for numer-
ous new examples of univariate or multivariate processes (for instance

TARCH or NLARCH processes).

1. Introduction. In this paper the asymptotic behavior of the Quasi-
Maximum Likelihood Estimator (QMLE) is studied for general R™-valued
stationary process. The time series X = (Xy, t € Z) is defined as a solution
of the equation:

(11) Xt = M@o(Xt—17Xt—27 .. ) ' é.t + f@o(Xt—17Xt—27 .- ')7 Vie Z7

almost everywhere (a.e.). Here My (X¢—1,X¢—2,...) is a (m x p)-random

matrix having almost surely (a.s.) full rank m, the sequence (& )iez of RP-

random vectors (fék))lgkgp are independent and identically distributed sat-
’ 2

isfying E[¢Ve)] = 0 for k # ¥ and E[¢)”7] = Var(¢?) = 1 and

foo(Xe—1,Xi—9,...) is a sequence of R™-random vectors. Various popular

econometric time series models can be written in the form ([L.1I]). The case
fo =0 and

g k
(12) Hg(Xt_l, Xi o,.. ) =Cpy + Z Z Cint—iXt,—iCz{j
i=1 j=1
q k
+ Z Z Ding(Xt_i_l, Xi i o,.. )D;], Whereng = My - Mé,
i=1j—=1

AMS 2000 subject classifications: Primary 62M10, 62F12
Keywords and phrases: Quasi-Maximum Likelihood Estimator; Strong consistency;
Asymptotic normality; Multidimensional causal processes; Multivariate GARCH processes

1


http://www.imstat.org/aos/
http://arxiv.org/abs/math.PR/0000000

2 J.-M. BARDET AND O. WINTENBERGER

corresponds to the BEKK representation of multivariate GARCH(q, ¢’) de-
fined by Engle and Kroner [1J], see also Bollerslev [H]. Their natural gener-
alization,

/
B!,

)

oo
Ho(Xi-1,X;—9,...) :=Bo+ > BiXy i X{_
i=1
defines the multivariate ARCH(o0) processes. If My = I, a process X sat-
isfying relation ([[.]) is a multivariate Non Linear AR(co) process.

Various methods can be employed to estimate the unknown parameter 6.
Maximum Likelihood Estimation (MLE) is a common one. Several authors
studied the asymptotic behavior of MLE for particular cases of multivari-
ate processes satisfying ([L.1]), see for instance Bollerslev and Wooldridge [{],
Jeantheau [[[9] for multivariate GARCH(q, q’) processes and Dunsmuir and
Hannan [, Mauricio [RF for multivariate ARMA processes. A proof of
the efficiency of those estimators was obtained in Berkes and Horvéth [fl],
in the case of one-dimensional GARCH(q, ¢'). Even if the convergence rate
of the MLE can be optimal this method presents numerous drawbacks. For
example, the conditional likelihood depends on the distribution of the inno-
vations &, which is often unknown, and on all the past values of the process
X, which are unobserved.

In the present paper we consider an approximation of the MLE called
Quasi-Maximum Likelihood Estimation (QMLE). If the sequence (& )iz is
a sequence of standardized Gaussian vectors, the conditional likelihood of
X is, up to an additional constant, equal to

(1.3) L,(0) := —% tzn;qt(é?) for all 0 € ©
with q;(0) := {(Xt — f8)' (H§) ™ (Xi = f}) + log (det (Hé))L
fh= fo(Xi—1, Xia,...), My = Mg(Xy—1,X;—o,...) and H} := MM}
JFrom now on we omit any assumption on the distribution of the &;.

The QMLE is obtained by plugging in the likelihood the approximations
fE= fo(Xima, oo, Xu,u), Mp o= Mp(Xy—1,...,X1,u) and Hj) == M- (M)

'Here A’ is the transpose of the matrix A.
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where u is a finitely-non-zero sequence? (uy )nen:
- 1
(14) La(0):=—5 Y 00)
t=1

with G(6) = (X, — F§)' (Hj) ™ (X0 — J§) +log (det (H}))].

The QMLE 0,, is the M-estimator associated with the quasi-likelihood L,
given as the maximizer
(1.5) 0, := Argmax L, ().

0cO
A basic idea of this paper is to restrict the set of parameters © in such a
way that moment conditions on &y imply both the existence of a solution X
and finite moments of sufficiently high order for X. This strategy is available
for the very general model ([[.1) thanks to a result of Doukhan and Win-
tenberger [[]], see Section f. Then we use the moment conditions to settle
both consistency and asymptotic normality, see Section .

We restrict the set of the parameters in such a way that we only assume
finite moments of orders 2 or 4 on &y, which are necessary conditions for con-
sistency or asymptotic normality, respectively, see for example Straumann
and Mikosch [2] for some particular classes of non-linear time series models.
In turn, these conditions guarantee the existence of moments of order 2 or
4 of X, respectively. Notice that for one-dimensional GARCH models these
moment conditions on X can be relaxed, see Francq and Zakoian [[15], Berkes
et al. [ff]. For Markovian models, Straumann and Mikosch [R] achieved the
asymptotic normality assuming moment conditions but the corresponding
restriction on © is non-explicit except for the AGARCH models. In the case
of ARCH(c0), the conditions are not comparable with those in Robinson
and Zaffaroni [RF]. Our restriction on © is stronger whereas we sharpen the
moment conditions of order 2 4+ § to the order 2 on & for the strong con-
sistency. Finally, for multivariate models the conditions are sharper than
those in Comte and Lieberman [[j and Ling and McAleer [R1] who derived
the asymptotic normality for particular models under moments of order 4,
6 or 8 on X. In Section ] we provide for the first time the consistency and
asymptotic normality of the QMLE in TARCH, NLARCH and Non Linear
AR(00) models.

But to begin with, the following Section P deals with the various assump-
tions on the general model ([[.]) that are needed.

2This means that u, # 0 only for finitely many n € N,
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2. Notation and assumptions. In the sequel, some standard notation
is used:

e The symbol ||.|| denotes the usual Euclidean norm of a vector or a
matrix (for A a (n x p)-matrix, [|A| = supjy < {[|AY], ¥ € RP});
e For the measurable vector- or matrix-valued function g defined on O,

l9lle = supyee ll9(0)];
e If V is a vector space then V> denotes the set of the finitely-non-zero

sequences  i.e., there exists N > 0 such that © = (x1,x2,...,25,0,0,...);

e The symbol 0 denotes the null sequence in RY;

e If V is a Banach space and © is a subset of R? then C(©, V') denotes the
Banach space of V-valued continuous functions on © equipped with
the uniform norm || - ||e and L"(C(©,V)) (r > 1) denotes the Banach
space of random a.e. continuous functions f such that E[|| f]|5] < oc.

2.1. Definition of the parameter sets O(r) and ©(r). In proposition
below we provide the existence of a stationary solution of the general model
(L.1)). Two conditions of different types are used: the first one is a Lipschitz
condition on the functions f and M in ([])), the second one is a restriction
on the set of the parameters.

Let us assume that for any § € R?, z +— fg(x) and x — My(z) are Borel
functions on (R”)* and that Rank Mjy(x) = m for all x € (R™)*°. Assume
that there exist two sequences (a;(f,0));>1 and (o (M, 0));>1 satisfying, for
all z, y in (R™)*°,

o

{ Ifo() = o)l < S22 05(f,0)llz; — y4
[Mp(x) — My(y)| < S a;(M,0)||lz; — y;ll-

For some models, as mentioned in remark P.1, it can be more efficient to
replace the condition on M by the existence of a sequence (o;(H,0));j>1
such that

o
1Hy(x) — Ho()ll < Y o (H.0)aj — 5.
j=1
where Hy := Mpy- Mj. Assuming E||&||” < 400 for some r > 0, we can define
the set

<m>@mz%ew/i%mm+®wmwi%W@<%.
j=1 j=1

This set depends on the distribution of &, via the moments E||&y]|”. But
' 2
thanks to the fact that E[€V¢¥)] = 0 for k #£ K and E[¢{"] = Var (&) =
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1 the set ©(2) simplifies:

@(2) = {9 S R? / iaj(fﬂ) +\/§ia](M,9) < 1} .
P =1

Proposition 1 If 6y € O(r) for some r > 1 there exists a unique causal
(X is independent of (&)is¢ for t € Z) solution X to the equation ([L.1)
which is stationary and ergodic and satisfies EHXOHT < 0.

This result generalizes the one proved by Giraitis et al. [16] for ARCH(oc0)
models. It automatically yields weak dependence properties, see [L(] for de-
tails. For such non Markovian models, the classical Lyapunov condition of
Bougerol [ff] cannot be applied.

Let us now consider the special cases of (1) where f =0, m =p=1and
there exists a Borel function Hy such that Hy(x) = Hy(z?) for all z € R*.

Corollary 1 The result of Proposition [1 holds if 6y € (:)(7“) forr > 2 where

(2.2) O(r) = {9 cr! / E|£0|r(iaj(H,9))r/2 < 1} .
j=1

Remark 2.1 The ARCH(co) process was defined by Robinson [24] as so-
lution of the model:

(2.3) X = 046, o7 = bo(bo) + ij(aO)Xt{j’
=1

where, for all § € R%, (b;(6));>1 are sequences of non-negative real numbers.
Here, f=0,p=m =1, a;(M,0) = /b;(0) and a;(H,68) = b;(6). Working

with the set (:)(r), larger than ©(r), gives more general results.

2.2. Uniform assumptions on ©. Fix some compact subset © of R?. For
any sequences z, y of (R™)*° the functions 6 — fy(x) and 0 — Mpy(x) are
assumed to be continuous on ©. As in [R6], uniform continuity conditions on
© are required to apply the QMLE procedure, see Lemmall] of the Section .
Assume that || fp(0)||e < co and ||My(0)|le < oco. To settle the assumptions
in a short way, let us introduce the generic symbol ¥ for any of the functions

fy M or H.
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(AL(¥)) Let (V) = supgee (¥, 0) be such that 37, a;(¥) < oco.

(A2) There exists H > 0 such that infypco det (Hp(z)) > H for all = €
(R™)ee.

(A3(¥)) The function § € © — Uy(z) is 2 times continuously differentiable
for all z € (R™)* and

8\1/9 0?Wy (0
557+ | a7
0000’

)| <o
e

Moreover assume that there exist two integrable sequences (ay) (\IJ))j>1,
i = 1,2, such that for all z, y € (R™)> -

%57 - 5, < Sl e -
|Eoela) 7 Dol i W) 2; - 1l

If W =H, ||z — y;|| in the RHS terms is replaced with [|z;z} — y;y;|.

The last assumption on the derivatives is just needed for the asymptotic
normality of the QMLE.

2.3. Identifiability and variance conditions. We assume the same identi-
fiability condition as in Jeantheau [[[9]:

(Id) For all 6 € ©, (fj = f§, and Hj = Hj a.s.) = 0 = 6.

(Var) One of the families (8f50 /00;)1<i<q Or (3H§0 /00;)1<i<q is a.e. linearly
independent, where:

ofy _ 9f OH,  OHy

5 = g Ni-e) and gt i= T (Kot

The condition (Var) is needed for ensuring finiteness of the asymptotic
variance in the result on asymptotic normality. For ARCH(oc), Robinson
and Zaffaroni [R5 give sufficient assumptions for both (Id) and (Var). They
are easier to verify than (Id) and (Var) but are not as general. Alternative
conditions similar to those for ARCH(co) are not straightforward in the
general model ([[1]) because of its non-linear character.

3. Asymptotic behavior of the QMLE. If the model satisfies the
conditions of Corollary [l, the set ©(r) can be replaced with ©(r) in all the
results of this section.
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3.1. Invertibility. Here we follow the presentation of Straumann and
Mikosch [Rf]. The approach of the QMLE is based on an approximation of
fE=E(X¢| Xi—1, Xi—a,...) and H) = E((X;— 1) (Xe—f8) | Xi—1, Xi—ay .. .)
by fg and ]flg, defined as in the introduction. Invertibility is the property
that fg and ﬁfé converge to the unobservable f} and H, see Section 3.2
of [RE] for more details. The following lemma states this result which is a
necessary step in the proof of the QMLE consistency.

Lemma 1 Assume that 0y € ©(r) for r > 2 and that X is the stationary
solution of the equation ([L.]).

1. If (AL(f)) holds then f} € L"(C(©,R™)) and
(1) ENf - file] <ENXol] (X as(h) for allt € N,

j>t

2. If (A1(M)) holds then H} € L7/2(C(©, M,,)) and there exists C > 0
not depending on t such that

(3.2) E[|H — Hy|Y?] < c(zoﬁ(M))r/2 for all t € N*.
jzt
3. If (A1(H)) holds then H} € L/2(C(©, M,,)) and
(33) E[) - HyIY?) < BIXol) (S as(m) " for alit e N
j>t
Moreover, under any of the two last conditions and with (A2), H} is an

vertible matrixz and H Ht H < H™ 1/m

The proof is given in Section f.1.

3.2. Strong consistency. In the following theorem, we assume by con-
vention that if (A1(M)) holds then a;(H) = 0 and if (A1(H)) holds then
Oéj(M) =0.

Theorem 1 Assume that 0y € © for a compact subset © C O(2). Let X be

the stationary solution of the equation ([L1). Let (A1(f)), (A2) and (Id)
hold. Moreover, if (A1(M)) or (A1(f)) hold with

(3.4) a;(f)+ (M) + oj(H) :O(jfz) for some ¢ > 3/2,
then the QMLE 0, defined by (L3) is strongly consistent, i.e. 6, > .

The proof is given in Section p.3.
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3.3. Asymptotic normality. We use the following convention: if (A3(M))
holds then ozg-l)(H) =0 and if (A3(H)) holds then agl)(M) =0.

Theorem 2 Assume that 6 Eé with éC O(4) where é denotes the interior
of a compact subset © C R%. Let X be the stationary solution of the equation
(L1)). Assume that the conditions of Theorem [] and (A3(f)), (Var) hold.
Moreover, if (A3(M)) or (A3(H)) holds with

(3.5) agl)(f) + ch»l)(M) + a§1)(H) =0(Y) for some € >3/2,

then the QMLE 0,, is strongly consistent and asymptotically normal, i.e.,

(3.6) VB, —6)) = N0, F(60) 'G(60)F(60)Y),

n—oo

where the matrices F(0y) and G(0y) are defined in (5.10) and (5.14) respec-
tively.

The proof is given in section p.4.

4. Examples. In this section, the previous asymptotic results are ap-
plied to several examples. For ARCH, GARCH, AR and GARCH-ARMA
processes, the consistency and asymptotic normality have already been set-
tled and we compare the different conditions from the literature with ours.
For other examples, such as TARCH, multivariate ARCH and NLARCH
processes, the consistency and the asymptotic normality of the QMLE are
novel results. Examples satisfying the conditions of Corollary [I] are studied
first.

4.1. ARCH(o0) processes. By Remark R.1], the set O(r) is well-adapted

to that case
(4.1) O(r) = {9 er! [ 3 7b;(0) < (Eﬂgor])%}.
j=1

For 6y € O(r), the existence of a stationary solution and of its r-th order
moments is also settled in Giraitis et al. [[[f]. For an excellent survey about
results and applications of ARCH models, we refer the reader to Giraitis et
al. [[§. Here we formulate a version of Theorems [I] and [l adapted to the
context.
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Proposition 2 Let © be a compact subset of (:)(2) and X the stationary
solution of (R.3). Assume that infgce bo(0) > 0 and that 6 — b;(0) be con-
tinuous functions satisfying

sup b;(0) = O(j ") for some £ > 3/2.
0cO

1. If (1) holds then the QMLE 8, is strongly consistent.

2. Assume that 6 €0 with OC O(4), that €2 has a non-degenerate dis-
tribution. Let the functions 6 — b;(6) be 2-times continuously differ-
entiable on © for all j € N satisfying for all (k, k') € {1,...,d}?,

sup ‘ = _g ) for some ¢ > 3/2 and Zsup 326](9)
9c6 59k 51 0c0 00,00y

If there exists a finite subset A C N such that

ab; (0
(4.2) ((aiéko))jefx)g%d

1s linearly independent,

then the QMLE gn is asymptotically normal, i.e., it satisfies (B.4).

For the asymptotic normality of the QMLE we use the condition in equation
() coming from Robinson and Zaffaroni [2J] that ensures both (Id) and
(Var). Let us compare the results of Proposition P with those of Theorems
1 and 2 in Robinson and Zaffaroni [P5]. Those authors obtained the almost
sure convergence of the QMLE under moments of order r > 2 (instead of
r = 2 here) and a decreasing rate j ¢ with £ > 1 (instead of ¢ > 3/2 here)
for the sequence (supgeg |bj(6)])j>1. Concerning the asymptotic normality
for 7 = 4, their conditions on both the first derivatives of 6 +— b;(0) are
the same as in Proposition . They required also conditions on the third
derivatives (nothing like this here).

4.2. GARCH(q,q") models. The GARCH(q, ¢') models have been intro-
duced by Engle [[J]. Here X is the stationary solution of

/

q q
(4.3) Xi = 04y, O’? = co(6p) + ch(eo)Xt{j + Zdj(@o)d?fj,

j=1 J=1
where ¢;(f) and d;(f) are non negative real numbers for all § € ©. This
model can be embedded in the class of ARCH(co) models (see Giraitis et
al. [1g]), as one needs to set for all z € C

(4.4)  bo(6) :—% and Zb : 1_22 1011'(522321,
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In the last formula, both the polynomials are supposed to be coprime. The
results of Theorems [] and f| lead to the consistency and asymptotic nor-
mality of the QMLE in that case. However our conditions are not as sharp
as those in Berkes and Horvath [fl], Francq and Zakoian [L§] or Straumann
and Mikosch [Pg]. As a consequence of the expression ([4), the sequence
(suppep b;(0)); decreases exponentially fast to 0 and A1(H) holds auto-
matically. From Corollary [, if 6y € ©(r), where ©O(r) is defined as in (),
the GARCH process has solutions of order r as for ARCH(c0). For instance,
if g=¢ =1and 0 = (¢p,c1,d1), we achieve the optimal condition of ex-
istence of a second-order stationary solution as (:)(2) = {c1,d; such that
1 > 0 and ¢; + dy < 1}. In the property below, we use the identification
condition of Francq and Zakoian [[[].

Proposition 3 Assume that © is a compact subset of ©(2) defined in (1)
and that X is the stationary solution to (.3). Assume that infgco co(6) > 0,
that 6 — c;(0) and § — d;(0) are continuous functions injective on © for
all 5. If & has a non degenerate distribution then the QMLE én is strongly
consistent. . .

Moreover if 0y €© with OC ©(4), the functions 0 — cj(0) and © —
d;j(0) are 2 times continuously differentiable on © satisfying for all (k, k') €
{1,...,d}?,

‘ ‘ = ) for some ¢ >3/2 and ZSup 9%b;(0)
ree %k 2= 528 96,00,

then the QMLE §n 1s also asymptotically normal.

Our assumptions induce the finiteness of second order moments of X. How-
ever Jeantheau [[[9] proves that moment conditions for models satisfying the
Markov property are not needed for the consistency of the QMLE. In the
case 0 = (co,c1,...,¢q,d1,...,dy) the Proposition B simplifies:

Proposition 4 Assume that © is a compact subset of ©(2) and that X
is the solution of (). Then, if £ has a non-degenerate distribution, the

QMLE 0,, is strongly consistent. Moreover if 6 eé with (S)C (:)(4), then 0,
s also asymptotically normal.

4.3. TARCH(o0) models. The process X is called Threshold ARCH(c0)
if it satisfies the equations

(4.5) X; =04,
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or = bo(6y) + Z{ (Ap) max(X;—;,0) — b;(@o) min(Xt,j,O)},

where the parameters by (6), bj(@) and b; (0) are assumed to be non nega-
tive real numbers. This class of processes is a generalization of the class of
TGARCH(p,q) processes (introduced by Rabemananjara and Zakoian [2J])
and AGARCH(p,q) processes (introduced by Ding et al. [{]). Here

o(r) = {9 eR /> max (b7 (0), b (0)) < (E[Iéol”})l/r}
j=1

since (M, 0) = max (b; (9), b;r (0)). Consequently, we can settle for the
first time the strong consistency and asymptotic normality of the QMLE for
TARCH(00) models:

Proposition 5 Let © be a compact subset of ©(2), X be the stationary
solution to (l.5) and assume that (Id) holds. Assume that infgeg bo(8) > 0
and

sup max (b (¢), bj(@)) =07 for some > 3/2,
0O

then the QMLE is strongly consistent.

Moreover if 6y €0 with OC O(4), assume that the functions 6 — by(6),
0 — b;r(ﬂ) and 0 +— by (0) are 2 times continuously differentiable on ©
satisfying,

abF(0) |9bT(0) L
supmas (|55 [T~ ]) = 0G™) for some > 3/2 and
92T (0), 0%b: (0)
sSup max J , J < oo for all (k,K) € {1,...,d}".
2568 (’aekaek, aekaak,) Jor all (k. k) € { }

If (Var) holds then the QMLE 0, is also asymptotically normal.

4.4. Multivariate ARCH(oo) processes. The multivariate ARCH(o0) pro-
cesses are defined as solutions to equation ([[.1]) where

(46) Hg(thl,Xt72, .. ) = BQ(G) + i BZ(H)Xt,ZX,LZBZ’(H)

Here B;(f) is a non-negative definite d x d matrice for all § € R? As
a;(M,0) = B;(8) we have

CORR) {eeRd/ZB < (Ell6lT) ”}-
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Proposition 6 Let © be a compact subset of ©(2) and X be the stationary
solution to (L)) when relation (f.6) holds. Assume that infyecg det By(#) >
0, (Id) holds and

|B;(8)]lg = O ™) for some £ > 3/2.

Then the QMLE is strongly consistent.
Moreover, if 0y €0 with ©C O(4), assume that the functions 6 — B;(0) are 2
times continuously differentiable on © satisfying for all (k:, K)e{l,...,d}?,

B;(0)
30k(96?k/

_K/ ) for some ¢ >3/2 and ZH

%5l =

If (Var) holds, then the QMLE 0,, is also asymptotically normal.

For the best of our knowledge, the asymptotic behavior of the QMLE for
such models is studied here for the first time.

4.5. Multivariate GARCH(q, ¢') models. Multivariate GARCH(q, ¢') mod-
els refer classically to both VEC and BEKK models. We refer the reader to
Section §.§ for VEC models which are subcases of ARMA-GARCH models.
BEKK processes are solutions of equation ([.6]) or equivalently

q P
vec(Hy) = vec(Co) + Y Ci(Bo)*vece(Xi—i X{_;) + Y Dj(60)*vec(Hy—;),
i=1 i=1
where vec is the operator that stacks together the columns of a matrix. For
any p x k matrix A: A7 = Zle A j®A; jfori=1,...,p, where ® denoting
the Kronecker product. The multivariate ARCH(co) representation holds
with B; satisfying

(48) Bj = (1-YD))xC; and
j=1

0 A ¢ -1 4 .
S BiZli=(1-3"D;Z')x Y C;Z forall ZeC™
i=1 i=1 i=1

In the last formula, both the polynomials are supposed to be coprime.

The natural choice § = (Cy, C1,...,Cy, D1, ..., Dy) implies that (A1(M))
and (Var) are satisfied. Using the identification condition of Comte and
Lieberman [[f], Proposition [f| becomes more simple:
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Proposition 7 Let © be a compact subset of ©(2) defined in (E1) and X
be the stationary solution to (L)) when relations [.4) and (E8) hold. If
infpeg det Cy(0) > 0 and (Id) holds, then the strong consistency holds.

Moreover if 6y 6(2) with (S)C (:)(4), then @n 1s also asymptotically normal.

The asymptotic normality was settled before by Comte and Lieberman [[]
for r = 8. Our result needs just moment of order r = 4.

4.6. Multivariate NLARCH(c0) models. Let (B, (9))].>1 be a sequence of
m x d-matrices and By(0) be a vector of R™. The multivariate LARCH(00)
models introduced by Doukhan et al. [[] are extensions of the univariate
LARCH(c0) models of Giraits et al. [[. They are defined as the stationary
solution of the equation:

[e.e]
Xi =G (30(90) + ZBj(HO)thj)-

j=1
Notice that the innovations ((;)ez are here random matrices. In this context,
the QMLE is not a suitable estimator since infgeg det (Hp(x)) = 0 except
in very specific cases. However, Doukhan and Wintenberger [[L(] proposed
a generalization of LARCH(co) models, so-called NLARCH(co0) models de-
fined by the equation

(4.9) Xy = Ct(BO(9)+iBj(9aXt—j)),
=1

where now B;(6,.) : R™ — RP are b;(6)-Lipschitz functions. If the matrices
of the innovations are concentrated on the diagonal, we rewrite ({.9) as

X = Moy (Xi—1, Xe—2,...)&,

Where (ft)z = (Ct)i,i and (Mg(Xt_l, Xt_g, .. ))z] = 5ij-(BQ(6)+k§1Bk((9, thk))i-

For instance, consider the multidimensional extension of the TARCH models

as
m

(Bj ((9, .%'))k = Z B;:]m(@) max(xjvi, 0) + B]_,k,z(a) min(xm, 0),
i=1

where B;rk ; and Bj, ; are non-negative real numbers. For NLARCH(0)

models we have

o(r) = {e R /Y Lip,(B,(6.2)) < (Elll]) }
j=1

N2
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Proposition 8 Let © be a compact subset of ©(2), X be the stationary
solution to (.9) and assume that (Id) holds. Assume that for all j € N, the
vectors Bj(0,.) € [0,00[P, infpce || Bo(8)|| > 0 and for all j € N*,

|Lip o (B;(0,2))lle = O(I ™) for some £> 3/2,

then the strong consistency holds.

Moreover if 0y €O with OC O(4), assume that the functions 6 — B;(9,.)
are 2 times continuously differentiable on © and satisfy

_ 0B;(#, o
Hmm#\’ﬁ@(ﬂ ) with ¢ >3/2
_ 9%B;(0,7)
a2 ||1Lipe g5 00 0k k) e {1, ... d\2
an ;H Py aakaeky He<00f07’a ( , )6{ , ’ }

If (Var) holds, the QMLE 0,, is also asymptotically normal.

4.7. Multivariate non-linear AR(co0) models. Let us focus on one exam-
ple where M = I,,, and f # 0. In this context, (A1(M)) is always satisfied
and the QMLE coincides with the least squares error estimator. Here, we
restrict ourselves to the cases where

(4.10) Jo(Xeo1, Xy, ...) = Ao(60) + D Ai(bo, Xe—i),
=1

where A;(0,.) are Lipschitz functions with values in positive definite d x d
matrices. Here ©(r) neither depends on r nor on the distribution of &:

J=1

O(r) = {HeRd/ iLiprj(H,x) < 1}.

Proposition 9 Let © be a compact subset of ©(2), X be the stationary
solution to ([LA) when M = I,, and (E1Q) holds. Under (Id) and if for
JeNy,

|Lip 4Ajllg = O(iY)  for some € > 3/2,
then the strong consistency holds.

Moreover if g E(i) with (3)C (:)(4), 6,, is also asymptotically normal as soon
as functions 8 — A;(0,x) are 2 times continuously differentiable on © for
all z € R™, (Var) holds and
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Lipm ) for some ¢ >3/2 and
Juiv gl =

< oo for all kK € {1,...,d}.

%A,
jzl HL%aekail o

4.8. Multivariate ARMA-GARCH models. Here My is concentrated on
its diagonal and f is not necessarily identically zero. If f = 0, the model co-
incides with the VEC-GARCH model, see Jeantheau [[g]. Multidimensional
ARMA-GARCH processes were introduced by Ling and McAleer 1] as the
solution of the system of equations

" [ o0 5= w0

et = Mp(Xie—1, Xy—2,...)&,

with diag(Hj) = Co(0) + i, Ci(0)diag(er—e)_;) + X0, Di(0)diag(Hj ™).
Here Cy(0), C;(#) and D, (0) are positive definite matrlces diagA is the

diagonal of the matrix A, Oy(L) = I, — &1L — -+ — ®,L° and Vy(L) =
Iy — 9L —---— U, L* are polynomials in the lag operator L and ®; and
VU; are squared matrix. We define for all 6 € R4
0 .
To(L) = Inm+ Y Ti(0)L' =V, (L)®y(L)
i=1
and Y B(0)Z' = (1-YDi(0)Z') x> Cu(0)Z" forall ZeC™,
j i=1 i=1

where the polynomials of the right hand side are assumed to be coprime.

The equation (f.11]) has the representation (1)) with fa(X;—1, X¢—2,...) :=
71 T3(0)X—i. We can define,

or) {eeRd/Zur W+ (Ellr])” ZHB H<1}

If 8 € O(r) then the existence of a solution is ensured. This existence
condition is more explicit than the one of Theorem 2.1. of Ling and McAleer
[B]. Now we give a version of Theorems [l and f when

0= (P1,..., 0, V1,..., 0y, Co Ch,...,CqDy,...,Dy).
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Proposition 10 Let © be a compact subset of ©(2), X be the stationary
solution to the system (11). If infyco det Co(f) > 0 and (Id) holds then
0,, is consistent.

o~

Moreover if g Eé with (3)C (:)(4), 0, is also asymptotically normal as soon
as (Var) holds.

Ling and McAleer 2] also provided consistency and asymptotic normality
of the QMLE. Proposition [L(J improves their results. Notice that for VEC-
GARCH models, Jeantheau [[9] provided the consistency under a weaker
condition.

5. Proofs. In this section the proofs of the main results are collected
in the order of appearance in the paper. First we prove Proposition [l and
Corollary [, then Lemma [I] that settles the invertibility of the QMLE. With
the help of this property we prove the main theorems that state consistency
and asymptotic normality of the QMLE.

5.1. Proofs of Proposition [| and Corollary []. We apply a result of Douk-
han and Wintenberger [[[(] that gives conditions for the existence of a sta-
tionary solution of an equation of type

(51) Xt = F(Xt_l,Xt_Q, . 7§t) a.e. for all ¢t € Z.

If E||&o||" < oo and F' satisfies for z = (;)i>1, y = (¥i)i>1 € (R™)>,
o E||F(0;&)|" < oo; y
o« (BEIF( &)= Fly:o)l") "< Y aslley —yyll, with D a; < 1;

j=1 j>1

the existence of a unique causal stationary solution X of (b.1)), such that

E[||X0/|"] < oo is proved in [[[0]. We identify F from ([L.1)):
F(Xi1,X0,...3&) = Moy (Xe—1, Xi—2,...) - & + foo (X1, Xy—2, .. .).

Obviously, E[||F(0;&)|"] < oo if E||&||" < co and we have
r 1/r
(E|F (2 ;) - Fly :6)]")

L/
< (B[ (Mo, () = May @) - &) "+ [ fao(2) = Fao w)]

< (El&olI") " [ Moy (2) = May )| + [ oo (2) = fan@)]I
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The condition of Proposition ] then implies those of [[[(] on F. In the context
of Corollary [, from Hp(z) = Hy(z?) for all z = (z;);51 € R, we have

|Hy(x) = Ho(y)ll < > a(H,0)]zs — yjll and,
j=1

(E[16ol"])*" | Hao (%) — Hoy(5°)]

(E[l6ol)™" S aO(H, 60| — 2.
j=1

(E[|MF (2)€3 — M, (y)eal/2])*"

IN

The results of [I(] yield the existence in L™/2 of the solution (X?)scz of the
equation

X} = M3 (X1, Xio,.. )& = Hoo (X7 1, XP o, )EF  ace.

Moreover, by [[L{] there exists a measurable function ¢ such that X; =
o(&,&—1, .. .) for all t € Z. The ergodicity of X follows from the Proposition
4.3 in Krengel [(J; it states that if (£, &) and (E, £ ) are measurable spaces,
(vt)tez is a stationary ergodic sequence of E-valued random elements and
¢ : (EN,EN) — (E, &) is a measurable function then the sequence (¥;)ez
defined by v = (v, ve—1,...) is a stationary ergodic process.

5.2. Proof of Lemma []. 'We treat the three assertions of the lemma one
after the other.
1. Define f;’p = fo(X¢-1,...,X¢—,0,0,...) for all t € Z and p € N. We
have i € 17(C(©,R™)) because 6y € O(r) and, using Corollary [l, all the
following quantities are finite:

EEI) " < (B0 - 7)) + (Bl ])
< (L) (ENxol]) " + 1500 o
For p < ¢ _
E[Ilf5" - £3°lls] <E| p;qaj(f)thHr} <E[||Xo]"] (p;qaj(f))r-

Since 3~ ;5 a(f) < oo, (£57)ps0 satisfies the Cauchy criteria in L™ (C(6,R™))
and it converges to fg’oo, that is f; on o(Xy,,..., Xy, ) for all n € N* and
t >ty > >t, (those o-algebras generate o(X;_1, X;_o,...) and therefore
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fgpo —a.s fg)
2. Define Hy? = Hp(X;—1,...,X4—p,0,...) for all p€ N and ¢ € N. From

Corollary [, 6y € ©(r) and common inequalities satisfied by matrix norms,
Hg’p € L'/2(C(©, M,,)) since, denoting Mg’p = Mp(Xi—1,...,X4—p,0,...),

e e}
2 s
IHE I < 155 < (IMo(0)lo + 3 X1 llay (D))
j=1

We conclude as above that H} € L"/2(C(©, M,,)) by bounding, for p < g,
G — Hy g < 1My — My (1105718 %1 M5 1)
The Cauchy-Schwarz inequality implies that
B[1H - HY?) < (BNI0? - Mp)s))
<[(Ena71e1)" + (B0 e]) ]

<B(E[( Y a0nixe)])”

pP<j<gq

< BE[X|N) (X o)

p<j<q

r/2

for some constant B > 0.

3. First notice that || XoX{| < || Xo|?>. Next, as in the previous proofs,
(HZP)pen+ converges to Hj in 17/2(C(©, M,,)). Thus there exists a subse-

Pk

quence (p)ren such that ||HpP* — H||e k% 0. Thanks to the continu-
— 00

ity of the determinant, (det Hé’p ")ren also converges a.s. to det Hj. Then
det Hf) > H, Hf) is an invertible matrix and in view of elementary relations

between matrix norm and determinant H (ﬁé)flug < HYm

5.3. Proof of Theorem []. The proof of the theorem is divided into two
parts. In (i) a uniform (in #) law of large numbers on (G;)ien+ (defined in
(L.4)) is established. In (ii), it is proved that L(f) := —E(g(f))/2 has a
unique maximum in #y. Those two conditions lead to the consistency of §n

(i) Using Proposition [, with ¢; = G(X¢, X;_1,---), one deduces that
(gt)tez (defined in ([L.3))) is a stationary ergodic sequence. ;From Straumann
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and Mikosch [Rf], we know that if (vt)sez is a stationary ergodic sequence of
random elements with values in C(©,R"), then the uniform (in § € ©) law of
large numbers is implied by E||vg|le < co. As a consequence, (gt )iz satisfies
a uniform (in 6 € ©) strong law of large numbers as soon as E[ supg |¢:(0 )|] <
0o. But, from the inequality log(xz) < z — 1 for all z €]0, 0o and Lemma |l
for all t € Z,

1X: — £ (O)]? 1 | 9”
lg:(8)] < (=) /m +m ‘ lo gH—l— 1‘ for all 6 € ©
X — t(é’)H% IH5lle
5.2 == 0)| < log H .
(5.2) Slelglqt( )| < ) +’ og_’ +m x i

But for all t € Z, B[ X,||" < o0, see Corollary I, and B [|| f4||5] +E[||HA|2 ] <
00, see Lemma [l As a consequence, the right hand side of (5.9) has a finite
first moment and therefore

E[sup |¢:(0)]] < oc.
6co

The uniform strong law of large numbers for (g.(6)) directly follows and
hence

(5.3) HL"(H)—L(H)H @50 with L(6) = —%E[qo(ﬂ)].

n ® n—oo

1 ~
Now, one shows that —||L, — Ly|le <% 0. Indeed, for all § € © and ¢t € N*,
n n—oo

G(0) — 0u(0)]
= (logdet Hj — log det Hp) + (X, — f3)'(Hp) ™ (X, — f3)
—(Xe — f5) (Hg) "N (Xe = f§)
< ||| det (H) — det (Hp)| + (X, — f3)'[(F) = (HE) '] (X: = F3)
+(2X: = i — £5) (H) " (f5 = Fi)
< H det (5) — det (H)|| | + 201X + 117 lle) | (F25) = ()~

(54) +(21X+ 1 Fllo + £ 00 ) I () " llo 155 — Fillg

le

by the mean value theorem, with C' € [det (H}),det (ﬁg)] and therefore
|C'| > H. On the one hand,

iy —1 -1 v —1 ~ -1
I(Hs) " = (Hg) "o < [[(Hg) " llgllHs — Hollg - | (Ha) -
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On the other hand, for an invertible matrix A € M,,(R), and H € M,,(R),
det(A + H) = det(A) + det(A) - Tr((A~1) H) + o] H|)),

where |Tr((A™1)H)| < ||[A7Y| -|[H||- Using the relation ||(H5)_1H® >H™™

for all ¢t € Z, there exists C' > 0 not depending on ¢ such that inequality

(b-4) becomes:

sup (6) — (0] < CIX,1+ 1l + 15l x (175~ Hill g+ 1175~ Tl o)

i From the Holder and Minkowski inequalities and by virtue of 3/2 = 1+1/2,

N 1/3
E[sup [3(0) — a:(0)[ ] < C(E[IX: + I f3lle + I f8lle]?)
0O

R . 2/3
< (B[4~ Hllo] +E[If§ — Fllo])

5.5 <C(X [oy(D +as0n)) ",

>t

with C” > 0 not depending on 6 and t. Now, consider for n € N*,

Applying the Kronecker lemma (see Feller [[4], p. 238), if lim, o S, < o0
a.s. then — - ||Ln — Lnllo 25 0. Following Feller’s arguments, it remains
n n—00

to show that for all ¢ > 0,
P(vn € N, Im > n such that |S,, — S,| > ¢) :=P(A4) = 0.
Let € > 0 and denote
A = {|Sm — S| > €}

for m > n. Notice that A = (,,cy Uppsn Am,n- For n € N*, the sequence
of sets (Am,n)m>n is obviously increasing, and if A, := U,,~, Amn, then
limy, o0 P(Ap ) = P(Ay). Observe that (A, )nen is a decreasing sequence
of sets and thus,

lim lim P(A,,,)= lim P(4,) =P(A).

n—o0 m—0o0o n—oo
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It remains to bound P(A,, ). From the Bienaymé-Chebyshev inequality,

o1
PAmn =P _ 6.(0) — P
) (t=;+1 tZZSW ) — a:(0)] >6)

1 m y
=l 2 75 la0) ) —u()]) ]

i 90

1 1 . 2/3
< ——FE|su 0) — q:(0 .
g2/ t:%}q t2/3 {eee)p‘qt( )~ ail )’ }

Using (5.§) and condition (B.4), since ¢ > 3/2, there exists C' > 0 such that

23 (¢
(ZO‘J )+ oy( )+Oéj(H)) SW-

Thus, t*2/3IE[sup @(9)—qt(9)|2/3}§ C(t72/3) for some C > 0 and
0cO

o 1 R
> mE[Sup |G1(0) — qt(H)\Q/g} < ooasl>3/2.

Thus limy, 00 limp, 0o P(Ap ) — Oand = ”L — Lyl & 0.

n—0o0

(ii) See Proposition 2.1. of Jantheau [[19].

5.4. Proof of Theorem }. Let V be a Banach space (thereafter V = R™
or V.= M,,) and D?C(0,V) denote the Banch space of V-valued 2 times
continuously differentiable functions on © equipped with the uniform norm

lgll 2. Hg”eJrHa H Haeaa'

We start by proving the following preliminary lemma:
Lemma 2 Let 6y belong to O(r) (r > 2) and assume that (A3(f)) and
(A3(M)) or (A3(H)) hold. Then

fLe L"(D®C(0,R™)) and H € L/3(DPC(0, M,,)).

In view of the results of Lemmas [] and fl, the functions 9L, (0)/00 and
0L, (0)/06? are measurable and a.s. finite for all § € ©. Their asymptotic
properties are described in the next two lemmas
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Lemma 3 Let 6y belong to O(r) (r > 4) and assume that (A3(f)) and
(A3(M)) or (A3(H)) hold, then
0L, (6p)

(56) nil/QT n%o Nd(07 G(GO))a

where G(0y) = (G(60))1<i j<a is finite and its expression is given in (5.14).

Lemma 4 Let 6y belong to O(r) (r > 4) and assume that (A3(f)) and
(A3(M)) or (A3(H)) hold, then

19%L,(0) 0°L(0)
(5.7) HE 0000’ 9000’

a.s.

enjgoO with 000

L)  1_rd%
5 [aeag' (9)} '

We postponed the proofs of Lemmas [[] to the end of the Section and
continue with the proof of Theorem B. From Theorem [[, we have

(5.8) 0, L5 0.
Since 6y Gé, a Taylor expansion of 9L, (0y)/00; € R implies

-~

26, — o0, T ooos On— %)

(5.9)

for n sufficiently large such that the gn,i € O, which are between 0,, and
0o for all 1 < i < d. Using equations (5.7) and (5.§), we conclude with the
uniform convergence theorem that

182Ln(§nl) a.s
Fp o= =2 == %, F ().
(n 0000; )1§i§d e (f0)

One obtains (F(Ho))ij = E[@qu(ao)/aeiaaj} for 1 < 4,5 < d. With similar

arguments as for (f.1J), since Xy — fgo = Mpy,&;, with & independent of
(Xt—17 Xt—27 .. ')7

02 (Hy) ™
96,00,

2
Pl [Tr((Héo)_Qagng %) — Te((Hg,) ™! gef?%i)}

E[(Xt - féo) (Xt - féo)} =

;From equation (B.15), we then derive the explicit expression

Of5, ' _10f} _,O0H} OH}
(5.10)  (F(60)),, :E[z(aj;ejé) () aj;ei +Tr((H50) 2 aejo 09?0)}.
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Under Assumption (Var), F(6p) is a positive definite d x d matrix. Indeed,
for all Y = (y1,...,yq) € RY,

s =s5 w2 o o)

1<i<d 1<4i<d

() (X v f’;geo) ).

1<i<d

These two terms are nonnegative and at least one of them is positive under
Assumption (Var). Then F(f) is an invertible matrix and there exists n
large enough such that F, is an invertible matrix. Moreover, (p.9) implies,

(B~ 00) = o (Pnlln) _ OLnll)y

00 00
OLy,(
Therefore, if —H )H P, 0, using Lemma E one obtains Theorem
n—oo
oL, (0, .
f. Since # =0 (6, is a local extremum for Ly,),

(5.11) 2[5 - Sl =

Using the relation (5.12), the following inequality
la1bic1 — agbaca| < |a1 — azl|bal|ca| + |a1|[b1 — ba|[c2| + [a1]|b1]|e1 — ez

and the bounds ||(H}) e < H~Y™, |(H:) e < H~'/™, one obtains:

| 28 )H < (1% - 2 - f9u@+u@f6u V- sl

£ 908y e H uXt feue+||f@—f9u@! = Fllo

+HX—f5HeHXt—f$H@H SR W - o)
+H<Hé>‘1—<ﬁé>H@\ )

Under (A3(f)) and (A3(M)) or (A3(H)), there exists C' > 0 such that

f’fe f’fe (za N

E|lff — Fillos € (3 ai(f)) and B[ =2
i>t
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r/2
The differences E||H/ — H@HT/2 < C(Zaj(M)) / can also be bounded:

>t
aHt aHt "2 _ ((Z% )T/Q(éaﬁ»”(M))r/Q),
1 Pt *1,n r ] "
LR “?zi zo((gen) H(g el un))

Finally, using Holder inequalities, it exists another constant C' > 0 satisfying

0q 3q
EH ! : H <CZ a;j(f)+ o (M) + o (H)
+al () + (1) + oV (1)),
1 & G
Under (B.5), \/_ ZEHaqt(a) - &ge(e) H@ — 0, and Theorem [ follows.

Proof of Lemma[3. Here, we focus on the case of Hy under (A3(f)) and
(A3(M)). The other cases are simpler.

With the same method and notation as in the proof of Lemma [l], the
result holds as soon as the function § € © — Hé’p is proved to satisfy a
Cauchy criterion in L7/2(D®)C(6, M,,)). Using the proof of Lemma [l], we

already have EHH;”’ Hg/ ? < co. It remains to bound the quantities

/2 92 Hé’p /2

aﬂiaﬂj S)

HaH L.p

and EH

Vi,je{l,....d}, VpeN-~
Using Assumption (A3(M)):

(9M’

|5, < 2] 5

(S}

< (IMo(0 ||@+Za] |XHH)(H8M9 I +Z M) Xe):

Using E[||Xo]|"] < oo and the Holder and Minkowsky inequalities:

51 228" %) < (1m0l + {1 %ol Zaj )

)
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OMy( & /
(1502l + B0l (X f0ny) "

In the same way, there exists another constant C' > 0 such that

,p r/2 00 oo 1/2
e M)’)

aaaa gc[((;a§1> ]z:: oqY
(o ey’ (e n))"

JFrom 37 aj(M) < oo, 37, a§~1)(M) <00 and }; a§~2)(M) < oo we deduce
that IE[HHé’pHg?@] < oo for all p € N*. In the same way as in the proof of

Lemma [l| we can also prove that the sequence (H, é’p )pen= satisfies the Cauchy
criterion in the Banach space L'/2(D®?)C(0, M,,,)). For the first derivatives,
the result easily follows from the inequality

OH,” aH i : tan |1OM, tan ||OHS? OH,"
P v < P »q »q e 0
1596, 6, o= 214457~ 45"l L B
For the second derivatives, a similar argument finishes the proof.
Proof of Lemma [}. Simple calculations give the relations
o(HY) ™! 1 0H!, . 9lndet (HY) _,OH!
— % - _(H} H, d —— % — Ty ((H)  =2).
90, ( 9) aek ( 9) an 90, I‘(( 9) 90y, )

;From Lemmaf], 0f}/060, 0H} /00 and (ﬁ};)*l are a.s. finite. Then 9L, (0)/00
is an a.s. finite measurable function satisfying, for all 1 < i < d, 0L, (0)/00; =

_% Yo 0g4(0)/00; with

a2 20— (S0 ) x, - g

+ (Xe = ) —5—

1

’a(Ht) (X; — £4) + Tr((H))

_10H}
IW:)

0q: (0
Denoting F; = O'(Xt,Xt_l, ...), let us prove that ( q:(6o)

valued martingale difference process. Indeed, for all t € Z,

,]—“t) is a R™-
teZ

E((X: — f§,)1F) = 0 and E((X, — f§,) (X — f§,)172) = Hj,.
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As a consequence,

_16H50)‘

E(aqt( )|]-') (( fGo) &(Xt —fgo)|.7:t) —|—Tr((H50) 90,

00y, 00y,

We conclude by noticing that the first term of the sum is equal to

o(H4,) " / o(Hp,) "
E(TY(THOIC(Xt — f;o) (Xt — f;o) )‘ft) = TI'(THGO)
In order to apply the Central Limit Theorem for martingale-differences, see
0 9
[B], we have to prove that E[H 4:(00)
Mtoft for all t € Z, then

H } < 00. Using the relation X; — fe0

3%(90) afg -1 / _1/8H0 1
00y - ( 390) (Héo) Mgogt n g’éMgO (Héo) 90, : (Heo) Mgogt
L OH!
+ T ((H,) %Zo)

Let us compute the expectation of the square of the second term of the sum,
with Tr(ABC) = Tr(CAB) = Tr(ACB) for symmetric matrices A, B and
c,

(5.13) E[(é-lgt)2 Tr(Mt ’(Ht )flaH(so (Ht )71 8H(§o (Ht )flMt )]
t 6o 6o aek 6o aek 6o 6o

e mo( (s, ()]

Using this relation, the bound || (Héo)_lue) < H~Y™ and the independence
of & and F;, there exists C > 0 such that

Jq¢(0o) g, 112
B(2)") <c (k]| 5

VE[le6?) x E[| 52 5.

t
HMGO

2l

} < Eflel?] + E[| s 5.

1)

Therefore, since 7 > 4, the moment conditions for the CLT are fulfilled

Rl b L

k=1
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0qt
We compute the asymptotic covariance matrix of 6(90)' Thus, (G(0o))i;

0q:(00) 0qy (0
_ E[ qaniO) q&(gjo)}

ORI ST

_,OH}, OH}, )]

(5.14) +p(m4 +(p— 1))Tr((H50) 90; 00;

To simplify the expression, we assume here that & and —& have the same
distribution in order that E[£:£;A&] = 0 for A a matrix.

Proof of the Lemma [}. ;From the proof of Proposition ] and from the
result of Lemma [, the second derivative process (9%2q;(6)/060%)icz is sta-
tionary ergodic (it is a measurable function of Xy, Xy 1,...). Therefore it
satisfies a Uniform Law of Large Numbers (ULLN) if its first uniform mo-
ment is bounded.

;From equation (f.19), the second partial derivatives of ¢.(#) are

82%(9) — 82f§ ! ty—1 t
00,;00; __2((99209].) (Hg) (Xt — f5)

9? (Ht)
_ A0

1
P 1y o o

'\ foH! i1y O2H],
(5.15) (( ) )(aei@))+Tr((H9) (%iagj)).

Therefore, using the bound ||(H}) H® < M~Y"™ of Lemma [ and usual
relations between norms and traces of matrix, there exists C' > O such that

o %H)H Xl
0 8 ¢
feH \ a 5. lo)

-1 -1

R (C

52 02 f aft
|57l < [(Haaiagu + 52 H [

0’H}

2 fg aHt

+|

feHe + H
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We conclude that EHgaqtaH) i 0o (r >4) since, for t € Z, 1 < i,j <d,
E[[|X:]]"] < +o0, E[|| £4l|5] < +oo, E[H } < +00 E[H%iag ) < oo
OHL /2 O2H! /2
E[HHé } < too, E[H ] H‘aeiagj }

As a consequence, the ULLN holds for 92¢;(6)/06>.
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