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GUARANTEED AND ROBUST A POSTERIORI ERROR
ESTIMATION BASED ON FLUX RECONSTRUCTION
FOR DISCONTINUOUS GALERKIN METHODS*

ALEXANDRE ERN', ANNETTE F. STEPHANSEN'!, AND MARTIN VOHRALIKS

Abstract. We propose and study a posteriori error estimates for convection—diffusion—reaction
problems approximated by discontinuous Galerkin methods. Firstly, we show that accurate H(div)-
conforming diffusive and convective fluxes can be reconstructed for such methods, even on meshes
with hanging nodes. We next present abstract a posteriori error estimates for potential- and flux-
nonconforming approximations, which are sharp since they hold for arbitrary conforming recon-
structions of the discrete solution and its fluxes. In particular the classical elementwise residual
can be transformed in most cases into a higher-order “data oscillation” term. We then derive fully
computable a posteriori error estimates. In the pure diffusion case, certain parts of the estimates
are robust with respect to diffusion inhomogeneities whenever diffusion-dependent weighted aver-
ages are used in the discontinuous Galerkin method. The other parts are so under some additional
assumption. In the general case including singularly perturbed regimes with dominant convection
or reaction, the local efficiency of the estimates in the energy norm depends on cutoff functions of
the local Péclet and Damkohler numbers. The estimates become fully robust if the energy norm is
augmented by a dual seminorm of the skew-symmetric part of the differential operator and a certain
mesh-dependent seminorm of the jumps. Finally, numerical experiments are presented to illustrate
the theoretical results.

Key words. convection—diffusion-reaction equation, inhomogeneous and anisotropic diffusion,
dominant convection, dominant reaction, discontinuous Galerkin finite element method, a posteriori
error estimates, nonmatching meshes, robustness

AMS subject classifications. 65N15, 656N30, 76505

1. Introduction. We consider the convection—diffusion—reaction problem

—V-(KVu)+BVu+pu=f inQ, (1.1a)
u=0 on 09, (1.1b)

where Q € R?, d > 2, is a polyhedral domain, K the diffusion tensor, 3 the velocity
field, p the reaction coefficient, and f the source term. Our intention is to study a
posteriori error estimates for the approximation of (1.1a)-(1.1b) by interior-penalty
discontinuous Galerkin (DG) methods with the twofold objective of deriving estimates
without undetermined constants and analyzing carefully the robustness of the esti-
mates in several practically important situations such as diffusion inhomogeneities
and anisotropies and singularly perturbed regimes due to dominant convection or
reaction. We are mainly interested in the case where the error is measured in the nat-
ural energy (semi)norm associated with the symmetric part of the differential operator
in (1.1a). In the case of dominant convection, however, a stronger norm including an
additional contribution from the skew-symmetric part of the operator (containing the
dual seminorm of the convective derivative) and a certain mesh-dependent seminorm
of the jumps will be considered as well.
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2 A. ERN, A. F. STEPHANSEN, AND M. VOHRALIK

For the pure diffusion problem ((1.1a)-(1.1b) with 8 = p = 0), residual-based
a posteriori energy (semi)norm error estimates for DG methods can be traced back
to [6, 19]. Although the estimates derived therein are both reliable (that is, they
yield an upper bound on the difference between the exact and approximate solution)
and locally efficient (that is, they give local lower bounds for the error as well),
they feature various undetermined constants. As such, they can be used to drive
mesh adaptation procedures, but not to deliver certified error upper bounds. This
shortcoming has been remedied recently upon introducing estimators based either on
equilibrated fluxes [3] (for the first-order symmetric interior-penalty DG scheme in
the case d = 2 and K = Id) or, in parallel with the present work, on a comparison of
the local diffusive flux —KVuy, of the approximate DG solution with a reconstructed
H(div)-conforming flux [21, 12]. We also mention [24] where numerical experiments
for similar estimators are presented. Error estimates for continuous finite element
methods using reconstructed H(div)-conforming fluxes can be traced back to the
seminal work of Prager and Synge [27], while more recent developments include [22,
23, 13].

The first focus of the present work is to investigate two important issues in the
pure diffusion case which have not been addressed previously. Firstly, previous work
was restricted to meshes without hanging nodes. Since the use of nonmatching meshes
(that is, meshes with hanging nodes) constitutes one of the advantages of DG methods,
we derive and analyze in this work accurate H(div)-conforming flux reconstructions
for DG methods on nonmatching meshes. Secondly, previous work did not address the
important issue of robustness of the derived estimates, that is, the sharpest possible
dependency of the upper and lower error bounds with respect to diffusion inhomo-
geneities and anisotropies. Therefore, we shall tackle this issue here by elaborating
on recent work [18, 14] where the use of diffusivity-dependent weighted averages was
advocated to formulate the consistency terms in DG methods. We shall prove that us-
ing such weights allows for full robustness with respect to inhomogeneities for certain
estimators. The other are then robust under the usual assumption of “monotonicity
around vertices” distribution of the inhomogeneities.

Our second aim is to investigate a posteriori error estimates in the case of sin-
gularly perturbed regimes with dominant convection or reaction. With the exception
of the residual-based estimates derived in [17, 31], this appears to be a novel topic
for DG methods. In this work we derive two guaranteed estimators based on flux
reconstruction and we consider the case of nonmatching meshes. The first one applies
to the error still measured in the energy (semi)norm associated with the differential
operator and yields constants in the lower error bounds that depend on certain cut-
off functions of the local Péclet and Damkohler numbers similarly to the estimates
derived by Verfiirth for stabilized conforming finite elements [34] and in [17] for DG
methods. Our second estimator, which is fully robust, features an additional term
in the error norm involving the skew-symmetric part of the differential operator as
proposed again by Verfiirth for stabilized conforming finite elements [35] and a certain
mesh-dependent seminorm of the jumps specific to DG methods.

The starting point of our results is an extension of the abstract framework of [38]
to approximations u; which are such that both u; and —KVjuy, are nonconforming,
as in DG methods. This extended framework is sharp in both the energy and aug-
mented (semi)norms since it is established for arbitrary conforming reconstructions of
the discrete solution itself and of its fluxes. In many cases, it also allows to transform
the classical elementwise residual into a higher-order term, sometimes considered sep-
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arately and called “data oscillation.” We thus fully take advantage of the degrees of
freedom within each element available in DG methods. The derived estimators yield
local lower bounds for the classical residual-based estimators, require no convexity of
), no additional regularity of the weak solution, no saturation assumption, and do not
use the Helmholtz decomposition. We only consider homogeneous Dirichlet bound-
ary conditions for the sake of simplicity; extensions to inhomogeneous Dirichlet and
Neumann boundary conditions are possible. Furthermore, the present analysis can
be extended to meshes consisting of general elements, simplices are only considered
for simplicity.

This paper is organized as follows. We introduce the setting in Section 2. We then
describe and analyze the H(div)-conforming flux reconstructions for DG methods on
nonmatching meshes in Section 3. We address the energy (semi)norm a posteriori
error estimates and their robustness for pure diffusion problems in Section 4. Then,
we extend the analysis to convection—diffusion—reaction problems including singularly
perturbed regimes with dominant convection or reaction, in Section 5 for the en-
ergy (semi)norm and in Section 6 for the augmented norm. Finally, some numerical
experiments illustrating the theoretical analysis are presented in Section 7.

2. The setting. This section introduces the main notation, the basic assump-
tions, and the continuous and discrete problems.

2.1. Notation. Let {7;}r>0 be a family of simplicial triangulations of the do-
main Q. A generic element in 7j, is denoted by T, hy stands for its diameter, |T| for
its measure, and np for its unit outward normal. We suppose that the meshes cover
Q exactly. Meshes can possess “hanging nodes”, as depicted in Figure 2.1. Meshes
without hanging nodes are referred to as “matching”. We will be using the so-called
broken Sobolev space

H*(Tp) = {v € L*(Q);v|r € H(T) VT € Tp,},
along with its DG approximation space
V(T := {vn € L*(Q);on|r € P(T) VT € Tp},

where Pi(T'), k > 1, is the set of polynomials of degree less than or equal to k
on an element 7. The space V°(7;,) spanned by piecewise constant functions will be
considered as well. For all [ > 0, II; denotes the L2-orthogonal projection onto V!(7y,).
The L2-scalar product and its associated norm on a region R C 2 are indicated by
the subscript 0, R; shall R coincide with €2, this subscript will be dropped. For s > 1,
a norm (seminorm) with the subscript s, R stands for the usual norm (seminorm) in
H*(R). Finally, V), denotes the broken gradient operator, that is, for v € H*(7},),
Vi € [L2(Q)]4 and for all T € T, (Viv)|r = V(v|1).

We say that F' is an interior face of a given mesh if it has positive (d—1)-
dimensional measure and if there are distinct 77 (F) and T (F) in 7 such that
F =0T~ (F)NdT*(F) and we define np as the unit normal vector to F pointing
from T~ (F) towards TT(F), ¢f. Figure 2.1. Similarly, we say that F' is a boundary
face of the mesh if it has positive (d—1)-dimensional measure and there is T'(F) € T,
such that FF = 9T (F) N 9N and we define np as the unit outward normal to Of2
(the arbitrariness in the orientation of np is irrelevant in the sequel). All the interior
(resp., boundary) faces of the mesh are collected into the set F;"* (resp., F5**) and
we define F, := Fi*t U FXt. For F € F, and | > 0, I, p denotes the L2-orthogonal
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FiG. 2.1. Notation for nonmatching meshes

projection onto P;(F). For a function v that is double-valued on a face F' € Fi*| its
jump and arithmetic average on F' are defined as

[v]F == vlr-(py — |0+ (), {whr = L (0lp- (p) + Vl7+ () (2.1)

We set [v]r := v|r and {v}r := Lv|p on boundary faces. The subscript F' in the
above jumps and averages is omitted if there is no ambiguity. Furthermore, weighted
averages are defined on an interior face F € F™ as

{vho = wr-(r) Fvlr-(F) + wr+(F), PVl (F), (2:2)
where the nonnegative weights satisfy wy- () p + wp+(F),r = 1. On boundary faces,
we set {v}., = v|r and wpp) p = 1. Finally, for all T' € 7}, and for all F' C 9T, we

set wr g = 1-— wr,F-
It is convenient to define the following sets: For all T' € 7p,,

Fr={F e Fn; FCOT), §r = {F € Fun: FNOT £ 0},
TT:{TIEIEI; fTﬂfT/7£@}, fT:{TIEﬂ;TﬂTlﬁm},

and for all F' € Fp,
Tr ={T € Tp; F € Fr}, Tp={T eTy; FNOT # 0}.

For each 7}, there exists a matching simplicial submesh ’]Aﬁ of 73, such that ’fh =T, if
T}, is itself matching. If 7T}, is nonmatching, ’]71 can lead to a subdivision of the faces
in Fp,. For alll > 0, Hl denotes the L2-orthogonal projection onto Vl('Z}L) Interior
and boundary faces of ’Th are collected, respectlvely, in the sets F; Fint and Fy Fext and we
define F, := ]—";lm U fﬁ’“ and HLF for I € F;, as above. For all F € F;, such that
there is F' € F, with F' C E ' npis cho/s\en WithAthe same orientation as that of ng..
We also define for all T' € 7j,, the sets Fr and §r as above. Finally, for all T' € 7,
we consider the refinement of T by 7}, namely
Ry ={T" € Tp; T' C T}.

Clearly, Ry = {T'} if 7}, is matching.
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2.2. Assumptions. We assume that K € [L>(Q2)]?*? is a symmetric, uniformly
positive definite, and piecewise constant tensor and for all T € 7}, we denote by ck r
and Ck 1, respectively, its minimum and maximum eigenvalue on 7. We also assume
that B8 € [L>=(Q)]¢ with V-8 € L>(Q), p € L>(Q) and p — 3V-8 > 0 a.e. in €.
For all T' € Tj,, ¢, r indicates the (essential) minimum value of 4 — $V-3 on T}
we suppose that if ¢g v = 0, then ||pl|co,7 = |3V-B|lco,r = 0. Finally, we assume
f € L*(Q). The above assumptions are sufficient for the existence and uniqueness
of both continuous and discrete solutions and for our a posteriori error estimates, as
well as for the global efficiency of the abstract estimates; for the proofs of the local
efficiency of the computable estimates, however, we shall tighten them. For such
proofs, we shall also assume the following on the meshes:

(A1) {Z5}n>o is shape-regular in the sense that there exists a constant kg >0
such that ming 7 IT|/h > k5 for all h > 0.

(A2) There exists a constant ¢z > 0 such that mingem, by /hy > 7 for all
T € T, and all h > 0.

Observe that the above assumptions imply the shape-regularity of {7, }1>0.

2.3. The continuous problem. For all u,v € H'(7;,), we define the bilinear
form

B(u,v) := (KVyu, Viv) + (B:-Viyu,v) + (pu,v), (2.3)

and the corresponding energy (semi)norm

1 32
ol? = > Wollz, lollF = 1K2Volgz + [ (1= 5V-8)*ollg p (24)
TeTy
We remark that |||-||| is always a norm on H}(2), whereas it is a norm on H'(7},) only

if cg,pur >0 for all T € Tp,.
The weak formulation of (1.1a)—(1.1b) consists of finding u € H}(2) such that

B(u,v) = (f,v) Vv € Hy(9). (2.5)

The assumptions of the previous section, the Green theorem, and the Cauchy—Schwarz
inequality imply that B(v,v) = |||v]||? for all v € HJ () and that for all u,v € H*(7},),

[l oo, 18] o0,
B(u,v) < max {LTmaX { [llwllffilolll + max § === o [[ul[[lo]].  (2.6)
€Th CB,u,T TeTh CK T

Hence, the problem (2.5) admits a unique solution.

REMARK 2.1 (Notation). Ifcg,,.r =0, the term ||pl|co,7/ca 1 in estimate (2.6)
should be evaluated as zero, since in this case we assume ||pl|co,7 = 0. To simplify the
notation, we will systematically use the convention 0/0 = 0.

2.4. The discontinuous Galerkin method. The interior-penalty DG meth-
ods considered in this paper are associated with the bilinear form

Br(u,v) := (KVyu, Vi) + (0 — V-B)u,v) — (u, B-Vyv)
= > {p{KViubs, [vDor + 0mp-{KVivho, [ul)or}  (2.7)

FeFy

+ > {(velul, [vDo,r + (Bnrfu}, [v])o,r}-

FeFy,
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The discrete problem consists of finding uj, € V*(7;,) such that
Bi(un,vn) = (fyon)  Yon € VE(T). (2.8)

Taking in (2.7) the weights on interior faces equal to 1/2 and letting 6 € {—1,0,1}
leads to the well-known Nonsymmetric, Incomplete, or Symmetric Interior-Penalty
DG methods. The stabilization parameter yr takes the general form

VF = aFWK’Fh}_,ﬁl +v8,F VE € Fy, (2.9)

where ap is a (user-dependent) positive parameter, vk r a positive scalar-valued
function depending on K, and vg, 7 a nonnegative scalar-valued function depending
on B and vanishing if 8 = 0; we suppose here that 75 5 = %|ﬁ-np|, which amounts
to so-called upwinding. As usual with interior-penalty methods, the parameters ap
must be taken large enough to ensure the coercivity of the discrete bilinear form
By, on V¥(7;,) whenever § # —1. Some additional assumptions on the weights and
the penalty coeflicient vk r will be introduced later to ensure the robustness of our
estimates with respect to diffusion inhomogeneities; see Section 4.3 below.

3. H(div, Q)-conforming flux reconstructions on nonmatching meshes.
The approximate DG diffusive flux —KVu;, is nonconforming since it does not be-
long to the space H(div, Q) as the exact diffusive flux —KVu does. One may then
be interested in a H(div,Q)-conforming postprocessing of the approximate diffusive
flux. Previous works in this direction on matching meshes include [4, 16, 21]. We
generalize in this section the approach of [16, 21] to nonmatching meshes and also in-
troduce a convective flux reconstruction for convection—diffusion-reaction problems.
Our purpose is to use the postprocessed fluxes in the context of a posteriori error
estimation. These postprocessed fluxes are, however, of independent interest, e.g., to
obtain an appropriate velocity field for a contaminant transport model after a DG
flow simulation.

The postprocessed fluxes will belong to the Raviart-Thomas-Nédélec spaces of
vector functions on the mesh ’Th (recall that ’Th = Ty, if 7j, is matching),

RTN'(7,) = {vi € H(div, Q) ; vi|r € RTIN}. VT € 7},
where [ € {k — 1,k} (recall that k is the polynomial degree used for the DG approx-
imation) and RTNY. = PY(T) + xP;(T). In particular, v;, € RTN(7;,) is such that
Vv, € P(T) for all T € Ty, viymp € Py(F) for all F € Fr and all T € 7, and such

that its normal trace is continuous, cf. [28, 25, 8, 30].

3.1. Diffusive flux reconstructions. We present here two ways to reconstruct
a H(div, Q)-conforming diffusive flux on nonmatching meshes.

3.1.1. Reconstruction by direct prescription. In this section the recon-
structed diffusive flux is directly prescribed by the values of the DG approximate
solution uy. Using the specification of the degrees of freedom of functions in RTNép,
the H(div, Q)-conforming diffusive flux t, € RTN'(7,) is prescribed locally on all
T € 7T, as follows: For all F € Fr and all g, € Py(F),

(tenr,qn)o,r = (—np-{KViun}o + arvk rhp' un], h)o.p (3.1)

and for all rj, € P¢ | (T),

(th,rh)o_’T = —(KVuh,rh)oyT + 0 Z wTyp(nF-Krh, [[uh]])oyp. (32)
FG.%T
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Observe that the quantities prescribing the moments of t,-np are uniquely defined
for each face F' € Fj, whence the continuity of the normal trace of t;. Observe also
that ap, 7,7 and wr p need only be evaluated on the faces of 7; (where they are
actually defined) since [uy] = 0 and {KVup fo = KVuy, on the remaining faces of
’j\'h. The above construction leads to the following crucial lemma:

LEMMA 3.1 (Reconstructed diffusion residual). There holds

(Vetn, &nor = (f,6n)or VT € Tp, Y&, € P(T). (3.3)
For matching meshes (’j\'h =T, this yields

V-th|T = Hl.f|T VT € ’Z;z (34)

Proof. Let T € Tj, and let &, € P;(T). Owing to the Green theorem,

(Vtn,&n)or = Z (V-th, &n)or

T €Rr
= > =t Vaor+ > Y (thnr,&)or =T+ T
T'eRT T'€Rr FeF .

Since V&, |7 € Pi_1(T")? for all T’ € Ry and [up] = 0 on those faces F € .7-A'T/ that
lie in the interior of T', using (3.2) yields

Ty = (KVup, V&)or — 0 Z wr,r(np-KVE,, [un])o,r-
FeFr

Furthermore, owing to the continuity of §, and that of the normal component of t,
in the interior of T' and the fact that &, |r € Py(F) for all F € Fr: and all T' € Ry,

T = Z (—np-{KVyup}o + aryk rhpt [un], nrneés)o,r.
FeFr

Letting 17 be the characteristic function of T' and using (2.7)—(2.8) yields

Ty + Ty = Bp(un, &plr) = (f, &n)o,Ts

whence (3.3) is inferred. Finally, (3.4) results from (3.3) and the fact that for matching
meshes, V-t;,|r € Py(T). O

3.1.2. Reconstruction by solving local linear systems. The reconstruction
of the previous section is very cheap but we only have (3.3), that is, a local conservation
property on each T € 7}, but not on each T' € 'ZA7L Moreover, (3.4) does not hold if
7, is nonmatching. For the price of a local linear system solution, the reconstruction
of this section improves on these two points in the pure diffusion case.

For a given T' € Tp, let

RTNY p¢(Rr) = {vi € H(div, T); vi|rr € RINY, VT € Ry,
(vinrp, qn)o,r = (0r(un), qn)o,r VF € Fr, Vg, € Pi(F)},
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where ¢p(up) = —np-{KVyupfo, + aFFyK_,Fh;l[[uh]]. Let also RTN%\LO(?RT) be de-
fined as above, but with the normal flux condition (vy-np,gp)o,r = 0. We then define
t, € RTN/ (75,) by solving on each T' € 7j,, the following minimization problem:

t)|r = arg inf K2V, + K v lo7 (3.5)
vi€RTNY o (Rr), Vv =11 f

Observe that indeed t;, € RTNl(ﬁ) and that the local conservation property V-t;, =
ﬁl f is directly enforced. Moreover, the minimizing functional that has been chosen
is motivated by the fact that the quantity |[K2Vu;, + K 2tz is used in the a
posteriori error estimates; see (4.5) below. Finally, we notice that the minimizing set
is not empty since owing to (2.7)—(2.8),

(ﬁlf, Do, = (f,1)or = Z nr-np(¢r(un),1)or = Z (vinr, 1)o,F,

FeFr FeFr

for all v, € RTN{\LDG(ERT). Letting P/ (PR7) be spanned by piecewise I-th order
polynomials on Rz with zero mean on T, it is easy to show that (3.5) is equivalent
to finding t, € RTN%\LD(;(ERT) and py, € Py (Rr) such that
(K=, + Vun, vi)or — (on, V-vi)or = 0 Vv, € RTNY o(Rr),
(Vetn, dn)or = (fsdn)or  Voén € PP (Rr),

and that this problem is well-posed, cf. [8, 30, 40]. Letting t), := t, +KVup, (t),,pn)
corresponds to the mixed finite element approximation to the local problem

-V-(KVp) = f + V- (KVuy) inT,
—KVpnr = (nrnp)dr(up) + KVup|rnr  onall F e Fr,
(p, 1)T = O

Finally, we notice that if 7, is matching, the reconstructions by direct prescription
and by solving local linear systems yield the same result if [ € {0, 1}.

3.2. Convective flux reconstruction. We present here a reconstruction of the
convective flux by direct prescription and a reconstruction of the convective—diffusive
flux by solving local linear systems. Only the former will be used in the context of a
posteriori error estimates, but the latter can be of independent interest.

3.2.1. Reconstruction by direct prescription. As for the diffusive flux, the
reconstruction qp of the approximate DG convective flux Buy, belongs to RTN! (71)
with [ € {k — 1,k} and is prescribed locally on all T € 7, as follows: For all F € Fr,
and all ¢, € P(F),

(anmr,qn)o,r = (Bnpfun} +vs,rlunl, qn)o,r, (3.6)
and for all rj, € P¢ | (T),

(an,rn)o,r = (un, Brh)o,T- (3.7)

Note in particular that the quantities prescribing the moments of q,-nr are uniquely
defined for each face F' € F},, whence the continuity of the normal trace of q;. The
above construction leads to the following generalization of Lemma 3.1 with t; still
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defined by (3.1)—(3.2). The proof, which is similar to that of Lemma 3.1, is skipped
for brevity.
LEMMA 3.2 (Reconstructed convection residual). There holds

(Vetn +Vean + (n = V-Bun,&n)or = (f,&n)or VT € T, V&, € P(T). (3.8)
Moreover, for matching meshes,
(Vetn + Vean +IL((0 = V-B)up))[r = Wi flr VT €Ty, (3.9)
and, in particular, when p and V-3 are elementwise constant and | = k,

(Vtn, + Vean + (= V-B)up)|r = Ui flr VT € T, (3.10)

3.2.2. Reconstruction by solving local linear systems. Proceeding as in
Section 3.1.2, the reconstructed convective-diffusive flux y;, € RTN'(7;,) is defined
on each T' € 7j, by solving the following minimization problem:

Y|z = arg inf KV, — K2 Bu, + K 2vplor,  (3.11)
vih€RTNY o (R7),V-vi=Ilfo

where the space RTN%\LDG (Rr) is defined as before, but with the normal flux data
or(un) = —np-{KVyup o+ Bnrf{un} +vrun], and where fo = f — (1~ V-B)up.
Again, using (2.7)—(2.8), it is readily verified that the minimizing set is not empty.
Moreover, (3.11) is equivalent to finding y;, € RTN%V)DG (A7) and pp, € Py (Rr) such
that

(K_lyh + Vuy, — K_lﬁuh,vh)o_,T — (ph, V~Vh)07T =0 Yvy, € RTN{\I_’O(Q{T),
(Veyn, on)or = (f — (1 — V-B)un, én)o,r Von € Py (Rr).

Letting y}, := y» + KVuy, — Buy, (y},,pn) corresponds to the mixed finite element
approximation to the local problem

—V-(KVp) = f + V-(KVuy) — B-Vuy, — puy, in T,
—KVp-nT = (nT-nF)ng(uh) + (KVuh — ,Buh)|T~nT on all F' € -7:T;
(pu 1)T =0.

4. Guaranteed and robust energy norm a posteriori error estimates in
the pure diffusion case. This section deals with energy norm a posteriori error
estimates in the pure diffusion case. The main results are Theorems 4.1, 4.6, and 4.9.

4.1. Abstract framework. The following theorem provides the abstract frame-
work for a posteriori error estimates in the pure diffusion case.

THEOREM 4.1 (Abstract a posteriori error estimate and its efficiency in the pure
diffusion case). Let B = u = 0, let u be the unique solution of (2.5), and let uy €
HY(T3,) be arbitrary. Then,

2 : 2
e —wnll® < __in s =l (41)

inf sup (f = Vt,0) — (KVhup, +t, Ve))?
tEH(div.Q) pe (), ||l olll=1

< 2[Ju —un I
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Proof. Tt follows from [20, Lemma 4.4] that

le—wnll?< inf flun—sll?+  swp  Blu—ung)  (42)
s€H () wE€H (), [lelll=1

Owing to (2.5), B(u,¢) = (f,¢), whence it is inferred employing the Green theorem
that for arbitrary t € H(div, ),

B(u —un, ) = (f, ) = (KVirun, Vo) = (f,) — (KVrup +t, Vo) + (t, Vo)
= (f — V-, gﬁ) — (thuh +t, V(p).

Combining the above results yields the upper error bound. For the lower error bound,
it suffices to put s = u, t = —KVu, and to use the Cauchy—Schwarz inequality and
the fact that |||¢||| = 1. O

REMARK 4.2 (Form of the abstract estimate of Theorem 4.1). It has been al-
ready noted, e.g., in [1, 2, 38, 20] that the first term of (4.2) evaluates the so-called
“nonconforming error” in the scalar unknown up, by measuring its distance to the
space HE(Q)). The second term of (4.2) is sometimes referred to as the “conforming
error”, cf. [2, 20]. Relation (4.1) actually shows that this second term evaluates the
nonconformity in the flur —KV pup, by measuring its distance to the space H(div, ),
along with the residual, which is expressed using the auziliary vector field t which has
the appropriate regqularity.

REMARK 4.3 (Global effectivity index). The abstract a posteriori error estimate
of Theorem 4.1 is quasi-exact in the sense that the effectivity indez, i.e., the ratio of
the estimated to the actual error, is equal to /2. A variant of this result, where the
effectivity index is improved to 1, is discussed in Remark 4.16 below.

REMARK 4.4 (Robustness with respect to data, polynomial degree, and meshes).
The abstract a posteriori error estimate of Theorem 4.1 is fully robust with respect to
K without any assumption on its distribution, with respect to f (no polynomial form
needed), with respect to the polynomial degree k, and with respect to the mesh, which
can be monmatching, anisotropic, and not even shape-regqular, in the sense that the
effectivity index does not depend on these quantities.

REMARK 4.5 (A first computable a posteriori error estimate). Ouwing to the
Cauchy-Schwarz inequality, the Friedrichs inequality ||¢||* < Cral3||Vel|?* (where
Lo is a length scale associated with )), the definition (2.4) of the energy norm, and
the fact that |||¢l|| = 1, it is inferred from (4.1) that

2
01/269
llw—unll* < lllun — sl + <7/|f — Vet] + [[KEVhun + K2t | (4.3)
minreg, Cg

for any s € H} () and any t € H(div, ). This is an estimate similar to that proposed
by Lazarov et al. [24] for isotropic and homogeneous diffusion (K = Id). As promoted
in [24], this estimate is scheme-independent. However, scheme-independence also
entails that some information specific to the properties of the scheme can be missed.
As we will see later, this information can actually be used to improve the residual.
Another disadvantage of the above estimate is that the dependence on the diffusion
tensor K is very unfavorable in the presence of strong inhomogeneities.
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4.2. Locally computable a posteriori error estimate. To derive a com-
putable estimate from Theorem 4.1, particular s € H}(Q) and t € H(div, Q) need to
be chosen. As far as t is concerned, we promote the two options discussed in Sec-
tion 3. Concerning s, the Oswald interpolate of u; was already considered in, e.g.,
[1, 19, 15, 39] for matching grids. For nonmatching grids, we define Zos : V¥(7},) —
VE(T,) N HE(Q) following [39] as follows: For a function v, € V*(7},), observing that
VE(T,) c vk (’j\'h), Tos(vy) is constructed using the usual Oswald interpolate defined
on V¥(T},), that is, the values of Zos(vs) are prescribed at suitable (Lagrange) nodes
of the simplices of ﬁ At the nodes located inside €2, the average of the values of vy
at this node is used,

1
Zos(vn)(V) = ) Tgv oplr(V),

where 'j:v is the set of those T € ﬁ to which the node V' belongs and where for any
set S, #(5) denotes its cardinality. Note that Zos(vp)(V) = vp (V) at those nodes V
lying in the interior of some T' € 7;,. At boundary nodes, the value of Zog(vy) is set
to zero.

We are now ready to state our a posteriori error estimators. For all T' € 7j,, we
define the nonconformity estimator nnc,r, the diffusive fluz estimator npw 1, and the
residual estimator nr,T as

nve,r = [[un — Zos(un)|llr, (4.4)
mor.1 = K2 Vuy, + K 2t o7, (4.5)
nr,7 = mrl|lf — V-tilor, (4.6)
1/2
NR,T 1= { Z mi || f — Hlf|8,T'} : (4.7)
T €Rp

where (4.6) is used if tj, is prescribed by (3.1)—(3.2), whereas (4.7) is used if t solves
the minimization problem (3.5). Recall that in both cases, t;, € RTN'(7,) with
I € {k —1,k}. Furthermore, for a generic element T of 7, or of 7}, we have set

mi = Cpc;{%Th%,
where Cp is the constant from the Poincaré inequality
le = Towllg.r < Cehz|IVollsr Vo € HY(T), (4.8)

with Ilpp changed into ﬁogo if T e ’f’h The constant Cp can be evaluated as 1/7r2
owing to the convexity of simplices [26, 5]. The main result of this section is then:

THEOREM 4.6 (Locally computable a posteriori error estimate in the pure diffu-
sion case). Let 3= pu =0, let u be the unique solution of (2.5), and let uy, be its DG
approximation solving (2.8). Then,

1/2
llu = unlll < { > {ker + (e +77DF,T)2}} :

TeT),
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Proof. Put s = Zos(up) and t = t, in Theorem 4.1. If t, is defined by (3.1)—(3.2),
then for each T' € T,

|(f = Vtn, o = |(f = Vtn, o —Iow)or| < nr.rlllellr, (4.9)

using Lemma 3.1, the Poincaré inequality (4.8), the definition (2.4) of the energy
norm, and the Cauchy—Schwarz inequality. If t; solves (3.5), proceeding similarly
yields

= Vtnorl < S (7~ Tufog — Toglor] < mrllielr
T €Rp

Next, |(KVyup + th, Vo)o,r| < npr,r||lelllr is immediate. It now suffices to use the
Cauchy-Schwarz inequality and to notice that |[|¢||| = 1 to complete the proof. O

REMARK 4.7 (Properties of the estimate of Theorem 4.6). The following prop-
erties of the estimate of Theorem 4.6 can be mentioned:

o [t yields a guaranteed upper bound, i.e., features no undetermined constant.

o The residual estimator ngr coincides with the classical (properly weighted)
“data oscillation term” for matching meshes, whence it represents a ma-
jor improvement of the classical residual estimator of the form cxhr|f +
V- (KVrup)l|or. In particular, for piecewise constant K and k = 1, this lat-
ter estimator reduces to cxhrl|| fllo.r, whereas nr 1 is, for piecewise smooth
f, one to two orders better. In practice, although it represents a higher-order
term, nr,r should not be neglected since it can be significant on coarse grids
or for strongly inhomogeneous or anisotropic K.

e The Poincaré constant Cp is independent of the shape-reqularity of the mesh
and of the polynomial degree of up. Hence, the present estimate is, in contrast
to [19, 6], valid also on anisotropic meshes and uniformly with respect to k.

e No assumption on the polynomial form of f is needed at this stage.

o If npr is evaluated by (4.6), the present estimate is valid for any t; €
H(div, Q) such that (V-tp,1)or = (f,oxr for all T € Ty, which is a lo-
cal (conservation) property, in contrast to the global Galerkin orthogonality
used traditionally for conforming finite element methods.

REMARK 4.8 (Alternative form of Theorem 4.6). For nonmatching meshes,
letting for all T € Ty, t}'° € RTN%\LDG(E){T) be defined by (3.1)~(3.2) and 55! €

RTN%\LD(;(ERT) solve (3.5), the assertion of Theorem 4.6 can be improved to

1/2
|||u—uh|||S{Z{m%c,T+ o <nR,T<tT>+nDFvT“T”2}} |

pre gsol
TET, treftr ¢}

4.3. Local efficiency of the locally computable estimate. In this section,
we prove the local efficiency of the a posteriori error estimate derived in Theorem 4.6,
or more precisely, of the bound stated in Remark 4.8. Hence, it is sufficient to examine
the local efficiency of nr r and npp 1 evaluated with t; defined by (3.1)—(3.2).

To achieve robustness with respect to diffusion inhomogeneities, we restrict here
the class of interior-penalty DG schemes by setting

1 0K F—
VK, F = R 0K, Fs 1= nF'K|T¥(F)nF7 (4.10)

0K P+ +OK -
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for all F = 0T~ (F)NOT*(F) € Fi* and vk r = np-K|pmnp for all F = 9T(F) N
o0 € F*t, while the weights are chosen such that for all F € Fint,

0K, F+ 0K, F— (4.11)

— = -, w = 5
TELF 0K, ;4 + 0K, F— T, F 0K, Py + 0K, F—

as recently proposed in [18]. This choice implies that for all F' € Fp,,

1
iTnéH; ek <YK, p < Héln Ck 1, (4.12)

and for all F € Fi**, T € Tp, and T’ such that F = 9T N 9T,

(nF-K|TnF)wT7F S TK,F, CKlq/ﬂQC%(/?T,(DT < % (413)
We are now ready to state the main result of this section.
THEOREM 4.9 (Local efficiency of the estimate of Theorem 4.6). Let 8 = pu =
0, let {Tn}n>0 satisfy Assumptions (A1)—(A2), let f be a piecewise polynomial of
degree m, let u be the unique solution of (2.5), and let uy, be its DG approximation
solving (2.8) with penalty parameters vk g and weights wr g defined by (4.10)—(4.11).
Let us finally set ck z, = minp ez, ck 17, and

olll? 7 = > v IlI2 e v € HY(T), (4.14)
FeF

where we will take either F = Fy, F = Fr, or F = Fr. Let T € Tj, and let nno T,
nor, 7 and nr,r be defined by (4.4)—(4.6) with ty, defined by (3.1)=(3.2). Then,

1/2

R < C—75 1/2 = (lu = unllr + nor 1), (4.15)
K, T
1/2

nner < C—2— 1/2 Tl — wnlll g (4.16)
KTT

1/2 1/2
nor,r < C 1/2 <|||U unlllezr + Y 1/2 =l - uh|||T'>, (4.17)
T'€lr KT’

where the constant C only depends on the space dimension d, the polynomial degree
k, the shape-regularity parameters kz and t7, and the polynomial degree m of f, and
C in addition depends on the DG parameters ap and 0.

Proof. Let C and C denote generic constants depending on the parameters as in
the statement of the theorem. Let T' € 7;,. We proceed in three steps.
(1) Bound on nr 7. The estimate

I1f = Vtullor < COZhz |KEVu+ K 3ty lor

is classically derived using element bubble functions [33]; (4.15) then results from the
triangle inequality and the definition of my.
(2) Bound on nng,r. For T € 'Zﬁ and vy, € V’“('Z}L) recall the estimate

IV (wn = Zosa) 5.0 <C > hp'lTvnlllf e
FE@T/
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proved in [19, Theorem 2.2] (see also [9]). Using this estimate, (4.12), and the fact
that [un] = 0 on those faces that lie in the interior of T, it is easy to see that

~ Ok, _
MRor <Cxr Y, IV (un = Tos(un)|§ 7 < C > aryi,rhpt [[un] 15 -
T'em KT peg
T T

Since Jup — u] = Jup], this yields (4.16).
(3) Bound on npg 7. Set vy, := (KVuy +t5)|7 € REN'(R7). Let T/ € Ry. Standard
arguments show that

2
(Vi rh)O,T’
vl < €9 > hF||Vh~nF||aF+< W o Trnllor
FeFp v, €Pd (T") Rllo,1

Owing to (3.2), (4.13), the Cauchy—Schwarz inequality, and an inverse inequality,

Vnstndor =0 Y wrrp(apKen, [unl)o,r < Cllvallor Y vrhzl|[usll
FG]A'-T/ FGﬁT/

0,F,

and the last sum can be restricted to those faces located in 9T. Furthermore, owing
to (3.1), it is inferred that for F' € Fpr, viynp =0 if F ¢ 9T, whereas if ' C 07T,

vi-np = wp rnp-[KViuy] + OéFWK,Fhfwlﬁz,F([[uh]])-

As a result,

77]23F,T < CI_(}THVh”g,T = CI_(TT Z ||VH(2J,T’
T €Rr

< Ceglr { > helor e [KViun]l » + 712<,FhF1II[Uh]]|3,F} :
FeFr

Estimating the first term as in [17, Proposition 3.2] and using (4.12) for the second
yields (4.17). O

REMARK 4.10 (Local efficiency norm and global efficiency with respect to the
energy norm). The local efficiency result of Theorem 4.9 is stated for the DG energy
norm, which is the energy norm augmented by the ||||||« 7, -jump seminorm. Owing
to the result of Ainsworth [3, Theorem 3], the global efficiency of nnc,r and npr,7 in
the energy norm |||-||| follows from (4.16)—(4.17) for sufficiently large parameters ap
in the case d=2, k=1, K= 1d, 0 = 1, and matching meshes.

REMARK 4.11 (Efficiency of the residual estimator). On matching meshes, the
residual estimator nr,r coincides with the usual “data oscillation term” and is of
higher order if f is locally smooth.

REMARK 4.12 (Robustness with respect to inhomogeneities and anisotropies).
Owing to (4.15) and (4.17), the estimators nr,r and nppr are fully robust with
respect to diffusion inhomogeneities. This is an important property in practical appli-
cations, e.g., when dealing with underground flows. The properties (4.12)—(4.13) play
a crucial role in this respect. Furthermore, under the assumption of “monotonicity
around vertices” for the distribution of inhomogeneities introduced by Bernardi and
Verfirth 7, Hypothesis 2.7], also the nonconformity estimator nnc,r evaluated with
the weighted Oswald interpolate proposed by Ainsworth [2] can be shown to be robust
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with respect to inhomogeneities. Finally, full robustness with respect to anisotropies
is not achieved, but, at least, the local efficiency estimates only depend on local (ele-
mentwise) anisotropies.

REMARK 4.13 (Arbitrary number of hanging nodes). It can observed that Theo-
rem 4.9 still holds if Assumption (A2) is lifted, thus allowing for an arbitrary number
of hanging nodes, provided the faces of the original mesh T are not subdivided by the
faces of Tp,.

REMARK 4.14 (Generalization to other DG schemes). Making appropriate chan-
ges in the proof of Theorem 4.9, all the presented results (up to the robustness with
respect to inhomogeneities) extend to all the DG schemes included in the setting (2.7)—
(2.8), even if the properties (4.12)—(4.13) are not satisfied.

REMARK 4.15 (Lower bound for the classical estimator). We observe that the
nonconformity estimator nnc,r represents a lower bound for the classical noncon-

formity estimator {EFEET h}1||[[uh]]||aF}l/2. Similarly, it follows from the proof of
Theorem 4.9 that the diffusive flux estimator npr,r represents a lower bound for the

classical gradient jump estimator {EFEFT hp||np~[[Kthh]]||aF}1/2 plus again the
classical nonconformity estimator.

REMARK 4.16 (A posteriori error estimates for the reconstructed flux). Using
the ideas of [40, Corollary 6.5], it is readily seen that an a posteriori error estimate
for the postprocessed flux tp, can be derived in the form

K %t, + K2 Vu|? < inlf( )||K*%th +K3Vs|? + 72 < |[K~ 2t + K2 Vu|? + 3,
sE€H (2

with N = ZTeTh n§7T. Whenever the residual estimators are of higher order, this
yields the optimal effectivity index of 1. For practical purposes, a first choice for s is
s = Tos(up). More precise choices are suggested and studied in [40] for mized finite
elements.

5. General case: guaranteed and semi-robust a posteriori error esti-
mates in the energy norm. We extend in this section the analysis of Section 4 to
the general case (1.1a)—(1.1b). We are still interested in estimating the energy norm
of the error. To achieve semi-robustness, we show that the estimators can be scaled
by suitable cutoff functions of the local Péclet and Damkdohler numbers (or variations
thereof) which, on each T' € 7y, can be defined as hr||B| s, ¢k and h2cg . 1Cx s
respectively. The main results of this section are Theorems 5.1,15.5, and 5.10. 7

5.1. Abstract a posteriori error estimate and its efficiency. The abstract
form of our a posteriori error estimate now takes the following form:

THEOREM 5.1 (Abstract energy norm a posteriori error estimate and its efficiency
in the general case). Let u be the unique solution of (2.5) and let up, € H'(73) be
arbitrary. Then,

=l < _int {llun = s
Hg ()

inf sup (f = Vit = B-Vis — s, ¢) (5.1)
CEH(AIV.Q) pe i (@), \Hw\l\:l{

- (thuh +t, VQD) + ((M - %vﬁ) (5 - Uh)v ‘P)}}

< 2[[lu — ualll
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Proof. Tt has been proved in [38, Lemma 7.1] (see also [17, Lemma 3.1]) that

e —unll < inf {|||uh—s|||+ swp {Blu—ung)  (5.2)
SEH () PEHA(Q), \Hs&\l\zl{

(B (un — ) + H(V-B)(un — 3), w)}}-

It suffices to use (2.5) therein, to introduce an arbitrary t € H(div, ), and to employ
the Green theorem to infer

B(u —un, ) + (B-Vi(up — ) + 5(V-B)(un — 8), ) = (f = V-t = B-Vyup — prun, ¢)
— (KVpup +t, Vo) + (B-Vi(up — ) + 5(V-B)(un — ), 9),

yielding the upper error bound. For the lower error bound, put s = v and t = —KVu
and use the Cauchy—Schwarz inequality and the fact that |||¢||| = 1. O

REMARK 5.2 (Comparison with Theorem 4.1). In comparison with Theorem 4.1,
Theorem 5.1 is applicable to the general convection—diffusion—reaction case. In par-
ticular, there is an additional contribution from the skew-symmetric part of the bi-
linear form B, which can be evaluated using an arbitrary s € HE(Q). The price
for this generality is that Theorem 5.1 yields a triangular-like inequality instead of a
Pythagorean-like inequality.

REMARK 5.3 (A computable a posteriori error estimate). As in the pure dif-
fusion case (cf. Remark 4.5), using the Friedrichs inequality ||¢||* < Cr .ol ||Vel?

or the inequality ||p|| < {minpecr, cg{in}‘lH(u - %V-ﬁ)mcpn, the Cauchy-Schwarz
inequality, the definition (2.4) of the energy norm, and the fact that |||¢||| = 1, it is
inferred from (5.1) that

1 12 1 1 2\ 1/2
= wnlll < = slll+ (K2 oun + K 2]* + | (= $9-8) (wn — )]

Cilata 1
+Inin{ 5o T If =Vt = B:Vys — us],

. /2 0.
minrey, ¢g r MiNTeT, Cg , 1

for any s € HY(Q) and any t € H(div,Q). This is a fully computable and scheme-
independent estimate, but all the points made in Remark 4.5 apply here also.

To derive a locally computable estimate in the next section, we would like to con-
sider the same H}(9)-conforming scalar function s and the same H(div, 2)-conforming
diffusive flux t as in Sections 4.2 and 3, respectively. With this choice, however, the
residual f— V-t — 3-Vj s — us does not satisfy an orthogonality property such as (3.3)
and is not even necessarily of zero mean elementwise, a property that is necessary
to obtain a computable estimate with the proper scaling as in (4.9). This motivates
the following form of Theorem 5.1, where q is a H(div, Q)-conforming convective flux
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reconstruction. The proof, which is straightforward, is skipped for brevity.
THEOREM 5.4 (Another form of Theorem 5.1). There holds

= wnll < _int {lhun = s

€H3 ()

+ inf inf sup (f=Vt—V-q—(u—V-Bup, @)
qeH(div,Q2) teH(div,Q) wEHL(Q), \H«p\l\zl{

— (KVhun + t.V9) + (V-q — V-(85), ) — (1(7-B)(un — sm)}}

< 2w — ]| (5.3)

5.2. Locally computable a posteriori error estimate. To keep things sim-
ple, we begin by treating the case of matching meshes; the modifications for nonmatch-
ing meshes are described in Remark 5.9 below. To formulate the locally computable
a posteriori error estimates, we will need the constants appearing in the following
approximation results: For all ¢ € H} (),

e — Togllor < mrllellr VT € T, (5.4)

e — Moplrllor < O pi el VT € Tu, VF € Fr, (5.5)

Ioelllo.r <me Y lgllr VF € Fi, (5.6)
TeTr

with the cutoff functions

ma = min{C’thTcI_éT, C,g,lu,T}v (5.7)

iy = min{(Cp + Cp Yhregp, hi' g, o+ cp o pe 12/2}, (5.8)
2 1FIhg LI

My = min {%IéaT); {C’RT’F Tlex.r ,F}%%g; Tlcant , (5.9)

where |F'| denotes the measure of F'. Recall that Cp is the constant from the Poincaré
inequality (4.8). In addition, C; 7 p and Cp 1 r are respectively the constants from
the following trace and generalized Friedrichs inequalities:

lells r < Corr(hz el + lelrIVelr), (5.10)

le = To,rell§ 7 < CrrrhZlI Vel 1, (5.11)

valid for all T € 7Tp,, ¢ € HY(T), and F € Fr. It follows from [32, p. 73] that
Cirr = |F|hy/|T| for a simplex T and its face F; see also [10]. Furthermore, it

follows from [37, Lemma 4.1] that Cprp = 3d for a simplex T and its face F.
The estimate (5.4) is readily inferred from the Poincaré inequality (4.8) and the fact
that || — opllor < ||¢llo,r- The estimate (5.5) is established in [11]. Finally, the
estimate (5.6) is proved in [39, Lemma 4.5].

We are now ready to formulate our a posteriori error estimators. Let T' € 7p,.
While we keep the definition (4.4) of the nonconformity estimator nxc,r, the residual
estimator nr,r and the diffusive flux estimator npr,r are now defined as

nr,r = mrllf = Vty = Van — (= V-B)unlo,r, (5.12)

NoF,T = min {ngﬁ,p 771(32%3} ; (5.13)
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where
77813*,T = HK%VUh + K_%th”O,Ta (5.14)
o = mer||(Id — o) (V-(KVuy, + t))lo,r
+ mal? > O e (KVup + th)nplo.r, (5.15)
FeFr

with t;, defined by (3.1)—(3.2). Finally, we define the two convection estimators nc,i,r
and nc,2,7 and the upwinding estimator nu,r as

near = mr||(Id — o) (V-(an — Bsn))llo,r, (5.16)

noar = cg |3 (V-B)un = sn)|g - (5.17)

nu,T = Z mr || o,r((an — Bsk)nr)llo,rF, (5.18)
FeFr

with sp = Zos(up) and qp, defined by (3.6)—(3.7). We can now state the main result
of this section.

THEOREM 5.5 (Locally computable energy norm a posteriori error estimate in the
general case). Let u be the unique solution of (2.5) and let uy, be its DG approximation
solving (2.8). Then,

[lw = unlll < n,

where

1/2 1/2
N = { > 7712\IC,T} + { > (e +mow T +near + N0 + 77U,T)2} :

TET, TeT),

Proof. We start by putting s = s, = Zos(up), t = tp, and q = qy, in the abstract
estimate of Theorem 5.4. We next write

(f =Vetn = Vean — (= V-B)un, @) — (KViup + t, Vo) + (V-an — V-(Bsn), @)

— (3(V-B)(un — sn), ) = Z {(f =Vt = Vean — (1 = V-B)un, ¢ — op)o,r

TET,

— (KVun + t1, Vo)or — (3(V-B)(un = s1),¢) o 7+ (V-(an — Bsn), ¢ — Moo,

+ Z ((an — BSh)'nT,Hosﬁ)o,F}, (5.19)
FeFr

using Lemma 3.2 in the first term and subtracting (V-(qn — Bsp), op)o,r and adding
the same quantity rewritten using the Green theorem in the last two terms. Next,
in these last two terms, we replace V-(qp — Bsy) by (Id — IIp)(V-(qn — Bsp)) and
(an — Bsn)ny by Iy p((qn — Bsy)-nr). Furthermore, following [11], there are two
ways to bound the term —(KVuy, + tp,, V)o r. Either one simply uses

—(KVun + tn, Volor < noprllellr,
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or one notices using (5.4) and (5.5) that

_(KVuh —+ t].“ VSD)O,T = — (Kvuh + th, V((p - HO@))OyT
= (V-(KVup +tp), ¢ = op)o,r

— " (KVup + tn)nr, ¢ — Hop)or < 152 pllollz.
FeFr

Finally, using (5.6) and the continuity of the normal component of (q;, — Bsp,) for the
last term in (5.19), it is inferred that

> > (Mo r((an — Bsn)nr), Tow)or < Y nurllellr

TeT, FeFr TeT,

Collecting the above bounds leads to
(f=Vtn=Vean = (0= V-B)un, 0) — (KVaup + tn, Vo) + (Vean — V-(Bsn), )

~ (3(VB)wn = sn)0) < Y (mmr +morr + ncar +noea +nu el
TeT),
whence the conclusion is straightforward. O

REMARK 5.6 (Properties of the estimate of Theorem 5.5). As in the pure diffu-
sion case, the estimate of Theorem 5.5 yields a guaranteed upper bound, the residual
represents a higher-order term in the case of matching meshes owing to Lemma 3.2,
the estimate is valid uniformly with respect to the polynomial degree k, no polynomial
data form is needed for f, and, finally, the estimate is valid for any tp,qn € H(div, Q)
such that (V-tp, +V-qn + (u — V-B)up, Vo = (f, 1)o for all T € Ty,

REMARK 5.7 (Mean values in nc,1 7 and nu 7). As observed in [39, Remark 4.1],
subtracting or using mean values in the estimators nc,1,r and nu,r can only lower
these quantities, with noteworthy improvements in some situations.

REMARK 5.8 (Form of npp 1). The idea of defining the diffusive fluz estimator
Npr,T as a minimum between two quantities has been proposed in [11]. The purpose is
to obtain in singularly perturbed regimes resulting from dominant convection or reac-
tion appropriate cutoff functions in the expression for 77](32%7T. This way of proceeding
is coherent with the recent observation made by Verfiirth [36] that the diffusive flux
estimator 77](311;7T alone cannot be shown to be robust.

REMARK 5.9 (Nonmatching meshes). In the case of nonmatching meshes, the
approzimation results (5.4)~(5.6) are employed on T, and the cutoff functions mr,

myp and mp as well as the constants Cy 7 and Crr p are redefined accordingly for
all T € ']Aﬁ and F' € .7?T. Then, for all T € Ty, the estimators nNc,Ts TR, T 77](31121T and
No,2, are kept unchanged. To see how the estimators nc1,v and nu,r are modified,
consider the last but one term in the right-hand side of (5.19) and introduce ﬁogo
instead of Top. Then, using (-,")or = D prem, (5 )o17, it is easily verified that

(V-(an — Bsn), ¢ — How)or < nearllellr with

1/2
ner = { > md | (Id —To)(V-(an — ﬁsh))”g,T/} : (5.20)

T €Rp
and that
1/2

nri=4 Y ( > mF||ﬁo,F((Qh—ﬁsh)'nF)Ho,F) ;o (5:21)

T'€Rr \FeF ., FNOT#)
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since for FNOT =0, (qn — Bsp) np = 0. Proceeding similarly yields

Mg 1= { >, (mw 1(Id = Tio) (V-(KVup, + ta)) oz (5.22)
T €Rr
9y 1/2
+mgt Y G Rl (Vg + t) g, F) ;
FeFp ,FCOT

since for F ¢ T, (KVup + tp)ngp = 0.

5.3. Local efficiency of the locally computable estimate. It will be conve-
nient to state the local efficiency result using the following residual-based a posteriori
error estimators: For all T € 7p,,

p1,1 :=mr|f + V- (KVyup) — B-Vyun — puplo,r, (5.23)
pori=myl et > Grplng[KVup]o,r. (5.24)
FeFr

The following semi-robust bounds are proved in [17, Propositions 3.3 and 3.4] under
the assumption that f, 8, and u are piecewise polynomials of degree m and that the
penalty parameters vk p and weights wy p satisfy (4.12)—(4.13):

prr < Omp(Cy phyt +min(ay 7, azr))||lu — w1z,

01/2 o2

<C mL/2,1/4 —1/2,-1/4 [ ZK T

P21 > 1/2 My kT Myr" Cg 17 —1/2 +mran e |[[lu—unlll7,
K, T'eTr K1

/2 1/2 1/2

with arr = [ulsores,r + 1Blorexs’ and azr = ¢g/ 7 (ln = V-Blloor +
|Blloc,7h7"). The constant C' only depends on d, k, m, x5, and t7. We can now
state the main result of this section. We treat the case of nonmatching meshes.

THEOREM 5.10 (Local efficiency of the energy norm estimate of Theorem 5.5).
Let {Tp}n~0 satisfy Assumptions (A1)—(A2). Assume for simplicity that V-(qp —
Bsp) € Pi(T) and V-(qi, — Bun) € Py(T) for all T € Tp,. Let u be the unique solution
of (2.5) and let up, be its DG approxzimation solving (2.8) with penalty parameters
vk, F and weights wr p defined by (4.10)-(4.11). Assume for simplicity that yg.p is
facewise constant. For all T € Ty, recalling that ck =, = mingex, ck v and setting
CK, Ty = MiNTrer, CK, 1/, €85, = Milpeg, V8, F and cg r, = Minpcr, Vg Fr, We
introduce the cutoff functions

12 p1/2, 1/2)

1/2 ,1/2 —1/2
X —mln(thKgT, T Ca3r)s /2 pl/ /

X7 = min(hrcg T T Cﬁfr)’ (5.25)

1/2 -1 .
as well as mz, = min(hpex 7/'T’Cﬁ H/TT) where cg 7, = mingrer, cg, 1. Let nne,r

be defined by (4.4), nr.r, Mor T, Mo, Nozr and nur by (5.12)<(5.18) (or as in
Remark 5.9 for nonmatching meshes) with ty, defined by (3.1)~(3.2), qn by (3.6)—(3.7)
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and s, = Zos(up). Then,

Cr 1/2
nne,r < C <01/27 + HM - %v.ﬁHooyTX‘IT |||u - uh|||*73T=
K, Tr

noar < ClI3V-B|  pear xerlllu = unlll s,

nu,r <Cmahy'|Blloo,r Xz v — wnlll 52

near <Cmrhz |Bloo.rxss lu — unlllszr,

1/2
K, T _
nr,r < pr7+ Csrpar + C <<%1—/2 + mThT1||ﬁ||oo,TXTT> Ilw = wnll[ 7z,

K, T
1/2
K,T

nor,r < Cpar + CCTl—/Q|||U — upl|[«, 7
K, 1
where ¢p = m;/zh;lmci(/j; < C;M by construction. Here, the constant C' only

depends on the space dimension d, the polynomial degree k of up, the shape-reqularity
parameters kz and v7, and the DG parameters ap and 0.

Proof. Let C' denote a generic constant depending on the parameters as in the
statement of the theorem. Let T' € 7;,. The proof is decomposed in two parts.
(1) Bounds on the estimators involving s,. First, it follows from (2.9) and the fact
that [u — up] = —[us] that

—1/2
> Munlllo.r < Chp'xeplllu = unllls 7, (5.26)
Fegr

with yz, defined by (5.25). Furthermore, for T’ € 7, and v, € V¥(Ty,), it is well-
known (see, e.g., [9, Lemma 3.2]) that

lon — Zos(wi)llor <C > hilITonlllo.r,
FE%T/

so that summing over T” € R, observing that [us] = 0 on those faces that lie in the
interior of 7" and using (5.26) yields

0.7 < Cxarlllu — unll[«,57- (5.27)

[[un — sl

The bound on nnc,r follows from (5.27) for the L?part of the [||-|[[-norm and by
proceeding as in the proof of Theorem 4.9 for the diffusive part. Moreover, the bound
on 7,21 is readily inferred from (5.27). Next, we observe that for all 77 € Ry
and all F € Fr, mp < Ch;l/QmTT, and that owing to (3.6) and the fact that
ITo,rgllo,r < llgllo,r for all g € L*(F),

o, 7((an — Bsn)nr)|o,r = o, r(Bnp{un} +vs,r[un] — Bnrsy)l|o,r
<|[|Bnrfun} + g rlun] — Bnrsullor
<ClBlloor > IMunlllo.r,

F’ €§T’

since |lup, — snllop < CZF,G§T/ I[un]llo,7 for the Oswald interpolate. Hence, us-
ing (5.21), (5.26), and the fact that Ju,] = 0 on those faces that lie in the interior of
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T, the bound on 7y r is inferred. Finally, to prove the bound on 7c,; 7, we observe
that for all 77 € Ry,

(V-(an — Bsn),&)o.1
0,7

1(Zd=TTo)(V-(an — Bsn))llo,rv < [[V-(an—Bsu)llo,r = sup
£ePy (1) €]

3

using the assumption that V-(qn — Bsp) € P;(T"). Using the Green theorem and the
definitions (3.6)—(3.7) of qj yields

(V-(an — Bsn), o = —(un — s, BVEor + Y ((an — Bsn)nrr, o r-

FG]A'-T/

Using (5.20), the Cauchy—Schwarz inequality, the above bounds for ||up — sp||o, 7 and
Hﬁz,F((Qh — Bsp)np)|o,r, inverse inequalities to estimate |VE|o,r and ||£]|o,F, and
the fact that mqp < Cmyp for all T" € Ry, the bound on n¢ 1,7 is inferred.

(2) Bounds on nr 7 and npr 7. Using the triangle inequality yields

e < p1,r+ mr||V-(KVuy 4+ ty) o + mr||V-(an — Bur)llo,r,

with p1, 7 defined by (5.23). To bound the last two terms in the right-hand side,
we proceed as we did above for V-(qp — Bsp). Since V-(qn — Buyp) € Py(T7) for all
T' € Ry, it is easy to see that

mr||V-(qn — Bun)|

Similarly, for all T” € R,

0.7 < Cmrhz!||Bllco,r X7 lllu — tnllls 7y -

(KVuh + ty, Vé)O,T/

. <C > vi.rh e | [un]llo.p,

FG.%T/

sup
£eP(T") €]

and for all F' € j-:T/,
I(KVup, + tn)nrlo,r < C(@rrnr[KVun]llor + vx,rhet [[un]llor).  (5.28)

Hence,

IV-(KVur +t) o <C Y (krhzlunlllo.r + hp'*orplne [KVus]llo.r),
FGﬁT/

where only the faces ' C 0T need to be considered. As a result,

1/2
K, T

mr |V-(KVup +tp)[lor < C <<:2r1—/2|||u — uplllx, 7 + <TP2,T> ;
Ck, T

with par defined by (5.24), whence the bound on g r is inferred. Finally, since

Nor, 7 < 77](3212 - owing to (5.13), it suffices to bound 77](32% r- The volume term in (5.22)

can be bounded as above since mp: < Cmy for all 7" € Ry and ||(Id — ﬁo)g||07T/ <
llgllo.r for all g € L*(T"). For the face term, we use (5.28) along with the estimate
mrr < C’mTclzlé2 for all T" € R proven in [11]. O

REMARK 5.11 (Comments on the results of Theorem 5.10). In the DG energy
norm, the a posteriori error estimate of Theorem 5.5 is semi-robust in the sense
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that the bounds on the estimators involve cutoff functions of the local Péclet and
Damkéhler numbers in various forms. This result is of the same quality as those
achieved in [34, 38, 39, 17]. Moreover, as h — 0, the estimators nc1,r, nc,2,r, and
nu,r will loose influence, whereas nxc,r and npr,r will become optimally efficient.

Numerical experiments suggest that 7781; o 15 often well-behaved.

REMARK 5.12 (Efficiency of the residual estimator). On matching meshes with
l=Fk and v and V-B piecewise constant, Lemma 3.2 implies that ng 1 coincides with
the usual “data oscillation term” which is of higher order if f is piecewise smooth.

REMARK 5.13 (Efficiency of nu r in comparison with finite volumes or mixed
finite elements). In finite volume or mized finite element schemes, upwinding can
likewise be employed in the convection-dominated regime. However, it seems that no
efficiency of the corresponding upwinding estimator can be proved for these schemes,
cf. [38, 39], in contrast to the situation with DG methods.

REMARK 5.14 (Efficiency of nc 1,7 and nu,r). We remark that the improvements
in nc,1,r and nu,r described in Remark 5.7 were not taken into account in the proof
of Theorem 5.10. Hence, the actual efficiency of these estimators may still be better.

6. General case: guaranteed and robust a posteriori error estimates
in the augmented norm. In this section we adapt to the DG setting the idea
of Verfiirth [35] on augmenting the energy norm by a dual norm of the convective
derivative. For a related work on matching meshes, we refer to Schétzau and Zhu [31].
The main results of this section are Theorems 6.1, 6.2, and 6.6. For simplicity, the
analysis is presented in the case of matching meshes. Modifications for nonmatching
meshes are described in Remark 6.5.

Let us first define for u,v € H(73,),

Bs(u,v) := (KVhu, Viav) + (1 — 3V-8)u,v),
Ba(u,v) :== (B:-Vyu+ 5(V-B)u,v),
Bo(u,v) i=—= > (Bnp[u], {Tlov})o,r-

FeFy,

<

<

Observe that By is skew-symmetric on Hg (£2) and that
B(u,v) = Bs(u,v) + Ba(u,v) Yu,v € H'(T},) (6.1)

and recall that Bs(v,v) = |[|[v]||? for all v € H(7},). The so-called augmented norm
that we will be using for error control is defined as

lvllle == lllvlll + sup  {Ba(v,9) +Bp(v,9)}  veEH(Th).  (6.2)
PEHY(Q), llelll=1

Whenever ||V-8| o, 7 is controlled by ¢g ., for all T' € 7}, the zero-order contribution
in Ba can be discarded in the definition of the augmented norm, recovering the dual
norm introduced by Verflirth [35] for conforming finite elements. The additional
contribution from Bp in the augmented norm is specific to the DG setting and has been
introduced in the present work to sharpen the global efficiency result; see Remark 6.3
below.

6.1. Abstract a posteriori error estimate and its efficiency. The abstract
form of our a posteriori error estimate in the |||-|||g-norm takes the following form:

THEOREM 6.1 (Abstract |||-]||g-norm a posteriori error estimate and its effi-
ciency). Let u be the unique solution of (2.5) and let up, € H'(7},) be arbitrary.
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Then,

Il = unllle

<2 inf {|||uh —s|||+ inf sup (f =Vt —=08BVys—pus,p)
SEH(Q) teH(div,Q) PEHL(Q), H|<PH|:1{

(KVhun +£,V9) + (u— 19-8)(s - uh>,¢>}} + s
PpeHI(Q), |||elll=1

[t (7= = B = s, ) — (K + £, 9]}~ Boun. )|
teH(div,Q)

< 5[llu — unllle- (6.3)

Proof. Using the definition (6.2) of the [||-|[|¢-norm and that of the |||-|||-norm,
(6.1), the Cauchy—Schwarz inequality, and the fact that Bp(u — up,-) = —Bp(un, ),
it is inferred that

lle = unllle < 2[fu —unlll + sup  {B(u—un,p) — Bo(un,¢)}.
pe (@), lllpll=1

For the first term, we simply use (5.1). For the second term, we use (2.5), add and
subtract (t, Vi) for an arbitrary t € H(div, §2), and employ the Green theorem. This
yields the upper error bound. For the lower error bound, it suffices to use (5.1) for
the first term and the fact that

B(u—un, ) = Bo(un, ¢) = Bs(u —un, @) + (Ba + Bp)(u — un, ¢) < |[[u—unll|allell.
for the second one. O

6.2. Locally computable a posteriori error estimate. To derive a locally
computable error upper bound from Theorem 6.1, we define the modified convection
estimator nc 1,7 and the modified upwinding estimator Ny r as

ne,r = mrl|(Id — o) (V-(an — Bun))llo,r, (6.4)
nuT = Z mp|[o,r(vs,F[un]) o, (6.5)
FeFr

where qy, is still defined by (3.6)—(3.7). Let 7, nr,r, and nprr be as defined in
Section 5.2. We can now state our main result.

THEOREM 6.2 (Locally computable |||-|[|¢-norm a posteriori error estimate). Let
u be the unique solution of (2.5) and let up, be its DG approximation solving (2.8).
Then,

1/2
lw = unlle < 7= 20+ { S (o + ow1 + o + ﬁmz} . (66)
TeT),

Proof. We start from the abstract estimate of Theorem 6.1, where we put s =
sh = Zos(up) and t = t;, defined by (3.1)—(3.2). As the first term is bounded by 27
owing to Theorem 5.5, we only bound the second one. Proceeding as in the proof of
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Theorem 5.5 leads to
(f = Votp = B-Vyup — pup, @) — (KVpup + tn, Vo) — Bp(un, ¢)

= > {(f = Vetn = Vean = (1= V-Bun, ¢ — ow)o,r — (KVup + th, Vo)or
TeT),

+(V-(an — Bun), ¢ —Top)or + Y ((an — Bun)nr, HOSD)O,F} — Bp(un, ¢)
FeFr

< > (mr +moer + e +iur)llellr.
TeT),

For the last two terms, letting y, = qn — Bup, we have used the relation

Z Z (yrmr, op)o,r = Z (r-[yn], {ow})o,r + (mr-{yn}, [Moe])o.r

TeT, FeEFr FeFn

= Bp(un, ) + Y (o, r(va.r[un]), Mog]o.r,
FeFy

and the right-hand side is estimated using (5.6), leading to the 7y 7 estimator. O

REMARK 6.3 (Role of Bp in the augmented norm). Adding the bilinear form
Bp to the augmented norm plays an important role in that it eliminates the term
Bp (up, @) from the above expression.

REMARK 6.4 (Practical relevance of Theorem 6.2). We observe that the estimator
7 is fully computable. This is, however, not the case of the |||-|||o-norm, which, as
usual, can only be approximated. Moreover, the estimator 1 has basically the same
structure as the estimator n derived in Theorem 5.5, so that for practical purposes, n
appears to be sufficient. The motivation for Theorem 6.2 is mainly theoretical, since
it paves the road for a fully robust a posteriori error estimate, as discussed below.

REMARK 6.5 (Nonmatching meshes). In the case of nonmatching meshes, the
bilinear form Bp is modified as

Bo(u,v) i=— > (Bnp[u], {Tov})o.r,
FeF)

where .7?,’L = {F ¢ .7?;1; T € Ty, F C 0T}, while the estimators fjc1r and Ny
are modified similarly to the estimators nca,r and nyr in Remark 5.9; see (5.20)
and (5.21). Then, the proof of Theorem 6.2 proceeds as above by considering ﬁogp
instead of Iyp.

6.3. Global efficiency of the locally computable estimate. We show here

that the [|||[|@-norm a posteriori error estimate of Theorem 6.2 is globally efficient
and fully robust.
THEOREM 6.6 (Global efficiency of the [||-|||[¢-norm estimate of Theorem 6.2).

Along with the assumptions of Theorem 5.10, assume that f, 3, and p are piecewise
polynomials of degree m. For all v € H*(T}), define

1 CK,T -
2 = > h 1
= T 5 gk L armrni

TeT, FEFT

0.+ caurhr|| ]G

+ m%}'ﬁ'io,TThFl'[[U]]||(2),fp03T}7 (6.7)
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where mz,. is defined in Theorem 5.10 and Fr collects the faces of the one or two
elements in Tp. Then,

1< Clllu = unllle +[llv —unlll4.z.),

where the constant C depends on the same parameters as the constant C in The-
orem 5.10 and in addition on the polynomial degree m of f, B, and p, the ra-
tios Cx,r/cx,r and (||plloo,r + |3V -Blloo.r)/caur for all T € Ty and the ratios
e,/ for all T, T € T;, sharing a face.

Proof. Proceeding as in the proof of Theorem 5.10 and using similar bounds on
the estimators 7jc 1,7 and 7y 7 of Theorem 6.2, it is inferred that

1/2
i< c{ S (Rt pz,T>} + Cllunllz,.
TeT),

were p1,1 and pe 7 are defined by (5.23)—(5.24) (recall that these quantities represent
residual-based a posteriori error estimators). Since |||upl||lx,7, = [l|lu — un||le.7,, it
remains to bound the contributions from the residuals p;,7 and p2 7. For simplicity,
we present the proof for matching meshes; it can be extended to nonmatching meshes
by proceeding as before. For all T € 7, let ¥r be the element bubble function
introduced by Verfiirth in [34, §3], Ry = (f + V-(KVuy) — B-Vuy, — puy)|r and
U :=¢pRp. Observe that

S pir<C Y mi(Bs(u—un, Ur) + (Ba + Bo)(u—un, ¥r) — Bp(u — up, Ur)).
TeTh, TG%L

Since mr|||¥r||r < C|Rr|or with a constant C' depending on the local ratios
Cx.r/cx,r and (||plloo,r + 13V-Blloo, 1)/ ur, it is easy to see that the first two

terms in the above right-hand side are bounded by [|u —un |6 {> rer, piT}l/2. Con-
cerning the last term, we use an inverse inequality to infer

Z mQTBD(u—uh,\IIT) S é Z Z mT||RT|

TeTn TeT, FeFr

o,0mr||Blloe, vy | [un]lo,F.

which can be bounded by |llu — unlllg,7,{> rcr, piT}l/? Consider now py 7. For
all F' € Fy, let ¢op be the face bubble function introduced by Verfiirth in [34, §3] (see
also [17]), Rr := np-[KVyuy], and let U be the lifting of ¢pRr to Tp. Observe
that

Z p%)T <C Z Z mTcI_(T:/fw%F{—BS(u —up, Up) — (Ba + Bp)(u —up, ¥r)
TET, T€eT, FEFr

+ Bp(u —up, Vr) + Z (Rpv, ‘I’F)O,Tf} =Ty + T + T3+ Ty
T €Tp

We first consider 77 and observe that (up to a multiplicative constant C’)

—1/2 _
Tl< Y Y mradiohe D lu—unlle 1l

TeT, FeFr T €Tr
<3S S miPetorp|Rellor Y (mi Pyt wrmp el ) llu — unllz
TeT, FeFr T €Tp

< SN milPaflorplRelor S Ml —unllz,

TeT, FeFr T'eTr
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since [[|Up|||r < Cm_1/2ci</T,||RF||07F and since, owing to (4.13),
m;ﬂcKl:/F woT FmT/l/2cl</%p < ml/2 1/% ;, 2 < C, (6.8)

with C' depending on the ratios cg . 7/cg 1. The bound on Ty is similar (details
are skipped for brevity) leading to 71| + [Tz < Cllu — unlle{> rcr, p%ﬁT}l/Q. We
next consider T3 and observe that (up to a multiplicative constant C)

—1/2 _
1< Y > mre 7R plBlloorr Y ITunlllor [{ToWr Yo, r

TeT, FeEFr F'eFp
1/2 1/4 _ —1/2
< SN mlPa o plRellormr Bl Y. b ITunllo.r,
TeT, FeEFr F'eFp

where we have used the inverse inequality ||[{ITo¥r} o < Chpm 12

the fact that [|[Upllor < CN'mlT/?c;{/T/HRFHO,F, and the bound (6.8). This yields
75| < Clllu — unllle.7{Xrer, P3.0}"% Finally, we proceed similarly to bound T}

to obtain |Ty| < C'{ZTGTh piT}lm{ZTGTh pgyT}l/? Using the previous estimate for
Drer, piT}l/2 completes the proof. O

REMARK 6.7 (Comparison with the results of [31]). The result of Theorem 6.6 is
in its form comparable with that reported in [31]. One essential difference is, however,
that our discrete jump seminorm |||-|||4, 7, contains the cutoff factors mx, in front of

18] 0o, 701 1/2H[[U]]||07megT, which can considerably reduce the size of this term.

REMARK 6.8 (Robustness with respect to reaction- and convection-dominance).
Theorem 6.2 yields a guaranteed and fully robust estimate provided the error is mea-
sured in the (|[|'|lle + || ll4,7, ) -norm, since

llw = unllle + lllw = unllle,z <0+ Nunlllpz < Clle = unllle + llu = unlllsz.)-

However, the discrete seminorm |||-|||l4.z, is not fully satisfactory since it does not ap-
pear in the natural DG stability norm. In particular, a priori error estimates including
this new seminorm have not been established. Moreover, the |||-|||x,z, -seminorm is not
easily localizable with respect to data.

7. Numerical experiments. We present in this section the results of several
numerical experiments.

7.1. Pure diffusion. We have examined three test cases, all posed on the do-
main Q = {—1 < z,y < 1} with Dirichlet boundary conditions. The diffusion tensor
is isotropic (but heterogeneous in test cases 2 and 3) and can thus be identified with
a scalar diffusion coefficient k. The weighted interior-penalty DG scheme proposed in
[18] is used with polynomial degree k = 1 and penalty parameter and weights defined
by (4.10)—(4.11). The diffusive flux t; was reconstructed using (3.1)—(3.2) for both
I =0or!=1. Next, the piecewise affine Oswald interpolate Zos(up) of the discrete
solution uy, was used. In the subsequent tables, sequences of uniformly refined, struc-
tured or unstructured meshes are considered to evaluate the convergence rates and
N indicates the number of mesh elements. For simplicity, only matching meshes are
considered. Columns labeled “eftf” report the global effectivity index, that is the ratio
of the a posteriori error estimate to the actual error, both quantities being computed
over all mesh elements. We employ the following notation for the error estimators:

1/2 1/2
NG = {ZTeTh, 7712\IC,T} , MR = {ZTGT;L 77%{,T} , and so on.
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=0 =1

N lu—wll  mnc R nmor  eff. R nor eff.
128 3.28e-1 1.89e-1 7.23e-2 3.38e-1 1.2 5.50e-3 4.32¢-1 1.4
512 1.62e-1 9.72e-2 1.82e-2 1.69e-1 1.2 6.90e-4 2.22e-1 1.5
2048 8.04e-2 4.89e-2 4.54e-3 8.39¢-2 1.2 R.64e-5 1.12¢-1 1.5
8192 4.01e-2 2.45e-2  1.14e-3 4.18e-2 1.2 1.08e-5 5.64e-2 1.5

order 1.0 1.0 2.0 1.0 - 3.0 1.0 -

TABLE 7.1
Convergence rates of error estimators for test case 1, structured meshes

Nl =walll  mne R npr  eff. R npr  eff.
112 3.16e-1 1.25e-1  7.01e-2 3.60e-1 1.2 5.13e-3 3.58e-1 1.2
448 1.58e-1 6.85e-2 1.76e-2 1.82e-1 1.2 6.90e-4 2.22e-1 1.5
1792 7.88e-2 3.53e-2  4.40e-3 9.10e-2 1.2 8.05e-5 9.43e-2 1.3
7168 3.93e-2 1.77e-2  1.10e-3 4.55e-2 1.2 1.0le-5 4.76e-2 1.3

order 1.1 1.1 2.1 1.1 - 3.2 1.1 -

TABLE 7.2
Convergence rates of error estimators for test case 1, unstructured meshes

For test case 1 the exact solution is u(z,y) = cos(0.57x) cos(0.57y) and & is equal
to unity. The purpose is to assess the convergence rate of all the estimators in the case
of a smooth solution. Tables 7.1 and 7.2 report the results obtained on structured and
unstructured meshes, respectively. As expected, the residual estimator g converges
to order (I 4 2), i.e., super-converges with respect to the nonconformity estimator
and to the diffusive flux estimator, the latter always dominating the former by a
factor between 2 and 3. For [ = 0, the effectivity index is equal to 1.2. For [ = 1,
the effectivity index is equal to 1.5 on structured meshes and to 1.3 on unstructured
meshes, which confirms the sharpness of the estimate for [ = 1 also. The effectivity
index for [ = 1 is slightly larger than for [ = 0, showing that for the present test case,
the lowest-order diffusive flux reconstruction yields the sharpest results (a different
conclusion is reached in the two following test cases).

Before moving to the following test cases, it is useful to compare the present
error estimators to those previously available in the literature. We focus here on the
classical error estimator for the pure diffusion case which consists of four terms: the
nonconformity estimator (evaluated using the Oswald interpolate as in this paper)
and three additional terms, namely the residual estimator ny;, the diffusive flux (mass
balance) estimator 7y, and the jump estimator n; defined as follows:

mR)? = > mzlf +V-EVu) 3, 05)° = Covxrhp | unlllf ors
TeTh, TG%L

(mbe)® = Y Crhreg'rne [KVaunl|[§ o o0,
TeT),

where Cr = 3dhy|0T|/|T|. Results are presented in Table 7.3. In particular, the 5th
column, which displays the effectivity index for the classical estimator, shows that the
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N MR MHr ny  effreff. [17]

112 1.74 1.38 3.57e-1 7.5 5.2
448  8.73e-1 5.86e-1 2.03e-1 7.2 4.9
1792  4.37e-1 2.75e-1 1.07e-1 7.1 4.7
7168  2.19e-1 1.31le-1 5.42e-2 7.1 4.5

order 1.1 1.1 1.0 - -

TABLE 7.3
Comparison with other error estimators for test case 1, unstructured meshes

error is overestimated by a factor of 7. It should be observed that the main source of
overestimation is the residual estimator 7y, which we have transformed into a super-
convergent term in the present work. The diffusive flux estimator 0y is also observed
to be about three-times larger than the estimators npr evaluated using the present
reconstructed flux tj, either with [ = 0 or with [ = 1. For completeness, the last column
of Table 7.3 proposes a comparison with the recent results of [17] where the mean value
is subtracted from the residue within each mesh element, while the diffusive flux
estimator and the nonconformity estimator are considered together as one unique
term. We see that the estimate becomes sharper, though it still overestimates the
error by a factor of 4.5, mainly because the reconstructed flux t;, is not used.

Test cases 2 and 3, which were proposed in [29], include diffusion inhomogeneities.
The domain € is split along the Cartesian axes into four subregions €2;. The subre-
gion {x > 0,y > 0} N Q is indicated by 27 and the subsequent numbering is done
in a counterclockwise manner. The diffusion coeflicient is equal to x; in subregion
Q; where k; is a constant. Taking the forcing term equal to zero, the analytical so-
lution with corresponding nonhomogeneous Dirichlet boundary conditions in polar
coordinates is u(r, ¢)|q, = r* (a; sin(ag) + b; cos(ag)), where the subscript i refers
to the corresponding subregion. Owing to the singularity at the origin, the expected
convergence rate of the DG approximation is 2« in the L?2-norm and « in the energy
norm. For test case 2, we take k1 = k3 = 5 and ko = kg4 = 1, a = 0.53544095 and

(a1, a2, as, as) = (0.44721360, —0.74535599, —0.94411759, —2.40170264),
(b1, b, b3, by) = (1.00000000, 2.33333333, 0.55555556, —0.48148148).

For test case 3, we take k1 = k3 = 100 and ko = k4 = 1, a = 0.12690207 and

(a1, as, a3, a4) = (0.10000000, —9.60396040, —0.48035487, 7.70156488),
(b1, b2, bs, by) = (1.00000000, 2.96039604, —0.88275659, —6.45646175).

The results for test case 2 are shown in Tables 7.4 and 7.5 for structured and unstruc-
tured meshes, respectively. Since the forcing term is zero, the residual estimator is also
equal to zero, and has not been reported. The interpolation error on nonhomogeneous
Dirichlet boundary conditions is not reported either. We observe that the expected
convergence rate of order « is obtained for both the nonconformity estimator nxc and
for the diffusive flux estimator npr. Both estimators take comparable values. The
effectivity index is 1.9 for [ = 0 and 1.8 for [ = 1; hence, for this test case, employing
I =1 for the reconstruction leads to a slightly sharper estimator.

The results for test case 3 are shown in Tables 7.6 and 7.7 for structured and
unstructured meshes, respectively. The order of convergence of the error estimators
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=0 =1

N |||u — uh||| NC DF eff. DF eff.
128 6.61e-01  9.60e-1 8.02e-1 1.9 6.54de-1 1.8
512 4.58e-01  6.68e-1 5.63e-1 1.9 4.63e-1 1.8
2048 3.17e-01  4.62e-1 3.92¢e-1 1.9 3.23e-1 1.8
8192 2.19e-01  3.20e-1 2.72e-1 1.9 2.25e-1 1.8

order 0.53 0.53 0.53 - 0.53 -

TABLE 7.4
Convergence rates of error estimators for test case 2, structured meshes

N llu—uslll  nxc npr  eff.  npprp  eff.
112 6.11e-01 8.70e-1 7.43e-1 1.9 6.00e-1 1.7
448 4.28e-01 6.09e-1  5.35e-1 1.9 4.32e-1 1.7
1792 2.97e-01 4.23e-1  3.74e-1 1.9 3.05e-1 1.8
7168 2.01e-01 2.92e-1 2.60e-1 1.9 2.12-1 1.8

order 0.53 0.53 0.53 - 0.52 -

TABLE 7.5
Convergence rates of error estimators for test case 2, unstructured meshes

is close to «, and the error is overestimated by a factor of approximately 3.8. This
is because the nonconformity error estimator now dominates over the diffusive flux
estimator. Hence, although the diffusive flux estimator is lower for [ = 1 than for
I = 0, this difference is scarcely reflected in the effectivity index. Finally, we notice
that the fact that the diffusion coefficient is not monotone around the singularity
precludes the use of weighted variants of the Oswald interpolate, c¢f. [2]. On the other
hand, one can employ a piecewise quadratic Oswald interpolate as in [38, 39].

7.2. Convection—diffusion—reaction. We consider the domain Q@ = {0 <
x,y < 1}, the reaction coefficient u = 1, the convection field 8 = (1,0)!, and an
isotropic homogeneous diffusion tensor represented by a diffusion coefficient k. We
run tests with kK = 1072 (test case 4) and x = 10~* (test case 5). The source term f
is such that the exact solution with homogeneous Dirichlet boundary conditions is

u=gz(x—1)y(y — 1) (1 — tanh(10 — 20z)) .

For brevity, only results for uniformly refined structured meshes are presented.
Tables 7.8 and 7.9 report the results for k = 1072. Table 7.8 focuses on the
global effectivity index when both the diffusive and convective fluxes are reconstructed
using [ = 0 or [ = 1. Both choices yield comparable results with effectivity indices
ranging between 8 and 14 approximately. A more detailed comparison can be found
in Table 7.9. The residual estimator ng super-converges and converges faster for
[ =1 than for [ = 0. The classical residual estimator nj; evaluated using solely the
discrete solution is also reported; it takes, as expected, larger values. The diffusive flux
estimator npr yields the smallest contribution among the different terms in the error
estimate. The upwinding estimator ny is dominant, along with the first convection
estimator nc,; for [ = 1, while this latter estimator vanishes for [ = 0 since in this
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=0 =1
N |||u — uh||| NC DF eff. DF eff.
128 3.49 124 268 3.6 2.02 3.6
512 3.29 119 257 3.7 195 3.6

2048 3.09 11.3 245 3.7 186 3.7
8192 2.88 10.7 232 38 1.76 3.8

order 0.10 0.08 008 - 008 -

TABLE 7.6
Convergence rates of error estimators for test case 3, structured meshes

=0 =1
N llu —upl|ll nne  nor  eff. nprp  eff.
112 3.27 11.8 239 3.7 189 3.7
448 3.11 11.3 233 3.7 184 3.7

1792 2.93 10.8 2.23 38 1.77 3.7
7168 2.75 10.3 212 3.8 1.68 3.8

order 0.09 0.08 0.08 - 007 -

TABLE 7.7
Convergence rates of error estimators for test case 3, unstructured meshes

case, V-(an — BZos(up)) is by construction piecewise constant. Finally, the second
convection estimator 7c 2 vanishes identically because 8 is divergence-free. All in all,
there is little gain when going from [ =0 to [ = 1.

Tables 7.10 and 7.11 report the results for k = 10~%. Table 7.10 focuses on the
global effectivity index for the [ = 0 and [ = 1 flux reconstructions. Again, both
choices yield similar results, and the effectivity indices are roughly ten-times larger
than those observed for k = 1072, in agreement with the cut-off coefficients employed
in front of the estimators. A more detailed comparison can be found in Table 7.11.
As for test case 4, the residual estimator nr converges faster for [ = 1 than for [ = 0,
but this gain is compensated by the first convection estimator 7nc,;. The diffusive
flux estimator npg yields the smallest contribution, while the upwinding estimator ny
dominates the overall estimate.

7.3. Adaptive meshes. We conclude this section by an example on how the
error estimator with [ = 0 can be used to adapt the mesh. Test case 2 is considered.
The adaptive mesh refinement procedure flags 5% of the mesh elements yielding the
largest error indicators. Results are reported in Table 7.12. The effectivity index fluc-
tuates between 1.7 and 2 and decreases as finer meshes are constructed. Comparing
with Table 7.5, we observe that the energy norm of the error on an adapted mesh
with 494 elements is comparable to that obtained on a uniformly refined mesh with
7168 elements. Finally, Figure 7.1 presents two meshes obtained within the adaptive
refinement procedure, one with 342 elements and one with 494 elements. We see that
the adaptive refinement correctly aims at capturing the singularity at the origin.
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