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Abstract

This paper deals with the estimation of a regression function at a given point in nonparamet-
ric heteroscedastic regression models with Gaussian noise. An adaptive kernel estimator which
attains the minimax rate is constructed for the minimax absolute error risk.
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1 Introduction

A lot of research studies are devoted to the problem of estimating a regression function and
specially a function belonging to a Holder class. In this direction it is known from [24] that the
linear minimax estimator is a kernel estimator in the case of a quasi-Holder regression function
estimated at a single point with squared error loss. This estimator is within 17 percent of
asymptotically minimax over all procedures (see [7]). Furthermore it is proved in [18] and in
[4] that a kernel estimator is asymptotically efficient when the Holder regression function or its
kth derivative is estimated with the sup-norm global loss. The reader is referred for instance to
[15], [4], [6] or [8] for other regression works.
Our regression problem is the following. Suppose we observe data from:

yr = S(xr) + 9(xr, S)ek, ke {l,...,n}, (1)

where x, = k/n, (&) e {1,...n} are independent identically distributed standard Gaussian random
variables. We are interested in the estimation of the regression function S at a given point
2o €]0;1[. We point out the fact that in this heteroscedastic regression model the variance of
the noises depends on the unknown function S and on the regressors x;. This kind of model is
used in financial analysis or in medical research (see, e.g., [14]).

We assume that the regression function belongs to a Holder class but its smoothness param-
eter B remains unknown. We consider the absolute error loss and for the corresponding risk,
we aim at constructing an adaptive estimator which attains the minimax rate. Because of the
adaptation, this rate differs from the one in the case where § is known. Many papers deal with
adaptive problems, see for instance [19]-[21], [1] or [12]. Our construction is based on those one
can find in [19] and in [11] for adaptive estimation of the drift coefficient in diffusion processes.
We proceed with the method developed in [13] in the homoscedastic and non adaptive case. In
this paper the risk of an estimator is defined as the supremum of the absolute error loss taken
over a neighborhood (called weak Holder class) of functions that allows an arbitrary large deriva-
tive but has an additional weak Holder condition (see (2)). It has led to the heteroscedastic case
studied in [3]. In these cases it is shown that a kernel estimator is asymptotically efficient.

The paper is laid out as follows. Section 2 gives the description of the problem with all
assumptions needed and all definitions of necessary mathematical objects. In section 3 we
construct an adaptive estimator for which an upper bound of the risk is found. The lower
bound of the minimax risk is given in section 4. Appendix A contains technical results for our
proofs.

2 Statement of the problem

Consider model (1) where S € C*([0;1],R) and g : [0;1] x C'([0;1],R) — R’ are unknown
functions. We want to estimate the regression function S at a fixed point zy €]0;1[. Assume
that

Se |J HM, K B)=H(B),0n € [B; 5] |12,

M,K>0

x,y€(0;1] ‘x - y‘a

H(M, K, §) = {S e C'0;1): ISl < M, sup P W =S@I_ K},
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with =1+ a, |[f]| = sup |f(z)].
z€[0;1]

The smoothness parameter 3 is supposed to be unknown whereas the interval [3,; 3*] is consid-
ered as known.

In order to measure the risk taken by using an estimator of S(zp) we introduce the local
weak Holder class at the point zy for the true value of the parameter 3:

1
Usy 5 = {S e H(B): ||S|| <65 Vh >0, / (S(z0 + hu) — S(zo))du‘ < W} G

-1

where 6 €]0;1[, n > 1. Notice that

/1 (S(z0 + hu) — S(z0))du = /1 (

-1 -1

zo+uh
/ (S'(t) — S'(zo))dt> du, (3)

20
so we have for all S € H(M, K, [3)

_ 2K
~ BB+

That is why the class U, 5, is called a weak Holder class.

‘/_11 (S(z0 + ) — S(z0))du W,

The risk of an estimator S of S (20) is defined over the neighborhood U, s, by

N N
Rzsn(S) = sup — sup )

]ESg—SZ , where N((G)=
BE(Bi5*] S€ltzg 5.0 9(20:5) | (20)] (8)

( n )ﬂ/(25+1)‘

Inn
We assume that there exists two known constants g, > 0 and ¢g* < oo such that

, < inf inf z,5) < su su z,5) < g".
g 09315601([0;1})9( ) ogzglsGCI(I[:m])g( ) =4

Moreover we suppose that the function g is differentiable in the Frechet sense with respect to S
in C1([0;1]) uniformly over = € [0;1], i.e. for any S, Sy € C1([0;1])

g(x,S) = g(x, So) + Lz,5,(S — So) +T'z,5,(S — So), (4)

where the linear operator L, g, is bounded uniformly over z € [0;1] in C1([0;1]), i.e. for any
Sp € C1(]0;1]) there exists some positive constant C'g, such that

L,
sup sup La.50(5)] < Cs, (5)

eelos1] secr(o:1]),520 N Sl
and the residual term I'y g,(S) satisfies the property

I
lim sup 2,50 ()

—Sl2) ), 6
1511=0 zefo:y) IS || (©)



3 Upper bound

The paper [13] handles the homoscedastic non adaptive case, considering the kernel estimator

Sh(z0) = an ZQ l’k—Zo)yk’

where Q = [_y 4}, h = n~ V20D and ¢,(h) = ZQ(xk ; ZO). Taking into account the fact

that @ is unknown we can not use such an estimator because the bandwidth h depends on .
That is the reason why we create a partition of the interval [f,; 5*] in the following way:

g ﬁ*

Inn

By =p0s+1——=, 1=0,...,[lnn],

where [a] denotes the integral part of a number a, and we define the corresponding bandwidths

—-1/(26+1)
n ) : . Then we set

f:max{o <1< [lnn] ' fnax, (’Shl (20) — Sp, (zo)‘ ]\/>> < 0},
j

g B\
265+ 1 2ﬂ*+1) '

Notice that [ really exists because the set above contains the index 0.

The adaptive estimator is now defined as S, = S,”;i(zo). Furthermore we associate with the

where N; = N(8;) and A = 2 + 21/2g* <

unknown parameter 3 the unique integer ((3) € {0,. .., [Inn] —1} such that Bz < 8 < By(g)+1-
The following result gives an upper bound for the risk of the adaptive estimator.

Theorem 3.1 One has
BB

lim sup lim sup RZO,(g,n(S’n) <A

§—0 n—00 Gx

Proor: Fix ¢ €]0; 1] and write

S5 = S(20)] =[S = 5 (20)[Lijsygyy + 190 = S(20) Ljcygyy = 11 + 12,

[Inn] [Inn]
where I} = Z 1S, — S(z0)| Li_py = Z Sk, (20) — S(zo)]]l{[:j}.
3=l(B)
For all j =0,...,[Inn], we note S} (z0) — S(20) = _nlBy) + B, (6;), with
! qﬂ(ﬁj)
Qn(ﬁj) = Qn(h(ﬁj))7
N 1 - T — zo) g
Gt = 30 (252 stan. 916
1 “ T — 20
n(Bj) = S -5 .
B = gy 2@ () 56w - S



The variance of (,(3;) is then o2 (8}, S) < ) 2(z1, S).
Cn(Bj) on (B, ) .
One h | Zn(8)| 22 2) ik 7 (85) ~ N(0,1).
ne has | =7 T5S | Zn(85)] ) (85) (0,1)
In addition, denoting uj = “T_]ZO and Auy = %hj, one has
Bu(8)) = ZQ (”C’“ ) (S() - S(aa)
qn 5]

= anl ﬁ ZQ ug) Zo—l—hjuk)—S(ZO))Auk
n(65)

nhj 1 . _ nhj A
T a3 /1(5(Z0+hJU) S(z0)) du+ 5 Ru(39)

where

1

R.(3) = ZQ(uw(S(zwhjuk)—S(z@)Auk— / (S(z0 + hju) — S(x0)) du

-1

- Z/ S(z0 + hjuy) — S(z0 + hju)) du

-1

- / (S(z0 + hju) — S(20)) du+/ (S(z0 + hju) — S(20)) du,

kx—1

and k* = [n(zo + hj)] et k. = [n(z0 — hy)] + 1.
As the derivative of any function S in U, 5, is bounded by 51, we get

k* Uk 1 —1
|Rn(B5)] < Z / hj(ug —u)51du+/ hjéludu—i—/ hjo~u|du
k=k, v k-1 U Uy —1
S 1 651
< hj(sfl kzk: (uk — Up— l)nhj (1 — uk*) + 2( 1-— uk*fl) < —

h1+[8

h;
J -1_ Ny

+ 66 , and then

Qn(/Bj) Qn(ﬁj)

O'n(ﬂja S) )
%z(ﬂj)

Using the weak Holder condition we obtain |By,(3;)| < §

h1+6
+ 6671

() — 2 J h]
151, (z0) = 5lz0)) < 07 s (%)

+ |Zn(ﬁj)‘



Hence

[Inn]
L= (I85,(20) = Si o)Ly, ) + IS (20) = SG0)gisy sy
J=U(B)
[Inn] A\
<Y iy + IS7g (20) — S(z0)
J=UB)
< A Sy S
>~ m + | hl(ﬁ) (’ZO) - (ZO)|
. nh 145 h On S
< P B 46 (ﬁl(ﬁ)) + 661 (ﬁl(ﬁ)) + |Zn(5l(ﬂ)>‘ (ﬁl(ﬁ) )
N(B) n(Bi()) n(Bi(p)) an(Bys)
Let us show that
B*—Bx
limsuplimsup sup sup N(p) Esl; < P .
6—0 n—00  BE€[By; %] SE€EU 5.n 9(2’07 S) G

As N(B)1(By)” <1 and gu(Byp) ~ 2nh(Bys)), we have

h 146
lim limsup sup sup 0 N(B) n (51(5))

= 0.
=0 n—oo [elfuip*] Selhegsm 9(20,5)  an(Byp))

Moreover it is easy to see that

N(B) 51 M)

limsup sup sup 6 = 0.
n—00 Be(fy;B] Sellzy 5.0 9(20,5) an(Bi(s))

Since 04,(3)(g),5) is bounded by g* and
N(ﬂ)2 B nh(ﬁl(ﬁ)) ( n )2(5—51(5))/(2ﬂ+1)(2ﬂzw)+1) 1 nh(ﬁl(g))eQ(ﬁ*_ﬁ*)i

— < ,
Inn = gu(Bygs)) Inn

an(Bip)  an(Bup))

one has

Inn

. N on(Bi(s), S
limsup sup sup (3 ES|Zn(ﬁl(ﬁ))|w

=0.
n—00  BE[By;8*] SEUZO,g,n 9(207 S) Qn(ﬁl(ﬁ))

Finally from (9) — (11), we get (8).
Now recall that I = |S,, — S(Z0)|H{[<l(ﬂ)} and let us prove that

N
lim  sup sup (5) Egl, = 0.
=% ge(8,:0%] Sellzg 5. 9(20,5)

1(B)-1
We have {I < 1(8)} = U {I = j} and by definition of [,
=0
) J+1 \
i= < U (|80 - i) > 3 ).
i=0 ¢

(11)

(12)



Remark that for 0 <1i <1 < (f), one has h; < h; < h(8) and ¢,(5;) < ¢n(5;). Then denoting
A max |Z(B1)] and using (7) and lemma (A.1), we obtain for 0 <1 <[ <I(f):

{‘SZZ(ZO) — SZZ(Z[))‘ > ]i;z} C {‘SZZ<ZO) — S(Zo)‘ + ‘S(Zo) — SZZ(Z())‘ > Ji\f}

)

g, 12071 2g* Ll A
. { 2"y A2 126~ h(3*) } |

because nh; > N; and N; < h(3)~"
The precedent inclusions are true for a sufficiently large n and we will consider this case from
now to the end of the proof.

As Qn(ﬁz) . Qn(ﬁz) %z(/gz) <

= . i < .
N2 il Inn, lemma A.1 brings us vInn < N, 3lnn
Settmg Af =\ — 20 — 1267 1h(B*), we can write
. J“ A LAY .
(l :j) C ’Sh ZO) Sh +1(20)‘ > ﬁ Z > ﬁ Inn, =: An
=0 v
and
I < Z |5, (20) = S(20) gy
To get (12) we write
1(B)-1 1+ _
N(B) N(B) onh; 65~"h; a(B;,5)
Esl < E + I} Ty g%
9(20.8) 72 = g(z0,5) ; S\ a8y Ty 1A w5 |
1(B)-1 1+3 1(B)-1 1
N(p) onh; N(B) 66 h;
< Ps (A7) + LPs (A},
jz; 3o S) 5] AT 2 5505 ) T
1(B)-1 (B, S)
+ n{ L Es (12n(85)[L 4z
Z ZO, ) (ﬁ]) (’ (J)| (An))

and study the asymptotic behavior of each term. Let Z ~ N (0,1) and A,, := {|Z| > %\/ In n}



For the first term one has

N(B) dnhi" e B o
j=0 9(20,5) qn(5;) Fs (An) < *j=0 N(ﬁ)hjps (A7)

_ At <L>2B(ﬁj—ﬁ)/(2ﬁj+1)(2ﬁ+1)P )
T gy 4 Inn S
7=0
1) n \ 26Bip—1—0)/(26;(g)—1+1)(28+1)
< [].Il n]Qa (m) PS n
§ 1 m \2(Bia1—B)/(26+1)2  2g% 1 _GR?,
< [n)*—(— —————e 19*?
o 9x <lnn> AxvInn V27
* *\2
40g o—20:/(28°+1)? 2% /(24 +1)? [Inn)? n <4Ag’i)2 .
V2mg A Vinn

Since A > 2 the last term tends to zero as n goes to infinity. We handle the second term as well.
Using the Cauchy-Schwarz inequality for the third term, we obtain

& on (B, 5) (B) 1/2
0.5 Z (\nm (ﬁ])u}> Zm s (A7)

=0
L UB)—1 X
< O Dy g agye g 2O WAPE g,
9 5 an(B;) g*\/AZ\/% \/\/lnn\/qn(ﬁ*

By definition of A this term tends to zero as n goes to infinity. Eventually we have proved (12)
which, connected to (8), completes the proof.

4 Lower bound

In this section we give the lower bound for the minimax risk. We will consider a family of
functions in Uy, s, defined with another bandwidth h(3) = n~ /2041 (Inn)=28/28+1 such that
nh(B) = N?(B) and h is a increasing function of 3.

Theorem 4.1 For all § €]0; 1] the following inequality holds

= - El¢]
liminfinf R, 5,(5) > —=,
n—oo g 0 ( ) \@

where the infimum is taken over all estimators S of S(z).

§~N(0,1),

Proor: For v € ]0; 1|, denote S, (z) = %VV (fz(;;)) where the function V,, is defined by

1 [T

e = 2 [ () du

V—OO

Qu(u) = Tgy<i—2y + 2 _su<juj<i—1

8



and m is a nonnegative function, infinitely differentiable on R, such that m(z) = 0 for any

1
|z| > 1 and / m(z)dz = 1. We can easily show that for all 0 < v < 1, one has V,,(0) = 1 and
-1

/l V, (2)dz = 2.

-1

Now fix b > 0, v €]0;1/4], § €]0;1[ and denote S, ,(x) = N?ﬂ) Vi (mﬁzﬂ?) for x,u € R.

Thanks to lemma A.2 we can say that if u| < b then there exists an integer ny s > 0 such that
Svu € Uz 5 for all n > ny 5. Hence for n > ny 5, we have

_ N _
Repsm(S) > sup  sup iﬂig%uw(zo) — Suu(20)]

B BE[Bx;B*] [u|<b 9(207 Su,u)

1L (" N :
> sup / ——<—Es, v (S(20) = Svu(20) ) du=: sup I,(a,b,[
selpaip 20 J b 9(70, Svu) < o) ( )> BelBui] (00

where v, (z) = |z| A a,a > 0.
Let Pg,, be the law of (y,(cl))kzl,m,n, where y,(:) = Syu(zr) + 9(zk, Svu)ék, and P the law of

(y,(go))kzlqu, where y,go) = g(xk, Svu)Ek- These two measures are equivalent and the corre-

sponding Radon-Nikodym derivative at the point (y1,...,y,) is

pn(u, B) = di%’f’" (Y1, Yn) = eXp{ %Z ((W)Q - <9(5l7:/kSV’tL)>2>}
= exp (ugn(ﬂ)ﬂn - *gn >

n V2 <$E Z0 n V q;lc—z()

1 v\ 1B) > 1 ”( h(B) )

where ¢2(3) = and n,(8) = Y
)= 525) 2 Par, 5 ™0 = NG0nB) 2 2o, Sl ™

Under the law P, n,,(53) is a standard Gaussian random variable.

1 2

Vv

Setting 02 = / 2(”(2))dz and since the square root is continuous at o2, lemma A.3 implies
-1 97?0,

sup |§n(ﬁ) - UV| — 0. (13)
BE[Bx;6*] e

Rewrite pp,(u, 3) = exp {uaynn(ﬁ) — u220 Ly rn(ﬁ)}, where 7, () is a Gaussian random variable

2
with expectation %(03 —¢2()) and variance u%(s,(3) — 0,,)%. Then using (13) and Tchebychev

inequality we get for ¢ > 0
lim sup P(|r(8)| >¢)=0. (14)
70 BBy 8]

2 .2
As a consequence we can show that py,(u, 3) N Poo (1) := exp (ucr,,n -5 ”) uniformly in 3
n—oo

and
lim sup P (\er"(ﬁ) -1 > 5) = 0.
"0 BE[Bx %]



Denoting $a.n(S, Svu) = va(N(8)(Sn(20) — Svu(20))) and E the expectation for the proba-
bility measure P, one has

1 b Qba,n 57 SI/,U
Llab®) > g [ Bl eI g)du+ 5, (15)
=: Jn(a,b,ﬂ)+6n(a,b,ﬂ), (16)

where
Ba(B) = (A <d) and d=o,(b—Vb),b>1,

2 2
on(,8) = exp (uaynn(ﬁ)—ua”>,

2
e Yan (S, Suu)
5n(a>b7 ﬁ) - ?b _bEHBd(ﬁ)men(u7ﬁ)du7
ulo?
On(u, ) = pn(u,B8) — on(u, B) = exp (uvunn(ﬁ) - 2V> (ern(ﬁ) —1).
Let us show that
inf sup d,(a,b, ) —— 0. (17)
S BE(B;B*] el

We can easily prove that Epo(u) = 1 and Epy,(u, 3) = 1. Then the sequence {p,(u, 5),n > 1}
is uniformly integrable (see [2, p.32]). As on(u, 3) is bounded on B4(3), we obtain the uniform

integrability of {HBd(ﬂ)%ﬁn(u,ﬁ),n > 1}.

We remark that exp (uaynn(ﬂ) - "220 3) is bounded by a constant independent of 5 on By(53)
and that ¢a,n(§a Syu) is bounded by a. Then

Yan(S; Svu)

00 Be (B8] g(ZO’ Su,u)

lim sup P (HBd(ﬁ) |0 (u, B)| > 8) =0.

It follows from this and from the uniform integrability of {H B d(ﬁ)%en(% B),n > 1} that

wa,n(57 Sl/,u)

lim sup E
g(Z07SV,7J,)

Ip,s
=00 gegapr] | )

9n(”76)‘ =0.

Furthermore there exists a constant K > 0 such that

I
sup |E Bq

7¢a,n(5, Su,u)en(uaﬁ)‘ <K sup E|ern(ﬁ) -1 < Kexp(ugo'TLVQ),
BE[By;6*] g(ZOa Sz/,u)

BE[Bx;6*]

By bounded convergence we obtain finally

b
sup  Op(a,b,f) < 1/ sup E ‘HB"Z Yan (S, Syu)0n(u)| du —— 0,
Be[BuiB*] 2b )b pe[s.p]

and then (17).

10



Now we are interested in the term J,(a,b, 3) in (16).
Firstly rewrite on(u, 3) = ()= (B)*/2 where ¢, (8) = €"(9/2 and 7, () = ﬁn(ﬁ)’ then

v

va(u — (tn(8))

1 b
Jn(a7 ba ﬁ) = 27[) /—b EHBd(ﬁ)Cn(ﬁ) 9(207 Sy,u)

o (~Z w10 ) du

with t,,(8) = N(6)Sn(20).
Further if £ ~ N(0,1) and if we set £ =

for the probability measure of £, we have

£

¢ =¢2, By = {|¢] < d} and E the expectation

14

Jn(a,b,3) = E]IBdC%/ mexp (—‘f(u—ffﬁ) du.

One has the following limit

o2 - 1 1
sup EI: Jexp | ——2(u — 2> ( — > du 0.
Bels pﬂ* d%/ P ( 2 (=) 9(20, Svu)  9(20,0) n—00

Indeed:

a,% £\2 1 1
’ 585 / alt ~ tnl eXp<‘2(“‘5)><g<zO,sV,u>‘g<zO,o>)d“
2

g nt _Lz7 Szz,u +Fz, Szz,u

- 2 B T
< IE]IBdCQb/ aexp <—02”(u—§) ) 0 Il S | +1T=0.0( V’u)’du
(Sy,

g*
Co H Suu H ‘Hrzo )|
’ 7 d .
B3, 2b/ 92 B

IN

du

IN

As ||Sy,|| tends to zero uniformly in 3 as n — oo, we have the announced result. It follows that

liminfinf  sup Jp(a,b,(3) >
TS Be[ByB7)

b 2

—1

lim inf inf sup E]I C M exp <—JV
= & gegag b 2b 9(20,0) 2

Moreover we can write

C/ Vg u—tn e é(u_g)zdu S EHBdC \/Eva(t—tn(ﬁ)—l-é) _ﬁtz
ZOa o 2b —\/l; g(ZOaO)

14 Vb 2
E By Va(?) exp (—U”tg> dt,
20 J_5 9(20,0) 2

v

11



using Anderson’s lemma for the last inequality (see [17, Chapter II, Lemma 10.1 and Corollary

10.2]).

20,(b — V/b)
V21

Noticing that EI BdC = and limiting successively a — oo and b — oo, we get

(e 9] t 2
liminfliminf liminfinf sup J,(a,b,3) > 9y id exp (—J”t2> dt.
b—oo a—o0 mn—oo g BE[Bx;5*] V2T J o 9(20,0) 2
2
Eventually using the fact that o2 — 7(20.0) and combining the result with (17) finish the
v—=0 " g~(%o,
proof. O

A Appendix

Lemma A.1 There exists an integer N, such that if n > N,, then

< qn(Bi)

1
- nh;

<3,

foralli=0,...,[lnn].

Proor: Writing

the following inequalities

n(zo+ hi)] < nlz0+hi) < [n(zo+ h)]+1,
—1—[n(z0 —hi)] < —nlz0 — hi) < —[n(z0 — hi)],
show that 2 — e < q:;(hﬁ:) <2+ e

But there exists an integer N, such that if n > N, then nh(8s) > 1. As h is an increasing
function of 3, we get for n > N* :

1 Qn(ﬂz) 1
nh(B) = nhe =2 T nh(3)

and then the desired result. O

2 —

Lemma A.2 The family of functions S = {Sl,, S ]O; % [} satisfies

S C U ﬂ u20,5,n'

k>1n>k

12



Proor: Firstly one has fil (S,,(zg + uh(3)) — S,,(zo)) du = 0. Moreover we can write

1 1
(@) < —2 / ! () dus < 2B/ (28:41) (1, y)38°/26" 41 / I ()|,
vN(B)h(B) J-1 v -1

rf TR0\ | -2 oo L ’ u_%z;;) 2 (! /
V”( W) >' =L, @lem () w <3 [ ol

Hence for any fixed § €]0; 1], there exists ns € N* such that if n > ns, then |S/,(z)] < §~1 and
S, € Z/{zo,é,n' O

since

Lemma A.3 The following limit holds

sup b V2i(z) s
B€[B,:5+] ~1 9%(20,0)

Proor: There exists an integer ng such that for all n > ng and all 8 € [Gs;3*], we have
[z0 — h(B);z0 + h(B)] C [0;1]. As a consequence for n > ng we get

(B) — 0. (18)

n—oo

20+h 2 [ z=20 2 (z=20
v 1 e V2 (55 P A () p
gn(/B) -0 7 - 2 Nn( ZE) - 2 Vn( ‘T)
h(ﬁ) 20—h(B) 9 (a:aSV,’u,) 0o 9 (anV,u)
; _1 - _ Deg-h@izg+h(a)
with p, = ;ak/n and v, = Wﬂn.
The hypothesis (4) and (5) on the function g yield for all z € [0;1] :
1 o1 g*(x,0) — g*(z, Syu)
9*(x, Spu)  g*(2,0) 9*(@, Sv.u)g?(2,0)

< = 29(2,0)Le,0(Svu) + (Lw,O(SV,U))Q + (Fw,O(Su,u))2
+29(£L‘, O)F:B,O(Su,u) + 2Lx,0(Su,u)Fx,O(Sy,u)|
1 Lp0(Syu)?
< i (2000 S 14631 Sy 12+ 950 s, P
|Fx O(SVU)| |Fz O(SVU)|
+ 29*% Sl/,u +2C Sl/,u — ” Su,u H s
1S Sl 2C0 S 7 75

and further

/01 <g2(x,1Sy,u) - 92(516,0)) vn(dz)

2
1 L Ty o(Sou
< / valde) (29*00 | Sy | +C2 || o H2+(sup ’()> | Sy |1
0

p S S |
]‘—‘1: Suu FJ) Sl/u

+oagr ([ sup 0} g o | S [ sup Ezeudl) g )
A | S S |
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We easily prove that for a real function f defined on R and continuous at the point zg, one has

1
lim  sup /0 F(@)vn(dz) — 2f(20)| = (19)

0 BE[By; 8]

/o1 <92(x,151,7u) - 92(21070)> Vo (diz)

- | s~ w0+ || (i~ om0

Writing

1
and applying (19) to the functions z — 1 and z — @.0) and using hypothesis (6), we obtain
g\z,
I /1< ! ! ) (dz)| = 0 (20)
im  sup - vnp(dz)| = 0.
n—o geig, 0 |Jo \ 92, Svu)  9%(20,0)) "
Now we want to show that
lim  sup /1v2 (“ZO) (dz) /1 V2(y)d ' 0 (21)
= Up(dz) — y)dy| = 0.
= gegip lJo T\ R(B) S S
Tk — 20

Let F be a function such that F' = V2 and denote uy = again. For all n > ng, one has

1 n
| Vi =ra) - = 3 ~ Flon-)
then )
! 2 (T A 2 - — Flu 1 '
/OVV<B( ) / v2( dy] kl( (1) = ) = o m)‘
_ o -1 " v 2/
- ; Q(HiL(ﬁ))QF ( k‘) < 2nh2(ﬁ*) (Vy )maxa

with vy €Jug_1;u[ and (V) mae the maximum of the function V. Limiting n — oo yields
(21).

Finally, as we have

1 V2(Z LV % ! Vz(z
gi(ﬂ) B /_1 g;/(zo,é)dz‘ a /0 (UE, Lé'zﬁ/)uz n(dw) = /—1 g;/(%,z))dz

2 [ x—20 2 2 [ x—20
< / W (h(ﬂ)>y (dx) — /1V ( ) / Vo (B())V (dx)_/l Vi) .
o 0 (wﬂs’ll,’u) 0 g2(Z07 0 92(207 ) —1 92(2070)
0o ! 2 (55) L VR
V,,mm/ — vp(dx) + / ————2u,(dx —/ 7dz ,
o |7@ 5~ G0 .0 T L 2 G0)
(20) and (21) implies lemma A.3. O
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