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LIMIT LAWS FOR BIASED RANDOM WALKS ON A
GALTON-WATSON TREE WITH LEAVES

ALEXANDER FRIBERGH AND NINA GANTERT

ABSTRACT. We consider an outwardly (-biased random walk X, on a Galton-
Watson tree with leaves in the sub-ballistic regime. We prove that X,,/n? con-
vergences in law and we characterize the limit law. The exponent v € (0,1) is
explicit and is a decreasing function of 3. Key tools for the proof are classical de-
composition results for Galton-Watson trees, a new variant of regeneration times
and the careful analysis of the time the walker spends in leaves.

1. INTRODUCTION

Consider a supercritical Galton-Watson branching process with generating function
f(z) = Y. ,-0pk2", Le. the offspring of all individuals are i.i.d. copies of Z, where
P[Z = k] = p,. We furthermore assume that py > 0, and that m := E[Z] =
f'(1) € (1,00), that is the tree is supercritical and has leaves. We denote by ¢ the
extinction probability, which is characterized by ¢ < 1 and f(¢q) = ¢. Starting from
a single progenitor called 0, this process yields a random infinite tree 7' called a
Galton-Watson tree, on the event of non-extinction. We denote (€2, P) the associated
probability space.

We shall use some classical notations on trees as u for the parent of u, u A v for
the first common ancestor of u and v and |u| = d(0,u) for the level of u. Here we
used d(.,.) to denote the usual graph distance.

On this Galton-Watson tree T, we perform for 5 > 1, a S-outwardly-biased random
walk. It is a Markov chain (X,,),en on the vertices of T', such that if v # 0 and u has
k children vy, ..., v then

(1) PlXor1 = )X, = u] = 5,

(i) P[Xni1 = vi| X = u] = 5, for 1 <i <k,

and from 0 all transitions to its children are equally likely. This is a reversible
Markov chain, and as such, can be described as an electrical network with conduc-
tances c(7, z) := B1*I=! on every edge of the tree. We refer to [T0] for background on
electrical networks.

On a configuration w (which is a Galton-Watson tree conditioned on non-extinction)
we can define a random walk according to the preceding rules, and we use P“[.] to
denote the corresponding probability measure with Xy = 0. Then we define the
annealed law as the semi-direct product P =P x P“.
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Many interesting facts are known about this walk (see [I1]). As one could expect,
it is transient. Its limiting speed v exists and is constant a.s. and satisfies with

ﬁc = l/f/(q),

(i) if 8 < B, then v > 0,
(ii) if 6 > B, then v = 0.

The reason for the sub-ballistic regime (ii) is that the walk loses time in the leaves
of the tree, from where it cannot go to infinity without having to go for a long
time against the drift. The hypothesis py > 0 is crucial for this to happen. Similar
phenomena are observed on the infinite percolation cluster of Z?, see [2] and [T4].

As in all sub-ballistic models a natural question comes up concerning the order of
magnitude of the random walk. Such questions have arisen for example in the case of
random walks in a random environment on 7Z, for the preceding results on transience
and recurrence and conditions for zero speed on Z, see [I3] or [16]. In the zero-speed
regime, it was shown in [9] that depending on a certain parameter s € (0, 1], we have

i) if kK < 1, then =L converges to a stable law,
n g
i) if kK = 1, then InnXy converges to a stable law.
n &

Very recently and using a precise description of the environment, a new result
proven in [ and [5] refined this last theorem by describing all the parameters of the
stable law, in case (i).

Lately progress has been made towards finding the order of magnitude of random
walks in the more complicated medium of random trees. Some results were proven
for random walks on trees under ellipticity assumptions, for example for transient
random walks on a regular tree (see [§]) and on Galton-Watson trees without leaves
(see [1] and [T2]) .

In this paper we drop this ellipticity assumptions by imposing py > 0, which changes
drastically the behaviour of the random walk. The methods used in [9] for the one-
dimensional case do not seem to apply easily on Galton-Watson trees. Nevertheless,
we are able to find the order of magnitude of the walk by using the methods similar
to [B]: we find up to the level n, the parts of the tree where the walker is likely to get
trapped for a large amount of time. In this way, we get a rather explicit description
of the limit law. A sketch of our proof is given in Section Bl

In comparison to [5], an additional difficulty arises from the fact the traps met
depend not only on the environment but also on the walk. Moreover one has to take
into account the number of times the walker enters a trap, which is a complicated
matter because of the inhomogeneity of the tree. This major technical difficulty can
be overcome by decomposing the tree and the walk into independent parts, which we
do using a new variant of regeneration times.

The paper is organized as follows: we state our results in Section B, then in Section
and Section Bl we explain how to decompose the tree and the walk, thereafter in
Section [ we give a sketch of the proof of the main result, and the rest of the paper
is devoted to the proof.

2. STATEMENT OF THE RESULT

For a € (0,1), let S, be a completely asymmetric stable random variable of index
a, which is characterized by its Laplace transform,



Then we define

(2.1) v i=

and for A > 0, we set
)\n = m

We denote the time needed to reach level n by

A, = inf{i > 0] |X;| = n}.
Then our main result is the following

Theorem 2.1. Suppose E[Z?] < oo and 3f'(q) > 1, then for any A\ > 0, we have

(2.2) E[e"\"A"] — ™
where
C = pCaCb7
hence

An law 1/v
m — C S«/.

Thus by a classical inversion argument

‘Xn| law 1 1 7
— = | = .
nY ¢\ S,

The constants in Theorem Bl are not completely explicit. But, we are able to
derive expressions for them

= ag@ )
1—g¢q
moreover
_m  E[S] 1\
Co = sm(m)a—g—l)vE "\1—v) |
where
_ -1
(2.3) V= —(1 B ) Woo

1- ﬁ_lwoo ‘
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Furthermore the constant p will be defined in (B2), whereas « is defined in Lemma
I3 The description of the random variables S,, and W, is postponed to (EH) and
Proposition [Tl respectively.

Remark 2.1. Intuitively v is the probability of being trapped at the bottom of a leaf,
see Section [ for an explanation, and 1/(1 — v) is the expected number of times that
this happens.

Remark 2.2. The constant Cy, is reminiscent of the constants appearing in [5], indeed
we have the expectation of two random variables raised to the power vy (So and 1/(1—
v)). A new feature in the case of trees is the factor v, which is necessarily equal to 1
on 7.

Remark 2.3. The hypothesis E[Z% < oo could probably be relaxed but we do not find
any weaker form appealing. The only place where this hypothesis is used is in the proof
of Lemma [82.

Remark 2.4. We also point out that this results advocates the general belief that (in
the sub-ballistic regime!) increasing the drift slows down the walk: ~ is a decreasing
function of 3. In the physics literature (see for instance [3]) a similar limit law is
conjectured to hold for biased random walks on the infinite percolation cluster of Z%. In
fact the exponent is believed to have a similar form as in (Z1) with the corresponding
critical bias (whose existence is not proven yet mathematically!).

Remark 2.5. We emphazise that the critical case 5f'(q) = 1 is left open. A similar
result of convergence to a stable law is expected to hold with an order of magnitude of
n/lnn.

Let us give some conventions about constants. The parameters 5 and (pg)x>o will
remain fixed so we will usually not point out that constants depend on them. Most
constants will be denoted ¢ or C' and their value may change from line to line to ease
notations. Specific constants will have a subscript as for example C,. Moreover we

will use poc = 1 — 37! to denote the escape probability of a 3-biased random walk on
N.

We will always denote by G, a geometric random variable of parameter a, with law
given by P[G, > k] = (1 —a)*! for k > 1.

3. CONSTRUCTING THE ENVIRONMENT AND THE WALK IN THE APPROPRIATE
WAY

In order to understand properly the way the walk is slowed down, we need to
construct the environment in a way adapted to our problem. Set

f(s)—f f
(s) —f(sa) 4 h(s) = (a5)
l—q q
It is known (see [I0] Section 11.5 or [I1]), that a f-Galton-Watson tree (with py > 0)
can be generated by

(3.1) g(s) =

(i) growing a g-Galton-Watson tree T, called the backbone, where all vertices
have an infinite line of descent,

(ii) attaching on each vertex x of Ty a random number N, of h-Galton-Watson
trees,
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where N, has a distribution depending only on deng(x) and given Ty and N, the
leaves are i.i.d..

FiGURE 1. The Galton-Watson tree is decomposed into the backbone
(solid lines) and the leaves (dashed lines).

We will call bud a vertex at distance exactly one of the backbone. It is important
to consider the backbone together with the buds to understand the number of visits
to leaves.

We define a leaf to be a graph (zUV [z, y|UE), where z is a vertex of the backbone, y
is a bud adjacent to x and V' (resp. E) are the vertices (resp. edges) of the descendents
of y. The leaves can be constructed as a portion of Z called the spine, to which smaller
trees called subleaves are added, this construction is presented in detail in Section @

Let us now construct the random walk. We need to consider the walk on the
backbone and on the buds, to this end we introduce

(i) o9 = 0, =0,
(i) ope1 = inf{i > 0,|X;_1, X; € backbone},
(iii) o7, = inf{i > 0},|X;_1, X; € backbone U buds},

and we define Y,, = X, the sample of the walk on the backbone, respectively
Y = X the walk on the backbone and the buds.

Moreover define AY = #{i > 0]o; < A, } the time spent on the backbone to reach
level n and similarly AY" = #{i > 0|0} < A, }.

Furthermore we define for a set A in the tree Ty = min{n > 1|X,, € A}, T, := T{J;},
Ty :=min{n > 0|X,, € A}, and T}, := TY,,.

Note that the process (Y,),>0 is a Markov chain on the backbone, which is inde-
pendent of the leaves and the time spent in the leaves. Hence, in order to generate

Y, we use a sequence of i.i.d. random variables U; uniformly distributed on [0, 1]. If
Y; = w with Z7 children on the backbone, then

(1) Y;'_,_l - %, lf Uz c [O, ﬁ],
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(i) Vi1 = the j"-child of w, if U; € |1 -z, 1~ J=1

For background on regeneration times we refer to [I5] or [I6]. In the case of a
(-biased random walk Y, on Z, a time t is a regeneration time if

Y, > maxY, and Y; < minY,.
s<t s>t

Definition 3.1. A time t is a super-regeneration time for Y,, if t is a regeneration
time for the coupled (3-biased random walk on Z defined by

(i) Yo =0,
(i) Yo = Vo= 1, if Uy € [0, 5]
(iii) Y11 =Y, + 1 otherwise.

We denote t — SR the event that t is a super-regeneration time for Y,,.

It is obvious that a super-regeneration time for Y,, is a regeneration time for Y,, in
the usual sense (the converse is false).

The walk can then be decomposed between the successive super-regeneration times
(1) T0 = 0,

Since the regeneration times of a #-biased random walk on Z have some exponential
moments, there exists a > 1 such that E[a™ ™| < oo and E[a™] < 0.

Remark 3.1. The advantage of a super-regeneration time over a classical regener-
ation time, is that the presence of a super-regeneration time does not depend the
environment, but only the sequence (U;)i>o.

Remark 3.2. The drawback of super-regeneration is that the event that t is a super-

regeneration time depends on the (U;);>o and not only on the trajectory of the random
walk (Yn)nzo.

Denoting for k£ > 1, the o-field

Gr =0(m1, s Tey (Yorr, )Jn>0, {2 € T(w),z is not a descendent of Y7, }).

We have the following proposition

Proposition 3.1. For k > 1,

Pl(Yrsn — Y )ns0 € ., {z € T(w),z is a descendent of Y, } € .|Gy]
= ]P)[(Yn)nzo € .,T(w) € |O — SR]

Remark 3.3. The conditioning 0 — SR refers only to the walk on the backbone, hence
it 1s obvious that the behaviour of the walk in the leaves and the number of times the
walker enters a leaf is independent of that event.

We skip the proof of this Propositions for it is standard. A consequence of the propo-
sition is that the environment and the walk can be subdivided into super-regeneration
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blocks which are i.i.d. (except for the first one). As a consequence we have the exis-
tence of

#{Y1,. ., Yay}
m ,
n

(3.2) p=1l

which is the average number of vertices per level visited by Y,,. This quantity is
finite since it is lower than 1/v((3), where v(/3) is the speed of Y;, which is positive by
a comparison to the -biased random walk on Z.

When applying the previous proposition, it will be convenient to use the time-shift
for the random walk, which we will denote by 6.

4. GROWING THE LEAF

In the decomposition theorem of Galton-Watson trees, we attach h-Galton-Watson
trees. We will denote their distribution with P, hence P[Z = k] = q; := prq" ™!, where
Z denotes the number of children of a given vertex. As stated before the object we
will denote a leaf is slightly different: to describe a leaf ¢ we take a vertex called root
(or root(¢) to emphasize the leaf), link it to another vertex (denoted 7@(6)), which
is the actual root of a random h-Galton-Watson tree.

When we use random variables associated to a leaf, we refer to the random part of
that leaf (the h-Galton-Watson tree). For example the notation Z, is the number of
children at the generation n with root being generation 0. In this context we introduce
the height of a leaf

(4.1) H = max{n > 0,2, > 0},

and we say a leaf has height k if H(¢) = k, i.e. the distance between root and the
bottom point of the leaf is k.

This way of denoting the random variables has the advantage that Z, (resp. H)
are distributed under P, as the number of children at generation n (resp. the height)
of a h-Galton-Watson tree.

The biggest leaves seen up to level n are of size —Inn/Inf’(q), therefore a leaf will
be considered big if its height is greater or equal to

Inn

(4.2) hy, = (1_5)Tf’(q)’

for some ¢ > 0 which will eventually be chosen small enough. Such a leaf will
be called a h,-leaf or a big leaf. It is in those leaves that the walker will spent the
majority of his time and that is why it is important to have a good description of
them.

The leaves are essentially subcritical Galton-Watson trees, as such, they can be
grown from the bottom following a procedure described in [6], that we recall for
completeness. We will denote by ¢ the starting point of the procedure, corresponding
to the left-most bottom point of the leaf, this last notation will be kept for the whole

paper.
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With a slight abuse of notation, we will denote by P a probability measure on an
enlarged probability space containing the following additional information.

We denote by (¢,41,¥n1) with n > 0, a sequence of i.i.d pairs of random variables
with joint law given by

(43) F[QSH-H = j> wn—i-l - k] = CanF(Zn - O)j_IF(Zn-i-l = O)k_ja 1 S] < k’, k > 1a

_ P[H=n)]
where Cp = m

Set 7y = {d}. Inductively construct 7,41, n > 0 as follows

(i) let the first generation size of 7,11 be ¥y,1,

(ii) let 7, be the subtree founded by the ¢, 1-th first generation vertex of 7.,

(iii) attach independent h-Galton-Watson trees which are conditioned on having
height stricly less than n to the ¢,,.1 —1 siblings to the left of the distinguished
first generation vertex,

(iv) attach independent h-Galton-Watson trees which are conditioned on having
height strictly less than n + 1 to the ¢,.1 — ¢,11 siblings to the right of the
distinguished first generation vertex.

Then 7,1 has the law of a Galton-Watson tree conditioned to have height n + 1
(see [6]).

We denote 7 the infinite tree asymptotically obtained by this procedure; from this
tree we can obviously recover all 7,,. If we pick independently the height H of a h-
Galton-Watson tree and the infinite tree 7 obtained by the previous algorithm, then
Ty has the same law as a h-Galton-Watson tree.

We will call spine of this Galton-Watson tree the ancestors of §. If y # ¢ is in
the spine, ¥ denotes its only child in the spine. We define a subleaf to be a graph
(x UV, |x,y] U E), where z is a vertex of the spine, y is a descendent of x not on the
spine and V' (resp. E) are the vertices (resp. edges) of the descendents of y. The
vertex x is called the root of the leaf and we denote .S, the set of all subleaves rooted
at x.

Independently of (¢, ¥n)n>0 We denote by S;i]f and H;ﬁ with n,7,7 > 0 and
k =1,2, two sequences of independent random variables given by

(i) Sntbil (resp. S™92) is the j-th subleaf conditioned to have height inferior to
n added on the left (resp. right) of the n + 1-th (resp. n-th) ancestor of ¢,

(ii) TI%7* is the weight of Si/F under the invariant measure associated to the
conductances 3+! between the generation i and i + 1, the root of SiJ* being
generation 0,

this describes the subleaves and their weights.
We denote IT** = 0 and

pi—1

»i—;
(4.4) Ai(w) = Z ) 4 Z 2,
J=1 j=1

which is the weight of subleaves added to the i—th ancestor of .



FIGURE 2. The leaf is decomposed into the spine (solide lines) and the
subleaves (dashed lines).

Due to the following lemma, the random variables I1:7* will be important to de-
scribe the time spent in leaves.

Lemma 4.1. Let (G, c(e)) be a finite electrical network, x € G and P, the law of the
random walk started at x.

If Zywx c([xz,y]) =1, then

Proof. Denoting 7 the invariant measure associated with the conductances of the
network. Then 7(.)/7(G) is the invariant probability of the network and the mean

return time formula yields
7(G)

since 7(z) =), _, c([z,y]) = 1. Then we simply notice that

7(G) =2 cle).

ecG

Let us introduce another important random variable

(4.5) Se =2 B(1+A),
i=0
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which appears in the statement of our theorem. It is the mean return time to ¢ of
the walk on the infinite tree 7 described in the algorithm following (E3)).

Lemma 4.2. There exists Cy, so that forn >0 and k > 0,

Plt1 = k] < Cykq".

In particular sup E[y);] < oo.
iEN

Proof. Recalling ([E3)), we get

k
F[¢n+1 = k] = ZF[¢n+l = j7 ¢n+1 = k]
j=1

k
= oy _P[Z, = 0 ' P[Zyy = 0]
j=1
S anQk

It is enough to show that the sequence (¢,),>0 is bounded from above. A Galton-
Watson tree of height n+ 1 can be obtained as root having j children, one of which is
attached to a Galton-Watson tree of height n, the others having no children of their
own. Thus

1/c, =PH=n+1]/PH=n]>qq ",
for any j > 1. We fix jo > 1 so that g;, > 0 and we get

1

jo—1
45040

F[wn—l—l = k] < qu—17

where we used q; = prg*' < ¢" L. O

Using this lemma we can get a tail estimate for the height of leaves.

Lemma 4.3. There exists o > 0 such that

P[H > n] ~ af'(¢)".

Proof. 1t is classical (see [7]) that for a Galton-Watson tree of law Q with E[Z;] =
m < 1 expected number of children, we have

lim L[Zn > 0]

n—00 mmn

> 0 <= Eq|Zlog" Z)] < c0.

The integrability condition is satisfied for P since g, = pr¢® ' < ¢*', and the
result follows. O

We also recall the following classical upper bound

(4.6) P[H > n] = P[Z, > 0] < E[Z,] = f'(¢)".
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The following lemma seems obvious, but not standard, so we include its proof for
the convenience of the reader.

Lemma 4.4. We have for k > 0,

PZ, <k|Z,=0] > P[Z, <Kk].
In particular E[Z;| Z, = 0] < £'(q)!, for anyi >0 and n > 0.

Proof. Denoting D,, a geometric random variable of parameter 1 —P[Z,_, = 0] which
is independent of Z;, we have P[Z; < k|Z, = 0] = P[Z, < k|Z, < D,]. Then if we
compute

PlZ <k|Z, < D,] = > o P[D, > j|P[Z1 = j]
T SR PID. > P2 = ]
_ (1 n > 2w P[Dy > j|P[Z) = ﬂ)
Zﬁzop[Dn > P2 =4])

>

We can now estimate E[A,].

Lemma 4.5. There exists a constant Cp, such that, for all 1 >0

E[A] < Cr(f'(9)8)"
Proof. Using ([E4l), Lemma and Lemma Al we get

E[A] = E[¢;]E[IL; 1] + E[y; — ¢;]E[IT;] < E[TL}] iggﬁ[¢z] < CZ f'(q) ¥,

and the result follows immediately, since f'(q) < 1. O

5. SKETCH OF THE PROOF

In the first step, we show (see Theorem [E]) that the time is essentially spent in
h,-leaves.

Then we notice that these h,-leaves are far away from each other, and thus the
correlation between the time spent in different h,-leaves can be neglected. Moreover
the number of h,-leaves met before the level n is roughly pC,n®. At this point we
have reduced our problem to estimating

An ~ Xl(n> +...+ XpCqne (n)v
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where y;(n) are i.i.d. random variables with the same law as the time spent in the
first h,-leaf met. Consequently

(5.1) E[e_)‘nAn] ~ ]E[e—)\nXl(N)]pCan‘E’

we refer to Section B for details.

Now we decompose the time spent in the first h,-leaf according to the number of
excursions in it starting from the root

Gr_w,—1

i) = > 1,
1=0

where G_y, denotes a geometric random variable of a certain random parameter
1 — W, and T, 0(’) an i.i.d. sequence of random variables measuring the time spent
during an excursion in a big leaf. Here W,, is the probability of entering a big leaf.

It is important to notice that the presence of an h,-leaf at a vertex gives information
on the number of leaves at this vertex, and thus on the geometry of the backbone.
So the law of W,, depends on n. Nevertheless we show that this dependence can be
asymptotically neglected, and that for large n, W, is close to some random variable
We (Proposition [ZT]).

Now we have essentially no more correlations between what happens on the back-
bone and on big leaves. The only thing left to understand is the time spent during an
excursion in a h,-leaf from the root. To simplify if the walker does not reach the point
d in the leaf (this has probability &~ 1 — p,), the time in the leaf can be neglected.
Otherwise, the time spent to go to d, and to go directly from ¢ back to the root of
the leaf can also be neglected, in other words, only the successive excursions from o
contribute to the time spent in the leaf. This is developed in Section [@ so we have
the following

B(G1-weo —1,p00) G—

1
(5.2) xaimy= > T,
i=0 =0

where G is the number of excursions from J, a geometric random variable with a

parameter which is easily computed, B(n,p) denotes a binomial law and T: 1(” ) are
i.i.d. random variables, representing the time spent during the successive excursions
from ¢ which do not reach root.

Now the random variable v appears naturally, indeed

V= IP)[B(G1—WO<, - 1,]900) 7é 0]7

is the asymptotic probability that the walker starting from the top of a leaf will
reach its bottom.

We now reduced the problem to finding the Laplace transform of the r.h.s. of ([&22).
We do this with the help of tail estimates (see Section [[J) and a Tauberian theorem
(see Section [[A). In this way we obtain Theorem [[3.1]
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E[e—)\nxl(")] =1—-CyA'n" " + O(n_a)’
and recalling (&), we get

E[e—)\nAn] N 6—pCaC'b)\”f ’

which is the main result.

Let us explain how the exponent ~ appears. In (BZ), we notice that the only
random variable that makes A, large is the number G of excursions from ¢§. But
roughly G = B, where H is the height of the big leaf and since the largest leaves
met are of height H ~ —Inn/Inf'(q), we get A, ~ G = n'/7, hence the order of
magnitude.

Remark 5.1. The reasoning fails in the critical case v = 1, indeed in this case we
have to consider a critical height h,, which is smaller. This causes many problems, in
particular in big leaves there can be big subleaves and so, for example, the time to go
from the top to the bottom of a leaf cannot be neglected anymore.

6. THE TIME IS ESSENTIALLY SPENT IN BIG LEAVES

We recall that h, = —(1 —¢)Inn/Inf'(¢). We have asymptotic estimates on the
probability of being a h,-leaf

(6.1) Nn = P[H > h,] ~ an®™ !,

using Lemma

For x € backbone, we denote L, the set of leaves rooted at z (if x is not in the
backbone then L, = 0). Let us denote the vertices in big leaves by L(h,) = {y €
tree,y is in a h,-leaf.}.

Our aim for this section is to show the following

Theorem 6.1. Fore > 0 and any A > 0, we have

E[e 4] = E[e™*X™] 4 o(1),

where x(n) = #{1 <i < A,|X;-1, X; € L(hy,)} is the time spent in the interior of
big leaves up to time A,,.

Define
(i) Ai(n) = {AY s - Cin,
(11) Ag(n) = Ly. < C’2n}
(ili) As(n) = {e magAy#{O <i<AYY,el, X, €0 <Cq lnn}

(iv) A(n) = Ai(n )ﬁA2( )N As(n).

The following lemma tells us that typically the walk spends less than Cin time
units before reaching level n, sees less than Cyn leaves and enters each leaf at most
CsInn times.
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Lemma 6.1. For appropriate Cy, Cy and Cs, we have

P[A(n)¢] — 0.

Proof. By a comparison to the -biased random walk on Z, the law of large numbers
yields

P[A1(n)] — 0,
for C'; large enough.

On A;(n), the number of different vertices visited by (Y;);>o up to time AY is
lower than Cin. The descendents at each new vertex are drawn independently of the
preceding vertices. Moreover at each vertex the mean number of leaves is lower than
the mean number of children, thus E[#Lo] < m/(1 — ¢q). The law of large numbers
yields for Cy > Cim/(1 — q) that

Cin

P[Ay(n)] < P [Z #L > Cyn

1=0

+P[A;(n)]] — 0,

where #L(()i) are i.i.d. random variables with the law #Lg. This yields the second
part.

For As(n), we want, given a vertex z in the backbone and any ¢ € L, to give an
upper bound on the number of transitions from x to y, where y is the bud associated
to £. Moreover let z be an offspring of x in the backbone. Then, forgeting all paths
not visiting y or z, the number of transitions from z to y is lower than the number
of transitions from z to y, if each time the walker is at x he has to go to y or z, both
with probability 1/2. Now, for the latter random walk we have that

(i) the number of transitions from z to y before reaching z is dominated by a
geometric random variable of parameter 1/2,

(ii) the number of transitions from z to z is dominated by a geometric random
variable of parameter p.,, since the escape probability from z is at least p...

Consequently the number of transitions from x to y is dominated a geometric ran-
dom variable of parameter p../2. Thus

P[A3(n)° N Az(n)] < ConP [G.j2 > Cslnn] < Cp@ei(izpe/2HL
and if we take C3 large enough we get the result. O

Now we can start proving Theorem BG.]l, we shall decompose A,, into

(6.2) A, =AY +x(n) + > N(0),
te Uy Ly, \ L(ha)
where N(0) = {1 <i < A,|X;1 €0, X; € (}.
The distribution of N(f) conditionally on the backbone, the buds and (Y;),. AYs
the walk on the backbone and the buds, is Zf:fl Rg). Here we denoted E, the number
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of entries in ¢ and Rf) is the return time during the i-th excursion from the top of ¢,
where / is a leaf conditioned to have height lower than h,,.

Obviously we get from (G.2) that

Ele 4] < E[e~ (™).
From (E2) we get

E[e%] > E 140, exp (‘*n (X(”) A+ DAY L ) N(€)>)]
> & [y oxp (—n (00 + £ 5207 1)) +of0)

since exp(A\,n) = 1+ 0o(1) and AY < Cin on A(n).

Now we use that for a fixed ¢, the (R )Z>0 are i.i.d. copies. For ¢ # ', Réz and Rg,
are independent with respect to the walk and the environment. Fmally the random

variables Réz) are independent of y(n) with respect to the walk and the environment.
Hence the last term is

Can
B [e"\”X(”)]HE“ [e—)\nREZU]C’g Inn
i=0 " Can
> E[e—)\nx(n)]E [Ew[e—Aan ]03 lnn] + 0(1)’

Ele*4] >E +o(1)

where we used Lemma [T

Then using Jensen’s inequality and the fact that e™ > 1 — z for > 0,

Ele ] > Bl M](1 — AE[RD)CM 4 o(1).
Now using Lemma B4 and Lemma Bl we get

hn—1
E[RY] =E[E“, [T |H < h,] =2 Z BE|Z,|H < h,)]
hn—1
< 9 Z (ﬁf/(Q))Z S Cn(l—s)(—l—l—l/fy).
=0

Inserting this in the previous inequality, we get

E[e_)\nAn] > E[Ew[e_’\”X(")]](l — Cn—l/vn(l—f)(—lﬂ/v))nlnn + o(1),

as v < 1 and e > 0, we get

Ele 4] > E[e™X™)] + o(1),
thus proving Theorem Bl
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7. ASYMPTOTIC ESCAPE PROBABILITY

We denote K, = maxpcp, H(b), the height of the biggest leaf rooted at = for
x € backbone, where we recall that H denotes the height of the leaf from the bud and
not from the root.

Lemma 7.1. We have

P[Ky > hy) ~ Con® ™t

m—f’(q)

where C, = G

Proof. We denote Z the number of children of a vertex and Z* the number of children
with an infinite line of descent. Let P the law of a f-Galton Watson which is not
conditioned on non-extinction and F the corresponding expectation.

3 E 1 - Z=2" ]_ — ]_ *
Py > h] =P | max HO>p| =1 ElEZm) 77 (1= 1220)]
i=1..Z2—-7* 1— q

)

the indicator function comes from the conditioning of non-extinction, which corre-
sponds to Z* # 0. Moreover H® denotes a sequence of independent random variables
which have the law of the height of a h-Galton-Watson tree.

So

E[(1 - nn)Z_Z*] — E[(1 - nn)Z_Z*OZ*]
1—g¢q
and using E[s?=27t%"] = f(sq +t(1 — q)) (see [10] Section 11.5) we get

P[Ky > h,) =1—

)

PlK > n] =1 £((L = nmn)g +1—q) —£(g(L =)

l—q
Now, using Lemma and the expansion f(z — z) = f(2) — f'(2)z + o(x) for
z € {q,1}, we get the result. O

Define the first time when we meet the root of a h,-leaf using the clock of Y,,,

(7.1) K(n) = inf{i > 0| Ky, > hy}.

We also define £(n) to be a hy-leaf rooted at Y (,,), if there are several possibilities we
choose one leaf according to some predetermined order. We denote b(n) the associated
bud.

We want to describe, on the event {0 — SR}, starting from Yy, the probability of
entering ¢(n), this is described by the following random variable,

(7.2) W, = Ef [Pﬁ{(n) [Ty < 00| 0-SR|(U)i<imy | +

where w is chosen under the law P[] and (U;)i<k(n) under Fy[.|0 — SR]. The
conditioning on (U;)i<k () is needed here because of Remark
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Proposition 7.1. There exists a random variable W, such that

W, % W,

Fix n € N* and set m > n. We aim at comparing the law of W,, with that of W,
and to do that we want to study the behaviour of the random walk starting from the
last super-regeneration time before a h,-leaf (resp. h,,-leaf) is seen. This motivates
the definition of the last super-regeneration time seen before time n,

Y(n) :=max{0 <i<mn, i —SR}.

For our purpose it is convenient to introduce a modified version of W,,, which will
coincide with high probability with it. For m > n, set

K(m,n) =inf{j >0, Kyj > hy, €(m)o Os) = l(n)o Hg(j)},

the first time we meet a h,,-leaf which is the first h,-leaf of the current regeneration
block, and

W = E§ | P

K(m,n)

[Ty < 00| 0SRIN(U), e |-
where w is chosen under the law P[] and (U;),<%(y, ) under Fy'[.|0-SR].

Lemma 7.2. For m > n we have that

534 law
Wom = Wy

Proof. To reach a vertex adjacent to a h,,-leaf, the walker has to reach a vertex
adjacent to a h,-leaf. We have two cases: either the first h,-leaf met is also a h,,-leaf
or it is not.

In the former case, which has probability 7,,/n, > 0, since the height of the first
hy,-leaf met is independent of the sequence (U;)i<f (), the random variables Wm,n and
W,, coincide.

In the latter case, by its definition, K,,, cannot occur before the next super-
regeneration time, hence Fm,n > 71 0 Ok (n). In this case Wmm = Wm,n o Ok (n) and
then by Proposition B],

7 law 757
Wm,n © 97109;{(”) = Wm,na

and W, 5, 0 0,00, ., s independent of (Ui)ignog}{(n)_l.

The scenario repeats itself until the h,-leaf reached is in fact a h,,-leaf, the number
of attempts necessary to reach this h,,-leaf is a geometric random variable of parameter
Tm/Mn Which is independent of the (U;)’s.

This means that there is a family (W,Si))izo of i.i.d. random variable with the same
law as W,, such that

Wm n — W(G)v

n
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where G is a geometric random variable independent of the (W,Si))izo. Then, note
that we have

Wmn = Wr(LG) I%U Wn
O
We need to show that Wmm and W, coincide with high probability, so we introduce
Amm = {€(m) = £(n) o GZ(K(m))},

on which clearly those random variables are equal.

Let us denote

ij' ={# UL, {l € Ly,,l is a h;-leaf} =i},

and

Vf’J’ ={# UL, {{¢ € Ly, l is a h;-leaf} > i}.

Then we have

(7.3) P[Af, ,|0 — SR] < P[V,2F|V,. ", 0 — SR].
Let us denote #Leaf the number of leaves seen before 7,

##Leaf = #{l € UiLoLy,},

and its generating function by

¢(s) :=E [s*|0 — SR] .
The probability of A,,, can be estimated with the following lemma.
Lemma 7.3. We have

vYm > n, PV2HVT,0— SR < ¢/'(1) — ¢/ (1 — ny).
Now, because of Remark Bl we have E [#Leaf|0 — SR] < E[r1|0—-SR]E[#L] < oo,
hence ¢’ is continuous at 1, and we get using ([Z3J) that

(7.4) sup P[A7, [0 — SR] = o(1).

m>n
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Proof. Let us make the following remark, set ¢ > 1,

. PIVil0 — '
PV V.1 0 — SR] “{” +|0 SR] PV} *|VE 0 — SR]
P[V;i |0 — SR
P[H > h,,|H > .
R
(7.5) P[Vin"|0 — SR]
- N P[Viw |0 — SR]
< zw
M
Then we have
> iP[V;i|0 — SR]
i>2 .
- Z Z P[#Leaf = j|0 — SR}i <]>77;(1 — )i
i>2 j>i ¢
! J—
- et - (-
j=0 i>2 -
: ‘ — (i1 .
= nnZ]P[#Leaf = j|0 — SR] (‘7 _ )nn(l — p,)UD
J>0 i>1 v
= nanP[#LeafszO—SR (1—(1—mn,)""")
3>0

= (¢ (1) = ' (1 = m)).
Inserting this in (ZH) we get

P[V2H| VL 0 -SR] < —ZzP Vi0 =SR] = ¢'(1) — &' (1 — ),

noi>9

which concludes the proof of Lemma [3 O

Now applying Lemma [[3 Lemma and ([C4) we get,

PW,, > y[0 =SR] =P[Apn, Wonn > y|0 =SR] + o(m, n)
= P[W .. > y|0 — SR] + o(m, n)
=P[W,, > y|0 — SR] + o(m, n),
where the sup,,>,, o(m,n) — 0 as n goes to infinity.

The law of a random variable W, can be defined as a limit of some subsequence of
(P[W,, > 9]0 — SR]).m>0, since for all m we have W,,, € [0,1] a.s.. Then taking m to
infinity along this subsequence in the preceding equation yields

Vy € [0,1], P[W, > y] = P[W,, > y|0 — SR] + o(1).
This proves Proposition [l

We will need the following bounds for the random variables (W,,)1<n<co-



20 A. FRIBERGH AND N. GANTERT
Lemma 7.4. We have W,, € [0,1 — ps/3] a.s. forn € NU{oo}.

Proof. Indeed, for n 3 N, starting from any point z of the backbone, the walker has
probability at least 1/3 to go to an offspring of x on the backbone before going to
b(n) or T . From that point the walker has probability at least p,, to be at a super-
regeneration time. The result follows for n € N, the case n = oo then follows from
Proposition [l U

8. THE TIME SPENT IN DIFFERENT LEAVES IS ASYMPTOTICALLY INDEPENDENT

In order to show the asymptotic independence of the time spent in different big
leaves we shall use super-regeneration times. First we show that with overwhelming
probability there is no big leaf in the first super-regeneration block.

Define

(i) Bi(n) = {#{},...Yn} <n°},

(i) Ba(n) ={Vi <71, #Ly, <n*},
(iii) Bs3(n) ={Vi <7, Yl € Ly,, {is not a h,-leaf},
(iv) B(n) = Bi(n) N Ba(n) N Bs(n).

Lemma 8.1. Fore < 1/3, we have

P[B(n)] — 0.

Proof. Since 71 has some positive exponential moments and By(n) C {r > n°},

P[By(n)] = o(1).
Using the fact that the number leaves at different vertices is independent
M&mﬂgM&@ﬂ+ﬁPﬁ%znﬁgdU+Wﬁ%§:dU
where we used Chebyshev’s inequality and E[#Lo| < E[Z;] <m/(1 — q).

Then we have

P[Bs(n)] < P[Ba(n)] + n* 1, = o(1),
yielding the result using (G.1J), since € < 1/3. O

We define R(n) = #{Y1,...,Yar} and the number of vertices adjacent to a h,,-leaf
l, = #{i €[0,AY], Ly, contains a h,-leaf}. Set &’ > 0, recall and define

(i) Ci(n) ={(1 =€'/2)pn < R(n) < (1 +£'/2)pn},

2(n) = {(1 —&)pCan® < I, < (1+)pCun®},

3(n) = {V1<2<AY #{l € Ly,|l is a h,-leaf} < 1},
) = Ci(n) N Ca(n) N C3(n).

(ii) C:
(iii) C
(iv) (
We have
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Lemma 8.2. For any ¢’ > 0 and ¢ < 1/3, we have

P[C(n)] — 1.
Proof. The asymptotics for Cy(n) and Cy(n) are obtained by applying the law of large
numbers, we recall that C, is defined in Lemma [Tl

On Cy(n), there are at most C'n® vertices adjacent to at least a h,,-leaf, we only need
to prove that those vertices do not contain more than two h,-leaves with probability
going to 1. Using the same reasoning as in Lemma we get

P[0 has at least two h,-leaves|0 has at least one h,,-leaf]
< (1) = (1 =n.)) < Cy
where we used that E[Z?] < oo, which implies that f”(1) < oc.

The result follows from the fact that 7, = o(n™*) for ¢ < 1/3. O

Let us denote x*(n) = {1 < i < oav, X;_1, X; € L(hy,)} the time spent in big leaves
before crossing level n on the backbone.

On B(n) there is no big leaf in the first super-regeneration block, on C(n) all big
leaves are met in distinct super-regeneration blocks and Cy(n) tells us the asymptotic
number of such blocks. Hence using Lemma B Lemma K2 Proposition Bl and
Remark B3, we get

Efe~ ()] € [Ele i |0.SRI1H0Cn 1 o(1) e |0.SRJ1-0Cn" 4 o(1)]

with

(8.1) xi(n) =#{i = 1|X;_1, X; € {(n)},
where ¢(n) was defined right after ([ZTI).

We want to show that x(n) (defined in Theorem B1l) and x*(n) are close. Let us
denote

2lnn
D(n) = max H/O) > —— 5.
( ) {EE Uz 0 AYLYZ' ( )_ _lnf/(q)}

-----

Lemma 8.3. We have

P[D(n)] — 1.

Proof. Due to ([BEH), we know that P[H > ?h;f(b )] < n~2, so using Lemma

P[D(n)°] < P[Ay(n)] + P[Az(n) N D(n)] < o(1) + Cn~' = o(1),
which concludes the proof. O
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On D(n), we know that to cross level n on a leaf, it has to be rooted after level
n— (—2Inn/Inf'(g)), thus we have the following inequality

. (n - %) < x(n) < x*(n),

and consequently we get for all &/ > 0

(8.2)
E[e_)\nx(n)] c [E[e—)\nxl(n) |0_SR](1+25’)pC'an5 + 0(1)’ ]E[e—)\nX1(n) |O_SR](1—25’)pCans + 0(1)] ’

for n large enough.

In the light of Theorem B, our problem reduces to understanding the Laplace
transform of x1(n).

9. THE TIME IS SPENT AT THE BOTTOM OF THE LEAVES

In order to compute xi(n) (defined in (&), we see that the walker enters ¢(n)
exactly Gi_w, — 1 times, where G;_yy, is a geometric random variable of parameter
1 —W, (see (L2 for the definition). The random variable W, is independent of ¢(n)
and of the walk on this big leaf.

In this section we investigate the walk on a big leaf., this means that we are now
considering a random walk in a finite random environment. For clarity we will call
root the vertex Yy, on the backbone where ¢(n) is attached. Moreover set E,[.] :=
E[|H > h,], E¥ := E¥ , and E,, := E,[E“[]].

T0

Remark 9.1. To ease notations, we add to all these probability spaces an independent
random variable W,, which is distributed as the former W, (see (7.4)) under the law
P[.|0 — SR].

We will extensively use the description of Section B, in particular we recall that a

leaf is composed of root which is linked by an edge to a h-Galton-Watson tree.

We want to specify what ¢(n) looks like. Denoting

o (I+¢)lnn
" Tt
consider
(i) Ai(n) = {H < hy},
(ii) Ag(n) = {there are less than n® subleaves},

(iii) As(n) = {all subleaves of ¢(n) have height < h,},
(iv) A(n) = Ai(n) N Az(n) N Az(n).

Lemma 9.1. Fore < 1/3, we have

Proof. First
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Furthermore using Lemma B2, Lemma B4 and (G), we get

P, [Ay(n)]

P,[A1(n)°] + P,[A1(n), there are n°/h], subleaves on a vertex of the spine]
nE

< o(n7%) + h;Cd,h—,q"E/h% =o(n~°).

[As(n)]
[A3(n)°] + P, [As(n), there exists a subleaf of height > h,,]
o(n=%) +n°n, = o(n”°),

where we used Lemma L4l and € < 1/3. O

P,
< P,
<

We recall that we denote by 6 = d(w) the left-most bottom point of ¢(n). Let us
introduce

(9.1) TE™ = max{i > 0| X; =6, i < T

root

9] 9T5} — Tg.

Starting from 4, it is the time spent during all excursions from ¢ before exiting the
leaf. In this section we want to show

Proposition 9.1. Fore < 1/4,

1
14 P (1 Byle )

Ele*x"|0-SR] = E, +o(n™9).

Fix an environment w. Each time the walker enters the h,-leaf two cases can be
distinguished: either the walker will reach 9, or he will not before he comes back to
root. This yields :

root

+PeT < T

root
Let us point out that P¥[T; < T ] = %, since we recall that the distance

between root and §is 1 + H.
In particular if w € {H > h,}, we get

|PUIT < T

root

E¥leTroo] = Pe[TF > Tt 1 E< e Troot | T > T

root]

|E“lenTroot | T3 < T1

root] .

e—1

J—(1=-ph<Cn~,
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where C' does not depend on w. Using |(a 4 z)F — a¥| < k|| (1+]z|)*" for |a| < 1,
we get that

(9.2)
Bele M Thalt — (5_1Ew[e—A7LT$ot\T; > T

root]

k
(1= BB T T < Ty )+ kor(n79) (1 + 01 (n =),

where 01 (n~¢) < Cn™> and C does not depend on k nor on w € {H > h,}.

To tackle the conditionings that appear, we shall use h—processes, see [B] and [16]
for further references. For a given environment w let us denote h* the voltage (see
[T0]) on the leaf when h*(root) = 1 and h¥(§) = 0. Then we have the following
formula :

: PYIX, = 2|T;" > Tt ] =
(9 3) y[ 1 Z‘ 5 = root] hw(y) y

for y, z in the leaf.

We recall that the voltage is harmonic except on ¢ and root, and can be written as
h*(z) = P¥[Ts > Troot]. It can be computed using electrical networks

1— ﬁ—(H—l—l—d(root,y/\é))
1— /g—(H+1)

R (y) = b (y A §) = pdlrootynd)

In particular we can make the following remarks for the walk conditioned on T;" >
T+

root

(i) the walk remains unchanged on the subleaves,

(i) for y on the spine and s € S, we have P*[X, = y|T}" > T, > P[X; €
S‘T(S—i— > Tr—got]v

(iii) for y # {0,700t} on the spine, we have PY[X, =y |TjF > T, ] > BP2[X, =
— 1t +
Y |T5 > Troot]'

Condition (i7) and (7i7) state respectively that the conditioned walk is more likely
to go towards root than to go into a given subleaf and that restricted to the spine the
conditioned walk is more than [-drifted towards root.

We can thus prove the following lemma

Lemma 9.2. Suppose € < 1/3.

Let z be § or root, there exists a function o, : R — R such that

1-E, [E:) [6 )\7LTTOM|T5+ > Tr—got]] < 02(” )’
and 03(n™¢) = o(n=°).

Proof. Set w € A(n). As always, we denote by GG, a geometric random variable with
parameter a.
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First we show that the walk cannot visit too often a vertex of the spine. Indeed let y
be a vertex of the spine, using remark (iii), we have P2[T,F > T,0 ,|T5" > 1,54 > poo.
So denoting N(y) = #{n < T, ,| X, = y}, we have

PY[N(y) > n|Ty > T

root

] < PGy 2] = (1 —poo)" ™,

Furthermore, we cannot visit often a given subleaf s(y) € S,. If we denote the
number of entries into s(y) by N(s(y)) = #{n < T}, X, =y, Xpi1 € s(y)}, we
have

PZ[N(y) = nlT{ > T,

root

]<P[GPOO/2 Zn:|’

where we use remark (7i) and a reasoning similar to the one for the asymptotics on
As(n) in Lemma So

PYIN(s(y)) = n|T5 > T,

root] et

— r Y
for any r € (p/2,1).

Denoting B(n) = {N(y) < n®,N(s(y)) < n°, for y in the spine, and s(y) € Sy},
we have easily, with A(n) as in Lemma

Vw e A(n), PZ[B(n)] < o3(n™%),
where 03(n~¢) = o(n¢) and does not depend on w.

Let us now consider the following decomposition :

N(s)

Troot TSPWL@ + Z Z R

s€subleaves j=1

where Typine = #{n < T} ,| X, is in the spine} and R’ is the time spent in the
subleaf s during the j-th excursion in it. Consequently

E [114(” E'w [6 mOt|T5 root]]
_)\nn h”En []—A(n E* |:]-B(n eXp< )‘ ZseS ZN(S R])} + O( _E)
)

nnah, < — A E [1A(n)E [lB Zseszg 1 R] }) (n_a)
1— Anfhl) (1= M Ey [Lam) Yo .eg n°EX[RY]) + o(n~*),

AV AVARR V]

where we used e™® > 1 — x in the second inequality.

On A(n), the law of any subleaf s is that of a Galton-Watson conditioned to have
height strictly less than ¢ + 1 for some ¢ < h,. Then Lemma E.Tl implies that for such
a subleaf, E“[R’] has the same law as 2H§i’11, we can choose independent random

variables I17, . . HiL( ) with the same law as Hé’l’l HZ"ill for j =1,...,n° so that
for an arbitrary enumeration of the subleaves s;(w ), -y S45(w)(w), we have

V1 <i<#Sw), E“[R!,, <2ZHZ
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On A(n), #S(w) < n® and E,[II}] < C(6f'(¢q))" using Lemma B4l Hence, we get

E,[Lagy E@[e Dot | Ty > Tph,]

> (1= Anfh,) (1= ME, [Lagy D g W E“[RY]) + o(n ™)
> (1= At (1= 20,0, [0 e, 11 ) + o(n )
> (1 . *gfj;%) (1 — CAn= (BE(q))") + o(n~*).

Furthermore we have

n* (6f'(q))" 26, —l4e(1—1/7)

.Ye =n“n = o(n* 1)

Y

so that

E[Lagm E[e oot Ty > T,

oot

=1 —on))(1—o(n*)) +o(n).
Since € < 1/3 the result holds. O

The previous proof is mainly based on the three remarks preceding the statement
of Lemma B2 thus we can make a very similar proof work in the following case :
Lemma 9.3. Suppose ¢ < 1/3.

Let z be § or root, there exists a function oo : R — R such that

1—B,[Ele ™ |T) < T

root

H < 02(71_8)7

where 03(n~¢) = o(n™°).

We can take the same function os(n) for both Lemma and Lemma to ease

notations.
To apply the same methods we only need that the h-process corresponding to the
conditioning 75" < T,f , verifies that

O

(i) the walk remains unchanged on the subleaves,

(i) for y on the spine and s € S, we have P*[X, = J|T)F < T} ,] > P[X; €
S|T6+ < Tr—got]a

(iii) for y # {4,700t} on the spine, we have P2[X, = Y |T)F < T,5,] > BPe[X) =
Rl +
Y |T5 < Troot]'

This immediately follows from the computation of the voltage verifying /HW(TOOt) =0
and h*(6) = 1, which gives

/GH-H o ﬁd(y/\&,&)
(9.4) hey) = h(dly 70,0)) = =g

From Lemma B3 and Lemma B2 we deduce the following proposition where TOZ )

is defined in (@)
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Proposition 9.2. Given k € N and j < k we have :
E,[E¥ [e_A"Tj‘)“|T5+ < Tt E“[e “’“‘TJr > T ]
> B, [Ee T Y] — 2kos(n).

We point out that it is immediate to obtain the converse inequality without the
term koo (n).

Proof. We have to understand 7.\, under P*[.|T;" < T, ], which can be decomposed
into

(9.5) T 2 Ry +Ty™ + Ry,
where Ry is distributed as T;" under P*[.|T;" < T,%.,], Rs is distributed as T,
under PE[|T;" > Ti5,,] and Ry, Ry and T, are independent.

For convenience we denote R3 a random variable of law 7.} , under P¥[.|T;" > T,f ]

root

Now that the notations are in place, we get

n[ B[ oot T < Tt B (e roo [T > ToF )]
[E [ _)\nTZ(n)

n

E
E O e ]

Then

E.[(1 — E*[e i) vl Do " folem M |i=1 oleAnha]i [ o= Mnbs]k=]]
<E,[l — B[] < oy(n),

where we used Lemma @3 Using Lemma B2 as well, a simple recursion gets rid of
the exponents R, Ry and Rg in k + j < 2k steps, proving Proposition O O

We are now able to prove Proposition @l Recalling ([81l), we see that

Gi—w,—1

Z Th,

where G1_y, is a geometric random variable of random parameter 1—W,, and 7, ,,Jgo(;)

is a sequence of i.i.d. random variables distributed as T}f, under E,[.]. Moreover W,,

root
and the T, jooﬁﬂ s are independent. So

oo

— _ +.(1)
E[e*1(]0-SR] :Z W)Wy B, B[ reet ]F].

Then we use ([2) to get
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S Bl = Wo)WHE, [B[e T )]

e
Il
o

- i@n[u — W) WATE, | (87 B[e™> T T} > T},

root]
0 k
+(1 — ﬂ—l)Ew[e—AnTrfwt\W < T&J) ] + ko1 (n™%) (1 + o1 (n %))k

Recalling Lemma [[4l and Remark @], we get that

ZE‘[(l — W) WH ko (n™°)(1 + 01(n™))F = o(n™°).

k=0

So we have

E[e~*x1(M]0-SR]
k

= S EJ-wawh Y @ E[(57 B [e ™o T} > Th, )Y

k=0 7=0 '
(1= B E[e oo T3 < Tib,,))F] + 0(n ™),

which yields using Proposition .2 that

E[e~*1(|0-SR]
00 k ) e —j
= 2Bl - W] Z() [ (- pEs ) }
=0 7=0
+o(n™),
since i W,)WHkoy(n™°) = o(n™°) by Lemma [Z4. Finally
Ele*x1("|0-SR]

= 2 El1-W)WE, [((1—5—1>E:[e—AnT5(”)] +ﬂ‘1>k] +o(n ™)
ey - 1 - Wn _

= E, + €

=W, (1= BBy e n ] 4 1) )

— 1 e

= En -1 N (1—15_};/2:4% <1 B Eg‘) |: —/\nT(f(")]) + 0(” )7

which proves Proposition @11
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10. TAIL OF THE TIME SPENT AT THE BOTTOM OF THE LEAVES

For a given configuration w € €2, we decompose T(f(") into

(10.1) T, N T

where G, is a geometric random variable of parameter p with p = p(w) := P5[T;" >

Tt ;] and we denote Ty and Tl(i) i.i.d. random variables independent of G, distributed

as Ty under P¢[.|T5F < T.F .
For our purpose it is not necessary to fully understand TOZ ("), it is in fact enough to
have tail estimates for a certain random variable, namely %Eg’ [T71] under the law P.

The random variable p is function of the height H and can be computed

w + + 1 — ﬂ_l
p=ryI5 > T, = G g1
In particular
1— A
(10.2) p_p-t
p 1—pt
We will show the following theorem
Theorem 10.1. We have the following estimate :
—[1—p aE[S1] _
P|—E7T| > ~——0 T
[p 6[ﬂ_n} (1—6-)

As the computations of the tail are technical, let us outline a sketch of the proof.
We recall that the definition of S, can be found at ([EH).

(i) If %PE; [T1] is big, then the height H of the tree is big.
(ii) For H large, E¥[T1] does not depend much on H and is close to Sx.
(iii) Since % only depends on H, the random variables =2 and S, are indepen-

dent and the result follows easily. "

First of all we need to understand P¢[|T; < T}

o ot) and to this end we will con-

sider the h-process associated with this conditioning. Let us compute the voltage he
verifying h¥ () = 1 and h*(root) = 0.

We shall enumerate the vertices of the backbone from 0 to H + 1, starting from ¢
up to root. With these new notations formula (84 becomes

- - H+1 _ QyAd
(10:3) () =Ry 1 0) =

where y A ¢ is identified to its number, as it is a vertex of the backbone.
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The transition probabilities are then given by a formula similar to (@3]). Obviously
they arise from conductances, we may take

(i) ¢(0,1) =1,

.. PP Xa=i+1|T5 <TF .
(i) 2,0 +1) = i — 1,3) o ==t for 1< < H,

'root}

(iil) ¢(i,2) = e(i,i — 1);[)[:1(122‘;'pr:;’“ ] for i # 0 on the spine and z one of its
descendents which is not on the spine

(iv) ely, z) = B3c(y,y) for any vertex y not on the spine and z one of its descen-

dents.

We can easily deduce from this that for y # root in the leaf and denoting 2z, =
0,...,2, =y the geodesic path from d to y :

n_l W[Xl = Zj+1‘T5 <T*

~, root]
Ay ,y) = :
]]-;[1 P;; [Xl - Zj—1|T5 < Tr—i(;ot]

which gives using ([IL3)) that

h(i+Dh(i) _ (1= B~H)(1 - g=#+D)
h(1)R(0) (1 =g H)(1—p-tHD) -

For an vertex z not on the spine, we have

(10.4) i+1)=pi

Az7) = 6d(?72A5)M0(2 A0, zTS)
(10.5) h(zAG—1)
d(Fznsy L — B0 .
- 6 1— ﬂz/\é—l—(H.H) C(Z A 57 VAN (5)

This computation and Lemma BTl yields,

ﬂi—(H—i—l)

y H-1 (1= gimH)(1 = gim(H+D) 1—
(10.6) E5[T1] =2 ; g ((1 — 6-1{321 _ 5—(H+1))> (1 Tz g(i—l)—(HJrl)Ai(w))

where A; was defined at (EZZ).

The random variable S, is the limit of this quantity as H goes to infinity. Intro-
ducing the notation

and recalling (IZH), we get the following
Proposition 10.1. We have E[S,] < oo, and thus

Sn = Soo,

where the convergence is almost sure and in L.
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We can therefore define

R,=2) B'(1+A).

Proof. Recalling Lemma EEH, we get

E[Su] =23 A E[L+A]<Cr2y 77(1+((q)") < oo

The L' convergence is now obvious, and the almost sure convergence comes from
the fact that (S,),>0 increases to an integrable limit S... O

Next we prove

Lemma 10.1. For any €1 > 0, we have for n large enough

(1-e)P lp%psooz n} gﬁllngg’[Tﬂ Zn] SF[%SOOZTL].

1—81

Proof. First we have
(10.7) EgN] < S,

which yields the right-most inequality. To prove the left-most inequality, note that

(10.8)
_[1—
P |~ Lrem) > n}
_ -1 —p
> P E¢[T)) > n, B¢[T1] > (1 — £1)Ss
Y
— |1 1
> pP|l—Ps > ——n, E{[[}] 2 (1 —1)Sx
Y —&
—|1— 1 — — 1
> P|l—Ps > n|P|ESIT] > (1—e1)So|—2L8, > n
p 1—61 1—81
Let us show
— 1—p 1
(10.9) P |EY[T1] > (1 —e1)So| Sy > T—; n| —1asn— oo.
p — &

Set M € N, it follows from (L)) that there exists yy large enough such that

(10.10) H(w) > yo = E¢[T}] > (1 . %) Sar.

Consequently
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—[ 1
P | EY[T] > (1— —SOO>
B0 > (- oS LS >
— 1—p 1
> P Eg[Tl]za—el)Sm,szo\ S > n
P l—¢
— 1— 1
> P S Soo, H > S >
= _M_l— 1/2 y0| 1_61n
5] p
> P|S 1 —61/2)Sx|S« >
= _M > (1 —€1/2)5] D _1_5171
— 1-— 1
+ P |H >y pSOOZ n| — 1
L 1—81

Set €5 > 0, to prove that the right-most term of the previous goes to 1 we proceed

in two steps.

(i) The first term can be made larger than 1 — &5 independently of n, provided

we pick M large enough.

(ii) Once M is chosen, we can pick an appropriate yo, and it will remain to show
that for that yg, the second term can be made larger than 1 — g5 provided n

is big enough.

Let us show (i) by bounding from above the complementary event :

s
@)
=
A
o
|
AR
~
o
n
g
I
8
vV

w
oy
<
V
2|2
n
8
T
IS
n
Iil

IN

(10.11) F[l—pswz ! n]
>

el
I

<

where we used that S, > 1.
Using () and [E3), we get the following tail estimate

n 7,

(10.12) P llp%p > n} ~ ﬁ

Thus, there exists ¢, C' so that

p

Since H and Ry, are independent, (ILTI]) becomes
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< C'(e1)E[RY,].

This upper bound is independent of n and since R); goes to 0 almost surely, we
can pick M; big enough for the upper bound to be smaller than 5. This completes
step (4).

Fixing now the y; corresponding to M; in ([ILIO), we get

P [EY(T1] > (1 - e1)Sal 280 > 1 n]

0 = 1

i .
> PH2y|585% > ton| - o

Let us complete step (ii) by showing that the complement of the term on the right
side of the previous equation goes to 0 as n goes to infinity. Keeping in mind ([0.2),
we get

1— 1
[H<y1\ Pg >
b 1—&

1 A3-1 H __ no-1
n igﬂy 6 |ﬁ 6 5> 1
1—81500 1—6_1 1—5_1 1—81

n(1-"")
|5 > =it

S = 57) 2 5]

el

n

n

IN
Tl

ael

IN
|

i 1—&‘1
n(1=p~1)
S0 2 (1—@)(6%—571)]

B [on > L2l

(1— ) (3" — A1) ElS.)
n(l — -1 cler)n™
< C'(eg)n

where we used Chebyshev’s inequality and the asymptotics on H given by Lemma
4. ol

IN
el

IN

This quantity goes to 0 as n goes to infinity because v < 1. So for n large enough

— 1— 1
P[E?[T1]2(1—61)5m| ppSooz n| >1-— 2,

1—81

which is what we wanted at ([IL9).
Recalling (IIL8) and using this last equation with e, = 5 yields for n large enough

- _[1- 1
P [—pE:;m] > n} > (1—e)P {—psoo > n] |
D p 1—81
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proving the second inequality and Lemma [TOl O

Now Theorem [0 will follow from bounds on P [ S o > n} Using the indepen-
dence of H and S, and the fact that p depends only on H

F[l_—psoo zn] :/F{ﬂ > @] P[S € di.
p p t

Then by Chebyshev’s inequality

P[5 >0 < L B[S = o(n),
n 2z
SO
1 't 1
/P{;> } P[S, € dt] = F{;p> } P[S. € dt]
p 0 p t
+o(n™7).

We can compute the asymptotics of this integral using ([0.12) to get

=[1—p } Q@ B / —
P|l—S.o>n| ~———n""7 | "P|S, € dt].
{ p (L—=p-1) | |
Theorem [Tl follows from this asymptotic and by letting €1 go to 0 in Lemma [Tl

11. BOUNDS ON THE TIME SPENT AT THE BOTTOM OF A LEAF

We use a linearization argument similar to the one used in [5].

Recalling the decomposition of 7™ given at ([ILT)), we get for a fixed w

E(; _)\n z(n) ZE5 _)\nTl 1_ )

k>0
p

1—(1—p)Egleh]
1
14122 <1 — EY [e_’\"T1]> '

We want to linearize the denominator, so weuse 1 —t < et <1—t+ % to obtain

1 1
L+ A2 B (D] 1+ 22 (N, By (1] — % B3 [12))

l(n)

Byl ") e

We have to bound E¥[T?] from above. This is not possible for all w, but we can
give bounds on the following event

As(n) = {Bg (17 <n'5" |

we have the following lemma.
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Lemma 11.1. For 0 < ¢ < min(1/4, ), we have

P, [A5(n)] = o(n™°).

Proof. In this proof we denote for y in the leaf, N(y) the time spent at y during an
excursion from ¢, which is distributed as #{0 < n < T} |X,, = y} under P¢[.|T; <
Tr—i(;ot]

First we compute using Cauchy-Schwarz

EZ[T7] = EY ( > N(y))

y€leaf
< Z E5 1/2Ew[N< )2]1/2
y,z€leaf
2
(o)
y€leaf

Now fix y in the tree, denote q1 = Py'[T,7 < T T < T,5,,
T|T < T, Then we have

root

] and ¢ = PY[Ty

Vk>1, PYIN(y) =k =aq(l—q)" e

Hence

n— 3—2¢ _ 3¢
= Zn2Q1(1 — @) =g —s— < =5
n>1 a3 ds

Then by reversibility of the walk, if 7 is the invariant measure associated with the
conductances ¢, we get ¢ = 7(0)q1 = T(y)qe. This yields

37 (y)
q2 .

EZ[N(y)*] <

Furthermore we have ¢u > poo8~ %% /2. Indeed starting from y, the walker has
probability at least 3~ to reach y A § before y, then he has probability at least

1/2 to go to y A ¢ before going to z, where z is the first vertex on the geodesic path
—_—

from y A d to y. Finally from y A 0, the walker has probability at least p,, to go to o

before coming back to y A 9.

Finally we denote by 7 the invariant measure associated with the (3-biased random
walk (i.e. not conditioned on T;" < T,f ), normalized so as to have 7(d) = 1. Then
we have

(i) For any y in the leaf, 7(y) < 7(y) because of ([IL4) and (II3H),
(i) ¢z ' < CBMMI7(y).

Finally we get the following bound

E“[N(y)*] < CpH" ) x(y)?,
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and

Ew[TE]1/2 <C Z 6d(6’5/\y)/2ﬂ-(y)-

y€leaf

As a consequence, with A(n) as in Lemma B we get
hn,

_ ) _ _
i=0

hy,
<Y (B (0)
i=0
< C'max(1, (8'7f'(q))"),
where we used Lemma Tl and Lemma B4 for the first inequality.
Since (BY/2f(q))'m = n(+9)(1/27=1) e get using Chebyshev’s inequality that

PoLayE° [T > 0’5 ] < B, [Lag E* (T2
T
< C’max(n_lz_;s,ne/'y_l_e).

The conditions on ¢ ensures that this last term is a o(n™¢). Hence

P[A(n) N As5(n)] = o(n™%),
and the result follows using Lemma BTl O
If we fix £ > 0, we have As(n) C {\,E¢[T?] < 2(1 —e~%)}. Hence on As(n)

l(n)

1 1
Egle™" "] € =

L+ M\ 22BN 1 4 e, 22 EY [T

p

Introducing

-1
™ (l_ﬁ_l)Wn . 1
) =5 <1+—1—wn (1 1+An%pE:;[T11>> |

we get by Proposition (L1l and Lemma [Tl that

(11.1) R,(\) < E[e 1M |0-SR] < R, (%)) 4+ o(n™°).
12. A TAUBERIAN RESULT

The next result and its proof are very similar to a Tauberian Theorem proven in
[]. We will prove
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Theorem 12.1. Let h : R, — R, be such that
lim t3"® = 0 and lim h(t) = oo.

t—0

Then we have the following asymptotics as t goes to 0

_ -1
- <1 La=5 W) (1 1 ))
1 _WLg(tJ) 1+t7

1 my _oE[S1] o [(1—5—1)% (1—6—1%)”} o
1 — 3" Wy 1-Wy ’

E o))

~

P[H > h(t)]sin(7y) (1 = 57)

where 7 := L EY[T)] and g(t) is such that h(t) = ﬁ Ing(t).

Proof. We introduce

7 1= W)
L= Wiy

t;
and

(1=BYWWyaw 12
1= "Wy 1+tZ
Note that because of Lemma [ we get

1(Z,t) =

(12.1) t < Ctand I(Z,t) < CtZ.

Now denoting H the height of £(g(t)) the first h|g«)-leaf met, a computation yields

_ —1
- (1 L A=W <1 B #))
1= W) 1+tZ

E [14:001(Z,1)]
E g, = :

P[H > h(t)]

We have

E |:1H2h(t)[(Za t)j| = E |:1Z2,3h(t)I(Z7 t)i| - E [1ﬁHZ,3h(t)ZZI(Z7 t)j| .
Furthermore using (CZTI)

1=0
L)) 1
<CtS E [1H_ZE { Pg |H = zH
=0
ol g —1
< C1E[S.] Z P[H =il s
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where we used ([70) and ([L2). Moreover using (6 and f'(q) = 577 we get

LA ()]
(122) E [15H26h(t)2ZI(Z7 t)] S Ct ZO ﬁ(l—'y)z S Ct/@(l—'}’)h(t)
< CHI(tpM) 7 = o(t7),
since v < 1 and 3" — 0.

Using the independence of (W,,),>0 and Z, an integration by parts with respect to
Z yields
E[1p0l(Z,t)] =-E[[PIZ > 1(=0]5]

1— W ¥t 5
(1-2 1) Lg(t)J/ t P(Z > 2]dz|.
L= 37"Wig) Jpro (1+12)?

Using Theorem [ and (z,t) < Ctz, we can bound the first term by

+E

(12.3) CtpI=MY — O (¢ D)1=7 = o(17),

since v < 1 and ¢3"® — 0.

As h(t) — oo to get the asymptotics of the second term, we can replace P(Z > z)
by its tail estimate which is computed in Theorem ([ITl). Fix for the moment W yq))

(i.e. t), we only have to compute :

() ’tv _ 1
/ ————2dz=1t" | _ (1 —z)dx,
Bh(t) (1 + Zt)2 igh(t)

1+ih®)

tz

o The r.h.s. of the previous equation can be

using the change of variable z =
estimated with

/0 2 (1—2)'dz =T(y+ DI(=y + 1) = sirfzjw)’

using the relation between the I' and [ functions of Euler. More precisely, we can
get the following

E [(1 — 07 )W /oo | = F(t) — G(b),
B

L= B8""Wywy Jgror (14 2)2

where

_[(1=8"YW 1- 67w !
Py = ™ E[( B Wiy ( b Lg(t)J) ]tw7
sin(77) 1= B7W ) 1= Wiy,

and
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7gh(®)

| (1-p"HWwW, 1— 37w, B o)
G(t) = ' (1_2_1;/ Lg(t)J< 1_/5W Lg(t)J) /wh (L — 2)7da
L) )] 0

Recalling (ZTI), we have

1ACEBH®)
IG(t)] < Ct“// (1 —x)"dx = o(t?),
0

since t3"" — 0. Thus

E[1,501(Z,1)]
™ _oE[S1] o [(1 — B Wiy (1 — B Wiy )W] ty
sin(ry) (1= 5717 [ 1= 87" Wy \ 1= Wy ’
then using the fact that W, is bounded away from 1 by Lemma [[4] and using
Proposition [T since g(t) — oo, we get the expected result. O

13. LAPLACE TRANSFORM OF THE TIME SPENT IN A BIG LEAF

Recalling (Z3)), we point out that

e[ () ] -E [ () |

We are finally able to derive the following estimate

Theorem 13.1. Let € > 0 be small enough, then for any A > 0 we have as n goes to
infinity

1 — Ele *™|0-SR] ~ CyA"n"¢,
with

™y E[SL] I
= = —E .
Co sin(7my) (1 — =) "\1-v
Proof. Fix A\, we apply Theorem [[2Z], with h(x) = hl;;(lnx —In)) and g(z) = Na™?
to get

o sin(my) (1 - 671 l—v) |
Inserting this into ([IJl) and using (G11), we get for any & > 0

L= Ry(\) ~ 1wy aE[SgO]yE[u( 1 )V} -

lim sup n® (1 — E[e"\"Xl(")|O—SR]) < Cy\7,

liminf n° (1 — E[e_)‘”M(”)|O—SR]) > Cyle™EN).

n—oo

Letting £ go to 0 in the previous equation, we have
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1 — E[e—Anm(n)m —SR] ~ CyA'n"¢,
which proves Theorem [[311 O

14. PROOF OF THEOREM 2]
We finally prove Theorem EZT1
Proof. Fix A > 0 and &’ > 0, using (B2)) and Theorem [[31], we get

E[e—Anx(n)] > (1 — Cy\'n "¢ + O(n—a))(1+a/)00an5 + 0(1)>
E[e—)\nx(n)] < (1 — Cy\'n "¢ + O(n—e>>(1—5')ﬁCan€ + 0(1),

hence recalling that ( = pC,C,

lim sup E[e *»X(M] < ==X

lim infE[e_)‘”X(")] > o~ (14N

n—oo

Now letting &’ go to 0 and using Theorem B, we get

YA >0, lim Efe 4] = eV,

n—oo

which proves (Z2). O
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