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FREE MARTINGALE POLYNOMIALS FOR STATIONARY JACOBI
PROCESSES

N. DEMNI *

ABSTRACT. We generalize a previous result concerning free martingale polynomials for
the stationary free Jacobi process of parameters A €]0.1],0 = 1/2. Hopelessly, apart
from the case A = 1, the polynomials we derive are no longer orthogonal with respect
to the spectral measure. As a matter of fact, we use the multiplicative renormaliza-
tion method to write down its corresponding orthogonal polynomials as well as the
orthogonality measure associated with the martingale polynomials. We finally give a
realization of the spectral measure of the free stationary Jacobi process by means of
the corresponding one mode interacting Fock space.

1. PRELIMINARIES

Let (7, ¢) a W*-non commutative probability space. Easily speaking, </ is a unital
von Neumann algebra and ¢ is a tracial faithful linear functional (state). In a previous
work ([{]), we defined, via matrix theory, and studied a two parameters-dependent self-
adjoint free process, called free Jacobi process. Our focus will be on a particular case
called the stationary Jacobi process since its spectral distribution does not depend on
time. It is defined as J; := PUY;QY,*U*P where

(Y;)i>0 is a free multiplicative Brownian motion (see [f]).
U is a Haar unitary operator in (7, ®).
P is a projection with ®(P) = X0 <1, 6 €]0,1].
@ is a projection with ®(Q) = 6.
P if A<1
'QP:PQ:{ Q if A>1
e {U,U*} and {P,Q} are free (see [[[J] for freeness).

Thus the process takes values in the compressed space (P</ P, (1/¢(P))¢). The spectral
distribution has the following decomposition :
| Ve =)

:U’A,@(dw) = 271 \0 2?(1 — ,I) 1[$7,x+](x)dx + aoéo(d'l?) + alél(dx)

where 6, stands for the Dirac mass at y with corresponding weight a,, y € {0,1} and

- <\/9(1 —N0) £ /N(1 — 9))2
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2 FREE MARTINGALE POLYNOMIALS FOR STATIONARY JACOBI PROCESSES

Its Cauchy transform writes
(2—=(1/N0)z+ (1/N—1)+ VA2 —Bz+C
1 =
( ) GM/\,Q (Z) 22(2 . 1)
with A =1/(A0)%, B =2((1/A0)(1 +1/X) —2/A) et C = (1 —1/)X)2. It was shown in
that if A €]0,1],1/6 > XA + 1 then the process is injective in Po/ P, that is ag = a; = 0.
Moreover, ji1/2(dz) fits the Beta distribution B(1/2,1/2):

1

dr) = ————1 d
:U‘1,1/2( $) ﬂ_\/m [0,1}(:6) €z

Recall that the Tchebycheff polynomials of the first kind are defined by

, 2€ C\[0,1]

T, (x) = cos(narccosx), n > 0, |z| < 1.
and that they are orthogonal with respect to p; ; /z(dm). Their generating function is
given by:

1—uz
— n _
o) =3 Ta@hi" = 7 g Jul <t
n>

In [§], we proved that for r > 0
glret, J;) = (1 +ret)P — 26" 1) (1 + ret)?P — 4retJy) ™Y, t < —Inr

defines a free martingale with respect to the natural filtration of .J, say _#;, the unit of
the compressed space being the projection P. It follows that (e™T,,(2J; — P))i>0, n > 1
is a family of free martingale polynomials. Note also that

(1 —r2e?t) 4ret

t o t _ -1
h(ret, J;) == 2g(re, J;) — P = A5 rel)? (P — (4 rel)? Jt)
1—ret 4ret
— P— -1
T rel (14 ret)? +)

=(1- (ret)2)(P —2ret(2J; — P) + (7“6’5)2)71

is also a free martingale. Let U, denote the n-th Tchebycheff polynomial of the second
kind defined by

i 1
Un(cosa) = St g
sin o
with generating function given by
1
E U, R <1 < 1.

n>0

Then, one deduces either from the above generating function or from the relation
2T, = Uy, — Uyp—2,U_1 := 0 that {M]" := " (U, — Up—2)(2J; — P),n > 1}4>0 is a
family of free martingale polynomials. The aim of this work is to extend this claim
to the range 6 = 1/2, A €]0,1]. The motivation originates from [L(] where the author
determines the family of orthogonal polynomials with respect to uyg. Our first guess
was that these will be free martingales polynomials for all A €]0,1], 8 < 1/(A+1). Yet,
things turn to be more complicated: not only the range is restricted but the martingale
polynomials we derive are not orthogonal with respect to py /5 except for A = 1. As
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a matter of fact, we will on one hand derive the orthogonal polynomials corresponding
to gy 1/2 and compute on the other hand the appropriate orthogonality measure for our
martingales polynomials. The last part of the paper is devoted to a realization of the
free stationary Jacobi process using the Accardi-Bozejko isomorphism (see [fl]) as well
as some comments.

Remark. From a matrix theory point of view, the choice §# = 1/2 correponds to the ultra-
spherical multivariate Beta distribution (see [H]). Moreover, to our level of Knowledge,
there is only one result concerning martingale polynomials for the stationary (classical)
Jacobi process, which is restricted to the one dimensional case. More precisely, pick
a vector (x1,...,1rq) belonging to the sphere S9!, d > 2 distributed according to the
uniform (Haar) measure, then form the discrete process defined by

P
sp:Zx?, 1<p<d-1.
=0
It is a known that each random variable has the Beta distribution B((d —p/2),p/2). It
was shown in [[L1] that
1
Mi(p) = —————P*P(25, — 1),

where P2 denotes the n-th Jacobi polynomial of parameters o = (d — p)/2 — 1,5 =
(p/2) — 1, is a martingale with respect to the natural filtration of the process. To relate
this to our work, we rewrite s, in the matrix form

Sp = PlUdeUg;Pl,
where Uy is a d X d Haar unitary matrix, P; is a d X d projection with only one non
vanishing coefficient (P;);; = 1 and @, is a d x d projection with only p non vanishing
term (Qp)11 = -+ = (Qp)pp = 1. For d = 2p, we get the ultraspherical polynomials of
parameter A = (p — 1)/2.
2. MAIN RESULT
One has for A €]0,1], § =1/2
2 2
2—-A A 2— ) A 20 — 1
(P2 ) e (B2 ) s ity

and our main result is stated as follows:

Proposition 2.1. Set
(1-=2X) 2J; — P

W= N T A

For each n > 1, the process defined by

et

Mtn = [Un(m't,)\) — QG(A)Un_l(.%'t)\) - Un_g(m't,)\)] <m> ,t > 0

is a (_7¢)-free martingale.
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3. PROOF OF THE MAIN RESULT

The proof consists of two parts: the first one consists in deriving a martingale function
for all values of A €]0,1],0 < 1/2 < 1/(A+1). In the second one, we specialize for § = 1/2
and show that this function correponds to the generating function of the polynomials
stated above.

First step: inspired by the above expression of h(re!, J;), we will look for martingales of
the form

R = K,P—-ZJ,) ' =K, Z ZM P = K H,
n>0

where K, Z are differentiable functions of the variable ¢ lying in some interval [0, ¢o[ such
that 0 < Z; < 1 for ¢t € [0,¢g]. The finite variation part of dR; is given by

FV(dR,) = K|Hydt + K,FV (dHy)

Our main tool is the free stochastic calculus and more precisely the free stochastic
differential equation already set for J*, n > 1 ([§]):

n—1
dJ] = dM; + n(0P — J)JP 't + 20 l[mp_ (P = J) " + (ma_iy — mn)J})]dt
=1

where dM stands for the martingale part and m,, is the n-th moment of J; in P/ P:

Ty . L n
mp = ¢(Jy') = #(P) o(J")

The finite variation part FV(dJ) of J;* transforms to:

n—1 n—1
FV(dJ]) =n(0P — J)JP e+ 20 | > Umaydi > L(mp_i—1 — 2my ) J}) | dt
=1 =1

n—1 n
=n(0P — J)JP At + A0 I J+ > (1= 1) (g — 2mp_g4q) Nt
=1 =1

=n(0P — J)JP 7 dt + A0 [lmy_y + (I — 1) (mp_y — 2mp_i41)]Jf " dt — n X0 dt
=1

=nf(1— N)Jpdt = nJPdt + 20 [mn_y + 201 — 1) (Ma—g — My 1)}t
=1
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Thus
FV(dHy) =Y nZ{zp ' Jrdt+ Y ZFV(J])
n>1 n>1
= nZZp gt =Y nZPJldE+6(1 = N) Y nZl T dt
n>1 n>0 n>1
+ A0 Z Zy 1 Jy N dE 42200 Z (1= 1) ZM (Mg — M _141)| St
n>1[=1 n>1[=1
= n[Z{Zp = ZPTdt+ 0(1—N) > (n+ 1) 2P Tt
n>1 n>0
H A0 Nz my dldt + 200> 0 127 (my — my )] Jfdt
n>0 1>0 n>01>0

= (Z)Z =14+ 000 = N Z) Y nZlTdt+0(1— N2 Y Z; Tt

n>1 n>0

+ A0 ZP g Y 2t + 200 ) Z (e — mng)] > 121 T]dt
n>0 >0 n>0 >0

Recall that the Cauchy transform of a measure on the real line is defined by

Gy(z) = /Rz—x v(dx) Zszrl/x v(dx)

n>0

for some values of z for which both the integral and the infinite sum make sense. Then,
since 0 < Z < 1 and py ¢ is supported in [0, 1], it is easy to see that

1 1

S 20 g = ) = (1= — ) Gy (=) +1
Zt ’ Zt

n>0

with G, , given by ([l). This gives

1-2 — 1 — 2 2R
N1 — )G, () = L2202 \/z (0B + (0PC

so that
2M(1 — Z; )Gy o (Z7) 4200 = 1= 0(1 — N\ Zy — /1 — (\)2BZ, + (\0)2C Z,,
We finally get:

FV(dH,) = 2}/ —\J1 — (\)2BZ, + (M)2CZ2) Y nZp T dt

n>1

1
+ [)\HGM’Q (Z) +6(1 - )\)Zt} > zpapdt

n>0

In order to derive free martingales, we shall pick Z such that Z; = Z;\/1 — (AM)2BZ, + (\0)2C Z2.
This shows that Z is an increasing function and one can solve the above non linear dif-
ferential equation as follows: use the variables change u = Z;, t < tg, then integrate to
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get :

du
=t
/[Zmzt} uy/1—20(1+ X —2XM)u + (0(1 — N))2u?

Remark. Let ¢; = 20(14+X—2)0),co = 6%(1—\)2. Then, the function u +— 1—cju+ cou?
is decreasing for u €]0,1[: in fact,

2cou — ¢ < 209 — ¢ = 20%(1 — \)* —20(1 + X — 2)\0)

1+ )2 40
=20[0(1 + \%) — (1 +\)] < 20 —(14A))=-—"=<0
b+ - N <20 (T - 04 n) = -2 <
which yields 1 — cju + cou? > 1 —c1 + 2 = (1 — (1 + \))? > 0.
Next, use the variable change 1 — vu = /1 — cju + cou?. This gives
u:2v_61,du:—2v2+62_clvdv,1—vu:—v2+62_clv
v2 — ¢y (V2 — ¢9)? v2 — ¢y
Moreover 5
1—+1-
U= v = c1u+02u’ O<u<l1
U

is an increasing function: in fact the numerator of its derivative writes

c1u — 2cu® + 2(1 — qqu + 02u2) —2V1—=ciu+cou? = (2 —ciu) —2v/1 — cru + cou?
Since 2 —ciju > 2 —c1 = 2(1 — (1 + \)) +4\0? > 0, our claim follows from the fact that
e — deg = 16002(1 — \9)(1 — 20) > 0.

Finally, the integral transforms to

/ 2dv
[Uo,vt} 2v — Co

where 1 — Zjv; = \/1 — 14y + CQZtQ, 1 — Zyyy = \/1 — 12y + C2Z02. Note also that
c? — 4cy > 0 implies that for all u € [Zy, Z;] C]0,1]
g l1—V1-cut+cu? ¢ (1-cu/2)—+V1-cru+ cou?
v— — = - ==
2 U 2 U
_ 2 _ _ 2
(1 —=cu/2)* — (1 — cyu + cou?) _—-

- u((1 = c1u/2) + V1 — cru + cou?) —

since 1 —c1/2u>1—-¢/2>0. Thus v > ¢1/2 > \/ca.

20 — 1 _;

2’00 —C1

(21)0 — cl)eit +C
2

Ut:[(%o—q)et‘i‘cﬂ/?(:)\/1—01Zt+c22t?:1_ 7,

We finally get
4(2v0 — +t
7= 2 _ak <t
((2vg — c1)et + ¢1)? — 4eo

where tg is the first time such that Z;, = 1 < (2ug — c1)e +¢1)? — 4cg — 4(2v9 — c1)ef0.
Set r = 7(X,0) := (2v9p — c1) and xg = e > 1, then r2z3 + 2(c; — 2)rzg + ¢} — 4cg = 0.
The discriminant equals to A = 16r2(1 + cg — ¢1) = 16r%(1 — (1 + A))?. Thus

(e —2) =21 -0+ X) 20 —-0(1+A)+4N07—2(1 —0(1+ X))  4\0? S

r r r
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The last inequality follows from the fact that 1 — \/cou > 1 —60(1+ X) > 0 and from
r—4N* = 20y — ¢ — 4N0% = 2(vg — O(1 + N)) = 2(vp — /c2) < 0.

It gives tg = — In(r/4\0?). Note also that the denominator is well defined for all t < tg
since c% > 4co and 2vg — ¢ > 0.
For the ramaining terms, we shall choose K such that

1
K+ K, [)\HGM’H <7> +60(1— )\)Zt] =0
t
An easy computation shows that this equals to
K 77 Z, Zi\/1—c1Z 72
K4+ = 01— =2 + (1 - 20) =2 Wl-aZitoZf|

2 Zi— 1 Zi—1 Zi — 1

Remembering the choice of the function Z, this writes

K [ Z Z Z2
K - =t L _(1-26 —0(1-N=—"—|=0
N ( )Zt—l ( )Zt—l
or equialently
K [ Z Z
K ——= L _(1—0-X —0(1-XNZ| =0
t o |z, -1 ( )Zt—l ( )t}

If Ky # 0, then
1 1—60-—X0 Zs 0(1—N)
logKt—ilog(l—Zt)— 5 /Zs—lds_ 5 /st5+C’
If A # 1, then the last term is given by

) [, 00 /1<</2¢:>> ~ agtann (521

2o

where arg tanh(u) = (1/2)log((u + 1)/(u — 1)), |u| > 1. The second term writes

Zy 4ret _ 4ret
Zy —1  deg +4ret — (ret +¢)2 dey — A+ (c1 —2)2 — (ret + ¢ — 2)2
_ ret _ 1 ret

rel +c1 —2 2 atl-a ret +c; —2 2

PRI P (i e B - (a2

2 2vea+1—c

B 2 (r/2\/ca +1—cy)ét
Ve +1T—c 1 ret ¢ —2 \?
2v/ca+1—¢c1
Observe that 2 —c; —re! > 2 —c¢; —re?® =2(1 — (1 + ) > 0. Thus, if (1 + ) #1

1_9(1+)\)/ Zs ds = arg tanh —2_01_T6t
2 Zs—1 Ve +1—c;
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Thus, if A £ 1(0 <1/2<1/(A+1)),
Ky = C(1— 2,/ ret + ¢ + 2\/c3 12 2—cy —2c3 —rét 12
b ret +c1 —2,/c2 2—c1+2c3 —ret

where ¢3 ;= \/ea+1—c; =1—0(A+1). Note that for A\ = 1,0 =1/2, ¢; = 1,¢c0 =
0,c3 =0 and

1—ret
Ki=C—— t<tp=—Inr.
¢ 1+ret’ 0 nr
The case 8 = 1/2, X\ # 1: free martingales polynomials: one has
(1—N)? B 1-A 4ret

61:1,62:

I oeTVes 5 A s na e g oy
c+2yca=2(1+c3)—c1=2—-X\c1—2y/ca=2(1—c3) —c1 =\
(re! =12 = (1 =X  (re'+X—2)(re" = \)

(ret +1)2—(1-=X)2  (ret4+2—X)(ret + )

Thus, for ¢ < —In(r/\),

1- 2, =

A —ret
A+ ret

Kt:C

so that
A —ret 4ret
R, =C P— J)t
! A+ ret( (ret +1)2 = (1—X)2 t)

=CA—7re")(2 = A+ 71e ) (A2 = NP + (re")*P — 2ret (20, — P)) !

_CA—re)(2—A+re) p_ 2re! (2, — P) (re')? P -
- A2 =N\ VA2 =N VA2 =N A2 =)

-1
_C (1-=2Ax) ret (ret)? P 2ret (2J; — P) n (ret)? p
\/)\ 2-0VAZ=N) A2-N) VAZ=NVA2=N)  A2-N)
is a free martingale with respect to the natural filtration _#;. Besides, since A €]0, 1],
then A < \/A(2 — ), hence (re!)/(v/A(2—)\)) < 1 for all t < —In(r/\). Now, let us

consider the following generating function
2

1—2au—u

g(u .YJ) m, O<a,u<1, \x’gl
It follows that
9(u,7) = Up(®) + (U1(2) — 2a)u + 3 [Un(x) — 2aUn_1(2) — Un_o(@)u"
n>2
Setting
e oy
u = ) )
oA 22— N 0

then

Ry = C[P + (xx — 2a(N)P)ug ) + Z n(zen) —2a(N)Up—1(x0) — Un_g(xt,x)]uz)\
n>2
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Setting U_1 = U_5 = 0, it can be written as
Ry =C Z[Un(l“m) - QG()\)Un—l(Cﬂt,A) - Un—2(l“t,>\)]u,?>\
n>0
Remark. The case A = 1.
1 =40(1 — 0), co = 0 and Z; writes

4ret

(ret +46(1 — 6))?
Moreover, c3 = /T —c; = (1 —26), 2 —2c3 —c1 = 40%, 2+ 2c3 —c; = 4(1 — 6)%. K; then

writes
o — V(ret +40(1 — 0))2 — 4ret 462 — ret
b 4(1 — 6)2 — ret

7, =

ret +460(1 —0)
4. ONE-PARAMETER MEASURES FAMILY AND ORTHOGONAL POLYNOMIALS

Let u be a measure on the real line which is not supported by a finite set. Assume
that p has finite moments of all orders. Applying the Gram-Schmidt orthogonoliza-
tion method to the basis (1,z,22,...), there exist a unique family of monic orthogonal
polynomials with respect to p, say (P)n>0. These polynomials satisfy the three-terms
recurrence relation

(x — an)Pp(z) = Ppy1(x) + wnPoo1(z), m>0,P_1:=0.

where o, € R, wy, > 0. (a, wp)n>0 are called the Jacobi-Szegd parameters of p. It is
known that g is symmetric if and only if a; = 0, n > 0. Another way to derive the
family (P,), is the multiplicative renormalization method ([B],[H].[H, [A]) that we shall

recall here : a nice function (u,x) — 9 (u, ) is a generating function for the measure u
if ¢ has the expansion

Y(u,z) = Z enPp(z)u™, cn €ER
n>0

where P, are orthogonal with respect to . Of course, there is more than one generating
function corresponding to a given measure and in order to claim whether a function is a
generating function or not, authors in [[] provided a necessary and sufficient condition.
For a particular form of ¢ which fits our need, their result is formulated as follows:
Theorem 4.1. Define

1 1
O(u) := dx), 0O(u,v):= dx).

)= [ fomntdn). 0= | Geuln)

Let p analytic around 0 such that p(0) =0 and p’(0) # 0. Then
1— p(u)z)~*
® ol x) = E LD

0(p(u))
s a generating function for u if and only if

0(p(w), p(v))
0(p(w)0(p(v))

O,(u,v) =

is a function of uv.
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We will apply this result to the measures family vy, A €]0, 1] which is the image of

1 /@ — D@ - (VA £ VTN
Fat/z = — 21— ) 1y ay(@)de, x4 = 1

by the map

20 — 1

A2-=X)
Then,

2-X) V1—2a?
vy(dz) = Yo A)le[_l’l] (x)dz

Our scheme is the almost the same used in [[] except the computation of (u) which fol-
lows easily from G More precisely, authors considered the one-parameter measures

family
() = av'1— 2?2
a’?+ (1 —2a)z?
It is forward that g /2—x) = v almost everywhere for 0 <A <14 1/2<a <1

Hx,1/2°

1}_171[(137, a > 0.

Proposition 4.1.
2—A

) = O3(w) = T s

lul <1

Using

1 1 U v
(1—wuz)(l—vz) w—v\l—ur 1—uvx
it follows that 6(u,v) = (uf(u) — v8(v))/(u — v) from which we deduce

Corollary 4.1.

1 u—+v
B(u, v) = Ox(1,0) = —— [1— A +
(u,v) = 6r(u, 0) 2-A [ ux/l—UQ—i—v\/l—uJ

Proof: from the definition of vy, one writes for 0 < u < A(2—-\) < 1:

1 B 1 IRVACESY A2 =\ +u
/R 1-— uxVA(dx) - /R 1—u 2z —1 'u'>‘71/2(dx) - 2 GMA,l/Q (T

OISy

The result follows from
(1-XA)(22—1) — /422 — 4z + (1 — \)?
GMA,l /2 (2) =

20z(1 — 2) ’
Let p(u) = 2u/(1 + u?), then

zeC\[0,1] =

p(u) + p(v) 14w
p(u)y/T = p2(0) + p(0) /T = pP(w) 1 —uw
so that Theorem .1 applies and claims that
1—X(2—MNu?
1 — 2uz + u?

Ua(u,z) =
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is a generating function for vy corresponding to the polynomials

QNz) = Unlz) — %Un_g(m'),, n>0,U_1=U_:=0.
Using the recurrence relation
(3) 20Up (x) = Upy1(z) + Up—1(z), U_1:=0,

These polynomials satisfy
20Qy(x) = Qi(x)
A
2} = Qo)+ (14325 ) A

2eQp(x) = Qui(@) +Qn_y(2), n>2.

11

Setting Qil := 0 and since the coefficient of the leading power in Qf‘z(:v) is 2, then

one deduces that the Jacobi-Szegd parameters are given by : «a, = 0, n > 0, w;y

1/(2(2 = N), wp = 1/4, n > 2.

Remark. In [[L0], authors characterize the absolutely continuous measures for which the
multiplicative renormalization method is applicable with the generating function given

by (B). They derived a two-parameters densities family written as

B V1 —a?
b+ 2 —2b(1 — )z + (1 — 2¢)2?]

f(z)

These densities fit the image of absolutely continuous part of 1 ¢ by the map

_2:6—5

YT

with d = d(\,0) = x4 — 2 = 40/A1 —0)(1 — N9), ,s = s(\,0) = 24 + z_
A —2M0). One gets

€[-1,1]

(dz) d? V1—a? P
vyg(dz) = x
o 270 s(2 — s) + 2d(1 — s)x — dPa?

which provides the following relations

1 A
<4> =t VA

1_yy(z), [p|<l—-¢c,0<c<1

20(1 +

As a result, one can derive the correponding orthogonal polynomials for A €]0,1],6 <

1/(A+ 1) from the generating function ([I(]):

1 —2bu+ (1 —2c)u?
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5. MORE ORTHOGONAL POLYNOMIALS
Consider the polynomials P defined by
PMx) = Up(z) — 2a(N)Up—1(2) = Up—z(z), U_1=U_5:=0
with generating function
1—2a(A)u —u? 1—A

- 1.
1 — 2zu + u? a(d) )\(2—)\)’0<u<

g(u’ x) =

The P)’s appear in [ as a limiting case of the g-Pollaczek polynomials. The coefficient
of the highest monomial is equal to 2". Using (B), one deduces that

2 —aWIR (@) = Pa)
2PMa) = Px)+2P) ()
2wPMNa) = Ply(a)+P)(2), n>2.

Thus the Jacobi-Szegd parameters are given by oy = a(\) and «,, = 0 for all n > 1 and
w1 =1/2, w, =1/4,n>2 (P =0).

One can use Theorem [ to determine the probability measure, £y, with respect to
which the P2s are orthogonal. Since ag # 0, then &, is not symmetric. Indeed, keeping
the same function p previously defined, then the function 6 must be equal to

u2
0lol) = T—gar =2

so that .
O(u) =
() V1—u?—aNu
From the definition of #, one deduces that
1 1 \/ 14+ a(X)
= dx) = 9
et = [ ot =0 (1) = 5y

for |u] > 1, u # +4/1+a(X)?. Thus, &, has two atoms ay at £+/a?(\) + 1 and an

absolutely continuous part given by

ax = — lim 3G, (Eva? () +1+iy), g(e) =~ lim SGC¢, (v +1y)

T y—»O
Using that the Cauchy transform maps C* to C~, one finally gets
1 V1—a?
a()\) 1) > (dx) + —2—1.2
Va2 +1 Ve+ T2\ +1—z

Remark. To see that this defines a probability measure for A # 1, it suffices to write

1/1 V1—22 / 1—;c
— dzx
) a2\ +1—22 Vr(a2(\)+1—1)

1
:mﬁ( &

Exn(dr) =

1y <1de
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where o F7 denotes the Gauss hypergeometric function given by

I'(c) /1 b—1 —b-1 -
Fi(e,b,c;2) = = 1—2x)° 1— “dx, R(b) AR(c—b) >0
2 1(67 e Z) F(b)F(C— b) 0 Zz ( 1’) ( Z.%') Ly ( ) (C ) >
for |u| < 1. Then, one uses the identity
1—(1—2)t?
2 1( 'Yy 7Z) (1 - b)Z

to get

dr =1—

1 /1 V1—2a? a())
_1a*(A\) +1—a? a?(\) +1

T
6. ONE MODE INTERACTING FOCK SPACE

In the sequel, we give a realization of v) g, image of the spectral measure py g for
A €]0,1],8 < 1/(A+1) so that the support is [—1,1]. In the quantum scope, it is known
as the quantum decomposition of vy 9. We only need the Jacobi-Szegé parameters in
order to apply Accardi-Bozejko Theorem ([[[]). We first write down from the generating
function () the orthogonal polynomials (see [[l4]) corresponding to vy p:

QM =U, —20U,_1 + (1 —20)Up_g, U_1=U_y =0,

where b = b(),0),¢c = ¢(),0) are given by (). It follows that oy = b,a,, = 0 for
n >1and wy = ¢/2,w, = 1/4 for n > 1. In order to use Accardi-Bozejko Theorem
([ill), we shall introduce the so-called one-mode interacting Fock space: let H be a one
dimensional separable complex Hilbert space ~ C. Then the n-th tensor product H®"
is one dimensional: indeed 21 ® - ® 2z, = (27...2,)1 ® --- ® 1 € CP,. The one-
mode interacting Fock space associated to vy g is defined as I'(C®,,, (\,)) as the infinite
orhogonal sum of C®,, equipped with the weighted scalar product

(Zlq)na Z2q)n) = )\nZ_122, 21,22 € (C,

where \,, = wi ...wy,. Then v) ¢ is the vacuum distribution (in the vacuum state ®1) of
any extension of the operator a™ + a + oy where

at®, = ®&,,1 (creation operator)
A
a®py1 = wn+1<1>n:;—+1<1>n, a®; =0, (annihilation operator)
n
+ )‘n+1
N®, = nd, (Number operator), aa™®,, = 3 D,
n

and ap is defined by the spectral Theorem, that is ay®, = a,®,,.

Remark. The concept of one mode interacting Fock space (IFS) is purely algebraic as
the reader can see from [fl] and is fully characterized by both the commutation relations
between creation and annihilation operators and a®; = 0. The most important feature
of Accardi-Bozejko Theorem is illustrated in the canonical isomorphism between one
mode IFS and the L?-space of a given measure x of all order moments. It is noteworthy
that only the wy,s are involved in the commutation relations (thus in both one mode IFS
and L?(u)) while the a,,s reflect only the symmetry of f.
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