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Abstract

The purpose of this paper is to provide a rigorous mathematical proof of the existence of
travelling wave solutions to the Gross-Pitaevskii equation in dimensions two and three. Our
arguments, based on minimization under constraints, yield a full branch of solutions, and
extend earlier results (see [E, E, E]) where only a part of the branch was built. In dimension
three, we also show that there are no travelling wave solutions of small energy.

1 Introduction

1.1 Statement of the results

In this paper, we investigate the existence of travelling waves to the Gross-Pitaevskii equation
100 = AU + U(1 — [¥}) on RY xR, (GP)
in dimensions N = 2 and N = 3. Travelling waves are solutions to (GH) of the form
U(z,t) =u(ry —ct,xy), v = (x2,...,ZN).

Here, the parameter ¢ € R corresponds to the speed of the travelling waves (we may restrict to
the case ¢ > 0 using complex conjugation). The equation for the profile u is given by

icoyu + Au+u(l — |ul?) = 0. (TWc)

The Gross-Pitaevskii equation appears as a relevant model in various areas of physics: non-
linear optics, fluid mechanics, Bose-Einstein condensation... (see for instance [Bg, P53, B9, B1. BQ,
f, Bl). At least on a formal level, the Gross-Pitaevskii equation is hamiltonian. The conserved
Hamiltonian is a Ginzburg-Landau energy, namely

E(0) = %/RN v + i /RN(1 w2 = /RN (1),

Similarly, the momentum
1

P(¥) = —/ (VU U — 1),
2 RN

is formally conserved. Here, the notation ( , ) stands for the canonical scalar product of the
complex plane C identified to R?, i.e.

(21, 22) = Re(21)Re(22) 4+ Im(z1)Im(22) = Re(z122).
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We will denote by p, the first component of 13, which is hence a scalar.
If ¥ does not vanish, one may write

V= /pexpi?®,

which leads to the hydrodynamic form of the equation

{ Op + div(pv) =0,

2 1.1
p(dyv +v.Vv) + Vp? = pV (% _ ‘Z;’J ) ’ (1.1)

where
v=-2Vo.

If one neglects the r.h.s of the second equation, which is often referred to as the quantum
pressure, the system ([L.]) is similar to the Euler equation for a compressible fluid, with pressure
law p(p) = p?. In particular, the speed of sound waves near the constant solution u = 1 is given

by
cs = V2.

Travelling waves of finite energy play an important role in the dynamics of the Gross-
Pitaevskii equation. They were considered by Iordanskii and Smirnov [B9] in dimension three.
They were thoroughly analyzed by Jones, Putterman and Roberts [B1, BJ] both on a formal
and numerical point of view, in dimensions two and three. For the two-dimensional case, they
found a branch of solutions with speeds ¢ covering the full subsonic range (0,v/2), and they
conjectured the non-existence of travelling waves for supersonic speeds.

The program developed by Jones, Putterman and Roberts was approached more recently on
a rigorous mathematical level. The non-existence of supersonic travelling waves was established
in [I9), and in [R1] for the sonic case that is ¢ = /2 in dimension two (existence or non-existence
of sonic travelling waves in dimension three remains still open). Therefore, we may assume
throughout this paper that

0<c<V2ifN=2 and0<c<V2if N=3.

The existence problem in dimensions two and three is the main focus of this paper: only part
of the formal results provided in the physical literature has been established with rigorous
mathematical proofs. It is a classical observation that one may obtain travelling waves by
minimizing the energy E keeping the momentum p fixed. In this approach, equation ([LW() is
the Euler-Lagrange equation to this constrained minimization problem. The speed ¢ appears as
a Lagrange multiplier, and therefore is not fixed a priori. However an important advantage of
this point of view is that it allows to address in a satisfactory way the question of stability. It
was already used in [f]], and will be followed here again. For a given p > 0, we consider therefore
the minimization problem

Euuin(p) = inf{E(v),v € W(RY),p(v) = p}, (1.2)

where W (RY) represents a functional space adapted to the problem. The choice of W(RY) has
to fulfill two requirements. First, we wish the functionals E and p to be continuous on W (RY).
Second, all finite energy subsonic solutions to (TWd) have to belong to W (RY). Properties of
solutions of (TW() have been studied recently extensively, in particular in [I§, B0, P2, BJ]. It is
proved that any finite energy solution v to (TW{) has a limit at infinity, which is a number of
modulus one, which in view of the symmetry by rotation, we may take, without loss of generality,



to be equal to 1. The decay properties of solutions are summed up in Proposition .1 In view
of these properties, we introduce the space

V(RY) = {v: RY s C, s.t. (Vo,Re(v)) € LARM)2, Im(v) € L*RY) and VRe(v) € L3 (RM)},
(1.3)
and

W(RY) = {1} + V(RY). (1.4)

It can be checked that the quantity (i0jv,v — 1) is integrable for a function v € W (RY), so that
the so-called scalar momentum p(v) is well-defined. This is a consequence of the identity

(i0hv,v — 1) = 01(Re(v))Im(v) — 01 (Im(v))(Re(v) — 1), (1.5)

and various Hélder’s inequalities. Moreover, W (R™) has the announced desired properties (see

Corollary .3 and Lemma B.T]).

Remark 1. If one may lift a map v € W(RN ) as v = pexp iy, then it can be shown under some
suitable integrability assumptions (see Subsections P.3 and P.J), that

1 . 1
p(v) = 3 /RN<281U o—1) = 3 /RN no1p, (1.6)

where, throughout the paper, we set
n=1-0"

Notice that for maps which may be lifted, with o > %, the last integral makes sense, even if we
assume that v only belongs to the energy space

ERM)={v:RY = C, s.t. E(v) < +00}.

Hence the last integral in ([l.f) provides another definition for the momentum, which holds for
maps which may be lifted, and which we use in most of this paper.

In dimension two, our main existence theorem is the following.

Theorem 1. Let p > 0. There exists a non-constant finite energy solution u, € W (R?) to
equation (TW{), with ¢ = c(uy), such that

1 .
pus) = 5 [ 0y = 1) =

and such that uy is solution to the minimization problem
E(up) = Emin(p) = inf{E(v),v € W(R?), p(v) = p}.

Remark 2. In [d], existence of solutions is obtained for small prescribed speeds c. Instead of
using minimization under constraint, the idea there is to introduce, for given ¢, the Lagrangian

Fe(v) = E(v) = ep(v),

whose critical points are solutions to (TW{), and then to apply a mountain-pass argument.
Although it is likely that the solutions obtained in [{]] correspond to the solutions obtained in
Theorem [I| for large p, we have no proof of this fact.

Remark 3. Theorem [| shows in particular that there exist travelling wave solutions of arbitrary
small energy. This suggests that scattering in the energy space is not likely to hold.



In dimension three, the existence result is somewhat different.

Theorem 2. Assume N = 3. There exists some constant pg > 0 such that:
i) For 0 <p < po,
Euin(p) = inf{E(v),0 € W(E®),p(v) = p} = V2.

and the infimum is not achieved in W (R3).
ii) For p > po, there exists a non-constant finite energy solution uy € W (R3) to equation (TWJ),
with ¢ = c(uy), such that p(uy) = p, E(up,) = Emin(Po) = v2po and, for p > po,

E(up) = Byin(p) = inf{E(v),v € W(R?),p(v) = p} < V2p. (1.7)

i) There exists some positive constant & < \/2pg, such that there are no non-trivial finite
energy solutions v to equation ([LWd) satisfying

E(U) < &.

i) We have
sup{e(up),p = po} < V2. (18)

Remark 4. In [f], the existence of up was already established, but only for large values of the
prescribed momentum p. The solutions obtained there are the same as the one provided by
Theorem B In [{], existence of non-trivial finite energy solutions to ([CW{) was established for
prescribed small speeds ¢, using a mountain-pass argument. As for the two-dimensional case, it
is likely, but unknown, that the solutions obtained in [§] correspond to the solutions obtained
in Theorem [lf for large p.

Remark 5. In contrast with the two-dimensional case, statement iii) in Theorem P shows that
there are no small energy travelling wave solutions in dimension three (see Lemma in
Subsection P.§ for the proof of this statement). This opens the door to a small energy scattering
theory. Such a theory has been developed in dimension N > 4 by Gustafson, Nakanishi and Tsai
in 7] (see also [R§, B7]). Very recently those authors have succeeded to present a scattering
theory in dimension three (see [4]).

Besides the existence of minimizers, our analysis yields also properties of the curve E, as
well as of the speed c(up). First we prove that in both dimensions, Ep, is a Lipschitz, non-
decreasing and concave curve, which lies below the curve p — v/2p, and tends to +0o as p — +0o
(see Theorem f below). In particular, the function Ey,;, is differentiable except possibly for a
countable set of values: its derivative, at the points of differentiability is then given by the speed
c¢(uyp), which satisfies for any p > 0,

0 < c(up) < V2.

It remains an open problem to determine whether the curve E;, is differentiable or not. This
question is related to the problem of uniqueness up to symmetries for the minimizer u,, which
is completely open as well. As a matter of fact, uniqueness for any p > 0 of the minimizer
would lead to the differentiability of the full curve, which in turn would provide a full interval of
speeds. In dimension two, the spectrum of speeds would then be the interval (0, \/5) Although
we did not work out here a proof, we believe that our compactness result would show that, if
at some point Ey,;, were not differentiable, then there are at least two different minimizers with
different speeds. In that case, the function p — c(up) is not single valued. However, we can
prove that it is a decreasing (possibly multivalued) function.
In dimension two, the function E.;, has the following graph:



s E= Emin(p)

In dimension three, the graph of E;, has the following form:

E e
E = Eup(p) //'/’
-
///F = \/EP
.//
,//"//' E= Emin(p)
E(u 1S I .J.{’
é;z,p e -
0 Pu Po p

Notice that as a consequence of Theorem B, E(uy,) = v/2po, and that, in view of ([.§), the
slope of the curve Eyi, at the point (pg, v/2pg) is strictly less than /2.

Our results are in full agreement with the corresponding figure given in [BI]]. In dimension
three, the numerical value found in [B] for pg is close to 80. Jones and Roberts have also shown
in [BI], mainly by numerical means, that in dimension three, the branch of solutions w, can
be extended past the curve E = v/2p. This curve is represented in the E-p diagram above as
the curve E,,. Starting from the point (po, V/2py), the curve Eyp, goes down to the left staying
above the curve E = Eyi(p) = v/2p, until it reaches the bifurcation point (py, Ep). After this
bifurcation point, the curve E,;, goes up to the right, and is asymptotic from above to the curve
E =/2p, as p — +oo. We believe that the presence of the bifurcation point (pp, Ep) is due to
the choice of our representation, and that the curve p — wuy, is actually differentiable.

At this stage, there is no mathematical proof of the existence of the upper branch of solutions.
The fact that the slope of the curve at the point (pg, v/2po) is strictly less than /2 leaves some
hope to use an implicit function theorem to construct the curve E,p, at least near (po, V2pg).

One important point which we have not addressed in this paper is the appearance of vortices
(that is zeroes of solutions). It is known that in dimension two, solutions have two vortices for
large p (see [H]), whereas there are vortex rings in dimension three for large p (see [, §]). Jones,
Putterman and Roberts conjectured in [BI] the existence of some momentum p; such that w,
has vortices for p > p1, and has no vortex otherwise. The numerical value found in [B] for p;
is close to 75.

The next step in the analysis is to describe some properties of the solutions we obtained in
Theorems [I] and Pl

Theorem 3. Let N =2 or N =3, p > 0 and assume that Ewin(p) is achieved by uy. Then uy
is real-analytic on RN, and is, up to a translation, axisymmetric. More precisely, there exists a



function up : R x Ry such that
up(z) = up(w1, |z ]), Vo= (z1,2,) € RV,

In another direction, the limit p — +o0 has already been discussed in [, {,§, and the analogy
with solution of the incompressible Euler equations in fluid dynamics, stressed. In dimension
two, we wish to initiate here the rigorous mathematical study of the other end of the Ey;, curve,
namely the asymptotic properties in the limit p — 0, for which many interesting results have
been derived in the physical literature.

In B1, BQ], it is formally shown that, if u. is a solution to (TW{) in dimension two, then,
after a suitable rescaling, the function 1 — |u.|? converges, as the speed ¢ converges to V2, to
a solitary wave solution to the two-dimensional Kadomtsev-Petviashvili equation (KP J), which
writes

dyu + udyu + FRu — 07 (93u) = 0. (KP I)
As (GD), equation (KP]) is hamiltonian, with Hamiltonian given by

Brr(n) =5 [ @w?+3 [ @07 0P~ [ o, (1.9)

and the L2-norm of u is conserved as well. Solitary-wave solutions u(z,t) = w(x; — ot, x3)
may be obtained in dimension two minimizing the Hamiltonian, keeping the L?-norm fixed (see
[, [Ld)). The equation for the profile w of a solitary wave of speed o = 1 is given by

o w — wdyw — Fw + o7 H(93w) = 0. (1.10)

In contrast with the Gross-Pitaevskii equation, the range of speeds is the positive axis. Indeed,
for any given o > 0, a solitary wave w, of speed ¢ is deduced from a solution w to ([.10) by the
scaling

Wy (21, 2) = cw(y/owy,0T9).

The correspondence between the two equations is given as follows. Setting € = v/2 — ¢ and
ne = 1 — |uc|?, and performing the change of variables

)

e’ g2

0 <$1 \/5“), (1.11)

wc(x) = 8_277c

it is shown that w approximatively solves ([LI0) as ¢ converges to v/2. Set

S(v) = Exp(v) +1/ .3

2 Jp2
We will term ground-state a solution w to ([.L10}) which minimizes the action S among all the
solutions to ([[.L1() (see [[[1]] for more details). In dimension two, it is shown in [[] that w is
a ground state if and only if it minimizes the Hamiltonian keeping the L?-norm fixed. The
constant Sk p denotes the action S(w) of the ground-state solutions w to equation ([L.10). In
the asymptotic limit p — 0, the value Ep;y(p) relates to the constant Sk p as the next result
shows.

Proposition 1. Assume N = 2.
i) There exist some constants py > 0, Ko and K; such that we have the asymptotic behaviours

48+/2

2 p — Kop? < V2p — Enin(p) < K1p®,¥0 < p < p1. (1.12)
KP




ii) Let uy be as in Theorem [I. Then, there exist some constants ps > 0, Ko > 0 and K3 such
that

KQ}JQ < \/5 — C(Up) < KgpQ,VO <p < ps. (113)
Moreover, the map uy verifies |uy| > %, so that we may write up = opexpiyy, and we have the
estimates
L (90 4 020,) 4| [ 1= @9 < K9 (114)
and
up(0)] = min up(a)] < 1 — Ky, (1.15)
z€R?2

where K is some universal constant.

In a separate paper, we will provide a rigorous proof of the asymptotic expansion given in
B9, Bdl, under specific assumptions on the solutions uy: these assumptions are in particular
verified by the solutions constructed in Theorem [l], thanks in particular to estimates ([.14).

Remark 6. If u. is a solution to (LWd) in dimension three, then it is also formally shown in
9, B1, BJJ, that the function w, defined by

vc(%, V2 \/5353) ‘2>’

g2 7 g2

wel(z) = 8%(1 -

converges, as the speed ¢ converges to v/2, to a solitary wave solution w to the three-dimensional
Kadomtsev-Petviashvili equation (KP_1), which writes

Opu + udyu + 3w — 07 H(93u + d3u) = 0.
In particular, the equation for the solitary wave w is now written as
Ow — whw — dw + 07 (5w + d5w) = 0.

Remark 7. For N = 2 and N = 3, the Cauchy problem for ([GP]) is known to be well-posed
in the energy space £(RY) (see [[§, [[f]), as well as in the space {v} + H'(RY), where v is a
finite energy solution to (TWd) (see [[4], and also [, [, B7]). An important advantage of the
space {v} + H'(RY), besides the fact that it is affine, is that the momentum is well-defined
(in contrast as mentioned above with the energy space). Moreover, it can be shown that the
momentum, defined by ([.§) in the three-dimensional case, and after an integration by parts, by

p(v) =— [ Oi(Im(v))(Re(v) — 1),
RN
in the two-dimensional case, is a conserved quantity. In particular, the fact that u, solves the
minimization problem ([L3) strongly suggests that uyp is orbitally stable. A rigorous proof of
the orbital stability of u, would require, in addition to solving the Cauchy problem, to obtain
compactness properties for minimizing sequences for (E) We will not tackle this problem here.

1.2 Some elements in the proofs

The starting point of our proofs is a careful analysis of the curve p — Epin(p).

Theorem 4. Let N =2 or N = 3. For any p,q > 0, we have the inequality

|Emin(p) - Emin(q)| < \/§|p - Q|, (1'16)



i.e. the real-valued function p +— Ewin(p) is Lipschitz, with Lipschitz’s constant V2. Moreover,
it is concave and non-decreasing on Ry. Set

E(p) = V2p — Emin(p). (1.17)

The function p — Z(p) is nonnegative, convex, continuous, non-decreasing on Ry, and tends to
+00 as p — +oo. In particular, there exists some number pg > 0 such that Z(p) = 0, if p < po,
and Z(p) > 0, otherwise.

An important consequence of the concavity of the function Fyi,(p) is the following

Corollary 1. The function Eny, is subadditive that is, for any non-negative numbers py, ..., Py,

we have
14 ¢
ZEmin(pi) Z Emln(ZPz) (118)
i=1 i=1
Moreover, if £ > 2 and ([.1§) is an equality, then the function Ewi, is linear on (0,p), where
4
p=2pi
i=1

Proof. Since Epnin(0) = 0, and since Ey, is concave, its graph lies above the segment joining
(0,0) and (p, Emin(p)). In particular, for any 0 < q < p, we have

E .
Emin(q) Z qM
p
Specifying this relation for p;, and adding these inequalities, we obtain (L.1§). If ([.L1§) is an
equality, then necessarily Epin(p;) = pi m“‘(p) , and the graph has to be linear. U

Since the function Ey, is Lipschitz, non-decreasing and concave, its left and right derivatives
exist for any p > 0, are equal except possibly on a countable subset Q of R, are non-negative
and non-increasing, and satisfy the inequality

dt d~
0< d_p(Emln(p)) < d_p(Emln(p)) < \/55
where we have set -+ o AP) — Eonn(p)
. min p + p — Lmin p
—_— Emin = 1 .
dp ( (p)) Apliﬂw +Ap

Moreover, the derivatives are related to the speed c(uy) as follows.

Lemma 1. Let p > 0 and assume that Ewyin(p) is achieved by a solution u, of ([TWJ) of speed
c(up). Then we have
a FErni < < d E.; 1.19
d_p( min(P)) < c(up) < d_p( min(P))- (1.19)

Strict concavity also plays an important role in our argument. In that direction, we have

Lemma 2. Let 0 < py < po and assume the function Eny is affine on (p1,p2). Then, for any
p1 < p < pa, the infimum Enin(p) is not achieved in W (RY).

So far, we have not addressed the existence problem for u,. Notice that as a direct consequence

of ([L.16), one has
Ewin(p) < V2p. (1.20)



Inequality ([[.2() corresponds in some sense to a linearization of the equation, or alternatively
to an asymptotic situation where only quadratic terms in the functional are kept. To get some
feeling for its proof, we consider a map v € {1} + C2°(R") such that

1
0= inf |Ju(z)] > =,
zeRN 2

so that we may write v = pexpip. To obtain ([.20) we need to construct v so that E(v) ~
V2|p(v)|. In view of formula ([.) for the momentum, we have

)l =[5 [ 0= @oe] <5 [ |1- e ovne] (121

Using the inequality ab < %(QQ + b?), we observe therefore that

ol < (5 [ el +1 [ (1-)") < =E0)

i.e. v26|p(v)| < E(v). To obtain a map such that E(v) ~ v/2|p(v)|, we need therefore to have
6 close to 1, and the inequality ab < %(a2 + b%) close to an equality, that is a ~ b or in our case

V201p ~ 1 — g%

This elementary observation is the starting point in the proof of the existence of solutions
minimizing Epiy, in the case Z(p) > 0, that is for p > pg. As a matter of fact, the discrepancy
term

S(v) = V2p(v) — E(v)
is central in our analysis. Notice in particular, that

E(p) = sup{E(v),v € W(RY), p(v) = p},

and that, in view of Theorem [, a way to formulate the fact that pg < p is to say that there
exists a map v € W(RY) such that

Y(v) > 0, and p(v) = p.
In this situation, we have

Lemma 3. Let v € W(RY) and assume p(v) > 0. Then we have

) 1 X (v)
xleI]gN |v(z)| < max {5, 1- V() } (1.22)

Proof. Set as above

0= inf |v(x)].

zERN

Ifé< %, there is nothing to prove. Otherwise, one may show that v has a lifting, i.e. that we
may write v = gexpip. It follows therefore from ([.21]) that

V26p(v) = V28|p(v)| < E(v) = v2p(v) — B(v),

and hence

%(v)

2p(v)’

which yields the conclusion. U

1—0>



Lemma [3 is the starting point in the analysis of minimizing sequences for (@) In particular,
it shows that their modulus cannot converge uniformly to 1 in the case py < p. However, to go
beyond that simple observation, one needs to get a better control on minimizing sequences.

Among the analytical difficulties which have already been stressed in [{, fl, §l, the first one is
presumably the lack of compactness of minimizing sequences or Palais-Smale sequences. Working
directly with arbitrary Palais-Smale sequences, i.e. approximate solutions to (TW{) with an
additional small H~!-term leads to substantial technical issues, which seem hard to remove.
The lack of regularity of the H '-term raises some major problems, for instance concerning
regularity of the functions under hand, as well as Pohozaev’s type identities which turn out to
be crucial in our arguments, in particular in order to bound the Lagrange multiplier *.

To overcome the difficulties related to a direct approach, we specify the way minimizing
sequences are constructed. There are presumably many ways to proceed. Here, we consider
the corresponding minimization problem on expanding tori (as in [[f]). This choice has several
advantages. First, the torus is compact, so that the existence of minimizers presents no major
difficulty. Second, it has no boundary, so that the elliptic theory is essentially the local one and
concentration near the boundary is avoided. The torus captures also some of the translation
invariance for the problem on RY. Finally, Pohozaev’s identities yield comfortable bounds for
the Lagrange multipliers, which provide a uniform control on the ellipticity of (TWd). Our
strategy to obtain compactness for the sequence of approximate minimizers is then to develop
the elliptic theory for the equation on tori, derive several estimates which do not rely on the size
of the torus, and then to pass to the limit when the size of the torus tends to infinity.

More precisely, we introduce the flat torus, for N = 2 and N = 3, defined by

TV ~ QN = [—7n, )",
for any n € N* (with opposite faces identified), and the space
X3 = HY(T,C) ~ Hy (), C)

of 2n-periodic H'-functions. We define the energy F,, and the momentum p, on XV by

1 1
) =5 [V g [ a2 [ e,

1 .
pn(v) = 3 /1IN (101v,v),

and

which clearly defines a quadratic functional on X2, as well as the discrepancy term %, (v) =

V2pn(v) — Ep(v). We introduce the set T'YV(p) defined in dimension three by I'2(p) = {u €
X3, pn(u) = p}, whereas in dimension two, its definition is slightly more involved, and is given

by

I3 (p) = {u € X7, pa(u) = p} NS,
The set SO corresponds to a topological sector of the energy E,,, following the approach of
Almeida []. We will define it precisely in definition (f.14) of Subsection [.d: at this stage, let

us just mention that we introduce the set SO to have appropriate lifting properties far from the
possibly vorticity set. We consider the minimization problem

han) = inf (Ba(w). (PX(9))

The constraint is non void, so that it is possible to prove the existence of a minimizer for ([P’ (p)).

IThis direct approach would have the important advantage to pave the way to the study of the orbital stability
of the travelling waves.

10



Proposition 2. Assume N = 3, or N = 2 and n > n(p), where n(p) is some integer only
depending on Emin(p). Then, there exists a minimizer uy € N(p) for E™. (p), and some
constant ¢, € R such that uy satisfies (TWey ), i.e.

icyOruy + Auy +uy (1 — \ug\z) =0 on TY.
In particular, uy is smooth. Moreover if
Z(p) > 0,
then there exist a constant K(p), and an integer n(p), only depending on p such that
cp| < K(p). (1.23)

for anyn > n(p). In particular, for any k € N, there exists some constant Ki(p) only depending
on p and k such that we have
llupllerryy < Ki(p)- (1.24)

The last estimate in Proposition f is a simple consequence of bound ([L.23) on ¢, combined
with standard elliptic estimates.
In view of the invariance by translation of the problem ([PX (p)) on the torus T, we may

assume without loss of generality that the infimum of \ug\ is achieved at the point 0, that is
()] = min (o). (1.25)

On the other hand, the argument of the proof of Lemma [ carries over for continuous maps
ve X2NSY, resp. v € X3, for n sufficiently large, so that

. 1 Y (v)
g;rgjlrrfi\f [v(z)| < sup {5, 1- m}, (1.26)

if pp(v) > 0, and n is sufficiently large. Indeed, it follows from Lemma [i.4, resp. Lemma .3,
that continuous maps v € X2NSY, resp. v € X3, such that |v| > £ on TY, have a lifting on T%,
so that the argument of the proof of Lemma [ applies without any change. Combining ([L.24)
and ([L.24), we are led to

lim su 2(0)]) <supq=,1-— .
Lioop(’up( W =s p{2’ \/ip}

If Z(p) > 0, then we may use Ascoli’s and Rellich’s compactness theorems to assert

Proposition 3. Let N =2 or N =3, p > 0, and assume that
=(p) > 0. (1.27)

Then, there exists a non-trivial finite energy solution uy to ((CWd) such that, passing possible to
a subsequence, we have

un

no— wpin CF(K), (1.28)

n—-4o0o

for any k € N, and any compact set K in RN . Moreover, we have

E(Up) < Emin(p),

and

lup(0)] < Sup{%,l — ?/(;3} <L

11



Notice that, provided one is able to verify condition ([[.27), Proposition [ already provides
the existence of non-trivial travelling wave solutions. To go further and establish the statements
of Theorems [l and I, one needs to pass to the limit in the integral quantities F and p, the main
difficulty being that the domain is not bounded, and therefore we have only weak convergences in
L?. The possible failure of convergence is described in the next proposition, which is a classical
concentration-compactness result.

Proposition 4. Let N =2 or N =3, p > 0, and assume (|L.27) is satisfied. Let uy and uy be
as in Proposition [}. Then, there exists an integer {y depending only on p, and £ points z} = 0,

.., o} depending on n, { finite energy solutions u1 = uy, ..., up to (L'Wd), and a subsequence
of (up)nen= still denoted (uy)nen= such that £ < {o,

2§ — 2| — +o0, as n — 400, (1.29)
for any i # j, and
ug( + 1‘?) — u,() n Ck(K)7 as n — —|—oo, (1_30)
for any compact set K C RN and any k € N. Moreover, we have the identities

14 4

Emin(p) - ZE(ul)v and p= Zp(ul)

i=1 i=1
The maps u; are minimizers for Ewin(p;), where p; = p(u;), and
0 < cup) < V2.
Combining Corollary [, Lemma ] and Proposition f| we obtain

Theorem 5. Assume N =2 or N = 3. If p > po, where po > 0 is defined in Theorem [}, then
Emin(p) is achieved by the map u, € W(RYN) constructed in Proposition J.

Theorems [l and f] are then deduced from Theorem [] and various aspects of the analysis
presented above. We will show in particular, thanks to Proposition [, that pg = 0 in dimension
two, whereas pg > 0 in dimension three. This fact accounts for a large part for the differences

in the statements of Theorems [[] and J.

1.3 Outline of the paper

The paper is organized as follows. In the next section, we present some known and also some
new properties of finite energy travelling wave solutions. In Section [], we provide properties
of Euin, in particular, we prove Theorems [] and f]. In Section [, we study solutions on tori,
whereas in Section [], we study their asymptotic properties on expanding tori. In particular, we
prove the concentration-compactness result. In Section [, we consider the minimization problem
on tori, and we provide the asymptotic limits of the energy and momentum on expanding tori.
In Section [, we finally complete the proofs of Theorems [, Bl and f.

2 Properties of finite energy solutions on R?Y

In this section, we recall some known facts about finite energy solutions to (TWd) on RY, and
supplement them with some results which enter in our analysis.

12



2.1 Pointwise estimates

The following results were proved in [IJ] (see also [E0]).

Lemma 2.1 ([L3], {0]). Let v be a finite energy solution to (TW{) on RYN. Then, v is a smooth,
bounded function on RN. Moreover, there exist some constants K(N) and K (c,k,N) such that

c
_ < e .
Hl ] Loo@M) = max{l, 2}, (2.1)
2\ 3
IVoll ey < KN (14 5)7 (2.2)
and more generally,
[ollorgry < K(c, k, N),Vk € N. (2.3)

Proof. In view of [, i0] (see also [, Bd]), a finite energy solution v to equation ([CW{) is a
smooth, bounded function on RY, such that

lv(x)| — 1, as |z| — +oo. (2.4)
In particular, we have
V]| oo vy > 1.
In order to prove inequalities (P-), (B-3) and (P-J), we compute the laplacian of |v|?>. By the
inequality ab < %(a2 + b?), we have
Alvf* = 2(v , Av) + 2|Vo|? =2|Vo|? — 2¢(idyv ,v) — 2Jv*(1 — |v]?)
2
>2|Vof? — 20010 = S|l = 2lu*(1 - [uf?),

so that )
Alv[? + 2v]? (1 + CZ . m?) > 0. (2.5)

When [|v][ 0o gy > 1, it follows from (R.4) and (R.5) that we can apply the weak maximum
principle to |v|? to obtain

2
T
When [|v|[po@yy = 1, inequality (R.6) is straightforward, so that it holds in any case. In

particular, the function 1 — |v| satisfies

c? c
gmax{l, 1+——1}§max{1,—},
Lo (RN) 4 2

so that inequality (R.1)) is established.
We turn to (R.3). Consider the function w defined by

w)> <1+ (2.6)

-t

w(z) = v(z)exp (z'gm),vgc e RV, (2.7)
By equation ([TWd), w satisfies

2
Aw—l—w(l—i— i \w\Q) =0.

13



Letting 2o € RY, and denoting B(z,1) = {y € RY, s.t. |y — xo| < 1}, the ball with center zg
and radius 1, it holds from inequality (R.6) that

2, 3
2

C
18wl o= (a0 1) < f( )5 (2.8)

By standard elliptic theory, there exists some constant K (V) such that

[Vaw(wo)| < KN (118wl p (5ao 1y + [0l (a0 )

so that, by inequalities (R.4) and (R.§), and definition (R.7),
2 8
2

V(o) < 2K(N) (1+ )"

Hence, by definition (R.7) once more,
2\ 2
2

[Vo(wo)| < [Vw(ao)| + Slo(zo)| < @K(N) +1)(1+ )7,

which gives inequality (2-3). Finally, one invokes standard estimates for the laplacian to prove

®3. O

Lemma 2.2 ([g0]). Let r > 0, and assume that v is a finite energy solution to (TW{) on RY.
There exists some constant K(N) such that for any xo € RY,

2

<max{K(N)(1—|—c—

1 )2E(v, B(wo,1)) N;“, iJZVV)E(v, B(zo,1)) 3 }, (2.9)

1=l e
o (1‘0, T
where E(v, B(zg,r)) = fB(xo,r) e(v).
Proof. Let n =1 — |v]?. By Lemma P.1], the function 7 is smooth on RY and satisfies

2\ 2
VNl Lo vy < 20V poo@ry < K(N)<1 + Z) .

Let T be some point in B(xg, 5) such that

n(@)| = sup [n(y)l
yeB(z0,5)
We compute
2\ 2 .
()l = @) - KN (1+ ) Iy -3,
so that (@)
X
()| = ",
[n(@)]

for any point y € B(T, u) where p = - Therefore, we are led to

2K(N)(1+)

1
B(w. Blao. 1)) 255 [ n(w)dy
B(E min{u,%})

_ (2.10)
:mm{ (@) N2 B (2o, 1) !n(x)ler!B(on)y}
N+ (N)N(1 4 )28 oN+4 :
In conclusion,
11 = ([l (Bo.1)) < Ml (Bo.1)) = M@,
so that inequality (R.9) follows from inequality (R.10)). 0

14



If we next consider the class of functions

—_

ARY) = {v € CORN), E(v) < +00 and 3R(v) > 0 s.t. [u(@)| > 5, V]a| > R(v) },

l\D

a rather direct consequence of Lemma P.J is
Corollary 2.1. Let v be a finite energy solution to (TW{) on RY. Then v belongs to A(RY).
Proof. Indeed, the energy of v being finite, there exists some radius R(v) > 1 so that

1

E(v, Bz, 1)) g/ e(v) < V]zo| > R(v),
RN\ B(0,R(v)—1) <2K(N)(1 n %)2) N+2

where K (N) is the constant in inequality (2.9). Hence, v belongs to A(RY) in view of (2.9). O
2.2 Alternate definitions of the momentum
If v € A(RY), we may write, for |z| > R(v),

vV = Qexp i, (2.11)

where ¢ is a real function on RY \ B(0, R(v)) defined modulo a multiple of 27r. Notice that, if
v may be written as in (R.11), then we have

ojv = (igajgo + ng) exp iy,

so that 1 1 )
(i010,0) = —0*dp, and e(v) = 5 (IVol2 + gVl + 7 (1 - o?) - (2.12)
In this context, the next elementary observation will be used in several places of our work.

Lemma 2.3. Let o and ¢ be C' scalar functions on a domain U in RY, such that o is positive.
Set v = pexpip. Then, we have the pointwise bound

V2
(@ = Dong| < *Ze(w)
Proof. Notice that we have by (R.19),

o) = 3 (IVeP + 2eP) + 1 (1 - )" = ¢ (onel + 50— 2)2).
<

The conclusion then follows from the inequality ab %(a + b%) applied to a = %(Q —1) and
b= p01¢. O

The previous observations lead as in [, RQ] to an alternate definition of the momentum on
the space A(RY). For that purpose, consider the function

g(v) = (i01v,v) + 91 ((1 — X)¢),

where v = gexpip on RV \ B(0, R(v)), and x is an arbitrary smooth function with compact
support such that x = 1 on B(0, R(v)) and 0 < x < 1. It follows from (2.12) that

15



Lemma 2.4. If v belongs to A(RY), then g(v) belongs to L*(RN). Moreover the integral

1 1

po) =5 [ o =5 [ (w0 +a(1-00)

does not depend on the choice of x.
Proof. As a consequence of (R.13), we verify that

g9(v) = (1 = 0*)d1p, on R \ supp(x),
so that in particular, it follows from Lemma R.d that
l9(v)| < 2v2e(v) on RV \ supp(x),

and hence, since v is smooth on RY, and its energy is bounded, the function g(v) is integrable
on RY. The last assertion is a direct consequence of the integration by parts formula. O

2.3 Decay at infinity

We will use in several places decay properties of solutions which have been established in [[1§,
Rd, B1]. They play, among other things, a central role in our concentration-compactness results.

Proposition 2.1 ([L§, R0, RT]). Let v be a finite energy solution to (TWJ).

i) There exists a constant v, such that |ve| =1 and
() = Voo, as |z| — 00.

Without loss of generality, we may assume voo = 1.
i) Assume c(v) < V2. Then, there exists some constant K > 0 depending only on c(v), E(v)
and the dimension N, such that the following estimates hold for any x € RV,

(e € s IR ~11 < 7
T ’ (2.13)

< ———.
IVRG(U(QJ))’ 14 |£C|N+1

iti) Assume N = 3 and c(v) = v/2. Then, Re(v) — 1 and VIm(v) belong to LP(R®), for any
p > 2, VRe(v) belongs to LP(R3), for any p > 2, whereas Im(v) belongs to LP(R?), for any

13 Y

A first consequence is

Corollary 2.2. Let v be a finite energy solution to (TW{), and assume voo = 1. Then v belongs
to W (RN).

Proof. In view of definitions ([.3) and ([.4), Corollary P.J directly follows from the decay esti-
mates (ii) and (iii) of Proposition P.1. O

Remark 2.1. Since any finite energy solution v to (TWd) has a limit v at infinity, we may
write v = gexp iy outside some ball B(0, R), for some R > 0, where ¢ is a smooth function on
RN\ B(0, R), which is defined up to an integer multiple of 27. Moreover the function ¢ has a
limit at infinity oo, which we may take equal to 0, if we assume that v, = 1. The statements
given in [[§, R0, R1] are actually expressed in terms of the real functions g and ¢ as follows:

16



(i) if 0 < ¢(v) < /2, there exists some constant K > 0 depending only on c¢(v), E(v) and N
such that

ola)] < T 11— ole)| <
T —, |l —o(x —_—
POE T T S T

K

I (2.14)
< — < ——.
Vele)| < 1 Vo) < T

(ii) if c(v) = v/2, the function ¢ belongs to LP(R3\ B(0, R)), for any p > 12, p—1 and V¢ belong
to LP(R®\ B(0, R)), for any p > 2, whereas Vo belongs to LP(R*\ B(0, R)), for any p > £.

The previous inequalities are easily seen to be equivalent to those given in Proposition R.1.
Indeed, we have v = pcos(p) +igsin(p), so that Re(v) —1 = pcos(p) — 1 and Im(v) = gsin(yp),
and hence

[Re(v) = 1 < K (Jo 1]+ ¢2), [Im(v)] < Klgl,
[VRe(v)| < K(|Vol + [¢l|Vel), [VIm(v)| < k(IVe| + [¢][Ve]),
where K > 0 is some constant.
A remarkable consequence of Proposition P.]] is
Proposition 2.2. Let v be a finite energy solution to (TW{) on RN. Then, we have
B(v) = p(v).

Proof. Let R(v) > 0 be such that [v| > 2 on RV \ B(0, R(v)). As in Proposition -1 and Remark
.1}, we may assume without loss of generality that ve = 1 and o = 0. If 2 is sufficiently large,
the expansion of the sin function yields

‘Im(v(x))
o(x)
Let R > R(v) be sufficiently large. We have, integrating by parts

1
/ (i01v,1) = ——/ Im(v(x))z1dx, and / n((1=x)p) = —/ o(x)xde,
B(0,R) R JaB(o,r) B(0,R) R JaB(o,r)

so that it follows

@)

—p(z) 5

<

/B(O,R) <<i31v,v -1) - g(v)) = % S (Im(v(m)) — Sp(aj))xldx‘

We write Im(v) — ¢ = (@ —9)+ Im(v)g;gl, so that

<<'3 lelP

ihv,v—1) —g(v) )| < 5 + 2[Im(v)|le — 1] ). (2.15)
B(0,R) 0B(0,R)

We next distinguish two cases.

Case 1. N=2 or N =3, and c¢(v) < v/2. It follows from (P.1J) and (P.14) that

lo(@)[® K
g T 2mv(@))lle(z) - 1] < IENELE

/B(O,R)

which yields the conclusion.

so that (R.17) yields

(101v,v — 1) — g(v)| — 0, as R — 400,
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Case 2. N=3 and c(v) =+2. It follows from Remark P.] that ¢ belongs to L?(R3 \
B(0, R(v))) for any q > %, and o — 1 belongs to L4(R3\ B(0, R(v))) for any ¢ > %, so that by

Proposition R.1], the function f = % + 2/Im(v)||o — 1| belongs to LI(R3\ B(0, R(v))) for any
q > %. Given R > R(v) and ¢ > % to be determined later, we may find some R < R’ < 2R, and
some constant K (q) only depending on ¢, such that

[ peto
OB(0,R) R

so that by Hélder’s inequality, we are led to

/ <K (Q)RQ_%-
B(0,R)

Choosing ¢ = %, we obtain that faB(o R f — 0, as R — +o0. This yields by (.15

/ ((i@lv,v -1) - g(v)) ‘ — 0, as R — 400,

B(0,R’)

which yields the conclusion again, since the integrand is integrable by Lemma P.4 and Corollary
D.2.

O

2.4 Pohozaev’s type identities
Lemma 2.5. Let v be a finite energy solution to (TW{) on RY, with speed ¢ = c(v). We have

the identities
B@) = [ 10wk,
RN

E(v) = /]RN \ijIQ + c(v)p(v).

Moreover, if ¢(v) > 0 and v is not constant, then p(v) > 0.

and for any 2 < j < N,

Proof. The first identity was established in [[J], whereas, concerning the second identity, it was
proved there that for any 2 < j < N,

E(v) = /RN 100 + c(v)p(v).

The conclusion then follows from Proposition R.3. O
Notice that adding the identities in Lemma R.J we obtain
N -2 N
—/ \Vol* + —/ (1—|v*)? = ¢(v)(N = 1)p(v) = 0. (2.16)
2 RN 4 RN

Notice also, that introducing the quantities X (v) = v2p(v) — E(v) and £(v) = /2 — ¢(v)2,
the second identity in Lemma .5 may be recast as

e(v)?
/RN |8jv|2 + X3(v) = <\/§ -2 - e(v)2>p(v) = ot o g(v)Qp(v). (2.17)
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Corollary 2.3. Let v be a finite energy solution to (TWJ) on RY, with speed ¢ = /2 and such
that ¥(v) > 0. Then, v is a constant.

Proof. Since €(v) = 0 and X(v) > 0, identity (R.17) implies that, for any 2 < j < N,

2 —
[ 1o

so that v depends only on the 1 variable. Since the energy is finite, this is impossible, unless v
is constant. O

Notice more generally that, if ¥(v) > 0, then identity (R.17) gives
/ |00 < e(v)p(v),¥2 < j < N.
RN

In connection with the previous inequality, the next result gives a more quantitative version of
Corollary R.3.

Lemma 2.6. Let v be a finite energy solution to (TWJ) on RYN. Then, there exists a constant
K(c) > 0, possibly depending on ¢, such that

Yty < K [ (Mool + %)
Lo RN — RN i )\ 9

for any 2 < 5 < N, and for any A > 0. In particular, we have

I3 vy < K(c)(A(e(v)p(v) _ g(v)> . @)

Proof. Set 1ee = |1l oo (rrv). We may assume without loss of generality, that |17(0)| = 7.c. In
view of uniform bound (@), there exists some constant K (c) depending only on ¢ such that

()| > = VxeB< ’2?{7@)' (2.18)

We next consider for any point a = (a1, ...,aj-1,0,aj41,...,an), the line D;(a) parallel to the
axis x;, that is the set Dj(a) = {a;(z) = (a1,...,aj-1,%,0;41,...,an),z € R}. We claim that

2
OO2<4/ e 2.1
mfeaf (Mo + L), (219)

for any a = (a1,...,a;-1,0,a;41,...,an) € B(0, 5 (c ). Indeed, since n(z) — 0, as |z| — +o0,

we have by integration,

N

0
2_ g / aym(a; (2))n(a; (x))dz
2 77(“]‘(35))2
< [ (M@ntas @)’ + 1 s,

Invoking inequality (R.1§), one derives (R.19). The conclusion then follows integrating inequality
R.1§) on a = (a1, ... yaj-1,0,a541,. .. ,ayn) € B(0, %) ]

(2.20)
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2.5 Analyticity

The proofs of Theorem [ and Lemma [ rely on the following result, which is of independent
interest.

Proposition 2.3. Let v be a finite energy solution of (TW{) on RN, with 0 < ¢ < /2. Then,
each component of v is real-analytic on RY.

This is a consequence of the next more general result.

Theorem 2.1. Let N > 2 and let v be a finite energy solution to (TWd) on RN, with 0 <
¢ < V2. There exists some number \g > 0, possibly depending on v, such that Re(v) and Im(v)
extend to analytical functions on the cylinder Cy, = {z € C, [Im(2)| < Ao}-

Proof. The argument is reminiscent of [, [] (see also B3, B, B]). The idea is to prove the
convergence of the Taylor series of v

Toaz)= S LU0 _gye (2.21)

|
aeNN o

on a complex neighbourhood of an arbitrary point z € RY, the required estimates for the
derivatives being provided by the partial differential equation, standard L?-multiplier theory,
and Sobolev’s embedding theorem. We apply here this strategy to the functions v; = Re(v) — 1
and vg = Im(v), which satisfy the equations

A2U1 — 2Av + 023%1)1 =AF| (1)1, 1)2) + c@ng(vl, 1)2), (2.22)
A2U2 — 2Avy + 023%1)2 = —coh F (1)1, 1)2) — QFQ(Ul, 1)2) + AFQ(Ul, 1)2), (2.23)

where the functions F; and F; are defined from C? to C by
Fi(z1,29) = 32% + z% + zi)’ + zlz%, Fy(z1,22) = 22129 + 2%22 + zg’ (2.24)

Indeed, by equation ([TWJ),

Avl — 0311}2 — 21)1 =F1(1)1,?}2), (2.25)
Avy + cOjvy ZFQ(Ul, 1)2), (2.26)
so that equation (R.23) is derived applying the differential operator A to equation (R.23), the

operator cd; to equation (R.26), and adding the corresponding relations, whereas equation (p.23)
is derived applying the differential operator A — 2 to equation (R.26), the operator —cd; to
equation (R.2), and adding the corresponding relations. Taking the Fourier transforms of
equations (R.29) and (-23) and denoting H, x, Hi jj and K}, the kernels defined by

— . 2 o ) - ' 9

et 20 e et 2leR - g T
for any 1 < j,k < N, equations (P.29) and (£.23) may be recast as

e+ 21g? — ey

6j2»kv1 = Hj,k * Fl(vl, Ug) — Z'C}ILJ"]C * FQ(’Ul, ’UQ), (227)

8]2kU2 = Z’CHLJ"]C * Fl(vl, ?}2) + Kj,k * FQ(Ul, 1)2). (228)

In order to compute L%-estimates of 8jzkv1 and 8jzkvg, we show that @, m and I/(;g are
Li-multipliers for any 1 < ¢ < +o0. For that purpose, we use Theorem 8 of [BJ] 2.

2Estimate () in Theorem @ is more precisely a consequence of the proof of Theorem 8, and Lemma 6 of
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Theorem 2.2 ([B3]). Let 0 < a < 1. Consider a bounded function K in CN(RN\ {0}), and
assume that

N ) ~
jglgj‘““f o RN K (&) € Lo¥(RN) (2.29)

for any (ki,...,kn) € {0,1}" such that ky + ...+ ky < N. Then, K is a multiplier from
q

LI(RN) to L1=aa(RY) for any 1 < q < L (with the usual convention & = +o00). More precisely,

there exists a constant K(q) only depending on q, such that the multiplier operator K defined by

— o~

K(f)(€) = K()f(€),

satisfies for any 1 < q < é,

IO < K(Q)M(E)||f o), (2.30)

Lﬁ(RN)

where

~ N k
M(K) = sup { Hl|£j|a+ J
]:

o ONK(©)], € €RY (kr, ... kn) € {0, 1Y By 4.+ Ey gN}.
(2.31)

By an inductive argument, the kernels P/I;C, m and I/(;g satisfy assumption (R.29) for
a = 0 and any (ki,...,ky) € {0,1} such that k; + ... + ky < N. Therefore, they are
Li-multipliers for any 1 < ¢ < +00. This implies

Step 1. Let 1 < j,k < N, a € NV and 1 < q < +o0o. There exists some positive number K1(q),
possibly depending on q, but not on «, such that

10001 oy + 10° 03wl oy < K@) (107 Fi (01, v2) | aqeny + 10 Falwr, v2) | o) )-
(2.32)

By [RQ], 0%v1 and 0%vy belong to LI(RY) for any % <qg<+oo,ifa=0,1<gq< +oo,
elsewhere. Using the chain rule, it follows that 0%Fy (v1, v9) and 0% Fy(vy,v9) are in LI(RY) for
any 1 < ¢ < +o00. On the other hand, by (R.27) and (R:23),

a“afkvl =Hjj * 0“F(v1,v2) —icHy j i, 0%Fy(v1, v2),
8°‘<9j2»kv2 :’L'CHL]‘7]§ * 0% (’Ul, ’UQ) + Kj,k * OO‘FQ(vl, UQ),

and inequality (B-39) follows from the fact that @, m and [?]\k are L2-multipliers for any
1 < ¢ < +00. We are now in position to obtain uniform estimates of d%v; and 9%vs.

Step 2. Let 1 <j < N, a € NV and % < q < 4o00. There exist some positive numbers Ks(q)
and K3(q), possibly depending on q, but not on «, such that

[0%01 | oo vy + [|0% 02| oo vy <K2(q) Fy (@),

o o (2.33)
[0%0;v1| Larry + [|0%0jva| Loy <K3(q)Fy(a),
where we have set
Fy(a) = Ofgéiga(HaﬁFl(vhUZ)HLQ(RN) + HaﬁFZ(UhU?)HLq(RN))- (2.34)
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By Sobolev’s embedding theorem and inequality (-39), we have
0% 01w vy < Ks(@)(10%01 |y + 107 dPon | agen ) < 2K5(a) Ko () Fyfa).

Using the same argument for 9“vs, the first estimate of (R.33) holds with Ks(q) = 4K5(q)K1(q).
On the other hand, using Gagliardo-Nirenberg’s inequality and inequality (2.39), we are led to

1 1
100;01 | oy < Kan @110 01]1 2 gy 10700 2y vy < Kon (@) () Fy(a).

and the second inequality of (R.39) also holds with K3(q) = 2Ky (q)K1(q).
We now come back to the convergence of the Taylor series T}, ,(z) and T, »(2), defined in
(B21)). Using the uniform estimates of Step [, it suffices to prove the convergence of the series

Sqao(2) = Y %Iz — x|, (2.35)

aeNN
for z sufficiently close to zy, and some suitable exponent ¢g. This follows from the next estimate.

Step 3. Let a € NV and % < q < 400. There exists some positive number K4(q), possibly
depending on q, but not on «, such that

Fy(a) < Ky(q)*la®, (2.36)

where we have set & = (max{a; — 1,0}, ..., max{ay — 1,0}).

The proof is by induction on I = |a|. Inequality (R.3§) being valid for 0 < [ < 5 and any
constant K4(q) sufficiently large, we assume that it holds for any multi-index « such that |a] <,
and consider some multi-index a = (81,...,3; +1,...,8n) such that |a| = |f|+1 =[+1. Using
the inductive assumption for 3, we claim that

Claim 1. Let (a,b,c) € {1,2}3. Then,

10;0° (vavo) | oy <22V K (q) K3(q) Ka(q)' 67,

i (2.37)
10;0° (Vavpve) | pay <4V T K (q) Ks(q)* Ka(g)' 87

We postpone the proof of Claim [l and first complete the proof of Step f]. By definitions
(B24) and estimates (R.37),

10;0° Fy (v1,02)|| Loy + 11050 Fa(v1,v2) | vy < 42V T2 Ko (q) Ks(q) (1 + K3(q)) Ka(q)' 87,

so that choosing K4(q) = 42V +2K5(q) K3(q)(1 + K3(q)), and using the above definition of «, we
are led to

HaaFl(Ule)HLq(RN) + HaaFQ(’Ul,’UQ)HLq(RN) < K4(q)l+156’

which finally gives i
Fy(a) < Ky(q)'*'a,

and completes the inductive proof of Step f-

Proof of Claim [1. Let (a,b) € {1,2}2. The chain rule gives

! _ _
1050 unllan = 3 P (1007l |0 ol + 107 val=110,0 )
0<y<B " ’
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so that using estimates (P-33),

ﬁl

10;0° (vav) | Larmvy <2 D B =)

0§v<ﬁ

— o K2(0) K3 () Fy (7) Fy (B — 7).

Hence, by the inductive assumption,

Al

10;0° (vay)l| pa(rvy < 2K2(q) Ks(q)Ka(q)' 7 (B —7)". (2.38)
| |
o2 (B =)t
<v<pB
At this stage, we require the next elementary lemma.
Lemma 2.7. Let 3 € NV \ {0}. Then,
B 5 By < 4N 5B
> ST (B—7)""7 <477 (2.39)
o<y<p VTS

Proof of Lemma B.]. Assume first that N =1 and 3 > 2. By Abel’s identity (as in [BJ]),

ki By _ 91 AN 81 _ 993 _ 1)35-2
og% T k) g +1<%1 TEEEO TR Gk 2028 -1)8°72,

so that

g 3 [ B-1 _ 438
(B =) < 4p = 43",
ogvzsﬂl(ﬂ_w

Since this inequality is straightforward in the cases § =0 or § = 1, (R.39) is proved for N = 1.
If N > 1, we invoke a little algebra and the one-dimensional case to conclude by the relations

N

8! = ( B! s _ﬁ:) LA N A
ogfyz<6 B= R 1_[1 OS,%@%!(@—%)!% B =) Sg(ﬁ@) 45

O

Using Lemma P.7, we are in position to prove Claim [l Inequalities (R.3§) and (R.39) yields
the first inequality of (P-37). The second follows using the chain rule, uniform estimates (p.33)

and Lemma .7 twice. O
Step 4. The Taylor series Ty, 4,(2) and Ty, 2,(2) are uniformly convergent with respect to xq €
RY on the set D(wo, o) = {2 € CV, [z — o] < Ao}, where Ao = 7,757

Ka N)\a\a

We choose ¢ = N. By Stirling’s formula, the series >
a>0

that using estimate (R.3d), the series Sy 4,(z) converges for any z € D(z, \o), uniformly with
respect to xg € RY. By assertion (R.38), To,.z,(2) and Ty, 2, (2) converge the same way.

By Step [], we conclude that there exist some positive number A\g and two analytic functions
Vi and V5 on C),, such that vy, respectively vy, are identically equal to Vi, respectively V5 on
RN. Therefore, Re(v) = 1 + v and Im(v) = vg extend to analytic functions 1 + V4 and V; on
Cy, Which completes the proof of Theorem P.1]. O

2% converges on D(0, \g), so
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2.6 Solutions without vortices

In this subsection, we consider only solutions v to ([LWd) on RN which do not vanish. In
particular, we assume throughout that

1
ol > 1, (2.40)
2
so that v may be written as in (R.11]), v = gexpip. Using (R.19), the energy writes in the
variables ¢ and ¢,

E(w)=FE _1 2 2 o (1—=p?)?
v)=Elop) =3 Vo™ + &IVl + —— |, (2.41)
RN
whereas for the momentum, we have (i0v,v) = —0?0;¢. Therefore, it follows from Proposition
2.9 that
p0)=p) =5 | (—@oe+a(1-9) =35 [ (1-oe (242
RN RN
The system for p and ¢ writes
0y0% + div(g2w) —0, -
co01p — Ao — @(1 - @2> + 0|Vl =0.
Notice that the quantity n = 1 — o? satisfies the equation
A — 200 + 203y = —2A(|Vo]? + 0% — endip) — 2¢d1div(nVp), (2.44)

where the 1.h.s is linear with respect to n, whereas the r.h.s is quadratic.
A first elementary remark is

Lemma 2.8. Let v be a finite energy solution to (TWJ) on RY satisfying (R.40). Then, we
have the identity

)= [ F1veP (2.45)

RN
Proof. The identity is obtained multiplying the first equation in (R.43) by ¢ and integrating by
parts using the decay properties of Remark P.1]. ]

Lemma P.§ has the following remarkable consequence.

Lemma 2.9. Let v be a finite energy solution to (TWJ) on RY satisfying ([£-40). Then,

E(v) < 70(1))2/ .

RN

Proof. We have, in view of assumption (R.4(), Lemma P.§ and Cauchy-Schwarz’s inequality,

1 1
c 2 2
Lol =5 [ a-daese( [ ) ([ ve?)
RN RN RN RN
1 1
§2c</ 772>2</ @2\V<p\2>2-
RN RN

/ 92|Vgp|2§402/ 7. (2.46)
RN RN

Hence, we deduce
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It remains to bound the integral of |Vg|?. For that purpose we multiply the second equation in
(2-43) by 0> — 1 and integrate by parts on RY using the decay properties of Remark R.1. This
yields

/RN (29|VQ|2 +o(1— 92)2> — C/RN o(1 — 0%)drp + /RN o(1 — )|V, (2.47)

so that

1 3 3
/ (!V@!2 +5( - @2)2> < c(/ @2!01<P!2> (/ (1- @2)2> + 2/ 0°|Vyl?,
RN RN RN RN

by (R.40) and Cauchy-Schwarz’s inequality. Invoking (R.4) in order to bound the r.h.s of this
identity in terms of the integral of n?, we deduce the desired inequality. O

2.7 Subsonic vortexless solutions

We next specify a little further the analysis assuming that the solution v verifies the additional
condition

0<e(v) < V2. (2.48)

e(v) = /2 —c(v)2.

We set, for such a solution

We first have the bound

Proposition 2.4. Let v be a non-trivial finite energy solution to (TWd) on RN satisfying ([2-45).
Then,

2
Lo (RN) 10

Proof. Set 6 = |1 — [v]| oo mrvy. If 6 > %, then the proof is straightforward. Otherwise, assump-
tion (2.40) is satisfied and going back to identity (R.4H), we observe that by Lemma P.3,

/ (1- )
RN

so that, using identity (R.49) and Lemma P.§,

2 2 ¢
V| < ——— e(v). 2.49
/]RNQ‘ (p‘ _\/5(1—5)/]RN() (249
Similarly, we have for the r.h.s of identity (R.47)

c

cp(v) = 9

<=8

o [, o=l < Vae [ etw (2.50
RN RN
and using (R.40),
' [ e0-nvee| <o [ e, (2.51)
RN RN
Combining (R.47), (.50) and (R-51)), and using the fact that p > 1 —§ > 0, we are led to
Vo2 (1—0%)2 V2¢+ 66 /
< . 2.52
/RN< > T3 S TT=0) o Y (2:52)
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Finally, from (R.49) and (R.53), we derive

)\/RNe(U)SO,

Since v is non-trivial, its energy is not equal to 0

where we have set A =1 — \/i(i—é) - 2(1355)-
so that A <0 and

2 2 2 2
5> 2(1- )21 i)
5 V2 5 2 10
which is the desired inequality. O
Combining Lemma P.§ with Lemma P.§, we are led to

Lemma 2.10. Let v be a finite energy solution to (TWd) on RN satisfying (2.40) and (2.45).

Then, ,
oy veR == P (2.53)

Moreover, if N = 2, then we have

1
1+ =) = 2 2.54
| 1wa? (1) = [ lvel (254

Proof. For the proof of equality (R.5), we first add equality (R.-14) and the identity provided in
Lemma P8, to obtain

N —2 N N
T/ |VQ|2+E/ 92|V80|2+Z/ n* = eNp(v),
RN RN RN

using the identity |Vv|? = |Vo|? + 0%|Vp|?. This yields

B(o) ~ o) = 7 [ Vol

and equality (B-53) follows from the definitions of ¥ (v) and &(v).
For equality (R-54), we multiply the second equation in (P-43) by g, and integrate on RY.
This yields

A
/ (cm?up 2y 77!W>12> =0
RN 0

Since by definition n = 1 — ¢?, we obtain, integrating by parts

/RN %n:—/wvgv(l_géﬂ) :/RN yv912<1+§).

On the other hand, for N = 2, identities (R.1) and (P.49) yield

/ n* = 2cp(v) = 0/ nd1p.
R2 R2

Conclusion (R-59) follows combining the last three relations. O
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2.8 Use of Fourier transform

We consider for ¢ € RV, and a function f defined on RY, its Fourier transform f(f) defined by
the integral

&= [ fl@e ™ da.

RN

Lemma 2.11. Let v be a finite energy solution to (TWJ) on RY satisfying (B40). Then, for
any & € RN, we have

(1 +2 e g )i =2t 202\512 ”ZSE\%R (2:58)

where we have set Ry = |Vo|> +7? and R; = 10;¢.
Proof. Tt suffices to consider the Fourier transform of (2.44). O

Using (R.55), we deduce in the two-dimensional case,

Lemma 2.12. Let N = 2 and let v be a finite energy solution to (TW{) on R? satisfying (R.40)
and (R.4§). Then, there exists some universal constant K > 0 such that

e(v) < KE(v).

Proof. We first notice that for any integrable function f on RY and any ¢ € RY, we have in
view of the definition of f(£), |f(§)] < [[f]lL1 (), so that

I Ril| oo (rvy < || Rill 1@y < KB (0). (2.56)

It follows from integrating (B.59) that we have for any 1 < ¢ < 400,

[ o< xa e [ nd@pe) oy,

where we have set, for any ¢ € RV,

1 £ |?
Lc(§) = |£|2+2_62% = |£|4+2||£ ||2_62£%. (2.57)
In the case ¢ = 2, this leads in view of Plancherel’s formula to
[ otords < k) [ inorde) e (2.58)
We claim that
/R L€ = (2.59)

We postpone the proof of the claim, and complete the proof of Lemma P.13. Combining (P.4§),
(B-58) and Lemma R.9, we have

K
E(v) < 702/ 0’ < —E(v)?,
RN e(c)
where we used claim (R.59) for the second inequality. This concludes the proof of Lemma
P13, O
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Proof of Claim (2.59). Introducing polar coordinates, we have

oo 2w rdrdf 12 db
/ L(¢)*d¢ :/ / 2 2 cos2(O)2 _/ 9 2 c032(0)
R2 0 o (r24+2—c?cos?(0)) 2 )y 2—c?cos?(0)

Using the change of variables ¢ = tan(f) and u = \/ﬁt, we obtain
+o00 \/7 400 T
dé =2 = .
/ (5) £= /0 2 — 02 + 2t2 2 — 2 / 14+ u2 ﬂg(c)

In dimension three, the previous analysis leads to a result of a very different nature.

Lemma 2.13. Let v be a finite energy solution to (TWJ) on R3 satisfying (P-40) and (R:43).
Then, there exists some universal constant K > 0 such that

K

Pl =&l = ¢(1 + ¢?) arcsin <%> .

Proof. The argument is parallel to the argument of Lemma up to (R.5§). However, in
contrast with (2.59) we have in dimension three,

/R3 L.(€)%de = 7T72211“csin (%) (2.60)

We postpone the proof of (.60), and complete the proof of Lemma B.13. By (:5§) and Lemma
.9, there exists some constant K > 0 such that

E(v) < 702/ < Kc*(1+ 02)</ L5(§)2d§> E(v)?.
R3 R3
Lemma follows using (P.60). O

Proof of Claim (R.60). Introducing spherical coordinates, and using the change of variables u =
cos(f), we have

0 too m r*sin(6)df _ e ! r?du
/RSLg(g) d£—2WA (A (T2+2—02COSQ(9))2>dT_47T/0 </0 (T2+2_02u2)2>dr.

An integration by parts with respect to the variable r gives

/RS L€(§)2d§:27r/0+00 (/;ﬁ)dr'

Using the change of variables v = ﬁ and w = ﬁ’ we obtain
/ L(§)2d§ 9 /+Oo</1 du ) dv 2/1 /\f dw
=Z7TT =
RS 0 0 V2—c2u2)1+v? 0 \/2—02u2 V1—w?
2
T

. c
=— arcsin [ — | .
c <\/§>
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The previous analysis extends to any finite energy subsonic and sonic solutions, providing a
proof of iii) in Theorem J.

Lemma 2.14. Let v be a non-trivial finite energy solution to ([CWd) on R3. Then
E(U) > 50,
where & is some positive universal constant.

Proof. In view of the results of [[J], we know that there are no supersonic travelling waves on
the whole space that is 0 < c(v) < v/2. Moreover, in dimensions N > 2, it follows from Lemma

P9 that

1
11— [ol[[poc @iy < KE(v)~+2,

so that, choosing possibly a smaller constant &, we may assume that v satisfies (R.4(0), and v

may be written as in (E-11)), v = gexpip. If v is subsonic, i.e. c(v) < V2, then Lemma
yields the conclusion, since the function ¢ — ¢(1 4 ¢ )arcmn(\/—) is bounded on (0,+/2). In the

sonic case, one observes similarly that

2 U
/RB Lo(§)7d¢ = W5 < +o0,

and the same proof as in Lemma applies to yield the conclusion. O
In the same spirit, but with more involved methods, we may prove

Lemma 2.15. Let 3 < g < +00, and let v be a finite energy solution to (TWA) on R? satisfying
(R.44). Then, there exists a constant K(q) only depending on q such that

1,2
19l o (gs) < K (@) E(v) 5.

Proof. We first recall that there are no non-trivial finite energy supersonic travelling waves on
R3. Hence, we may assume that 0 < ¢ < v/2. In view of equation (B55), we have

3
7€) = Lo(¢) (2}%(5)—%2 |§| €) + 2 Zifgb‘: > (2:61)
=2

so that the proof reduces to estimate the r.h.s of (R.61) by using multipliers theory developed
in BJ]. Indeed, using Lemma P.7], and the fact that 0 < ¢ < V2, we first notice that there exists
some universal constant K such that

IRj| < Ke(v).

Invoking Lemma P.] and the fact that 0 < ¢ < v/2 once more, we have for any 1 < ¢ < 400,

1
HR]‘HLq(RS) < K</3 e(v)q> ? < KE(’U)%
R

On the other hand, it follows from standard Riesz-operator theory (see [BY]) that the functions
&— % are L9-multipliers for any 1 < ¢ < 400 and any 1 < j,k < 3. Hence, there exists some

constant K (q), possibly depending on ¢, so that the function F' defined by

F(€) = 2Ry (¢ 202 |£|2 )+ 2¢ Z i%}% (2.62)
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belongs to L4(R?) for any 1 < ¢ < +o0, and satisfies

3

1
1] Larsy < K(q) Z IRl arsy < K(q)E(v)9. (2.63)
=0

5
Finally, in view of Theorem .3, L. is a multiplier from L4(R?) to Lﬁ(Rg) for any 1 < ¢ < 2.
More precisely, denoting L., the multiplier operator given by

L.(F)(©) = L(©) F(©), (2.64)

there exists some constant K (q) possibly depending on ¢ but not on ¢, such that, for any
1<g< %,

12PN, 24, gy < B @I zaces), VF € L1(ED). (2.65)

We postpone the proof of claim (.63), and complete the proof of Lemma R.15. Indeed, it follows
from (R.61)), (.62) and (.64) that

n=Le(F).
Therefore, by (R.6J) and (R.6), we have
1
Il sy < K(¢)E(v)7,
1524 (R3)

forany 1 < ¢ < g Letting ¢ = 5?—'12;, that is % = % + %, this ends the proof of Lemma P.15. O

Proof of Claim (2.65). Claim (R.67) is a consequence of Theorem R.3 applied to L.. Indeed, we
may check that L. satisfies the assumptions of Theorem R.9, i.e. that the quantity

3
M(Le) = sup { IL|g;|** | 05205 L (¢)

E € R, (ku ko, ky) € {0,117 ky + ks + ks < 3,

is finite for some suitable choice of .. This follows from the next computation of some derivatives
of L.,

2¢;
(I€1* + 21&] — c2¢7)?

9;L:(§) =

forany 1 < j <3,

(=161t = e + 2o 1eP). (2.66)

48;Ek
(J€1* + 2[¢]? — 2€3)3

O Le(€) = (20¢1° + ¢ (683I¢ 2 + 462 — (31, + Sue) (Blel* + 212 + ¢*¢D)) )

(2.67)
forany 1 <j# k <3, and

1616283

6%23115(5) = (|£|4 + 2|£|2 — 025%)4

(—3|f|8 +?(61¢]° — 1871|" + 8[¢|* + 6(c® — 4)ET[€* — 32T

42 + 4c€] - 12¢) ).
(2.68)
Considering some multi-index (ky, k2, k3) € {0,1}® such that k; + ko + k3 < 3, it follows from

(£57), (B:66), (B:67) and (£:63), and the fact that 0 < ¢ < v/2, that there exists some universal
constant K such that, for any || > 1,

okabr (o) < =X _ <k

3 a+k;
j1:T1!§j! J g T

(2.69)
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provided a < % On the other hand, if |¢| < 1, we deduce from (2.57), (.69), (.-67) and (P.63),

that there exists some universal constant K such that

k1 ako aks ‘gllkl‘gz‘kﬂfglk-j 2 4 2 2¢2
|a 8 a L (5)‘ K(|£|4_|_2|£|2 625%)1+k1+k2+k3 ((1_k1)|£| +k1(|£| +2|£| _Cél))'

Therefore, denoting ¢ = po where p > 0 and ¢ = (01,0,) € SV, we are led to

3
H |£j|a+kj
j=1

(1+k2+k3 +3Cv’0, ‘2(a+k2+k3)

k1 ks ok p
811622833L5(£)‘ <K p2(Itkatks) (p2 4 2| |2)1+katks (2.70)

< Kmax{p, o [}*? < K,

provided that o > 2. Using (2:69) and (B70), and choosing @ = 2, the quantity M (L) is
bounded by some constant K not depending on ¢, so that, by Theorem R.3, L. is a multiplier
from L9(R3) to L%(R?’) for any 1 < ¢ < 2. Hence, inequality (£.65) follows from (.30) and
B31). 0

We will use the following consequence.

Corollary 2.4. There exists some constants K > 0 and o« > 0 such that

H]‘ - ’U’”LOO(RS) > E('U)a.

Proof. If [|1 — |v]|| poo(msy > 1, then we are done in view of Lemma P.14, for K = %’a and any
a > 0. Therefore, we may assume |1 — [v|| 00 (r3) < 1 In that case, using Lemmas P.g and

2
D 17, and the fact that 0 < ¢ < /2, we write for any % <q<2,

2q

E(v) < 7¢|[n]1 72 sy < 14074 @) Inll 7 '3y < Klg )||77HL00(R3 E(v)'"5.

Hence,
17| oo (m3) 2 K(q)
11— |vll oo 3y > T = 3||77HL°°(R3) >
0|l oo (m3) B(v)5-0
We conclude, choosing for instance ¢ = % and a = %. ]

Combining the previous result with Lemma P.6, we obtain the following bound for (v).

Lemma 2.16. Let v be a finite energy solution to (TWd) on R3, such that X(v) > 0. Then,
there exists some constant K(c) depending only on ¢, and some universal constant o > 0, such
that

Proof. In view of Lemma P.§, we have

E(v) 4 K(c)
Ae(wp(e) + 5 2 KOl ao) 2 v A > 0
where we have made use of Corollary P-4 for the last inequality. The choice A = % yields

the desired result.
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3 Properties of the function E;,(p)

The main purpose of this section is to provide the proofs to Theorem ], Lemma [l and Lemma
f, as well as the proof of Theorem f.
3.1 Proof of Theorem {

We begin this subsection with a number of elementary observations.

Lemma 3.1. For N = 2 and N = 3, we have the inclusion W (RN) c E(RYN). Moreover, the
functions E and p are continuous on W (RY).

Proof. Concerning the momentum p, we have already seen that, in view of ([[.§) and Holder’s
inequality, it is well-defined and continuous on W (R™). For the energy E, we start with the
identity

(1 — |1+ w*)? = 4Re(w)? + 4Re(w)|w|* + |w|?, (3.1)

for any w € V(RY), so that
(1 — |1 +w*)? < 8Re(w)? + 4Re(w)* + 4Im(w)*,

and the Lh.s of this identity belongs to L!(R"), whenever w belongs to V(RY). Hence, W (RY)
is included in £(RY), and the L'-norm of the Lh.s of (B.1)) being continuous on V(RY), E is
also continuous in W (RY). O

Lemma 3.2. Assume N =2 or N =3 and let v =1+w be in W(RYN). There exists a sequence
of maps (wp)nen in C(RN) such that w, — w in V(RN), as n — +oo,

p(vn) = p(v), and E(v,) — E(v), as n — +o0.
In particular, given any p > 0, there exists a sequence of maps (wy)nen i C°(RN) such that
p(14+w,) =p, and E(1 + wy,) — Enin(p), as n — 400,

so that
Bunin(p) = inf{E(1 + v), 0 € C2(RY),p(1 + v) = p}. (3:2)

Proof. In view of continuity properties stated in Lemma and the density of C2°(RY) into
V(RM), given any w € V(RY), there exists a sequence of maps (0, )nen such that

p(0y) — p(v), and E(v,) — E(v), as n — 400,

where we have set v,, = 14+, and v = 14+w. In order to prove the first assertion, we distinguish
two cases. First, if p(v) # 0, then we may assume without loss of generality that p(v) > 0, so
that by continuity, we have p(v,) > 0, for n sufficiently large. In this case, we set

p(v)
p(0n)

n = Wy, and v, = 1 4+ wy,,

so that p(v,) = p(v), whereas w, — w in V(RY), as n — 400, which yields the conclusion.
The case p(v) = 0 (which is actually not the most relevant one for our discussion) is treated by
an approximation argument. Indeed, in this case, we may assume that p(v,) # 0 for n sufficiently
large (otherwise, up to a subsequence, the conclusion holds for w,, = w,,). For given § > 0, we
may construct (see Lemma B below) a map f5 € C°(RY) such that p(1+ fs) =6, E(1+ f5) <
2|6] and || f5/|v @y < K /8] for some universal constant K. Denoting fs(z1,x,) = fs(—x1,21),
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this construction is also possible for any § < 0. We then consider the map wy, = W, + fs, (- —an),
where 6, = —p(1 +w,) — 0, as n — +oo, and the point a, € RY is chosen sufficiently
large so that the supports of w, and f5 (- — a,) do not intersect. Denoting v, = 1 + wy,, we
have p(vn) = p(iin) + p(fs,) = 0, [E(vy) — E@)| < [E(@) — E@)| + |EQ + f3,)] — 0, and
[wn —wly@yy < [[W0n —w|ly@yy + [ fs,llv@yy — 0, as n — +o0, which completes the proof of
the first assertion.

The two last assertions follow, once it is proved that

I (p) = {w e W(RY), s.t. p(w) = p}
is not empty. This is again a consequence of Lemma below. O

As a rather direct consequence of Lemma B.2, we have

Corollary 3.1. Let p > 0. Then,

limiup (E{;in(p)) < Enin(p).
Proof. In view of identity (B.3), given any § > 0, there exists a map v = 1 +w € {1} + C(RY)
such that
Emin(p) < E(U) < Emin(p) + 9, and p(v) =p.

Since w has compact support in some ball B(0, R), for some radius R > 0, the restriction of w
to the set Q2 vanishes on the boundary 99, provided 7n > R, and hence defines a map in
HY(TY). Adding to w the constant function 1, we have similarly v € H!(TY,C). Moreover,

4
in the two-dimensional case, if n > (£)%, then w € S (see definition (f14) in Subsection 3
below). This implies

B) > B (p). v > (£)°

s
Hence,

min(P) < Emin(p) + 6,

and the conclusion follows letting § tends to zero. O
Next, we have

Lemma 3.3. Let N > 2 and s > 0 be given. There exists a sequence of non-constant maps
('Yn)neN in {1} + CSO(RN) such that

P(1m) = 5, I lwey) < KV, and E(y) — V28, as n — +oo,

where K is some universal constant. In particular, Euyi,(p) < \/ip, for any p > 0, and the map
p — Z(p) is non-negative.

Proof. Recall that if v = gexpip € {1} + C°(RY), then the energy and momentum write

E 1 2 2 772 1 2 1
=5 | (ol + Vel +5) —5 | Vel andp) =5 | none.

As mentioned in the introduction, if one keeps only the quadratic terms, minimizing the energy
for fixed momentum amounts to have v/29,¢ ~ n. For this simplified problem, the infimum is
not achieved, and for minimizing sequences, transverse derivatives tend to zero, as well as the
modulus. In view of this observation, we take an arbitrary map ¢ € C(R”), and we construct
by scaling and multiplication by a scalar a sequence which has the properties announced in the
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statements of Lemma .. Inspired by the scaling ([.11), we introduce three parameters « > 1,
A>1and 0 < pu < 1, and consider the map I' = pexpi®, where the phase ® is given by
O(x) = \/ﬁ,ucp(x—)\l, %+) and the modulus p by p(z) = 1 — £d19(5, 5%). Notice in particular
that, if 4 — 0 and A — 400, then

V20,0 =2(1 —p) ~1—p*=n,

and that the transverse derivatives are of lower order. Next, we compute

2 _ 2y (N-1)a—1 M 2 2 i/ 2 \2
/RN |17 =p=A <2/RN <1 )\51<P> (O1p)” + 2 RN@W) :

2 1

[ warp A ® ety [ (1 Rog) il 4 [ wiee?),  63)
RN RN A )\2 RN

1 2 9 (Nl)al/ 2

- — 1.2

4/RN77 A RN< 2A31‘p> (O10)°,

whereas
]RN

For given n € N, we choose A = n, and determine the parameter p so that p(I') = s. In
particular, this choice leads to

\/g 1-(N-1a

o~ " 2 , as n — +0o,
24|01l 2 (mr)

so that 1 — 0 and & — 0, as n — +oo. In view of (B3) and (B4), choosing , = I' (with the
particular choices of A and p above), we are led to

p(v) =5, and B(x,) ~ 22 AN~ Da-1 / (910)° ~ V25, ais n — +o0,
RN

for any o > 1. In order to complete the proof of Lemma B.J, we now turn to the norm of the
function v, in W(RY). Using the fact that & — 0, as n — +o0, we compute

[Re(1n) = 1 < Ky(lp = 1] + %), [Im(7n)| < Ky |®|, and [VRe(ya)| < K,(|Vp| + 2]V ),

where K, is some constant possibly depending on ¢, but not on o and n. Hence, we are led to

/ Re(yn) — 1)* <Kpp® o 1( ) +M2>\2/ s04>,
RN RN
o,

[ )]t <kt -vest [
RN RN
[ oo <kt ( [ @i suiat [ rwr%ram%)
RN RN RN
( 4

/ V1 Re(n)[3 <Kou3 AN

so that, assuming that o = %7

”’YnHW(RN) ~ K¢\/§, as n — +oo.
This concludes the proof of Lemma B.J. Indeed, the last assertions of this lemma are direct

consequences of the definitions ([Lg) and (L17F) of Epi, and E. O
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Lemma 3.4. We have, for any p,q > 0,
|Emin(p) - Emin(q)| < \/§|p - q| (3'5)

In particular the function p — Ewin(p) is Lipschitz continuous on Ry, with Lipschitz’s constant
V2, and the function p — Z(p) is non-negative, non-decreasing and continuous on R .

Proof. We may assume without loss of generality that g > p. We show first that
Emin(q) < Emin(p) + \/E(q - p) (36)

For that purpose, let § > 0 be given, and consider a map vs = 1 + ws, where ws € C°(RY),

such that
1)

p(vs) = p, and E(vs) < Enin(p) + 5.

The existence of such a map vs follows from identity (B-J) in Lemma 3. Set s = q — p and let
fs be in C°(RN) such that p(1 + f5) = s, and E(1 + f5) < /25 + g The existence of such a
map fs follows from Lemma B.J. We set

v=1+ws+ f5(- — as),

where a5 € RY is chosen so that the support of ws and f5(- —as) do not intersect. In particular,
we have

E(v) = E(vs) + E(1 + f5), and p(v) = p(vs) + p(1 + f5) =p +5=q.
It follows that

)
Emin(q) < E(U) = E(Ué) + \/55 + 5 < Emin(p) + \/i(q - p) + 57
which yields (B.6]) in the limit 6 — 0. Next we turn to the inequality
Enmin(p) < Emin(0) + V2(q — ). (3.7)

We similarly consider a map @5 = 1 + s, where ws € C>°(RY), such that

i B )
p(v5) = q, and E(0s) < Emin(q) + 9

We set )
=14 w5+ fs(- — bs),

where the map f5 is defined as in the proof of Lemma B.3, and where bs is chosen so that the
support of ws and fs5(- — bs) do not intersect. Notice that we have

E(1+ fs(-—bs)) = E(1+ f5) < V2s + g,

and
p(L+ fs5(- — bs)) = —p(1 + f5) = —s,
so that p(?) = p(05) — s = p. Hence we have
Ein(p) < B(9) = B(@) + E(1+ f5(- = b5)) < Euin(q) + V25 +9,
and the conclusion (B.7]) follows letting & tends to 0. This completes the proof of Lemma B.4,
the last assertion being a consequence of (B.9). O
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Lemma 3.5. Let p,q > 0. Then,

Emm(p + q) > Ein(p) -QF Enin(a)

Proof. The main idea is to construct comparison maps using a reflexion argument. For that
purpose, for a map f € W(RY), and a € R, we consider the map 7. f defined by T, f = fo P,
where P (resp. P, ) restricted to the set I'} = {x = (z1,...,2y) € RN, 2y > a} (resp. the
set Iy = {x = (z1,...,2x) € RV, 2x < a}) is the identity, whereas its restriction to the set I';
(resp. T'}) is the symmetry with respect to the hyperplane of equation z,, = a. In coordinates,
this reads as

T;rf(xl,... ,J}N) :f(.%'l,... ,J}N) if IN Z a,

T} f(z1,...,zn) =f(x1,...,20 —zy) if oy < a.

One similarly defines T}, f, reversing the inequalities at the end of each line. We verify that T." f
belongs to W(RY), and that

BT D) = 28115, and o(T0) =2( [ Gorf.f - 1) (3.5)

We also notice that the function a — p(T, f) is continuous and, by Lebesgues’s theorem, tends
to zero, as a — 400, and to 2p(f), as a — —oo. Therefore, it follows by continuity that, for
every « € (0,p(f)), there exists a number a € R such that

p(T; f) = 2a, and p(T, f) = 2(p(f) - a). (3.9)
Next, we consider, for any p,q > 0 and any § > 0, a map v € W (R") such that

, and E(v) < Emin<m) + g

_ptq
p(v)——2 5

Invoking (B.9) for f = v and @ = §, we may find some a € R such that

p(T;v) = p, and p(T, v) = q.

It then follows from (B.§) that

and
Fuin(a) < B(T; ) < 2E(v, T, ).

Adding these relations, we obtain

Brin(®) + Enin(0) < 25(0,T;) + 2B(0,T) = 2B(0) < 2Bin (53 +6

The conclusion follows, letting § tends to 0. O

Corollary 3.2. The function p — Enin(p) is concave and non-decreasing on R.

Proof. Continuous functions f satisfying the inequality

f(p—;q> - f(p)-;f(q)

are concave. Similarly, concave non-negative functions on R, are non-decreasing, so that, in
view of Lemmas B.4 and B.H, Eu, is concave and non-decreasing on R . O

36



Proof of Theorem [} completed. Combining Lemma B.4 and Corollary B.9, all the statements in
Theorem f are proved, except the fact that Z(p) tends to +oo, as p — +oo (the existence of
po being a consequence of the properties of Z). This fact is a direct consequence of the vortex
solutions constructed in dimension two in [fI], and of the vortex ring solutions constructed in
dimension three in [, §J. As a matter of fact, these results show that

Enin(p) <27wln(p) + K, as p — 400, (3.10)

in case N = 2, respectively
Epnin(p) ~ my/pIn(p), as p — +oo, (3.11)
in case N = 3, so that Z(p) ~ v/2p, as p — +oo. O

Remark 3.1. We actually believe that the arguments in [[]] might lead to the estimate

Emin(p) ~ 27 ln(p)a asp — —+o00.

3.2 Proof of Lemma [l

Let p > 0 be given, and assume that E, is achieved by a solution u = u, of ([IWd) of
speed ¢ = ¢(up). Equation (TW(), which is the Euler-Lagrange equation for the constrained
minimization problem Fy,i,, may be recast in a more abstract form as

cdp(up) = dE(uy),

where dp and dE denote the Fréchét differentials of p and E given, for any ¢ € C°(RN), by

() () = [ (01, 0), and dB(ug) () == | (Aup + up(1  [u5f%), )

RN

We claim that dp(up) # 0. Indeed, if we take formally ¢ = u, — 1, then dp(uy) (o) = 2p # 0.
By density of smooth functions with compact support in V (RY), the claim follows. Let therefore
Y1 be a function in C2°(RY) such that

dp(up)(¥1) = 1.

We consider the curve 7 : R — W (RY) defined by ~(t) = up + t11. Since the functions E and p
are smooth on W (RY), we have

p(v(t)) = p+s, where s =t + p(¢1)t?,

E(Y(t)) = Emin(p) +ct + O (t),

so that
Eunin(p +5) — Emin(p) < E(¥(t)) — Emin(p) < cs+ O (52)-

s5—0

Conclusion ([.19) follows, letting s — 0%,
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3.3 Proof of Lemma P

We consider in this subsection two numbers 0 < p; < po and assume throughout this section
that Ep;, is affine on the interval (py,p2) that is

Enmin (0p1 + (1 = 0)p2) = 0Ewin(p1) + (1 — 0) Ewin(p2), V6 € [0,1]. (3.12)
The first observation is

Lemma 3.6. Assume that assumption (B.13) holds and that, for some 0 < p; < p < py the
infimum Ewin(p) s achieved by some function uy. Then, we have
Emin(pQ) - Emin(pl)

P2 —p1

c(uy) = (3.13)

Moreover, 0 < c(u,) < /2.

Proof. Identity (B.1J) is a direct consequence of Lemma [ll. For the second statement, we first
notice that, in view of ([.16), (B.1J) and the monotonicity of Euyi,, we have the inequality
0 <c(up) < V2. Next, assuming that c(up) = 0, the concavity of Ey,, ensures that

0 S Emln(q) S Emin(pl),vq Z P1,

so that Ep, is bounded on R, which leads to a contradiction with (B.10) or (B.11]) according
to the value of the dimension. On the other hand, assuming that c(up) = V2, in view of the
concavity of Enin, the left and right derivatives of Fy,;, are non-decreasing, so that, since they are
bounded by v/2, they are equal to v/2 on (0, p2). By integration, we obtain that Fupp(p) = v/2p
on (0,p2), which yields a contradiction with Corollary R.3. O

Lemma 3.7. Assume that assumption (B.I2) holds and that, for some 0 < p; < p < pa, the
infimum Evin(p) is achieved by uy. Let s be such that (p—s,p+s) C (p1,p2). Then, there exists
some number a(s) € R such that

+ +
E(Ta(s)up) = Enin(p £5), and p(Ta(s)up) =p=+s, (3.14)
so that Epin(p £ 8) is achieved by T;Es)up. Moreover the map s — a(s) is decreasing.
Proof. We proceed as in Lemma B.5. In view of (B.9), we choose the value a(s) so that

p(TajES)up) =pxs,

which yields a decreasing function s — a(s). It follows from (B-§) that

Enmin(p £5) < B(T,up) = 2E(up, Ty ). (3.15)

Adding the relations for the + and — signs, we obtain

Emin(p - 5) + Emin(p +5) < 2E(UP’F;(5)) + 2E(UP,F+ )) = 2E(up) = 2Emin(p)'

a(s

On the other hand, by assumption (B.19), Emin(p —§) + Emin(p + 5) = 2E(uyp), which is only
possible if we have equality in (BI7), i.e. if we have identities (B.19). O

Corollary 3.3. Assume that assumption (B12) holds and that, for some 0 < p; < p < pa, the
infimum Ewin(p) s achieved by some map uy.
i) There exist real numbers ay # as, such that

Onup = 0, on RN ™! x (ay,as).

it) The infimum Epn(p) is achieved for some 0 < p; < p < pa.
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Proof. Since for every s such that (p —s,p +5) C (p1,p2), the infimum Fyi,(p £ 5) is achieved

by T;Es)up, the map Tai(ﬁ)u,g solves (TW{) for some ¢ > 0, and hence is smooth by Lemma P.1.

Since Tjis)up is obtained through a reflexion of u, along the hyperplane of equation x,, = a(s),

Tjis)up is of class C! if and only if

Onup =0 on RY™! x {a(s)}.

The proof of statement i) follows letting s varies. For statement ii), we notice that the infimum
Enin(q) is achieved for every q € (p —s,p + ), where s is such that (p —s,p+5) C (p1,p2). The
conclusion then follows from a continuity argument. O

Proof of Lemma B completed. We assume (B.19), and for the sake of contradiction, that for some
0 < py; < p < pg, the infimum FEyyiy(p) is achieved by some function uy. In view of Lemma B.4,
we have ¢ < /2. The analyticity of u,, provided by Proposition .3, and Corollary B.3 yields

Onup = 0 on RV,

so that u, does not depend on the variable x. In particular, the energy would be infinite,
unless uy, is constant, that is p = 0, which gives the desired conclusion. U

3.4 Proof of Theorem

The proof of Theorem [ readily follows the arguments of Lopes in [B4], and involves, as in the
quoted reference, symmetries with respect to hyperplanes. If e is a unit vector in RV, and if W,
denotes the orthogonal to e, i.e. W, = (Re)*, we consider, for any a € R, the affine hyperplane
Va,e = {ae} + W, containing ae and parallel to We. Let S, . be the symmetry with respect to
Vae. The main ingredient in the proof of Theorem [ is

Lemma 3.8. Let e be a unit vector such that (e, e1) = 0, where eq is a unit vector on the x1-azis.
There exists a number a € R such that uy is symmetric with respect to the hyperplane V, ., that
18

Up = Up © Sge-

Proof. We may assume without loss of generality that e = ey is a unit vector on the xy-axis
and use the notations and results in the proof of Lemma B.§. If follows from (B.9) applied to
a= g, that there exists some a € R such that

p(T up) = p(T,; up) = 2a = p. (3.16)

In view of (B.§), we have
E(T, up) = 2B (up, Ty,

so that by summation, we obtain
E(T uy) + E(T, up) = 2E(uy),
whereas by minimality of u, and (B.16), we have E(T; uy) > E(uyp). It follows that
B(T; up) = E(T; up) = E(up) = Emin(p),

so that T u, and T, u, are minimizers for Em,(p), hence solutions to (TWJ) for some ¢ > 0, and
therefore real-analytic. Since they coincide with u, on I'} (resp. T';) , they coincide everywhere,
that is uy = T,;fup, = T, up, which yields the desired conclusion. O
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Remark 3.2. An alternative approach would be to use a unique continuation principle for
elliptic operators instead of analyticity.

Proof of Theorem [} completed. In the two-dimensional case, Lemma (with e = eg) already
provides the proof, since in that case, it is sufficient to translate the origin to the point a = (0, as)
to conclude. In dimension three, the argument is a little more involved. We first apply Lemma
with e = es, to find some number as such that

Up = Up © Sgy.e0-

Next we consider some angle o € [0, 5], and the unit vector e, = cos(a)ez +sin(a)es. Applying
Lemma @ with e,, we find a number a,, € R such that

Up = Up OSaoueoz'

Notice that Roy = Sa, e © Sas,e, 1S an affine rotation with axis D parallel to ey, and angle 2o
In particular, if G denotes the group generated by the rotation R, then

up =upog,Vg €G. (3.17)

If o is chosen so that £ is irrational, then 2aZ + 277 is dense in R. In particular, denoting Rg,
the affine rotation with axis D and angle 3, there exists a sequence of rotations (g, )nen in G
such that

gn(z) — Rp(x), as n — +o0,

for any € R3. Taking the limit n — +oo in (B.17), we are led to the identity u, = uy o Rpg,
so that uy is axisymmetric around axis D. This completes the proof of Theorem P in dimension
three. H

3.5 An upper bound for F,;,(p) in dimension two

In this subsection, we prove

Lemma 3.9. Assume N = 2. There exists some universal constant Ko such that we have the
upper bound

4
Emin(p) < \/513 - p3 + KOP47 (318)

for any p sufficiently small. Here, Sxp denotes the action S(w) of the ground-state solutions w

to equation ([L.I0).

Proof. We construct a comparison map using the formal scaling given by ([[.11]). We start with
a non-trivial solution w to equation ([.I0), which is a scalar function, and construct phase and
modulus for the comparison map. For that purpose, we recall that, by [0, [(]], w is a smooth
function and belongs to L(R?) for any ¢ > 1. Moreover, its gradient belongs to LI(R?) for any
q > 1 as well. Its Fourier transform satisfies the relation

Sl

i 5%102(5). (3.19)

As a consequence of (B.19), there exists a smooth function v which solves w = dyv. Indeed, at
least formally, the distribution v whose Fourier transform is given by

2 =5

50 =~ g ) (320)
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has the desired property. More precisely, the necessary properties of v can be deduced from
properties of the kernel Hy given by

&1

Ho(€) = €2 + &b

First, we notice that, by Theorems 3 and 4 of [B4], the kernel Hy belongs to L(R?) for any
2 < ¢ < +o00. Since the function w? as well as any of its derivatives is a smooth function in
LY(R?%) N L*(R?), the map v defined in (B.2() is also smooth and belongs to L?(R?) for any
q > 2, and then relations (B.19) and (B.2() yield as expected w = d;v. We also deduce that the
gradient of v belongs to LI(R?) for any ¢ > 1. Indeed, the first order partial derivatives of v are

given by
N 1 && —
0;0(§) = = —=—2—w?(§).
o =g g
By Propositions 1 and 2 of [P4], the kernels H; defined by
= §1&5
WO E

belong to LI(R?) for any 1 < ¢ < 3,if j=1,1< ¢ < %, otherwise. Since w? is in L(R?) for
any ¢ > 1, the function Vv does belong to L(R?) for any ¢ > 1.
We are now in position to define a comparison map w, making use of the formal scaling ([L.11))

We = Qe €XP Pk, (321)
where g, and @, are the functions defined by

( ) 1 te? €2 ( 22)
e(r1,29) =1 — —w| ex1, —=x2 |, 3.
0e(T1, T2 9 1 \/5 2

and

Pe(r1,72) = %v(exl, 6722@) (3.23)

Here, t denotes some positive parameter to be fixed later, whereas the constant ¢ is chosen so

that the identity
€ 2
= 3.24
P 20

holds. We claim that the map w, belongs to W (R?). Indeed, the integrability properties for v
and w first show that the functions o, — 1, Vo, and Vi, belong to L4(R?) for any ¢ > 1, whereas
@e is in LI(R?) for any g > 2. On the other hand, it follows from definitions (B-21)), (8:29) and
(B-29), and the boundedness of v and w that there exists some constant K > 0 such that

IRe(we) — 1] = |occos(pe) — 1| < K (Joe — 1+ ¢2), Im(we)| = |oesin(pe)| < K],
|[VRe(we)| < K(’er‘ + “PEHv‘Pe‘% |VIm(w,)| < K(‘V‘PE’ + ‘()OEHVQE’)a

so that w, does belong to W (R?).
The next step is to determine the value of the parameter ¢ so that p(w.) = p. For that
purpose, we compute the momentum of w, making use of formula ([[.)). This gives

t2 3t3
p(we) = 6—/ w?— S [ wd, (3.25)
2 R2 8 R2
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Therefore, there exists a positive number ¢, such that
p(we) = p.
We expand t, using equations (B.24) and (B-29)
tp = é + 18<f]R@7w33>p2 + p90(94)' (3.26)
(hoe)
On the other hand, using definition (B.2])) and formula (R.41]), the value of E(w¢) is given by

€ e €d 3e3
E(U/e) :t2 <<ﬁ 2 U)2 + m - <(81w)2 + (621))2> + 8—\/5 2 (agw)2> - t<m - w3

5€d

65 67
+—= o +t2< o — (0 2) .
12 Jae 2”) 22 Jue U T 1o e 02V

Since for t = t,, p(we) = p, we may invoke the definition of Enin(p) to conclude that there exists
some constant K > 0 only depending on w such that

Enmin(p) < E(we) < % (/]R? w? — %(/RQ <(81w)2 + (62v)2>> + 3762</R2 w3>tp> + Ké.

By (M) and (M), we are led to

Eumin(p) < V2p (1 + Az(w)p2> + Kp?, (3.27)

where the number As(w) is given in view of ([L.9), by

EKP(U})
—
Sz w?

In order to complete the proof of inequality (B.1§), we optimize the value of the constant As(w)
with a suitable choice of the solution w to equation ([.1J). For this purpose, we first relate the
coefficient As(w) with the action S(w) of the considered solution w. By [I{, B4], the following
equalities hold

Ay(w) = 2592

Exp(w) = —l/ w?, and S(w) = l/ w?, (3.28)
6 R2 3 R2
so that 18
Ag(w) = ——2 .
20wy

Since S(w) > 0 by the second equation of (B.2§), it remains to minimize the action S(w) among
all non-trivial solutions w to equation (Jl.1(). In view of the definition of ground states, the
minimizer Sk p is precisely the action of a ground-state solution to equation ([[.I(), so that the
optimal inequality provided by (B.27) is exactly (B.19). O
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4 Properties of solutions on T

The purpose of this section is to present a number of results concerning solutions to ([LWd)
on the torus which are of presumably independent interest. Many of the results presented here
have already been derived elsewhere (in particular in [[J]), possibly in a slightly different form.
In order to be self-consistent, we wish to give here a self-contained presentation. Since many of
the results in this section are valid in higher dimensions, we consider more generally the torus
T% in dimension N, and let v = 9" be an arbitrary non-trivial solution to (TWd) on T2

As we have seen in the introduction, working on tori has a number of important advantages.
The first one is that they are compact, allowing to establish quite easily existence of minimizing
solutions. The second one is that the torus has some invariance by translation. Working on
tori introduces however a number of small new difficulties. Some of them are related to the
identification TY ~ [—7mn,7n]", which we will clarify next, as well as we recall the notion of
unfolding.

4.1 'Working on tori

Working on tori presents a number of peculiarities which we would like to point out in this
subsection. We begin with the usual definition TY = RY /(2rnZ)" obtained by the identification

N
x ~ 2’ if and only if x — 2’ € (2mnZ)"N. For a = (aq,...,ayx) € RY, the cube C, = ’Hl[—wn +
1=

a;, Tn~+a;| contains a unique element of each equivalence class (C, is often termed a fundamental
domain). It may therefore be identified with TY. Given o € RY, the unfolding 7, of T
associated to « is by definition the one-to-one mapping

Ta : T — QN = [—mn, [V
p=|[(z1+a1,...,ex +an)] — (21,...,2N).

This corresponds to a translation of the origin in RY, and thus on the torus. For a given function
f defined on T%, each unfolding 7, induces a 27n-periodic function f, defined on Q.

In some computations (in particular, dealing with integration by parts for functions which
are not necessarily all periodic), we will need to estimate boundary integrals. The following
lemma provides a choice of a “good” unfolding of the torus, by averaging.

Lemma 4.1. Let f be a 2nn-periodic function of L*(Y), and let A be a subset of [—mn,mn).
There exists some ay in [—mn,mn]\ A such that

1
fmdwﬁi/ f(x)|dz. 4.1
‘/[wn,m]N—lx{aN} ()| < S TAT Jo ) (4.1)

In particular, we may find an unfolding T4 of the torus TY such that

‘ / falz)dz
[—mn,mn]N—1x{—mn,mn}

2 N -1
= <27m— |A| i >/ng | (@)ldz.

Proof. Integrate the Lh.s of (f.1]) for ay € [~7n,7n]\ A and use the mean-value theorem. [

2
< — d
< o] o VI

and

falz)dz

‘ o0

Remark 4.1. The trace of f, is well-defined for almost every unfolding. In the sequel, we will
no longer distinguish f and f,: this hopefully will not lead to any confusion.
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Remark 4.2. Recall that, on X = H'(TY), we have defined the momentum as
1 .
pn(v) = 3 (101v,v).
T

For a map u in the space
YN ={uecHOQY,C),u=10n00)} c X,

we claim that we have 1

pn(u) = my(u) = 3 /QN(Ju, C1). (4.2)

n

Here, the Jacobian Ju of u denotes the 2-form defined on QY by
1
Ju = §d(u X du) = Z (Ou x Oju)dx; N dx;,
1<i<j<N

and (; denotes the 2-form defined on QY by

N
2

Finally, (-, ) stands for the scalar product of 2-forms. Claim ({.2) reduces in fact to an integration
by parts. Indeed, we write

2(Ju,()dzy A ..o ANdey = d(u X du) A*C = d((u x du) A*C1) + (u x du) ANd(*C1),  (4.4)

where x denotes the Hodge-star operator for differential forms. The special choice of (; yields
the identity
(u X du) Nd(x¢1) = 2(i01u, u)dzy A ... Ndxy.

Combining with (.4) and integrating on the torus, we are led to

) 1
/MV(Z(?IU,@ - /QN(Ju, G) = —3 /(mg(u X du)T A (*C1)T- (4.5)

n

If u belongs to Y,, then the boundary term is zero, and claim ([2) follows.

As we will see later, the term m,,(u) explicitly appears in Pohozaev’s formula. On the torus
T2 however, m is not well-defined (due to the fact that the 2-form (; is not periodic, and hence
well-defined on the torus). We will circumvent this difficulty by choosing suitable unfoldings.

4.2 Lifting properties and topological sectors

In several places of this paper, we have to face the following situation. Let R > 1 and ¢y € N*
be given, and consider ¢ points x1, ..., x, on ']I‘ﬁbv with ¢ < ¢y. Assume that we have

|$Z‘ - $j| > 2R, (46)

for any 7 # j, and that v is a map in H'(T.') such that

o(a)| 2 5. ¥ € 0, (5) =T \jLiJIB(xj, 9. (47)

The problem we wish to investigate is the following: find conditions such that one may lift the
l

map v on O, (R) = TN\ AU1B(3:J-, R) as v = gexpiyp, with ¢ € H*(O,(R)). In dimension three,
]:

we have a simple answer.
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Lemma 4.2. Assume N = 3. Given any numbers £ > 0, R > 1 and {y > 1, there exists a
constant n(E, R, ly), such that if n > n(E, R, {), and v € H (T2, C) satisfies (I6), @1) and

then v = |v|expip on O, (R), with ¢ € H' (O, (R),R).

Proof. We consider first a special case.

Case 1. Oy(R) = T3, i.e. |[v| > % on T3. In this case we may write v = |v|w, with |w| = 1, and
perform the Hodge-de-Rham decomposition of w x dw. Since d(w x dw) = 0, the Hodge-de-Rham

decomposition is written as
3

w X dw = dy + Zajdmj,
j=1

where ¢ is a H'-function, each a; is a real number, and dz; stands for the canonical harmonic
forms on T3. One then checks that

3

w(zr) = expi(gp(:n) + Zajxj + 9),

J=1

for some constant 6 € R. Periodicity implies that «; has the form «o; = %, for some integer k;.
The L?-orthogonality of the Hodge-de-Rham decomposition yields

J

3
[Jw x dw”%mrg) = Hd<PH%2(1r§L) + 87T3"Zk732‘7 (4.9)
i=1
which implies by ([£9),
3
1 E
2 2
ki < g IIVwlamg) < —-

1

Choosing n(F,0,0) = %E, the previous inequality implies k; = 0 for n > n(FE,0,0). On the
other hand, it follows from (f£J) that ¢ € H'(TY,R), so that the conclusion of Lemma ]
holds.

Case 2. The general case. Arguing by a density argument, we may assume without loss of
generality, that v is smooth. Next we claim that there exists a map v = |v|w, with @ = 1, such
that [5] > £ on T3, and

0 =wv on O, (R), (4.10)

and
V@72 y < K (R, lo)E(v), (4.11)

where K(R,/{y) is some constant depending only on R and ¢y. The conclusion then follows
using the argument of Case [l| for the function ©. In particular, it only remains to prove Claims

(EI0)-(EIT).
O

Proof of Claims (.10)-(f.11). The construction of ¥ relies on some standard topological ar-
guments. Using the mean-value inequality, there exists some radius g < R; < R such that

/ e(v) < 2 e(v). (4.12)
0B(xj,R;) R B(z;,R)

45



On the other hand, v is a continuous function on dB(z;, R;) such that |v| > 1, so that it can
be written as v = gexpiy on dB(x;, R;). Denoting g;, resp. ¢;, the harmonic extensions of p,
resp. ¢, on B(z;, R;), we consider the function ¢ defined by

¢
o=von T3\ UB(z;,R;),
n\jzl (] j) (413)
0 =gjexpip; on B(zj, Rj),

so that  satisfies ([LI0), and || > & on T3 (by ([£7) and the maximum principle). Moreover,
using standard trace theorems, the harmonicity of ¢; gives

foo 170,
B(xz;,R;) B(

where K (R) denotes some constant only depending on R, so that, by ([.13),

/ |Va|? < K(R)/ e(v).
B(z;,1;) B(z;,R)

Claim (#.11)) then follows from definition (4.13), and the fact that £ < £;. O

Vsl < K(R) [

VeP K@) [ e
9B(z;,R;)

zj, R 9B(z;,R;)

In dimension two, the situation is very different. In particular, the minimal energy of har-
monic 1-forms does not depend on the size n of the torus (by conformal invariance of the energy),
so that the statement of Lemma [L.9 does not extend. As an example, one may take for instance
the map v, = expiZl, whose energy does not depend on n, and which is not liftable. However,
when the energy is small, the situation is parallel to the three-dimensional case.

2

Lemma 4.3. Assume N = 2, and consider a function v € H'(T2) such that E(v) < Ey = %,
and

1
o] > 5 on T2,

then v = |v|expiyp on T2, with p € H' (T2, R).

Proof. The proof is identical to Case [l] of the proof of Lemma [.9, apart from equation ([.9),
which becomes here

3
lw x dwl[F2zy = [delZz(me) + 477> K3,
j=1
so that
1

k< 5 IVwlltame) < =5 <

3
47
=1

J

Hence, the numbers k; are identically equal to 0, so that the conclusion of Lemma K3 holds,
following the lines of Case [[] of the proof of Lemma [.2. U

If we wish to have a lifting property when the energy is not small, we need to restrict the class
of test maps. Indeed, although the zero set of Ginzburg-Landau maps on T2 may be not empty,
a restriction on the Ginzburg-Landau energy allows us to define a notion of degree with suitable
continuity properties. First, notice that by Sobolev’s embedding theorem, for v € H Y(T2) and
j € {1,2}, the restriction v to I3, , is continuous for almost any r € [—mn,7n], where we have
set

I,lw, = {r} x [-wn,mn] ~SL, and I,%J, = [—mn,mn] x {r} ~SL.
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In particular, if v does not vanish on Iﬂ;ﬂn, in view of periodicity, we may define the degree of ﬁ

restricted to I3,. Denoting BJ(v), the subset of numbers r in [—7n, 7n] for which the restriction
of v to [,JW is continuous and does not vanish, we set

A A j —ni
T — Ly e HVT2), st vj € {1,2),3B € Bi(u), st { P12 2m(n—n1), 1
deg(u, I}, ;) = dj,Vr € BI
for any (dy,dy) € Z2. Tt follows from this definition that 75" nTH% = g it (dy,dy) # (dy,ds),
and U QTg # H'(T?). In the introduction, we have introduce the set SO, which we next define
deZ

as
SY =19, (4.14)

We claim that if a map v in SO satisfies suitable topological assumptions, then v has a lifting.

Lemma 4.4. Assume N =2, and that v € 89 = T"° satisfies (EQ), [ED) and

deg(ﬁ,aB(xj,R)) —0,¥je{l,....,0}. (4.15)
v

Then, there exists a constant n(R, ) depending only on R and {y such that, if n > n(R,{y),
then v = |v|expip on O, (R), with ¢ € H' (O, (R),R).

Proof. The proof is very similar to the proof of Lemma [£3 Using ([.15), we may construct in
the three-dimensional case as in the two-dimensional case a map o satisfying (§.1()), and such
that |0] > % on T?2. Moreover, since £ < £y, we may check that ¥ belongs to S for n sufficiently
large, so that we may restrict ourselves to the case O,(R) = T2. In this situation, denoting
v = |v|w, with |w| = 1, the argument of Case [l] of the proof of Lemma [£.9 gives that there exist
a function ¢ € H'(T?), a constant  and integers k; such that

2 kx
w(z) = eXpi(w(ﬂc) +> ——+ «9),
j=1

for any x € T2. It follows that v is in T,]fl’kQ, so that k1 = ko = 0, which completes the proof of
Lemma .4 O

We will use the following consequence in the spirit of Lemma [£.3.

Corollary 4.1. Assume N = 2, and that v € S satisfies ([£.6), (1) and

E, <v, O, (g)) < %. (4.16)

Then, there exists a constant n(R,{y) depending only on R and {y such that, if n > n(R,{y),
then v = |v|expip on O, (R), with ¢ € H' (O, (R),R).

Proof. Corollary [i.1] is a direct consequence of Lemma [£.4], once it is proved that assumption
(1) is a consequence of assumption ([E.16). This last fact follows from a direct computation
v

of the topological degree of % on dB(xj, R). Indeed, by the mean-value inequality, there exists

|v]
some radius % <r; < R such that

/83(:vj,rj) ov) = %En (v’ On <§>>’
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so that by Cauchy-Schwarz’s inequality,

87‘('7“]‘

Vol < F(v,0.(5))? 4.17
/BB($j,7"j)‘ )l R n<v7 n(g)) ' (4.17)

However, the topological degree of ‘—:j‘ on 9B(zj,7;) is defined by

deg(’%’,@B(xj,rj)) = % /E)B(xj,rj) % A 57(%)7

where 7 denotes the properly oriented unit tangent vector to 0B(x;,r;). Hence, we have by

[ED), (EIG) and (E17),
v 1 Vo \/§ R\\3
deg(w,aB(xj,rj)) <o /aB(xj,rj) o S 7TEn(v,on(z)) <1,

v

so that

deg< aB(:cj,rj)> = 0.

o]’

Since v does not vanish on B(z;, R) \ B(z;,r;), assumption ({.15) holds. The conclusion then
follows invoking Lemma [£.4. O

It remains to verify that these sets have appropriate properties with respect to the methods
of calculus of variations. For that purpose we restrict ourselves to the sublevel sets E, n of

H(T?2) defined by
Enp = {uc H(T?), st. E,(u) <A}
and set
SAAE = Bya N T,

The following result was readily proved by Almeida (see Theorem 6 in [fl]).

Theorem 4.1 ([l]). Let A > 0 be given. There exists an integer ny, such that for everyn > ny,
we have the partition

dy,d
Eaa= U s
(dl,dg)EZ2

Moreover, the degree application

deg: E, A — 7?2
u— deg(u) = (di(u), dy(u))

: . di,do 1, d
is continuous on Epx, so that S;'x™ is a closed subset of HY(T?), whereas Sprs ={u €

HY(T2), st. En(u) < A}y NT% is an open subset of H'(T2).

Notice that in [f]] there is a small parameter € > 0 appearing in the energy functional. In our
case, ¢ corresponds to £ = %, and one recovers the context of Theorem 6 in [] (in the particular
case of the torus T? = R/(2nZ)) performing the change of scale & = £, with the exception of

one major difference. Indeed, the sets T3% are defined in [ by

d ,d 12 . j j |BI| > —37§n7
= u S.T. s s u), S.U. .
Tz e HY(T?), s.t. Vj € {1,2},3B’ C Bi(u), s.t

deg(u, Ljﬁ) =d;.

The difference in the assumption on the length of the sets Bj; comes from the fact that the

proof performed in [[f] requires that the sets Bj are at some distance larger than 7 (% in the
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e context of [l]) from the boundary of a suitable unfolding of the torus T2. However, it can be

proved using exactly the same arguments as in [[[] that this assumption can be removed by a
3 1

less restrictive one, where the sets B; are at some distance only larger than % (% in the €

context of [fl]) from the boundary of a suitable unfolding of the torus T?, so that Theorem 6 in

[] extends to the case considered here.

4.3 Pointwise estimates on T

Our first result provides local bounds. For a domain U C T,
density

E,.(v,U) = /ue(v) = /u <|V;|2 + ( _Z|1U|2)2>.

As for the whole space, we have on the torus T the pointwise estimates.

we consider the local energy

Lemma 4.5. Let n € N*, and let v be a finite energy solution to (TWJ) on TY. There exist
some constants K(N) and K(c,k,N) such that

Hl a ’U’HLOO(M) = max{l’ %}’
Vol ey < KO (14 5.

and more generally,

[vller(ryy < K(c,k, N),Vk € N.

Lemma 4.6. Let n € N* and r > 0. Assume that v is a finite energy solution to (TWJ) on
TN. There exists some constant K (N) such that for any xo € TV,

-t

The proofs are, almost word for word, identical to the proofs of Lemmas R.1] and respec-
tively. Therefore, we omit them.

2

¢\ o K() .
L (B(zo,%)) < max {K(N) (1 T Z) En (v, B(xo, 7)) M2, T—NEn(UaB(OCo,T)) 2 },

4.4 Upper bounds for the velocity

We first notice that, if v is non-constant, there is at most one value of ¢ for which v might be a
solution to (TWJ): we sometimes emphasize this fact writing for a non-trivial solution ¢ = ¢(v).
We consider next, for a solution v to (TWd), the discrepancy term

En(v) = \/ipn(v) - En(v)

The main result of this subsection asserts, that, in dimensions two and three, if 3, (v) > 0, the
speed ¢(v) can be bounded by a function of ¥, (v) and the energy E,(v). More precisely, we
have

Theorem 4.2. Assume N = 2 or N = 3, and let Eg > 0 and Xg > 0 be given. Let v be a
non-trivial finite energy solution to (TWJ) in X2NS2, resp. X3, with c = c(v) € R, E,(v) < Ep
and

0< %o < Sn(v).

Then, there is some constant ng € N depending only on Eg and 3o such that, if n > ng, then

clv En(v)
OIS or

where K > 0 is some universal constant.
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Remark 4.3. In contrast with the results in [[[J], which asserts that every finite energy solution
to (TW{) with ¢ > /2 is constant, the corresponding result is presumably not true on general
tori.

The proof of Theorem [.9 relies on Pohozaev’s formula, which we specify next for solutions
to equation (TWJ) on the torus T

Lemma 4.7. Let n € N*, and let v be a solution to (TWJ) on TY. We have, for any unfolding,

N —2 N N —1
Nz / w2+ N / (1— [o)? — e(w) / (Jo.C1)
2 QN 4 Jan 2 QN

B Vo2 (1 — |v]?)? / SN
_Wn/agg< 5 + 1 — agga,,v Zx]@v ,

j=1

(4.18)

where (1 is the 2-form defined by (f.3).

Remark 4.4. 1. Notice that ¢; is not periodic and therefore ([.1§) depends on the choice of
the unfolding.

2. Identity (f.1§) actually holds for any subdomain U C Q) replacing the integrals on QY by
integrals on U, and the boundary integrals by integrals on dU. In particular, if 0 < R < 7n,
then B(0,R) C QY and Pohozaev’s identity yields the inequality

N -2 N N -1
A2 e[ a-upr- [ e
2 JBo,Rr) 4 JB(o,R) 2 JBo,r)

The starting point in order to prove Theorem [£.3 and to bound ¢(v) is formula (f.1g). The
use of this formula requires to have an upper bound of the boundary terms on the r.h.s as well
as a lower bound for the quantity

[ v
off

which depends on the unfolding. We have already noticed that (f.19) is related to the momentum
pn(v) (they would actually even be equal if v were constant on dQ2). An appropriate choice of
the unfolding allows to obtain the suitable bounds as the next proposition shows.

<R e(v).
9B(0,R)

: (4.19)

Proposition 4.1. Assume N = 2 or N = 3, and let Ey > 0 be given. Let v be a non-trivial
finite energy solution to ([TWJ) in X2 N SY, resp. X2, with E,(v) < Ey. Given any & > 0,
there exists a constant ng € N depending only on Ey and dy, such that, if n > ng, then there
exists an unfolding of TN such that

P =3 [ 0

n

+ (S(], (420)

and

n/m e(v) < 2/M e(v). (4.21)

For the proof of Proposition [L.1], we invoke several elementary lemmas. The first one is used
throughout the paper.

Lemma 4.8. Let I be an interval of R, such that |I| > 1. Given any 6 > 0, there exists a
constant po(8) > 0, such that if u € H' (R, C) satisfies

[ etw < (o), (4.22)

1
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then
‘1 - |u|( <& onl. (4.23)

Proof. By the energy bound, we have

/]Vu\Q / 1— [ul?)? < po. (4.24)

Hence, from the inequality ab < %(a2 + b?), it holds

1
Vul—u2§—/Vu2 / U §\/§,u0,
[ vult = ki< 2 [1vu ~ )

that is
[ vettuDl < Vo,
where the function ¢ is defined by £(t) = ¢ — % In particular, ¢ has a strict local maximum

at t = 1. Going back to ({.24)), the mean-value inequality and the fact that |I| > 1 yields the
existence of some point o € I such that

11— Ju(xo) | < 2.

Combining both the previous inequalities, we deduce that

sup [¢(lu(e)) ~ €] < [ 1V€(ubl + 31 = futeol[2 = futeo) = futeo) | < (5 +v2)

zel

from which (f£23) follows invoking the coercivity of £ at ¢ = 1. O

Lemma 4.9. Let u be in H'([a,b]) with |a —b] > 1, such that u = gpexp iy, with p(a) = p(b).
Assume moreover that for some 0 < 6§ < %, u satisfies (B.29). Then, we have

/I )| < Y2

< — (u)
Proof. Since by assumptions, u = pexp iy on I, we have

1-6

(i, u) = —p°p, and [i]* = p*P* + p*.

- [ ]2 5 o

where we used the results of Lemma B.3 and Lemma [L.§ for the last inequality. U

We next compute

In dimension two, a related result is

Lemma 4.10. Let 0 < § < % be given. There exists some constant pi(0) > 0, such that, for
any map v € HY(T?2) which satisfies

/ e(u) < 1 (0), (4.25)
T

we have the estimate



Proof. If we knew that |u| <1 — 4, then the proof would essentially follow the same arguments
as the proof of Lemma [I.d. However, in contrast with the one-dimensional case, smallness of
the energy does not allow to draw that conclusion. To overcome the difficulty, we introduce an
approximation of u for which the proof of Lemma [L.9 applies. Indeed, for A > 1 given to be
determined later, we consider a map uy € H'(T2,C) solution to the minimization problem

Fy(uy) = inf{F)(v),v € H'(T;,C)},

where

lu —v|? + / e(v).
T3

Existence of uy is straightforward. By minimality of u), we have

A 2
5 [ lu—uwl"+
2 T T2

and the Euler-Lagrange equation writes

n

) < [ e(w) (4.26)
2 T2
—Auy = Mu —uy) +ur(1 — Juy|?) on TZ.
In particular u) is smooth. We compute the difference
(105uy, uy) — (i05u, u) = (1juy, ux — u) + (10;(uy — u),u),

so that integrating by parts, we are led to the identity
/ ((i(?jm\,u;\) - <i6ju,u>) = / <<i8juA,uA —u) + (i(u —uy), aju>>,
T3, T2

and hence

4.27
where we have used ([£.26) for the last inequality. We choose therefore the value of the parameter

A = A(9) so that
1 1 1 1
A(6):2\5(1_5—1_%). (4.28)

For this choice of )\, we claim that there exists a constant p;(d) > 0, such that, if ([23) is
satisfied, then

. . 4
[ (t0yr.) = Goyu.) | < = wnllacry (19l ogey) + ¥ onllizgey) < 5 [ elw

b
[ul > 1= 3 on T2. (4.29)

We postpone the proof of Claim (f.29), and complete the proof of Lemma [£. 10, Indeed, invoking
Lemma [[.3, and using ([.29) and (f:2§), with p(9) sufficiently small, we can assume that uy is
written as uy = gexpip on T2, with ¢ € HY(T?). In view of Claim ({.29), the same argument
as in Lemma [.9 then shows that

V2

[ o) < 255 [ etw,
T3 1-3/m
so that the conclusion follows from (f.27) and the choice (£.2§) of A(9). O
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Proof of Claim (1.29). We write

3
2

fur(@ = uxP)] < 2(]1 = uaP B g2y + (= 1) a2 )

so that if u satisfies ({.24) with 0 < p1(9) < 1, then

1
2

3
(= Pl gy < 218 Py + 13 = P ey} < 10( [ elw)
By (4.29), we have
1
2

A = )l e < m( / % e<u>) |

so that

1
2
||Au>\HL2+L%(T%) < 10(A6 + 1)</11‘2 e(u)) .
By (f.24), we are led to

1
2
HVU>\||H1+W1,%(T%) < K(A+ 1)</1r2 e(u)> ,

where K is some universal constant, so that, by Sobolev’s embedding theorem,

2
IVuslsioieny < KOG+ ([ elw)’

for any point z € T2. Tt follows therefore from Morrey’s embedding theorem that we have

unta) = )] < K00+ ([ e(w) o = old < KOG+ D)o -yl

for any |x —y| < 1. To conclude, assume by contradiction that there is a point xy such that

lua(z0)| < 1 — $. Then, we have |uy(z)| < 1 — ¢ for any o € B(zo,70), where the radius ro is
. 2 . . .
given by ro = m, so that integrating, we obtain

[ a-mprz ol _ o’
B(x0,70) - 16 (16)3K4(>‘5 + 1)4/‘1(6)2 ’

which implies using (f£.29),
p1(8)% > K60,

and leads to a contradiction if the number u(d) is chosen sufficiently small. O
We are now in position to give the proof of Proposition [.1].

Proof of Proposition [f.]. The starting point is formula ([LF), the main point being to estimate
the boundary term. Since the computations depend on the dimensions, we distinguish two cases
N =2and N = 3.
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Case 1. N = 2. We have (; = —2xsdx] A dxo, so that x(; = —2x9. Inserting this identity into

(.5), we obtain
/

for any unfolding of the torus. Let 6 > 0 be fixed, to be determined later, and consider the
subset A of [—mn,mn] defined by a € A if and only if

(101v,v) —/ (Jv, (1) = nﬂ'/ (101v,v). (4.30)
QN [=mn,mn]x{—mn,mn}

2
n

/ e(v) > 10(9) ’
[—mn,mn]x{a} 2

where 10(8) is the constant provided by Lemma [.§ Notice in particular that by integration

2 2E0 3
Al < —=E,(v) < < 2mn4, (4.31)
po(0) " 110(9)
4
as soon as n > <%> *. Using Lemma [, it follows that

|| >1—4 on [—mn,mn] x {a},

for any o € [—mn, 7n]\ A. Since v € 82, the topological degree of ror 1s equal to 0 on [—7n, Tn] X

{a}, for any « in a subset B of [—-7mn,mn|\ A with |B| > 27(n — Qn%) by (E31)), so that v may
be written as
v = |v|expi¢ on [—mn,mn] x {a}, (4.32)

for any a € B. We next apply Lemma [I.1] to the function f = e(v) and the complementary B¢
of the set B. This yields an unfolding of the torus such that +7n ¢ A,

1
/ o) < (@), [ (v) € ———B,(v)
[—mn,mn]x{—mn,mn} [—mn,mn]x{—mn,mn} 7T(7”L — 2n4)

1 1
/ e(v) < <73 + —>En(v) (4.33)
0N ﬂ(n — 2nZ) T
Invoking (f.33) to apply Lemma [£.9 to this choice of unfolding, we have therefore

and

nﬂ'/ (101v,v)| < nﬂf?n(v) . (4.34)
[—7mn,mn]x{—mn,mn} (77, — 2713)(1 — 5)
We first fix § < % so that
26 — 02
TR v2h
Equation ({.34) becomes
n / (ioyv,v)| < izEn(v) < V2E,(v) + 26, (4.35)
[—mn,mn]x{—mn,mn} (1 - 5)
and equation (K.33) gives
2—-0
<——F <2FE 4.
n/BQ,I}’ e(v) < s w(v) < 2E,(v), (4.36)

ol

for any n > é—f The conclusion then follows, choosing ng > max { ( Eq > , é—f}, and combining

mh0(0)
({.30), (£.39) and ({.36).
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Case 2. N = 3. In this case, the 2-form (; is written as (; = —xodz1 A dre — x3dx1 A dx3, S0
that x(1 = —xodrg + x3dxe, and

3
1
——/ (u x du)T A (*xC1)T = mTZ/ (i01u,u),
2 Joqy i=2 7/ Ci
where, for any i € {2,3}, the set C; is the union of two squares, namely Co = [—7n,mn] x

{—mn,mn} x [-mn,7n], and C3 = [—7n,7n]?> x {—7n,mn}. The end of the argument is then
essentially the same as in Case [I], replacing Lemmas [I.§ and [I.9 by Lemma (.10, with the
exception of one major difference. Indeed, the proof of Lemma does not require to have a
lifting of v, so that we can directly apply Lemma [L.]] to the set A (with u(d) replaced by the
constant p1(d) provided by Lemma [l.10) in the three-dimensional case.

O

Proof of Theorem [{.3 We may assume without loss of generality that p,(v) > 0. Let §, > 0 be
given, and consider the unfolding provided by Proposition [i.1] for any n > ng. It follows from

(E20) that
1
En(v) < 7 /SWUU,CN +v/25.

Choosing &y so that v/25p < %, we are led to the inequality
Zu(0) <VE [ () (437)
oY

for any n > ng. On the other hand, we may invoke Lemma [.] to assert that

N —2 N N -1
—/ |Vol? + —/ (1= |v[*)? = c(v) / (Ju, ()| < ﬂn/ e(v),
2 Jay 4 Jay 2 Jax 0N

which yields, combined with ([.21)) and provided n > ny,

\C(U)I/QNU%CD < KE,(v), (4.38)

for some universal constant K > 0. Combining ([.37) and ([:3§), we deduce

|c(v)[Xn(v) < KEn(v),

which yields the desired conclusion. O

4.5 Concentration of energy

The results in this section are a first step towards the proof of Proposition fl. By a standard
covering argument, we first deduce from Lemma [L.§.

Lemma 4.11. Let ¢y > 0 and Ey > 0 be given. Let v be a finite energy solution to ([TWJ)
on TN such that |c(v)| < ¢y and E,(v) < Ey. Given any & > 0, there exists a number ly € N
depending only on co, Ey and §, such that there exists a finite number £(v) < {y of points w1,
ey Tg(y) N TN which satisfy

N £(v)
‘1 ~lol| <6 on T\ U B(ay, 1), (4.39)
and, for any i € {1,...,¢(v)},
‘1 . |v(mi)|‘ > 4. (4.40)
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Proof. Tt follows from Lemma [J that v is continuous on T2, so that the set Vs defined by

Vs ={x € ™ s.t. |1 — |v]| > 6},

n

is compact, and is therefore included in a finite collection of balls B( ,%) with x; € V5. Using
1

x
Vitali’s covering lemma, there exists a finite subcollection of balls (B(z;, 5))1<i<¢(v) S0 that

£(v)
Vs C le(xi, 1),

and

B(xi, %) N B(mj, é) — 0,1 <i%j <) (4.41)

In particular, conclusions ({.39) and ([40) hold for this subcollection. On the other hand, we
deduce from Lemma [£.§ that

En(vB(mé)) > K(N, ¢, ),

where K (NN, cg,d) is some positive constant depending on N, ¢y and ¢, so that invoking ),

B> 3B (0.5(r 1)) = K 010

—~

)

Hence, there exists some integer ¢y € N depending only on ¢y, Ey and ¢ so that ¢(v) < £y, which
completes the proof of Lemma [L.11]. O

Considering clusters of the balls B(z;,1), and enlarging possibly the radius, we may assume
that their mutual distance is even larger in view of the following abstract but elementary lemma.

Lemma 4.12. Let X be a metric space, and consider ¢ distinct points x1, ..., zp in X. Let
po>0and 0 < k < % be given. Then, there exists i > 0 such that

N
o << () o
K

and a subset {x;}jes of {xiti1<i<e such that

l
i=1 JjeJ
and
dist (2, ) > %,w Lkeld (4.43)

Proof. The proof is by iteration, in at most ¢ steps. First, consider the collection {z;}1<i</.
If (£43) and (f43) are verified with p = po, there is nothing else to do. Otherwise, take two
points, say x1 and z such that dist(z1,22) < k™o, consider the collection {zs,..., 7.}, and
set = 2k tpg. If (f42) is verified, we stop. Otherwise, we go on in the same way. If the
process does not stop in £ — 1 steps, at the /" step, we are left with one single ball of radius

p= 25"t pg, and ([£43) is void. O
We may specify Lemma to the points x1, ..., 2¢(v), provided by Lemma .11 Tt follows
£(v)
that there exists some 1 < p < <%> , and a subset J of {1,...,¢(v)} such that

L(v)
U Blai,1) € U Blajp), and |a; — a4 2 Evitkel (4.44)
i= j

K
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In particular,
1

and for any j € J, ‘1 - |v(xj)|‘ > 0.

The main result in this subsection is

Proposition 4.2. Let Ey, ¢y, § and v be as in Lemma [.11, and assume the points x1, ...,
x¢(v), and the set J are such that (.44) and (l.49) are satisfied.
i) Let 0 < Kk < 6%1. There exists some radius p < R < i such that

| | En(v)
E, (v,ng(B(mj, 2R)\ B(x;, R))) <2t (4.46)

it) If one may write v = pexpip on O, (1), where ¢ is a smooth real-valued function, then there
exists a constant K(co) possibly depending on ¢y such that we have the estimate

[ o GO0 c)| <5 [ e 2B).

where Uy, (2R) = TN \ 'UJB(xj, 2R).
jE

i) If moreover cg < /2, and 0 < § < 6(co) = min {%, %}, then

4K (co)E,
Un(2R) (2 = c§)|In(r)|
Proof. For statement i), we set Ry = 2k,u for any k > 1, so that p < Ry < —2%, provided 1 < k <

ko—1, where kg is the largest integer less or equal to ‘{Eg))‘ . Since the sets B(z;, Ry41)\B(xj, Ri)
are disjoints, we have by summation

(4.48)

ko—2
> Ea(v. U (Blaj. Rien) \ Blaj. Ri))) < En(v)
k=1

In particular, there exists some integer k; € {1,..., ko — 2} such that
E,(v 21In(2
B0, U (Blag )\ Blag, i) ) < 220 < 208 g )

~ ko—2 7 |In(k)]

Conclusion (f.4q) follows from choosing R = Ry, .
We divide the proof of statement ii) into three steps.

Step 1. There exists some constant K (cy) possibly depending on ¢y such that

c E,(v)
5 (1—-0")0hp - / ?* [Vl < K(co) : (4.49)
2 /L{n(2R) Un(2R) | In(k)|
Set, for any j € J,
1
Yi = o nr oy ®,
7 10B(x), R)| Jop,,R)
and consider a smooth non-negative function x defined on R, such that x(t) = 1, for any

0<t<1,and x(t) =0, for any t > 2. We consider the map ¢ defined by

o) = (o + (1 (2520 ot v € Ba2m)

o7




and
o(z) = p(x), elsewhere.

Notice in particular that ¢ = ¢; on the ball B(x;, R), and that an elementary computation
based on Poincaré-Wirtinger’s inequality shows that

2
. Y — @5
[ versr (—' eil” | IVs0|2>
B(z;,2R) B(x;,2R)\B(x;,R) R
. (4.50)
<K Vo2 < k220
B(x;,2R)\B(z;,R) | In(x)]

where K is some universal constant. We now multiply the first equation in (R.43) by % on T
and integrate by parts. By ([.45), this leads to

C - ~
= ‘ - 5/ (0 — 1)o@ +/ Q2V80V90‘
C(R) C(R)

< e | . c(v)) : ([ . vok) .

where we have set C(R) = 'UJ(B(xj,QR) \ B(z;,R)). Invoking (f48) and (E50), the Lh.s of
j€
(E51) can be estimated so to obtain inequality ([.49).

C

5/ (0 — 1)op — / 0’|Vl
Un(2R) Un(2R)

(4.51)

Step 2. There exists some constant K (cg) possibly depending on cy such that

C/L{n(2R) el = ¢)0ue - /un(zm <2Q|VQ|2 tell- QQ)Q) < Kleo) (6 /n(m S I?IT((:))I>'
5

The argument is somewhat similar. We consider the function g defined on T by
. T — T, T — T
Q($)=X<| 7 J|>Qj+<1—x<|7RJ|>>9(56),V:6GB(%,?R),

o(z) = o(x), elsewhere,

and

where g; = leﬁ)l faB(ggﬁR) 0, and ¥ is as in Step fl. Notice that ¢ = g; on the balls B(z;, R),

and as for ([1.5()), we have
E,
/ wolr < k22 (4.53)
B(z; 2R) [ In(x)]

Moreover, since |1 — g| < ¢ outside AUJB (xj, R), it follows that
j€

I1—5] <& onTV. (4.54)

We now multiply the second equation in (R.43) by ¢* — 1, and integrate by parts on ’IFﬁLV . This
leads to

/ (2grv@r2 o(l— P —co(l - 92)8up> _ / o1 — )| Vl?
L{n(2R) TN

n

—~ / <V9V§2 +o0(1—0*)(1—3%) — co(l — 62)01s0>-
C(R)

Bounding the 1.h.s of this equality using ([.45), (.59) and (f.54), we derive inequality (£.52).
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Step 3. Proof of estimate ([.47) completed.
Since |1 — p| < on U(2R), we first observe that

/ (gu M- (- f)aw) 1 <ks [ e, (4.55)
Un(2R) Un(2R)

and similarly,

/ <2Q|v9|2+g<1—Q2>2—2|v@|2—<1—92>2>‘gKa / e(v), (4.56)
Un(2R) Un(2R)

where K is some universal constant. Combining ({.44), (£.49), (I.52), (£.55) and [E54), we
deduce conclusion ([.47).

We finally turn to the proof of statement iii). In view of Lemma R.3, we have
V2

[ a-doe < 25 [ e

Un (2R) 1 -0 Ju,@2r)

so that (f£47) leads to

(1= T3 = K09) [ 0 = KO
and conclusion ([1.4§) follows. O

4.6 Subsonic vortexless solutions

We next specify a little further the analysis assuming that the solution verifies the additional
condition

0 < c(v) < V2. (4.57)
We set, for such a solution, e(v) = 1/2 — ¢(v)2. As on the whole space RY, we have

Proposition 4.3. Given Ey > 0, let v be a non-trivial finite energy solution to ([TWJ) in
X2NS8Y, resp. X3, satisfying (L57), and E,(v) < Ey. Then there exists some integer ng only

n’

depending on Ey such that

Hl a ’U’HLOO(TM = 8(11)0)2’%1 .

Proof. The proof is similar to the proof of Proposition R.4, invoking Lemmas [.q and [i.4 to
construct a lifting of v. Therefore, we omit it. O

5 Asymptotics of solutions on expanding tori

In this section, we consider the asymptotics n — 400 for a sequence (v"),en+ of solutions of
(CWJ) on tori TY. Our purpose is to carry out the asymptotic analysis of the sequence, in the
spirit of concentration-compactness. We assume throughout that there exists a constant K > 0,
which is independent of n, such that, for any n € N,

E,(v") < K, 0<p,(v") <K, and ¢(v") < K.

Passing possibly to a subsequence, we may assume, without loss of generality, that for some
numbers £ > 0, p > 0 and ¢ > 0, we have

E,(v") = E, p,(v") — p, and c¢(v") — ¢, as n — +o0. (5.1)

The main result in this section is
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Theorem 5.1. Assume N =2 or N = 3, and let (V"")nen- be a sequence of solutions of ([TW()
in X2NS8Y, resp. X3, satisfying (B.1)). Assume moreover that E > 0 and

n’

0<c<V2 (5.2)

There exist an integer {y depending only on ¢ and E, £ non-trivial finite energy solutions vy,
ooy 0g to (TWA) on RY of speed ¢ with 1 < € <y, £ points =7, ..., xy, and a subsequence of
(V" )nen= still denoted (V")nen+ such that

xl — a2 — 400, as n — 400, 5.3
i j

and
V(- 4 2) — v;(-) in CH(K), as n — +oo, (5.4)
for any 1 < i # j < ¥, any k € N, and any compact set K C RN. Moreover, we have the
identities
)4 l

L nyy ' _ g nyy _ A

E= ngrfoo (En(v™) = ZIE(UZ), and p ngrfw (pn(v™)) 2]9(0,). (5.5)
1= 1=

In Theorem B.1], the tori TY are identified with the subdomains QY of RY, using possibly

a suitable unfolding, so that convergence (f.J) makes sense. We will also need a variant of

Theorem p.1] in the sonic case.

Theorem 5.2. Assume N = 3, and let (v"")en be as in Theorem with assumption (5.9)
replaced by
c=2.

Let 0 < 0 < 1 be given. There exist an integer £y depending only on E, £ non-trivial finite energy
solutions vy, ..., vy to (TWJ) on RY of speed v/2 with 0 < £ < £y, £ points ¥, ..., 2}, and a
subsequence of (V™)pens still denoted (vV*)nen+ such that (5.J) and (.4) hold. Moreover, there
exist real numbers > 0 and v such that we have the identities

‘ ¢
E= lim (E,(")) = ;Em) +p and p = lim (pa(v")) = §;p<n@-> +v,  (5.6)
and the inequality
= V2| < Kop, (5.7)

where K is some universal constant.

Remark 5.1. In contrast with the subsonic case, where ¢ > 1, i.e. there is always at least
one non-trivial finite energy solution on RY, with speed ¢, namely vy, appearing in the limiting
behaviour, here, we may well have £ = 0. In this situation we have F = py and p = v.

The first observation which paves the way to the proof of Theorem p.]] is that the elliptic
estimates derived in Subsection [£.d lead to the compactness of sequences of solutions, when
we consider their restrictions to bounded domains. More precisely, as a direct consequence of
Lemma [L.5, we have

Lemma 5.1. Let (v"")nen+ be as in Theorem orB.3. There exists a finite energy solution v
to (CWJ) with speed ¢, and a subsequence of (v™")nen still denoted (v™)pen such that

V" — v in CF(K), as n — 400,

for any k € N, and any compact set K C RV,
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Proof. Since the family of speeds (¢, )nen is bounded, it follows from Lemma [L5, that, for any
k € N, there exists a constant K (k) such that

[v" lor vy < K (k),¥n € N.

Hence, it follows from Ascoli’s theorem, that, considering for any j € N, the compact balls
B(0, 7), there exists a subsequence (depending possibly on j), and a smooth map v/ on B(0, 5)
such that

v, — ol in C*¥(B(0,5)), Yk e N.
n—-400
Taking the limit in equation (CW{) for v™, one verifies that the map v’ solves (TW{), with
speed ¢, the limit of the speeds ¢(v™) as n — +o00. To conclude, we let j — +00, and we invoke
a diagonal argument, so that in particular b = v/ does not depend on the ball B(0, j). U

Lemma p.1] does not handle the invariance by translations of the equation, which is a source
of non-compactness. In particular, if we do not take care of this invariance, the limit v provided
by Lemma [.1 might well be equal to a constant, so that there is no hope to have conservation
of energy and momentum. In order to handle the invariance by translations, we invoke the
following general result.

Lemma 5.2. Let { € N*, and consider for any n € N*, a family {z7,...,x}} of € points in
TnN. There exist a subset J, of {1,...,L}, a non-decreasing injection o : N — N, and sequences
(kK )ken, (Ri)ken and (n(k))ken such that

1 24
0 < hi < o2 me =0, as k— +oo, andlSRk<(—> VkeN,
R

and such that we have the relations

LélB (xq(n),1> c u B(x?(n),Rk>, and dist (x?(n) xq(n)) > fT]Z,W #j € Joo,

. )
! J€Jo J

for any n > n(k).

Proof. We iterate Lemma applied to the family {z7,...,z}} with values of x going to zero.
More precisely, we introduce a new parameter m € N which will eventually go to +o0 and take

K of the form 1

m+ 64
Starting with m = 0, Lemma yields for any n € N, a subset JJ' of {1,...,¢}, and a number

A
0<pgy < <%> such that

Rm =

Vi n
U B(x,1) C U B(z}, pg), and dist(z7', z7) > M—O,W #jeJy.
=1 jETy Ko

(

We may extract a subsequence oy : N — N such that Jg o) Joes not depend on n, so that we

may denote it Jy, and such that the sequence (,ugo(n))

particular, there exists some integer ng such that

neN has a limit which we denote . In

)

¢
U B(xfo(n)J) c u B(x;.m("),Q,uo), and dist(m?o(n),x?()(n)) > &,W + 7€ Jo,
=1 ]EJ() 2/4:0
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for any n > ng. We next proceed the same way with the family {m(lm(n), e ,x?o(n)}neN and k1,

l

so that by Lemma [E19, we find a subset Jfo(n) of {1,...,¢}, and a number 0 < puf < (H%)
such that

Z n

¥ B<xf°("),1> c U B(f“"%,ﬂ;), and dist<x;‘°("),m?0(">) > ML iz e,

i=1 jesr J J K1
for any n € N. We may extract a new subsequence ¢ : N — N such that, for o1 = 61 o oy,
the set Jf 1M does not depend on n, so that we may denote it Ji, and such that the sequence

(u‘fl(n))neN has a limit which we denote p;. In particular, there exists some integer n; such that

l
U B(x;’l(”),1> c U B(x‘?l("),m), and dist(x;’l(”),x‘?l(m) > M visieg,
=1 jeJ1 J J 2/4:1

for any n > ni. We then iterate this argument to construct for any j € N, some non-decreasing

injection ; : N — N, some subset J; of {1,...,¢}, some number 1 < p; < <%) , and some

integer n;, such that, if we set 0; = 6; 0 0;_1, then we have

l ) . ) . i .
B< ?J(n) 1) B( oj(n) 9 > : ( ?J(") 0](")) > 1 . )
Z,L:Jl z, V1) C ngj x, 7,25 ), and dist (2,7, > zﬂj,Vz # ke Jj, (5.8)
for any n > n;. We then set for any n € N, following the usual diagonal argument o(n) = o,(n)
and R,, = 2/, In view of (5.§), we have for this choice

(2

LélB <x?(n), 1) - jEL{]mB (x?(n),Rm), and dist <xq(n) xq(n)) > R—m,W # 7€ I,

1 ) -
J 4K,

for any m € N, and any n > n,,. To conclude, we finally extract a subsequence (a(m))men
such that Ji(,,) does not depend on m. U

In the course of the proof of Theorem [p.1], we will combine Lemma [f.3 with Proposition
.9 For that purpose, some decay properties of travelling wave solutions, which we recalled in
Subsection P.J, turn out to be central in the arguments.

Proof of Theorem [p.1. Set ¢ = V2 — ¢2, so that we may assume, without loss of generally that
S <e(w") =+/2—c(v")? — ¢, as n — 400, and that the energy E, (v") is uniformly bounded by

some constant Ey. Our starting point is Lemma [I.11,, which we apply to v™, with ¢y = /2 — %,
and 0 > 0 taken as

2 — 1
5250(00) :inf{ \/_ <0 ,—}
2v2(K (o) +1) 2
where K (cp) is the constant appearing in Proposition .3 This yields a finite number 1 < £,, <
£(do) of points z7, ..., z} in T such that

(5.9)

U,
1= <o on T\ U Bt 1),
1=

and
1= (@)

> §(co), V1 < i < L. (5.10)

Notice that the collection is not empty (i.e. I, > 1), otherwise the map v™ would be constant,
in view of Proposition [l.J. Passing possibly to a subsequence, we may assume that the number
¢, is independent of n, so that we may denote it /. We next apply Lemma [.2 to the family
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{a¥,..., 2} }nen- . Passing to a further subsequence, there exist a subset Jo of {1,...,¢}, and
sequences (ki )ken, (n(k))keny and (Ry)ren such that

1 2\¢
0< k< —, kK = 0, as k — +o0, andlng<<—),
64 Kk

for any k£ € N, and such that we have the relations

z‘é1B (m?(n), 1) C jeLjooB (x;(n),Rk>, and dist (x?(n),x;(n)> > %,W %7€ Joo, (5.11)

for any n > n(k). We next apply Lemma p.1 to the sequences of maps (v (- + '!))nen+, for any
J € Jo, to assert that there exists some finite energy solution v; with speed ¢ to (CWJ) such
that we have, up to a subsequence,

v"(- +2}) — v; in C"(B(0, R)), as n — +o0, (5.12)
for any R > 0, and any m € N. It follows from (f.10) that
1= 1o, 0)]| = 5(co),

so that b; is not constant. At this stage, it remains to establish identities (f.5).

Identity for the limiting energy. We introduce the number uj = 8% for any k € N, as well as

the exterior set

Rk M
Uy =Ty, UB( ”,—>='JI‘N UB< "—)
k " \jeJOo ¥y 8Ky " \jeJOo ¥y N

so that p; — +o0 as k — +oo. In view of relations (f.1]), we are in position to apply Proposition
to v™, with p = pux and k = /Ky, which yields
K'(cp)E
/ e(v™) < &02 = o (1),Yn>n(k), (5.13)
U, |In(kg)le?  k—too

where K'(cp) is some constant possibly depending on ¢p. In view of convergence (5.12), and
since £ — 400, as k — 400, we have for any fixed k,

NG
im_ <En (w, B<x?, %») - E(Uj,B(O, j—%)) = (o) + o (1. (5.14)

Combining (F.1J) and (F.14), we deduce that

Jim <En(v")> = > E(v) UJLOO(”'

J€Joo

Identity for the limiting momentum. Let r > 0 be such that that [v;| > 1 on RN \ B(0,r), for
any j € Joo, so that in particular we may write v; = g;j expip; on RV \ B(0,7). Let 0 < x < 1 be
a smooth function with compact support on RY such that y =1 on B (0,7). In view of Lemma
R4, we have

_ 1 .
b =0t =0 = 5 [ ((t0s0) +0u(1-2005) ).
RN
Since the integrand is integrable on RY, and since rj, = \/—% — 400, as k — +00, we have

p(v;) = pr(v;) + w8 (1), (5.15)

o0
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where we have set
1 . 1
pk(Uj) = — (Zalbj, U]’> 4+ — goj(x)xldac.
2 JBo.m) 2r Jo(o,ry,)

We now go back to the sequence (v")pen+. Using Lemma [, we may write v = o™ expip™ on
the set O, (2Ry) = TY \ U B(:c ,2R};) in dimension three for any n > n(k). The existence of

such a lifting in the two—d1mens10nal case is more involved. Using (5.1J), we can invoke Corollary
1] to write v = @™ expi™ on the set O, (2u;) = TN \ Lj B(x},2pu), so that, since v™ does
J€Joo

not vanish on each annulus B(z7, 2ux) \ B(z],2Rk), we may also write v = o" expig" on the
set O, (2Ry) in dimension two. In particular, (i0;v™, v™) = —(0")201p" for any n > n(k), so
that, since U, is included in O, (2Ry,), we have

(i010™,0") = —/ (0")20n" :/ —(0")7) 01" + / r)rdz.
/uk Uy, uk( > EZJ Tk dB(x} k)

It follows that

M= 3 Pl 5 [ (1= @), (5.16)

je€Jx
where we have set

1 " 1 .
Pjr(") = 5/3( )(zaw ,V >+ﬁ/¢93( )<p (x)z1dx.
JB;LJ“k m?,rk

We deduce from convergence (f.19) that, for any fixed k, we have

Pjs(v") = pr(05), as n — +o0. (5.17)

On the other hand, we have by Lemma P.J and inequality (f.13),
K’ E
<ovi [ eny < BL0E0 gy (5.18)

1— (" 2 o™
/Z/[k( (") > ¥ U ~ |In(kg)|e? k—too

Combining (p.17), (b.16), (b.17) and (B.1§), we obtain

i (5,M) = 3 atoy)

Jj€J

so that the proof is complete. O

Proof of Theorem [5.3. The beginning of the proof is identical to the proof of Theorem [.1] above,
with the exception of one major difference: whereas the choice of § (when applying Lemma
L.11)) is given in the proof of Theorem p.1] by (F.9) (which would yield 0 in the sonic case), here
we use the parameter § which is provided in the statement of Theorem [.9. Another difference
concerns the integer £": it might be equal to 0, and at this stage is bounded by a number possibly
depending on §. All the arguments and estimates extend to the sonic case, except estimates
(B.13) for the integral of the energy density on Uy, and estimate (f.1§) for the momentum on .
Since the total energy is bounded, passing possibly to a further subsequence, we may assume
that there exists some number 0 < ¢ < F such that

/ e(v") — p, as n — +oo. (5.19)
Uy,
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Combining (p.19) with (f.14), we deduce the first equality in (f.f). For the second equality,
using Lemma [£.3, we may write v™ = " expip” on the set 0, (2R},), and passing possibly to
another subsequence, we may assume similarly that, for some number v € R, we have

1

—/ (1 - (g")281<p"> — v, as n — +00, (5.20)
2 Ju,

so that combining (p.2() with (F.15), (f-16) and (f.17), we deduce the identity for the limiting
momentum in (f.6). For inequality (b.7), we invoke inequality([£.47) in Proposition .4 which

ields
L (S zx(of e )

which yields the desired conclusion, taking the limit n — 4-oc0. Finally, in order to see that the
number ¢ may be bounded independently of §, we invoke Lemma P.I4. Indeed, each function
v; is a non-trivial finite energy solution to (TWd) on R3, so that by Lemma P.14, E(v;) > &.
Hence,

l
E =Y E(v)+p > L&,
j=1
so that £ < fy = S—E; is bounded independently of §. U

6 Properties of £}, (p) and u,

min

In this section, we provide the proofs of Propositions ] and []. We also show that E™. (p)
converges to Fnin(p) as n — +oo.

6.1 Proof of Proposition P

The first task is to establish the existence of a minimizer for (PX(p)). For that purpose, we
consider a minimizing sequence (wg)gen for ([P (p)). Since E,(wy) is uniformly bounded with
respect to k, (wg)ken is bounded in H 1(']1‘5 ), so that, passing possibly to a subsequence, we may
assume that

wy, — uy in HYTY), as k — +oo, (6.1)

for some uy € H L(TY). By weak lower semi-continuity and Rellich’s compactness theorem, we
infer that
Ey(uy) <liminf(E,(wi)) = Efi(p), (6.2)

k—-+o00 m

and

i) = tim (5 [ i o)) =» (6.3

k——4o00

The sequel of the proof is different according to the dimension. The two-dimensional case is
substantially more difficult due to the topological constraint on the test functions.

Case 1. N = 3. Since u}} belongs to I'} (p) by (B.3), it is a minimizer for (BX(p)), so that the
Lagrange multiplier rule implies that

dEn(ug) = cgdpn(ug),
for some ¢}y € R. The previous equality is precisely the weak formulation for the equation
icy Oruy + Auy +uy (1 — |ug|2) =0 on T2,

whose finite energy solutions are smooth by standard elliptic theory.
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Case 2. N = 2. In order to prove that uj is a minimizer for (P2(p)), it remains to verify in

view of (p.4) and (.3)), that
up € S, (6.4)

a difficulty which was not present in the three-dimensional case. To prove (f.4), we are going
to show that a suitable choice of the minimizing sequence yields strong converge to uy. This
will yield the conclusion in view of the closeness of S N E, o for any fixed A. The main tool is
Ekeland’s variational principle.

Indeed, we consider some number A such that A > Ey;,(p). Using Corollary B.1], there exists
some integer n(A) such that E. (p) < A for any n > n(A). In particular, using Ekeland’s
variational principle (see [[J]), we can construct a minimizing sequence (wy)ren for (P2(p))
such that

min(P) < En(wy) < A VE €N, (6.5)

and

1
En(wy) = En(w) < llwe = wllmi(rz), Yw € T2 (p), Vk € N*, (6.6)

Letting § > 0, and v € H(T?), and invoking Theorem [ and (B.), the function wy — d¢
belongs to E, » NSY for any § sufficiently small, and any n sufficiently large. Moreover,

palin = 0) = o) = [ (101, 0) + 82pu(w) — p, 256 =0,

so that the function zj 5 = , /m(wk —6v) belongs to I'2(p) for § sufficiently small. Setting
w = 2,5 in inequality (.9), and taking the limit 6 — 0 after dividing by d, we are led to

N (1)) = dBn ) () < 1| L |
where \, = %pdEn(wk)(wk). By (b.5), this gives
K(A)

[ Nedpn (1w8) () = dBn(wi)($)| < == 16l m3),

where K (A) is some constant only depending on A. In particular, choosing ¢ = uy, we are led
to
)\kdpn(wk)(ug) - dEn(wk)(un) - 07 as k — +o0.

p
On the other hand, it follows from (6.1]) that

dpp(wi)(uy) — 2pn(uy) = 2p, as k — +oo,

and
dE, (wy) (ul) — /T (IVepl? = lup 21 = [uP?)), as & — oo,
so that 1
Py _/ (IVupl? = g P(1 = g ?)) as k — +oo.
2p Jr2

Hence, using (f.1) and Rellich’s compactness theorem, we have

n

2 . 2 2\ _ 2
/T% |Vwg | — 2pkll>lfoo(>\k) +/11‘% [up [*(1 = |uy|®) = /11‘2 [Vug|®, as k — +o0,
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which proves the strong H!-convergence of the sequence (wy)ren towards uy. In particular, since
E,A NSV is closed by Theorem 1), uy belongs to SY, so that uy is a minimizer for (P2(p)).
Moreover, the set {u € H'(T?), s.t. E,(u) < A} NSY is open by Theorem [L1], so that the
Lagrange multiplier rule implies that

icy Oruy + Auy +uy (1 — |ug|2) =0 on T2,

n

b is also smooth in the two-dimensional case.

for some cj; € R. Hence, u

We finally turn to ([L.23) and ([.24) to complete the proof of Proposition fl. We first notice
that, by Corollary (B.]),

lim sup ( gun(p)) < Emin(p)a\v/p > 0’

n—-+00
so that

i (50) 2 )
In particular, if Z(p) > 0, it follows that there exists some integer n(p), and some number ¥y > 0
such that

S(uy) = Yo, ¥n > n(p).
Invoking Theorem [£.3, we obtain ([[.23), whereas ([.24) follows from Lemma [£3.

6.2 Proof of Proposition f

By Proposition [, for given p > 0, the sequence () )nen+ is a sequence of finite energy solutions of

(CW{), with uniformly bounded energy, and such that (c(up))nen+ is bounded. By Proposition
f, it converges up to a subsequence towards a non-trivial finite energy solution u, to ([CWd) on
RY of speed ¢, which satisfies in particular O1up # 0. Hence, in view of convergence (|L.2§) of

Proposition [, we have

cp = c(uy) — ¢, as n — +o0.

Moreover, we deduce from the results of [[[J] that
0<e< V2.

On the other hand, we may assume up to another subsequence that

B(u) = Ejyn(p) — limsup (B, (p)). asm — +oo.

n—-+00
We next distinguish two cases.

Case 1. 0 < ¢ < /2. In this case, we may apply directly Theorem p.]] to the sequence (Ug)neN*-
This yields ([.29), (L.30) as well as

14 4

b= pi and lmsup (B, (p) = > Bu). (6.7)

i—1 n—+00 i—1

Moreover, since ¢ > 0, it follows from Lemma P.§ that p; = p(u;) > 0. In view of the definition of
FEmin, we have E(u;) > Fuin(pi), whereas by Corollary B.1], we have lim sup (Eglin(p)) < Epmin(p),

n—-+0o0o
so that identity (f.7) yields
)4

Z Emln(pl) < Emin(p)-

i=1
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Comparing with inequality ([[.1§) of Corollary [], which is precisely the reverse inequality, we
deduce that all inequalities actually have to be identities, that is

E(u:) = Bnin(p), and Timsup (Eixia(p)) = Buin(p),

n—-—+00
and the proof is complete in the considered case.

Case 2. ¢ = /2. We are going to show that this case is excluded, so that Case [ always holds.
For that purpose, we apply Theorem p. instead of Theorem p.J] to the sequence (Ug)neN*a with
a parameter § > 0 to be determined later. It yields a number ¢ > 1 of finite energy solutions u;
of speed v/2 on RY, and numbers p > 0, and v > 0 such that

where K is some universal constant,
4 4
p=p +v, where p' =) p(ui) =) pi, (6.9)
i=1 i=1
and
l
timsup (Eyia(p)) = > Blw) + .
oo i=1

Invoking as above Corollary B.1], we are led to

¢
ZEmin(pi) + U < Emin(p)-

i=1

In view of Corollary .3, we have ¥(u;) < 0, so that F(u;) > v/2p;. Combining with (5.§) and
(6-9), we obtain

4
Vap = ﬁ(Zm + u) < Emin(p)(1 + K0),

=1
that is
Z(p) < K6Emin(p).

Since § was arbitrary, we may let it go to zero, so that Z(p) < 0, which is a contradiction with
assumption ([.27), and completes the proof of Proposition [

Remark 6.1. In the course of the proof, we have proved the identity

limsup (E™(up)) = limsup (E;,(p)) = Ewmin(p).

n—-400 n—-400

7 Proof of the main theorems

7.1 Proof of Theorem

If p > po, it follows from Theorem [] that Z(p) > 0, so that Propositions f|] and f] apply. In
particular, it follows from Proposition [ that there exist some integer £ > 1, and some positive

numbers p1, ..., pg such that Fii,(p;) is achieved by some map u; for any ¢ € {1,...,¢}, with
l l
p= Zpu and Emin(p) = ZEmln(pz) (71)
i=1 =1
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We claim that
{=1. (7.2)

Indeed, assume by contradiction that £ > 2. Then, it follows from Corollary [[] that Ep, is linear
on the interval (0,p). By Lemma [, we deduce that Ep,(q) is not achieved for any 0 < q < p.
This contradicts the fact that Ey,in(p;) is achieved by w;, for any i € {1,...,¢}, and establishes

therefore ([7.9).
Going back to (7.1), we have

p=p1 =p(u1), and Ewin(p) = Emin(p1) = E(u1).
This shows that Epin(p) is achieved by the map u; = uy, which belongs to W(RYN), up to a
multiplication by a constant of modulus one, by Corollary R.3.
7.2 The two-dimensional case: proof of Theorem [l and Proposition

In this section, we provide the proof of the main results in dimension two, namely the proofs to
Theorem [ and Proposition fl.

Proof of Theorem []. In view of Theorem [, it is sufficient to show that

Going back to the definition of py and the properties stated in Theorem [, this is equivalent to
show that
=(p) >0, Vp>0. (7.3)

Since the function Z is non-decreasing, it is sufficient to check that property for p sufficiently
small. By Lemma B.9, we have for any p sufficiently small,

- 48v/2
Emin(p) > =5 p? — Kop*, (7.4)
KP
which yields ([[.3)), then the desired conclusion. O

Proof of Proposition []. We divide the proof into several steps.

Step 1. There exists p1 > 0 such that, if 0 < p < p1, and u is a finite energy solution to ([TWd)
on R? such that p(u) = p, and E(u) = Enin(p), then

1
lu(z)| > 2 Vr € R2,

This is a consequence of inequality (B.9) of Lemma P.J, and the facts that 0 < ¢ < V2, and
Emin(p) S \/513

Step 2. If0 < p < p1, and u is a finite energy solution to (TWJ) on R? such that p(u) = p and
E(u) = Epin(p), then
K2p < s(u) < K3p’

where Ky > 0 and K3 are some universal constant. In particular, ([L.13)) is established.
The second inequality follows from Step [, Lemma P13, and the fact that Enyin(p) < V2p.
For the first one, we invoke equality (R.17) for a minimizer uy,, which yields in particular,

8(“;:)2 £(up)

NG p(up) = NG p.

2

[1]

(p) = E(up) < (7.5)

The conclusion follows using ([.4)).



Step 3. Proof of inequality ([.13).

The lower bound for Z in inequality ([L19) is provided by Lemma B.9. Concerning the upper
bound, we invoke inequality (-§) and Step ] to obtain

E(p) < Kp®.

Step 4. Proof of inequality ([.14).
Combining inequality (B.17) with Step ] and Step B, we obtain

/ Byupl? < / Oaup|? + Z(p) < Ke(up)p < K,
R2 R2

whereas Lemma yields a similar estimate for the two other terms on the 1.h.s of ()
Step 5. Proof of inequality ([L17).
In view of the invariance by translation, we may assume without loss of generality that the
infimum of |uy| is achieved at the point 0, that is
up(0)] = min |uy(x)].
[up(0)] = min fup(2)]

Inequality ([.15) is then a consequence of ([.23) for v = uy, and (T.9). O

7.3 The three dimensional case: proof of Theorem [

Lemma 7.1. Let N = 3. We have

&o
Po = ok (7.6)

where & > 0 is the constant provided in Lemma [2.1].

Proof. Assume by contradiction that pg < % Then, by Theorem [, Epnin(p) is achieved for any

p > po, by some map u,. On the other hand, Fuyin(p) < V/2p, so that if pg < p < 5—02, then
E(up) < 50,

whereas, in view of Lemma .14, there is no finite energy solution to (TW{) with energy smaller
than &. This gives a contradiction. O

Lemma 7.2. Given any p > po, let up be a minimizer of Ewin(up) given by Theorem [J. Then,
there exists a function uy, € W(R3) such that uy — uy, in C22(R?), as p — po, with p(uy,) = Po,
and E(up,) = v/2po. In particular, Emin(po) is achieved.

Proof. We first notice that it follows from Theorem [] and Corollary R.4 that, there exists a
universal constant K > 0, such that, for any p > pg, we have

K
11— Jup[llL (R3) = Foin (P0)® — K (7.7)

Without loss of generality, we may assume, in view of the invariance by translation, that
up(0)] = inf |up(x)|,
[up(0)] = in up(x)

so that it follows from ([]) that
lup(0)] <1 - K < 1.
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Arguing as in the proof of Proposition [}, there exists a non-trivial finite energy solution u; to
(CWJ) with ¢ = limsup (C(p)), such that, passing possibly to a subsequence, we have
P—Po

up — uy in C*(K), as p — po,
for any compact set K in R3, and any k € N. Moreover, we have

E(uy) = liggg}f(E(up)) = Enin(po) = \/ipo, and Ju1(0)| <1-K <1,

so that u; is non-trivial. Assuming first that ¢ = /2, we next apply Theorem b9 to the
sequence (Up)psp,, With a parameter § > 0 to be determined later. Indeed, following the lines
of the proofs of Theorems p.] and p.9, we may verify that their statements remain valid for any
sequence (v")pen of finite energy solutions to (TWey,) on RY satisfying (B.I). Hence, there exist
a number ¢ > 1 of finite energy solutions u; of (TWd) on R?, and numbers p > 0 and v > 0
such that

‘:u'_\/iy‘ SK(S,U,,

po=1p"+v,
4 4
where p’ = ;p(ul) = 2]3@', and
4
V20 = Erin(po) = Y E(wi) + p,
i=1

so that, by Theorem [,
4
Emin(pO - V) = \/5(130 - V) = Emin(p(]) - \/57/ > ZE(UZ) - K(Sﬂ
=1

In view of inequality ([.1§) of Corollary [, we deduce that
E(u;) < Ewin(ps) + Kop < vV2p; + K8 Epin(po)-
Taking ¢ = 1 and letting § — 0, we deduce that
Y(uy) > 0.
It then follows from Corollary R.J that

¢ = limsup (c(up)) < V2,
p—po

which gives a contradiction. Hence, we may assume that ¢ < v/2, and apply Theorem b7 to the
sequence (uy)psp,- We then conclude as in the proof of Theorem f] that ¢ =1, p(u1) = po, and
Emin(pO) = E(ul) O

Proof of Theorem [3 completed. It follows from Lemma [7.]] that py is not equal to zero, from
Theorem [ that Eyin(p) is achieved for p > pg, and from Lemma [(.9, that Epin(po) is achieved,
with Fnin(po) = v2po. In view of Theorem [, Eyiy is affine on (0, pg), so that it is not achieved
on (0,pg) by Lemma [J. Hence, statements i) and ii) of Theorem [ hold, such as statement
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iii), which follows from Lemma and ([7.f). Finally, statement iv) results from Lemma .16
Indeed, this yields that any minimizer uy, of Emin(po) = E(up,) = V/2po, satisfies

e(up,) > >0,

8art2
P
for some universal constants o and K, so that c(up,) < V2, and the conclusion follows using
the monotonicity properties of the function p — c(uy). U

Acknowledgements. The authors are grateful to L. Almeida, D. Chiron, A. Farina, C. Gallo,
P. Gérard, S. Gustafson, M. Maris, K. Nakanishi, G. Orlandi, D. Smets, and T.-P. Tsai for inter-
esting and helpful discussions. The authors are also thankful to the referee for providing valuable
comments and suggestions. The first and second authors acknowledge support from the ANR
project JC05-51279, ” Equations de Gross-Pitaevskii, d’Euler, et phénomenes de concentration”,
of the French Ministry of Research.

References

[1] L. Almeida. Topological sectors for Ginzburg-Landau energy. Rev. Mat. Iber., 15(3):487—
546, 1999.

[2] N. Berloff. Quantum vortices, travelling coherent structures and superfluid turbulence.
Preprint.

[3] F. Béthuel, G. Orlandi, and D. Smets. Vortex rings for the Gross-Pitaevskii equation. .J.
Eur. Math. Soc., 6(1):17-94, 2004.

[4] F. Béthuel and J.-C. Saut. Travelling waves for the Gross-Pitaevskii equation I. Ann. Inst.
Henri Poincaré, Physique Théorique, 70(2):147-238, 1999.

[5] F. Béthuel and J.-C. Saut. Vortices and sound waves for the Gross-Pitaevskii equation. In
Nonlinear PDE’s in Condensed Matter and Reactive Flows, volume 569 of NATO Science
Series C. Mathematical and Physical Sciences, pages 339-354. Kluwer Academic Publishers,
Dordrecht, 2002.

[6] J.L. Bona and Y.A. Li. Analyticity of solitary-wave solutions of model equations for long
waves. SIAM J. Math. Anal., 27(3):725-737, 1996.

[7] J.L. Bona and Y.A. Li. Decay and analyticity of solitary waves. J. Math. Pures Appl.,
76(5):377-430, 1997.

[8] D. Chiron. Travelling waves for the Gross-Pitaevskii equation in dimension larger than two.
Nonlinear Anal., 58(1-2):175-204, 2004.

[9] A. de Bouard and J.-C. Saut. Remarks on the stability of generalized KP solitary waves.
In Mathematical problems in the theory of water waves (Luminy, 1995), volume 200 of
Contemp. Math., pages 75-84. Amer. Math. Soc., Providence, RI, 1996.

[10] A. de Bouard and J.-C. Saut. Solitary waves of generalized Kadomtsev-Petviashvili equa-
tions. Ann. Inst. Henri Poincaré, Analyse Non Linéaire, 14(2):211-236, 1997.

[11] A. de Bouard and J.-C. Saut. Symmetries and decay of the generalized Kadomtsev-
Petviashvili solitary waves. SIAM J. Math. Anal., 28(5):1064-1085, 1997.

[12] I. Ekeland. On the variational principle. J. Math. Anal. Appl., 47:324-353, 1974.

72



[13]

[14]

[15]

[16]
[17]

[18]

[19]

[20]

[21]

[29]

[30]

A. Farina. From Ginzburg-Landau to Gross-Pitaevskii. Monatsh. Math., 139:265-269, 2003.

C. Gallo. The Cauchy problem for defocusing nonlinear Schrédinger equations with non-
vanishing initial data at infinity. Preprint.

P. Gérard. The Cauchy problem for the Gross-Pitaevskii equation. Ann. Inst. Henri
Poincaré, Analyse Non Linéaire, 23(5):765-779, 2006.

P. Gérard. The Gross-Pitaevskii equation in the energy space. Preprint.

O. Goubet. Two remarks on solutions of Gross-Pitaevskii equations on Zhidkov spaces.
Monatsh. Math., 151(1):39-44, 2007.

P. Gravejat. Limit at infinity for travelling waves in the Gross-Pitaevskii equation. C. R.
Math. Acad. Sci. Paris, 336(2):147-152, 2003.

P. Gravejat. A non-existence result for supersonic travelling waves in the Gross-Pitaevskii
equation. Commun. Math. Phys., 243(1):93-103, 2003.

P. Gravejat. Decay for travelling waves in the Gross-Pitaevskii equation. Ann. Inst. Henri
Poincaré, Analyse Non Linéaire, 21(5):591-637, 2004.

P. Gravejat. Limit at infinity and nonexistence results for sonic travelling waves in the
Gross-Pitaevskii equation. Differential Integral Equations, 17(11-12):1213-1232, 2004.

P. Gravejat. Asymptotics for the travelling waves in the Gross-Pitaevskii equation. Asymp-
tot. Anal., 45(3-4):227-299, 2005.

P. Gravejat. First order asymptotics for the travelling waves in the Gross-Pitaevskii equa-
tion. Adv. Differential Equations, 11(3):259-280, 2006.

P. Gravejat. Asymptotics of the solitary waves for the generalised Kadomtsev-Petviashvili
equations. Disc. Cont. Dynam. Syst., in press, 2008.

E.P. Gross. Hydrodynamics of a superfluid condensate. J. Math. Phys., 4(2):195-207, 1963.

S. Gustafson, K. Nakanishi, and T.-P. Tsai. Scattering theory for the Gross-Pitaevskii
equation in three dimensions. Preprint.

S. Gustafson, K. Nakanishi, and T.-P. Tsai. Scattering for the Gross-Pitaevskii equation.
Math. Res. Lett., 13(2):273-285, 2006.

S. Gustafson, K. Nakanishi, and T.-P. Tsai. Global dispersive solutions for the Gross-
Pitaevskii equation in two and three dimensions. Ann. Henri Poincaré, 8(7):1303-1331,
2007.

S.V. Iordanskii and A.V. Smirnov. Three-dimensional solitons in He II. JETP Lett.,
27(10):535-538, 1978.

C.A. Jones, S.J. Putterman, and P.H. Roberts. Motions in a Bose condensate V. Stability
of solitary wave solutions of nonlinear Schrédinger equations in two and three dimensions.
J. Phys. A, Math. Gen., 19:2991-3011, 1986.

C.A. Jones and P.H. Roberts. Motions in a Bose condensate IV. Axisymmetric solitary
waves. J. Phys. A, Math. Gen., 15:2599-2619, 1982.

73



[32]

[33]

[34]

[35]

[36]

[37]
[38]

[39]

[40]

K. Kato and P.-N. Pipolo. Analyticity of solitary wave solutions to generalized Kadomtsev-
Petviashvili equations. Proc. Roy. Soc. Edinb. A, 131(2):391-424, 2001.

P.I. Lizorkin. On multipliers of Fourier integrals in the spaces L,gy. Proc. Steklov Inst.
Math., 89:269-290, 1967.

O. Lopes. A constrained minimization problem with integrals on the entire space. Bol. Soc.
Bras. Mat., 25(1):77-92, 1994.

M. Maris. Analyticity and decay properties of the solitary waves to the Benney-Luke
equation. Differential Integral Equations, 14(3):361-384, 2001.

M. Maris. On the existence, regularity and decay of solitary waves to a generalized
Benjamin-Ono equation. Nonlinear Anal., 51(6):1073-1085, 2002.

K. Nakanishi. Scattering theory for the Gross-Pitaevskii equation. Preprint.

L.P. Pitaevskii. Vortex lines in an imperfect Bose gas. Sov. Phys. JETP, 13(2):451-454,
1961.

E.M. Stein. Harmonic analysis : real-variable methods, orthogonality, and oscillatory in-
tegrals, volume 43 of Princeton Mathematical Series. Monographs in Harmonic Analysis.
Princeton Univ. Press, Princeton, New Jersey, 1993. With the assistance of T.S. Murphy.

E. Tarquini. A lower bound on the energy of travelling waves of fixed speed for the Gross-
Pitaevskii equation. Monatsh. Math., 151(4):333-339, 2007.

74



