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GOOD BANACH SPACES FOR PIECEWISE HYPERBOLIC
MAPS VIA INTERPOLATION

VIVIANE BALADI AND SEBASTIEN GOUEZEL

ABSTRACT. We introduce a weak transversality condition for piecewise C1+¢
and piecewise hyperbolic maps which admit a C1+¢ stable distribution. We
show good bounds on the essential spectral radius of the associated transfer
operators acting on classical anisotropic Sobolev spaces of Triebel-Lizorkin
type. In many cases, we obtain a spectral gap from which we deduce the
existence of finitely many physical measures with basin of total measure. The
analysis relies on standard techniques (in particular complex interpolation)
and applies also to piecewise expanding maps and to Anosov diffeomorphisms,
giving a unifying picture of several previous results.

Proving the existence of physical measures and studying their statistical proper-
ties is an important task in dynamical systems. In this paper, we shall be concerned
with maps with singularities (that is, discontinuities in the map or its derivatives).
We shall assume that the map is piecewise smooth relative to a finite partition,
and the most challenging case is when this partition does not have a Markov-type
property.

For one-dimensional piecewise expanding maps, the space of functions of bounded
variation has proved a very powerful tool, since the transfer operator acting on it
has a spectral gap. This readily implies the existence of finitely many physical mea-
sures whose basins have full measure, as well as numerous other consequences. This
functional approach has been extended to higher dimensional piecewise expanding
maps, under stronger assumptions (the counter-examples of Tsujii [28] and Buzzi
[T0] show that some additional assumption is necessary), by considering various
functional spaces (see the work of Keller, Géra—Boyarski, Saussol, Buzzi, Tsujii,
Cowieson [2T], [T7, 23] @ 29, [T5]). On the other hand, a more elementary approach,
involving a more detailed study of the dynamics and how sets are cut by the discon-
tinuities, was developed by Young and Chernov [32, [[3], culminating in the article
of Buzzi-Maume [T1] where the existence of physical measures (or more generally
equilibrium measures) was proved under very weak additional assumptions.

For piecewise hyperbolic maps, finding good functional spaces on which the
transfer operator has a spectral gap is a more complicated task, and the story
went in the other direction, with the elementary (but very involved) arguments of
Chernov and Young [12, B2, [[3] coming first. Indeed, even for smooth hyperbolic
dynamics, good spaces of distributions were only introduced a few years ago by
Gouézel-Liverani and Baladi-Tsujii [I8, Bl 9, 6], following the pioneering work of
Blank—Keller—Liverani [7]. These spaces cannot be used for piecewise hyperbolic
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2 VIVIANE BALADI AND SEBASTIEN GOUEZEL

systems because they are not invariant under multiplication by the characteristic
function of a set with smooth boundary. Only very recently, a good functional
space was constructed by Demers and Liverani [T6], for two-dimensional piecewise
hyperbolic maps. However, the arguments in this last paper are close in spirit to
the previous ones [32, [T3], in the sense that pieces of stable or unstable manifolds
are iterated by the dynamics, and the way they are cut by the discontinuities has to
be studied in a very careful way. In particular, to ensure sufficiently precise control,
an essential assumption in [32 [I3, [T6] is transversality between stable or unstable
manifolds and discontinuity hypersurfaces.

In this paper, we show that, under mild additional assumptions, the transfer
operator of piecewise hyperbolic maps in arbitrary dimensions has a spectral gap
on classical functional spaces Hf{t’, for suitable indices t— < 0 <tand 1 < p < c0.
These spaces are anisotropic Sobolev spaces in the Triebel-Lizorkin class |31, 25].
Moreover, we are able to replace the strong transversality assumption from [32] T3,
T6] with a much weaker one, formulated in terms of the geometry of stable manifolds
and discontinuity hypersurfaces: for instance, we allow discontinuity sets coinciding
with pieces of stable manifolds. Of course, this implicitly assumes the existence of
stable manifolds, and this may be the main current restriction of our approach: we
require stable manifolds to exist everywhere, and to depend in a piecewise C1+®
way on the point for some a > 0. (See also Remarks P and Bl)

The main novelty in this work is that, as in [23] [[5], we do not need to study
precisely the dynamics. In particular, we do not iterate single stable or unstable
manifolds (contrary to [32, [I3, [[6]), and we do not need to match nearby stable or
unstable manifolds. Indeed, everything comes from the functional analytic frame-
work. This makes it possible to get a short self-contained proof working in any
dimension and with very weak transversality assumptions.

Our spaces Hf{t’ (or more precisely their ﬂff’t version, see Remark R are
the same the first named author considered in [4] (with the notation Wt+P) to
study smooth hyperbolic maps. The main new observation that we shall use is
(Lemma M) that these spaces are stable under multiplication by characteristic func-
tions of nice sets, if the smoothness indices in the definition of the space are small
enough with respect to the integrability index (0 <t < 1/pand 0 >t_ > —1+1/p).
This property is well known (see the thesis [24] of Strichartz, and also [22, §4.6.3])
for classical Sobolev spaces where t_ = 0, and we will exploit some ideas in [24]
to prove that it extends to our spaces. For this, we use complex interpolation ar-
guments to extend easily to our spaces estimates that are straightforward for the
standard Sobolev spaces. Interpolation also makes it possible to generalize the ba-
sic estimates in [4] to arbitrary differentiability (see Appendix [Al). Another helpful
technical ingredient is the use of a “zooming” norm (3] (based on a rather stan-
dard localization principle) which allows us to go further than [], which only dealt
with specific transfer operators.

We do not believe that our upper bounds on the essential spectral radius are
also lower bounds in general. However, we note that for a (non necessarily Markov)
piecewise linear map of the unit square given by a hyperbolic matrix A of maximal
eigenvalue A > 1 (see Subsection Z2), we find for each € > 0 a space on which
the essential spectral radius of the ordinary (Perron-Frobenius) transfer operator
is < A~1/2*¢ This is sharper than the results in [T6], and may well be the optimal
bound (in the strong sense of meromorphic extensions of the corresponding zeta
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function or essential decorrelation rate [I4]). We refer also to Subsection for
examples of conservative and dissipative (sloppy) baker maps to which our results
apply.

Our proof extends the results of ] to C1T® Anosov diffeomorphisms with C*+<
stable and/or unstable distributions, and general C* weights (see Remark B4). Let
us also mention that our results apply to piecewise expanding and piecewise C1+*
maps for 0 < @ < 1 (without transversality assumptions, but under the hypothesis
that the dynamical complexity does not grow too fast), giving yet another functional
space on which the results of Saussol and Cowieson [23] [TH], e.g., hold. This space is
simply the usual Sobolev space H; for 1 < p < ooand0<t<min(l/p, ). Hence,
introducing exotic spaces to study piecewise expanding maps is not necessary. This
remark seems to be new even for one-dimensional piecewise expanding maps. (For
smooth expanding maps in arbitrary dimensions, the transfer operator was studied
on Sobolev spaces in [3].)

The paper is organized as follows. Section 1 contains the definitions (Defini-
tion [l) of the dynamics T considered (in particular, the condition on the stable
foliation) and the spaces (Definition [) Hfg’t’, as well as our weak transversality
condition (Definition Hl), and our main result. This main result, Theorem [ gives
a bound on the essential spectral radius of the transfer operator acting on H;’t’.
We give in Corollary [0 the consequences of our main result on the existence of
finitely many physical measures with total ergodic basin (based on a key result
given in Appendix [Bl), as well as variants of this main result under assumptions
on the unstable foliation. Section 2 is devoted to a discussion of several examples,
illustrating our conditions. In Section 3, we recall various classical results in func-
tional analysis. Section 4 is the heart of the paper: it contains the basic bounds
(multiplication by a function, composition by a smooth map preserving the stable
foliation, multiplication by the characteristic function of a nice set) which lead to
Lasota-Yorke type inequalities. In Section 5, we exploit these bounds, using a new
“zooming” trick made possible by the localization property of our spaces, to prove
Theorem [@

1. STATEMENTS

Notations: if B is a Banach space, we denote the norm of an element f of B
by || f|l g- In this paper, a function defined on a closed subset of a manifold is said
to be C* or C™ if it admits an extension to a neighborhood of this closed subset,
which is C* or C* in the usual sense.

1.1. The setting. Let X be a riemannian manifold of dimension d, and let Xy be
a compact subset of X. Let also 0 < d, < d and o > 0. We call C* hypersurface
with boundary a codimension-one C! submanifold of X with boundary. For a closed
subset K of Xy we shall consider integrable C**% distributions of ds-dimensional
subspaces F® on K. By definition, this means that for each x in a neighborhood
of K, E*(x) is a ds-dimensional vector subspace of the tangent space 7, X, the
map x — E%(z) is C'*® and, for any x € K, there exists a unique submanifold of
dimension d, containing x, defined on a neighborhood of z, and everywhere tangent
to E°. We will denote this local submanifold by Wj_.(z), and by Wg(x) we will
mean the ball of size € around z in this submanifold.
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Definition 1 (Piecewise hyperbolic maps with stable distribution). For « > 0, we
say that a map T : Xg — Xy is a piecewise C1T hyperbolic map with smooth stable
distribution if

o There exists an integrable C1T distribution of ds-dimensional subspaces
E® on a neighborhood of Xj.

o There exists a finite number of disjoint open subsets Oi,...,01 of Xy,
covering Lebesgue-almost all Xo, whose boundaries are unions of finitely
many compact C* hypersurfaces with boundary.

o For1 <i<I, there exists a C'T map T; defined on a neighborhood of O;,
which is a diffeomorphism onto its image, such that T coincides with T; on
O;.

e For any x € O;, there exists A\s(x) < 1 such that, for any v € E*(x),
DT;(xz)v € E*(Tyx) and |DT;(z)v| < As(2)|v].

o There exists a family of cones C*(x), depending continuously on x € X,
with C*(z) + E*(z) = T, X, such that, for any x € O;, DT;(z)C*(z) C
C"(T;x), and there exists A, (x) > 1 such that |DT;(z)v] > Ay (x)|v| for any
v e C¥(z).

See Remark Bl and Subsection [[4 regarding the replacement of E* by E* and
C" by C* in the above definition.

Note that we do not assume that 7" is continuous or injective on Xj.

When ds = 0, the map T is piecewise expanding. When d, = 0, it is piece-
wise contracting (we shall see that our results are not very useful in this case). In
the intermediate case, there are at the same time contracted and expanded direc-
tions. We will denote by A »(x) < 1 and A, (z) > 1 the weakest contraction and
expansion constants of 7" at x.

Remark 2. The requirement that E* is defined everywhere and C1+? is extremely
strong. It is possible to weaken it slightly, by requiring only that E° is C'*® on
each set O;. Indeed, our proofs still work under this weaker assumption (one should
just slightly modify the definition of the Banach space we use). It is also possible
to apply directly our results to this more general setting, by working on a different
manifold, as follows. Assume that T is a piecewise hyperbolic map for which E*
is C'* on each set O;, but not globally. Start from the disjoint union of the sets
O;, and glue them together at all the points z € O; N O_] such that E* is O+
on a neighborhood of . Then T induces a piecewise hyperbolic map on this new
manifold, for which the stable distribution is globally C1*. Indeed, since T is
C' on each set O;, the set T(O;) intersects the boundaries of the sets O; only at
places where E* is C'T®. Hence, the places in the original manifold where O; and
O_j are cut apart are not an obstruction to extending T' to the new manifold. The
assumption on the C" can be similarly weakened.

In order to define our weak transversality condition on the boundaries of the sets
O;, we shall use the following notion.

Definition 3 (L-generic vector in E®). Let K C Xo be a compact hypersurface
with boundary and let L € Zy. For x € K\OK, we say that a vector a € E*(x) is
L-generic with respect to K if, for any C' vector field v defined on a neighborhood
of ¢, with v(x) = a and v(y) € E*(y) for any y, there exists a smaller neighborhood
of x in which the intersection of Lebesque almost every integral line of v with K
has at most L points.
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Definition 4 (Weak transversality condition for E®). Let T : Xo — Xo be a
piecewise hyperbolic map with smooth stable distribution. We say that T satisfies
the weak transversality condition if there exists L > 0 such that, for any K C
Ule 00; which is hypersurface with boundary, there exists a larger hypersurface
with boundary K’ (containing K in its interior) such that, for any © € K'\OK’,
the set of tangent vectors at x that are L-generic with respect to K' has full Lebesque
measure in E%(z).!

The small enlargement K’ of K is simply a technical point in the definition, to
avoid problems at the boundary of K.

If the boundary of each O; is a finite union of smooth hypersurfaces K1, ..., Kk, ,
each of which is transversal to the stable direction (in the sense that E*(z) is never
contained in 7, K;), then T satisfies the weak transversality condition. However,
the converse does not hold. For instance, we have the following result:

Proposition 5. Assume that ds = 1 (so that the stable manifolds are curves),
and that T is a piecewise hyperbolic map with smooth stable distribution. Then T
satisfies the weak transversality condition if there exists € > 0 such that
(1) sup ||Card(W¢(z) N00:)|l,  (reb)y < 00
1<i<T

Hence, tangencies to the boundaries of the O;’s are allowed, and even flat tangen-
cies or pieces of the boundary coinciding with W#*. The only problematic situation
is when a boundary oscillates around the stable manifold, cutting it into infinitely
many small pieces.

To get a result on the physical measures of finitely differentiable maps 7', it is
necessary to add some assumption on the asymptotic dynamical complexity, already
for piecewise expanding maps in dimension two or higher (see [23], [1], [15], 28]
and [10]). We shall use the following way to quantify the complexity.

Let i = (ig,...,in—1) € {1,...,I}". We define inductively sets O; by O(;,) = O,
and

(2) Oliosorin-—1) = {2 € Oiy | Tiyw € Oy, i) }-

Let also T3 =1T;, , o---0T;,, it is defined on a neighborhood of O;.
We define the complexity at the beginning

(3) Db

n

= max Card{i = (ig,...,in_1) | © € O;},
z€Xo

and the complexity at the end

(4) D;, = max Card{i = (ig,...,in-1) | x € T™(O1)}.
xeXo

1.2. The main spectral result. We shall use spaces Hfgt’ which were first in-
troduced in a dynamical setting in [H] (the local version of these spaces belongs to
the Triebel-Lizorkin class, see [31], [2], [25] for earlier mentions of these spaces in
functional analysis). Section Hlis devoted to a precise study of these spaces, and
the statements in the following definition are justified there.

Let F denote the Fourier transform in R¢. We will write a point z € R? as
z = (x,y) where x = (21,...,24,) and y = (24,41, --,24). In the same way, an

1We could replace “full Lebesgue measure” in this definition by “generic in the sense of Baire”
(i.e., contains a countable intersection of dense open sets), all the following results would hold
true as well, with the same proofs.
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element ¢ of the dual space of R? will be written as ¢ = (£,7). The subspaces
{x} x R% of R? will sometimes be referred to as the “stable leaves” in RY. We say
that a diffeomorphisms sends stable leaves to stable leaves if its derivative has this

property.

Definition 6 (Local spaces H;’t’). For1 <p< oo, t,t_ € R, we define a space
ot of distributions in R? as the (tempered) distributions u such that

Hy
FHAA+[EP + )21+ 0?2 Fu) € Ly,
with its canonical norm.

We will simply write H} instead of H}°.

Ift>0,t+t_ <0andt+|t_| < a < 1, we shall see that H*" is invariant
under C** diffeomorphisms sending stable leaves to stable leaves (Remark Z3).
Hence, we can glue such spaces locally together in appropriate coordinate patches,
to define a space Hfo’t’ of distributions on the manifold:

Definition 7 (Spaces Hy'~ of distributions on X). Let t > 0, t +t_ < 0 and
t+[t-| < a < 1. Fiz a finite number of C1T< charts k1,...,k; whose derivatives
send E° to {0} xR%, and whose domains of definition cover a compact neighborhood
of Xo, and a partition of unity p1,...,ps, such that the support of p; is compactly
contained in the domain of definition of k;, and Y p; =1 on Xo. The space H;to’tf
is then the space of distributions® u supported on X such that (pju) o Ii;l belongs

to H;{t* for all 3, endowed with the norm

(5) ol = 3 [y o 5 e

P

Changing the charts and the partition of unity gives an equivalent norm on the
same space of distributions by Lemma [[@ and Remark To fix ideas, we shall
view the charts and partition of unity as fixed.

Remark 8. Note that [d] considers a slightly different space, where the stable
and unstable direction and the signs of ¢ and ¢ + ¢_ are exchanged. This choice
is completely innocent, we also get the same results for the space of H] (for maps
with smooth unstable distribution) in Theorem

Our main result follows (recall the notation @)—(@)):

Theorem 9 (Spectral theorem for smooth stable distributions). Let « € (0, 1]. Let
T be a piecewise C1T hyperbolic map with smooth stable distribution, satisfying the
weak transversality condition. Let 1 < p < oo and let t,t_ be so that 1/p — 1 <
- <0<t<l/p,t+t_<0andt+|t_]| < a.

Let g : Xo — C be a function such that the restriction of g to any O; admits a C
extension to O;. Define an operator L4 acting on bounded functions by (L,u)(x) =

20n a manifold, the space of generalized functions supported in Xy, i.e., elements in the dual of
the space of smooth densities, and the space of generalized densities supported in Xy, i.e., elements
in the dual of the space of smooth functions, are isomorphic if X is compact: taking Leb any
smooth riemannian measure then f +— fdLeb gives an isomorphism. “Distributions supported in
X0o” (not to be confused with the integrable distributions of subspaces in Definition [l refers in
this paper to generalized functions (this avoids jacobians in the change of variables).
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ZTU:LE g(W)uly). Then L, acts continuously on H;to’tf. Moreover, its essential
spectral radius is at most

(6) lim (DZ)1/<P">.(Dz)ﬂ/")(l*l/m.Hg<”>|detDT"P/Pmax(A;ﬂ Y(HL))H

n—oo 7sm
where g = H?:_Ol goT7.

When we say that £, acts continuously on H;’t’, we should be more precise. We
mean that, for any u € Hp'™ N Lo (Leb), then Ly, which is defined as a bounded

function, still belongs to Hy'~ and satisfies [Lqull,re- < Cllull, e . Since the
P P

set of bounded functions is dense in Hj,'~ (by Lemma [[H), the operator L, can
therefore be extended to a continuous operator on H;’ T

Note that the limit in (@) exists by submultiplicativity. Of course, we can bound
Asn and Ay} by A", where A < 1is the weakest rate of contraction/expansion of T.
In some cases, it will be important to use the more precise expression given above
(see e.g. Example Bl below).

The restriction 1/p — 1 < t— < 0 < t < 1/p is exactly designed so that the
space Hfg’t’ is stable under multiplication by characteristic functions of nice sets,
see Lemma While this feature will be used in an essential way in the proof, it
also implies (see Remark BAin Appendix[B]) that Dirac measures (or more generally

measures supported on nice hypersurfaces) do not belong to the space H;’t’.

1.3. Physical measures. The physical measures of T' are by definition the prob-
ability measures p such that there exists a set A of positive Lebesgue measure such
that, for all z € A, 1/n 31—} 67, converges weakly to p.

The physical measures of T' are often studied through the transfer operator
L1/det pr|- (Note that the dual of £y 4et pr| Preserves Lebesgue measure.) The-
orem [ becomes in this setting:

Corollary 10. Under the assumptions of Theorem[d, assume that
(7)
lim (D%)Y/ () . (pey(I/mO=1/p) . Hmax@—t

u,m?
n— o0

Hl/n

A D) det DT /P <1

oo

Then the essential spectral radius of L1/ 4et pT| acting on H;to’tf s < 1.
Together with classical arguments, this implies the following:

Theorem 11. Under the assumptions of Theorem[d, if (@) holds, then T has a
finite number of physical measures, which are invariant and ergodic, whose basins
cover Lebesque almost all Xo. Moreover, if 1 is one of these measures, there exist
an integer k and a decomposition p = p1 + - -+ + ug such that T' sends p; to pjiq
for j € Z/KZ, and the probability measures ku; are exponentially mizing for Tk
and Hélder test functions.

The deduction of this theorem from Corollary [ is essentially folklore, but the
proofs of similar results in the literature (e.g. in [7, [T6]) rely on some properties of
stable manifolds that are not established in our setting. We prove in Appendix
a general theorem (Theorem Bl) that guarantees the existence of finitely many
physical measures whenever the transfer operator has a spectral gap on a space of
distributions, and show (Lemma BIl) that this general theorem holds in our setting.
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The interest of this argument is that it also applies to non hyperbolic situations,
such as (perturbations of the operators in) [30].

The results in this subsection answer the question in [4, Remark 1.1], in a much
more general framework.

1.4. Hyperbolic maps with smooth unstable distribution. Just like in Def-
inition [, we can define piecewise C''*® hyperbolic maps with smooth unstable
distribution. Our results also apply to such maps (by the same techniques used to
prove Theorem [), but on the space of distributions H+! whose norm is given in
charts by ||F=1((1+ |€2)H/2(1+ [€)? + |77|2)t/2.7:u)||Lp. More precisely:

Theorem 12 (Spectral theorem for smooth unstable distributions). Let o € (0, 1].
Let T be a piecewise C'Thyperbolic map with smooth unstable distribution, satis-
fying the weak transversality condition with E° replaced by E*. Let 1 < p < oo and
letty, t be sothat l/p—1<t<0<ty<l/p,t+ty>0and|t|+t4 <a.

Let g : Xo — C be a function such that the restriction of g to any O; admits a C*
extension to O;. Define an operator Ly acting on bounded functions by (L,u)(x) =
Y ry=e 9W)u(y). Then Ly acts continuously on ﬂ;*’t. Moreover, its essential
spectral radius is at most

1/n
nlLrIgo(DZ)l/(pn) L (DE)A/mA=1/p) | Hg<n>| det DT" 17 max(AZ(++) A=) ’L |
In particular, if
lim (D?)V/() . (pe)(/m=1/p) . HmaX(AZ,(J’“t”,A;ZMdet DT"|1/P—1H1/” .

n—oo

Lo

then the spectral radius of Ly 4et pT| acting on 7:(; " s < 1. This implies that
T has a finite number of ergodic physical measures whose basins cover Lebesgue
almost all Xo. Moreover, if i is one of these measures, there exist an integer k
and a decomposition u = p1 + - -+ pg such that T sends p; to pj11 for j € Z/KZ,
and the probability measures ku; are exponentially mizing for T* and Hélder test
functions.

We will not give further details on the proof of this theorem, since it follows from
the techniques used in the proof of Theorem @

Finally, similar results hold for maps that have at the same time smooth stable
and unstable distributions (and satisfy the weak transversality condition in both
directions), as follows. Let ﬂ;*’t’ be the space of distributions whose norm is given
in charts by || F=1((1+ [¢/%)+/2(1 + |77|2)t*/2]-"u)HLP.

Theorem 13 (Spectral theorem when both distributions are smooth). Let T be a
piecewise CH hyperbolic map with smooth stable and unstable distribution, satisfy-
ing the weak transversality conditions for E° and E* for a € (0,1]. Let 1 < p < oo
and let ty, t— be so that 1/p—1<t_ <0<ty <1l/p, and [t_| +t4 < a.

Let g : Xo — C be a function such that the restriction of g to any O; admits a C*
extension to O;. Define an operator L, acting on bounded functions by (L,u)(x) =

> ry=z 9W)uly). Then Ly acts continuously on HL' . Moreover, its essential
spectral radius is at most

1/n
(8)  lim (D)Y@ (Dg) /010 g0 det DT max( b Aci)||

— u,mn I
n— o0 o
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The results on physical measures follow analogously. It should be noted that the
results of Theorem [ are stronger than Theorems [ and [, since the exponents
t4 and t_ appear independently in the estimate ().

Once again, this theorem follows from the techniques we will use to prove The-
orem [A

2. EXAMPLES
Let us look at some applications of our results to L1/| qet p7|-

2.1. General examples.

Example 1. On [—1,1] x {0,1}, let T(x,5) = (x/2,7) if x # 0, and T(0,5) =
(0,1—7). This fits in our framework. Since the complexities D? and D¢ are always
equal to 2, Theorem [ gives the following bound for the essential spectral radius of
L1/]det pT| ON the classical Sobolev space H;’:

Ao | det DT”|1/p71H1/n — ot—+1-1/p.
, .

9) lim ‘

Since t_ < 0 is restricted by t— > 1/p — 1, this bound is > 1, hence useless. This
is not surprising since the physical measure, the Dirac mass at 0, does not belong
to Hy if 1/p—1<t_ <0 (see Remark BJ).

This was to be expected since the conclusion of Theorem [l is false: the map T
has two physical measures, the Dirac masses at (0,0) and (0, 1), but these measures
are not invariant!

It is nevertheless interesting to see where precisely our arguments fail. Let
T(x,j) = (x/2,7), then the transfer operators associated to T and T acting on
distributions coincide on C*° functions (since the difference at 0 is not seen by the
integration against smooth functions). Since T is continuous, there is no truncation
term in its transfer operator, hence the results of Theorem [ hold for the full range
t_ < 0, without the restriction t_ > 1/p — 1 (with the same proof). In particular,
for t_ = —1 and p = 2, we get a bound 1/4/2 for the essential spectral radius of
L1/ et pr(T) = El/det DT (T) acting on H; ', and Corollary [ holds. The problem
comes up in the deduction of the properties of physical measures from this bound
on the essential spectral radius of £/ 4et pr|: We need to check that the physical
measures do not give weight to the discontinuities of the map, to apply Theorem
Bd This is ensured by LemmaBIlwhen ¢t > 1/p—1, but does not hold for t_ = —1
and p = 2.

Example 2. Assume that ds = 0, i.e., T' is piecewise expanding. In this case, we
can take A\s = 0, and the value of ¢_ is irrelevant (in fact, the space Hfg’t’ does not
depend on t_, and is the classical Sobolev space Hfo).

Proposition. If T is piecewise C?, if d; = 0 and lim H/\;}zHlL " lim(DE)Y < 1,
then there exist 0 <t < 1/p < 1 such that the spectral radius 07” L1)|det DT| GcCting
on Hf) is < 1. In particular, Theorem [ applies.

Proof. When e tends to 0, the bound on the essential spectral radius of £y /| get D7
_111/n
u,n HLDQ ’

lim,, o (D%)'/™. Hence, it is < 1 for small enough e. 0

acting on 'Hgl__ie),l, given by Corollary [l converges at most to lim,, . H/\
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In the proof of the above proposition, we use parameters ¢ and p very close to
1, but we are “morally” working with Hi. This is not surprising since this space is
essentially a space of functions with one derivative in L1, i.e., a space of functions
of bounded variation. It is well known that functions of bounded variation are
useful to study piecewise expanding maps, see [I5]. This proposition is analogous
to results proved in [23] [15] for different Banach spaces.

Example 3. When det DT = 1 and D¢, D’ erow subexponentially fast, then it
is clear from Corollary [T that the essential spectral radius of £y /| qet pr| is < 1 on

any space Hf;t’ (as soon as t > 0 and t+¢t_ < 0). In some situations, it is possible
to weaken (or even remove) the assumption that det DT = 1. We get more precise
results using Theorem [ i.e., assuming that the unstable direction is smooth.

Proposition. Let T be a piecewise C? hyperbolic map with smooth unstable dis-
tribution satisfying the weak transversality condition, and such that D¢ and D%
grow subexponentially. Assume that there exist N > 0 and v < 1 such that
As,nv < y|det DTN|. Then there exist p € (1,00) and 1/p—1<t <0<ty <1/p
such that the essential spectral radius of Ly 4et p7| acting on ﬂ;*’t is < 1. In
particular, T has finitely many physical measures whose basins contain Lebesgue
almost every point.

The assumption A\s y < 7| det DT™| is a kind of pinching condition. It is satisfied
whenever d;, = 1 and d,, > 0.

Proof. We will take p very close to 1, t =1/p—1+4+cand ty =1/p—¢€fore >0
very small.
We have

(10)  Jdet DTNPTIATL < (77 A )P IACR T T = A

Since v < 1, this quantity is < 1 if € is small enough (in terms of p).
Moreover,

(11) | det DTN [V/P=1A G = [det DTN VPN 2P

When p — 1, this quantity converges to A;lN <1.
Hence, it is possible to choose p and € such that

(12) H|det DTN/ max(A;jV,A;gtV””)HL <1.

This concludes the proof. ([

2.2. Piecewise linear maps. In this paragraph, we describe an explicit class of
maps for which the assumptions of the previous theorems are satisfied. Let A be
a d x d matrix with no eigenvalue of modulus 1. It acts on R? in a hyperbolic
way, with best expansion/contraction constants A, > 1 and A; < 1. Let X, be a
polyhedral region of R?, and define a map T on X, by cutting it into finitely many
polyhedral subregions Og, ..., O, applying A to each of them, and then mapping
AOq, ..., AOpN back into Xy by translations.

Let J(n) be the covering multiplicity of 7", i.e., the maximal number of preim-
ages of a point under 7. It is submultiplicative, hence the limit J = lim,, o J(n)/"
exists.
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Proposition 14. The map T is a piecewise hyperbolic map with smooth stable and
unstable distributions (given by the eigenspaces of A corresponding to eigenvalues
of modulus < 1, resp. > 1). It satisfies the weak transversality conditions for
both stable and unstable distributions. Moreover, if J\s < |det A|, there exist
1 <p<oo, andty, t— sothat 1/p—1 < t_ <0 <ty < 1/p and such that

the essential spectral radius of L1 q4et|pT| OcCtiNg 0N ﬂ;*’ti is < 1. Therefore, T
satisfies the conclusions of Theorem [l

2 1
1 1>
into finitely many squares, applying A to each of these squares, and then permuting
the images of the squares, one obtains a bijection of the torus (for which J = 1).
Hence, Proposition [[4 applies. The novelty with respect to previous works such as
B2, 3, [[6] is that the sides of the squares can be taken parallel to the stable or
unstable directions.

As an example of such a map, one can take A = . Cutting the torus T?

Proof of Proposition [T} The weak transversality conditions are direct consequences
of the definitions.

Let K be the total number of the sides of the polyhedra O;. Around any point
x, the boundaries of the sets O;, .. ;._,) are preimages of theses sides by one of the
maps A,..., A" !, which gives at most nK possible directions. Hence, the claim
p. 105 in [§] gives D% < 2(nK)?%. This quantity grows subexponentially. In the
same way, D¢ < 2J(n)(nK)%.

By Theorem [[3 the essential spectral radius of £;,qet 4 acting on ﬂ;*’t’ (for
suitable values of p, 4, ¢_) is bounded by J'~1/?| det A|'/?~L max(Ay ", A5 7). Let
us take ty = 1/p—¢,t—- =1/p—1+4+cand p close to 1. Then 1/p—1 < t_ <
0 < t+ < 1/p, hence Theorem applies and yields the following bound for the
essential spectral radius:

(13) | det AJY/7=1 7112 max(A /Pt \1=1/p—e),

If p is close to 1 and € is small enough, this quantity is < 1 under the assumptions
of the proposition. (Note that if det A = J =1, choosing p = 1/2 and t; =1/2—c¢,
t_ = —1/2 + € gives better bounds.) O

The standard conservative (piecewise affine) baker’s map on the unit square is
given by T'(z,y) = (2z,y/2) for 0 < z < 1/2 and T(z,y) = (22 — 1, (y + 1)/2) for
1/2 < x < 1. Tt fits in the model of this subsection, for a diagonal matrix A with
eigenvalues 2 and 1/2. The baker has an obvious Markov partition with two pieces,
and can thus be analyzed by a (Lipschitz) symbolic model, which gives an essential
decorrelation rate of 271/2 for Lipschitz observables. (The physical measure is just
Lebesgue measure.) The proof of the previous proposition gives a bound 2 1/2+e

for the essential spectral radius of L1/ ge 4 on 7:(;/2_6’_1/2+6 for arbitrarily small
€ >0 (here J =1, detA =1, A, = 2 and Ay = 1/2). For a dissipative baker
T(x,y) = (2z,y/3)for 0 < x < 1/2and T(z,y) = (2z—1,(y+2)/3) for 1/2 <z <1
(A =2 and A\; =1/3, det A =2/3 and J = 1), the proof of the above proposition
gives a bound 2~ 1tet(083/1086) for the essential spectral radius on ﬂé/pfé’l/pflﬂ
for p = log6/log3. (Note that the dimension of the attractor is strictly between
1 and 2 in this case.) The above two examples are piecewise affine hyperbolic
maps with a finite Markov partition. But the following variant, that we shall call a
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“sloppy baker,” does not have a finite Markov partition: let (a,b) be a point in the
interior of the unit square and put T'(z,y) = (2z+a,y/2+b) mod 1for0 <z < 1/2
and T'(z,y) = 2z —14a,(y+1)/2+b) mod 1 for 0 <z < 1. For almost all (a,b),
the sloppy baker does not have a finite Markov partition. However, our estimate

gives the same bound 27/2%¢ for the essential spectral radius on 7:(;/276’71/2“.

Similarly, one may consider a dissipative sloppy baker, and we recover the same
estimates.

3. TOOLS OF FUNCTIONAL ANALYSIS

In this section, we recall some classical notions of functional analysis (interpola-
tion theory and properties of Triebel spaces), that will be useful in the next sections
bt .
to study the space H, ~ and to prove our main result.

3.1. Complex interpolation. We first recall some notations and definitions from
the classical complex interpolation theory of Lions, Calderén and Krejn (see e.g.
[26]). A pair (By, B1) of Banach spaces is called an interpolation couple if they are
both continuously embedded in a linear Hausdorff space B. For any interpolation
couple (Bop, Bi1), we let L(By,B1) be the space of all linear operators £ mapping
Bo + B; to itself so that £|3j is continuous from B; to itself for j = 0,1. For an
interpolation couple (By,B1) and 0 < 6 < 1, we denote by [By, B1]g the complex
interpolation space of parameter §. We recall the definition: set S ={2€ C |0 <
Rz < 1}, and introduce the normed vector space

F(By,B1) = {f : S — By + By, analytic, extending continuously to S,

with sup || f(2)llg, 15, < oo, and
z€S

t — f(j +it) is continuous from (—oo, c0) to B;,j = 0,1,

and |[f| p(g,,8,) = jﬂzlgfg(sgp 1f( +it)llg,) < oo}

Then the complex interpolation space is defined for 6 € (0,1) by

(14) [Bo, 81]9 = {u € By + B | if € F(BQ, Bl) with f(e) = u},
normed by
(15) ||u||[80,81]9 = f(ig;f:u HfHF(BO,Bl) :

It is well-known (see e.g. [26, §1.9]) that (Bo,B1) — [Bo,Bi]e is an exact in-
terpolation functor of type 6, in the following sense: for any interpolation couple
(Bo, B1) and every L € L(By, B1) we have

—0 0
(16) 1L 0505010ty < WENs s, £, s, VO € (0,1).

The above bound will be used several times throughout this work.
3.2. A class of Sobolev-like spaces containing the local spaces H;"t’. Let

S be the Schwartz space of C* rapidly decaying functions. Its dual S’ is the space
of tempered distributions.
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Let M be the set of functions a from R? to R, such that there exists C' > 0 such
that, for all multi-indices v = (y1,...,74) with 7; € {0,1}, and all ¢ € R?,

d
(17) [T +¢)m72D7a(0)| < Ca(©).
j=1
For a € M and p € (1,00), let us define a space Hy as the space of all tempered
distributions u such that F~!(aFu) belongs to L,, with its canonical norm

(18) Il = 17~ (@F )| g -

These spaces were introduced and studied by Triebel in [25], in a slightly more
general setting involving another parameter ¢ (under a different form [25, Def.
2.3/4], but Theorem 5.1/2 and Remark 5.1 there shows that it is equivalent to the
previous description for ¢ = 2).

Among other things, Triebel proved the following results concerning these spaces:

Lemma 15. For any a € M and 1 < p < oo, the space S is contained in Hy, and
dense.

Proof. This is proved in Theorem 3.2/2 and Remark 3.2/2 in [25]. O

For t, t_ € R, the function as;_(£,n) = (1 + €2 + [n]?)/2(1 + |n]?)*-/? belongs
to M. Then H;’t’ from Definition [l is just Hg "'~ and the previous lemma says
that S is dense in Hp"" .

Proposition 16 (Interpolation). For any ag, a1 € M, po, p1 € (1,00) and 6 €
(0,1), the interpolation space [Hgg, Hgll]g is equal to Hy for a = a(l)_ea(f and 1/p =
(1=0)/po+0/p1.

Proof. This is [25, Theorem 4.2/2]. O

We will also use the following straightforward lemma. (Note that if a € M then
1/a € M, see e.g. 25, Lemma 2.1/1]).

Lemma 17 (Duality). For any a € M and 1 < p < oo, the dual of the space Hp
is H;,/a for1/p+1/p' =1.

3.3. Multiplier theorems. In order to understand the spaces Hp, an essential
tool is provided by Fourier multiplier theorems. The following Marcinkiewicz mul-
tiplier theorem (see e.g. [25l Theorem 2.4/2]) will be sufficient for our purposes.

Theorem 18. Let b € C4(RY) satisfy |[(YDYb(C)| < B for all multi-indices v =
(Y15 - -+ va) with y; € {0,1}, and all ¢ € RL. Then, for all p € (1,00), there exists
a constant C(p,d) such that, for any u € Ly,

(19) H]—"’l(b}'u)HLp < CBlluly, -

t,t_
4. TOWARDS LASOTA-YORKE BOUNDS ON THE LOCAL SPACE Hp'

Aiming at the proof of Theorem [l on transfer operators, we describe in Subsec-
tions 1l and how the local spaces H;’t’, which are the building blocks of our
spaces of distributions, behave under multiplication by a smooth function or by the
characteristic function of a nice set, as well as under composition with a smooth
map preserving the stable leaves. Then, in Subsection B3, we state and prove a
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localization principle on H;"t’ that we were not able to find in the literature and
which plays a key part in the “zooming” procedure in the proof of Theorem [
Note for further use that since Xy is compact, [4, Lemma 2.2] (e.g.) gives that the
inclusion Hfg’t’ C H; = for t/ <tandt <t_iscompactift <t.

To study H,t,"t’, we will mainly study Hf;o and Hg’t’ and use interpolation (via
Proposition [M@). It is therefore useful to recall some classical properties of these
spaces.

When t > 0, the space H; is the classical Sobolev space. By [24, Theorem 1.4.1],
it satisfies a Fubini property: if u is a function on R?, define a function u; on Ré-1
as follows: w;(z1,...,2j-1,%j41,...,2q) is the H;(R)—norm of the restriction of u
to the line {(z1,...,2;_1,2,2;41,...,24) | # € R}. Then u belongs to Hf(R?) if
and only if each u; belongs to L,(R%~1), and the norms ||uHH; and Zj:l HujHLp
are equivalent. (This is true for any set of coordinates, but for simplicity we shall
use a fixed system of coordinates.) This makes it often possible to study only the
one-dimensional situation, and extend it readily to d dimensions.

For t_ > 0, the space Hy''~ also has a Fubini-type property: the norm [[ull 0.

P

is equivalent to Z?: dut
u as above (the proof of [24, Theorem I1.4.1] directly applies, we may take any
coordinates on R¢ which preserve the stable leaves of the original coordinate system
used to define HS "t’, for simplicity we shall fix this original coordinate system). In
particular, the study of Hg’t’ reduces to the study of the usual Sobolev space in
one dimension.

Finally, for t_ € R, the space HS"L also has a slightly different Fubini-type
property. Let u be a function on R? and define a function v on R% as follows:
v(z) is the Hy,~ (R%)-norm of the restriction of u to {z} x R%. Then [[ul o0

»

1 ||uj||Lp where u; is the H}; (R)-norm of a restriction of

o re) T
[vll 1, (gaw): this follows from the fact that the function (14|n|?)*-/2 does not depend
on the variable &, which makes it possible to integrate away the variable = using
the Fourier inversion formula (see [24] p. 1045] for details).

We will refer to these properties respectively as the one-dimensional and the
ds-dimensional Fubini properties of HS"L.

4.1. Multiplication by functions.

Lemma 19. Lett > 0, {_ < 0 and o > 0 be real numbers with t+|t_| < a. For any
p € (1,00), there exists a constant Cy such that for any C* function g : R? — C,

for any distribution u € H;’t’ , the distribution gu also belongs to H;’t’ and satisfies

lg - ull - < Ciellglica [lull oo -

The assertion gu € H;’t’ should be interpreted as explained after Theorem
Proof. Let t® = t+t_|,t° = —tY and 0 = t/t°, so that (t,t_) = (6%, (1—6)t° ) and
max(t°, |9 ) < a. We will write Hy"~ as an interpolation space with parameter

0 0
between H;O and Hg’t’, thereby reducing the proof to the study of H;O and Hg"t’.

First, since H;)O is the classical Sobolev space, [27, Corollary 4.2.2] shows that

(20) lgull o < Ci gl lull o
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where Cy depends only on t and «, whenever [t°] < a.

0
Together with the ds-dimensional Fubini-type property of Hg’t’, this readily
implies

(21) lgull 0.0 < O gl Nl .0

whenever [t° | < a.
Interpolating between ([20) and (1) via Proposition [[H, we get the conclusion of
the lemma. g

The following extension of a classical result of Strichartz is the key to our results:

Lemma 20. Let 1 < p<ooand 1/p—1<it_ <0<t < 1/p. There exists a
constant Cy satisfying the following property. Let O be a set in R? whose intersec-
tion with almost every line parallel to a coordinate axis has at most N connected
components. Then, for any u € H,t,"tf, the distribution 1ou also belongs to H,t,"tf,
and satisfies

(22) ||1OUHH;¢7 S C#NH’U,”H;,t7 .

Proof. If t_ = 0 and t € [0,1/p) then our claim is just Strichartz’ result [24, Cor
I1.4.2] on generalized Sobolev spaces (noting that |24, Cor I1.3.7] gives the estimate
CyN). (See also [22, §4.6.3] for alternative sufficient conditions on O and p, ¢
ensuring that 1o is a multiplier of Hf;o.)

Assume now that ¢ = 0 and t_ € (0,1/p). Then the one-dimensional Fubini-type
argument of Strichartz [24) Thm 1.4.1] applies, and allows us to generalize [24, Cor
I1.4.2] to give the claim. If ¢ = 0 and t_ € (1/p—1,0), the result follows by duality.

Interpolating via Proposition [[@, the set of parameters (1/p,t,¢_) for which the
conclusion of the lemma holds is convex. It therefore contains the convex hull of
{(1/p,t,0) | 0 <t < 1/p} and {(1/p,0,¢_) | 1/p— 1 < t_ < 0}, which coincides
with the set {(1/p,t,t_) |1/p—1<t_ <0<t <1/p}. O

4.2. Composition with smooth maps preserving the stable leaves. In this
paragraph, we study the behavior of H;’t’ under the composition with smooth
maps preserving the stable leaves.

Let us start with a very rough and easy to prove lemma.

Lemma 21. Let 1 < p < oo, and t, t— be real numbers with |t| + |t—| < 1. There
exists a constant Cy such that, for any invertible matriz A on R?, sending {0} x R%
to itself, and for any u € H;"tf,

(23) o All o < Cyldet A2 max((A]|, A7) ] e -

Proof. By [22, Proposition 2.1.2 (iv)+(vii)], the H -norm is equivalent to the norm
lull, + [1Dully,, . Hence, [uwo Al gro < Cyldet A=/ max(||All, [[A7"[]) llullpo.
Similarly, |||det A|~'uo A7, 01 < Cyl|det A7 VP max (|| Al |[A7H]) ]l o1,
p’ o’
by a d,-dimensional Fubini-type argument. Since the adjoint of u — det A~ tuoA~!

is u — wo A, the general case follows by duality (Lemma [[7) and interpolation
(Proposition [IH). O
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Lemma 22. Let o € (0,1), let F : RY — R? be a C'T diffeomorphism sending
stables leaves to stable leaves, and let A be a matriz such that, for all z € R?,
|A™t o DF(2)|| <2 and |DF(2)" "o A < 2.

, 1 A
Assume moreover that A can be written as M, 1 ( 0 /(1)5 ) My, where My
and M, are matrices sending stable leaves to stable leaves, and p., := ||A"] < 1,

ps = ||(A5)7H| T > 1.3
Then, for allt > 0 andt_ < 0 witht+|t_| < o and t+t_ < 0, for allp € (1, 00),
there exists a constant Cy depending only on max (|| Mo||, || Mg ], | M|, HMl_lH)

and t, t_, p, and a constant C(A, F) such that, for all u € H;{t*,

‘—1

[|wo F||H;,t, < Cu||det A/ det DF|| o | det Al7YP max(pt, pttt-) ||u||H;t,
+C ||u||H2,t, .

In the applications to transfer operators, F' will be the local inverse of some
iterate T™ of a piecewise hyperbolic map. Since T™ is contracting along F° and
expanding along E", the map F will therefore satisfy the assumptions of the lemma
regarding s and fi,.

Proof of Lemma[Zd. We will write uo F' = uo Ao A=!o F. Hence, we need to study
the composition with A and A~! o F. We claim that

(24)  lwo All o < [ det A|7PCy max(aly ") llul oo+ C ful] o
and
(25) Hu o A—l o FHH;’t’ < C# ||det A/ det DFHCa ||u||H;,t, .

Together, these equations prove the lemma.

First step. Let us prove [24]). This is a special case of Al Lemma 2.10] (replacing
(0,t-) by (t —1/2,t_)). We will give the proof for the convenience of the reader,
since it is at the same time very simple and at the heart of our argument. Lemma
1 deals with the composition with M; L and My, hence we can assume that My =
My, =1d.

We want to estimate ||qu||H;,n, = H‘Fﬁl(at-ff]:(qu))HLp' A change of
variables readily gives F~!(as s F(uo A)) = F ars_ o'A-Fu)o A. Hence, we
have to show that

(26) [ F a0 A Fu)|, < Copmax(uly, uH) ful e +C ul o

U 0

. t o
Write A—( 0 S

Let
(27) b(&n) = ars_ o "A(&m) = (1+ U +|Sn*)" (1 +|Snl*)"~/2.

Let us prove that, if C' is large enough, we have

) with (U] < py|€] and |Sn| > ps|n| by definition of pu, frs.

(28) b < Cymax(ul, ™ ar, +Cagy_ .

3The matrix norms are the operator norms with respect to the usual euclidean metric on R,
so that the norm of a matrix equals the norm of its transpose.



SPACES FOR PIECEWISE HYPERBOLIC MAPS 17

If we can prove this equation together with the corresponding estimates for the
successive derivatives of b, then Theorem [[§ applied to

b/(Cy max(py, 1" )ars + Caoy_)
gives
(29) Hfﬁl(b]:u)HLp < Cyx }’]:71((0# max(py,, pit Ja, + OGO,L)]‘-U)HLP ;
which yields (28]).

Let us now prove ([E8) (the proof for the derivatives of b is similar). We will
freely use the following trivial inequalities: for £ > 1 and A > 1,

(30) %(1+)\$)§1+$§§(1+A$).
Assume first [U€]? < |Sn|? and |Sn|? > 1. Then, since t > 0 and ¢t +t_ < 0,
b(€,m) < (1+2[Sn|*) (1 + [Snf*)'=/2 < 221+ |Sn*)" 2 (1 + |Sn|)"- /2
< 22(1+ a2 n|?) /2 < 282 (2 /2) (H)/2(1 | ?) (/2
<27l ag, (&)
If [UE)? > |Sn|? and |UE|? > 1, then
b(&,m) < (1+2|UEP)2(1 + |Sn*)'=/2 < 22(1 + [UE)2 (1 + pi2lnf*) -/
<2214 )20 4 )2 < 22 (22) R 1) 4 )
< 2'ngans (§m).

In the remaining case, £ and n are uniformly bounded, and [28) follows by choosing
C large enough. This concludes the proof of (24I).

Second step. Let us now prove [ZH). We will write F =A"10F. Asin the
proof of Lemmas [ B0 and EIl we will study simpler spaces before concluding
by interpolation. We thus write (t,¢_) = (6%, (1 — 0)t°) for some 0 < § < 1 and
% —t% € (0, ).

By 22, Proposition 2.1.2 (iv)+(vii)], the Hj-norm is equivalent to the norm
lull, + [[Dullp, . Since the derivative of F has norm everywhere bounded by 2

and | det DF| < 2% by assumption, we get after a change of variables Hu o FH <
Hy

Cy ||u||H}17 Since Hu o ﬁ" . < C4 |ull,,, the interpolation inequality (IT) gives
p

(31) o F| o < Colull o -
Hp P

Applying the same argument via Fubini to £~ on each leaf of the vertical di-

rection, we also have Hu o F1 H o1 < Cy llul| go.r. The adjoint of the composition
H; p’
p

by F~! is given by P(u) = det DF - wo F. Hence, duality yields |[Pul|0.-1 <
P
C4 |lul| go.-1. Since P is bounded by Cy on Ly, we get by interpolation

(32) HdetDﬁ‘-qu‘

o <Cy HUIIHE»Q -
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Together with (1), we obtain
o 7|

00 < Cy Hl/det Dﬁ"
H, ~

detDF-qu’

0,t9
Ce H,

(33) i
<C Hl dtDFH o
< Cy |1/ aet DF| a0

Interpolating between ([BIl) and (B3], we get
. |10
34 |uo | .. <cCyljt/aetDE| e
(31) wo . <1/ aecF| luly

Finally, 1/ det DF = det A/ det DF is bounded from below, and (E3) follows. [

Remark 23 (Invariance). The arguments in the second step of the proof of Lemma
(with A = 1d) also imply that, whenever ¢ > 0 and t_ < 0 satisfy ¢ + [t_| < a,
then the space H;’t’ is invariant under the composition with C'** diffeomorphisms
of RY sending stable leaves to stable leaves.

Remark 24 (Extending [] to C'** Anosov diffeomorphisms). If 0 < a < 1 we
can apply Lemma 2. If « > 1 and t > 0, t +t_ < 0 satisfy ¢ + |t_| < «, letting
m be the smallest integer > t + |t_|, [22, Proposition 2.1.2 (iv)+(vii)], implies
that the H"-norm is equivalent to the norm 3_, -, ||8'Vu||Lp. Thus, replacing the
matrix A in Lemma B2 by a C°° diffeomorphism A preserving stable leaves, with
least expansion s > 1 on the verticals, and whose inverse preserves horizontal
cones with least expansion p;! > 1, and such that HDA’1 o DFHCm,1 < 2 and
HDF_1 o DAHCm,1 < 2, we get, by applying [l Lemma 2.10] to prove the analogue

of &), that
[|wo F||H;,t, < Cu||det DA/ det DF|| ;o | det DA|™YP max (), pttt-) HU”H;L
+ O Hu||H;71/2,t, .

The proof of Theorem M then applies to any C't Anosov diffeomorphism 7' with
C'*e stable distribution, and to any C® weight ¢, with a > 0.

4.3. Localization.

Lemma 25 (Localization principle). Let  : R? — [0,1] be a C™ function with
compact support and write N, (x) = n(x +m). For any p € (1,00) and t, t— € R,
there exists Cy > 0 so that for each u € H,t,"tf

1/p
(35) S el |5 ol e

meZd

Remark 26. If, in addition to the assumptions of Lemma BA one supposes that
Y mezd Mm(x) = 1 for all 2, then one can show that there is C so that for each u
such that np,u € H,t,"L for all m we have
1/p
Jull o < Co | 32 ey
meZd

(We shall not need the above bound.)
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Proof of LemmalZA. For t_ = 0 and arbitrary ¢, Lemma 20 is a result of Triebel
27, Theorem 2.4.7] based on a Paley-Littlewood-type decomposition. Moreover,
the constant C depends only on the size of the support of 5, and its C¥-norm for
some large enough k.

To handle t— € R, we will (again) start from the result for the classical Sobolev
space and use Fubini and interpolation, as follows.

Let us prove the lemma for ¢ = 0 and {— € R, using a ds-dimensional Fubini
argument. We have

(36) Z ||77mu||:;{2'7 (Rd) = Z /

dl?,
mezd mezd Y TER b

" ({z}xR%s)

For each z € R% the values of m € Z? for which the restriction of n,,u to {z} x
R is nonzero are contained in a set M(z) x Z%, where Card M (z) is bounded
independently of z. Using the result of Triebel for the Sobolev space H;’ (R%), we
get

p p
(37) D Mmawtlly oy S O Ml gy

mezd

Integrating over # € R% and using the Fubini equality

p _ p
(3 /zeRdu e

we obtain the lemma for t = 0 and t_ € R.

Consider the map u — (9mu),,cz¢. We have shown that it sends continuously
H} to £,(H}) and Hpy'~ to £,(Hy'). By interpolation, for any € (0,1), it
sends [H;,Hg’t’]g to [fp(H;),Zp(HS’t’ )lo. By Proposition [[@, the first space is
Hgl“’)t"’t* while, by [26] Theorem 1.18.1] and again Proposition [G the second
space is ﬂp(H,(,l_G)t’et’). This proves the lemma. O

5. PROOF OF THE MAIN THEOREM

In this section, we prove Theorem [l Let us fix once and for all a piecewise C1+*
hyperbolic map 7" and a C* function g, satisfying the assumptions of this theorem.
We will denote by C'x constants that depend only on p, ¢, t_ and T

We recall that the norm on Hf;t’ has been defined in (@) using a partition of
unity p1,...,ps and charts k1, ...,k subordinated to this partition of unity.

In the following arguments, when working on a set O; or in a neighborhood of
this set (with i of length n), then T™ will implicitly mean T;. In the same way, g™
will rather be a smooth extension of g(™ | o. to a neighborhood of O;. This should
not cause any confusion. )

To study L}, we will need, in addition to the estimates from Section Hl to iterate
the inverse branches Tifl, to truncate the functions and to use partitions of unity.
To do this, we will use the three following lemmas.

Lemma 27. There exists a constant Cy such that, for anyn andi= (ig,...,in-1),
for any x € O;, for any j, k € [1,J] such that x € supp pj and y = Tix € supp py,
there exists a neighborhood O of y and a CY*® diffeomorphism F of RY, coinciding
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with Kk; o Ti_l o ngl on Kk, (0), and satisfying the assumptions of Lemma with
pu < Cy gt (x) and pg > C;l)\;,ll(a?), and

max (|| Mol|, | Mg || 1M |M7H]) < Cpe.

Proof. Let Fy = K; OTi_1 ) K;l, it is defined on a neighborhood of s (y). Moreover,
let P be a d,-dimensional subspace of the unstable cone at z, and let My, M;
be invertible matrices (with bounded norms) sending respectively Dk;(z)P and
Dry(y)DTi(x) P to R% x {0}, and stable leaves to stable leaves. Such matrices
exist since the unstable cone is uniformly bounded away from the stable direction.

Let A = DFy(ki(y)), then MoAM; ' sends R% x {0} to itself, and {0} x R%
to itself, i.e., it is block-diagonal. Hence, the matrix A satisfies the assumptions
of Lemma Let F be a C'* diffeomorphism of R? coinciding with Fy on a
neighborhood of kg (y) and such that DF(z) is everywhere close to A. Up to taking
a smaller neighborhood O of y (depending on n), the claims of Lemma 7 hold for
F. O

Lemma 28. There exists Cy such that, for any n, for any i = (io,...,in—1), for
any x € O;, for any j such that x € supp p;, there ewists a neighborhood O’ of x
and a matriz M sending stable leaves to stable leaves, with

max([[M]]. || 7]) < Cy.

such that the intersection of Mk;(O' N O;) intersects almost any line parallel to a
coordinate axis along at most C'yn connected components.

Proof. Let L be as in Definition @l Fix i = (ig,...,i,-1) and € O;. Let aq,...,aq
be a basis of 7, X, which is close to an orthonormal basis, such that its last d,
vectors form a basis of E*(z). We can ensure that, for any ¢ < n, DT*(x)ay, is
L-generic with respect to O;,, for d, < k < d. This is indeed a consequence of the
definition of weak transversality. Moving slightly the vectors ay for 1 < k < d,,, we
can also ensure that DT*(z)ay, is transversal to the hypersurfaces defining 9O; ; at
Tz for any ¢ < n.

Let by = Dkj(z) - ag, so that by,...,bq is a basis of R4, Multiplying ax by a
scalar, we can ensure that by has norm 1. If O’ is a small enough neighborhood
of z, then k¢(O’ N O;) intersects almost any line oriented by one of the vectors by,
d, < k <d, along at most nL connected components, by definition of L-genericity.
Moreover, it intersects any line oriented by one of the vectors bg, 1 < k < d,,, along
at most one connected component by construction.

Let M be the matrix sending by, ..., by to the canonical basis of R?, it satisfies
the requirements of the lemma. (Il

The following lemma on partitions of unity is similar to [B, Lemma 7.1].

Lemma 29. Lett and t_ be arbitrary real numbers. There exists a constant Cy
such that, for any distributions vy, . .., v; with compact support in R?, belonging to
H;"tf, there exists a constant C' with

l P l l
Z < P 3 il e + C_X; il e
1= 1=

t,t .
H, ~ i=1
where m s the intersection multiplicity of the supports of the v;’s, i.e., m =
sup,cre Card{i | € supp(vi)}.

(39)
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Proof. Let A be the operator acting on distributions by Av = F~1((1 + [£]* +
[01?)"72 (1 + [n|*)*=/2Fv), so that [[v]], - = [[Av], .
p P

[ Lemma 2.7] shows that, for any distribution v with compact support K and

any neighborhood K’ of this support, there exist C' > 0 and a function ¥ : R¢ —
[0,1] equal to 1 on K and vanishing on the complement of K’, with

(40) |wAv = Avll,, < O]l e -

Let vy, ...,y be distributions with compact supports whose intersection multi-
plicity is m. Choose neighborhoods K7, ..., K] of the supports of the v;s whose
intersection multiplicity is also m, and functions W1, ..., ¥; as above. Then

p p
Z (3 Z A’Ui Z \IJZA’Ul + CZ ||'UiH;;{t—1,t, .
i i » i v

i
By convexity, the inequality (z1+- - -+xm)P < mP~1 3" 2? holds for any nonnegative
numbers 1, ..., Tn,. Since the multiplicity of the Ks is at most m, this yields

P
Z \I/lA’Ul S mp_l Z |A’Ui|p.

Integrating this inequality and using (Il), we get the lemma. ]

(41)

| P
tt_
H, L

<
» L

(42)

Proof of Theorem[d. Let p, t and t_ be as in the assumptions of the theorem. Let
n > 0, and let r,, > 1 (the precise value of 7, will be chosen later). We define a
dilation R,, on R? by R,,(z) = rpz. Let ||ul|,, be another norm on Hy', given by

(43) lull, =Y [[(pju) o 65" 0 R | e

The norm ||u||,, is of course equivalent to the usual norm on HE', but we look at
the space X at a smaller scale. Functions are much more flatter at this new scale,
so that estimates involving their C® norm, such as Lemma [[@ or Lemma B2 will
not cause problems. This will also enable us to use partitions of unity with very
small supports without spoiling the estimates. The use of this “zooming” norm is
similar to the good choice of ¢q in [23], or the use of weighted norms in [I6].

We will prove that, if n is fixed and r,, is large enough, then

(44 [[£5ull; < Cllully .

+ Cyn" Dl (D)™ || det DT [max(A; ) AT lg ™|

[l

The injection of 'H; * into Hg’t’ is compact. Hence, by Hennion’s theorem [20)],
the essential spectral radius of £j acting on Hy' (for either ||u|\H;,t, or |lul,,

since these norms are equivalent) is at most

1/
(45)  [Cunr DL (D5 |l det DT max(; 0 0 Pl ]

L
Taking the power 1/n and letting n tend to co, we obtain Theorem B since the
quantity (CxnP)'/P" converges to 1 (here, it is essential that Cy does not depend
on n).

It remains to prove ), for large enough r,. The estimate will be subdivided
into three steps:
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(1) Decomposing u into a sum of distributions v; ,, with small supports and
well controlled |-||,, norms.

(2) Estimating each term (10,9 vj ) o T; ', for i of length n.

(3) Adding all terms to obtain Lju.

First step. For 1 < j < J and m € Z¢, let 9, = 0, - (pju) o Ii;l o R-1, where

n
Nm(x) = n(z+m), with n : R? — [0, 1] a compactly supported C> function so that
> mezd tm = 1. Since the intersection multiplicity of the supports of the functions
Nm is bounded, this is also the case for the v;,,. Moreover, if j is fixed, we get
using Lemma

2 Isamllyee = 3 llm - (pgu) o7 0 R e
(46) meZd mezd

< C# H(p]u) o 5;1 o R;lHZ;,L < C# ||u||fl

Since R,, expands the distances by a factor r, while the size of the supports of the
functions 7,, is uniformly bounded, the supports of the distributions

Vjm = Uj,m © Ry 0 Kj = im0 Ry 0 k5 - (pju)

are arbitrarily small if r,, is large enough. Finally
(47) u = iju = ZUW’V
J J,m

Second step. Fix j k€ {1,...,J}, m € Z% and i = (ig,...,in_1). We will prove
that

49) [(prla™1o0m) 0 T o i 0 R

[y < Clull g
+ Cyun H| det DT"['/? g™ max (A", )\;SH*))HL 1Tj,mll e -

First, if the support of v}, is small enough (which can be ensured by taking
r, large enough), there exists a neighborhood O of this support and a matrix
M satisfying the conclusion of Lemma this follows from Lemma and the
compactness of Xg. Therefore, the intersection of R, (M (k;(O N O;))) with almost
any line parallel to a coordinate axis contains at most C'xn connected components.
Hence, Lemma Rl implies that the multiplication by 1ono, © n;l oM~'oR, ! sends
H;"t’ into itself, with a norm bounded by Cyn. Using the fact that M and R,
commute, the properties of M, and Lemma Il we get

(49) Hloi o 5;1 o R;l 'ﬁj>mHH;‘t* < C#TL ”ﬁj>m”H;’t’ .
(Recall that v; ., is supported inside O.) Next, let
Ujkm = ((pr 0 Ti)1o,) 0 k5 ' o Ry By

(we suppress i from the notation for simplicity). Let also x be a C'*° function
supported in the neighborhood O of the support of v; ,,, with x = 1 on this support.
Up to taking larger 7, we may ensure that H(X(pk oT;))o n;l o RngCa < Cy.
Then Lemma [[@ and E3) imply

(50) 15kl gt- < Cpn B m ] oo
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In addition, we have
51 ko 11)10.vim oT Yok 'o R " =%, pmoRnok;oT, tor toR !
P i V7, i k n 3k, 34 k n

— ’Dj,k:,moRnoFoRgla

where F' is given by Lemma (we use the fact that the support of vj ., o Ti_1
is contained in a very small neighborhood O’ if r,, is large enough, and again the
compactness of Xy). The diffeomorphism F' satisfies the assumptions of Lemma 22
Since the dilations R,, commute with any matrix, this is also the case of the diffeo-
morphism G = R,, o F o R;;!. Applying Lemma P2 to G, we get (for some point =
in the support of vj,,, and some matrix A of the form DF (R, !(z)) for some z)

(52) ||ﬁj,k,moRnoFoR;1||H;,t, < CHuHHg,t,

. det A
# |l det DG

The factor det A is close to det DT;(z)~!. Moreover, det DG = (det DF) o R!.
By choosing r,, large enough, we can make sure that the C“ norm of det DG is
controlled by its sup norm, to ensure that ||det A/ det DG|| o is uniformly bounded.

Let ¥’ be a C* function supported in O’ with x’ = 1 on the support of vjﬂnOTfl.
For § > 0, we can ensure by increasing r,, that the C® norm of (x'g(™) o Ti_1 o
#; 1 o R is bounded by |g(™) ()| 4 ¢ for some z in the support of v;,,. Choosing
d > 0 small enough, we deduce from (B2), Lemma [[d and (&)

-, |det A|7Y/P max (A, (z) 7", )\S,n(x)f(t“*)) ||’l’]j)]€)m||H;,t, .

[(peta™ 1005 0 T 0 i o R

[y < Ol
+ Cyun H| det DT”|1/pg(”) max(\, " )\;SH*))H ||7~Jj7m||Hf’f7 .
: : Lo !

This proves [{J).

Third step. We have Lgu = 2, . 310,90 vjm) o T, (Note that only
finitely many terms in this sum are nonzero by compactness of the support of each
p;.) We claim that the intersection multiplicity of the supports of the functions
(10,9 vjm) o Ty is bounded by CyD¢. Indeed, this follows from the fact that
any point € X, belongs to at most D¢ sets Ti(0;), and that the intersection
multiplicity of the supports of the functions v; ,, is bounded.

To estimate HEZU’ ,,» we have to bound each term H(pkﬁgu) okylo R} HH;,L ,

for 1 < k < J. Let us fix such a k. By Lemma B9 we have

lorcgu) om0 B[ < Clull o

+Cp(Cy DL H(pk(loigm)%) o T Yoo B!

Jym,i

P
‘ t,t
P

We can bound each term in the sum using {X) and the convexity inequality (a +
b)P < 2P~1(aP +bP). Moreover, for any (4, m), the number of parameters i for which
the corresponding term is nonzero is bounded by the number of sets O; intersecting
the support of v; ,,. Choosing r,, large enough, we can ensure that the supports of

the v;,, are small enough so that this number is bounded by D?P. Together with
(D), this concludes the proof of (El), and of Theorem B O



24 VIVIANE BALADI AND SEBASTIEN GOUEZEL

APPENDIX A. CORRIGENDUM TO [, Lemma 2.8] — ABOUT INTERPOLATION

The statement of [, Lemma 2.8] should be replaced by*: letting n = [|t|] + [|t +
t_|]+d+4,if g is C™, then

(53) lgullyee < Collglon-siony lellyge +C ullgre

where ”gHCn*l(csl) is the maximum between |lg||, and the C"~' norm of the
first derivatives of g along F*. It was mistakenly claimed in [ Lemma 2.8] that
it is enough to take n = 3. The sentence “This can be shown by a straight-
forward...oscillatory integral argument” in the proof there should be replaced by
“This can be shown by integrating by parts [|p|] + [|¢]| + d 4+ 1 times in total with
respect to (u,v), noting that

(14 |y —s0)® + 1€ — sw|>)P/2(1 4 |€ — sw|?)¥2(1 + |n|> + |€]>)7P/2(1 + |¢]?)~V/?
<161+ [sw]?)! 1721 4 [s0]* + [sw]?) P17

Since & 171 has been differentiated up to 3 times including |7/| € {1,2} times
along z-directions, we get at most [|p|]+[|¢]|+d+4 derivatives in total.” In particular
H, Lemma 2.8] only holds if ¢ is sufficiently differentiable.

We derive via interpolation in Lemma [[@ a simpler Leibniz-type bound which
takes the place of [4, Lemma 2.8] and is valid for ¢ € C* for any o« > 0. The
“zooming” norm () then allows us to replace ||g|/ o by a sup-norm type estimate
for arbitrary g.

The interpolation estimates also yield a chain-rule-type bound (Lemma P2 and
Remark 24l) which extends [d, Lemma 2.10] to arbitrary differentiability: the proof
of [, Lemma 2.10] uses that T is C*° implicitly in several places (when referring to
arguments of [I]), although a modification of this proof along the lines given above
gives the claim for C* dynamics, with k(d) large if d is large.

APPENDIX B. PROPERTIES OF PHYSICAL MEASURES

In this section, we prove Theorem [[1l In fact, we will prove a more general
result in a more abstract context. Let X be a manifold, Xy a compact subset
of X with positive Lebesgue measure, and T : Xy — X, a transformation for
which Lebesgue measure is nonsingular. We will denote in this appendix by £ the
corresponding transfer operator, defined by duality on L; (Leb) by [ Xo Lf-gdLeb =

on f-goTdLeb.

Theorem 30. Let H be a Banach space of distributions supported on Xg. Assume
that

(1) There exist « > 0 and C > 0 such that, for any v € H and f € C*(X),
then fue H and | fully < C lfllce llully-

(2) The space H N Lo (Leb) is dense in H.

(3) The transfer operator L associated to T sends continuously H N Lo (Leb)
into itself, hence it admits a continuous extension to H (still denoted by
L). We assume that the essential spectral radius of this extension is < 1.

(4) There exist fo € H N Loo(Leb) taking its values in [0,1] and Ng > 0 such
that, for any ¢ € Loo(Leb), then fo =1 on the support of LN0g.

4This has no consequences on the other claims in H.
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(5) For any u € H which is a limit of nonnegative functions u,, € HN L. (Leb)
and for which there exists a measure i, such that® (u, gdLeb) = J g dpy for
any C™ function g, then the measure ., gives zero mass to the discontinuity
set of T.

Then there exist a finite number of probability measures p1,...,pu which are T-
invariant and ergodic, and disjoint sets Ay, ..., A; such that p;(A;) = 1, Leb(A;) >
0, Leb(Xo\ Ui 1 A;) =0 and, for every x € A; and every function f € C°(Xo) N H
(the closure of C°(Xo) N H in C°(Xy)), then + 37~ 0 f(Tiz) — [ f du.
Moreover, for every i, there exist an mteger k; and a decomposztzon Wi = i1+
-+ ik, such that T sends p;; to w1 for j € Z/kiZ, and the probability
measures kip; ; are exponentially mizing for T and C® test functions.

The proof will also describe a direct relationship between the eigenfunctions of
L for eigenvalues of modulus 1, and the physical measures of T'. The first part of
the proof is directly borrowed from [7].

The first, second and fourth conditions say that the space H is sufficiently large.
They are satisfied in the setting of this paper (taking fo = 1x,, which belongs to
H5'), but also in the case of an attractor, when T'(X,) is contained in the interior
of Xy (the function fy can be taken C*°, compactly supported in the interior of
Xo, equal to 1 on T(Xy)).

The fifth condition is necessary, as shown by Example[llin Section & taking for
H the space of distributions in the Sobolev space H, ! supported in [~1,1] x {0, 1},
then all the assumptions of the theorem but the fifth one are satisfied, and the
conclusion of the theorem does not hold.

Proof. Let us first prove the existence of C' > 0 such that, for any n € N,
(54) 1€ g < C.

Otherwise, £ has an eigenvalue of modulus > 1, or a nontrivial Jordan block for an
eigenvalue of modulus 1. Let A be an eigenvalue of £ of maximal modulus, with a
Jordan block of maximal size d. Since Lo, N H is dense in H, its image under the
eigenprojections is dense in the eigenspaces, which are finite dimensional. Hence,
it coincides with the full eigenspaces. Therefore, there exists a bounded function f
such that =@ S>"" " \=L? f converges to a nonzero limit u. For any C* function

9,

(u, g dLeb) = lim — Z YL f, gdLeb) ) =lim — Z /f.goTidLeb.
=0 =0

If [A\] > 1 or d > 2, this quantity converges to 0 when n — oo since [ f-goT*dLeb
is uniformly bounded. This contradicts the fact that u is nonzero, and proves (B4).

For |A| =1, let E) denote the corresponding eigenspace, and ITy : H — E) the
corresponding eigenprojection. It is given by

n—1

(55) I, f = lim — Z)\ L,

5We write (u, g dLeb) and not (u, g), in accordance with the convention stated in the footnote
pageBl viewing distributions as generalized functions which can only be integrated against smooth
densities.
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where the convergence holds in H. Since Loo(Leb) N H is dense in H, E) =
II\(Loo(Leb) N H). For any f € Loo(Leb) N H and g € C*°,

<Cl Sl lgllco -

/f-goTidLeb

n—1
1
IT, f, gdLeb)| < lim —
(56)  [(Mf.g e>|_lmn;

By Riesz representation theorem on the compact space X, this implies that, for
any u € E), there exists a finite measure p,, on X such that (u, gdLeb) = [ g dp,.
Moreover, for ¢ > Ny and g > 0,

'/f'goTidLeb —‘/EN"f'fO'goTiN"dLeb

/ENf’f .go T NodLeb

gC/fo-goTi—NOdLebzC/ci—NOfo-gdLeb.

Averaging and taking the limit, we obtain

/9 dpr, p| < C/Q dpr, fo-

This means that the measures p,, are all absolutely continuous with respect to the
reference measure p := pury, f,, with bounded density.

Let us show that the measure p is invariant. This is formally trivial from the
computation

/g dp = (I1; fo, g dLeb) = (LI1; fo, g dLeb) = (I1; fo, g o T dLeb) = /gon,u.

(57)

However, this argument is not correct since (II; fo, g o T dLeb) is not well defined
since ¢ is not smooth. More importantly, even if we could define it, the equality
between (II; fo, goT dLeb) and [ goT du would not be trivial since the relationship
between IT; fo and du is established only for continuous functions.

The rigorous proof relies on the fifth assumption of the theorem. By definition,

if gis C*>, then [gdp =1lim [gd (% S T fo Leb)). By density, this equality
extends to C° functions, hence p is the weak limit of the sequence of measures

%Z?;Ol T!(foLeb). In turn, for any function h whose discontinuity set has zero
measure for u,

1 n—1 )
58 /hduzlim/hd(— TifoLeb>.
(59) w 2 Tl
If g is a continuous function, then g o T' is continuous except on the discontinuity
set of T'. The fifth assumption of the theorem shows that this set has zero measure
for u. Hence, (BY) applies to g o T'. It also applies to g. Since the right hand side
for g and goT coincide up to O(1/n), this yields [ goT dp = [ g du and concludes
the proof of the invariance of p.

In the following, we shall encounter several instances of similar equations that
are formally trivial but need a rigorous justification. Let us give a last justification
of this type, and leave the remaining ones to the reader. We claim that, if ¢ € C¢
and g € C*,

(59) (L0 fo),gdLeb) = [ 6 901" dp
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Indeed, £(¢I1y fo) is the limit in H of L' (¢+ Z;:ol L7 fo), hence
n—1

(£4(01 o), g dLeb) = lim - 3™ (£(6£ fo), g dLeb)

=0

n—1
1 . .
= lim — E L7 fo - T* dLeb
1 nj_0/¢ forgo ©

n—1
. i 1 ;
:hm/gf)-goT d - EOTj(fOLeb)
J:

The measure p gives zero mass to the discontinuities of g o T (since it is invariant
and gives zero mass to the discontinuities of T'). Hence, (B8) holds for ¢ - g o T".
This concludes the proof of ([B9).

For any u € E), write p, = ¢,pu where ¢, € Loo(p) is defined p-almost every-
where. The equation Lu = Au translates into Ty (¢ p) = A¢y . Hence, since p is
invariant,

Jlouer =26, an= [loPoran+ [lou? -2 [GoTa 6, du
= 2/|¢u|2 du—2ﬂ%/)\‘1% dT(¢up) = 0.

Let F\ = {¢ € Loo(p) | o T = XA71¢} (this is a space of equivalence classes of
functions), then the map ®y : u — ¢, sends (injectively) E) to F). Let us show
that it is also surjective.

Let ¢ € F\. By Lusin’s theorem, there exists a sequence of C“ functions ¢, with
Il — ¢PHL1(H) < 1/p. Let up, = Hx(¢pll1 fo), and let p, = puy,. Let us prove that
the total mass of the measure ¢dp — dp, converges to 0. If g is a C°° function,

n—1

1 o
[ 94 = {uysgdLeb) = lim - 57 AL (6,11 fo) g e

=0

n—1
1 . _
=1 —§ A7? cgoTid
im — 2 /% go 1

by (B3). On the other hand, for any n, since p is invariant and ¢ o T = A ~1¢,

n—1 n—1
1 S 1 : :
dp = — TipoT du=—) A T'¢ dp.
/gfbu n;/go ¢oT" du n; /go ¢ dp

Subtracting the two previous equations, we get

/gd)du—/gdup

which proves that the total mass of ¢dp — dy, converges to 0.

The sequence u, belongs to the finite dimensional space E), and the elements of
E) are separated by the linear forms given by the integration along C'*° densities
(since H is a space of distributions). Since (u,, g dLeb) converges for any g, the
sequence u, is therefore converging to a limit u.,. By construction, ®(us) = ¢.
This concludes the proof of the surjectivity of ®,.

(60) <116 = ol 19l
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The eigenvalues of £ of modulus 1 are exactly the A such that F) is not reduced
to 0. This set is a group, since ¢prpn € Fhn whenever ¢ € Fy and ¢y € Fy.
Since £ only has a finite number of eigenvalues of modulus 1, this implies that these
eigenvalues are roots of unity. In particular, there exists N > 0 such that AV =1
for any eigenvalue \.

Let us now assume that 1 is the only eigenvalue of £ of modulus 1 (in the general
case, this will be true for £V, so we will be able to deduce the general case from
this particular case). Under this assumption, for any v € H, L™u converges to IIju.

Consider the subset of F; given by the nonnegative functions with integral 1. It
is a convex cone in Fj, whose extremal points are of the form 1p for some minimal
invariant set B. Such extremal points are automatically linearly independent. Since
F1 is finite-dimensional, there is only a finite number of them, say 15,,...,1p,, and
a function belongs to Fy if and only if it can be written as ¢ = > a;1p, for some
scalars aq, ..., a;. The decomposition of the function 1 € Fy is given by 1 =Y 15,,
hence the sets B; cover the whole space up to a set of zero measure for u. Moreover,
since B; is minimal, the measure pu; := % is an invariant ergodic probability
measure. '

Let u; = ®*(1p,) € H, then any element of Fj is a linear combination of the
u;. In particular, this applies to II; (fu;) for any f € C®. Let us show that

(61) T, (fue) = ( 1 duz> i

We can write II; (fu;) = > a;;(f)u;. Let us fix once and for all I sequences of
C* functions ¢, taking values in [0,1] and such that ¢;, converges in Lq(u)
to 1p,. Since (uj, ¢y pdLeb) = [p djp du — 0j5p(B;), we have aj;(f) =
#(B ) limy, 00 (111 ( fu;i), ¢, dLeb). Moreover, if p is fixed,

<H1 (ful), ¢j7p dLeb> = nlLII;o<£n(fUZ), ij.,p dLeb>

= lim / fojpoT™ dp.
Writing ¢, o T = 1p, o T" 4 (¢ — 1B;) o T™ and using 1p, o T™ = 1p, and

||(¢j,p —1B;)0 TWHLl(u) = ||¢j,p — 1, ||L1(M) —poo 0, we obtain (&1l).

This enables us to deduce that each measure pu; is exponentially mixing, as
follows. Let § < 1 be such that ||£" —1II||,_, , = O(6™). Then, if f,g are C*
functions,

1 1
/f’goTnsz'

) <£n(ful) gdLeb) ,U(Bl)

- < / F ) s s g dLeb) + 0(6™)
_ (/fdui) (/g dui> + O™,

We now turn to the relationships between Lebesgue measure and the measures
wi. For any function f € Lo (Leb) N H, let us write

(1 (fu;), g dLeb) + O(5™)

(62) IL(f) = Z bi(f)ui-
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We will need to describe the coefficients b;(f). Let n, be a sequence tending fast
enough to oo so that ||[£"? — Iy || ;_, 1 [|@ipllge —p—oo 0. If f belongs to Lo (Leb)N
H,

/ f - bipo T dLeb = (L™ f, 6, , dLeb)
= <¢i1p(£np — Hl)f, dLeb> + <H1f, gbl-’p dLeb>
=o(1) + ij(f) . bip dp = o(1) + bi(f)p(Bs).

More generally, [ f - (i 22"”_1 bip oT”) dLeb — u(B;)bi(f). The sequence

L EQ"P ¢ip o T™ is bounded in L?(Leb), and asymptotically invariant. Let
P
hi: X — [O 1] be one of its weak limits. It satisfies

1
63 bl f = /fhz dLeb,
o =)
and hz ol = hl Since bl(fo) = 1, we have f hsz dLeb = ILL(BZ)
Let us now compute [ h;h; fo dLeb. We have

/J,(Bj)bj (¢i)p£nf0) = /¢i7p£nf0hj dLeb = /f0¢i,p e} Tnh] oT™dLeb

= /¢i7pOTnhjf0 dLeb.
Taking the average and the weak-limit, we obtain
1 2np—1
64 hih; fodLeb = p(B;) lim — bi(i p L
(64) [ hadoated = (B Jim <37 (610700

Moreover, if n > n,

(65) GipL" fo = @i p(L" —1I1) fo + ¢i pI1 fo.

The first term converges to 0 in H, and the computation made in (B0) shows that
IT; (¢, pI14 fo) converges to u,;. This implies that b;(¢; , L™ fo) converges to d;;. This
yields

(66) [ hihsadieb = ()55
Let X1 = {z | fo(z) > 0}. Takingi = j, we get [ h?fodLeb = u(B;) = [ h; fodLeb.
Since h; takes its values in [0, 1], this shows that there exists a subset CY of X3

such that hilx, = lco, with [, fodLeb = pu(B;). Moreover, (BH) shows that
Leb(CPNCY) = 0if i # j. Let C; = T~NoCP, then these sets are disjoint. For any
function f € Lo (Leb) N H, since LN f is supported in X,

. = 0, No = :
() = 0L ]) = s n(B)
1

1
=—— [ f-1 poTNOdLeb:—/ fdLeb.
u(B»/ < w(By) Je,

/ LNo fh; dLeb = / LY f-1co dLeb
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Moreover, since £N01 is supported on the sets C?,
Leb(X) = / ldLeb = / £No1dLeb = / LN1-1y o dLeb
= /1u co o TN dLeb = /1u ¢, dLeb.

This shows that the sets C; form a partition of the space modulo a set of zero
Lebesgue measure. We have proved that

! dLeb
(67) () =) Jo 7 dLeb C;{B_) ui.
i=1 v

Let us now turn to the convergence of L E;:Ol foT7 for f € Loo(Leb)N H. Let

Snf =312 foT7, we will estimate [ S, f/n— Sy, f/m|?fodLeb. Fori,j > 0, we
have

/foTi-foT”jfodLeb:/fﬁi(fo)-foTjdLeb

- / L (FL fo) f dLeb = (LI (L fo). f)
— (LI (fIL fo), f) + O(8") = (I (fTLufo), f) + O(8) + O(57),

where § < 1 is given by the spectral gap of the operator £. Hence, for n,m > 0,

[ 808+ Sutfodred
=nm(IL(ffo), )+ Y, O@)+0@)+ > 0@F)+0()

0<i<n-—1 0<i<m-—1
0<j<m—1—1i 0<j<n—1—1

— n(IL(fIL fo), £} + O(n) + O(m).

Expanding the square in |S,, f/n — S,, f/m|?, we get using the previous equation

/ISnf/n — Sy f/m|? fo dLeb

= %/Snf'snffodLeb—i—%/Smf-SmffodLeb—%/Snf-SmffodLeb
=0(1/n) + O(1/m).

The functions g, = S, f/p* therefore satisfy | gp+1 — 90\l (1o areny = O1/P%),
which is summable. This implies that g, converges in Lo(fodLeb) and almost
everywhere for this measure. For a general n € N, let p be such that p* < n <
(p + 1)*, then S,f/n — Sy f/p* is uniformly small if n is large. Hence, S, f/n
converges almost everywhere and in Lo( fo dLeb), to a function ¢ € Lo(fo dLeb).
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Let us now identify the function ¢;. For any smooth function ¢,

/ 6 foT" fodLeb = (L (6fy), f dLeb)
!

— (N (8fo). fdleb) = " biCofo) [ f d

i=1 B;
' [, ¢fodLeb Lo S fdp

2 TE /B ran= | 2 te” gy | Sodieb.
This shows that, with respect to the measure fydLeb, the sequence of functions
foT™ converges weakly to the function éf = Zlizl 1c, (f f dui). In turn, S, f/n
converges weakly to QNSf. However, S, f/n converges strongly to ¢, hence ¢y = (;NSf
almost everywhere for fodLeb, and in particular on almost all Uli:1 CY.

Let Aif be the set of points for which S, f/n converges to [ f du;. We have
shown that Aif contains a full Lebesgue measure subset of C?. However, Aif is
T-invariant, hence it contains a full Lebesgue measure subset of C;. Since the sets
C; cover Lebesgue almost all the space, Leb(X\ Ué:l A7) = 0. By the Birkhoff
ergodic theorem, Aif is also a full u measure subset of B;. Let f, be a countable
sequence of functions in C°(Xg) N H, which is C°-dense in C°(X,) N H, and set
Ai =Nyen A{". These sets satisfy the conclusion of the theorem.

This concludes the proof of the theorem when 1 is the only eigenvalue of modulus
1 of £. If £ has other eigenvalues of modulus 1, let N be such that AN =1 for all
these eigenvalues \. The above result applies to TV, and gives sets A, ..., A; and
probability measures p1, ..., ;. The map T induces a permutation of the sets A;
(modulo sets of 0 measure for u), say T'(A4;) = A,(;) mod 0 for some permutation
o of {1,...,1}. For any orbit (iy,...,i) of o, the measure 3 (ui, + - + pi,) is
T-invariant, and its basin of attraction contains ﬂj;Ol T77(A;, U---UA,;,). These
measures are the measures of the statement of the theorem, and their properties
readily follow from the corresponding properties for TV. O

To deduce Theorem [l from Theorem B, we just have to check the fifth condition
of Theorem Bll since the other ones are trivially satisfied. Working locally in a chart,
it is sufficient to prove the following lemma:

Lemma 31. Let K be a compact smooth hypersurface with boundary in RY, whose
intersection with almost every line parallel to a coordinate azis has at most L < oo

points. Let 1/p—1<t_ <0<t <1/p, and let u € Hy"" be such that

. ) . tt_
o there exists a sequence of nonnegative functions w, € Hy

N Lo (Leb)
converging in H;’ti to u.
e there exists a measure p with (u,gdLeb) = [ g du for any C> function g.
e The support of u does not intersect OK .
Then pu(K) = 0.

Proof. Let us first prove that there exists a sequence of neighborhoods K,, of K N
supp u, whose intersection with almost every line parallel to a coordinate axis has
at most L' < oo connected components, and with Leb(K,) — 0.

Working locally, we can assume that K is transversal to a coordinate direction,
say the last one. Hence, we can assume that v is supported in [-1/2,1/2]971 x R,
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and that K can be written as the graph of a smooth function f,
(68) K= {(Il, ey Td—1, f(.Il, e Idfl)) | (.Il, Ce ,.’,Edfl) S [—1, 1]d71}.

Let K, = {(z1,...,2q-1, f(x1,...,Ta_1) +¥) | (x1,...,24-1) € [-1,1]%71 |y| <
1/n}. It is a neighborhood of K Nsuppw. It intersects any line parallel to the last
coordinate axis along one connected component. Consider now another coordinate
axis, say the first one. Fix (z2,...,24-1). Then the boundary of K, N (R x
{(z2,...,24-1)} X R) is formed of two vertical segments and two translates of
the graph of the function z — f(z,za,...,24). For almost every (z2,...,zq),
this graph intersects almost every horizontal line along at most L points. Hence,
the intersection of almost every horizontal line with the boundary of K, N (R x
{(z2,...,24-1)} xR) has at most 2L+ 2 points. In particular, K,, intersects almost
every horizontal line along at most 2L + 1 connected components. This concludes
the construction of K,,.

By Lemma B0 there exists a constant C' such that, for any n € N, the multipli-
cation by 1k, sends Hf;t’ into itself, with a norm bounded by C. In particular,
1k, belongs to H;’t’ and is bounded in this space.

Let us show that 1, tends to 0 in Hy'~. Let ¢ € (t,1/p). Then 1g, is also
bounded in H;/’t’ by the same argument. Since the injection of H,t)/’t’ in H;’t’ is
compact, the sequence 1, is therefore relatively compact in H,t,"t’. Let v be one
of its cluster values. For any smooth function g,

(69) (v, gdLeb) = lim(1lk, ,gdLeb) = lim/ 1k, gdLeb = 0,

since Leb(K,,) tends to 0. Hence, v is the zero distribution. The sequence 1, is

relatively compact in H;’t’ and its only cluster value is zero, hence it converges to
0.
Let us now show that, for any v € Hf;t’,

(70) HlKnU”H;,t, — 0.
Choose a C* function ¢ with [[v — ¢|| ,+.- <'¢, then

vl e < (0= D)l s + 1L, bl
< Cllo =6z + I6llen e, e < et o(1)
This proves ([Z0).

Let g be a C* function supported in K, taking its values in [0, 1], equal to 1
on K. We claim that

(71) /g dp < (1k,u,dLeb).

Indeed, write v = lim u,, where u,, is a nonnegative function belonging to L. (Leb)N
Hy'~. Then (uy,, gdLeb) = [ gu, dLeb < [ 1k, u,, dLeb = (1, t,,, dLeb). Tak-
ing the limit over m, we get ([I).

We can now conclude the proof: by [), we have u(K) < C ||1Knu||H;,t, . This

quantity converges to 0 by ([Z0). O

Remark 32. The proof of the previous lemma implies that Dirac masses cannot
belong to H,t,"L if1/p—1<t_ <0<t<1/p: assume for a contradiction that
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dg, the Dirac mass at 0, belongs to Hf{t’. Take K,, the ball of radius 1/n centered

at 0. Then dp = 1k, do for each n, but 1x,do tends to zero in H;’t’ asn — 0o, a
contradiction.
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