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Bloch wave homogenisation for spectral asymptotic analysis of the
periodic Maxwell operator

K.D. Cherednichenko*’, S.Guenneau?
December 3, 2007

Abstract

This paper is devoted to the asymptotic behaviour of the spectrum of the three-dimensional Maxwell
operator in a bounded periodic heterogeneous dielectric medium T = [T, T]3, T > 0, as the structure
period 7, such that n~'7 is a positive integer, tends to 0. The domain T is extended periodically to the
whole of R?, so that the original operator is understood as acting in a space of T-periodic functions.
We use the so-called Bloch wave homogenisation technique which, unlike the classical homogenisation
method, is capable of characterising a renormalised limit of the spectrum (called the Bloch spectrum).
The related procedure is concerned with sequences of eigenvalues A, of the order of the square of the
medium period, which correspond to the oscillations of high-frequencies of order n!. The Bloch-wave
description is obtained via the notion of two-scale convergence for bounded self-adjoint operators, and a
proof of the “completeness” of the limiting spectrum is provided.

Keywords: Electromagnetic waves, periodic structures, two-scale convergence, spectrum.

1 Introduction

The problem of determining the effective properties of a composite periodic medium in the context of
electrostatics is an old one, and has been studied extensively, starting with the paper [11] by Lorenz. However,
when the electric fields exhibit time-dependence one moves into the area of electromagnetism, which is a
less-developed subject, at least in the context of the effective response of periodic composite media. In
this respect it may be helpful to recall that although practitioners often make use of the traditional static
formulae in the dynamic regime, this technique, generally known as the “quasi-static limit”, tacitly relies on
a set of assumptions about the fields in the material; namely, that their wavelengths are long in comparison
with the typical size of heterogeneity. In this respect it seems to be of interest to investigate the material
response when the wavelengths and the average period of variations in the conducting properties become
comparable, thus inducing significant scale interactions. Whether the material then supports the imposed
oscillations, such as an externally applied electric signal, becomes a non-trivial question, requiring a new
averaging procedure of some sort.

There are several recent examples of similar kind, where the limiting procedure has exhibited a strong
dependence on the precise way in which the underlying length-scales become small, see e.g. [13], [17]. Most
of them are due to some sort of contrast in the properties at different points of the composite, which makes
it possible to have comparatively short waves in selected parts of the medium. It seems equally plausible
to imagine, however, that the external frequency is high enough already to warrant the existence of scale
interaction effects in the medium. Several works investigating this possibility have been written by Allaire
and Conca, in the context of fluid-solid structures [2], [4], as well as for a scalar elliptic equation with
Dirichlet boundary conditions [3]. The present paper deals with an analogous problem in the context of
electromagnetic waves. In order to avoid technical complications unrelated to the aim of the present study,
we restrict ourselves to the case of periodic boundary conditions, thus excluding a possibility of the emergence
of a “boundary layer spectrum”, see e.g. [3]. Throughout the paper we use bold type to denote various
spaces of vector functions, such as L2, or Cror; the subscript “per” will refer to the respective spaces of
periodic functions. Given an operator A, we use the notation o(A) for its spectrum.

Consider an isotropic dielectric medium occupying the domain T = [T, T]?> C R? of fixed period 2T > 0,
which is extended periodically to R? and composed of (n~12T)? periodicity cells with a small period n € Z,
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where the set Z is defined by Z := {5 > 0: 7T € N}. Such a composite medium can be a model of what
is known as the photonic crystal [16]. The analysis of electromagnetic modes in such a medium amounts to
looking for pairs! (A,, H,) € RY x Hye(curl, T), H,, # 0, such that

curl(e”Y(z, z/n)curlH,) = A;lH,,, (1.1)

where e(x,x/n) is the (matrix) relative permittivity of the medium at the point x. The set of all first
elements A, of such pairs is referred to as the spectrum of (1.1), and we denote it by o,. We assume that
e(z,y) € Cher (T, [L®(Y)]?), where YV := [0,1]?, and that e(xz,y) > I for a.e. (w,y) € T x Y, which, in
the case when the medium is isotropic, means that e(x,y) is bounded below at almost every point by the
permittivity of vacuum. It follows from the above two conditions that the operator in the left-hand side of
(1.1) is uniformly elliptic (or “coercive”). The equation (1.1) is understood in the weak sense, i.e.

/refl(m,m/n)curlHn(m)'curlcp( z)de = A /H (z)dx

for any ¢ € C2,(T). Note in particular that for any solution of (1.1) one has div H, = 0.

In order to study the spectrum of (1.1) for each n € Z, consider the Green operator G, in L*(T) defined
for every f € L*(T) by G,f = w,,, where u,, is the unique solution (by the Lax-Milgram lemma, see e.g.
[10]) in Hper(curl, T) of the problem

curl(e ™ (z, z/n)curlu,) +u, = f. (1.2)

Clearly, G,, is self-adjoint and it can also be shown that it is compact, we can thus write o(G,) = {0,1} U{]\ﬁ}kzl,
where for each 7 the sequence ]\k converges to 0 as k — oo. In the above union we include every eigenvalue as
many times as is its multlpllclty, so that to each Ak is associated a normalised eigenfunction? u e L2 (T)
such that ||uk||L2 () = 1 and the family {u }e>1 is an orthonormal basis of L2 (T). The elgenvalues Af; are
related to the eigenvalues of (1.1) by the formula Ak (AF+1)71AL.

The aim of this paper is to study the asymptotic behav1our of the spectrum o, when the period 7 goes to
zero along the set =. In what follows we focus on high frequencies, but it seems worth giving an outline of the
main result for the “low-frequency” limit. In this case it is known (see e.g. [9], [8]) that when f € L?(T), the
solutions u,, of (1.2) converge strongly in L?(T) to a limit %nom, which is a unique solution in Hpe,(curl, T)
of the homogenised problem:

curl(egolm(w)curluhom) + Uhom = f, (1.3)

where the effective matrix epom () is given by?

Ehom(m)g : 5 - inf /YE(:B’ y) (5 =+ V‘b(y)) ' (5 + V(I)(y))dy (15>

®eH].(Y)

for any & € R3.

Further, as n — 0, the restrictions to LEOI(T) of the operators G, converge in norm to the restriction to
L2,(T) of the limit operator G defined for every f € L*(T) by Gf = tnhom, where upom is the solution of
(1.3). This fact follows from the weak compactness of the unit ball in L?(T) and the above mentioned result
that when a sequence of f, € L2, (T) weakly converges to f € L2 (T) one has the strong convergence in
L2(T) of Gnf, to Gf. [The proof of an analogous statement can be found in [3, Theorem 2.2].] Clearly, G is a
compact self-adjoint operator and one has o(G) = {0, 1} [J{A¥}1>1, where the eigenvalues A* are listed in the
decreasing order and limy,_, ; .o A* = 0. The min-max principle (see e.g. [7]) implies that |1~\’f171~\k| <11G,-9|
Therefore, the above convergence in norm yields the convergence of each individual eigenvalue /N\’n“ labelled
in the decreasing order, and therefore of each eigenvalue Af; of (1.1). In particular, when n — 0, the set

IThe space Hper(curl, T) is defined as the closure of the set Cper(T) of T-periodic infinitely smooth vector functions ¢
with respect to the norm [lp||p2(Ty + [lcurle|lp2(Ty-
2The space L2 1(T) is defined to consist of those functions in L2(T) whose divergence vanishes, with the Hilbert structure

induced from L(T) Denote by HJ,,(T) the closure of C52,(T) in the norm llelz Ty + HVL,OHL2(T) Then the divergence divu

of a vector function u € L?(T) is a functional on Hpcr(T) defined by the formula (divu, p) = — [ u(x) - Vo(z)de.

3This representation is consistent with the classical homogenisation result in two dlmensmns for a sequence u, = Uy (z1,22)e3
(transverse electric polarisation), involving the inverse of the matrix e(a, y) in the definition (1.5), see [18]. This can be obtained
by examining the dual form of (1.5) associated to e;olm(:v) :

Eom (@)€ - € = @, y) (€ + curl®(y)) - (€ + curl¥(y) ) dy. (1.4)

inf / €
YeHper(curlY) Jy



oy converges (in the Hausdorff sense?) to {(1 — A)™*A : A € 0(G)}. However, this convergence result alone

does not say anything about the asymptotic behaviour of sequences of eigenvalues Az(") when 1 — 0, where
k(1) — oo (which corresponds to high frequencies A; '), and this is the issue that we address in the present
work. It turns out that the behaviour of the eigenvalues A, as n — 0 depends on the way they are scaled
with 7. In particular, three different limiting operators can be constructed, depending on whether the limit
of 77_2A,7 is finite, infinite, or zero. The first case, which is of greatest interest in applications, corresponds
to a limiting operator with a band-gap spectrum.

We now outline the plan of the paper. In Section 2, we recall the concept of two-scale convergence for
sequences in L2(T) and adapt it to sequences of bounded self-adjoint operators. In Sections 3 and 4, we
characterise the limit spectrum of the type lim, g 77_20,,. Following [3], we will study the eigenvalues of
order n?. Via a change of spectral parameter in (1.1), we look for pairs (y, Hy) € R* x Hper(curl, T),
H, # 0, such that

n*curl(e ™! (z,z/n)curlH,) + H, = ,ufllHn. (1.6)

This transformation of (1.1) into (1.6) keeps unchanged the eigenfunctions and changes the eigenvalues A,
to u, = (n* + A,;) A, ensuring that p, ~ 1 if A, ~ n?.

The problem (1.6) generates an operator S, € £(L?(T)) defined for each f € L*(T) by S, f = v,;, where
vy, is the unique solution in Hyer(curl, T') of the problem

n*curl(e”!(z, z/n)curlv,) + v, = f.

It can be shown that S, converge weakly to the identity operator, but this fact does not provide any
information on the behaviour of the spectra of S,,. The latter issue can be handled using the notion of two-
scale convergence [1], whereby the limit operator S¥ defined for every K € N acts on the space L?(T x KY).
The (renormalised) limit of o, will then be determined by studying the spectra o(S¥), K € N, via the Bloch
wave decomposition. For this, we introduce a family of limit problems, whereby for every (x,0) € T X Y,
we look for pairs (u(z,0),v(y)) € RT x Hyer(curl,Y) satisfying the equation

curl, (5_1(:c,y)curly ('v(y)eQ”ia'yD +u(y)e™0Y = y(x, 0) Lo (y)e2 0V, (1.7)

For the spectrum o(x, 8) of the problem (1.7) we have o(z,0) = {0,1} U{1*(x, 0) }x>1, where the sequence
uF(x, @) converges to 0. It can be shown that for each fixed k, the eigenvalue ;¥ (z, 8) is a continuous function
of (x,0) (c¢f [3]). We then define the Bloch spectrum (band spectrum) by

= {0,1} U { in  uF(x,0), b ,9} 1.8
TBloch = {0, 1} kL>Jl o n  w(,6), mex u(,0) (1.8)
Note that opjocn is the spectrum of a non-compact operator that maps every vector-function f(a:,y) €
L?(T x Y) to the solution w(x,y) € L?(T, Hper(curl,Y)) of

curly (¢ 7 (z,y)curl,w(z,y)) + w(z,y) = f(z,y) ae xzeT. (1.9)

In Section 5 we characterise the limit spectrum for other scalings. An appropriate multi-scale generalisa-
tion of the two-scale convergence method [5] is used to study the spectra of the types a, %0,, where a, >
or a, < 7. Section 6 is devoted to numerical illustration of the spectrum convergence result in the “critical”
case a, ~ 7). Finally, the Appendix contains some of the technical material related to the results of the paper.

2 Two-scale convergence for operators

The notion of two-scale convergence was introduced by Nguetseng and Allaire (see [12], [1]) for sequences of
bounded vector functions in L2-norm. In what follows, we recall its definition, some of it basic properties
and adapt it to sequences of bounded self-adjoint operators, see also [8].

Definition 1. Consider a bounded set T C RY and an integer K € N.
i) A wvector function ¢ € L*(T x KY) is said to be admissible if the functions @, (x) = @(x,z/n),
n € (0,1], are uniformly bounded in L(T) and satisfy the condition

. 2 1 2
i [ e, @)de = g2 [ [ Jelw.u) [ dyda.

4We say that o, converges to o in the Hausdorff sense if max{supME% inf,eq [A1 = A2l,suPy, o infa; €0, [A1 — A2[} — 0
asn — 0.




i) Denote by n a sequence of positive numbers converging to zero. A sequence w, of functions in L?(T)
is said to weakly two-scale converge to uo(z,y) € L*(T x KY), in which case we write u,—>uo, if for any
admissible ¢ e.g. P(x,y) € C(T Ce(K )), one has

per

lim [ w(x)-Y(x,x/n)d —~ // uo(x,y) - Y (x,y)dydx.
n—0 Jp K

iii) A sequence u, of functions in L?(T) is said to strongly two-scale converge to uo(z,y) € L*(Tx KY),
and we write w,—»ug, if any of the two equivalent statements holds:

a)
u,—ug and hm/|u77 | dae = KN // }uo (z,y) ‘ dydz;

b) For any sequence v,, such that v, — v € L*(T),

/un(w) vy (x) dacw —// uo(x,y) - v(z,y)dyde.
T KY

iv) A sequence S, of operators in LQ(T) is said to strongly two-scale converge to an operator S in
L?(T x KY)) if for any sequence I, € L2(T) such that I,—fe€ L?(T x KY) one has Spf, — SF.

The crucial property of the two-scale convergence that makes it useful in studying elliptic PDEs is the
compactness of bounded sets in L2(T), see e.g. [1]. The usual argument therefore is to establish a bound
on a solution sequence and then infer an equation on the limit of its subsequence. The notion of two-scale
operator convergence, in turn, allows one to simplify the derivation of the associated spectral convergence. In
fact, given a sequence of bounded linear self-adjoint operators S,,, one can state the following result on strong
two-scale convergence for the families of the associated spectral projections { E(S,)}aer (cf. [8]). We recall
that for a given operator A, the function E(.A) is non-decreasing, upper semi-continuous, non-negative, and
satisfies the identity Ex(A)E,(A) = Eninga,uy(A) for any A\, g € R (see e.g. [7], [14]).

Lemma 1. Let S, be a sequence of bounded linear self-adjoint operators in L2(T) that strongly two-scale
converges to an operator S in L?(T x KY). Then S is linear and self-adjoint, and for any € R that is not
an eigenvalue of S, one has E,(S,) — E,(S) asn — 0.

Proof. Without loss of generality, we can assume that p = 0, for otherwise, the sequence S, — pf can be
considered. The linearity and self-adjointness of S is clear from that of S, and the fact that S, two-scale
converge to 8. Further, for any sequence f, € L?(T) such that f,—F¢€ L2 (T x KY') we have S nfn— Sf
and S2 afy = S2f. It is clear that by 1terat1ng this procedure we prove that for any polynomlal P the
convergence P(S,) — P(S) holds as n — 0.

Since the operators S,,, 7 € Z, are bounded, and for any f € L*(T), S, f — Sf in L?(T), by the Banach-
Steinhaus theorem (see e.g. [7], [15]) S, are uniformly bounded. Hence, there exists a constant C' > 0 such
that o,, C [-C,C] for any n € (0,1], and by the spectral theorem the operators S,, n € (0,1], and S can
be composed with any continuous function F on [—C, C]. Notice that for any polynomial P and a sequence
f, € L¥(T), f, — f € L*(T x KY'), we have

F(Sp)f, = F(S)f = (F(Sy)f, — P(Sp)f,) + (P(S))f, = P(S)f) + (P(S)f — F(S)f).
Further, there exists ¢ > 0 such that

|F(Sy)f, — P(‘Sn).anLz(T) <|If,llLz(T) SG[SPEC}’F(S) — P(s)| < c||F = Pl (-,

and
|P(S)f - F(Sn)fHLz(T) < [ fll2erx vy || P(S) — F(‘S)HL(Lz(TxKy)) < fllezerxxv) I1F = Pllze(—c.cp)-

By the Weierstrass theorem there is a sequence of polynomials P, such that |[F'— P, ||z~ (-c,c]) — 0. Hence
we deduce that

F(S))f, — F(S)f. (2.10)
Now, consider a continuous function G on R such that G(A) =1 when A <0, G(A) =0 when A > 1 and
|G(A\)] <1 for A € [0,1]. For any n € N, the spectral theorem (see e.g. [7], [14]) implies®

[e%) 0
G(nS,,)fn:/_ G(n)\)dEA(Sn)f,]:/_ 0B (S)) )+ (Bru(Sy) — Eo(Sy) £ (2.11)

5The integrals with respect to the spectral projections are understood in the sense of Stieltjes, see e.g. [15].



We claim that the last term in (2.11) converges to zero strongly in L?(T) as n — oo, and the convergence
is uniform in 7. Indeed, consider a continuous function ¢ on R such that ¥(A) = 1 when 0 < A < 1,
supp® C [—1,2], and ¥(\) > 0 for any A € R. Then for any § > 0 and any subsequence 7,, one has

([ vt nams)5.5) = i ([~ o6 NiEsS,5,,01,. )

2

1/n
> tin ([ 4B, 0 Fy ) = T [(BuS,) - Ba(S,0)1,,

n—oo

L2(T)’

where the angle brackets denote the usual scalar products in L?(T x KY) and L?(T), and the first expression
tends to zero as § — 0 in view of the assumption that ;4 = 0 is not an eigenvalue of S. Since the subsequence
7, was arbitrary, the above claim follows. Combining it with the straightforward observation that G(nS)f
converge in L2(T) to Eo(S)f as n — oo and invoking (2.10) with F(-) = G(n-) we conclude that the
convergence Fo(S,)f, — Eo(S)f holds. O

The convergence of spectral families gives little information about the pointwise convergence of the
spectra. As an alternative to the above lemma we have the following result.

Lemma 2. Consider a family of operators S, € L(L?(T)) and an operator S € L(L*(T x KY)). If S, — S
then for any p € o(S) there exists a sequence ji, € o(Sy) such that p, — p asn — 0.

Proof. Suppose the opposite is true, i.e. p € o(S) and there exists § > 0 such that for any sequence
iy € 0(S,) one has |u, — p| > 6. For any f € C2.(T x KY) we can then write

per

O\ f(a,a/m)l| o py < IS0 f (@, 2/n) — pf (/)| Lo o)

- s /(snf@,m/n)wf(w,w/n))w(m,m/n)dm.
T

peCR (TXKY)

per

Passing to the two-scale limit as  — 0 in the above inequality yields

5||f||L2(TxKY) < sup / / (Sf(oc,y)—uf(as,y)) -p(z,y)dydz = HSf—Mf||L2(TxKY)~ (2.12)
peCx (TxKY)JT JKY

per

By the density of C2 (T x KY) in L?(T x KY) and the boundedness of S we obtain the inequality (2.12)

per

for any f € L?(T x KY), which is a contradiction with the assumption that u € o(S). O

3 Bloch-wave homogenisation

In this section we prove the convergence of spectral families associated to sequences of eigenvalues of the
order % for the problem (1.1). The physical application of this model is based on the property of the
possible appearance of photonic band gaps in the spectrum, i.e. a range of frequencies for which no wave
can propagate within the medium. This result is based on the following statement.

Theorem 1. Consider the domain T = [T, T|?, and n € E. We look for u, € Hper(curl, T) such that

ncurl(e(z, z/n)curlu,) + u, = f,, (3.13)
with a coercive matriz e(x,y) whose entries are in Cpe; (T, L>(Y)), and f, € L*(T).

i) The solution of (3.13) exists and is unique in Hper(curl, T).

it) Suppose that K € N and f, & f € L2(T x KY). Then there is a subsequence of problems
(8.18), for which we keep the same index n, such that w, — uo and ncurlu,, — curl,uy, where uy €

L*(T, Hper(curl, KY)) and for almost every € T the function uo(z,-) is a solution of
curly (¢! (z, y)curl,ug) + up = f(x, ). (3.14)
Proof. See the Appendix. O

Remark 1. It can be shown via a standard argument that the convergences w, —» ug and ncurlu, —
curl,ug, hold for the whole original sequence of indices 1, not just for a subsequence.



Corollary 1. Let S, be a sequence of operators defined on the space L*(T) by S,f = u,, where u, €
Hper(curl, T) is the solution of (3.13). Then

i) For every K € N the strong two-scale convergence S, — S holds. Here S¥ is defined on L>(T x KY')
by the formula SX f = ug, where ug € L*(T, Hper(curl, KY)) is the unique solution of (3.14).

i) If u € R is not an eigenvalue of SX, then E,(S,) — E,(SX), and for any K € N the inclusion
o(8%) C lim, o o(S,) holds.

Proof. The part i) follows form the fact that w,, — w and the definition of the strong two-scale convergence
of operators. The part ii) is then an immediate consequence of Lemma 1 and Lemma 2. O

The above corollary provides only a part of the proof of the spectral convergence, namely the statement
that all Bloch eigenvalues are included in the limiting (rescaled) spectrum. Indeed, the convergence of
S, to 8& cannot be uniform, for S, is compact but S¥ is not (c¢f. [3]). Hence, we can only deduce
the lower semi-continuity of the spectrum i.e. that for any K € N one has o(S¥) C lim,_¢0(S,). In
order to analyse the spectra of the operators S¥, a discrete Bloch wave decomposition (see [7]) is used,
which allows one to diagonalise S via a representation SX = B*TKB where B is an isometry between
L?(TxKY) and [LQ(TXY)]K3 defined by Bu = {a;}, when u(z,y) = > << x 1 @j(2, y) exp(2irK ~'j-y),
cf. [3]. As K — oo, the Bloch frequencies K~ !j are dense in Y and it is natural to introduce 8 € Y
that parameterises the resolvent operators Ty, € L£(L?(T)) associated with the problems (1.7), so that
TK = diag[Tj-1x]o<j<kx—1, where for any 6 € Y, the operator Ty maps f € L*(T x Y) to the (unique)
solution u(x,y) € Hper(curl, T) of the equation (c¢f. (1.7))

curl, (5_1(w,y)curly (u(w,y)e%ia'y)) + u(w,y)e%iay = f(w,y)e%ia'y.

Finally, noting that the eigenvalues u(x,8) of Ty , are continuous (see e.g. [3] and references therein), we
conclude that limg o o(SK) = Usey o(To) = UzeT,E’EY 0(Tp,») = OBloch, Where oploch is defined by (1.8).
Hence, oBioeh C lim, 0 0(S,). In the next section we show that in fact lim, ¢ o(S,) \ oBloch = 0.

4 Completeness of the limiting spectrum

In order to substantiate the claim made at the end of the previous section, for any p € opleen we will:
1) Construct “approximate eigenfunctions” for the permittivity matrix e(x,y) “frozen” at a certain value
x = xo, and then 2) Use the so-called “Bloch measure” technique (¢f. [3]) to show that as n — 0, the
Bloch components of these approximate eigenfunctions correspond to Bloch eigenvalues concentrating near
. Hence, we start be proving the following “macroscopic localisation” lemma.

Lemma 3. Let u, be a sequence of eigenvalues for the problem
n*curl(e™! (z,z/n)curlu,) +u, = u;lun, (4.15)

that converges to a limit pi, and u, € Hper(curl, T) is the sequence of the corresponding eigenfunctions.
Then there exists a subsequence of 1), a point &y € T, and a sequence u; € Hyer(curl, T), ||t ||p2(T) = 1,
of quasi-eigenfunctions for the matrices e~ (o, x/n;), i.e. T-periodic solutions of an equation of the form

njeurl(e™ (zo, x/n;)curlay;) + a; = pu, ', + 75,

where 7, is a remainder term, which is T-periodic and is such that®

—1 —0
(lw;llLe(ry + lleurlw; |L2er)) ™ (rj, w5 -1 4,0 (curt,T) — 0 (4.16)
for any sequence of non-zero w; € Hper(curl, T).
Proof. See the Appendix. O

We are now in a position to execute the second step of the plan proposed at the beginning of the section,
which we formulate next.

Theorem 2. Let u,) € Hper(curl, T), n € Z, be a sequence of eigenfunctions for the problem (4.15), such
that ||uy||L2¢ry = 1 and lim, o pyy = p. Then the limit p belongs to the Bloch spectrum oBioch-

SWe define H~! as the space of linear bounded functionals on Hper(curl, T), and (-, )41 Hper (curl,T) denotes the duality
between H ™! and Hper(curl, T).



Proof. Using Lemma 3, select first a subsequence 7; such that the matrices e ! (g, /n;) for some xo possess
quasi-eigenfunctions @;. Consider the respective Bloch-wave decompositions of the functions «; in the torus
T as the union of periodicity cells of size 7, :

aj(x) =Y ul(x/n;) exp(mil'm - x), (4.17)

where u§”

multi-indices m with components mg, s = 1,2, 3, running from 0 to 77;12T —1.

€ Hper(curl,Y) for every multi-index m and the summation in (4.17) is performed over all

Further, there is a sequence of (complex) coefficients a?(m), k=1,2,..., such that

Za K 'm,y),

k>1

where K :=n; 12T = 225 and the functions v*(8,y), k = 1,2, ... are the L?(T)-normalised #-quasiperiodic
eigenfunctlons of the operator curl,e ! (xo, y)curl, defined on Hye(curl,Y), cf. (1.7). Consider a uniformly
bounded sequence {1/*(8)}22, of real-valued continuous Y-periodic functions, which will be specified at a
later stage, and define

Ma (@) = > MK m)af (m)o" (K] m, 2 /n;) exp(niT ™ m - 2).

m k>1
Clearly, the function M, belongs to Hper(curl, T) and satisfies the same a priori estimates as @, :
MLz (r) + njllcurl M|z (T) < C

for some C > 0. Furthermore, recalling the expression (7.40) for the term r;, we have

(rj, M) 31 14, (curl,T) = 17]2/ e ! (zg, z/nj)curld; - curlMau;dz + (1 — u;jl)/ u; - Mu;de
T T

= @0)* 3N k(K im) ok (m)| (1)t (o, K hm) — iy, (4.18)

m k>1

hence the last expression tends to zero as j — oo.
Now define a sequence {ij}zo:l of Bloch measures on Y, associated with the sequence ; via

3 k 2
= (27)* ) |k (m)| So— it
m
where dp—g, is the Dirac mass at the point 8y. In view of the fact that the function @; has a unit norm in

L?(T), we get
/ dy =1 for every j.
E>1

In particular, for every k, the set {Vj }j>1 is bounded in the space of Radon measures on Y and hence
contains a subsequence that converges weakly” as j — oo to a measure v*. Note that

§ / dvk( (4.19)

for if we assume the opposite then we should be able to find a constant é > 0, and sequences j; and k; such

that
Z / dykl

k>k;

On the other hand, for any j,

_ 2 _ N _ 2
77]2-||c:ur1uj||2L2(,[.)3 = (27)3 ZZ’af(m)’ chrlvk(Kj m,y) + 2mikK; L x vk(Kj 17n,y)”m(y),
m k>1

"More precisely, “weaklys” if the space of Radon measures is considered as the dual of Cper(Y).



and since in view of the equation defining the functions v*(@,y) one has
k ; k 2 k
||curlv® (8, y) + 27i6 x v (0,y)||L2(Y) =1/p"(xp,0) — 1,

for any k, 6, we deduce
0 lleurla zer) > Smin(1/u* (0,60) — 1),

which goes to +o00 as | — oo since for any 6 € Y, we have limy .o, ¥ (2o, 8) = 0, hence contradiction with
the fact that njcurla; is bounded in L?(T).
As we noted above (see (4.18) and the text that follows),

Z/w Y11 (0, 8) — 1/, )AVE(0) — 0 as j — ox,

k>1

which, having passed to the limit, can be re-written as

> [ 01/ @0.6) = 1/ (6) = 0. (420)

k>1

Since in view of (4.19) at least one of the measures v/* is non-zero, by choosing appropriately the sequence

¥*(0) we can ensure that (4.20) implies the existence of k and @ such that yu = p*(x, ). O

Corollary 2. For any sequence of n € =, one has lim,_on 20, = {(1 = A)7'A : A € oBloch }-

5 “Non-critical” scalings
In this section we study pairs (u,, H,) € RT x Hpe(curl, T), H, # 0, such that

aicurl(sfl(m,m/n)curlHW) +H, = M;IH,], (5.21)
where a;, — 0. The equation (5.21) is obtained from (1.1) by setting uﬁ = (a2 + Ag)*lAg and keeping
the corresponding eigenfunctions unchanged. Analogously to what was done in Section 4, we introduce an
operator S, € L(L?(T)) defined for every f € L*(T) by S,f = v,, where v, is the unique solution in
Hper(curl, T) of

af,curl(sfl(a:,a:/n)curlvn) +v,=Ff.

The analysis of the convergence of the sequence of operators S, can be carried out in the same way
as before. However, outside the scaling regime a, ~ 7 there is no interaction between the homogenisation
scale 77 and the singular perturbation scale a,. One of two things can happen instead: either n is much
smaller than a, in which case the homogenisation occurs first and the singular perturbation concerns the
homogenised system; or 7 is larger than a, and it turns out that the singular perturbation occurs first at
a microscopic scale making the homogenisation irrelevant. An appropriate tool to tackle these two cases is
the notion of multi-scale convergence, introduced in [5]. We recall the main results of [5] and adapt them,
where appropriate, to the three-scale convergence of function and operator sequences.

5.1 Large scales: 1> a, >

Definition 2. Consider a bounded set T C RY and Z := [0,1], where | € N. Let a, be a sequence of
positive numbers converging to zero, n € Z.
i) A function ¢ € L*(T x Z xY) is said to be (three-scale) admissible if the sequence @, (x) =
p(x,lx/a,, x/n) is bounded in L?(T) and satisfies

lim/|cpn(:n)’2d:v:iN/ //|ga(:c,z,y)‘dydzd:c.
n—=0Jr N Jr )z Jy

i) A sequence w, of functions in L?(T) is said to weakly three-scale converge to ug(x, z,y) € L*(T x Z x
Y), and in this case we write w, — wo, if for any admissible ¢ € L>(TxZxY), e.g. ¢ € C(T,CX(ZxY)),
one has

lim [ w,(x)-Y(x,lx/a,,x/n)de ///uo x,z,Yy) - P(x, z,y)dydzde.

n—0 Jp



Theorem 3. Consider T := [-T,T)*, T > 0, and ) € E. For a sequence of positive numbers a,, n € E, such
that lim, o a,, = 0 and lim, o1~ 'a, = oo, we look for u, € Hyer(curl, T) that are weak solutions of

a%curl(sfl(w, x/n)curlu,) +u, = f,, (5.22)

with e(z,y) € Cper (T, [L®(Y)]?) coercive and f, € L*(T).

i) The equation (5.22) has a unique solution w, € Hper(curl, T).

i) Let | € N and suppose that f, — f € L*(T x Z). There is a subsequence of problems (5.22),
for which we keep the same index n, such that u, — wy + w; and a,curlu, — curl,u; + us, where®
ug € L?(T x Z,L2,,(Y)), u1 € L*(T, Hyer(curl, Z)), uy € L*(T x Z,L2(Y)), and for almost every & € T
the function uq(x,-) is the unique solution of

curl, (g, (z)curLu (z, 2)) + ui (z, 2) = f(z, 2). (5.23)

where enom () is given by the formula (1.5) (or, equivalently, (1.4)).

iii) Let u, be the three-scale convergent subsequence from ii). Then u, — w1, hence the operator sequence
S, defined in L*(T) by Syf, = uy strongly two-scale converges to S defined in L2(T x Z) by the formula
S'f = wuy, where uy € L*(T, Hper(curl, 2)) is the unique solution of (5.23).

Proof. See the Appendix. O

Corollary 3. For any sequence a,, n € =, as in Theorem 3,

lim o(8,) = [0.1], (5.24)

where the limit is understood in the Hausdorff sense (see the footnote on p. 8). FEquivalently, the limit of

a,, >, is the entire positive real axis.

Proof. From Lemma 2, we deduce that for a relevant subsequence,

o(Sh ¢ %13% a(S,). (5.25)

Moreover, for any I € N, the spectrum ¢(S') is obtained from o(S') by a simple transformation since the
coefficient matrix in (5.23) does not depend on z. Labelling in increasing order the eigenvalues 7F, k > 1, of
S, they satisfy the identity ’ylk = (127{“ +(1- 'yf))fllQ'yf. Using this and the fact that 4f — 0 as k — oo,
it can be shown that the set {vF, k,l € N} = [J,5, 0(S!) is dense in [0,1]. In view of (5.25), via a simple
argument, this implies (5.24). B O

Remark 2. Given a sequence a,, 1 € E, the statement of Corollary 3 clearly also holds for any subsequence
of ay, n € E.
5.2 Small scales: a, <17

Definition 3. Consider a bounded set T C RN and Z := [0,1]V, where | € N. Let ap, n € Z, be a sequence
of positive numbers such that lim,_o a, = 0.
i) Let w, be a sequence of functions in L?(T) that weakly three-scale converges to uo(w, z,y) € L*(T x

Z xY). Suppose that
. 2 1 2
hm/|un(m)| de = W/ //fuo(m,z,yﬂ dydzde.
=0 J1 N JrlzJ)y

Then w,, is said to strongly three-scale converge to uo(x, z,y), and we write w, — ug.
ii) A sequence S, of operators in L*(T) is said to strongly three-scale converge to the operator S in
L3(T x Z xY)) if for any sequence f, € L*(T) such that I, — f one has S, f, — Sf.

Theorem 4. Suppose that the sequence a,, n € Z is such that lim,_o n_lan = 0. Consider T := [-T,T]3,
T >0, and for any n € Z look for u, € Hpe(curl, T) satisfying (in the weak sense)
a%curl(efl(m, x/n)curlu,) +u, = f,, (5.26)

with &(x,y) € Cper (T, [L=(Y)]?) coercive and f, € L?(T).
i) The equation (5.26) has a unique solution w, € Hper(curl, T).

8The space Lgot(Y) is defined as the closure of the set {Vp : ¢ € C5g.(Y)} in the norm of L2(Y).



ii) Suppose that f, —» f € L2(T x Z x Y). For any | € N there is a subsequence of problems (5.26),
for which we keep the same index 1, such that u, — ug and a,curlu, — curl,ug, where ug € L2 (T X
Y, Hyer(curl, Z)) and for almost every @ € T, y € Y, the function uo(x,-,y) is the unique solution of

curl, (7! (z, y)curL.ug) + ug = f(z, -, y). (5.27)

ii1) The operator sequence S,, defined in L*(T) by Sy f, = uy strongly three-scale converges to S defined
in L2(T x Z) by the formula S'f = wg, where ug is the solution of (5.27).

The proof of the above theorem goes along the lines of Theorem 1 and Theorem 3 with some simplifica-
tions, and we will not dwell on it here. In the same way as before, a statement on the convergence of the
spectra follows.

Corollary 4. For any sequence a,, n € Z, as in Theorem 4, lim,_.o 0(S,) = [0, 1], or, equivalently, the limit
of a;207, is the entire positive real axis. The same is true for any subsequence of a,, n € =.

6 Numerical example

In this section we illustrate our spectral convergence result in the critical case a, ~ n (see Sections 2-4)
by considering the propagation of TM-polarised electromagnetic waves through a periodic array of parallel
infinitely long cylinders. The corresponding analogue of the problem (1.1) in this case is

—AE(x) = A;le(m/n)E(m), (6.28)

where £ € [~1,1]%, and E is the only non-zero component of the electric field, which is parallel to the
cylinders. For simplicity, in (6.28) we drop the dependence of the permittivity matrix on the “slow” variable
@, assume that the medium is isotropic at every point so that e(y) is a scalar for any y € Y, and set T = 1.

In our calculations, we set the relative permittivity € = 12 inside and € = 1 outside the cylinders, which
corresponds to the situation of straight fibres of a semi-conductor surrounded by air or, more generally, any
two materials with a permittivity contrast of 12 (the permittivity of the majority of dielectric materials found
in nature ranges from 1 to 14). Here we consider fibres with square cross-section to preserve the four-fold
symmetry in the unit cell, hence it is sufficient to consider only a quarter of the Brillouin zone Y* = [0, 27r]2
(“first reduced Brillouin zone”).

The Bloch spectrum of (6.28) is obtained by studying a family of spectral problems on Y associated with
(6.28). For any k € Y* consider pairs (A(k), E(y)) € Rt x H! (Y) such that (c¢f. (1.7))

—A(E(y)e™Y) = Ar) 'e(y)E(y)e™ Y.

For every & € [0,27]? the related eigenvalues A(k) form a sequence, which we denote by {A*(k)}, . . The

frequencies A*(k)~/2, k =1,...,10, as functions of K € Y* are shown by the surface dispersion diagram in
Figure 1. As it may be difficult to visualise these plots, it is customary to restrict oneself to “boundary”
dispersion curves, which correspond to k € 9Y™*, assuming

min A*(k), max A*(k) min AF(k), max A*(k)|.

} - { } (6.29)
KEY ™ KEY * KEDY * KEDY *

The validity of this assumption appears to be an open problem, but since it helps getting a better idea
of the stop band properties, in Figure 2 we plot such dispersion curves corresponding to Figure 1. We
emphasise that we first numerically checked that all of the surfaces shown satisfy the conjecture (6.29). We
feel that such a preliminary test on dispersion surfaces should be systematically performed before using the
rule (6.29).

We would now like to look at the spectrum associated with the sequence of problems (6.28), as 1 goes to
zero. Consider the corresponding differential operator with periodic boundary conditions on the cell [—1, 1]?
and look for the convergence of its spectrum when the number of inclusions increases and their size tends
to zero so that their overall surface remains constant. It is apparent from Figures 3 to 6 that the spectrum
becomes denser as 77 goes to zero. It is worth noting that the location of the band gaps can be determined
with good accuracy as early as the second step of the Bloch wave homogenisation process i.e. when n = 1/4.
The mechanism leading to the appearance of the stop bands involves a relaxation of the constraint on the
periodic condition: when the number of inclusions increases, the wave satisfies both a periodic condition
on the sides of the cell and some phase shift between inclusions. The larger the number of inclusions, the
more prominent the phase shift between the inclusions. The consequence is that it is enough to build a large
super-cell with periodic boundary conditions to filter Bloch waves within a periodic array. This observation
might well prove useful for numerical purposes when implementation of Floquet-Bloch conditions is not
straightforward within a package.
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Figure 1: Surface dispersion diagram for TM-waves propagating within a periodic array of square cylinders
of a semiconductor (¢ = 12) surrounded by air (¢ = 1); the cross section of the cylinders is 0.6 and the
structure period is 1. On the vertical axis we show the frequency 1/1/A, (), while the horizontal axes
correspond to the components of the Bloch vector k, which spans the area of the reduced Brillouin zone, i.e.
the right-angle triangle with vertices I' = (0,0), X = (7,0) and M = (m, 7).

4.5 | T

351 | | 3

Figure 2: Dispersion curves for TM-modes of Figure 1 when the Bloch vector k runs along the edges of
the reduced Brillouin zone I'M X . The horizontal axis represents the value of x1 from I" to X, the value of
K1+ Ko = T+ ko from X to M and the value of —\/H% + n% from M to I'. Note the presence of four stop
bands (shaded regions) for normalised frequencies 1/4/A%(x) within the intervals [1.39,1.67], [2.38,2.66],
[3.62,3.83], [4.27,4.53].

7 Discussion
We have studied the high-frequency asymptotic behaviour of the spectra o,, of operators curle ™! (z, z/n)curl

as 7 — 0 under the standard ellipticity conditions on the periodic permittivity matrix e~!(x,y). We have
shown that the sets a, 25, converge in the Hausdorff sense either to the set [0,40o0) or to the (Bloch)

11



Figure 3: Inverse square root of the first 12 eigenvalues in the discrete spectrum associated with the spectral
problem (6.28) on the unit cell [—1,1]? with periodic boundary conditions. In this case the cell contains one
square inclusion with side length 0.6. The isolated eigenvalues sit well outside the band gaps of Figure 2,
given by shaded regions.
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351
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25F
2F
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1

oE )

0 5 10 15 20 25 30 35 k 40

Figure 4: The same setting as in Figure 3, but the cell contains four inclusions with side length 0.3 (n = 1/2).
Here we plot the first 40 rescaled eigenvalues A’f o+ The spectrum is denser compared to Figure 3. Notably,
some of the eigenvalues are already located on the edge of the band gaps. The location of the stop bands
is well determined already for n = 1/2. Nevertheless, the eigenvalues remain sparsely located between the

gaps.

spectrum of the operator curl,e~!(x,y)curl,. The proof of this fact consists of two parts: 1) We introduce
the notion of two-scale operator convergence, which, having been applied to the problem in question, implies
that rescaled sequences of eigenvalues converge to points in the spectrum of an operator that is “limiting” in
some sense; 2) In the case when a, ~ 7, a technique based on the construction of “quasi-eigenfunctions” and
the associated “Bloch measures” allows us to show that any point in the Bloch spectrum can be attained as
the limit of a sequence from 1).

There are several possible directions in which our results could be developed. First, the issue of whether
non-periodic boundary conditions could be treated in a similar way, which is of special importance in the
electromagnetic context. A crude analysis shows that, although Dirichlet-type conditions could be studied in
the same way as in [3], the Neumann-type boundary presents a significant challenge in the description of what
is called the “boundary-layer” spectrum. Secondly, the high-frequency spectrum analysis can be considered
in the context of high-contrast periodic composites, which has received considerable attention recently in the
finite-frequency regime, see [17], [6]. Depending on the exact relationship between the contrast parameter

12
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Figure 5: The same setting as in Figure 4 but the cell contains 16 inclusions with side length 0.015 (n = 1/4).
Here we plot the first 160 rescaled eigenvalues A’f 4+ The four band gaps are now clearly standing out in the
dense set of eigenvalues. Comparing Figure 4 and Figure 5 we note that the eigenvalues on the edges of
the gaps start degenerating (multiplicity greater than one). One can follow some of the eigenvalues in the
limiting process, for instance A%% = A%% = 16A§/2 ~ 1.38.

40 60 80 100 120 140 160

1.8+

8 16[

Ink 14b
/\1/8
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1+
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0 ‘ 20 40 60

Figure 6: The same setting as in Figure 5 but there are 196 inclusions with side length 0.0075 in the cell
(n = 1/16). Here the first 210 eigenvalues Alf/lG are shown. We only plot eigenvalues located within the

80 100 120 140 160 180 200

range [0,1.8] for clarity (one should plot over 500 eigenvalues to cover the range [0, 5]).

d, the period of oscillations 1 and the wavelength as,,, the limiting problem could possess some or other
type of spectrum, possibly leading to a number of new effects in the limit of vanishing parameter values.
The band-gap features of the “high-contrast high-frequency” case can then be exploited in creating localised
modes in the spectrum by adding a compact perturbation to the limiting operator. This will translate in
a suitably rescaled perturbation of the original composite with finite J,7, which possesses the mentioned
localisation properties in a controlled way as 6 and n vary. These aspects of the high-frequency spectral
asymptotics for periodic media will be studied elsewhere.
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Appendix: proofs of some of the main statements

Proof of Theorem 1

i) The existence and uniqueness of a solution u, € Hper(curl, T) to the problem (3.13) follows from the
standard argument invoking the Lax-Milgram lemma.
i) The sequences u,, and ncurlu,, are bounded in L*(T). Indeed, the weak formulation of (3.13) implies

/rn e Nz, z/n)|curlu,(z)| da:+/r|un(m)| dm:/Tfn(:c) - u,(x)de. (7.30)

In view of the assumption that e(ax, y) is coercive and noticing that

[t/ (@)da] < £, o o ecr)

it follows from (7.30) that
lnlluzcry < [ £3lles e

and
[ncurlu,||p> (1) < V71/2||fn||L2(T)’

where v > 0 is a coercivity constant for the matrix ¢~!(z,y). Hence up to a subsequence, u, — ug and
neurlu,, — v, where u,v € L*(T x Y) (c¢f. [1], [3], [7]). Next we establish a relation between the two-scale
limits ug and v.

Using integration by parts, for any ¢ € C2 (T x KY') we write

per

n/Tcurlun(m)ogo(:c,w/n)dw:/Fnun(w)'curlch(m,y)|y=x/ndw—|—/run(a:)~curlycp(a:,y)|y=x/ndm‘ (7.31)

Since @ (x,x/n) converges two-scale strongly to ¢(x,¥y), we can pass to the limit in (7.31) as n — 0, which
yields

/F/Kyv(way)"P(%y)dydw:/r/Kyuo(:c,y)-curlycp(a:,y)dyd:v (7.32)

Setting p(x,y) = O(x)P(y), where & € C2.(T) and ¥ € C2 (KY) are arbitrary, we deduce from

per per
(7.32) that for almost every @ € T one has curlug(z,y) = v(x,y). In particular, we get ug(x,y) €
L?(T, Hper(curl, KY)).
Furthermore, (3.13) implies

/ e Yz, z/n)ncurlu, (z) - (ncurlmgo(ac,y) + curl,p(x, y)fy:w/n>dm
T

+ [ wnf@) - ew.a/mia = | £,@)- ple.a/de (7.33)

Passing to the limit in (7.33) as n — 0, we get

/ / e~ (, y)eurlyuo(x, ) - curl,p(e, y)dydz + / / wo(2,9) - p(@, y)dyde
TJKY T JKY

- / F@,y) - @l y)dydz.
TJKY

Setting, again, p(x,y) = ®(x)P(y), where ® € C2 (T) and ¥ € C2 (KY'), we conclude that (3.14) holds.

per per
Finally, in order to prove that u, — u we show that

. 1
hmsup/ lu, (z)[2de < ﬁ// |u0(w,y)|2dyda). (7.34)
n—0JT TJKY
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To this end notice that the minimising properties of u,, and wg(x, x/n) imply

2 *de = ) - u,(x)dx )
[F|curlun(w)| daf;+/r|un(a:)| dwffrfn( ) - up(x)d (7.35)

for any n € 2, and

1 2 1 2 1
o [ Jewrlustey)fayde + g [ Juste)favde = 55 [ [ f@w) - ulep)dyde.
T JKY T JKY T JKY (736)

respectively. In view of the fact that the right-hand side of (7.35) converges to the right-hand side of (7.36)
as n — 0, we get

. 2 1 2
lim sup/ ’un(ac)’ de < ﬁ// |cur1yuo(sc,y)| dydx
n—0.JT TJKY
1
_’_7// ‘uo(w,y)fdydw—lim inf/|curlun(m)|2dw. (7.37)
K3 Jp Jry =0 /T

The inequality
1
ﬁ// |cur1yuo(:c,y)|2dydac < lim info/ ’curlun(:c)‘stc
TJKY n—0 Jop

in conjunction with (7.37) immediately implies (7.34).

Proof of Lemma 3

Consider the sequence 7; such that nl_12T = 22l Then the periodic cell T is covered by cubes P, i = 1,...,23
of size v/2Tm;, whose interiors are disjoint. Denote by x! the centre of the cube P!, i = 1,...,23 and by i,
one of those indices i for which the norm [|u,[|p2(pt) attains its maximum over all indices i =1, ..., 23,

The sequence wﬁ»l, being bounded, has a convergent subsequence, which corresponds to some indices ;
and whose limit we denote by x. In what follows we use the notation x; for this subsequence, and also

denote u,, by wu;, Pilljv by Pj, and n;, by n;. Also, we set 3; := 2!75T. Consider a positive scalar cut-off
function o € C§°(R?) such that supp(p) C [-1,1]® and ¢(z) = 1 when = € [-1/2,1/2]3, and define

uj = H‘Pjuj||f21(T)‘Pjuja
where @;(x) = @(ﬁj_l(m — @;)). Further, denote D; := supp(y;). We begin by suggesting the following
auxiliary statement.

Lemma 4. There is a positive constant C such that for any j,
lujllLe(p,) < CllugllLe(p,) (7.38)

and

njlleurlugll: o,y < Cllujlle2p))- (7.39)
Proof. The estimate (7.38) follows from the fact that D; is covered by at most 27 cubes from the set
{P7,i=1,.,2%} and sl o ot

function ¢;(x) := ¢;(x/2) and multiply the equation (4.15) by wjzuj. Integrating by parts we get

attains its maximum for i = 4;;. In order to verify (7.39) consider the

77j/ ¢?e*1(m,m/nj)curluj -curlu;de
T

= (,u;jl — 1)/ '(/JJQ-UJ' cujde — 277?-/ 5_1(w7w/nj)1/)jcurluj (uj x Vpj)de.
T T
Using the fact that the matrices ¢ ~!(x, x/n), n € Z, are uniformly positive-definite, we get

0 |ljeurlu;|fz iy < C (07|14 curlug |2yl x V|l + 1v;w]lL2 ()

< C(U?5f1\|‘/’jcur1“j||L2(T)||Uj|\L2(D,-) + ||uj||%2(Dj))
< C(njllveurlu; Lz cn sl o)) + lluil12p,))

for some constant C' > 0, from which (7.39) immediately follows, taking into account (7.38). O
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Proceeding with the proof of the above proposition, notice that the sequence u; defined above is a
sequence of quasi-eigenvectors for the matrix e~ 1(x, z/ ;). Indeed, for the vector-function 7; defined by

7 == nrcurl(e” (z, z/n;)curli;) + (1 — fi) )T,

and a sequence w; € Hper(curl, T), we have

<’;'j, wj>H*1,Hper(curl,T) = ||<pjuj||£21(T) <’I]j2/ 5_1(:1:, a:/nj)curl(gojuj) . curl'wjdw
T

T

= ||<pjuj||£21(T)7)j2-/ ez, z/n;)Vp; - (u; x curlw; — w; x curlu;)dz.
T
Therefore, we have
(75, W) 1 Hpor (curt,T) | < ||Uj||£zl(pj)%2-/3{1(||ujHL2(D]-)HCUP1wj||L2(T) + [JwjllL2 () lcurlug|L2(p,)).-

In view of the above lemma, the last estimate implies

(75, w;) 301 3y (eurtyr) | < OBy " (wllLzcr) + nyllcurlw; Lz (r)), , m

hence (4.16) with r; = #;. Finally, to prove that @; is a sequence of quasi-eigenfunctions for the matrix
e~ (zo, z/n;), note that for r; defined by

r; = curl(e~ (zo, z/n;)curla;) + (1 — u;l)ﬁj (7.40)

and a sequence w; € Hper(T) such that the norms [|w;| 2Ty + 7;llcurlw;||y2() are uniformly bounded,
one has
<rj7 wj>H*1,Hpcr(cur1,T) = <’;’ja wj>H*1,Hpcr(curl,T)

[ (& o /my) = /) eurlas - curlu,de. (7.41)
T

The first term in the right-hand side of (7.41) vanishes as j — oo in view of the fact that @; is a sequence
of quasi-eigenfunctions for the matrix e~!(z, x/n;), while the second term is bounded by

n?chrleHLz(T) ||curl11j||Lz(T) sug ||5*1(m0, ) - 5*1(:1:7 ')H[Loo(y)]97

which also vanishes as j — oo, since D; = supp(y;) concentrates near the point .

Proof of Theorem 3

i) The existence and uniqueness of a solution u, € Hper(curl, T) to (5.22) follows from the Lax-Milgram
lemma (see e.g. [10]).

i) The sequences u, and a,curlu,, are bounded in L?(T). The proof is of this fact is analogous to that
given in Theorem 1. Hence, for a fixed I € N and up to a subsequence, u, — vg and aycurlu, — vy,
where vg,v; € L2(T x Z x Y). We start by studying in more detail the structure of vy and the relationship
between vg and v;.

To this end, notice first that for any ¢ € C2 (T x Z xY),

per

/ curlu, (@) - ayp (@, @ /ay, /n)dz = / wy(@) - ayeurlp(@,zy)| . de
T T "

z=x/an,y=z/n ’

—|—/ Un(w) 'Curlzgo(w,zvy” dz
T

Passing to the limit in this identity yields

///vo(m,z,y)~cur1yga(:c,z,y)dydzdw:0,
TJzJy

9Here we make use of the fact that three-scale convergence possesses a compactness property analogous to that for two-scale
convergence, cf. the text after Definition 1.
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which implies vo = ug + u1, where ug is the y-gradient of a function from L?(T x Z, H},.(Y)), and w, in
independent of y. Next, for any ¢ € C2 (T x Z x Y'), we have

per

z=x/an,y=z/n

/ apcurlu,(x) - o(x, z/a,, x/n)de = / anty () - curl,p(x, 2,y)|
T T

z=x/an,y=x/1n z=x/an,y=x/1n

[run(m) -curlp(z, z,y)| dx + /Tnflanun(m) -curlyp(x, z,y)| dx.

Passing to the limit in the last identity yields

///vl(az,z,y)'w(m,z,y)dydzdm:
TJZJY

///w@&@fmw@%wwwmﬂm/W%WW$WWM%MM_/_/M%Mﬁ
TJZJY n—0 T z=x/a,,y=z/n

Setting in (7.42) ¢ = ¢(x, z), we get

/T/Z<”1(w’z’y)>y"P(‘”’z)dZd”’:/T/Z@O(wvz’y»y'Curlzqo(a:,z)dzdgc.

Note that (vo(z, z,y))y = u1(x, z), therefore uy € L?(T, Hyer(curl, Z)) and curl.us (z, 2) = (vi(z, 2,y))y-
The identity (7.42) can now be rewritten as

/T /Z /Y(”l(w’ z,y) — curLuy(z, 2)) - (@, z,y)dydzdz =

///uo(:c,z,y)~curlch(w,z,y)dydzdw+lim/ N anuy (z) - curlyp(z, z,y)| o /ay gy T (7.43)
TJZJY n—0 Jp z=x/ay,y=x/n

Finally, setting in (7.43) ¢(x, 2,y) = V9 (x, 2z,y), where ¢ € C55,(T x Z x Y), and using the identity
curl,V,y = —curl, Vv, yields

///(Ul(w,z,y)—curlzul(a},z))-Vw(:c,z,y)dydzdac:///uo(w,z,y)~curlyvz¢(w,z,y)dydzdw,
TJzJy TJzJy

where the last term vanishes in view of the fact that wg is a potential vector in the variable y. Hence,
v, —curl,u; € L? (T X Z, LSOI(Y)).
We next use the weak formulation of (5.22), and for any ¢, € C (T x Z), ¢, € C2 (T x Z xY) write

per per

/ e @, x/n)aycurlu, (x) - (aycurl,py(x, z) + curl.py(z, 2))| da
T

z=xz/ay)

+/ E_l(a:,w/n)ancurlun(w)~(ncurlmgol(:c,zy)—i—a;lncurlchl(ac,z,y)—i—curlycpl(w,y,z))‘z:x/a yfx/ndw
T nsd

+/ un($)~(<Po(w7w/an)+a;177¢1(w,w/amw/n))dw:/ Fo(@) (@l x/ay)+ay ne, (z, x/ay, x/n))dz.
T T

Passing to the limit as n — 0 yields

[ ] ] = @wmniay.2)- (curlppfe.) + curlyp, @, 2.9))dydzde
TJZJY

+/F/Zuo(a:,z) oz, z)dzde = ~/I‘/Zf($7Z) “po(x, z)dzde. (7.44)

Via a standard argument, we deduce from (7.44) that u, satisfies the equation (5.23) for almost every « € T.
Notice that wu, — wg + u; clearly implies u,, — wu;, where the two-scale convergence is taken with
respect to the variables  and z, and similarly a,curlu, — curl,u;. Arguing as in the proof of Theorem 1,

we prove that
limsup/|un(a})|2da)§/ /}ul(a:,z)|2dzdm,
n—0.JT Tz

hence u,, — u;. The statement concerning the strong two-scale convergence of the operators S,, follows.
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