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Abstract

We present band diagrams for in-plane elastic waves propagating within a doubly periodic structure involving Split Ring Resonators.

From the Navier equations we derive that the lowest resonant frequencies are associated with localised bending modes solutions

of a fourth order differential equation in thin bridges, which are responsible for the appearance of a low frequency stop band.

Potential applications lie in the design of earthquake resistant systems.
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1. Introduction

The elastic materials considered here include locally reso-
nant elements known as Split Ring Resonators (SRR). SRR
were originally used as building blocks for periodic mate-
rials exhibiting artificial magnetism by Pendry and his co-
authors [1]. In [2] an asymptotic algorithm was proposed
to characterize the resonant frequencies of SSR in the case
of anti-plane shear waves. An improved asymptotic esti-
mate was derived for the analogous case of transverse elec-
tric waves in [3]. Here, we broaden the analysis of [2] to the
vector case of in-plane elastic waves.

2. Set up of the spectral problem

We consider a doubly periodic array of ‘defects’ (see Fig-
ure 1) embedded in an elementary cell Y = [0; 1] × [0; 1]
repeated periodically in the x1x2-plane. In-plane propagat-
ing waves are modelled by a displacement field U(x1, x2, t)
which satisfies the Navier equation

µ∆U + (λ + µ)∇∇ ·U − ρ
∂2

∂t2
U = 0 , (1)

in Y \
⋃

j Ωj . Assuming a time-harmonic dependence U =
u(x1, x2) exp(iωt), we obtain the Navier equation in the
form

µ∆u + (λ + µ)∇∇ · u + ρω2u = 0 . (2)

Here, u represents the amplitude of the displacement vec-
tor field within an elastic medium with the mass density
ρ and the Lamé elastic moduli λ and µ; ω stands for the
radian frequency of vibration. We also assume that u sat-
isfies traction free boundary conditions on the contours of
defects i.e.

σijnj = 0 , i, j = 1, 2 , (3)

where n denotes the outward unit normal to the contours,
and σij are components of the stress tensor.

Finally, u should satisfy the Floquet-Bloch condition

u(x + me1 + ne2) = u(x)ei(k1m+k2n) , (4)

within the doubly periodic array. Here m and n are integers,
and k1, k2 represent the components of the Floquet-Bloch
vector k; ej are the unit basis vectors of the Cartesian
coordinate system in R

2.
Let us note that in-plane dilatational and shear waves

propagate at different velocities, namely vp =
√

(λ + 2µ)/ρ

and vs =
√

µ/ρ. We would like to consider a particular case
when the defect Ω in Y is of the shape of the letter C (see
Figure 1). Formally, Ω = {a <| x |< b}\Πε , where a and b
are given constants and Πε is a thin ligament between the
‘ends of the letter C’:

Πε =
{

(x1, x2) : a < x1 < b , | x2 |< εh/2
}

. (5)

In (5), h is a given constant, and ε is a small positive non-
dimensional parameter.
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3. Asymptotic algorithm for an elastic

multi-structure

To proceed with the asymptotic algorithm, we first as-
sume that the longitudinal displacement U1 = u1 exp(iωt)
whereas the transverse displacement U2 = u2 exp(iωǫt) in
(1): transverse vibrations u2 (bending modes) occur at low
frequencies. This amounts to introducing a scaled time vari-
able T = εt. Let us also introduce the scaled spatial vari-
able ξ = x2/ε. Altogether, the rescaled Navier equation
deduced from (1) is

µ
( 1

ε2

∂2

∂ξ2
+

∂2

∂x2
1

)





u1

u2



 + (λ + µ)









∂2

∂x2
1

1

ε

∂2

∂x1∂ξ
1

ε

∂2

∂x1∂ξ

1

ε2

∂2

∂ξ2













u1

u2



 = −ρω2





u1

ε2u2



 ,

(6)

in Π1 =
{

(x1, ξ2) : a < x1 < b , | ξ2 |< h/2
}

.

On the upper and lower boundaries of Πε, (3) reduces to

λδi2

2
∑

k=1

∂uk

∂xk

+ µ

(

∂ui

∂x2
+

∂u2

∂xi

)

= 0 , for i = 1, 2, (7)

where δij is the Kronecker symbol which takes the value 1
if i = j and 0 otherwise.
The rescaled traction free boundary conditions on Π1 de-
duced from (7) are

1

ε







µ
∂

∂ξ
0

0 (λ + 2µ)
∂

∂ξ






u +







0 µ
∂

∂x1

λ
∂

∂x1
0






u = 0 . (8)

It can be shown (see for instance [4]) that the displacement
u admits the asymptotic form

u ∼ ε−2u(II,0,0) + ε−1u(II,0,1) +
(

u(I,0,0) + u(II,0,2)
)

+ε
(

u(I,0,1) + u(II,0,3)
)

+ ε2U(0) . (9)

We then collect terms of same powers of ε−k in (6) and
ε−k+1 in (8).

4. A fourth-order differential equation for

localised bending modes

Taking k = 2, we derive that u(I,0,0) = (u
(0)
1 (x1), 0)

T

(it is ξ independent and has zero transverse component).
These longitudinal modes are solutions of a second-order
differential operator

4µ(λ + µ)

(λ + 2µ)

d2u
(0)
1

dx2
1

+ ω2ρu
(0)
1 = 0 , a < x1 < b . (10)

For k = 4, we derive that u(II,0,0) = (0, u
(0)
2 (x1))

T

where

the transverse modes u
(0)
2 (x1) satisfy a fourth-order dif-

ferential equation corresponding to low-frequency bending
modes

h2µ(λ + µ)

3(λ + 2µ)

d4u
(0)
2

dx4
1

− ω2ρu
(0)
2 = 0 , a < x1 < b . (11)

The two ordinary differential equations (10) and (11) are
supplied with boundary conditions at the junction point
x1 = a connecting the thin-bridge Πε to the large body Σ
(see for instance [4]) and at the point x1 = b. For longitu-

dinal modes, the boundary conditions are u
(0)
1 (a) = A and

u
(0)
1 (b) = 0 as explained in [2] and using Newton’s second

law we find

ω2 ∼
µεh

M(b − a)

4(λ + µ)

(λ + 2µ)
. (12)

For pure bending modes, (11) is complemented by

u
(0)
2 (a) = A , u

′(0)
2 (a) = 0 , u

(0)
2 (b) = 0 , u

′(0)
2 (b) = 0 . (13)

When ω ≪ 1, we deduce from (11) and (13) that u
(0)
2 ∼

(3A/(b − a)
2
)x2

1 − (2A/(b − a)
3
)x3

1. Furthermore, at the
junction a, we also have

−Mω2A =
ε3h3µ(λ + µ)

3(λ + 2µ)

d3u
(0)
2

dx3
1

(a) . (14)

We finally obtain

ω2 ∼
µε3h3

M(b − a)3
(λ + µ)

3(λ + 2µ)
. (15)

Of course, this estimate changes for rotational bending
modes. Full details of the derivation are provided in [5].

5. Discussion of numerical results and perspectives

We then investigate numerically stop band properties
for in-plane elastic waves in arrays of SRR. This was done
using finite elements (implementing the weak form of (2)-
(4)). We will see that the resonant modes of a single SRR
discussed in the previous section are associated with the
presence of a low frequency band gap for bending modes.

In what follows, we used normalised elastic parameters
λ = 2.3, µ = 1, ρ = 1.

We give in Figure 1(a) the band diagram for a square
array of pitch d of voids of radius 0.43d showing a full
phononic band gap for the range of normalised frequencies
[4.35, 5.05]. The geometry of the array and the first Bril-
louin zone ΓMX are depicted in Figure 1(b). In Figure 1(c)
we depict the band diagram for a square array of SRR of in-
ner radius 0.3d and outer radius 0.43d with a thin ligament
of thickness 0.05d and length 0.13d, showing a full phononic
band gap for the range of normalised frequencies ωd/vs ∈
[3.95, 4.80]. The associated multistructure Σ∪Πε is drawn
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Fig. 1. (a) Band diagram for a square array of pitch d of voids of
radius 0.43d; (b) Array and first Brillouin zone ΓMX; (c) Band
diagram for a square array of SRR of inner radius 0.3d and outer
radius 0.43d. (d) Multistructure Σ ∪Πε; (e) Zoom of band diagram
(c) for low frequencies; (f) First two localised eigenmodes.

in Figure 1(d). We then have a closer look at the low fre-
quency bands and zoom the band diagram of Figure 1(c)
in order to magnify the low frequency stop band for bend-
ing modes in the frequency range ωd/vs ∈ [0.075, 0.083],
where vs is the velocity of shear waves (see Figure 1(e)).
This gap is associated with a pure bending mode which has
a frequency ωd/vs = 0.075 at point X of the first Brillouin
zone (see Figure 1(f)). Its frequency compares well with
the asymptotic estimate: the normalised frequency for pure
bending modes is ωd/vs ∼ 0.0697 (about 7 per cent of in-
accuracy). We notice that these frequencies are very low,
hence this inaccuracy between the finite element result and
the asymptotic estimate is really acceptable. For longitu-
dinal modes, the asymptotic estimate gives ωd/vs ∼ 1.947.
We note that this estimate corresponds to the fourth curve
on the band diagram of Figure 1(c), which has a frequency
ωd/vs = 1.975 at point X of the first Brillouin zone (which
means less than 1.5 per cent of inaccuracy for the asymp-
totic estimate). A rotational bending mode is also present
at frequency ωd/vs = 0.43 on the edge of the Brillouin zone

and it is depicted in Figure 1(f)).
The SRR are clearly responsible for the appearance

of a full band gap for one wave polarisation in the sub-
wavelength regime (the pitch of the array is typically one-
hundredth of the wavelength). Hence, our study suggests
that potential applications of elastic SRR lie in earthquake
resistant systems or elastic waves polarisers. Our study
may also pave the way towards the realisation of elastic
phononic superlenses.
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