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Central and non-central limit theorems for weighted power variations of
fractional Brownian motion

Ivan Nourdin*, David Nualart’® and Ciprian A. Tudor$

Abstract: In this paper, we prove some central and non-central limit theorems for renormalized
weighted power variations of order ¢ > 2 of the fractional Brownian motion with Hurst parameter
H € (0,1), where ¢ is an integer. The central limit holds for % < H<L1- 2%1, the limit being a
conditionally Gaussian distribution. If H < ﬁ we show the convergence in L? to a limit which only
depends on the fractional Brownian motion, and if H > 1 — i we show the limit in L? to a stochastic

integral with respect to the Hermite process of order q.

Key words: fractional Brownian motion, central limit theorem, non-central limit theorem, Hermite

process.
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1 Introduction

The study of single path behavior of stochastic processes is often based on the study of
their power variations and there exists a very extensive literature on the subject. Recall that,
a real ¢ > 0 being given, the g-power variation of a stochastic process X, with respect to a
subdivision 7, = {0 =1t,0 <tp1 < ... <tpn, =1} of [0,1], is defined to be the sum

n—1
Z |th,k+l - th,k |q'
k=0
For simplicity, consider from now on the case where t,, , = k27", forn € Nand k € {0,...,2"}.

In the present paper we wish to point out some interesting phenomena when X = B is a
fractional Brownian motion of Hurst index H € (0,1) and when ¢ > 1 is an integer. In fact,
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we will also drop the absolute value (when ¢ is odd) and we will introduce some weights. More
precisely, we will consider

Zf (k—1)2—n (ABkQ ")qa q € {152,354""}5 (11)

where the function f : R — R is assumed to be smooth enough and where ABj5-» denotes
the increment Byy-n — B(j_1)2-n.

The analysis of the asymptotic behavior of quantities of type ([L.1)) is motivated, for
instance, by the study of the exact rates of convergence of some approximation schemes of
scalar stochastic differential equations driven by B (see [f], [[Z] and [[[4]), besides, of course,
the traditional applications of quadratic variations to parameter estimation problems.

Now, let us recall some known results concerning g-power variations (for ¢ = 1,2,3,4,...),
which are today more or less classical. First, assume that the Hurst index is H = %, that is B
is a standard Brownian motion. Let p, denote the g-moment of a standard Gaussian random
variable G ~ .#°(0,1). By the scaling property of the Brownian motion and using the central
limit theorem, it is immediate that, as n — oo:

27’L

-n n Law

272N 22 ABy-)T = pig| A (0, 12 — 12). (12)
k=1

When weights are introduced, an interesting phenomenon appears: instead of Gaussian random
variables, we rather obtain mixing random variables as limit in ([.9). Indeed, when ¢ is even,
it is a very particular case of a more general result by Jacod [[] that we have, as n — oo:

2m 1

—n n Law

27237 F(Boryon) [0 ABig-) = prg] B\ fung — /0 fB)AW,.  (13)
k=1

Here, W denotes another standard Brownian motion, independent of B. When ¢ is odd, we
have, this time, as n — oo:

"/QZf Bj_1yp-n) (22 ABg-n)T =% / f(Bs)(y/ b2g — Mq+1dW + tg1dBs), (1.4)
=1

see for instance [[3].

Secondly, assume that H # %, that is the case where the fractional Brownian motion B
has not independent increments anymore. Then ([L.9) has been extended by Breuer and Major
[}, Dobrushin and Major [], Giraitis and Surgailis [§] or Taqqu [(]. Precisely, four cases are
considered according to the evenness of ¢ and the value of H:

e if ¢ is even and if H € (0,3), as n — oo,

2n

-n n Law

272N " [(2" AByp-n) — ] = N (0, 0% ,); (1.5)
k=1



e if ¢ is even and if H € (3,1), as n — oo,

2’71
on—2nH Z [(2"HABk27n)q — i Law " «Rosenblatt r.v.” (1.6)
k=1
e if gis odd and if H € (0,%],asn—>oo,
271/
2723 (@ ABy- ) B (0,0%,). (1.7)
k=1
e if ¢ is odd and if H € (3,1), as n — oo,
2n
2 N AR, )T P (0,0%,). (1.8)
k=1

Here and from now on, op 4 > 0 will denote a constant depending only on H and g,
which may be different form one formula to another one, and which can be computed explicitly.
The term “Rosenblatt r.v.” denotes a random variable whose distribution is the same as that
of Z® at time one, for Z(?) defined in Definition | below.

Now, let us proceed with the results concerning the weighted power variations in the
case where H 75 . In what follows, f denotes a regular enough function such that f together
with its derlvatlves have subexponential growth. If ¢ is even and H € (2, 4) then by Theorem
2 in Leén and Ludena [[L1] (see also Corcuera et al [[] for related results on the asymptotic
behavior of the p-variation of stochastic integrals with respect to B) we have, as n — oo:

272N F(Bya-n) (2" ABjo-n)? — 1] = o ; f(Bs)dWs, (1.9)
k=1

where, once again, W denotes a standard Brownian motion independent of B. Thus, ([L.9)
shows for ([[.J)) a similar behavior to that observed in the standard Brownian case, compare
with ([.3). In contradistinction, the asymptotic behavior of ([[.1) can be completely different
of (L) or ([.9) for other values of H. The first result in this direction has been observed
by Gradinaru et ol [§ and continued in [f]. Namely, if ¢ is odd and H € (0, %), we have, as
n — 0o:

1
nH—n on L2 Hg+1
onit— Zf (h1y2-n) (2" AByy-n)? = _qT+/O F'(Bs)ds. (1.10)

Also, when ¢ =2 and H € (0, Z)’ Nourdin [[J] proved that we have, as n — oc:

o
22N f(Bp_1y2-n) [(2" AByay-n)? — 1] / f"(Bs)ds. (1.11)

k=1



In view of ([1.3), (L.4), (.9), (1.1() and (L.11]), we observe that the asymptotic behaviors

of the power variations of fractional Brownian motion ([L.I)) can be really different, depending
on the values of ¢ and H. The aim of the present paper is to investigate what happens in
the whole generality with respect to ¢ and H. Our main tool is the Malliavin calculus that
appeared, in several recent papers, to be very useful in the study of the power variations
for stochastic processes. As we will see, the Hermite polynomials play a crucial role in this
analysis. In the sequel, for an integer ¢ > 1, we write H, for the Hermite polynomial with
degree g defined by

and we consider, when f : R — R is a deterministic function, the sequence of weighted Hermite
variation of order q defined by

)= f(Ba—na—r) Hy(2"" ABja-n). (1.12)

The following is the main result of this paper.

Theorem 1 Fiz an integer ¢ > 1. Let f : R — R be a deterministic function that satisfies the
following condition:

(Hy) f belongs to €% and, for any p € (0,00) and 0 <1i < 2¢: Supseo1] £ {|f(i) (B)P} < 0.

1. Assume that 0 < H < QLq. Then, as n — oo, it holds

gnatl=ny (@) (py =, /f (1.13)

2. Assume that % <H<1- 2—1q. Then, as n — oo, it holds

_ Law
o2y (f) =Y ch/ f(B (1.14)
where W is a standard Brownian motion independent by B and cy 4 is an explicit constant
depending only on q and H.
3. Assume that H =1 — %. Then, as n — oo, it holds
1 __ Law
2 /2y (f / 1.15
N 7(B (115)

where W is a standard Brownian motion independent by B and c, is an explicit constant
depending only on q.



4. Assume that H > 1 — i. Then
1
gatt=in vy L[ pp,)az0, (1.16)
0

where ZW) = B and, forq > 2, Z@ denotes the Hermite process of order q (see Definition
below).

Remark 1 When ¢ = 1, Vn(l)(f) is the forward Riemann sum 2221 f (B(k_l)?n) ABjyg-n.
In this case, for H = %, the limit in L? is the It6 stochastic integral fol f(Bs)dBs and for
H > %, we also have convergence in L? and almost surely to the Riemann-Stieltjes integral

Ji f(Bs)dBs.

Remark 2 We do not know what happens in the critical case H = i when ¢ > 2. The
case ¢q = 2 et H = i is related to a conjecture by Swanson [IJ] on the asymptotic behavior
of the Riemann sums with alternating signs, for the solution of the stochastic heat equation
driven by a space-time white noise. The reader is also referred to [[L] for the study of the
weighted variations associated with iterated Brownian motion, which is a non-Gaussian self-
similar process of order i. Note that the weighted variations of iterated Brownian motion are

customarily defined by means of a random partition composed of Brownian hitting times (see

also [[L0))).

Our Theorem [l allows to complete the missing cases in the understanding of the asymp-
totic behavior of power variations of fractional Brownian motion:

Corollary 2 Let ¢ > 1 be an integer, and f : R — R be a function such that (Hg) holds.
Then, as n — oo:

1. When H < % and q is odd,

2" 9 1 By
27N F(Bgo_1yg-n) (2" ABgo-n) 5 qpug-1 /0 f(Bs)dBs = qpug—1 /0 f(z)dz.
k=1
(1.17)

2. When H < % and q 1s even,

2m 1
—MN n 2 1
22 N7 F(Boo1yp-)[(2 HABkzn)q—Mq]L—’1<g>uq2 /O f"(Byds.  (1.18)
k=1

(We recover ([{.11) by choosing q = 2).



3. When % < H< % and q is even,

271/
2~ "/2 Z f(B(k71)2—n) [(QHHABkQ—n)q - Lﬂv’ OHq / f(B (1.19)
k=1

or orq an explicit constant and W a standard Brownian motion independent of B.
7q
4. When H = % and q is even,

1

-n n Law
/QZf (h-1)2=n) [ ABro—n)? — pu] T4 f(Bs)dWs, (1.20)

for os q an explicit constant and W a standard Brownian motion independent of B.
47

5. When H > % and q 1s even,

on
22N F(Bimryz—) [(2" ABjan)" = ptg] = piq- 2( >/ f(B)dZP,  (1.21)

for Z ) the Rosenblatt process introduced in Definition [8.

Finally, we can also give a new proof of the following result, stated and showed inde-
pendently by Gradinaru et al. [fj] and Cheridito and Nualart [ in a continuous setting:

Theorem 3 Assume that H > %, and that f : R — R wverifies (Hg). Then the limit in

probability, as n — oo, of the symmetric Riemann sums

27’L

Z (f'(Bra-n) + f'(B(r—1)2-n)) ABga-n (1.22)
k=1

1
2
exists and is given by f(By) — f(0).

Remark 3 When H < %, quantity ([[.29) does not converge in general. As a counterexample,
one can consider the case where f(z) = 2?, see Gradinaru et al. [[i] or Cheridito and Nualart

.

2 Preliminaries and notations

We briefly recall some basic facts about stochastic calculus with respect to a fractional Brown-
ian motion. One refers to [[[7] for further details. Let B = (Bt)tefo,1) be a fractional Brownian
motion with Hurst parameter H € (0,1). That is B is a zero mean Gaussian process, defined
on a complete probability space (2, .4, P), with the covariance function

1
Ry (t,s) = E(B;B,) = 5(82H +2 e — s st e (0,1].



We denote by & the set of step functions on [0,7]. Let $ be the Hilbert space defined as the
closure of & with respect to the scalar product

(Lio,95 Ljo,8)) 9 = Ru(t, ).

The mapping 1)y +— B; can be extended to an isometry between §) and the Gaussian space
H; associated with B. We will denote this isometry by ¢ — B(yp).
The covariance kernel can be written as

SAL
Rir(t,s) = / Kt r) K (s, r)dr,
0

where Ky is a square integrable kernel given by

1 1 11 1 t
K —TH+ ) Wt—s) I 3F(H - =, >~ HH+~1-"
H(t,S) ( +2) (t S) 2 ( 272 ) +27 8)’

F(a,b,c,z) being the Gauss hypergeometric function. Consider the linear operator K7 from
& to L?([0,1]) defined by

1
(Kir)(s) = KnlLs)ol) + [ (o) = ol) 5 2 ()i

For any pair of step functions ¢ and 3 in &, we have

(K;I%K};@L?([o,l]) = (p, V)5

As a consequence, the operator K7j; provides an isometry between the Hilbert spaces and
L?(]0,1]). Hence, the process W = (Wi)iefo,1) defined by

Wy =B ((Kj;) ' (1)) (2.23)

is a Wiener process, and the process B has an integral representation of the form
¢
By :/ Ky (t,s)dWs,
0

because (Kj1(0,4)(s) = Kg(t, s).
Let . be the set of all smooth cylindrical random variables, i.e. of the form

F =¢(By,,...,By,,)

where m > 1, ¢ : R™ = R € ¢ and 0 < t; <... <ty < 1. The derivative of F with respect
to B is the element of L2(Q2, §)) defined by

DSF - Za—xi(Btla"'7Btm)1[0,ti}(s)7 RS [07 1]
i=1



In particular DsB; = l[o,t](s). For any integer k > 1, we denote by D2 the closure of the set
of smooth random variables with respect to the norm

k
IFIRe = E[F?]+ ) E D7 Fl§e] -
j=1
The Malliavin derivative D verifies the chain rule: if ¢ : R® — R is ‘ﬁbl and if (F})i=1,..n is a
sequence of elements of D2 then o(Fy, ..., F,) € DY? and we have,

n
)
Do(Fy,....Fn) =Y 22 (F,...,F,)DF,.

The divergence operator I = I is the adjoint of the derivative operator D. If a random variable
u € L?(€2,9) belongs to the domain of the divergence operator, that is if it verifies

|E(DF,u)g| < cy||Fl|lg2 forany F € .7,
then I(u) is defined by the duality relationship
E(Ff(u)) = E((DF,u>5~)),

for every F € D2,

For every n > 1, let H,, be the nth Wiener chaos of B, that is, the closed linear subspace
of L* (Q, A, P) generated by the random variables {H, (B (h)),h € H, |h|s = 1}, where H,, is
the nth Hermite polynomial. The mapping I,,(h®™) = n!H,, (B (h)) provides a linear isometry
between the symmetric tensor product H®" and H,,. For H = %, I,, coincides with the multiple
stochastic integral. The following duality formula holds

E (Fly(h)) = E ((D"F,h)gen), (2.24)

for any element h € $©" and any random variable F € D™?2,
We recall the following simple formula for any s < ¢ and u < v:

E((By — Bs)(By — By)) = = (|t = r[*" + |s —u[* — |t —u? —|s —r[*). (2.25)

DN | =

We will need the following lemma:
Lemma 4 We have:
1. Let s <t and u belong to [0,1]. Then, if H < 1/2

|E(Bu(B; — By))| < |t — s*". (2.26)



2. For any 1 <k, <2" and for all H € (0,1)

2n
> |E (Bg1ja-n ABp-n)| = O(2"). (2.27)
kf=1

3. For any r > 1, we have, if H < 1 — 2=

2r
27’L
> |E(ABjyg-n ABgp-n)|" = 02" M), (2.28)
k=1

: _ 1
4. For anyr > 1, we have if H =1— 5-
271/
> |E(ABjg—n ABgy—n)|" = O(n2>"7%™). (2.29)
kf=1

Al

Proof. To prove inequality (R.2(), we just write

1 1
E(Bu(By — By)) = 5 (£ = ™) + o (|s — u[* — |t —u[*"),

and observe that we have |b* —a?#| < |b—a|* for any a,b € [0, 1], because H < i. To show

(2.27) using (.23) we write

on on

> |E(Bg—nya-n ABp-a)| = 272 UM [k — 1P - B2 0 — ke 1P 40— BPH
k=1 k=1

< o2
Finally, to show (R.2§) and (.29), we write
2n
27N ke — £+ 1P 4 |k — 0= 17 — 2]k — PH)"
k=1

00
< gn—2nrH Z Hp+ 1‘2H + ‘p_ 1’2H - 2’p‘2H|T7

p=—00

and observe that, since the function Hp + 1125 4 |p— 120 — 2|p|2H| behaves as Cyp?H~2 for

large p, the series in the right-hand side is convergent because H < 1 — ==. In the critical case

?.
H=1- %, this series is divergent, and
271/
S llp+ 1P +[p— 17 —20pPH|"
p=-—2"
behaves as a constant time n. [ |



Lemma 5 Assume that H > %

1. For every u,s,t € [0,1] we have

|E(Bu(B; — By))| < 2H[t — s|. (2.30)

2. Assume that H > 1— & for some | > 1. Let u < v and s <t belong to [0,1]. Then

2 1 _
> lw—o| T lt—s.  (2.31)

_ — < — 517 L 1 o7
|E(By — By)(By — B)| < H(2H 1)<2Hl+1—2l

3. Assume that H > 1 — % for some | > 0 (of course, this condition is immaterial when

l=0). Then
2’71

S |E(ABjy-n ABjy-n)| = 022772, (2.32)
ij=1

Proof: By symmetry, we can assume that s <t¢. We have

1 1
E(Bu(B; — By)) = §(t2H _ SZH) + 5(|S —uPH g u|2H).
But, when 0 < a < b < 1:
b—a
v — 2 = 2H/ (u+ o) rdu < 2H V71 (b—a) < 2H(b — a).
0

Thus, |b*7 — a?f| < 2H|b — a| and the first point follows.

Concerning the second point, using Holder inequality, we can write

v t
|E(B, — B,)(B; — B,)] = H(2H — 1)/ / ly — z[*2dydx

1
1 t l T
< H((2H —1)lu —v|lT1 </ (/ ly —x|2H_2dy> dw)
0 s
= (O 2H-2)] :
< HQR2H—-1Du—v| T |t—s|T (/ / ly — 2|2 dydx)
0 Js
Denote by H =1+ (H — 1)l and observe that H' > } (because H > 1 — ). We can write
1 t / / !
e 1) [ [y al@ s = B[ (B~ BI| < 28— o
0 Js
by the first point of this lemma. This gives the desired bound.

10



We prove now the third point. We have

2n 2"
3 |E(ABya ABjyw)| = 272N [l 1P i - 1P 2 2
i,j=1 i,j=1
2n—1
< gn—2HIn+1-1 Z Hk + 1’2H + V{? _ 1‘2H o 2‘/{:’2H|l
k=—2n+41

and the function |k + 1|2 + |k — 1|2 —2|k|> behaves as |k|* 2 for large k. As a consequence
the series
o
Z Hk+ 1‘2H + ’k - 1’2H - 2’]{‘2H‘l
k=—00

is divergent for H > 1 — & and the third point follows. |

Let us introduce the Hermite process of order q.

Definition 6 Fiz g > 2 and H > 1 — i. The Hermite process of order q is defined by

Zt(q) = I(}/V(Lt), where I(}/V is the multiple stochastic integral with respect to the Wiener process
W given by the transfer equation ), and for every t € [0,1], Ly is the symmetric square
integrable kernel given by

1 t
Lt(yla--'ayq) = al[o,t]q(yla---ayq)/ alKH(U,yl)"'alKH(U,yq)dua (233)
: Yy

1\/...\/yq

where 01 K g denotes the partial derivative of Kp with respect to the first variable.

We have that

1 s t
E(Zt(q)Z‘gq)) = — / / 01Ky (u,y1)01 Kg(v,y1)
[0,tAs] Y Y

q! 1V...Vyq 1V...Vyq
- X 01K g (u,Yq)01 K (v, yq)dudv) dyy - - - dyq

q
= // </ 31KH(U,y1)31KH(U,y1)d?/1> dudv
- #// lu — 0|97 =2) qudy

q:

_ cq(H) 1 (tq(2H72)+2 1 gU2H-2)+2 _ It — s‘q(2H72)+2)
q! 2

)

for some constant c,(H). It can be easily seen that this process is ¢(H — 1) + 1 self-similar,
has stationary increments and admits moments of all orders. On the other hand, it has Holder
continuous paths of order less than ¢(H — 1) + 1. We will see later (see Remark 4) that this
process coincides with the classical Hermite process that appears in [] or [Rq]. For other
properties of related processes, we refer to Tudor [R1].

11



3 Proof of the main results

In this section we will provide the proofs of the main results. For simplicity, we write £(;_1)2-n
(resp. dja-n) instead of 1jg (x_1)2-n] (resp. 1g_1)2-n g2-n]). The following proposition provides

information on the asymptotic behavior of F <Vr£q) (f )2), as n tends to infinity, for H < 1— 2—1q.

Proposition 7 Fiz an integer ¢ > 1. Suppose that f satisfies (Hy). Then, if H < 2—1q, then

E (V,Sq)( f)2> = O(2n(—2Ha+2), (3.34)
If2—1q §H<1—%, then
E (ng)(fﬁ) = 0(2M). (3.35)
Finally, if H =1 — 2q, then
E <Vn<q)(f)2) = O(n2"). (3.36)

Proof. Using the relation between Hermite polynomials and multiple stochastic inte-

grals, we have Hy (2" ABjy-n) = %Qq”HIq <5®q > In this way we obtain

k2—m

B (V(£)?)

27’L
= > E{f(Bug-12-) f(B_1y2-n) Hq (2" ABya-n) Hy (2" ABpy-n)}

k=1

27’L

_ L 2Hgn ®q ®q
= q!22 ¢ k;IE{f(B(k1)2—n)f(B(z1)2—n) (5k2 n) <552 n>}

Now we apply the product formula for multiple stochastic integrals (see [[[], Proposition
1.1.3) and the duality relationship between the multiple stochastic integral Iy and the iterated
derivative operator DV, obtaining

E (v<q’<f>2)
- Z iq”( >

k4=11r=0

xE {f(B(k71)2—”) f(B(éq)z—n) Iog—ar <5k2q RO nr>} (Opa—ns0p2-n)%

-y

kéer

xFE {<D2q*2r (f(B(k_1)2*") f(B(é—l)Q*")) ’5/(?261 "T®5t%q "

q—r

>ﬁ®(2q—2m } (Ok2-n: 0p2-n )’

12



where @ denotes the symmetrization of the tensor product. The derivative of the product
D?2a—2r (f(B(k_l)an) f(B(g_l)an)) will be equal to a sum of derivatives:

pD2a—2r (f(B(k71)2—”) f(B(Z71)2—”)) _ Z f(a) (B(kfl)Q—n) f(b) (B(zfl)Q_")

a+b=2¢—2r
x(2q — 2r)! ( En1)2- n®6((82,b,1)2_n) :
We make the decomposition
E (VO(f)?) = Ay + By + Co + Dy, (3.37)
where

2n
A, = 2*Han Z E {f(q)(B(k—mfn) F@ (B(z—mfn)} (Ek—1)2-7, Opa—n)? (€(e—1)2-7, Opa—n)?,
k(=1

2’”
B, = 2?Hem "M E{f(q)(B(k—mfn)f(q)(B(z—nrn)}@(Ca d.e, f)
ctdtetf=2q k=1
d+e>1

X<€(k71)2—” 5k2—n>%< (k—1)2—75 5@2-@% (5(571)2—n75k2—n>% <5(éf1)2—n75z2—n>f;,

C, = 22 N Z {f( (Bge—y2—n) fP (B 1)2%)}@

12
a+b=2q kJt=1 q:
(a;b)#(q,9)
® 84 = 5®q
X (e 1)2-n OEG 1)3-n> Oppn B0t ) gz

and

q 2mn . |
D, = 22anz Z Z E{f(a)(B(kq)z—n)f(b)(B(éq)z—n)} %

r=1a+b=2q—2r k4=1
®a Rq—r S cRq— r
X< (k 1)2— n®6(g 1)2-71 6k2 n ®552 n >5§®(2¢I*2T) <6k2*"a 5(2*">57) )

for some combinatorial constants a(c,d, e, f). That is, A, and B,, contain all the terms with

r =0 and (a,b) = (¢,q); Cy, contains the terms with » = 0 and (a,b) # (¢, q); and D,, contains
the terms with 1 <r <gq.

For any integer r > 1, we set

T

Qrn = S;£)|<5(k_1)2,n’5£27n>ﬁ , (3.38)
2n

Br = D |(Granb2n)s" (3.39)
k=1

mo= D [Eprzn on)s (3.40)
k=1

13



Then we have the following estimates:

’An‘ < CQZan—I—Znazqm’

’Bn‘"i_‘cn‘ < CQZanOCQq—l,n’Yna

| D]

IN

q
2Hqgn
271 § a2q—2r,nﬁr,n7

r=1
where C is a constant depending on the function f. Notice that the second inequality follows
from the fact that when (a,b) # (¢,q), or (a,b) = (¢,q) and c+d+e+ f =2¢ withd > 1 or
e > 1, there will be at least a factor of the form (g(,_1)2-n,dp2-n)5 in the expression of B, or
Ch.

Brn < C27727H7 and by Lemma [, (:27), ~, < C2". As a consequence, we obtain

In the case H < %, we have, by Lemma [, (2-26), ., <272 by Lemma [, (2-29),

A, < C2n(2Hat2) (3.41)

|Bu| +[Cy| < Crim2Hat2HHL] (3.42)
q

D, < Y g, (3.43)
r=1

which implies the estimates (B.34) and (B.3§).

In the case 3 < H < 1— ﬁ, by Lemma ], (£-30), ., < C27™", by Lemma i, (R.29)
Brn < C2"2"Hn and by Lemma H, (B27), v < C2™. As a consequence, we obtain

[An| +Bo| +|Co] < C2nCaUI7UF2),

q
’Dn‘ < C Z 2"((2‘1—27")(H—1)+1)7
r=1

which also implies (B.33).
Finally, if H =1 — 2—1q, by Lemma f, £.30), oy, < C27"", by Lemma {, (R.29)
Brn < Cn227=2 and by Lemma [, (R.27), v, < C2". As a consequence, we obtain

[An| + [Bp| 4+ |C| < C27,
q
IDu| < C) n2",
r=1
which implies (B.36). m

3.1 Proof of Theorem [[] in the case 0 < H < i

In this subsection we are going to prove the first point of Theorem [[. The proof will be done
in three steps. Set
V() = 22Oy ().

s

14



We first study the asymptotic behavior of F (V(q)(f)2>, using Proposition [q.

1n

Step 1. The decomposition (B.37) leads to
E (V{0(f)?) = 222D (4, + By + Cy + Dy).
From the estimate (B.47) we obtain
2D (B,| 4+ |C,) < C2CHY),

which converges to zero as n goes to infinity since H < 2—1q < % On the other hand (B.43)
yields

q
22n(qH71) ’Dn’ < CZQn(Qerl)’
r=1

which tends to zero as n goes to infinity since 2rH — 1 < 2¢qH — 1 < 0.
In order to handle the term A,, we make use of the following estimate, which follows

from Lemma ], (2:24) and (P-25)

q 272Hn q
<5(k71)2—"75k2—”>5§_ T o

9—2Hn q-1 9—2Hn q—1-s
= <5(k71)2—"75k2—”>5’)+ §<5(k1)2—”75k2—”>5’) <_ 9 >
< C (K — (k — 1)) 272Han, (3.44)

Thus,

2
24an*2n Z E {f(q) (B(k‘—l)Q*") f(q) (B(E—I)Q*")} <€(k—1)2*"75k27">?§ <€(£—1)2*"75€2*">qy§

k=1
271/
— 27 Z E {f(q)(B(k—mfn)f(q)(B(z—m*n)} < g22fin—n,
k=1
which implies, as n — oo:
E(V{0(f)?) = 2722 Z {79 B 1) D (Biryp-n) } +0(1). (3.45)

k(=1

Step 2: We need the asymptotic behavior of the double product

Jn::E<‘/1n 2 Zf él2”)>-

15



Using the same arguments as in Step 1 we obtain

271
Ty = 2fm=n N E{f(B(k—mfn)f(q)(B(z—m*n)Hq (2"HAB,§27”)}

kt=1
1 n—zn
az2Hq 2 { (1)) ()(3(6_1)2,,1) (5,(?2" n)}
kt=1
1 —2n
= anan 2 - {< F(B—1y2=n) fO (B 1)2*n))a5/(§2qn>}
= o= Z Zq—() { )(B(k_l)zfn)f(zq*“)(B(e—l)zfn)}
kt=1a=

(5(k 1)2-7 O~ )% <€(z 1)2-7 5 Op2- n>qy;a-

It turns out that only the term with a = ¢ will contribute to the limit as n tends to infinity.
For this reason we make the decomposition

on

Jy, = 22Han=2n Z p {f( (Bk—1)2- ")f(q)(B(Zflﬂ—")} (E(k—1)2-m > Oga—n )% + Sn,
k(=1
where
2m q—1 1 2
Sp = 22020 N ey o, Opa-n)g a<a> {f( (Br-1)2- n)f(zqfa)(B(z—nrn)}
k(=1 a=0 *’

X{e(k—1)2-m ko) (E(e-1)2-ns Fpan)h .

By (£:24) and (B-27), we have
|Sn| S C22Hn—n’

which tends to zero as n goes to infinity. Moreover, by (), we have

27’L

92Hqn—2n Z E{f(q)(B(k_l)Z_n)f(q)(B(g_l)Q—n)} (E(h—1)2-7> Ok2—n)§
k=1
1)7 224 Z {f(q) B_1y2- n)f(q)(B(gq)z—”)} < ¢ *n—n

k=1

which also tends to zero as n goes to infinity. Thus, finally, as n — oo:

271
A = (1127270 37 B{FD(By_1p-0) fO(Bierypn) | +0(1).  (3.46)
k,e=1

16



Step 3: By combining (B.45) and (B.44), we obtain that

2n 2
(_1)(1 -n
EVS(f) = 5= 27" D F O (Bapn)| = o(D),
k=1
as n — oo. Thus, the proof of the first point of Theorem [[] is done. |

3.2 Proof of Theorem [[] in the case H > 1 — i: the weighted Non Central
Limit Theorem

We can assume that ¢ > 2, the case where ¢ = 1 being straightforward. We prove here that
the sequence V3 ,,(f) given by

271
1
V() = 20 () = 90 S f (Boyen) I (G2
T k=1

)

converges in L2(Q) as n — oo to the pathwise integral fol f(Bs)ngq with respect to the

Hermite process of order q.
First we will show the result when the function f is one. It is a generalization of a
result in [P9] where the case ¢ = 2 has been proven.

Lemma 8 For each t € [0, 1], the sequence

2"
n—nm 1
Ta() =2 3, (5,‘?2‘2) (3.47)
k=1

)

converges in L*(Q) to the Hermite random variable Zt(q .

Proof: By the transfer principle the multiple stochastic integral I, (5®q > can be

k2—mn
written as a multiple stochastic integral with respect to the Wiener process W, I, (5?2'1_”) =
I(YV <A§2q_n), where
AkQ—n (S) = KH (]{?2711, 8) 1[0,]92*"}(8) — KH ((k — 1)2711, S) 1[0,(19—1)27"}(8)

= (Ky (k27" s) — Kg ((k—1)27",5)) e(_1)2-n(s) + Kz (k27",5) Op-n(s)
i= Dja-n(s) + Cra-n(s).

We will consider the case t = 1, the proof in the general case being similar. It suffices to prove
that

27’L
1
Qqn_na Z (DkQ—n —|— CkQ—n)®q — L1
T k=1

17



in L2([0,1]9) as n — oo, where L; denotes the kernel introduced in (2.33). We will show first

that 29"~ "ql, in 1 szq_n converges in L?([0,1]9) to Ly as n tends to infinity. We can write,

for every s € [0,1] and k=1,...,n

Dyg-—n(s) =27"01 Kp (§k(8), 5) €(p—1)2-n(5),
where £k (s) is a point in the interval [(k — 1)27", k27"]. Hence

o an
1
29" nq > Dyg-n(s1)-+ Dya-n(sy) = Tnazaﬂﬁl (€k(s1),51) - - 01 Kp (§k(84), 54)
k=1 k=1

X 1o (k—1)2-7)a (51, - - - 5¢),

is a Riemann sum that converges a.e. to L;. To obtain the convergence in L?(]0,1]?) we will
apply the dominated convergence theorem. In fact,

o
22qn72n (/ Dyo—n(8)Dga-n(s)ds )

k(=1

on 2

29— "ZDkQ n(81) - Dyo-n(sq)| dsi---dsq

< grmn Z( (ABgow ABpy-n))",
k=1

which is bounded by Lemma [, (2:32). Then, it only remains to show that for every j < ¢—1,
the kernel

27’L

Ro(s1,---,89) = 27" Dyp-n(s1) .. Dpa-n(4—)Cra=n(sg—j1+1) - - - Ca—n(s4)
k=1

converges to zero in L2([0,1]9) as n — oo. Let us compute the L? norm of this kernel (note
that the presence of at least one term C; implies that the mixed terms in the above expression
vanish)

27’L
Il = 2 [ sy, 30 Dhya(on)- Do)

2 2
XCkQ_n(Sq,jJrl) . CkQ—n(Sq),
and since

/ D2, .(s)ds < E|AByy-n|* = 2721,

and

1
/ Cz2_n(s)d5 < E|ABi2_n‘2 — 972Hn,
0

18



we get | Ry, ||> = O(2247——2Han) and this goes to zero because H > 1 — 2—q [ ]
Remark 4 It follows from Taqqu [R{] and Dobrushin and Major [ that the sequence T}, in
Lemma f converges in law to the “standard” historical Hermite process defined through its
moving average representation as a multiple integral with respect to a Wiener process with
time horizon R. From Lemma [, it is clear that the process introduced in Definition [ has the
same finite dimensional distributions as the historical Hermite process.

Remark 5 We can also work directly with the fractional Brownian motion B without using
its associated Brownian motion W. The sequence of functions

[271]

_ ®q
QDn - 2n Z 6_]2 n
7j=1

is a Cauchy sequence in the space $%9. Indeed, for any m > n we have

[2m1] [271] jo—m P q
(@nsPm) goa = (H(2H — )2ontm Z (/ / - s/]2H2dsds/> ,
j=1 k=1 -2
and,
lim lm (o, om)gee = (H(2H —1))°
t ot
» /0 /0 s — /| Digeds’ — o gt H-2at2,
where ¢, g = o (gﬁf@ I?)Z)q s In the same way we can prove that lim, . (¢n, ¥n) ge2 =

Cq, atGH=24+2 For every t € [0,1], we denote by p; the uniform measure on the diagonal of
[0,%]7, normalized to have a total mass equals t. That is, for any continuous function f on

[0,1]7 we have
t
fdus = / f(s,...,s)ds.
[0,1]a 0

Then, it is clear that the limit in $%9 of the sequence of functions ¢,, can be identified with ;.
We define the stochastic process X; by X; = I,(y). Then, as a consequence of the previous
computations we have

lim V(q)(l[o 1) = X,

n—oo

in L2. Tt is clear that the process X coincides with the Hermite process Z(@.

Proof of the third point in Theorem [Il. Consider now the case of a general function
f- We fix two integers m > n, and decompose the sequence V(q) m(f) as follows:

V(q) (f) _ A(m,n) + B(m,n)’

19



where

Almn) — Zom(q=1) Zf (i-1)2-) > <5gqm)’

i=(j—1)2m—"+1

and
]2m n

s = L eSS A (532,

Jj=li=(j—-1)2m—"+1

with the notation A}%" f(B) = f(B(_1)2-m) — f(B(j_1)2-n). We shall study A(mn) and Bmn)
separately.

Study of A™™)_ When n is fixed, Lemma f yields that the random vector

j2mfn

1
—gmle=h % <5§qm>;j:1,...,2"
& i=(j—1)2m=n+1

converges in L?, as m — oo, to the vector
(@) () _
(ij n —Z(J 1)2- ni] = 1,...,2").

Then, as m — oo, A7) L A1) where
oo,n) . 7@ (9)
Al EfB(]mn(ﬂn 2 - )

Finally, we claim that when n tends to infinity, A" converges in L? to fol f(Bs)ngq).

Observe that the stochastic integral fol f(Bs) ngq) is a pathwise Riemann-Stieltjes integral.
So, to get the convergence in L? it suffices to show that the sequence A(>™ is bounded in LP
for some p > 2. The integral fol f(Bs) ngq) has moments of all orders, because for all p > 2

‘Zt(q) _ ZS(Q)‘ P
E sup

0<s<t<1 it —s|7

B; — B, \?
E[ sup <%> } < 00,
o<s<t<1 \ [t — |

ify<q(H—1)+1and f < H. On the other hand, Young’s inequality implies

s

and

< ¢, ,,Varp(f(B))Var,, (Z(Q)),
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Where Var, denotes the variation of order p, and with p,v > 1 such that % + % > 1. Choosing

p > H and v > W the result follows.

1
This proves that, by letting m and then n go to infinity, A" converges in L? to

o £ (By)dz®.
Study of the term B(™™: We prove that

2
lim supE‘B(m’") —0. (3.48)

n—00

We have, using the product formula for multiple stochastic integrals

2 J2m n ] rogm—n
E ‘B(m,n) 92m(g—1) Z Z Z Z Z l_2< >
‘7 1i= (.7 1 2m=—n_1 ]/—11 _(]/*1 2m nyl 1=0
Xbl(m,n) <5i2’m’ 5i/27m>§7), (349)
where | |
b = B (AL FB)AT T (B) Iy (059, @000 ). 5.50)

By the duality relationship between the multiple stochastic integral and the iterated derivative
operator, we obtain

i2—m

o = B (DD (AT BIATEIB)) SR ) L
= a+b§q,)<E [ (a7 £(8) 30 (877£(8)) | 054 E500) L

= Z (2¢ —20)! <E ((f(a) (B(zf1)2fm)5%a_1)27m - f(a) (B(j—l)rn)g%a_l)yn) ®

a+b=2(g—1)

b b b b ®(q—1) = «®(q—1)
(PO By sy = IO Bgrop)ef iy ) ) 05BN )

where D@ denotes the iterated Malliavin derivative. The term in (B:49) corresponding to
[ = ¢ can be estimated by

1 _
_'22m(q 1) sup F|f(By)— f(By)|2 Ba,m
q! lz—y| <27

where [3,., has been introduced in (B.39), which converges to zero as n tends to infinity,
uniformly in m, because by Lemma [, (2.32), and using that H > 1 — o=, we have

sup 22m(q_1)ﬁq,m < 0.
m
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In order to handle the terms with 0 <[ < ¢ — 1, we make the decomposition

4
‘by”v") < Y @2-2)Y By, (3.51)
a+b=2(q—1) h=1
where
m,n m,n a ~ —1)~ -1
B = E |4 f(B)Az‘ﬂ}’f(B)‘ oo ®€%’b—1)27mv5g(fqm )®5§)2(2m)>~6®2(‘1—“’

By = E|f@(By_ypn)AlT f(B)(
a a = =)= -1
X((&%flp_m - 6((8}71)2—n) ®6(€’;/b71)2—m)6;8;(—qm )®5§2(gm)>ﬁ®2(Q*l)7

By = E Azynf(B)f(b)(B(j'—m*n)

a -~ —1) ~ —1
(el 1y2-m® <€%bfl>2—m - 5?}?4)2%) O VB3 e,

By = E|f“(B;_19-2)fP(Bjr_1-n)

a a > b b ®(¢—1) = s®(g—1)
><<<‘€((8271)2—m - 58’4)2—%) ® <‘€((8;/71)2—m - 5%/4)2%) O @0y 0m” ) @200

(3.52)

By using Lemma [}, (2.30), and the conditions imposed on the function f, one can bound the
terms Bi, By and Bs as follows:

|B1| < elq, f, H) sup E ‘f(a) (By) — f(a)(By)‘2 9—2m(a-1),

|—y|< 5w 0<a<2g
|By| +|Bs| < (g, f,H) ~ sup  E (f@(BgC) - f(b)(By)‘ 9-2m(a-1).
|z—y|< 5w ,0<a<2g
and by using Lemma [, (2.31), we obtain that
Byl < elq. f,H)2 T 72D,
By setting

1 _
R,=—= sup E[f(B,)— f(By)["sup2>™ V5, .,
qQ: |g—y|<2—n m
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we can finally write, by the estimate (R.39) in Lemma [

2 -1
B|BU|" < Ryt o(H, f,)22 07 < sw |08 - 1B, +<2‘")qT>
|x— y\<2n70<a<2q
]2m n /2m n
Y Y Y S
Jj=li=(j—1)2m—n41j'=14'=(j'—1)2m—"+1 I1=0
< R, +c(H, 2m(q—1) (b) () —ny T
< c(H, f,q)2 sup F7UBe) = [7(By)| +(277) «
|z—y| <5 ,0<a<2q
qg—1 2m
X Z 2_2m(q_l) Z <(5i2—m, 5i/2—m>§:)
1=0 i,j=0

< Rn+c<H,f,q>< sup (f(b)(Bm)—f(b)(By)‘Jr(?")Q>

|z—y|< 5 0<a<2g

and this converges to zero due to the continuity and B and since ¢ > 1. |

3.3 Proof of Theorem [I] in the case 2—1q <H<L1- 2—1q: the weighted central
limit theorem

Suppose first that 2—1q < H<1- 2—1q. We study the convergence in law of the sequence

VQ(%) (fl=2"2 V,gq)( f). We fix two integers m > n, and decompose this sequence as follows:

VAO(f) = AL 4 B,

where
mn)_Q__Zf ] 12 n Z Hq (anAB)7
i=(j—1)2m—7+41
and

J2m n
B(m,n) _ 2m(Hq—— Z Z AZI],nf( ) <5§3qn) ’
Jj=li=(3—-1)2m—n+41
and where as before we make use of the notation AJ";" f(B) = f(B(i_1)2-m) — f(B(j—1)2-n)-

Let us first consider the term A(™™). From Theorem 1 in Breuer and Major (1983),
and taking into account that H < 1 — 2—1q, it follows that the random vector

jam=n
> Hy (2""ABy-0); j=1,...,2"
i=(j—1)2m—n+1

o3
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converges in laW, as m — 00, to
. — n
(CHHALL]'Q—n, ] = 1,...,2 )

where W is a standard Brownian motion independent of B (the independence is a consequence
of the central limit theorem for multiple stochastic integrals proved, for instance, in Peccati

and Tudor [[[]). Since

Z f (Byjiyz—n) AWjp-
converges in L? as n — oo to the Itd integral fo f(Bs)dW, we conclude that, by letting m — oo

and then n — oo, we have
1
A(mn) 1w cH,q/ f(Bs)dW,
0

Then it suffices to show that

2
lim sup E‘B(m’") —0. (3.53)

=0 m—oo

We have, as in (B.49)

]2m n l2m n

LS YD SHED VRS DU v 1 (1}

J=li=(j—1)2m—n41j'=14'=(j'—1)2m—n+4+1 [=0

Xbl(mJL) <5Z’2—m, 62‘/2—m>l57), (354)

E ‘BW") ’

where bl(m’n) has been defined in (B.5(). The term in (B.54) corresponding to | = ¢ can be
estimated by

L (2 o
—9nCHD sy B{f(By) — [(By) fym:
q: |lz—y[<2—n

which converges to zero as n tends to infinity, uniformly in m, because by Lemma i, (B-29),
and using that H <1 — &

sup 2m(2Hq_1)ﬁq,m < 0.
m

In order to handle the terms with 0 < [ < ¢ — 1, we will distinguish two different cases,
depending on the value of H.

Case H < 1/2. Suppose 0 <1 < q— 1. By Lemma [, (£.27), we can majorize bl(m’n)
as follows
|bl(m7n)| S C2—4Hm(q—l) ,

and, as a consequence, applying again Lemma [, (R.2§) the corresponding term in (B.54) will
be bounded by

)

sz(ZHq—l)Q—éle(q—l) Brm < CQZmH(l—q)

24



which converges to zero as m tends to infinity because [ < q.

Case H > 1/2. Suppose 0 <1 < q— 1. By Lemma [, (.30), we get the estimate
|bl(m’n)| < ¢2~2mle-1) ,

and, as a consequence, applying again Lemma [, (R.2§) the corresponding term in (B.54) will

be bounded by
CQm(QHq_l)Q_Qm(q_l)ﬂl

If H < 1- 4, applying Lemma [}, (22§ this is bounded by C2mZH(a=0)=2(a-1) Which
converges to zero as m tends to infinity because H < 1 and | < ¢g. In the case H = 1 — 21,
applying Lemma [}, (2:29) we get the estimate Cm2mEHa=0)=2(a=0) ' which converges to zero
again as m tends to infinity because H < 1 and [ < ¢. In the case H > 1— 2_1 we apply
Lemma [, (.30) and we get the estimate C2mH2+1-29) \which converges to zero as m tends
to infinity because H < 1 — 2—1q.

The proof in the case H =1 — QL is similar. The convergence of the term A" ig
obtained by applying Theorem 1’ in Breuer and Major (1983), and the convergence to zero in
L? of the term B(™™ follows the same lines as before.

3.4 Proof of Corollary

For any integer ¢, we have

n 1 n
(2 HABan)Q_Mq = ZH< )Mq L2ty (51?;”)
=1

- i( )Mq _pH, (2" AByy-n)

=1

hS]

i)

Indeed, the pth kernel in the chaos representation of (Q"H ABmfn)q will be

1 H q L (q\ onm ®
HE(DP (2n ABk2—n) ): H<p>2n p q p5k2pn

Suppose first that ¢ is odd and H > % In this case we have

q

2” "HZf (=127 ) (2T AByy-n)? = (Z)quQnHVép)(f)-

p=1

The term with p = 1 converges in L? to qlg—1 fo s)dB,. For p > 2, the limit in L? is
zero. In fact, if H <1-— 2—p, < n( )(f) > is bounded by a constant times n2", by Proposition
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fi, and, by Theorem [l, (L14), if H > 1 — %p, E <V,§p)(f)2> is bounded by a constant times
2n2(1=H)p=2n and 2(1 — H)p — 2 — 2H < 0.

Suppose now that ¢ is even, then

q

g?nin Z /(B (k=1)2~ n) [(2nHABk2*")q - NQ] = g2nf—n Z (;) qupvrgp)(f) .

p=2

If H< 4, by Theorem [I, ([L.13)), 22"~ "( )Mq 2V(2)(f) converges in L? as n tends to
infinity to £ (%)ug—2 fo f"(By)ds. On the other hand, for p > 4, 22"~ ny P )(f) converges
to zero in L?. In fact, if H < QLP’ then by (B.34), E (Vrgp)(f) ) = O(2n(=2Hp+2)) " and

—2Hp+2+4+4H — 2 < 0, and if H > %, then by (B.39), E< ép)(f)2> = 0O(2"), and
4H —1 < 0. Therefore ([.1§) holds.

In the case % < H< %, for any p = 2,4,...,¢q, by Theorem [l (L.14), 2_"/2V7§p)(f)
converges in law to op fol f (BS)dWS(p ). The Brownian motions W® are independent. This
is a consequence of the central limit theorems for multiple stochastic integrals proved, for
instance, in Peccati and Tudor [[[§]. This implies the convergence ([.19). The proof of ([.20)
is analogous.

Finally, consider the case H > % For p = 2, 2"_2H"V(2)(f) converges in L? to

tq—2(4 )fo dZ 2 by Theorem I - If p > 4, then 2"~ 2H"V(p)(f) converges in L?
to zero because again by Theorem [ll, (L.16), £ (V,gp)(f) ) = O(2"2—2(1=H)p)),

3.5 Proof of Theorem

We can assume H < %, the case where H > % being straightforward. By a Taylor’s formula,

we have
gn
f(B1) = f(0)+ % Z (f'(Bra—n) + ['(B(—1)2-»)) ABjg—n
k=1

Zf( (B(—1)2-n) (AByg—n) ——Zf4) (k—1)2- ”)(ABk2—”)4

1
% Z FO B 1y2-n) (AByg-n)’ + Ry, (3.55)
k=1
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with R,, converging towards 0 in probability as n — oo, because H > 1/6. We can expand the
monomials ™, m = 2,3,4,5, in terms of the Hermite polynomials:

2?2 = Hy(z)+

3 = Hg(x)+3H1()

a* = Hy(x)+6Hy(z) +3

2 = Hs(x)+ 10 H3(z) + 15 Hy(2)

In this way we obtain

Z FOB-1yan) (ABjgn)* = 273V (f&) 4 3 5 2720y (£0)) - (3.56)

Zﬂ (e-1)3-n) (ABygn)t = 274y ()

271
+6 x 27y (FW) 35 24 RN (B gy5-0), (3.57)
k=1

Zf( (k-1)2-n) (ABgg-n)® = 2721V 0 (£0))
+10 x 279Hny B (£O)y 4 15 x 9~y (M) (6)), (3.58)

)
By (B.35) and using that H > , we have <V ® (f®) ) <C2" E (VéB)(f@)Q) < (27", and,
as a consequence, the first Summand in (B.56) and the second one in (B.59) converge to zero in L?
as n tends to infinity. Also, by (B:3§), E (V( )(f( )2 > < 02" and F (V(5)(f( )2 > < (02" and
the first summand in (B.57) and the first summand in (B-5§) converge to zero in L? as n tends
to infinity. If L < H < 1, by (B34), E (vf)( f(4))2) < Cn(—4H+2)) and 2-4HnY ) (5(0)
converges to zero in L? as n tends to infinity. If i <HC< %, by (B-39), E ( 752)(]‘)2) < Co2m,

and 2744 "V,?)( f (4)) converges to zero in L? as n tends to infinity.
Moreover, using the identity, valid for regular functions A : R — R:

2" A

S W (Brjgn) ABig-n = h(B1) — h(0) — 3 YW (Bo,, ) (ABig-»)?

k=1 k=1

for some 0yo—n lying between (k — 1)27" and k27", we deduce that 2~ 4ty (1) (f©®)) tends to
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zero, because H > %. In the same way, we have

2’”
—2Hn L n
2 2y (£ —52 21 kz_l FA(Bg_1)2-n) (ABjg—n)?
1 2
~5 272N " fO)(Bjo_iyo-n) (ABja—n)® + o(1).
k=1
We have obtained
2’”
1 / /
f(B) = fO)+5 > (f'(Bra—) + f'(Bg1y2-n) ) AByo—n
k=1

2_4Hn2f B—1)2-n)H2 (2" AByy-n)
2_2H" Z FO(Bi1ya-n) (ABig-n)’ + o(1).
As before 2_4H"Vn(2)(f(4)) converges to zero in L?. Finally,
g—2Hn Z FO(Bgieiyz—n) (ABpg-n)® = 2750 (£&)) 4 3 5 = Hny 3 (£6)),

which also converges to zero by the same arguments as above. This completes the proof. B
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