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Weak order for the discretization of the stochastic heat
equation.

Arnaud Debussche* Jacques Printems'

Abstract

In this paper we study the approximation of the distribution of X; Hilbert—valued
stochastic process solution of a linear parabolic stochastic partial differential equation
written in an abstract form as

dX; + AX,dt = QY?dW,, Xo==xze€ H, tel0,T),

driven by a Gaussian space time noise whose covariance operator ) is given. We assume
that A~% is a finite trace operator for some a > 0 and that @ is bounded from H into
D(AP) for some 3 > 0. It is not required to be nuclear or to commute with A.

The discretization is achieved thanks to finite element methods in space (parameter
h > 0) and implicit Euler schemes in time (parameter At = T'/N). We define a discrete
solution X}’ and for suitable functions ¢ defined on H, we show that

E@(X5) — Ep(Xr)| = O(h*" + At)

where 7 < 1 — a+ 3. Let us note that as in the finite dimensional case the rate of
convergence is twice the one for pathwise approximations.

MSC classification: 35A40, 60H15, 60H35, 65C30, 65M60

Keywords: Weak order, stochastic heat equation, finite element, Euler scheme.

1 Introduction

In this article, we study the convergence of the distributions of numerical approximations of
the solutions of the solutions of a large class of linear parabolic stochastic partial differential

equations. The numerical analysis of stochastic partial differential equations has been
recently the subject of many articles. (See among others [[l], (], [, 2], [[3], [T4], [LT],
[E]a [@]a [@]v [E]v @]7 [@]a 2], [@]a [@]7 [@]7 [@]) In all these papers, the aim is to give
estimate on the strong order of convergence for a numerical scheme. In other words, on the
order of pathwise convergence. It is well known that in the case of stochastic differential
equations in finite dimension, the so-called weak order is much better than the strong order.
The weak order is the order of convergence of the law of approximations to the true solution.
For instance, the standard Euler scheme is of strong order 1/2 for the approximation of a
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stochastic differential equation while the weak order is 1. A basic tool to study the weak
order is the Kolmogorov equation associated to the stochastic equation (see P9, [Bq], B7]

BI).

In infinite dimension, this problem has been studied in much less articles. In [J], the case of
a stochastic delay equations is studied. To our knowledge, only [[], 0] consider stochastic
partial differential equations. In [9] the nonlinear Schrédinger equations is considered. In
the present article, we consider the case of the full discretization of a parabolic equation.
We restrict our attention to a linear equation with additive noise which contains several
difficulties. The general case of semilinear equations with state dependent noise present
further difficulties and will be treated in a forthcoming article. This case is treated in
[BJ) but there only finite dimensional functional of the solution are used and the finite
dimensional method can be used.

Note that there are essential differences between the equations treated in [ff] and [d]. Indeed,
no spatial difference operator appear in a delay equation. In the case of the Schrodinger
equation the linear evolution defines a group and it is possible to get rid of the differential
operator by inverting the group. Furthermore, in [, the data are assumed to be very
smooth.

In this article, we get rid of the differential operator by a similar trick as in [§]. However,
since the linear evolution operator is not invertible, this introduces extra difficulties. More-
over, we consider a full discretization using an implicit Euler scheme and finite elements for
the spatial discretization. We give estimate of the weak order of convergence with minimal
regularity assumptions on the data. In fact we show that as in the finite dimensional case
the weak order is twice the strong order of convergence, both in time and space.

In dimension d = 1, 2, 3, let us consider the following stochastic partial differential equation:

(1.1) % — Au(z,t) = n(z,t),

where z € O, a bounded open set of R?, and t €]0,T], with Dirichlet boundary conditions

and initial data and 7 = 9 with 71 denotes a real valued Gaussian process. It is convenient

to use an abstract framework to describe the noise more precisely. Let W be a cylindrical
. ow . . . . .
Wiener process on L%(0), in other words —— is the space time white noise. Equivalently,

ot

given an orthonormal basis of L?(0), W has the following expansion
W(t) = Zﬁl(t)el
1€EN
where (f;)ic7n is a family of independent standard brownian motions (See section 2.4 be-
low). We consider noises of the form 7(t) = Q/2W (t) where Q is a non negative symmetric

bounded linear operator on L?(0). For example!, given a function ¢ defined on O, we can
take

n(x,t) = /Oq(w — )Wy, t)dy,
Then the process n has the following correlation function:

En(z,t)n(y,s) = clx —y)(t As) with e(r) = /Oq(z +7)q(z)dz.

!The equations describing this example are formal, it is not difficult to give a rigourous meaning. This
is not important in our context. Note that ¢ does not need to be a function and a distribution is allowed.




The operator @ is then given by Qf(z) = [, c(x —y)f(y) dy. Note that if the ¢ is the Dirac
mass at 0, n =W and Q) = 1.

Let us also set A = —A, D(A) = H?(O) N H}(O) and H = L?(0). Then A : D(A) — H
can be seen as an unbounded operator on H with domain D(A). Our main assumption
concerning @ is that A?/2Q defines a bounded operator on L*(O) with o > —1/2 if d = 1,
o>0ifd=2and o > 1/2if d = 3. In the example above this amounts to require that
(=A)?/2q € L*(0). Tt is well known that theses conditions are sufficient to ensure the
existence of continuous solutions of ([L.1]).

If we write u(t) = u(-,t) seen as a H-valued stochastic process then ([[.]) can be rewritten
under the abstract Ito form

(1.2) du(t) + Au(t) dt = QY2 AW (t).

In this article, we consider such an abstract equation and study the approximation of the
law of the solutions of ([.2) by means of finite elements of the distribution of u in H. Let
{Vi}n>0 be a family of finite dimensional subspaces of D(AY/2). Let N > 1 an integer and
At = T/N. The numerical scheme is given by

(1.3) (up™ = upt, on) + At(Aup ™ ) = VAL(QX™ vy,

for any v, € Vi, where VAt "t = W((n 4 1)At) — W(nAt) is the noise increment
and where (-,-) is the inner product of H. The unknown is approximated at time nAt,
0 <n <N by u} € Vj. In ([L.3), we have used the notation uZ+9 for Qu ™ + (1 — @)ul for
some 6 € [0,1]. We prove that an error estimate of the following form

[E(p(u(nAt)) — E(p(uh))] < c(h® + A7)

for any function ¢ which is C? and bounded on H. With the above notation, v is required
to be strictly less than 1 —d/2 + o /2. This is exactly twice the strong order (see [B3], [B3)]).
If d =1 and o = 0, the condition is v < 1/2 and we obtain a weak order which 1/2 in time
and 1 in space.

2 Preliminaries

2.1 Functional spaces.

It is convenient to change the notations and rewrite the unknown of ([[.9) as X. We thus
consider the following stochastic partial differential equation written in the abstract form

(2.4) dX, + AX,dt = Q'2awW,, Xo=xz€ H, 0<t<T,

where H is a Hilbert space whose inner product is denoted by (-,-) and its associated
norm by | - |, the process {X},c(o,r) is an H-valued stochastic process, A a non negative
self-adjoint unbounded operator on H whose domain D(A) is dense in H and compactly
embedded in H, ) a non negative symmetric operator on H and {Wt}te[O,T] a cylindrical
Wiener process on H adapted to a given normal filtration {-Ft}te[O,T] in a given probability
space (9, F,P).

It is well known that there exists a sequence of nondecreasing positive real numbers {\,, },>1
together with {ey}n>1 a Hilbertian basis of H such that

Ae, = \pe, with lim )\, = +o0.

n—-+o0o



We set for any s > 0,

+00 oo
D(AS/Q) = {u = Zunen € H such that Z)\flui < —i—OO} )
n=1

n=1

and
A’y = Z A Unén, Yu € D(A%).

n>1

It is clear that D(A%/?) endowed with the norm u — ||ul|s := |A*/?u/| is a Hilbert space. We
define also D(A_S/ 2) with s > 0 as the completed space of H for the topology induced by
the norm flul|—s = >, 54 A-Su2. In this case D(A™%/2) can be identified with the topological

dual of D(A%/?), i.e. the space of the linear forms on D(A%/?) which are continuous with
respect to the topology induced by the norm || - ||s.

Moreover, theses spaces can be obtained by interpolation between them. Indeed, for any
reals s; < s < 59, one has the continuous embeddings D(A%/2) ¢ D(A%/?) ¢ D(A®*/?) and
by Hoélder inequality

(2.5) lulls < Jlulls, Mlull2,, 5= (1= X)s1+ Asa,

> S99

for any u € D(A%2/2).

We denote by || - ||x the norm of a Banach space X. If X and Y denote two Banach
spaces, we denote by £(X,Y’) the Banach space of bounded linear operators from X into
Y endowed with the norm || B||z(x,y) = sup,ex [|Bz[ly/l[z]|x. When X =Y, we use the
shorter notation £(X).

If L € L(H) is a nuclear operator, Tr(L) denotes the trace of the operator L, i.e.

Tr(L) = Z(Lel-, e;) < +oo.
i>1

It is well known that the previous definition does not depend on the choice of the Hilbertian
basis. Moreover, the following properties hold

(2.6) Tr(LM) = Tr(ML), forany L,M € L(H),
and
(2.7) Tr(LM) < Tr(L)|M|lz(rry, forany L € Ly(H), M € L(H),

where £, (H) denotes the set non negative bounded linear operators on H.

Hilbert-Schmidt operators play also an important role. Given two Hilbert spaces Ki, Ko,
an operator L € L(Kj,K>s) is Hilbert-Schmidt if L*L is a nuclear operator on K; or
equivalently if LL* is nuclear on Ky. We denote by Lo(K7, K2) the space of such operators.
It is a Hilbert space for the norm

Ll £k ey = (Te(L*L))Y? = (Te(LL*)'2.

It is classical that, given four Hilbert spaces Ki, Ko, K3, Ky, if L € Lo(K9, K3), M €
?[,(Kl,Kg), N € ﬁ(Kg,K4) then NLM € £2(K1,K4) and

(2.8) INLM||zox1,100) <IN 2(res, k) 1 D] 2o (Ko, k) 1M 12251 o) -



See [, appendix C, or [[[(] for more details on nuclear and Hilbert-Schmidt operators.

If X is a Banach space, we denote by Cy(H; X) the Banach space of X-valued, continuous
and bounded functions on H. We also denote by C’f (H) the space of k-times continuously
differentiable real valued functions on H. The first order differential of a function ¢ €
ClL(H) is identified with its gradient and is then considered as an element of Cy(H; H). It
is denoted by De. Similarly, the second order differential of a function ¢ € CZ(H) is seen
as a function from H into the Banach space £(H) and is denoted by D?p.

2.2 The deterministic stationary problem

We need some classical results on the deterministic stationary version of (2.4). In this case,
special attention has to be paid to the space V = D(Al/z) C H. It is a Hilbert space whose
embedding into H is dense and continuous. Its inner product is denoted by ((-,-)). We
have
((u,v)) = (AY?u,AV?y), foranyueV, veV
= (Au,v), for any u € D(A), v € H.

Then by a density argument and the uniqueness of the Riesz representation (in V') we
conclude that A is invertible from V into V' = D(A~Y/2) or from D(A) into H. We will
set T = A~! its inverse. It is bounded and positive on H and on V.

For any f € H, u =T f is by definition the unique solution of the following problem
(2.9) ueV, ((u,v))=(fv), foranywveV.

Let {Vi}n>o be a family of finite dimensional subspaces of V' parametrized by a small
parameter h > 0. For any h > 0, we denote by P} (resp. II;) the orthogonal projector
from H (resp. V') onto V}, with respect to the inner product (-,-) (resp. ((-,-))).

For any h > 0, we denote by Ay the linear bounded operator from V}, into V}, defined by
(2.10) ((up,vn)) = (Apup, vp) = (Aup,vp)  for any up, € Vi, vy € V.

It is clear that Ay, : V}, — V}, is also invertible. Its inverse is denoted by T},. For any f € H,
up, = Ty f is by definition the solution of the following problem :

(2.11) up € Vi, ((un,vn)) = (f,on) = (Puf,vn), for any vy, € Vi,

It is also clear that Aj and T} are positive definite symmetric bounded linear operators on
Vi We denote by {\; }1<i<1(n) the sequence of its nonincreasing positive eigenvalues and
{eint1<i<i(n) the associated orthonormal basis of V}, of its eigenvectors. Again, by Holder
inequality, Ay satisfies the following interpolation inequality

(2.12) | A up| < A up[MA2up| A, up € Vi, s = Asp 4 (1 — M)so.
The consequences of (R.1() are summarized in the following Lemma.

Lemma 2.1 Let A, € L(V3,) defined in (2.14). Let T and Ty, defined in (2.) and (2.11).
Then the following hold for any wy, € Vi, and v € V:

(2.13) T,P, = LT,

(2.14) 1Ay =AY 2wy
(2.15) T 2wy = [T ?w),
(2.16) T 2P| < [TV,



Proof

Now let f € H. We consider the two solutions u and uy, of (R.9) and (R.11]). Since V}, C V,
we can write (R.9) with v, € Vj,. Then, substracting we get ((u — up,v,)) = 0. Hence,
up, = Ilpu the V-orthogonal projection of w onto Vj, i.e. TpPnf = ,Tf.
Equation (R.14) follows immediately from the definition (B.I0) of A;. We now prove (P.16).
Equations (1) and (ET4) imply |4;, /2 Pye] = |TwPyoll = [TWTo] < ||Tol] = [A~Y/20),
since IIj, : V' — V}, is an orthogonal projection for the inner product || - ||.

As regards (R.19), on one hand (R.16) with v = wy, € Vj, C V gives the first inequalty
|T2/2wh| < |TY2wy|. On the other hand, by (B-10),

(A, vn)| = |(Aup, vp)| < AV up||AV 20| = [AY2up|| AV 0.

So Apuy, can be considered as a continuous linear form on D(AY?), i.e. belongs to D(A~1/2),
and
A2 Apup| < |AY2up| = | A} ).

Taking up, = A; 'wy, gives |A™Y 2w, | < |A}:1/2wh|. Eq. (R.15) follows. |

Our main assumptions concerning the spaces V}, is that the corresponding linear elliptic
problem (2:11) admits an O(h") error estimates in H and O(h"~!) in V for some r > 2.
It is classical to verify that these estimates hold if we suppose that II; satisfies for some
constant kg > 0,

ko h*|A%), 1<s<n,
Ko hs/71|As//2w|, 1<s <r-—1,

(2.17) |IIpv — v

<
(2.18) |AY2(Tw — w)| <

where v € D(A%?) and w € D(A%/?).

Finite elements satisfying these conditions are for example Pj triangular elements on a
polygonal domain or Qi rectangular finite element on a rectangular domain provided k£ > 1.
Approximation by splines can also be considered. (See [{], [B0]).

2.3 The deterministic evolution problem

We recall now some results about the spatial discretization of the solution of the determin-
istic linear parabolic evolution equation:

du(t)

(2.19) o

+ Au(t) =0, u(0) =y,

by the finite dimensional one

Aup(t)
ot

+ Apup(t) =0, up(0) = Ppy € Vj.

It is well known that, under our assumptions, (R.1g) defines a contraction semi-group on
H denoted by S(t) = e7*4 for any ¢ > 0. Its solution can be read as u(t) = S(t)y where
t > 0. The main properties of S(t) (contraction, regularization) are summed up below:

(2.20) le™*%| < |z|, for any z € H,



and
(2.21) |Ase ] < O (s)t™%||,

for any t > 0, s > 0 and = € H. Such a property is based on the definition of A® and the
following well known inequality

(2.22) supafe”® < C(e)t™¢, for any t > 0.
x>0

In the same manner, we denote by Sy, (t) or e *4» the semi-group on Vj, such that uy,(t) =
Sh(t)Pry, for any t > 0.

We have various types of convergence of uy towards u depending on the regularity of the
initial data y. The optimal rates of convergences remain the same as in the corresponding
stationary problems (see (R.17)-(R.1§)). The estimates are not uniform in time near t = 0
since the regularization of S(¢) is used to prove them. The following Lemma gives two
classical properties needed in this article.

Lemma 2.2 Let r > 2 be such that and (2.18) hold and q, ¢, s, s' such that
0<s<q<r,sd>0,1<q¢+s <r—1and ¢ <2. Then there exists constants k; > 0,
1 = 1,2 independent on h such that for any time t > 0, one has:

(2.23) [|Sn(t) Pn — S(t)HL(D(Asﬂ),H) < g R0,

(2.24) 1Sk (#) Py = S@)| ppiartsoy piarrzy < wa b T @02,

The proof of (2.2J) can be found in [@] (see also [BJ], Theorem 3.5, p. 45). The proof
of (:24) can be found in [PJ], Theorem 4.1, p. 342 (with f = 0)). In fact, we use only
s=s"=0and ¢ =1 below.

2.4 Infinite dimensional stochastic integrals
In this section, we recall basic results on the stochastic integral with respect to the cylin-
drical Wiener process W;. More details can be found for instance in [f].

It is well known that W; has the following expansion

where {f; }i>1 denotes a family of real valued mutually independent Brownian motions on
(Q,F,P,{Fi}+>0). The sum does not converge in H and this reflects the bad regularity
property of the cylindrical Wiener process. However, it converges a.s. and in LP(Q;U),
p > 1, for any space U such that H C U with a Hilbert-Schmidt embedding. If H = L%(0),
O C R? open and bouded, we can take U = H~*(0), s > d/2.

Such a Wiener process can be characterized by
E (We, u)(Ws,v) = min(t, s)(u, v)

for any t,s > 0 and u,v € H.



Given any predictable operator valued function ¢ — ®(t), t € [0, 7], it is possible to define
foT ®(s)dW (s) in a Hilbert space K if ® takes values in Lo(H, K) and fOT H‘I>(S)H%2(H K)ds <

oo a.s. In this case fOT ®(s)dW (s) is a well defined random variable with values in K and

o =3 [ oo

Moreover, if E (fOT ||<I>(s)||%2(H K)ds) < 00, then

E (/OT @(s)dW(s)) —0,
E (( / T@(s)dW<s>)2> -5(/ ' 1966 1) -

We will consider below expressions of the form fo (5)Q'/2dW (s). These are then square
integrable random variables in H with zero average if

T T
E( / \\¢<s>@1/2\\%2(H,K)ds) B [ T ()Qu(s) ds < o

The solution of equation (R.4) can be written explicitly in terms of stochastic integrals. In
order that these are well defined, we assume throughout this paper that there exists real
numbers « > 0 and min(a — 1,0) < < « such that

and

(2.25) > A =A% oy = Tr(A™) < +oo.
and
(2.26) APQ e L(H).

Condition (P.26) implies that @ is a bounded operator from H into D(AB ). By interpolation,
we deduce immediately that for any A € [0,1], AMQ* € L(H) and

(2.27) IAN QM e (H) < |1 A%QIIZ a1

Example 2.3 If one considers the equations described in the introduction where A is the
Laplace operator with Dirichlet boundary conditions, it is well known that ([2.23) holds for
a>d/2.

We have the following result.
Proposition 2.4 Assume that (2-23), (2.24) hold and

(2.28) l—a+p3>0.

Then there ezists a unique Gaussian stochastic process which is the weak solution (in the
PDE sense) of (B.4) continuous in time with values in L*(Q0, H). It is given by the formula
which holds a.s. in H:

t —+o0 t
X, = ety +/ ~=DAQ2 gy, — —tAy 4 Z </ e(ts))\idﬁi(s)> 0%,



Proof

By Theorem 5.4 p. 121 in [f], it is sufficient to see that the stochastic integral make sense
in H, ie.

t t
/ He*(t*s)AQl/QH%Q(H)ds = / Tr <e*(t*S)AQe*(t*S)A) ds < 00,
0 0

for any ¢ € [0, T]. We use (.§) to estimate the Hilbert-Schmidt norm:

le= =42 2yimry < IAYPQY2 (| o) | A2 | oy lle™ DA AT 1
< c(t— 3)71/2(76+a)

by (2.21), (R.24) and (R.27). The conclusion follows since -3 +a < 1. N

3 Weak convergence of an implicit scheme.

3.1 Setting of the problem and main result.

In this section, we state the weak approximation result on the full discretization of (2.4).

We first describe the numerical scheme. Let N > 1 be an integer and {V},}5,~o the family
of finite element spaces introduced in Section f. Let At = T/N and t,, = n At, 0 <n < N.
For any h > 0 and any integer n < N, we seek for X', an approximation of X; , such that
for any vy in Vj:

(3.29) (X — X7 vp) + A (AXIH o) = QYW — QYW up),
with the initial condition

(330) (X7, vn) = (z,vn), Vop € Vi,

where

X =X+ (1-60)X7,

with
(3.31) 1/2<6<1.

Recall that for § < 1/2, the scheme is in general unstable and a CFL condition is necessary.

Then (B.29)—(B.30) can be rewritten as

(3.32) X+ X7 At A X = VALR,QY A,
(3.33) X} = Py,
where 1

X' = N (Wintyar — Waat) »

and where we recall that P, : H — V}, is the H-orthogonal projector. Hence {x"},>0 is a
sequence of independent and identically distributed gaussian random variables. The main
result of this paper is stated below.



Theorem 3.1 Let ¢ € CZ(H), i.e. a twice differentiable real valued functional defined
on H whose first and second derivatives are bounded. Let o > 0 and 8 > 0 be such that
(2.23), [2.24) and (2.28) hold. Let T > 1 and {X;}1ep0,1) be the H-valued stochastic process
solution of (B-4) given by Proposition B-]. For any N > 1, let {X}'}o<n<n be the solution
of the scheme (13.33)-(3.33). Then there exists a constant C = C(T, ) > 0 which does not
depend on h and N such that for any v <1 — a4+ 0 < 1, the following inequality holds

(3.34) IEo(X)) —Ep(Xr)| < C (¥ + AtY),

where At =T/N < 1.

3.2 Proof of Theorem B.1].

The scheme (B.33)—(B-33) can be rewritten as
(3.35)  XJ'=SpaPuz+ VAL Z SEATHI + 0AA,) TP, 0<n <N,

where we have set for any h > 0 and N > 1:

Shoar = (I +0AtAL) NI — (1 —0)AtA).

Step 1: We introduce discrete and semi-discrete auxiliary schemes which will be usefull
for the proof of Theorem B.1.

First, for any h > 0, let {X}()}4cp0,7] be the Vj-valued stochastic process solution of the
following finite dimensional stochastic partial differential equation

AXp s+ ApXppdt = P, QY2AW,,  Xp,0 = Pz

It is straightforward to see that X} can be written as
t

(3.36) Xpt = Sp(t)Pux + / Sy(t — s)PQY2dW,.
0

The last stochastic integral is well defined since t — Tr((Sy(t) P,QY?)*(Sh(t) P,QY?)) is
integrable on [0,77] .

We introduce also the following Vj-valued stochastic process
Yhe = Sp(T —t) Xpy, te€]0,T],
which is solution of the following drift-free finite dimensional stochastic differential equation
(3.37) AYy s = Sp(T — t)P, QV2AW;,  Yio = Si(T) Py
Its discrete counterpart is given by

(3.38) Yt o= SPArXp, 0<n<N,

= SpaPur+ VAL Z Shar (I + 0ALAL) T PN
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Eventually, we consider a time continuous interpolation of ¥}* which is the V},-valued {F; }+-
adapted stochastic process Y}, ; defined by

_ t N—1
(3.39) Vit = SpacbPha + / Z Sh At I+ 0ALAR) T 1,(s) PR QAW

where 1;, denotes the function 11, ; ..

It is easy to see that for any ¢ € [0,7] and n be such that ¢ € [t,, t,+1[, we have

Vi =Y+ SYATT NI + 0AtA,) T PLQYH (W, — W),

Step 2: Splitting of the error.
Let now ¢ € CZ(H). The error Ep(X}¥) — E¢@(Xr) can be splitted into two terms:

(3.40) Eo(Xpy)-Ee(Xr) = E@(X))—EeXnr)+Ee(Xnr) —Eo(Xr)
— A+B.

The term A contains the error due to the time discretization and will be estimated uniformly
with respect to h. The term B contains the spatial error.
Step 3: Estimate of the time discretization error.

Let us now estimate the time error uniformly with respect to hA. In order to do this, we
consider the solution v, : Vj — R of the following deterministic finite dimensional Cauchy
problem:

(3.41) { % = %Tr ((Sh(T — 1) P,QY?)* D2y, (S (T — t)th1/2)> ,
Uh(O) = Q.

We have the following classical representation of the solution of (B.41) at any time ¢ € [0, T
and for any y € Vj,:

T
(3.42) op(T —t,y) =Ep <y + / Sp(T — 5) P, Ql/QdWS> .
t

It follows easily
(3.43) lon@llez(ary < llellezimy, t € [0,T].

Now, the estimate of the time error relies mainly on the comparison of It6 formula applied
successively to t +— v (T —t,Yy) and ¢ +— v (T —t,Yy,). First, by construction, t —
vp(T —t,Yy,) is a martingale. Indeed, It6 formula gives
dvy(T — t, Vi) = (Dvh(T — £, Yhy), (T — t)PhQWth) .
Therefore
t
op(T —t,Yns) = v (T, Sp(T) Prz) + / <Dvh(T — 5, Yh4), Sp(T — s)Pth/QdWS) :

0

Taking ¢t = T and the expectation implies

(3.44) E o(Xn,1) = vp(T, Sp(T) Pr).

11



On the contrary, t — v, (T —t, }7;17,5) is not a martingale. Nevertheless, applying It6 formula

gives, thanks to (B.39),

T
~ ~ 0 ~

Evh(O, Yh,T) = Evh(T, Yh70) —E / —8?;]1 (T — t, Yh,t) dt

0

1 7T N-1 o « o
(3.45) + 3 E/ E Tr[(S}JXAt 1Th,AtPhQ1/2> D2y, <Ssz\,[At 1Th,AtPhQ1/2)]1n(t) dt,
0 :O

where here and in equations (B.46), (B.47) below, D?v, is evaluated at (T — t,f/h,t)- Also
we have set
Th,At = (I + HAtAh)il

Now, plugging (B.41) into (B.49) gives:

Ep(Xy) = Uh(T Sh atPat)
T N-1
(3.46) + = / Z Tr[( hAt -7, Atthl/z) D?yy, (Six;fflThAtPth/z)

- (Sh(T—t)PhQ1/2> D2, <Sh(T—t)PhQ1/2>}1n(t) dt.

At last, the comparison between (B-44) and (B.46) leads to the following decomposition of
the time error A

Eo(X)) — Eo(Xnr) = vn(T, S§ acPrz) — va(T, Su(T) Py)

7 N—-1 N
(3.47) + = E/ ZTr[ S,JLVAZ‘ ThAtthl/Z) D, (Sf]x;f—lThAtPth/z)

— (ST = HPQY2) D20y (SW(T - ) PAQY?) } 1,(t) dt,
=I+1I,

The term I is the pure deterministic part of the time error. Thanks to the representation

(B-43), we have
(3.48) I <|lelley ) 1Sk (T) Br — Sp acPull oo l2l.

Thanks to (B.31) it is possible to bound I uniformly with respect to h. More precisely, we
have

(3.49) [(Sh(N AL = Sy Palleen = sup g MAundt _ FN<A,~7hAt>\
< sup ‘e*NZ — FN(Z)‘
z>0

K4
< = < gyAL
N

for any 7> 1 (e.g. see Theorem 1.1, p. 921 in [R3]). We have used the following notation:

1-(1-0)z

Fz) = 140z

, 2> 0.
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Let us now see how to estimate the term II. First, using the symmetry of D?uvj,, we rewrite
the trace term as

Te ((SYar T aPiQY2 = Si(T — )PLQY2) D20y (VAT s PiQY? = Su(T — ) P1QY?))
+2Tr ((Sh(T — t)Pth/Q)* D21)h <S]]7,\77£?_1Th,AtPth/2 — Sh(T — t)PhQ1/2))
= an(t) + bp(t).
Let now a > 0 and 3 > 0 such that (2.25) and (.26) hold with 0 < 1 —a + 3 < 1. Let
v>0andy; >0suchthat 0 <y<y <l—a+<1.
We first estimate the term a,(t). We use (2.6), (B-7), (B-43) and (B.§) to obtain
an(t) < | D?on(T =)l c2(m)
<Tr ((Spar ™ T acPhQY2 = Su(T = )PQY2) (a1 TharPAQY2 = SW(T — ) PhQY2) )
< lelezanll (Snar™ " Thar = Su(T = 1)) PaQY?|%, 1,
S 1—1)/2 ~1)/2
< lellezganl (SN ar " Thae = Su(T = 1)) A2 P12 AT V2 PAQYR2,
(3.50)
Note that here V}, is endowed with the norm of H. Let us set
M,(t) = H (Sﬁ;?ilTMAt — Sp(T — t)) Aglliﬂﬂ)ﬁph

FN_n_l()‘itht) _ o= n(T-1)
1+ 9)\i7hA7f

e

1— 2
)\z(,h M)/ .

(3.51)

= sup
1<i<I(h)

Using similar techniques as for the proof of the strong order (see e.g. [R§]), we have the
following bound, for n < N — 1

(3.52) M, (t) < CAL2((N —n — 1)At)~0=m+)/2)

where here and below C' denotes a constant which depends only on v1, 7, HcpHCg(H), HAﬁQHL(H)

and Tr(A~%). In particular these constants do not depend on h or At. The proof is post-
poned to the appendix at the end of this article.

We then estimate the last factor in (B-50). Since V;, C H and we have endowed V}, with the
norm of H, we may write

1A 2P 2y < 145 BaQY iy,
Using (2.§), we deduce
~1)/2 —1)/2 54—
143V PaQ ey < 143 BaA™ 2 i) | A2 QY o
Using (R.12) and (R.16), we have

—-1)/2 _ —1)/2 _
”Agﬂ )/ P, A 6/2”%2(1{) :ZieN‘Agﬂ )/ P,A 6/2e,~]2
<o A5 2 P A8 2 207 | Py A8 2, 20
< Zie7N |A—1/2—ﬁ/2€i|2(1—'y1)|A—ﬁ/26i|2'y1

— S ien )\;(1—71 +6)

We deduce from 1 — 1 + 3 > « and (R.27) that

1A V2P ATy < MO APQI Gy Tr(AT)

13



Plugging this and (B.53) into (B.50) yields for n < N — 1:
(3.53) an(t) < CAY(N —n — 1)At)~ U=+,
For n = N — 1, we derive similarly,

an-1(t) < lelleaqnll (Thae — Sw(T = ) ALV22 A2 RQU22 )

1— 2 1— 2
sy = C(IThadl PRy IS T - 04T )
<C(At’71 L+ (T —t)m™)
<o(r -

Concerning b,,, we write
bo(t) =2Tr <(Sh(T B t)Ag—w)/2A(V1—1)/2PhQ1/2)* D2y,
<szlv& 71Th A — Sh(T — t)) A(I*%)/?Ag;/rl)/?P Q1/2)
< @lleanlISn(T = DAL g | (SNEr Thae = Su(T = 6)) AL £y
><HA§71 1)/2PhQ1/2”£2(H,Vh)
Using similar argument as above, we prove
50T = DA gy < O — )0 7D72
and, forn < N — 1,

| (SNAr T Tnae = SW(T = 1)) A2 £y < CAB(N = = )AL =47

so that n < N — 1:
(3.55) b (t) < CAL (N —n — 1)Af)~ A=+,

For n = N — 1, we have

bn-1(t) < llellozeen |1 Sh(T = DALl

1— 2 1- 2
(3.56) || (Th,ar = Su(T = 1) A2 Py e 1AL 2 P22, s
<O(T —-t)yn—t
We are now ready to bound I7 in (B.47). Indeed, (B.53), (B.54), (B.53), (B.56) imply
T N=2 At

BT < C | > AO(N—n—1)A) T () dt+ [ OT -t de
0

< CAtY

Then, plugging (B.4§) and (B.57) into (B.47) we obtain that

(3.58) 1A]

IN

& p—
H4HD‘P”C,,(H;H)‘DU’A1€+ ?3]771 TALY
CAtY,

IN

forT>1, At < 1.

Step 4: Estimate of the space discretization error.

14



Let us now estimate the spatial error B. The method is essentially the same as above: we
use the Kolmogorov equation associated to the transformed process Y;.

We consider the following linear parabolic equation on H:

ov

3.59) 21, 2) = %Tr (D%u(t,2)(S(T ~ )QV)(S(T ~ )Q'?)F). 1>0, aeH,

ot

together with the initial condition

v(0,x) = (), x € H,

where v is a real-valued function of ¢t and x € H. We have the following representation of
v (see e.g. [[], chapter 3) at time ¢ € [0,T] and any y € H:

(3.60) o(T —ty)=E¢ (y + /t ! S(T — s) Ql/deS) .

We apply the It6 formula to ¢t — v(T —t,Y;) and t — v(T —t,Y},;). We substract the
resulting equations and obtain

Eo(X7) —Ep(Xpr) = v(T,S(T)x) — v(T, Sp(T)Prx)

(3.61) % E/OT Tr [(Sh(T - t)Pth/z)*Dzv(T — £, Yhs) (Sh(T _ t)Pth/Q)] &

e [ (s -0 ) pratr - e (s - 00")

The first term on the right hand side of (B.61)) is the deterministic spatial error which can
be bounded thanks to (.23) (with s = 0 and ¢ = 2y < 2) and (B.6(). We obtain:

(3.62) [o(T,S(T)z) — v(T, Sp(T) Prr)| < kallollc, (rry T ).

For the second term, we use the symmetry of D?v and write

Tr [(Sh(T — t)PhQ1/2>*D2v (Sh(T _ t)th1/2> _ <S(T _ t)Ql/z)*ng (S(T _ t)Ql/Q)}

— Ty [(Sh(T —H)PQY? — S(T — t)Qlﬂ)*D%(Sh(T —H)PQY? — S(T — t)Qlﬂﬂ

4 2Tr [(S(T - t)@lﬂ)*D%(Sh(T —)P,QY2 — S(T — t)QWﬂ

=a+b,

where here and below D?v is evaluated at (T — ¢, Y ).

Let v > 0 be such that (R.2§) holds and 7; > O such that 0 < y < 7, <1 —a+ (< 1.
Thanks to (R.7) and (B.60), we get the following bounds:

b

2Ty (S(T — ) D20(SK(T — )Py, — S(T — t))Q>
= 2Ty (A%—l—ﬁAl—%S(T — )D*0(Sp(T — t) Py, — S(T — t))QAﬁ)
< 2|[(Sa(T = )Py = S(T = )| e llellcz (1A S(T = ) 20 |QA | oy Tr (A7),
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Then, owing to (2.21)), (.2J) (with s = 0 and ¢ = 2y < 2), we obtain
(3.63) b< Ch?(T —t)~ (=)

where again C' denotes a constant which depends only on 7, 7, H(PHC,?( H)» | ABQ| ey and
Tr(A~%) but not on h or At.

As regard a, we get first thanks to (2.7) and (B.60):

a < Nellozen T (QUSh(T = )Py = S(T = 0)*(Sw(T — )Py = S(T 1))
= lellez QY (Su(T = )Py = S(T = )17, a1y
< lellezmn QY2 APP2||Z ) | AN 2(S)(T — ) Py — S(T = ) |2y |A~ 22 oy

IN

CI AN 2(Sy (T — )Py — S(T = )| 2.

where we have used (R.27). If 41 +~ > 1, we interpolate (R.29) with ¢ = (y + v — 1)/,
s =0 and (R.24) with ' =0, ¢ =1 and get

(3.64)  [ACTR(S,(T )Py — ST — 1))l < CWI(T — 1)~ 0172,
If 1 +v < 1, we interpolate (R.23) with ¢ = 0, s = 0 and (R.24)) with s’ =0, ¢ = 1 and get
(3.65)  [|AUTVR(S(T — )Py — S(T = 1)) gy < C 1T — )0,

We use again an interpolation argument to get

JAC=/2(8, (T — )Py — S(T — 1))l 1

< O(SW(T )Py — ST — ) [ 2y | AV2(SH(T — )P — S(T — )] 57
1—

< O (JAY25(T — )Pyl cqany + [ AV2S(T — 1)l y)

< C(T — -2,

thanks to (R.21)) for A and Ay, and (2.14). A further interpolation between ([3.65) and (B.66)

gives

(3.66)

(3.67)|| A/ 2(S,(T — t) P, — S(T — )l e < C pAI=) (7 — )= (=)OF1=2/2)

Taking A = /(1 — 71) shows that (B.64) again holds for v; 4+~ < 1.
We deduce
(3.68) a < Ch¥(T —t)~ =,

Plugging (B-62), (B.63) and (B.6§) into (B.6]) leads to, after time integration which is
relevant since 1 — vy +v < 1:

(3.69) |B| < C h?,
for T > 1.
Conclusion: Gathering (B.5§) and (B.69) in (B.4() ends the proof of Theorem B.1|.
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Appendix.

We now prove the estimate (B.59) on M,,, n < N — 1, defined in (B.51)).

We proceed as follows:

N—-n—1 “in(T—tn
(3.70) My(t) < sup F (A pAt) — e~ Ain(T=tns1) AL=/2
1<i<I(h) 140X AL b
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+ sup e nllttn) — e~ hn T A\(1=)/2
1<i<I(h) 1+ 0N p At i,h
“Ain(T= L (1-71)/2
+  sup e ten(T=D) (1 - 7> \(1-m
1<i<I(h) L+ 0AtN ) o0
= a1+ a2+ as.

Thanks to (B.49) with N replaced by N —n — 1 we get

1— 2
A

K4
sup

ag < — LA
N-n-1 i>1 1+0)\z,hAt

/{4At(“/1—1)/2 ()\z hAt)(lffyl)/Q
< - 5 Sup ’
(N —n—1)A-m+/2 ;53 1+ 0\ At
< Ky AEY/2
~— ((N—n-1AHA-mn+/2"

Indeed, since (1 =1 4+7)/2 <1, (N —n —1) > (N —n —1)0=1+0/2 In the same way,
we have

1 — e~ (tnt1=)Ain (1=1)/2
< s AI=1)/2 = (N—n—1)AtA; 5
©o= ( L+ 0ADN,) b ©

< Ofy) A2 sup <)\(1h7“/1+’Y)/26*(N7n71)At)\i,h)
i>1

2

C(’%’Yl) Atfy/2
(N —n—1)At)d-n+7/2’

<

where we have used that [t —t,41] < At and the inequality |[e™" —e™Y| < C, |z — y|7/2 and
(B:29). Eventually, similar computations lead to

O(ALN ) 2 1)/ —(T—t),
A2 g ABPALR) T U=ty (T—t)Xin
ig?( 1+ 0AtA Aish €

C(v,m) At“//z(T — t)—(1—71+“/)/2
C(v,m) At (N —n — 1)At)—(1—71+“/)/2,

IN

as

<
<

where we have used again the inequality (.22).
Gathering these three estimates in (B.70) yields (B-52), for n < N — 1.
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