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AN EXISTENCE RESULT FOR IMPULSIVE NEUTRAL
FUNCTIONAL DIFFERENTIAL EQUATIONS WITH MULTIPLE
DELAY

MUSTAPHA LAKRIB

ABSTRACT. In this paper an existence result for initial value problems for first
order impulsive neutral functional differential equations with multiple delay is
proved under weak conditions.

1. INTRODUCTION

Impulsive differential equations have become more important in recent years in
some mathematical models of processes and phenomena studied in physics, opti-
mal control, chemotherapy, biotechnology, population dynamics and ecology. The
reader is referred to monographs [1, 2, 3] and references therein.

In this paper we study the existence of solutions for initial value problems for
first order neutral functional differential equations, with multiple delay and with
impulsive effects, of the form

- 37170 = S0 = 02 + 30—,

ae teJ=[0,1,t#tg,k=1,...,m,
(1.2) Axli—y, = I(z(ty)), k=1,...,m,
(1.3) zo = ¢,

where f,g: J x D — R" are given functions, D consists of functions ¢ : Jy — R"
such that v is continuous everywhere except for a finite number of points s at which
¥(s7) and ¥(sh) exist with ¢(s™) = 9(s), Jo = [-r,0], r = max{r; : i =1,...,p},
¢ €D, 0=1t) <t <--~<tm<tm+1:17fk:IR”—MR”andAxh:tk =
z(th) —z(ty), k=1,2,...,m.

Our method of study is to convert the initial value problem (1.1)-(1.3) into
equivalent integral equation and apply the Schaefer’s fixed point theorem.

In the literature the existence of solutions for impulsive differential equations
is studied under restrictive conditions on the impulses I, £k = 1,...,m. In many
results, in addition to continuity, boundedness condition is often assumed, which
is not fulfilled in some important cases such as for linear impulses. Here, the only
condition on the I, k =1,...,m, is continuity.

Throughout this paper, the terminology and notation are those used in functional
analysis.
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2 M. LAKRIB

To state what we mean by a solution of problem (1.1)-(1.3), we first recall what
follows:
For 1 € D, the norm of 1 is defined by

[¢llp = sup{[¢(0)] - 6 € Jo}.

Let PC(J,R™) the space of functions  : J — R”™ such that z is continuous
everywhere except for ¢ = t; at which z(¢;) and z(t]) exist and z(t;) = z(ty),
E=1,....m. Ifweset Q ={z:J; - R" /2 € DNPC(J,R™)}, where J; = [—r, 1],
then €2 is a Banach space normed by

lz|| = sup{|z(t)| : t € J1}, =z €.
Obviously, for any « € Q and any t € J, the history function x; defined by x+(0) =
x(t +0), for 6 € Jy, belongs to D.

Also we denote by AC((tg, tr+1), R™) the space of all absolutely continuous func-
tions x : (tg, tkr1) = R™, k=0,...,m.

A function z € QN AC((tk, tk+1),R™), k =0,...,m, is said to be a solution of
problem (1.1)-(1.3) if z — f(-,x.) is absolutely continuous on J \ {t1,...,¢;} and
x satisfies the differential equation (1.1) a.e. on J\ {t1,...,%,} and the conditions
(1.2)-(1.3).

By L'(J,R") we denote the Banach space of measurable functions z : J — R"
which are Lebesgue integrable, normed by

1
o1 = / () dt.

Our main result will be proved using the following fixed point theorem due to
Schaefer [4] (see also [5, page 29]).

Theorem 1.1. Let X be a normed space and let T' : X — X be a completely
continuous map, that is, it is a continuous mapping which is compact on each
bounded subset of X. If the set € ={x € X : \x =Tz for some X\ > 1} is bounded,
then T has a fixed point.

2. EXISTENCE RESULT
In this section we state and prove our existence result for problem (1.1)-(1.3).

Theorem 2.1. Suppose the following are satisfied.
(H1) The function f:J x D — R" is such that

|f(t,2)] < ecillz]|lp +ce forall t € J and all x € D

where 0 < ¢1 < 1 and co > 0 are some constants.
(H2) The function g : J x D — R™ is Carathéodory, that is,
(i) t+— g(t,x) is measurable for each x € D,
(ii) = — g(t,x) is continuous for a.e. t € J.
(H3) There exist a function q € L*(J,R) with q(t) > 0 for a.e. t € J and a
continuous and nondecreasing function v : [0,00) — [0,00) such that

lg(t, )| < q®)¥(||z||p) for a.e. t € J and each x € D
with

o0 ds
2 Lo



EXISTENCE RESULT 3

where

1 p
C = 17761 [”Qﬂp (1 +Cl +Z’TZ> +2CQ

i=1
(H4) FEach function I, : R™ - R", k= 1,...,m, is continuous.

Then the initial value problem (1.1)-(1.83) has a solution on J.

Proof. Transform the problem (1.1)-(1.3) into a fixed point problem. Consider the
operator I' : 2 — () defined by

o(t) for t € Jy,
t

ity = 49O = 10,600+ 7020 + [ gts, s

t—T7;

p 0 p )
+;/_n ¢(8)d8+;/0 x(s)ds + Z Lu(x(ty)) for t € J.

0<tp<t
We shall show that the operator I' satisfies the conditions of Theorem 1.1 with
X = Q. For better readability, we break the proof into a sequence of steps.

Step 1. We show that I' has bounded values for bounded sets in €2. To show this,
let B be a bounded set in 2. Then there exists a real number p > 0 such that
lz|| < p, for all z € B.

Let x € B and t € J. After some standard calculations we get

p 1
Tz(8)] < ll¢llp (1 ta+t ZT> + 265 + crf|a| +/ q(s)i(llzs[p)ds
0

i=1

ip / o(s)ds + 32 1x(a( )

P
< |I¢llp (1 +c1 + Zﬂ) +2co 4 (c1 +p)p

i=1
+ (gl + > sup{|Tk(w)] : [u] < p} ==,
k=1
If t € Jy, then |Tz(t)| < ||¢||p and the previous inequality holds.
Hence
ITz|| <, forall ze€ B,
that is, I' is bounded on bounded subsets of €.

Step 2. Next we show that I' maps bounded sets into equicontinuous sets. Let
B be, as in Step 1, a bounded set and x € B. Let t and h # 0 be such that
t,t+he J\{t1,...,tm}. It is not difficult to get

|Tx(t + h) — Tz(t)|
t+h
<+ hazegn) — F(E2)] + (o) / a)ds+poh+ 3 ()]
t t<tp<t+h

As h — 0 the right-hand side of the above inequality tends to zero. This proves
the equicontinuity on J\{t1,...,tm}.
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It remains to examine the equicontinuity at t =¢;, i = 1,...,m. Let t = ¢; for
some i € {1,...,m} and let h # 0 be such that {t; : k £ i} N [t; — |h|,t; + ||| = 0.
Then we have

ti+h
Tz (t; + h) = Ta(ti)] < |f(t+ by wen) = [t w)] + ¢ (p) / q(s)ds + pph.

The right-hand side of the above inequality tends to zero as h — 0.

The equicontinuity on Jy follows from the uniform continuity of ¢ on this interval.
Step 3. Now we show that T is continuous. Let {z,,} C 2 be a sequence such that
r, — x. We will show that I'z,, — I'z.

For t € J, we obtain

Can(t) = Ta(t)] < [f(tzn) — f(E 1) +/O l9(s, 2ns) — g(s, 25)|ds

(2.2) 1
40 [ (o) = 2(6)lds + 3 [aon(t)) ~ Dot
0 k=1

Using (H3) it can easily shown that the function ¢t — g(t,zn) — g(t,2¢) is
Lebesgue integrable. By the continuity of f and I, k = 1,...,m, and the domi-
nated convergence theorem, the right-hand side of inequality (2.2) tends to zero as
n — oo; which completes the proof that I' is continuous.

As a consequence of Steps 1 to 3, together with the Arzeld-Ascoli theorem, we
conclude that I' is completely continuous.

Step 4. Finally we show that the set £ = {x € Q : Az = I'z for some A > 1} is
bounded. Let » € £ and let A > 1 be such that Az = I'z. Then z|_, ;) satisfies,
for each t € [0, t1],

£(t) =3 [(0) — F(0,6(0)) + f(t.0) + / o(5,24)ds

+§;/_On qb(s)ds—kiz_p;/o x(s)ds],

It is straightforward to verify that

P
lz(t)| < lollp (1 +e1+ ZTz) +2¢o + e ||

i=1

(2.3) t
+/ lq(s)¥(||lzs|lp)ds + plx(s)|lds.
0

Introduce the function v1(t) = max{|z(s)| : s € [-nt]}, for t € [0,%1]. We
have |z(t)], [|z¢]lp < vi(t) for all ¢ € [0,t1] and there is t* € [—r,¢t] such that
v1(t) = |x(t*)]. If t* < 0, we have v1(t) < ||@||p for all ¢t € [0,¢1]. Now, if t* > 0,
from (2.3) it follows that, for ¢ € [0, 1],

vi(t) < ¢llp (1 +e+ sz> + 2¢2 + c1v1(2) +/O [q(s)¥(vi(s)) + pvi(s)]ds

and hence

on(t) <CP+ €2 / Q(s)[(v1 () + vr (s)]ds
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where

cl =c? G-

p
[¢llp (1 +e+ Zn) + 2¢,

i=1

and Q(t) = max{q(t),p}, for t € [0,1].
Set

¢
w(t) = Cf + 012/ Q(s)[Y(vi(s)) +vi(s)]ds, fort e [0,1].
0
Then we have vy (t) < wy(t) for all ¢ € [0,¢1]. A direct differentiation of w; yields

{wi(t) < QM)W (wi(t)) +wi(B)], ae. t€[0,4]
wl(O) = Cl(l)

By integration, this gives

' wi(s)
(24) /0 ’(ﬂ(wl( ))+w1 / Q dS < ||Q||L1 t e [O,tl].

By a change of variables, inequahty (2.4) implies
wil®) g
2 < L, te0,t).
Lo v rs Sl@les ren

By (2.1) and the mean value theorem, there is a constant My = M;(¢1) > 0 such
that wy(t) < M for all t € [0,t1], and therefore vy (t) < My, for all ¢ € [0,¢1]. At
last, we choose M; such that ||¢||p < M; to get

max{|z(t)] : t € [-r,t1]} = v1(t1) < M.

Now, consider z|[_,;,]. It satisfies, for each t € [0, 5],

(t) =27 [6(0) — f(0,6(0)) + f(t,z¢) +/O g(s,zs)ds

+Z " (s ds+z/ (s)ds + I (2(t1))]

—T;

Therefore,

P
20| <l (1 to +ZT¢> 26, + 1]

=1

(2.5) \
+/0 la(s)¥(zsllp) + ple(s)l]ds + sup{[ L1 (u)| : [u] < M}

Denote va(t) = max{|z(s)| : s € [-r,t]}, for ¢ € [0,t2]. Then, for each ¢ € [0, 2],
we have |x(¢)], ||z¢]|p < va(t). Let t* € [—r,t] be such that ve(t) = |z(¢*)|. In the
case t* < 0, we have vy(t) < ||¢||p for all t € [0,¢2]. Now, if t* > 0, then by (2.5)
we have, for ¢ € [0, t2],

va(t) <ll¢llp <1 +e+ Zﬂ> +2c2 + c1v2(t) + /0 [q(s)¥(v2(s)) + pv2(s)]ds

+ sup{[f(w)] : [u] < M},
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that is
t
va(t) <C3 1 C2 / Q(s)b(v2(s)) + va(s)]ds
0
where
P 1
cl=c2 [nm (1 te +Zn> + 205+ sup{|(u)  ful < M3} |, CF = <
i=1 —C

and Q(t) = max{q(t),p}, for t € [0, ts].
If we set

wo(t) = C3 + 022/0 Q(s)[t(va(s)) + va(s)]ds, fort € [0, ts],

then va(t) < wa(t) for all ¢ € [0,t2] and

{w’z(t) < QW)[(wa(t)) +wa(t)],  ae. t €[0,t]
wg(O) = 021

This yields

L uis) :
/0 P (ws(s)) + wa(s) dsg/o Q(s)ds < [|Q[l 1, t € [0,

which implies

wa® g
Y < . te[0,t].
L, werrs sl tebn
Again, by (2.1) and the mean value theorem, there is a constant My = Ma(t1,t2) >
0 such that wa(t) < My for all ¢ € [0,t2], and then vo(t) < My, for all t € [0,ts].
Finally, if we choose My such that ||¢||p < Ma, we get

max{|z(t)] : t € [-r,t2]} = va(ta) < Mo.
Continue this process for z|(_;. 4,1, ..., ¥|s,, we obtain that there exists a constant
M = M(ty,...,tm) > 0 such that
]| < M.
This finish to show that the set £ is bounded in €.

As a result the conclusion of Theorem 1.1 holds and consequently the initial
value problem (1.1)-(1.3) has a solution x on J;. This completes the proof. O

We conclude this paper with a discussion on two special cases. In each one, some
of the conditions in Theorem 2.1 can be either removed or weakened.

Case 1: Consider the initial value problem for first order impulsive functional
differential equations with multiple delay

p
(26)  2'(t)=g(t,z) + > a(t—m), ae teJ=[0,1]t#tp,k=1,...,m,
=1

(2.7) Axli—y, = I(z(t,)), k=1,...,m,
(2.8) To = ¢,

derived from problem (1.1)-(1.3) when f = 0. In this case one obtains the next
existence result which is an immediate corollary of Theorem 2.1.
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Theorem 2.2. Under conditions (H2), (H3) and (H4) in Theorem 2.1, the initial
value problem (2.6)-(2.8) has a solution on Jy if constant C in (HS3) is replaced by

p
C=lolp {1+
i=1

Case 2: Without the second term in the right hand side of (2.6), problem (2.6)-
(2.8) is an initial value problem for first order impulsive functional differential
equations

(2.9) 2(t) =g(t,xy), ae. t € J=[0,1],t #£tx,k=1,...,m,
(2.10) Axli—yy, = I(x(t,)), k=1,...,m,
(2.11) xo = ¢.

The corresponding existence result is as bellow. Its proof is omitted because it
is the same as the proof of Theorem 2.1.

Theorem 2.3. Under conditions (H2), (H3) and (H4) in Theorem 2.1, the initial
value problem (2.9)-(2.11) has a solution on Jy if relation (2.1) in (H3) is replaced

by
/°° ds ~
oo ¥(s)
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