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ABSTRACTJr
The existence of asymmetries in factors sui)stitutai)iiity between the distinct sectors of a
given economy will ciirectiy rule the influence that spiiiover effects have upon its cieterminacy
properties. For ieaciing intersectoral spiiiover egects, the su]astitutabiiity of the capitai good
in(iustry together with a potentiai relative proiit shares reversal — itself conditional to the
existence of asymmetries between the intrasectoral and intersectoral spiiiover effects of at least
one sector — between the private and the equi]ii:)riurn level Wiii, e.g., be at the core of the
area for local indeterminacies. This procee(is from external dimensions which do not modiiy
the constant returns to scale hypothesis that is retained at the decentralised level of the firm
as tiiey (iirectiy relate to equiiibrium factors costs and outputs prices. The generaiity of the
current approacii and the genericity of the associated proriuction set eniigiiten the role of
the irregularities that prevaii across the su]ostituta]oiiity properties of the various sectors of a
given economy but aiso7 in the same vein, of the occurrence of heterogeneities between the
intrasectoral and intersectoral spiiiovers emanating from a given in(iustry, this gap ]oeing in turn
Weigiite(i iay the Substitutabiiity properties of this in(iustry. [t is shown that these muitipiicity
conclusions directiy result from unusual properties of the Equiiibrium Production Possilaiiity
Frontier that formulate as the occurrence of an equiiibrium compiementarity between the two

outputs.

Keywor(is: <<Equiii]orium Production Possi]oiiity Frontiers» — Intersectoral Asymmetries in Fac-
tors Substitutabiiity and between Price related Intrasectoral and Intersectoral Spiiiovers —Ir-
relevance of returns to scale for local or gioiaai indeterminacies — Equiii]oriurn cornpiernentarities
between the outputs in a world of iieterogeneous goods.
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Asymmetries in Factors Substitutabilities

I - INTRODUCTION

The existence of asymmetries in factors sui)stitutai)iiity between the distinct sectors of a
given economy will be argueci to ciirectiy rule the influence that intrasectoral or intersectoral
spiiiover effects will have upon its determinacy properties. Somewhat paracioxicaiiy, when
both production technoiogies tend to exhibit Complementarity between the two inputs, and
for any equiiiiorium Conﬁguration of intrasectoral and intersectoral spiiiovers7 the economy is
characterised ]oy a unique iocaiiy determinate steaciy state. When it ilappens to be associated
with a relative proﬁt shares reversal between the private and the equiiiiorium levels — the
production of the capitai in(iustry decreases with the aggregate capitai input while the relative
rental rate of the capitai input increases with the relative price of the capitai output, that can
oniy occur when some Ciiscrepancies take piace between the intrasectoral and intersectoral
spiiiovers that emanate from at least one sector — and for pre(iornina,nt intersectoral Spiiiover
egects, ari)itrariiy low orders for the elasticity of substitution of the capitai good industry
togetiier with iarger suiostitutaioiiity measures in the consumption gooci inoiustry underlie
local in(ieterrninacy. The basic argument procee(is from external spiiiover dimensions which
do not modiiy the constant returns to scale ilypotilesis that is retained at the decentralised
level of the firm as tiley (iirectiy relate to equiiiioriurn factor costs and outputs prices. More
iunciamentaiiy and entireiy new to the present contriiaution, the whole argument is established
tnrougil the introduction of an <<equiiiioriurn proriuction possiioiiity frontier» whose features can
be characterised at the same level of generaiity as the canonical formulation of the production
possiioiiity frontier, i.e., aside from any particular parametric formulation. The generaiity of
the current approach and the genericity of the associated prO(iuction set eniigilten the role
of the irreguiarities that prevaii accross the suiostitutaiaiiity properties in the productions of
the various goods of a given decentralised economy but also of the iieterogeneities between
the intrasectoral and intersectoral spiiiovers emanating from a given in(iustry, their influence
i)eing in its turn Weigiite(i ioy the associated sectoral eiasticity of substitution. Both of these
dimensions were out of order in the convex form of the multi-sectoral environment but also

ilappene(i to iiaving been omitted from the earlier literature on local indeterminacies.

The role of factors sui)stitutaioiiity in the emergence of local indeterminacies within competitive
economies has recentiy received a iarge attention with the contributions of Barinci [1],
Cazzavillan [13], Cazzaviiian, Pintus & Lioy(i-Braga [14], Gran(irnont, Pintus & de Vilder
[19]. Both Barinci [1] and Cran(imont, Pintus & de Vilder [14] stress the possiioiiity of
iocaiiy indeterminate stationary equiiiioria under cornpiernentary tecilnoiogies. Cazzavillan
[13] and Cazzaviiian, Pintus & Lioyci—Braga [14] circumvent the undesirable link between
cornpiernentarity and rnuitipiiticity ioy conternpiating an economy exiliioiting increasing returns
to scale. In particuiar, Cazzaviiian, Pintus & Lioy(i-Braga [14] put forth a potentialiy nonlinear
dimension for factors su]ostitutaiaiiity in indeterminacies: (iepenciing upon the (iegree of
increasing returns, both iligiy cornpiernentary and iligiiiy substitutable factors could bend
the economy towards the muitipiicity result. A strong limit of their argument if however
inherent to their iiornogeneous gooci assumption, that impiies a one to one trade-off between
consumption and investment: thougii this a(imitte(iiy gives v a first convenient benchmark for

.



Equiiihrium Production Possihiiity Frontiers

the link between factors suhstitutahiiity and indeterminacy, there is no doubt that a more
satisfactory argument ought to make an expiicit account of the heterogenous determinants of
suhstitutahiiity mechanisms in actuaiiy decentralised economies.

In paraiiei to this, the eariy literature concerned with the occurrence of local indeterminacies
has maintained a constant returns to scale hypothesis at the private level of sectoral proriuction
technologies but allowed for increasing returns to scale at the equiiihriurn ievei, benchmark
studies in this vein heing due to Benhabib & Farmer (2, 4], Boldrin & Rustichini [11],
Cazzaviiian, Pintus & Lioy(i—Braga [14] or Venditti [29]. This increasing returns component
having been criticised on an ernpiricai data basis — this is iengthiy documented hy Benhabib
& Farmer 3] —, a second research program has, through the contributions of Benhabib &
Nishimura [8, 9] or Benhabib, Nishimura & Venditti [10], building upon a two-goods Cobb-
Dougias structure and thus a more satisiactory formulation for the prociuction possihiiity
frontier and the trade-off between consumption and investment, retained a (iecreasing returns
to scale hypothesis — and thence proi‘its — at the private level but constant, decreasing or
arhitrariiy low increasing returns to scale at the equiiihriurn level. Nishimura & Venditti [22,
23] have paraiieiy (ieveiope(i continuous time and discrete time C.E.S versions of this argument.
A shortcoming of all of these approaches springs irorn, as a direct hyprooiuct of their exclusive
focus on parametric iorniuiations, their inahiiity in assessing, heing thus in that perspective
not as satisiactory as the aggregate arguments of Barinci [1], Cazzavillan [13], Cazzavillan,
Pintus & Lioy(i—Braga [14] or Cran(irnont, Pintus & de Vilder [19], the theoretical role of
factors suhstituahiiity in the possihiiity of rnuitipie equiiihria.1

Buiiding upon the characterisation of suhstitutahiiity mechanisms in multi-sectoral economies
introduced hy Drugeon [15, 18], the current article compietes the first unrestricted examination
of the potentiaiiy asymmetric role of sectoral factors suhstitutahiiity in the deterrninacy
properties of suhoptimai competitive economies. Further, in order to avoid lines of criticisms
pertaining to the role of the (ieparture from the constant returns to scale hypothesis — be
it at the private or at the equiiihriurn level — in the occurrence of indeterminacies and in
opposition to the previous iiterature, the current argument neither departs from constant
returns to scale at the equilibrium level nor at the private level: this fundamentally proceeds
from the consideration of intrasectoral or intersectoral spillover effects which directly relate to
equilibrium levels of factors and output prices. Finaiiy, the argument is cornpiete(i for generic
formulations and a non-trivial first-order role for asymmetries in substitution mechanisms is
detected in the in(ieterrninacy issue. On methodoiogicai groun(is, the argument is established
through the introduction of an <<equiiihriurn prooiuction possihiiity frontier» — henceforwards
EPPF. —, le., a PPF. characterised along the intertemporai competitive equiiihrium with

* As this will be mentioned in Section III through Remark 4 — a more detailed argument was compiete(i in
Drugeon [17] — and in strong contradisctinction with the current contrihution7 the range of assumptions
used hy Benhabib & Nishimura [8, 9] or Benhahih, Nishimura & Venditti [10] or Nishimura & Venditti
(22, 23] has as a central coroiiary that the potentiai for local in(ieterrninacy resuits, be it for Cobb-
Dougias or C.ES. technoiogies, rests upon a comparison between private and external factors shares,

factors suhstitutahiiity heing then inessential.
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Asymmetries in Factors Substitutabilities

externalities — henceforwards C.E.E. — that allows the anaiysis for attaining a level of
generaiity and theoretical understanding of the mechanics of a suiooptimai two—goods world
which was absent from earlier studies, noticeaioiy in the regards of the characterisation of the
iieterogenous components of factors suiostitutaioiiity within multi-sectoral economies. Such a
local focus — aiong a competitive equiiiiorium with externalities — will be proved to ioring
anew the possii)iiity of a generai understanding of the theoretical probiem under examination,
i.e., an integrated view between local or gioioai indeterminacy and factors suiostitutaioiiity with
a ileterogenous goods tecilnoiogicai set.

[t is first established that the departure from the classical constant returns to scale iiypotiiesis
is of no avail for the obtention of local or gioiaai indeterminacies as soon as a multi-sectoral
environment is expiicitiy considered — it can be proved that a iiomogeneous good setting
would not have been appropriate in that perspective. As a first iiiustration, muitipie steady
states can emerge in any sectoral coniiguration as soon as both production tecnoiogies do
not tend to exhibit compiementarity between the inputs, the examination of a parameterised
exampie further exampiifying how muitipie steady states may directiy result from the existence
of intersectoral spiiiover effects stemming from the consumption good industry. When both
production tecilnoiogies tend to exhibit cornpiementarity between the two inputs, and for
any equiiiiorium conﬁguration between intrasectoral and intersectoral spiiiovers, the economy
is characterised iay a unique iocaiiy determinate steady state. As soon as positive factors
suiostitutaioiiity is allowed in at least one sector, the local determinacy properties result
from a permanent interpiay between the asymmetries in factors suiostitutaiaiiity across the
sectors and the discrepancies between the intrasectoral and the intersectoral spiiiovers that
emanate from a given sector. As an iiiustration, for dominating intersectoral spiiiover egects,
the suiostitutaioiiity of the capitai good industry will be at the core of the area for local
indeterminacy. When it iiappens to be associated with a relative proiit shares reversal between
the private and the equiiibrium levels — the production of the capitai industry decreases with
the aggregate capitai input while the relative rental rate of the capitai input increases with
the relative price of the capitai output, that can oniy occur for asymmetric intrasectoral and
intersectoral spiiiovers in at least one industry —, ariaitrariiy low orders for the eiasticity of
substitution of the capitai good industry togetiier Witil, for small intersectoral spiiiovers in
the production of the consumption good, iarger suiostitutabiiity measures in the consumption
good industry underlie local indeterminacy.

A remarkable outcome of the consideration of a suiooptimai competitive equiiiiarium with
externalities and of the associated E.P.P.F. results from the features of the latter. An eventual
class of Wonderings attempts at understanding these muitipiicity results in iigiit of its gioiaai
properties. This proceeds aiong two distinct roads. First, the scope for an equiiiiorium convexity
the EPPF, in contradiction with the standard concavity of the P.P.F.,tiiougii present,
does not reveal to be intimateiy related to the lost of uniqueness, be it from a local or
from a gioiaai standpoint. Second, a related guess has then to do with the impiications of
a variation in the competitive equiiiiorium with externalities relative price of the inputs on
the relative demand of these inputs, i.e., the value of the aggregate eiasticity of substitution
between capitai and labour in the course of the competitive equiiibrium with externaiities, an

9
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interesting point in that perspective ioeing tilat, due to the assumed multiplicative separaiaiiity
assumption between sectoral tecimoiogies and the spiiiovers components of the produetion
set, the canonical sectoral elasticities of substitution still provi(ies an accurate (iescription of
substitution mechanisms at the sectoral level. Such a line of argument does however not extend
to the aggregate level where it is prove(i that it is the scope for an E.P.P.F. characterised iay an
increased role for factors suiastitutaioiiity with respect to its iaenciimari(, best understood as the
potentiai for compiementary outputs — this relates to the equiiii)rium atypicai impiications of
a modification in the relative price of the capitai gooci on the relative levels of the two outputs
— that lies at the very core of the scope for local muitipiicities.

A new type of constant returns to scale teciinoiogicai set is introduced in Dection I and embed-
ded within a competitive setup. The E.P.P.F. and the associated competitive equiiiiorium with
externalities are introduced in Section III. The role of asymmetries in factors substitutabili-
ties between the different industries togetiier with the role of equiiiiarium compiementarities
between the outputs are shown in Section IV to (iirectiy underlie the scope for muitipiicities.
Section V ﬁnaiiy undertakes a comparison of the current line of argument with the more stan-
dard Benhabib & Nishimura's «sectors Speciﬁc » argument and illustrates the usefulness of the
EPPF. {for the appraisai of this alternative setting, it also suggests some possiiaie extensions
of the current line of argument. The main proois are gatilere(i in a final a,ppen(iix.

H - A MULTI—SECTORAL COMPETITIVE EQUILIBRIUM WITH EXTERNALITIES:
THE CONSTANT RETURNS TO SCALE HYPOTHESIS

IIi - A CANONICAL APPROACH

[M11-A Representative Consumer

Time is discrete. The (iescription of the preierences of the representative consumer amounts
to the introduction of an intertemporai utiiity functional 140! defined over a consumption
sequence ¢ = {c;}52, that assigns ¢; to any t = 0,1,2... :

“+oo
(1) Yo%) =) _dv(e), 6 €lo,1],

for v() an instantaneous utility function such that:
Assumprion P.1: v(+) is a continuous, concave and increasing map from R, into R. Further

vhR*+ € C*(RL,R) and lim._.,0v(c) /¢ = +o00 and lim,_.c8v(c)/dc = o.

At each time ¢ > o, the representative consumer receives capitai and labour income. The
capitai incomes states as w; X, ¢, for wy the rental payment in units of consumption carned at
t ioy renting one unit of capitai at the iaeginning of time ¢ to the production sector and X 1t

A
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capital holdings at date t = 0,1,... The labour income of the representative household at time
t is denoted by wy Xo, for wy real wage rate measured in units of consumption and Xot = Xo
his invariant labour supply. The household budget constraint then formulates along:

(2) c+aq [Xl,t+1 - (1_77)X1,t} =w; X, ¢+ wi X,

for Ct that denotes consumption at time ¢, ¢; the current price of capital in units of consumption
at time ¢ and i €lo, 1] the depreciation rate of the capital stock. The household perfectly
anticipates the sequence of factor returns {wf,wtl} and the sequence of capital goods prices
{qt}. Given an expected sequence of factors returns, the representative household is to solve
the problem of maximising ”//(OCK) sub ject to (2). The two necessary and suflicient conditions
for an optimal solution list as:

u Ou Wiy, T (1= 1)qta
(32) Jc (Ct> -0 dc (CHl) dt o
) ou
(3b) t_l}gloo (5t%(ct)th17t = 0.
[112-A Technological Set
There are two sectors jJ = 0,1 in the economy At date ¢ > o, the first procluces a pure

consumption good in amount Y,° whereas the second produces a pure Capital good in amount
Y, Any of the sectors uses labour and Capital as inputs and the outputs of the consumption

and investment good sectors respectively satisfy:

(4a) Y2 < yo(Xoo,thlo,ﬁXc()g;,taXlgo,t?Xc(i,taXi,t)

= F°(Xoots X104) G (XS, 1, XE )G (XE,  XE ),
(4b> Y, <7° (XOl,t7Xll,t;Xci),t7X§),t7Xcﬁ,t7Xfal,t)

= F*(Xot, X100 )G (XS, 1, X6 )G (XS, XE),

where Xijt denotes the amount of input 4,2 = 0,1, employed in sector j, 7 = 0,1 at date
t=o0,1,..., for j(~, ) that exhibits standard linear homogeneity and concavity properties
whereas GII(-,-) and ij/(-,-), g7 = o0,1, 7 #j respectively denote functions that build
from intrasectoral and intersectoral externalities ; e.g., G°°(+,") and G°'(+,") refer to spillovers
stemming from the consumption good industry and respectively tal{ing place in that industry
and in the Capital good industry.

Both inputs are freely shiftable at any date between the two sectors:

(2a) Xoo,t + Xovt < Xots
(2b) Xlo,t + X11,t S Xl,t7

whereas the value of next period capital stock is su]oject to:

(3) X1,t+1 S thl + (1 - 77)X1,t;
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for 1 €]o, 1] the depreciation rate of the capital stock.
The properties of the production technoiogies are restricted to the ioiiowing list of assumptions:

Assumprion T 1: Vije {o1}, FI(--)is homogeneous of (iegree one, concave and continuous

over Ry x Ry.
Assumprion T.2: vj e {o,1}, VX, € Ry, Fi(0,X,;) =o.
Assumprion T.3: VXo € Ry, F? (XOl,o) =o0.

Assumprion T.4: There exists a level X, € R% such that, for all X, € R, X, € RY,
F*(1,X,/X,) > X,/X, for all X,/X, < X,/X, and F*(1,X,/X,) < X,/X, for all
X,/ Xo > X,/ Xo.

Assumprion T5: Vj e {o,1}, Fi(-,-) is of class €3 over RT x R%.

Assumprion T.6: Vi € {o,1}, V(Xoj, X1j) € RL xR, OF1/0X,; > o, OF7/0X,; > o,
O?FI[0(Xo5)” < 0,0°F1/0(X,;)" < 0;limx,, 00F7 0X,; = +00, limx,, ecOF /0Xo; =
0, iimxlj_)Oc‘?Fj/c?le — +00 and iimxlj_)ooo’Fj/ﬁle = 0.

Aside from these standard restrictions, a range of crucial assumptions pertain to the external

dimensions of the prooiuction set:

Assumrrion El: V3,5 € {o,1}, j' # 7, G7I(-,") and G7'9(.,.), are homogeneous of degree
zero, concave and continuous over Ry xR,.

Assumprion E.2: V34,5 € {o,1}, j' # j, G¥(-,-) and Gi'i(-,-) are of class C3 over RT x R%.

ASSUMPII“I.ON E.3: Vj,j’ue {o,1}, § # 4, V(XG4 X5,), (X8, . XE,) € RL x RY,
6G“/8X1‘°@j > 0, 0G J/GXf;- > 0.
A direct impiication of Assumption E.1 is that there exists functions — not homogeneous

in the general case — 99/() and 99'7(.) such that G¥J (X8 XE) = GV (1, X5 /X)) =
j j & & i’ 5 & &\ _ Wi & E \. _ Wi & &

91X /XE) and GJ ](XOJ'"X}?') =G7J (1,X1j,/X0j,). =97 J(le,/Xoj,). From Assump-
tions E.2 and E.3, 97 (.) and 7' (-) are of class C3 and increasing as functions of the sectoral
capital - labour inputs ratios over R . Conceptua”y, the linear homogeneity of Assumption
T.1 impiies that factors prices will be homogeneous of ciegree zero in the arguments of the
production technoiogies.

Firms in sector j = 0,1 take {w,?,wtl, qt} as given. They select {Xoj,t, le,t}, j =0,1,in order

to maximise their proiit functions ¢, nameiy:

a e Max Y —wlXoo: —wi X
(3a) ¢ (Koot %ot} t t “}00,t t<Y10,t
& &
s.t. Y, < F° (Xoo,t,Xlo,t)GOO (Xoo,t,let
Xoo,t Z OyXio,t Z o,

(3b) (= (x Mz?(( }Qtyitl —wy Xort —wy Xua
o1,ty<>11,t

st Y < Fl(Xom,Xll,t)Gm(Xci’t,Xf;J
X01,t > 07X11,t > 0.

)Glo (Xéa Xi,t)y

o1,t’

)Gll(Xé" Xﬁﬂf))

o1,t
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CapitaI and labour ]oeing freer shiftable from one sector to the otIler, tIley move so as to
equaIise their rental rates at each between the two sectors. The constant returns to scale
IlypotIleSis at the private level further implying the Ilolding of ¢ =¢f =o, the existence of
an interior tecImoIogicaI equiIibrium will summarise to the satisfaction of the foIIowing set of
equations:

OF°
= 5% (Xoo,ts X0, ) G (XG4, X5 )G (XS 1, XE )

OF*
=Gox (Xont: Xaat) GO (XE, 1, X8, )G (XS X2 L),
_OF°
- 0X,0
OF*
= (JtaTu (Xm,t; X11,t)G01 (Xf:),t; Xf;,t
4¢) Y2 =F°(Xoou, X104) G (XE 1, X )G (XE 1, X2 L),
4d) VP =F'(Xow, Xa1 ) GO (XSG, 1, XE )G (XE 1 X2 ),
46) Xo,t = Xoo,t + X01,t>

49 X1,t = X10,t + X11,t-

(40) w

(4b)  wy

(Xoo,t;Xm,t)GOO (Xg Xg

00,t» “*10,t

)Glo (Xci,b Xi,t)

)Gll (Xfl,t, Xf;.,t)?
(
(
(
(

[113-A Competitive EquiIibrium

Dermvition 1. Under Assumptions P.1, T.1-6, E.1-3 and for a given & = {(5‘2}:20,
for &:= {X¢ /X5, X5,
quence {été}:_zojv ¢t€ = {XOO,t7X01,t7X10,t7 X11,t7w?7wtlvQtvctaXo,tyXLt;oQE} € Rj-oy
{wf,wtl,qt} el {Xo,t,Xl,t} € L, such that, for any t > o:

(Xoo,t7X10,t) S Argmax Co,t» (X01,t>X11,t) € Argmax Cl,t) Vit >0;

Ct = Y;O =F° (Xoo,t; Xm,t)GOO (X(f),t,Xlé:),t)Glo (Xfl,taXﬁ,t) )

)
)
(i) Xiprn = F*(Xou s, Xa10) GO (XE, 1 X6, )G (XE 1 XE L) + (1= )Xoy 5
)
)

/X£7t}, an intertemporal competitive equilibrium is a se-

Xo,t - Xo ;

{ct,Xl,t} maximises 7/(0%) su]aject to ¢ + q¢ [X17t+1 —(1— n)Xl,t} = wyXo +wi Xy,
¢ >0,Vt>o0;

(VI) Xoje)Xoja =V (qi; X&,,/ X8, 4 X8 /XS, ) is defined from (4a-h).

112 - A PRODUCTION POSSIBILITY PRONTIER APPROACH

II.Q.I — The Benchmark Structure

The subsequent exposition shall then be anchored on a substitutabﬂity argument that rests
upon an integrated view of outputs, inputs and prices in a two—goods world. This will in turn
allows for (Ieriving the expression of the frontier of the production possiI)Iity set, namer the
Production Possibility Frontier, and will endow the current multi-sectoral appraisaI with a
simpIiﬁed argument anchored on the levels of the outputs and the aggregate values of the

inputs.
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On a formal basis, this will correspond, starting from (4) and for a given &: = {XE /XE

X% /X8, .}, to the establishment of a relationship between w} /w? and ¢, by makmg use of
then" artlcula,tion with X1t/ Xo1t and Xi0.t/Xoo,t through (4a) and (4h) and then integrating
this link into the equilibrium levels of the outputs (4d) and (4¢) once the latters have been
amended ]oy the expressions of Hoo.t = Xoo,t/Xo and tort = Xow,t/Xo that are available from
(4¢). The equilibrium produotion of the two goods then deliver an integrated view of outputs,

inputs and prices according to

(52) Y3 = koo (X1,t/Xo>Qt)XoFO[17 (Xlo,t/XOO,t)( )}Goo(l Xlé:) t/Xoo t)Gm(l Xléal t/Xo1 t)
= SO(XO7X1,t7qt;gt)7

(5b) Y} = pion (Xl,t/XmQt)XoF1 [17 (X11,t/X01,t)( )}GOI (1 Xﬁ) t/Xoo t)Gn (1 Xi t/Xo1 t)
=3 (X07X1,t7qt;gt)v

where any of the k2 (-, -;(5",5) is homogeneous of clegree one with respect to X, and X,
Jj =o0,1. Eliminating the relative price q; between 3° (X'O, X1, Q15 é‘}) and 3t (X'O, X6t éat),
the equation of the frontier of the procluction possiblity set, namely the one of the Production
Possibility Frontier that is parameterised ]oy external egects, then describes the optimal
production of the consumption good for a given levels of the investment good and a given
pair of inputs and writes down as

(6) Yt T(Y??XO:Xl t7X1ot/Xoot7 11 t/Xo1 t)

for the function T (-; o é‘}) that features the frontier of the produetion possi]oility set. For
future reference, ]ouilcling upon Assumption T.2 and from a technical argument available as
[15], the homogeneity of degree one of Fi (-,-), j =o,1, translates as the linear homogeneity
of T(;-, &) inY X, and Xt The set of triples (Y;l,XO, Xl,t) such that the set of feasible
allocations is non-void is identical to the hypograph of the function .# (e, 61) as defined by
Gr(748) ={(Y' X,,X,) € R} |Y* < F(X,,X,;6)}.

[t can be shown that Y/ X, = fl(l X,/ Xo; éat) denotes the solution to T(Y1 X0, X, é”’t) =
0, the earlier private assumptions T.1-6 restating in the foﬂovvlng way in terms of the productlon
possi]oility frontier:?

Assumprion T.1': There exists X, such that for any X,/Xx, € Jo, X, /X[, T(Y*; X, -
X,;&) = o implies #*(1,X,/X;&) > X,/X, and for any X,/X, > X,/X,,
T(Y*; Xo, X,; &) implies (1, X,/ Xo; &) < X,/ Xo.

Assumprion T.2': Letting (Yl;Xo,o) € Q(fil;é@), then Y* = o0 and , T(Yl;Xo,o; é”t) =
LQZO(XO,O;&).

Assumprion T.3': T(Yl;XO,Xl; cg"t) is concave over Q(ﬁl;éi), continuous and of ¢
over int[Gr(F*;&,)] with 0T/8Y* < o, 9T/0X, > o, IT/0X, > o, 8>T/d(Y*)”
0°T/d(X,)" < o, 0*T/0(X,)" < o, *T/0Y*0X, = o and 0°T/0Y*0X,
X1/ Xo1 = Xio/Xoo and 0°T/0X,0X, > o.

ass C
<o

/\II\/\-/ o

o for

A more detailed argument is available in the technical appendix of [15].
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The hallmark of this alternative approach of the P.P.F. being however his emphasis on
price and substitution mechanisms, it is useful to introduce the respective aggregate shares,
e.g., of consumption and proﬁts in national income, as myo:= p°Y°/ (pOYO + plYl) and
T, 1= lel/(onO + lel) and, at a disaggregated 1eve1, the elasticity of substitution
between the two inputs and the sectoral share of proﬁts in total production cost accruing to
the capital input, i.e., the share of profits in sector j, as E&Oxl P= (8Fj/8Xoj) (6Fj/8X1j) /
FI(02F7/0X,;0X,;) and Wg(l = w'XJ /piY I where it is noted that Tx, = TyoTg, +Ty Tk .
Reformulating (5) along

Yy _3'0(1>X1,t/Xo,Qt§Xg /Xg Xﬁ,t/Xg )

1t 10,t 00,t? 01,t
- )
Y (0 Xae/ Ko ais XG0/ XE 1 X8/ XE L)

it is proved in Drugeon (15, 18] that, for given level of outputs, the aggregate elasticity of
substitution between the two inputs X, and X N boils down to

- o o o 1 1 1 B B
Yo%, = (Mm%, e X% x, T T, Tx, Ty Xk x, ) /TR, TR,

While, for given amounts of both aggregate inputs, the elasticity of substitution between the
two outputs Y° and Y* is available as Xyoy. = Y. %, Tx, 7r5<1/(7r}(1 — W%1)27ryo7ry1.

The features of the functions k2 (‘, - éig) are easily characterised and provide a first hint to
the ones of the P.P.F. From (5), the matrix of the first-order derivatives with respect to the
inputs lists as:

1 Tyo o | " Tx, —Tx,||7x, 0
Ty — T% 0 Ty: -T%,  Tx, 0o Tx,
while the equilibrium matrix that relates the vector of outputs to the vector of costs states as:

—1
Y %, Tx, 7%, Vyo 0] [—1}

7r§( — 7T§( 0 Ty 1

The elasticities of T (-5 61) with respect to its three arguments are then respectively
given by my. /mye, mx, /mye and wx. /mye, where ¢ = —0T (Y Xo, X1 4;8) /0, wy =
GT(Ytl; Xo, X1 &)/8X0 and wp = GT(Ytl; Xo, X143 @%)/GXI. Finauy, the components of the
negative—deﬁnite matrix of weighted — by factors and product shares in national income —

elasticities —, e.g.,

_ T (. 0T, oT \*
“Ylyl'_a(Y1)2<T 8Y1Y)/<8Y1)'

associated to the second-order derivatives of T(Yl; Xo, X1 é@) will repeate(ﬂy be refered
to. Letting A’ = [1 —n%. /(7% — 7%,) (1—7%)/ (k. —7%.)] and .#= denote this
Hessian Elasticities Matrix of the production possiloility frontier, it can be shown to be of rank

1 and available as

(%, —7%,)

TX,TX, 2%, X,

(7) M= = A|— Al7
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where it is noted that the intersectoral comparison inherent to the coefhicient Tx, — T,
has direct implications on the intrasectoral structures since (W}( — wg’(l)wwﬂyl [T T, =
(7%, /7%, — 7k, /7%, )Tye. Two stringent dimensions of the two-sector world described by

Assumptions T.1-6 are thus that the matrix .#= is of rank 1 and symmetrical.

[1.2.2 — A Parameterised Production Possiioiiity Frontier

With respect to its canonical definition associated to a range of assumptions such as T.i—6,
the particularity of the current definition of the P.P.F. stems from its parameterisation, under
Assumptions E.1-3, by x¢ /XE, and X¢ /XE For the level definition of the P.P.F., this

10,t o1,t°
ciepenciency boils down to a pair of coefficients

e xe = [0T/0(X5 /X)) (X5/X5) /[T = (0T/0Y)Y*],j =0, 1.

For its first-order (ierivatives, ie., for competitive prices, this (iepenciency will be illustrated

tiirougii a matrix of terms such as

[0°T/0X,0(X$/XE) ] [(0T/0Xo) Xo + (0T/0X,) X, |
(0T/9X,)[0T/0(XE/XE)]

1

,] = 0,1.

[

Xo(X%/XE)

Letting also wf}j/ D= (Gij//aXf;)ij/ij/ 7,3 = 0,1 and for future reference, the two facets

of this parameterisation are gatiiere(i in the ioiiowing statement:

LEmma 1 [THE Paravererisep P.PF. T(-; - é‘})] Under Assumptions T.i-6, E.1-3:

(i) the first-order level dependency of the P.P.F. with respect to Xf;’t/Xfo,t and Xﬁ’t/Xf;t

states as the following vector:

& gl éal éa11 .
iWXfo/Xfo fol/xgz] = [7TY07TX010 + Ty T Ty oY + Ty TR },

(ii) the second-order «price» dependency of the vector [w? wy qt}/ with respect to
Xf?o’t/Xff;,t and X¢ /Xf;t states as the matrix:

11,t

]
]

YHXE/XE) =Y H(XE/XE)
XO(Xfoo/Xfo) XO(Xfol/Xfl)
‘_IXO(Xf)o/Xfo) HXO(Xf;/XC?Z)

Tx¢, /X8, 0
(0] Txe& /Xg
11 o1

10 [
10 [

I
I

- 10...
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_ ) -
(e} 2
. (7%, —7%,)
fOl” B = — 1 _ 0 — = =
Tx, = Tx T TX. 2%, X
1 Xa X, 7%, &%, X,
1 - 7TX1
T 1 _ o
L Tx, — Tx, J
Eor Eoo L !
(e — 7w )m2, 7%, Uk, %, Eon
— 5 +7TX1
% (7TX - 7%, )
&, & o DB
(WXI —Tx, )”X X, ~X,X, &rs
— 5 +7TX1
(WXI - WXI)
_ 0 0 _
o & 1 & & éal
T (T =) e wk (e - TY)
+ | — 1 o + Tx " + 7T .
T — 7%, 1 T — 7%, )
(o) é901 _ éaoo 0 éa _ é"
X, (le 7TX1) Evo X, (le T, )
+ +
Ty — s Xa Ty — 75
L X, X, X, X, i

(iii) sectoral demands state in terms of the arguments and parameters of the P.P.F. as
X1t/ Xojt = W (Y;J,XO,X1 t,Xlo JXE o.t> X1 lt/X01 t) j = 0,1, where the features of
Wi (-; ) éat) derive, letting p;; = X;;/X;, i,j = 0,1, from:

or ngl (Xlo,t/Xoo,t)ﬂ'Yl (thl/Xo,Xl’t/XO)

_ayl (YIﬁl;Xle,t? 10, t/Xoo ts 11 t/Xo1 t) -

™% (X10,t/Xoo,t) _ Tk, (X1,6/Xort) Horfao.
%, (Xaot/Xoot) T, (Xane/Xost) Hooltia

T, (Xint/Xowe) myo (Y /Xo, X1t/ Xo)

Proor : Vide Appendix V.1 A

[t is worth noticing from (1) how Assumptions E.1-3 have as an immediate impIication that the

production possibility possibﬂity frontier uncovers a positive dependency with repect to the
external acceptations of the sectoral capitaI—Ia]oour ratios, no such clear-cut conclusion being
oppositely available for the second-order price dependency described through (ii).

1123 - A COMPETITIVE EQUILIBRIUM

Dermnition 1. Under Assumptions PI T.1- 0, E.1-3 and for a given & := {é‘}}zo, an in-

tertemporal competitive equllllorlum is a sequence {@e}t o @t@ = {Xo,t, Xy 4, wy, Wi, qs
VO,V o8 € R, {wd,wi,qi} € 0%, {Xo, Xy} € 0% such that, for any ¢ > o:
(1) X1 4 Y1 t maximises T(Y; 1 Xoy, Xi 43 (5‘}) +q: Y —wi X, ; over the domain of T(;-, ,@@t) ;
(11) Xot = Ytl;Xo,Xl t;gi)‘I‘Qth —wi Xyt
(i) e =Y = T(YV Xop, X 4: 6 5
(1v) Xipa =Y+ (1 —n)X11;

S
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(V) Xo,t =X, ;
(VI) {ct,Xl,t} maximises ”//(OCK) Sulaject to ¢ + @Yy = wpXo +wiXiy, a6 > 0 and
Xt/ Xojr =W (Ytl;Xo,Xl,t;X‘g’ /X Xi,t/Xfl,t):j =o0,1, Vt > o.

10,t 00,t

Competitive equilibria are then proﬁciently characterised as solution sequences to a parame-

terised optimisation pro]olem Poo (OQE):

(8) Max Z(St(v oT) (Y Xo, X1 ¢36) 8.8 (3); Xa0 € [0,X,],6 €]o,1],
{Xoeve His

Xt/ Xoje =W (V' Xoy Xo o3 Xio,o/ Koot X1,

oo,tr“*11,t

/Xg ),jzo,l.

o1,t

For a given set of external sequences &, necessary and sufficient conditions for {)\t}zo to be
a sequence of support prices to the optimal trajectory state as:

ov or
(90) 2 [T Xo, X 43 6) 5 (V5 Xo, Xo 61) + Ohea = 0,
Oov ) or , .,
(9h) o [TV Xoy Xy 43 6)] 55 (Vi Koy X 43 61) + 0Arga (1 =) = A = 0,
(9¢) Xitp =Yy — (1— 77)X1,t =0,
(gd) llm 5tX17t)\t = 0.

t——4o0

IH — THE <<EQUILIBRIUM PRODUCTION POSSIBILITY FRONTIER »
& THE ASSOCIATED COMPETITIVE EQUILIBRIUM WITH EXTERNALITIES

This section aims at a characterisation of the benchmark technological set anng a competitive
equiIi]orium with externalities

[II.1 - Tue EPPF. & tae C.EE.: A Derinrion

Assuming that there exists a solution O%QE = {Xl,t; &}, to Poo (OG) and that the associated
set of external sequences further satisfies:

[aFO (17 XlO,t/XOO,t)/aXOO} G°° (17 AXVlo,t/AXvoo,t)CTY10 (17 Xll,t/X01,t)

(10a) 4t = [aFl(17X11,t/X01,t)/8X01}G01 (1’ Xlo,t/XOO,t)Gll (1’ Xu,t/Xm,t) )
oT
= 8Y1 (Yl; X07 Xl; Xlo,t/Xoo,t7 X11,t/X01,t)

8F1(3(17)(10,75/)(00,15)/8)(00 . 6FO<15X10,t/X00,t)/8X10

b —
0O (1, Xov.0/ Xowt) J0Xer — OF™ (1, Xuva Kort) 0K s

or, along the notation of Lemma I(iii) and Definition 1:

(10,3) Xlo,t/Xoo,t =y° (Y;:l;X07X1,t;Xlo,t/Xoo,t;Xll,t/X01,t)7
(10/b) X11,t/Xo1,t =y ()/tl;XOaX1,t§X1o,t/X00,taX11,t/Xo1,t)7

120
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an externality augmented system of demand functions X i; /X f;: = WIE(Y Xo, Xa )
becomes available. It shall more compactIy be refered to in vector form throughout the
su]osequent argument: g(Y;l,XO, let): = {ng (Ytl;XO, let)}, J =o0,1.

From the terminology of Kehoe, Levine & Romer [21], it is the consideration of the extra fixed
point-side condition (10) that allows for recovering a symmetric C.E.E. through a centralised
optimisation probIem. Beforehand, it is worth introdueing an equilibrium benchmark structure

for the production technoIogy:

DEFINITION 2 [THE <(EQUILIBRIUM PRODUCTION POSSIBILITY FRONTIER >>} Uncler ASSUI’nptIOIlS

T.I—6, E.I—3, P.I, the EP.P.F. is jointly defined
(i) from a level given by Y;° = T¢ (Vs Xo, X, 1) = T (Y75 Xo, Xo.0: 6 (Y2, Xo, X1 4)),

(ii) from first-order derivatives associated to the equiIiI)rium competitive prices as

or\?, . oT . ~
qt = _(8Y1> (Yt ;XOaXl,t):: —WOQ ;Xle,t;éa(Yt 7X07X1,t>);

ar\? . o ., 51
wy = <aX0) (V5 Xo, Xa):= g (V5 Xo, Xa s 6V, Xo, X))

or \ ¢ oT ~
wh = (aXl) (Y;gl;Xo’Xl,t)i: 8—X1<Y;1§X07X1,t;éb(y;laXle,t))-

Remark 1: The definition of an E.P.P.F. admittedly introduces a range of unusual formal
intricacies: for instance, 8T¢ /0Y* # (oT/0Y™) # while the main features of an EP.P.F. result
from the existence of a ﬁxed—point solution to a infinite dimensional pro]olem over time and
thus cannot — in contradiction with a canonical P.P.F. the properties of which are based
upon a production set that is invariant accross time -, be anaIysed on the sole basis of a
technologicaI eqauilibrium. Nevertheless, lay narrowing the focus to a local appraisal along the
symmetric C.E.E., i.e., to level and prices components respectively available as (1) and (ii), the
current approach anew equips the anaIysis with an E.P.P.F. formulation Téa(-; : ) that affixes
the reasoning upon a tractable and unrestricted aggregate structure, such a generality Ilaving
been up to now restrained to competitive settings anchored on a standard time-invariant P.P.F.

O

The definition of a symmetric multi-sectoral competitive equiIilaria with externalities Ilappens

to be signiﬁcantly simpIiﬁed.

Derintrion 3. Under Assumptions P.I, T.I—6, E.I—3, an intertemporaI symmetric competi-
tive equilibrium with externalities is a sequence {@}:—:OO, 9/5,5 = {Xoi,Xl’t,wg’,w;,qt,
Yto,Ytl} € R7, {w?,w;,qt} er, {Xo,t,Xl,t} € (> such tIlat, for any t > o:

(i) @0 = ~[0T (Vs X0, X10) /0Y*]7, wp = [0T(Y's Xo, X,4) /0X0] ", w} = [0T(Y}s Xorr
Xl,t)/aXl]g ;

(i) wpXor =T (V2 Xo, Xu ) + Vi = wi Xy s

(i) e = Y2 =T (V% Xot, X1t)

(iv) Xippn =Y+ (1 =0 Xy

13
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(V) Xo,t =X, ;
(Vi) {ct,Xl,t,Ytl} maximises ”//(0‘5) subject toc + Yy = wp Xo +wiX 4,0 >0,VE>0.

The intertemporal competitive equilibrium with externalities will hence be represented by the
foﬂowing equih]orium restatement of the necessary and sufficient conditions on {)\t}zoz

&
! @Tg Vi X, X or. Vi X, X N, =
(9 a) ¢ [ ( t <20y 17t)] oY1 ( t <20y 1,t) + t+1 = 0,
v or \ ¢
(9'b) e (7% (Y Xo, X t)] (87) (Vi Xo, Xat) + 0Asa (1 — 1) — Ay =0,
(9/0) Xl,t+1 - }/tl - (1 - T])X1,t =0,
(9'd) lim 68X, A\ = o.

t——+o0

[II.2 — Tue E.P.PF.: A Cuaracterisarion

One of the decisive advantages of 1etting the appraisal of a multi-sectoral setting rest
upon a PPF. has to do with the gathering of any equihlorium formal intricacy within the
properties of an aggregate function. The aim of this section will then be to cornplete a related
characterisation for an E.P.P.F.

As this is enlightened ]oy the fouowing statement, the features of the externality augmented
system of demand functions Xf;: /Xf;: = @i¢ (Y;l;XO,Xl,t), that assume almost any of
the analyticauy tractable properties of its standard definition that appear in Lemma 1(ii>,
are a direct coroHary of the competitive equﬂibrium with externalities relationship between

[ (XlO/XOO)g Xll/XOI)g]/ and the relative price of the capital good ¢;:

LevMa 2

Tue EquiLisrium SySTEM OF DEMANDS]. Under Assumptions T.1—6,E.1—3, P.l, letting
E.__ 1 o éz’01 goo o éz’11 éz’10 1 .
= (rk, —7%,) + (7X0 = 7x0) Xsox, + (X = m0) Xk x,
(i) the vector that relates the equilibrium system of demands to the relative price of the
capital good is available as

-1 | XS
(%) [Ei(oxl } ;
X0 X,
(ii) the matrix that relates the equilibrium system of demands to the aggregate arguments of
the P.P.F. states as:

1 2
(ré)™ [29(0&1 {_ (7%, — 7%.) ] {1 X, 1— T,
XXX, TX, 7%, 2%, X, Tx, —TX, Ty, — 7%,
Proor : Vide Appendix V2. A

Along Section H.Q, a first hint of the features of the E.P.P.F. builds from an integrated view
of outputs, stocks and prices, namely:

(112) Y = §°[Koy X105 (Xro0/ Xoo.) (a0), (Xirt/ Xona) (ar)]
= Sg’o()?O?Xl,t)qt)ﬂ

(11b) Y, =F* [Xle,t,CJt; (Xlo,t/Xoo,t)éa<qt); (Xll,t/X01,t)g(qt):|
= 3£’1(X07X1,t7Qt)

4
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The first-order features of these equiiiiarium functions are gatiiered in the ioiiowing statement:

Levmma 3 [THE COMPETITIVE EQUILIBRIUM wiITH EXTERNALITIES PRODUCTIONS OF Yo and Y;l]
Under Assumptions P.i, T.1-6, E.1-3:

(i) the equilibrium matrix that relates the vector of outputs to the vector of inputs states as:
1 Tye 0 | %  —7x. | |7x, o |.
Tx, —Tx, L 0 7ys -T%,  Tx, o 7mx |’

(ii) the equilibrium matrix that relates the vector of outputs to the relative price of the capital

good industry states as:

_ _ E, _ -1
TX,TX,~X,X, |Tye O
(W}(I — W%I)Fg 0 Ty:
Tyo (W}(l — WB’(I) (
T%,TX, 2%, X,

1 (o)
. 7TY1 (ﬂ-Xl - 7TX1

TX,TX, 2%, X,

&, o) &, 1
-1 - T %o x, Tk, x,)

) (T S%x, 7 Tk x,)

Proor : Vide Appendix V.3. A

interestingiy and as described i)y Lemma 3(i), the dependencies of the outputs w.r.t. stocks

remain unaltered and the details of the Ryioczinsi{y Theorem are unmodified with respect to
a convex environment, e.g., the more than unitary coefficient that relies the production of the
investment good to the capitai stock. In opposition to this and as this appears from Lemma
3(ii), the relation that these outputs assume with respect to the relative price of the capitai good

is augmented i)y the existence of spiiiover effects. It is also noted that while such a dependency
soieiy involved aggregate substitution mechanisms, ie., the coefficient X, X,> I a convex
structure, the consideration of a suboptimal environment introduces an asymmetry between
sectoral substitution mechanisms that cannot any longer be merged into an aggregate measure
of substitutability and hence opens room for a preeminant role of substitution asymmetries in
the anaiysis.

Finaiiy introducing the second-order Weigiited elasticities? of the E.P.P.F. aiong

_s _[a(orjoy")? joy][T — (0T/0Y*) " Y]

—Yy1iy1- -

(12) [—(8T/8Y1)£]2

=SV T EY(XE XE) T (R, Rue) Y T Y HXE /XE) D (R, Ry

and iooking for a deeper understanding of the sectoral underpinnings of the EP.P.F. is going
to uncover a tractable structure ior the Hessian elasticities matrix that will recover such an
asymmetry between sectoral substitution mechanisms :

3An entireiy equivaient way of reaching such a coefficient proceeds from the elimination of qt between

}/;50 = "S(g’p (Xle,t,Qt) a'nd )/tl = Sgil(XoaXl,MQt)'

10
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ProrosiTion | [THE Hessian Evasticrries Marrix or o EPPF] Consider a competitive

equilibrium with externalities defined under Assumptions 1.1-6, E.1-3, P.1. Then, for

Zg, — (71'3(1 — W%I)WYO/]TYI

&, o & 1
P — S GRS O R
XX, TX,TX,

assuming Z¢ # o, the Hessian elasticities matrix of the E.P.P.F. states as:

1

0 &, (o] é0‘1 1
TS, T Y% x, T XY x,

[ee] = -

& _ _ 7&
I T TX, EXoXl A
(o) (’E‘a (0] gl 1
s A RS B A
L IRG |
o o
7TX1 1 — 7TX
| Ty — m$ Cal — o
X X X, X1
Proor : Vide Appendix V.4. A

It is notewortiiy to underline tilat, comparing the matrix M=e with its canonical formulation
M=, it remains of rank 1 and that Ef;/Eﬁ; is still equai to Ef;/Ef;, for i,5, k=YY" X,, X,.
The usual duality between the outputs Ryiaczinsi{i effects and the price Stoiper—Samueison
effects is however lost with the current E.P.P.F and this impiies that ///:éa is not any

longer a symmetrical matrix. Coniirming in that respect the insigiits of Lemma 3, while
=& =&
—ij —ji’
E’{gjlxl E{gjlyl = —(1 — 7'('3(1)/<7T3(1 — 7'('3(1), remain unaltered while the Stoiper—Samueison

the effects that pertain to the prO(iucts and the factors inputs, e.g., the ratio

ones that relate inputs and output prices, e.g.,

& f
(13) :‘(g) :’(g) _ 11— W-g(l B ﬂ.Xolaz%oXl B 7-(.-)(1D E;{(Jxl 5
=X, Y1/=y:yr — — Eoy &, &1 &,
(7%, = 7%,) + (75 = 75) 2% x, + (7% —7%°) Tk x,

&

are modified ioy the consideration of external dimensions. Actuaiiy, the newest and most
atypica,i dimension of the matrix //lg@ springs from the explicit appearance of sectoral
elasticities of substitution in its definition.4 Otherwise stateci, the equiiiiarium articulation
iaetween, e.g., the rental rate of the capitai stock and the price of the capitai gooci, is now
(iirectiy influenced iay the eiasticity of substitution in the production of the capitai gOO(i but
also i)y the eiasticity of substitution in the production of the consumption good, both effects
ciisappearing when both prociuction technologies tend to exhibit compiementarity between
iactors, ie., for Eg(oXl — 0, =0,1.

Remarx 2: The obtention of lists of coefficients such as (12) iaeing however a(imitte(iiy
(ieman(iing on a formal ioasis, an alternative approacil for estaioiisiling the structure of the

4This contradicts with the standards of trade theory where oniy factors shares were involved but aiso, as
expiained tilrougil Remark 4, with the most irequentiy used speciiications in the recent characterisation

of multi-sectoral competitive equiiiiaria with externalities.
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matrix . ze proceeds, along the lines of the argument developecl ]oy [18] in the convex case,
from an analysis that rests upon the equilibrium articulation between the vector of factors
costs and the ratio X4/ Xo for any linearly homogeneous Té (). Restating indeed the
price component of the E.P.PF. according to:

T \% . .
(140) = —| 537 (V) X031, X, 4/ X,);

T \*¢
(14b) w,? = (GX ) (Y;l/Xo;laXl,t/Xo);

oT \ ¢
(140) wtl = (87) (Y;gl/Xo;laXl,t/Xo>~

and digerentiating this system of equations, the insertion of (14a), na,mely the expression of
Y;*/ X, as a function of X} /X, and ¢ into (14b) and (14¢), allows for expressing w? and
wy as functions of X .¢ and qy- Noticing however that a simple glance at the symmetric
competitive equilibrium with externalities formulation of the decentralised version of the first-
order conditions (4a-b), namely:

(150) 8 = g (1 Kroa/ Koo )G (1 Kraa/ Xoo )G (1, Krva/ Xony)
= i (1 X110/ Xor )G (0 X/ Kan) G (1 Kuv o Xon).

(150) 6 = (1 X0/ Ko ) G (1 Xt/ X0 )G (1, Xuv 1/ Xon)
= i (1 X1/ Xon ) G (1 X0 Koo )G (1, Xur o/ Kon),

unam]oiguously indicates that the clepenclency of the vector of factors prices with respect to the
aggregate Capital—labour ratio X, ;/X, is to cancel down to Z€ero, this in turn imphes similar
values for any of the components of the foﬂowing vector oomputecl from the integration of
(14a) into (14b) and (14¢):

=&
—& =X Y =& _
=X, X, T =& =viXx, |TX,

‘—’YIYI
(16) =&
=& =X,V =6 _
=X,.X, =& =YX, |TX,
=yiy:

This hence uncovers the rank one stucture of the Hessian elasticities matrix raised through
Proposition 1. The explicit expressions of the coefficients can then be computed ]ay hinging on
the linear homogeneity of T (-, -). O

Remark 3: An alternative formulation of the externalities set would stem from a pair of
production technologies Fi (Xoj, X, j)H J (X (‘f X f t) for Hi (") that is homogeneous of clegree
zero. Such formulations are compara]ole to the ones delimited l)y Assumptions E.1-3 in the

regards that returns to scale are unaffected by the consideration of a suboptimal competitive
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equiiiiorium. Asan iiiustration, it can be shown that the equiiiiorium Hessian elasticities matrix
of Proposition | then reformulates to:

_ L - 1
& &,
(o) (0] 1 o _ _ _ _
_ 7TX1 (7_(_;( _ﬂ_g( )2 B 7TX1 (7TX1 7TX1)7TX07TX1EX0X1 &,
L — 0 - . - 1 _ .0 1 o \? X,
7TX1 7TX1 T Ty ZT Y 7TX 7-(--)(1 (ﬂ-X _ﬂ-X )
1 o XO Xl X0X1 o & 1
R 1 (e] — — — —
TX, 1— 7% (7¢ + 78 )%, 7%, Yo%, L
Ty — T3 1 _ o 2 X
L Tx, X, T, — 7%, (7@(1_7@(1) |
_ o -
&, &,
%, (7, = 7% &
+ |~ 1 _ .o X, o —1 1.
7TX1 7TX1 [ ]
o] éa1 _ go
7T)(O (7TX1 7TX1) _ 7_(_(501
1 __ .0 X,
L Tx, — TXx, 4

Having a giance at the first element of this summation, this rather compiex structure starts
from the exact contraposite of the one that is considered in this contriiaution, ie., the column
price structure is unaffected while the row line components all differ from the one of the convex
structure: while Ef #* = j‘g;-, the effects that pertain to the prociucts and the factors inputs, e.g.,
the ratio EE. x./ E¢.y., are modified while some, but not all, ratios that relate inputs and
output prices, e.g., Ef{lyl / Eflyl, are unaffected ioy the consideration of external dimensions.
A great (iigicuity in pursuing further the characterisation of the associated equiiiiorium would
however spring from the second component of this summation, that entails a loss of symmetry

plus a rank of two, i.e., =4 —Efj,Effj/Effj, £0,7,5 =Y, X0, X,,j # 4, for the EP.P.F. To
sum up, tiiougil iormaiiy reiate(i, such a formulation conceptuaiiy differs and entails entireiy

distinct theoretical implications on the prO(iuction set. &

1113 - THE SCOPE FOR A CONVEX EPPF & COMPLEMENTARY OUTPUTS

A remarkable outcome of the consideration of a suboptimai competitive equiiibrium external-
ities and of the associated E.P.P.F. results from the features of the latter. While the precetiing
section made clear that some iiey properties of the Hessian elasticities matrix were left unaf-
iected, it remains to wonder in which regar(is this E.P.P.F. still describes a traditional trade-off
between the consumption and the investment outputs. The rank one E.P.P.F. shall be refered
to as being convex if there exists some parameter coni‘iguration under which either any of
its principai (iiagonai components iiappens to become positive or some become positive while
others iieep on i:)eing negative but their sum is of positive sign. The scope for the actual range
of such a coniiguration is delimited tiirougii the ioiiowing statement:

Levma 4 [A Convex EPPF] The E.P.P.F. describes a convex function if one of the two
following configurations prevails:

8.
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(i) 7% =1— (W}( - wg’(l)ﬂycﬂryl (ﬂff; 2% X, —|—7T§111 Z}OXI)/EXOXI Tx,Tx, < 0 and the two
following inequalities simultaneously hold:

(mx, =75 ) (3, = 7%,) + (5 = 75) Do, + (78 —730) Pxox] >0

o Eoo o Ero 1 .
1 —7TX1 _7TX1 EX0X1 —7TX1 EX0X1 > O,

(ii) 26 = 1— (7%, — 7% )mvomys (T8 D% x, + 780 Tkox, )/ Tx.x,7x,7x, > 0 and the
three following inequalities simultaneously hold:
1 0 1 o Eo1 &, o E1q &, 1
(mx, — %) [(7k, = 7%,) + (7% —7%°) %, x, + (7% —7%°) Pk, x, | <o,
1— T, — Wf;olo E())(OXI — Wf}f E}(OXI <o,
o o &, o &, 1 o o &, o
%, (%, F T T x, TN Tk, x,) < (1 -7k ) (1 -k, w0 DY x,
& 1
-7 Tk, x,)-
Proor : Vide Appen(iix V5. A

A related guess has then to do with the impiications of a variation in the competitive
equilii)rium with externalities relative price of the inputs w} /wy on the relative demand of
these inputs X, ;/X,, i.e., the value of the aggregate elasticity of substitution between capital
and labour in the course of the competitive equiiibrium with externaiities, an interesting point
in that perspective being that, due to the multiplicative separalaility assumption that underlies
the representations (4) for the sectoral produotion tecimologies, the ensued inputs prices
ratio w} /wy, when considered aiong a symmetric competitive equiiibrium with externaiities,
happens not to be modified with respect to its standard representation and hence assumes the
same expressions with respect to any of the X1t/ Xojt, J = 0,1. Otherwise stated, ngoXl
still provi(ies an accurate deseription substitution mechanisms that occur in sector Jj = 0,1.
As this was however clarified ]oy Lemma 2, the competitive equiiibrium with externalities
formulations (le,t/XOj,t)g are modified as functions of q = —[8T(Yt1;X0,X17t)/8Y1]£,
that is homogeneous of (iegree zero in Y;', X, and X 1t This will in turn entail a modified
articulation vvitii7 e.g., the ratio X 1t/ Xo, that in turn lies at the very core of the articulation
between wi Jw? and X 1t/ Xo that pictures factors su]ostitutabihty at the aggregate level. In the
same vein, recauing the formal articulation between this coefficient and the one that describes
the impiications of a modification in the relative price of the Capitai good q: on the relative
level of the outputs Y;'/Y,°, it remains to wonder in which regards such a coefficient is modified
]oy the consideration of a competitive equilibrium with externalities.

Lemma 5 [CEE Arprrraces & THE Scope For EQUILIBRIUM COMPLEMENTARITIES}. The
E.P.P.F. is such that:

(i) The equilibrium elasticities of substitution between the aggregate inputs Ef—; and the

X
o 1
outputs Zgoyl respectively formulate along:
& _ . _ yE _ _ 1 o Eon &, o
2)—(0)—(17TX07IX1 = EXO)—{l’iTXoﬂ'Xl [1 — (7TX1 — 7TX1)7TYO7TY1 [(WXOI — WXOIO)EXOXI
&, 1 _ _ _
+ () = 7X) Pk, /EXOXIWXDWXI}v
& o
2 s
1 _ .0 &’
(WXl 7TX1)F

250Y1 TyoTlly:r =
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(ii) for 7¢ = 1 — (7?}(1 — 7%, )7Tyo7Tyl<7TX12§( x, T WXIIZ}( X, )/ X% %%, 7%, < O,
Y% 5. <0< Zg.x i

(iii) for Z¢ =1 — (nk, — 7%, )7ryo7ry1(7rX12X X, +7TX“EX X, )/EX X, Tx,Tx, >0, 7% >
Ty, and (W}( - T, )+ (Wf; —7TX )EB’( X, —l—( —7TX )El %.x, < 0, one obtains
2% 5. > Yxox, > 0> Doy,

Proor : Vide Appendix V.6. A

The probably most puzzling result of Lemma 5 formulates as the opposite implications of
the focus on an EP.P.F. on the resulting values of E)”; 5 and Zéoyl in Lemma 5(iii). The

analysis will now aimed at examining the role of the properties listed through Proposition 1
and Lemmas 2-) in the assessment of the uniqueness issue.

IV - AN ASYMMETRIC ROLE FOR SUBSTITUTABILITY IN
THE EMERGENCE OF INDETERMINACIES

IVl - THE GLOBAL INDETERMINACY ISSUE

Pursuing the analysis of the competitive equilibrium with externalities under the previous
set of assumptions, the system (g) expresses as (X, t02 Maa] = (IJ( Lt At when (ga) has
been used for restating v;* in terms of Xt and Ay, . Letting (7%, ) = (0T/0X, ) /[T¢ -
(0T /oY *)¢Y*] and (Wyl)g = —(8T/8Y1)£/[T£ — (0T/9Y*)¢Y*], a benchmark definition
is in order:

DeriNtTION 3 [INTERIOR STEADY STATE}. Under Assumptions T.1—6, E.1—3, P.l, assume that
there exists a symmetric competitive equih]arium with externalities. An interior steady
state is then a pair {Yl*, Xf} € (Rif that solves:

Yo/ X =nXT/Xo,
& 1% * & 1% *
(m5.)" (Y"/ X011, X7/ Xo)/(my)” (Y /X031, X[/ Xo) = [1 —6(x —n)] /on.

[ts existence and uniqueness properties are assessed in the foﬂowing statement:

PROPOSITION 2 [EXISTENCE AND UNIQUENESS/MULTIPLICITY OF THE STEADY STATES]. Under

Assumptions P.l, T.1—6, E.1-3:
(i) if hmxl/xoﬁo(w)g—l)éa/(ww)g < 1 =90(1—-n)/in < thl/XO_)OO(WX—l) /(Wyl)g or

1imX1/X04,OO(7TX1)£/(7TY1)g < [1 =681 —mn)/in < limxl/xoﬂo(w;{l)g/(ﬂyl)g, there
exists a steady state ;

&

(ii) if 1 —my — ng’; XSox, — 77?}11 X%.x, < o (large spillovers in sector 1 or high factors
substitutability in the production technologies) or 1 — 7% —7TX "% X, —7rX“Z)1( x, >0
(small spillovers in sector 1 or complementary factors in the production technologies)
uniformly holds over the set of steady states, then there exists at most one unique steady
state ;
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(i) iflim, x, o (mx, )/ (r ) < () 1=6(—n)]/0n and limx, x, oo (75, )© /()€ <
(>)[r = 0(x — n)]/on while there exists a unique solution to 1 — 7% — 7r§g;°11 DXox, —
7T§111 X%.x, = 0, then the curve that depicts the set of steady states is single-peaked
(single-caved) and there exists at most two interior steady states.

Proor : Vide Appendix V.7 A

interestlngiy, the muit1pi1c1ty issue, i.e., the sign of 1 —Tx. —7rX01 2%, X, —7rX“ 2%, x,» appears
as ioelng unrelated to the prevaiiing sectorai coniiguration while local 1n(ieterrn1nacy Wiii reveal
in Prop081tion J as i)elng univocaiiy associated to the occurrence of — the one associated to
optimai cyciic or chaotic sequences in a convex environment — 7% > Ty the local uniqueness
of the steaciy state cannot be discarded in the benchmark well-behaved conﬁguration of optimai
growth theory for which Tx, > T, -

Accor(iing to the srnootiiing properties tra(iitionnaiiy associated with factors suiostitutaioiiity,
the uttermost surprising dimension of Proposition 2 however proioaiaiy results from the
para(ioxicai role of its sectoral values in the gioioai inoieterrninacy issue. If intersectoral

spiiiovers indeed iiappen to predominate (are negiigibie) while intrasectoral ones are negiigibie

(predominate), a large value for the elasticity of substitution in the production of the
consumption (investment) good will favor multiplicity or give rise to a new type of uniqueness
& &
/(7TY1>
but not boil down the examination of the uniqueness issue to the benchmark conﬁguration for

which ﬂf;"ll = ngj =o.In opposition to tiiis, low values for the eiasticity of substitution of

result for which iimXI/Xo_m(ﬂ'Xl)g/(ﬂ'yl)g <[1—=(1—m)]/on < iimxl/xo_,oo (7x%.)

both sectors will unarn]oiguousiy restore the uniqueness result.

These conclusions are in some respects close to a recent examination ioy Cazzaviiian7 Lioyci—
Braga and Pintus [14]. Actuaiiy, the coefficient 1 — Tx, — % %X, Wf;lll Xk, x, Is in some
regarcis reminiscent of the expression that tiiey put iortii Witiun an aggregate environment
with spiiiovers and increasing returns to scale: tiiey incieeci, among otiiers, discuss the sign
of 1 - Tx, — 77?212 X, X, where the factor siiare, here its sectoral definition available as
1— Ty, I8 simiiariy augrnente(i iay the spillover share in production technology Weigiite(i
]oy the aggregate eiasticity of substitution between the two inputs. In that perspective, the
current line of argument enriches their approacii ioy sectoral concerns: tiiougii the present
coefficient primariiy relates to the capitai goori in(iustry 1, the existence of intersectoral
spiiiovers effects stemming from the consumption gooci industry o0, le., 7T§°11 > o, impiies
that the suiostitutaiaiiity properties of this latter sector will inﬂuence, tiirougii 29(0 X, the
determination of its sign and thus the case for muitipiicity: i)y itseii, ietting 7T§111 — 0 is not
any ionger sufficient to ensure the uniqueness of the stea(iy state. Furtiier, their muitipiicity
conclusions are associated with an increasing returns to scale assumption on the prO(iuction
teciinoiogy: in opposition to tiiis, the current line of argument is entireiy based upon a standard
constant returns to scale assumption, be it on both prO(iuction teciinoiogies and thus on the
P.P.F or on the E.P.P.F. Finaiiy, the look for an articulation with the insigiits of Lemmas 4 and
5 about the potentiai for atypicai gioiaai properties of the EP.PF. uniortunateiy appears as
being quite oiisappointing. As a matter of iact, this easiiy finds its expianation in the prececiing

comment: the uniqueness issue is iunciamentaiiy disconnected from intersectoral comparisons
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between factors shares while it is the latters that (iirectiy underlie the scopes for both a convex
T¢(55-,-,") and atypicai conclusions on aggregate substitution mechanisms that are gathere(i
in the equiii]orium values of Ef—zo X, and Efoyl.

Interestingly, ioy specialising the theoretical argument to parametric formuiations, a clarified
picture of the muitipiicity issue becomes available:

CoroLLARY | [THE Murrieicity Issue unoer a C.E.S. PARAMETERISATION]. Under Assump-
tions P.l, T.1—6, E.1—3, further let the sectoral elasticities of substitution Eg(oXl’ j=o0,1,

assume constant values,

(i) if any of the functions ij/(~, ), 4,4 = 0,1, of Assumptions E.1-3 further embraces a

&
03’

unitary elasticity with respect to its argument X f; /X¢., then, under the qualifications of
Proposition 2(iii)—(iv>:
a / if X% x, =1, but to a limit case, there generically exists at most one unique steady
state ;
b / if X% x. > 1 (< 1), the set of steady states is a single-peaked (resp. single-caved)
curve and there exists two steady states that coincide when 1 — 7y — Wf&l XSox, —
Wf; X%, x, = 0 holds at a steady state ;
(ii) if any of the functions G37'(-,-) j,j' = 0,1, of Assumptions E.1-3 originating from sector
j embraces the elasticity of substitution of that sector, i.e., Z_‘Z(O x, then, further letting
X%x.x, =1, under the qualifications of Proposition Q(iii):

a / if X% x, =1, but to a limit case, there generically exists at most one unique steady
state ;

b / if X% x. > 1 (< 1), the set of steady states is a single-peaked (resp. single-caved)
curve and there exists two steady states that coincide when 1 —mx — Wf}: X% x, —

Wf( = 0 holds at a steady state.

Proor : Vide Appendix V8. A

The insigiits of Coro”ary 1 are twofold. First, the iong—run productivity of the Capitai stock
is defined from the marginai prociuctivity of the capitai gooci in(iustry from (1) and aiong
the conclusions of Cazzavillan, Pintus & Lioy(i—Braga [14] in an environment with increasing
returns to sca,ie, the uniqueness associated with the Coia]o—Dougias representation appears
as a non-robust conﬁguration that disappears as soon as the fixed eiasticity of the capitai
gOO(i in(iustry siigiitiy (ieparts from unitary values. In opposition to tiiis, the insights of (ii)
appear as a direct outcome of the existence of intersectoral spiiiover effects stemming from
the consumption good in(iustry ; even when the elasticity of substitution of the capital good
industry is stocked to a unitary value, it suffices that spiiiover effects do not procee(i from a
power function for non-unitary values for the elasticity of substitution of the consumption good
industry to directly underlie the existence of multiple steady states whatever the prevailing

sectoral configuration.
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IVQ - THE LOCAL INDETERMINACY ISSUE

Letting the intertempora] eiasticity of substitution embrace an infinite vaiue, ie., for xe: =
—[0v(e)/dc] ) [0%v(c)/Dc?] e — oo, further assuming that no factor intensity reversal occurs at
the stea(iy states positions, i.e., equivaientiy, TS, =+ Tx, Over the set of stea(iy states, it is
shown in Appen(iix V.7 that the Jacobian matrix considered in a neigiiioourilood of the Steaciy
state then assumes a triangular structure, its spectrum ]aeing described iay:

6(1 — 77)5511/1 —nl1—0(1— 77)]551)(1

(112) v, =

5~é"
Syiys
_ 5(1 — 77)(7@(1 — 7TX1) +[1—60— 77)](1 — 7r§<1) 1
W}(l —7T§(1 )
(W, —mg) H a8l -y )
T, — ﬂ'g(l )
¢y
(11b) v, = — - —
0(1 = m)Egiys —[1—=0(1 = n)E% v
F£
=+ =8 -1 - 7%, — TR T x, — TR Tk x,)
F(E’

Fg"‘il_é(l_??)i(l_ﬁi( _7TX°12§(X _quzi(x)

[n contradiction with an optirnai grovvth environment and the associated PPF, the consid-
eration of an E.P.P.F. — that differs from the standard one as a result of the consideration
of an externalities augrnented produetion set — reintroduces an explicit first-order role for
substitution mechanisms in the sta]aiiity issue. It is worthwhile noticing that this iiappens in
spite of the retainment of X¢ — o on the preierences side: this latter assumption however still
impiies that ¥ X, X, 18 erased from the expression of the eigenvalues while it appeare(i in A=.
More preciseiy, the influence of the external effects which take piace in a given sector in the
determination of the equilibrium relative sectoral profit shares index I'¢ will be proportionate
to the eiasticity of substitution between the inputs of the sector from which tiiey originate. As
an 1iiustrat10n if 2% X, x, was made arbitrariiy iarge the sign of I'® would be ciirectiy ruled iay
the one of 7 X“ ™ X°° 1n(iepencientiy of the private sign of 71 X, — Us X, or of the spiiiovers that
stem from sector 1, i.e. 7'('35;” — ngo

At that stage, it is aiso Wortil rernarinng tiiat while the first stocks eigenvaiue is let unmodified
by the consideration of a competitive equliiiorlurn with externalities in piace of a convex envi-
ronment, the expression of the second prices one un(iergoes a twofold modification. First, and
as this was airea(iy mentionned in the discussion of the muitipiicity issue, tilougii the coefficient
1—Tx, — 7rX A Xx, — T X“Z]}( X, Corresponds to a formulation tiiat is iargeiy reminiscent
of an expression put iortil in the aggregate environment of Cazza\niian, Lioy(i Braga and Pin-
tus [14], the existence of intersectoral Spiiiovers effects stemming from the consumption gOO(i
in(iustry o underlies a funciamentaiiy distinct interpretation. In paraiiel to tiiis, the second
ingredient that underlies the construction of 1/2 is speciiic to tiie current two- goods structure

and states as I'%: = (W}( — wg() + (Wf}’ — 7rX )EX x, + ( — 7TX )EX X, . The current
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intrasectoral vs intersectoral spillovers and sectoral factors substitutability augmented relative
profit shares coefficient is hence the first to stress in an expiicit manner the need for asymme-
tries between intrasectoral and intersectoral Spiiiovers stemming from a given in(iustry in the
staiaiiity of a given iong—run equiiii)rium — if the equilibrium intrasectoral and intersectoral
spillovers stemming from a given sector happen to be identical, then I"¢ recovers its canonical
expression and no role is any ionger allowed for sectoral factors Suiastitutai)iiity — but also to
ernpiiasise the central role of iieterogeneity in sectoral factors suiostitutaiaiiity in that perspec-
tive. The area for local indeterminacies is more careiuiiy circumscribed tilrougii the ioiiowing

statement:

PROPOSITION 3 [THE BENCHMARK SADDLEPOINT PROPERTY & THE AREAS FOR LOCAL INDETER—

MINACY}. Under assumptions P.1, T.1-6, E.1-3, consider an interior steady state position
along Definition 3 . Then:
(i) if my > w5, it cannot be locally indeterminate and is characterised by a unique
convergent trajectory if and only if one of the two following conditions is satisfied:
al (1—7k, — 7 % x, — "R Tk x, ) > 0;
ia/ if (1 — T, —7'(')@@(011 2%ox, — 7735;111 Z}(OXI)Fg < o when the following inequality further
holds:

(I8 <=6 =] -7k, — 7% Z%,x, — 7% Tk, x.)

/2.

(ii) if 7%, > m, further let |[7% — 7% [(14+1/8) > [1/6 — (1 —n)](x — 7%,):
a/ if (1 — Ty, — 7T§011 XS x, — ngll Eicoxl)rg > 0, the steady state is locally indetermi-
nate;
i)/ if (1 - Tx, — 7T§°11 XSox, — Wf}: E}(OXI)F‘ga < o0, the steady state is locally
indeterminate if and only if the following inequality further holds:

/2.

Proor : Vide Appen(iix V.. A

(I8 <=6 —m](1 -7k, — 7% Tk, x, — 7% Tk, x.)

Proposition 3 first clarifies the conditions under which a given steaciy state exhibits the
sa(i(iiepoint property: unsurprisingiy, under the iioi(iing of the standard assumption accorciing
to which the investment industry uses reiativeiy more capitai units than the consumption
one, na,meiy Tx, > TX, the conditions for the obtention of a iocaiiy unique Stea(iy state
are more stringent. While these are triviaiiy satisfied in an optimai accumulation since the
(1 — W}() (W}( — wg’() > 0 is embedded in Proposition 3(i)a / , the formal condition delivered
by this one allows for the simultaneous holding of 1 — TX, — 7'('?;“11 2%ox, — ngll Xx.x, <O and
Iré <o, that both entail strongiy atypicai dimensionsz of the competitive equiiibrium with
externalities. Para(ioxicaiiy enougii, the siigiitiy more conventional conﬁguration described
tiirougii Proposition 3(i)a / reveals as iaeing much more difficult with local uniqueness. From

a broader perspective, a first irnpiication of the joint contemplation of Propositions 2 and
3 lies in the erasure of any incieterminacy area when both prociuction teciinoiogies tend to
compiementarity, ie., Eg(o x, —0,J=0,1 there indeed then exists at most one unique iocaiiy
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determinate steady state. Proposition 3(i)—(ii) also makes clear that a necessary condition

for local indeterminacy states as a private coni‘iguration where the share of proﬁts in the
consumption good industry is greater than its counterpart in the capitai good industry.
Otherwise stated and from Proposition 2, tiiougii an equiiiiorium Conﬁguration such that
7T3<1 > ﬂ%l can be characterised ioy an alternance of iocaiiy unstable and saddiepoint steady
states, no local indeterminacy is any ionger conceivable.

From Proposition 3(ii), it reveals that a relative sectoral profits shares reversal between

the private and the equiiiiorium ievei, ie., the simulaneous occurrence of T, —Tx, <O
and I'¢: = (77}( — wg() + (Wf{; — Wf{f)ﬂ}’(oxl + (Wf( — 7rX )2}( x, >0 — equivaienti
and from Lemma 3(i), the equilibrium production of the capital good industry becomes a
decreasing function of the relative price of the capital good —, piays a role in the emergence
of local indeterminacies. While it may then seem at first sigiit somewhat difficult to infer a
clear-cut articulation between sectoral factors suiostitutaiaiiity, oniy part of the ingredients of
Coroiiary 2 are of true interest: the outstanding ones uncover a very speciﬁc construction of
insufficient generaiity to deserve a careful anaiysis. To perceive tiiis, consider the continuous
time counterpart of the current environment with an unciianged set of of assumptions on
the tecilnoiogy : ietting 0 € Ry and p € Ry respectiveiy denote the depreciation rates of
the capitai stock and the rate of time preference of the representative consumer, the local
properties of dynamicai equiiiiaria around a steady state are then descriioed, for ¥¢ — 00 and
from Proposition 1, ijy the ioiiowing eigenvaiues:

EélX 6
1/1:—{_ -+ }((54—;0)
Efiys O+p

[ 1 — 7S )
_7TX1 - 7TX1 6 —i_ p
_Eéa
Vy = NX Y ] (0+p)
L=Yy21y:
r 01 gll
|l 1 -7, _7TX 2 X, T X, Yxox, (6 + p)
o 1 _ o (g) _ EO tg‘)11 _ 6"10 21 p ’
L (%, —7%,) + (7 =70 ) %o x, + (7% - 7R) Sk x,

From tiiis, it is straigiitiorward tiiat, in accordance with Proposition 3(i), the simpie iioiding

of TS, > T, would ensure that v, < o and thus provide a necessary condition for local
1ndeterm1nacy a suflicient condition would then be univocaiiy associated with (1 —Tx, —
Xll 2S.x, — “2 X, X, )F ¢ > o, that corresponds to Propos1tion 3<u>a/ . otherwise stated

such a conjunction is at the core of the 1ndeterm1nacy conclusions based upon the tecilnoiogicai
set described i)y Assumptions T.i—6, E.13. In opposition to tinis, Proposition 3(ii)ia / is speciﬁc
to the discrete time formulation: indeterminacy statements then iiappen to be directiy related
to the depreciation rate of the capitai stock. For the current purpose,> those solutions seem
of too poor a generaiity to compiete a generic understanding of the role of asymmetries in
factors suiostitutaioiiity and thus deserve a more advanced characterisation. The suiosequent

5The appraisai of this limit coni‘iguration is available upon request.
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statement then gives a more accurate picture of the suiostitutaioiiity underpinnings of local
indeterminacy in the benchmark conﬁguration of Proposition 3(ii)a / .

PROPOSITION 4 [ASYMMETRIC FACTORS SUBSTITUTABILITY, INTRA VS INTER*SECTORAL SPIL—

rovers & LocaL iNDETERMINACIES] Under assumptions P.1, T.1-6, E.1-3, consider an
mx, 7%, [(+1/8) > [1/6—(1-n)](1—-7%))

interior steady state such that Ty, —7% <o,
and further assume that
(i) intersectoral spillovers are predominant and intrasectoral spillover effects are negligible;
the steady state will become indeterminate if the equilibrium values of X% and X .
respectively satisfy:
a/ when I' > o, X% y. < [(7k, — %) + Wiollﬂ%oxj/wf}f and (%, — mk.)
Eon Eox .
/T < B%,x, < (=7 ) /7K
lo/ when I'Y < o, % x. > [(nk, — %) + 75 5% x| /7% and Z% . >
gol .
(1= mx,)/mx
(ii) intrasectoral spillovers are predominant and intersectoral spillover effects are negligible;
the steady state will become indeterminate if the equilibrium values of X% and X .
respectively satisfy:
a/ when I'* > o, X% y. < [(7k, — %) + Wf}fﬂ}(oxj/wi‘f’ and (7%, — mk.)
gll g11 .
/T < Tx,x, < (=7 ) /7R
io/ when I'* < o, 2%.x, > [(ﬂ}( — WB’() + W}g;lll E}(OXI]/W%" and Xy > (1 —
gll
W}(l)/ﬂxl )
Proor : Vide Appen(iix V.. A

The main insigiits of Proposition 4 may then be listed as follows. First and from Proposition
4(i), it is clear that for (iorninating intersectoral spiiiover eiiects, the Suiostitutai)iiity properties
of the Capitai gooci in(iustry will be at the core of the area for local in(ieterminacy. When it
iiappens to be associated with a relative proi‘it shares reversal between the private and the
equiiiiorium level, i.e., ' > 0 — the relative cost of the capital input becomes an increasing
function of the relative price of the capital good while the production of the capital output
is a decreasing function of the capital stock, and the equiiiioriurn prO(iuction of the capitai
good decreases as a function of its relative price, ariaitrariiy low orders for the eiasticity of
substitution of the capitai good inoiustry togetiier with relative low orders for the eiasticity
of substitution of the consumption gOO(i — the smaller the intersectoral spiiiovers stemming
from sector 1 and taidng piace in that sector, the iarger the suiostitutaioiiity measures that are
compatiioie with local in(ieterrninacy : more than unitary values for the eiasticity of substitution
ioeing, e.g., allowed for ngf >1—Tx. . Oppositeiy and still from Proposition 4(i), iarge values
for the eiastiticity of substitution of the consumption good in(iustry and arioitra,riiy iarge
ones for the eiasticity of substitution of the Capitai good one will favour the emergence of
local indeterminacies when the latter obtains under the (ioniinating influence of intersectoral
spiiiovers but the prociuction of the Capitai good remains an increasing function of its price.

Under a oonﬁguration closer to the earlier concerns of the literature and from Proposition 4<ii),

ie., under (iorninating intrasectoral spiiiover eiiects, it is now the suiastitutaioiiity properties
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of the consumption inciustry which will be central to the potentiai for local indeterminacy:
while a relative sectoral proﬁt shares reversal will still be associated with low orders for that
Vaiue, a conﬁguration where an increasing relation is maintained between the production of
the capitai good and its relative price will aiiow, as soon as intrasectoral spiiiovers in that
sector are reiativeiy smaii, for the emergence of local in(ieterrninacy based upon iiigii orders

for the eiasticity of substitution in the consumption gOOCi in(iustry.

Remark 4: The sole earlier available argument to provide a detailed account of indeter-
minacy stemming from intersectoral spillover effects and which was straigiltiy anchored
on parametric iorms is due to Nisilimura & Venciitti [20, 21] Wilo iocus on iormuiations
FO(Xo0, X103 X5, XE) = (Xoo) ™ (X10) " [0XE5 +(1—0)XE]%, 0 € [0,1], o+ 0a0+a =1
and F* (XOl,Xll) = (XOl)%l (Xll)a“, 0oy + Qi = 1. The Speciﬁcity of such a range of as-
sumptions with respect to the present one arises from the case of aggregate capital stock
externalities 6 = 1 /2 which cannot be embedded into the current framework. The current
argument departs from theirs from a constant returns to scale assumption at the private level
and unrestricted formulations for the production teciinoiogies, but also the price-related nature

of spiiiover offects. In that latter respect, a formulation whose properties would more Cioseiy

mimic theirs is the speciﬁcation Fi (Xoj, X 1j)H J (Xf ,X¢ ) sketched tiirougii Remark 1. &

Remark 5: The formulation (1) for the prO(iuction teciinoiogies is somewhat speciﬁc in pos-
tuiating a muitipiicative separai)iiity property between the intrasectoral and the intersectoral
external blocks in the prO(iuction teciinoiogies. Tiiougii it could be modified to a formulation
FJ (Xoj,le)Gj (Xf;/Xf;,Xf;,/Xc‘f;,) where GI(-") Woui(i, e.g., assumed a C.E.S. silape, this
would let essentiaiiy unaffected the current argument. A more stimuiating extension would
build from a speciﬁcation FJ (Xoj,le;Xfaj/X(‘f;,Xf;,/Xf;,) when ngoXl # 1: at the equi-
iii)riuin, substitution mechanisms between the private inputs would be (iirectiy affected ioy
spiiiovers and in which regarcis this could relax the conditions for indeterminacies is unclear

at that stage. &

An eventual class of Won(ierings pertains to the articulation of these muitipiicity results with
the potentiaiiy unusual features of the E.P.P.F. described tilrougii Lemmas 4 and 5. As for the

scope for a convex EPPF, Proposition 3(ii)a/ is unamioiguous since it cieariy assesses that
the occurrence of (1 —Tx, — ngf 2%.x, — 77)‘”? Xk, Xl)Fg > 0, that underlies the details of
Proposition 4, cannot be reconciled with the satisfaction of Lemma 4(ii) when TS, > Tx, 6 In

opposition to tilis, the consideration of Lemma 5 and of the associated modified definition
of sui)stitutaiaiiity mechanisms that underlie the introduction of an E.P.P.F. uncovers an

interesting articulation:

COROLLARY 2 [AN—EPPF UNDERSTANDING OF THE MULTIPLICITY RESULTS]. Under Assump—

tions P.i, T.i—ﬁ, E.i-3, consider an interior steady state, then it is locally indetermi-
nate if % > 7%, |7k, — 7% [(1 +1/8) > [1/6 — (1 = n)](x — 7k.), ¥fey. < 0 and

GThougii the consideration of Proposition 3(11)]3 / would deliver more conclusive results in this perspective,
it has been argueci above as i)eing non-generic and thus not well-suited for the generaiity which has been

sougilt tiirougilout this contribution.
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1—7y — T Y% x, — T Tk x, <o.
Proor : Follows from the consideration of Proposition 3(ii)a / and Lemma 5(iii). A

Otherwise statted7 it is the potentiai for compiementary outputs and the increased role factors
substitutability that derive from Yoy <0 and Ef;o . > 2x,x, that lies at the very core of
the scope for local multiplicities.

Sections H, Il and IV ilaving been strongiy concerned with metiiocioiogicai issues and the
interest of an E.P.P.F. approacii7 the suiosequent section will i‘inaiiy be aimed at exampiiiying
its potentiai interest for the appraisai of sui)optimai heterogeneous gOO(is environments under
alternative ranges of assumptions on technoiogy and preferences.

V -~ A Comparison with RELATED LITERATURE
& Some ExTeNsions

Vl - APPRAISING AN ALTERNATIVE CONCEPTION OF SPILLOVER EFFECTS THROUGH AN EPPF
APPROACH: THE (<SECTOR—SPECIFIC » ASSUMPTION

A generaiise(i — unrestricted — formulation of the class of externalities augmented Cobb-
Dougias prociuction tecimoiogies introduced i)y Benhabib & Nishimura [10] and then gen-
eralised to a n gooeis argument, an unbounded growtil environment and to discrete time
formulations iay respectiveiy Benhabib & Nishimura [11], Beniia]oii), Meng & Nishimura [7]
and Benha]oii), Nishimura & Venditti [12], Nishimura & Venditti (29, 30] and surveye(i ioy
Nishimura & Venditti (31, 32], arises from consumption and investment good sectors which
would respectiveiy satisiy:

(12&) Y;O S F° (Xoo,ta Xlo,t;Xgo,beo,t)?

(12b) )ftl < F* (X(n,t;Xll,t;X§1,t7Xf1,t)7
X€

11,t

XS

10,t

where Fo(, X¢

00,1

) and Fi(, X¢

01,t?

) are suppose(i to fit Assumptions T.1-6 but
the fact that they are now both assumed to be such that their associated scale elasticities
satisfy:

y] = i(aFj/aXO])XoJ + (aFj/ale)le}/Fj < 1.

The consideration of a competitive equiiiiarium with externalities will however modiiy this
(iecreasing returns to scale property that will turn into a constant returns one at the equiiii)rium
ievei, nameiy and for .#9:¢ that features, aiong the E.P.P.F. range of i(ieas, the scale eiasticity
aiong a competitive equiiiiarium with externalities:
& : : : N e
S1E = [(OF? |0Xo5) Xoj + (OF7 |0X ;) X5+ (OF7 JOXT;) X,

+ (0F7 J0XE) X5 JF7 = 1.

Otherwise stateci, it has systematicaiiy been assumed i)y these authors that Wg(o + ﬂg(l <1
while ﬂﬂfo +7T?X1 +7T§Oj +7r§1j =1, ciecreasing returns assumptions iaeing retained at the private
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level whereas constant returns to scale were assumed to prevaii at the level of the competitive
equiiii)rium with externalities. As this aireaciy appears in the expression a]oove, external effects
in the production set also univooaiiy stem from the Specii'ic sector where tiley appear and this
procee(is in the ioiiowing way:

ASSUMPTION E.4: V(Xg

07’

X1;) € Ry xR, aFj/aij] > 0, 3Fj/3ijj >0, j=0,1.

A major difﬁcuity emerges in the perspective of recon(iucing the graciuai formulation of the
E.P.PF. which was compieteci in sections H, [l and tiirougii the introduction of T (-; o St), the
matrix .=, Lemmas 1-2 and Proposition 1: under Assurnption E.4 and for unitary equilibrium
scale eiasticities, T(-; o Et) exhibits decreasing

returns to scale. Such a conﬁguration impiies, among other compiicated ieatures, that the
elasticities Hessian matrix M= is of rank tiiree, a one-to-one articulation between costs and
prices and the entailed Stoiper—Samueison theorem being no ionger available.

In order to reme(iy to those (iigicuities, an alternative — less satisfactory on a theoretical
basis — approacii will prooee(i from repiaoing the integrate(i view of the P.P.F. and the
E.PPF. lay a sole focus on the properties of the E.P.P.F. Letting again Zg(o X, feature the
sectoral eiasticity of substitution between Xoj and X 1j In sector j an(i, ]ouii(iing on their

formally related formulations, Zf;ojxfaj: = (0F7/0X,,) (@Fj/aXfaj) / (62Fj/0X0j6Xfaj)Fj
and Zﬁlefj: = (0F7/0X,;)(0F7/0XS;) | (0°F1/0X,;0XE,) Fi denote related substitution-

likeT external coeﬁicients, the foiiowing symmetry assumption will be essential to the possi]aiiity
of reaciiing clear-cut conclusions on the second-order features of the E.P.P.F. with sector-

speciﬁc externalities:

Assumprion E.5: Production teciinoiogies are C.E.S.: ngoXl = x¢ = x¢

: ) =0, 1.
Xoj XE, X xE0 ;

Consi(iering a competitive equiii]oriurn with externalities defined under Assurnptions P.1, E4-5
and C.E.S. prociuotion technoiogies, it can be shown tiiat7 for

zZ¢ = Y. X, Tx,TX,
+ (7, mve fmx 7w + (7%, mx /75, mx,) (T, mve /e, )70 ] P x,
+ [, v fme, ) m + (mh, e, /7%, mx,) (T, e /7, )7 ] Pk x
D= (mx, +730) (%, +7%) = (7%, +750) (7, + %))

(mk, +75%0) = (7%, +757),

7These expressions do not anymore satisiy the symmetry dimension associated with the canonical

definition of the elasticities of substitution.
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the matrix of the Weighted second-order elasticities of the E.P.P.F. in turn states as:

_ L -
s | Tz |y
r T, Tx, X%, %, 2
1— 7r§’(1 — Wf&"
i G |
y {1 B %X, 1— T, 1
W}(I ﬂ'g(o — W}(O 7T§(1 W}(IWB’(O — W}(Oﬂg(l

Facing with the scope for a convex E.P.P.F., it derives that Z¢.y. >0 for X, Tx, ~Tx,Tx, <
o and (7‘(‘% +7r£ )(ﬂ'X +7r£ ) — (7TX +7rg )(ﬂ'X + “) > 0 since Z¢ > o but that
_fg x, <O and u)@f— x, < 0 are to continue to hold since 1 — 7rX — 7T§9° =7k, + 7Ty oo > 0.
A convex EP.PF. would then obtain for EY iy T E X x, + = X x, >0 but the underlying
conditions are more stringent than for the current argument. Also and 10ng the range of ideas
of Section HI, the competitive equﬂibrium with externalities trade-offs between the inputs and

the outputs are now described ]ay
% = Tx.x,
(W o 7, )W+ (ne, T, /0 ) (W e, ) 7] T,
+ [(mx,mv /e )mie + (7 e /7 ) (R, v )7 ] 5k x
25?0)21775(0 TX,

(rx, = 7% ) [(7k, +7%2) — (7%, +7%°)]

& —
EYUYI -

a configuration with Eyoyl <oand ¥ X > Yi %, being again available for Tx, Tx, —

X,
X, X, <O and (7%, + 7TX0 ) (7%, + 7TX1 ) = (7%, + Wf}f) (7, + ”)grlol) > 0.

Facing then with the area for multiplicities and from a straightforward adaptation of the line
of reasoning developed for the proof of Proposition 1, it reveals that the treatment of the
existence / uniqueness issue is signiﬁcantly simpliﬁed with respect to the one of the present

contribution since, for thl/Xo—m (775(1)5/(7@/1)& >1/0—(1—n) > limxl/xo_}oo (ng)g

/ (Wyl)g, there exists a steady state that is unique.

Fouowing the approach of Proposition 3 and adaptating the expressions of the system (11) to
the contents of P roposition 9, it is readily proved that when such an E.P.P.F. is considered in
the neigh]oourhood of a steady state and X¢ — oo is further assumed, the explicit formulation
of the eigenvalues is available as:

) v = BT~ ) + 1= 00 - i, 2
3 * W}(l WS’(O — WB’(IW}(O 1)
& o &,
(7.‘-;(1 + ﬂ-Xlll ) - (7TX1 + 7T )
(13b) v, = oo

o 5(1 —n)[(w}(I +7r§@(111) — (7?3’( +7r§°1°)} +[1—6(1— 17)](1 — T, — T )

The area for local indeterminacies and the role of factors su]ostituta]aility in that perspective
are then delimited by first noticing that, for T, /T, > T, /T the steacly state cannot be
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iocaiiy indeterminate. In opposition to this and for T /T, > T, /T further let n=1,a
sufficient condition for local indeterminacy boils down to the holding of T, /T, — T, /T, <
0 and (7%, + Wf()/(ﬂ}(o + 773%;101) — (7%, + 7r§°1°)/(7r§)(0 + Wf{;’) > 0.

Some limitations to the actual revelance of such a result however emerge:

— First, the above insights (iirectiy result from the retainment of .7 < 1 and .79¢ = 1,
Jj=o0,1 that, when combined with Assurnption E.8, irnpiies decreasing returns to scale at the
private level. Such microfoundations may not be entireiy acceptahie as the (ieparture from
constant returns to scale at the private level entails the existence of proi‘its which are not
expiieitiy taken into account in the anaiysis. Notwithstanding such generai concerns about the
actual micro-foundations of such a conjunction on returns to scaie, it may be observed that the
approach cieariy rests upon a cieparture from a standard constant returns to scale hypothesis at
the private level — and thus an atypical coni‘iguration — in order to raise irreguiar conclusions
at the equiiihrium ievei, that iirnits, at least a first sight, their actual interest.

— As soon as any piausihie intersectoral dimension for external effects is considered
together with an Assumption such as E.4, be it with or without E.5, any possihiiity of a
clear-cut argument resting upon factors intensities in the spirit of Propositions 1-3 deiinitiveiy
becomes out of order.

- Perhaps more iun(iarnentaiiy , any first-order role is erased for sectoral substitutability
in the determinacy issue, i.e., and as established in [15, 18], exactly the same unappealing
features as a convex bi-sectoral optimal growth environment. But this is an artificial and direct
outcome of Assumption E.5 — this boils down to assume, aiong the recent contributions of
Nishimura & Venditti (25, 26] and their surveys [27, 28], C.ES. parametric formulations for
the two sectoral prO(iuction technoiogies, Eg(o x,»J =01 heing thus a constant — that would
not generaiise to an arhitrary theoretical production technoiogy under the <<S€CtOI‘S—SpeCiﬁC »
assumption EA.

V2 - ALLOWING FOR NON—LINEAR UTILITIES

V21-A Stationary Environment

While the prece(iing statements eniighten, through Propositions 2, 3 and 4, the role of
the heterogeneous measures of factors suiostitutahiiity, narneiy X% x, and Y. x,» in the
(ieterrninacy properties of a competitive economy, they make no expiicit account of the role
of aggregate factors suhstitutahiiity, ie, Xg x.- As previousiy rnentione(i, this is a direct
hyprO(iuct of the retainment of ¥¢ — oo on the interternporai preierences of the agent. An
undesirable irnpiication of such a limitation results from the direct articulation between this
eiasticity of substitution between the aggregate values of the inputs and the eiasticity of
substitution between the two outputs Xyoya: otherwise stateci, hy ietting )¢ — o0, one cannot,
(iirectiy appraise the role of finite values for the eiasticity of substitution between the two
outputs and thus of a nonlinear P.P.F. in the emergence of local indeterminacies. The formal
(iiihcuity in reiaxing such an assumption on preierences essentiaiiy results from the expression
of the equiiihriurn first-order derivatives that are concerned with the level component (1) of

3l



Equiiiloriuin Production Possibiiity Frontiers

the E.P.P.F. in Definition 2 — ietting ¢ — o0 oppositeiy allowed to speciaiise the anaiysis
on the prices component (ii) of the E.P.P.F. in Definition 2. Considering indeed Definition Z(i)

and introducing, along ZE.v. through (12) and from Lemma i(i), e.g.,

&
nl o oT /aXO)X(zg
° — (oT/0Y™)

= TXo T TXE /XE, (R, /Ro0)Xe T TXE/XE (R, /R0 X

it is imrnediati derived iong the constructive approacii to Proposition | and ietting
Ve = (7Tyo7TXOO —|—7ry17rX )Eg’( x, T (7Tyo7TX —|—7Ty17T )E;( X, ,tilat

/

i VE(rk —7%) ]
7TY1 _ 1 1
e 7 Z@@Z’XOXIWXOWXI
7TY1 V(fga,n.o
& X
o _ _ _ _
6 °© Z°Xg %, Tx,TX,
X1 Vg(l_ﬂ.O )
T + X,
X, EY . _ _ _
L A 2X0X17TX07TX1 |

For W (v) = (1/ — V1>(l/ — 1/2) — o the characteristic polynomial of the Jacobian Matrix,
necessary and sufficient conditions for local indeterminacy list as the joint hoiding of Y (0) < 1,
#(—1) > o, #(1) > o. The first of these conditions is of special interest — it is also
the Conceptuaiiy simpiest one since is mereiy invoves one coefficient of the characteristic
poiynomiai,i.e., the product of the eigenvaiues — as it Corresponds to the ioreai{ing of one
of the buiiding blocks of optimai growth tiieory, ie., the pair roots structure of the Jacobian
matrix. While its canonical value usua”y states as 1/4, it is readiiy shown® that the condition
# (0) < 1 here writes down as:

(n{ﬂiﬂxl S U 8 } P G Wi ¢ }

ﬂ-Yo ZéaﬂXOWX12XOX1 Zéaﬂ—XOﬂ-XIEXO)?l
1/ 5° VE(ry, —n%) 1 T(rk, —7%)7mx, )\
+ (- Tyr = g y gl i e 1
Tyo Zénx 7%, X%, %, ZeMg, %, 2%, X,
Tx, [1/X°¢ V@@(ﬂ'}( —71'% ) Wéa(ﬂ'}( — % )7TY1
X 577_1 ﬂ-Yl + ye 1 1
Ty: | Tyo A T TX, 2)‘( X, Z WXOWXIEXOXI

1/X¢ VE(rh — 7% Iré(ny —n% )rg
it { Ly, Pl o) ) e )
o X, 2T Tx, 2%, X,
for wé.=1 -7y — xox9 — g&o st . Otherwise stated, even for one of three coef-
X, X, X, X, X, T X0 X,
ticients, an integrated view of local indeterrninacy that makes expiicit account of intertempo-
ral substitutaioiiity in consumption, aggregate measures of outputs substitutabiiity, asymmet-
ric sectoral understandings of factors su]ostitutabiiity and intra versus intersectoral spiiiovers

8The details are available upon request.
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sounds unreachable. A much more appropriate environment in that perspective is ougiit to
build from a two—period overiapping generations setting of the kind considered iay Cazzavillan
[13] in an a,ppraisai of an aggregate increasing returns teciinoiogicai set. The simplicity of the
basic understanding of interternporai preierences inherent to these structures should permit

&

to circumvent the current difficulties associated with the appraisai of X¢ < .

V.2.2 — Unioouncie(i Crowtii

As stressed tiirougil the above section, a limit to the insigiits of Proposition 3 and Coroiiary
2 stems from the assumption Y¢ — oo. An alternative and simpier way of iian(iiing finite
values for the intertemporai eiasticity of substitution would stem from the characterisation of
unbounded equiiiiorium growtii solutions within a two Capitai goods environment, one of which
would be a mixed good, say 1, that can be consumed or accumuiate(i, while the otiier, say
2, is a pure accumulation one. The Production Possiiaiiity Frontier would then formulate at
date t > o as: YO = T(Y;l,Yf; X, Xos é"t) Aiong the approacii of Proposition 1, it is rea(iiiy
shown that the Hessian elasticities matrix states as

1
1 éall 1 _ éazl 2
B Tx, T 'YX x, —Tx 2%, x.
e%’:‘é“ﬁ = 1 2 é‘)11 éa12 1 6621 éazz 2
[ Mzs4] (7%, —7%,) + (75 —7%7) Dk x. + (7% —7%7) D% x.
1 é611 1 é:’21 2
1—7x, — Ty Yk x, T Y% x,
1 2 é:711 g12 1 é()21 é"22 2
| (7%, —7%,) + () —7%) Tk ox, T (0 1) 2% x,
(nk, — 7% )¢9 } { . 1—7, ]
X |— o 1 —
_ _ _ _ é"g 1 _ 2 1 _ 2
X, 7%, 2%, X, 2 Tx, ~Tx, Tx, ~7x, |

769 a coefhicient iormaiiy related to Z¢ in Proposition 1. As this is proveci in Drugeon

for
[17], a block (iiagonai structure is recovered for the Jacobian Matrix and the local behaviour

around an equiiibrium growtii ray k € RY will be governeci iay a spectrum made of v, = 1,
v, =1/6k* /" and

T e N | et Oy
Vs = spi-i/ze + %, — Tk, - Sk
I DS S (5> = 6(x = )]
%, — Tk, 0K ’
_ 01— m2) ] [k, + 7% Sk x, + 7 T x,
e e YT IR 1
51— 2 & p! _ o Ean 32 —1
(=) [r—m%, -7 Tk x, — TSR x
T e 57 B

where 16k > 1, kMY > 5(1 — 771) and /% > 5(1 — 172). A detailed ciiaracterisation,
noticeaioiy the need for T%, > Ty, In order for indeterminate growtii rays to emerge, is
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available in Drugeon [17], noticeaioiy in the non-trivial role of the iieterogenous depreciation

rates of the oapitai gooris in that perspective. &
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VII - Proors

VIll - PROOF OF LEMMA 1

(i) Two relations between the technologica] parameters shall extensively be used in the
su]osequent argument:

7-‘-,())(1/(1 - ﬂg{) _ N01/(1 - Hm) ,

w0 =my) /(0= )

1 =Ty, W;(I 1= [y 1_7-(3(1 1= los

Ty X,  Haa 1—=7%, Mo

For e:= [1 1], 1etting 2 2, i and %1‘5 - Z¢ i = o,1, respectively denote the

0
differentiated expressions of the rental rate of input 1, the relative price of the capital good,

the amount of input ¢ used in sector J and of the ratio Xf@j /Xf;-, the system of sectoral

optimahty conditions imphes :

2° 25
] = | TR | (e ) enfe (228 - 20+ enf (2 - 220)

0 PR
] o= | A | (- ) v (220 - 200) e (225 - 220)

In parauel to this, 1etting v and Myi, 1, = 0,1, respectively denote the differentiated
J

expressions of the production of good 7, the available amount of input j and the share of input

o used for the production of good 7, equilibrium levels of production give:

7_‘_0 0 7.‘.@@00 7.(.(910
gy o %00 _{_6% + X c3Z‘10 - %OO + X Xa ‘%'165 - ‘%;)ﬁ
@1 o %01 ° 1 <%‘11 - ‘%‘01 gol ét)11 (%‘léld - <%;)éla ’
0 Tx, ™, Tx,

for the differentiated expressions of factors shares that derive from the full emp]oyment
equation (1 — fto1) (X10/Xoo) + for (X11/Xo1) = X, /X, as:

Hiottor  H11fox Mo
%00 |: Hiofor :| ’%'10 - %oo n
M1 — — Hoo Hoo Hoo . — 1.
{'///01] Hoo X — X + e o]
—Hio —Hi11 1

Hinging upon the relation Wij /Ty = ﬂé( /Tx,,1,j = 0,1, it is obtained that this reformulates
to:
773(0 Ty

] _ [t (5T

1

o) 1 1 1
7TX17TXO 7TX17TXO7TY17TY1

_ 0 _ .0
+ Tx, Tx, Tx Tx Tyo %10 - <%'oo
7T§(1 Tyo 773(17TY1 %11 ’%01
7TX1 7TX1

Al
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It is derived that:

_ 1 -
(6]
2
E(QO—QI) 0 ! %10_%00
Q - Z‘;(oxl %1 - r%/-01
' '
[ 2%.x, Yx.x,
(0} 0
& &

- 0 0 [fg - ﬁg} ,

whence an articulated view between relative costs and prices that is parameterised by the

vector of spiHover effects:
2= 00 = |2+ (% — ) (25 - 20%)

+ (=T (2 - 28)| ) vk, =)

Integrating this relation into the differentiated expressions of Yo and Y, the expressions of
outputs as functions of stocks and prices derive, noticing that:

(W}(l — W%l)ﬂyoWyl/WXoﬁXl = (W}(I/WXl — W}(O/WXO)Wyl,

as
T Tx,/Tyo | TX, Ty, /Tyo
vel_ | ™ — 7%, ™, T | [ 2], [B] o
o %, Tx,/Tys T, Tx, /Ty 2 B,
1 (o] 1 o
7TX1 - 7TX1 7TX1 - ﬂ-Xl
& &
n C,, Cis ,%”lga - %0@3
Y

Co, Coxl| | 25— 25

for the components of the vector that relates outputs to prices that are given, integrating the

expression of the elasticity of substitution between the aggregate values of the inputs, ]oy:

o) 1 1 1

Ty T Ty T Ty

_ o X, "X, o X, " Xo Y 1 1 o

Bl __{|:7TX1 + 7Tl —7TO :|2X0X1 + 7T1 _7TO T ZX0X1 (T‘-Xl _ﬂ-Xl)
X, X, X, X, "ye

TX. 7%, 2%, X,
2
1 o
(Ter — 7TX1) 7TYO

o o] (0] 1

B, = _-J_ X, TX, 7TY020 +lrr = X, "X, P! ( 1 .o )

2 = T o XoX, X, T o XoX, Tx, = TXx,
7TX1 7TX1 7TY1 7TX1 7TX1

Y

%, "X, 2%, X,

(W}(I — 7r§<1 ) 27Ty1

Y

LA2
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while the matrix that relates the outputs to the various components of the externalities set

details as:
1/7TYO B B o
Cll 012 — 71-AX—O/]T‘XIZl)(o)(l [ Eo1 _ oo Err glo]
C C - 7.‘-1 _ 7.(-O 7.‘-)(1 7-‘—)(1 7.(-)(1 7TX1
21 22 _1/7TY1 X, X,
Soo 1o
T™x, Tx,
+
é601 (g)ll
7TX1 ﬂ-Xl

Rearranging, it is i'inaiiy obtained that:

(rk. — %) Tyo O yol | mx, —Tx,||7x, O Zo
Xa Xa o my: | |¥* -T%, TX, o 7mx | |2

Tx,Tx, 2%,%, | —1 Eor & Eor & & &
= 7:1 _ 7.‘.oO 1 il _(ﬂ-Xo1 - 7TXOIO) _(ﬂ-X1 - WXIO) ] %10 - '%00
X X ,%”l‘f — %f;
&, &,
+ (ﬂ_1 70 ) Tyo 0 TrXolO 7TX10 ’%/f)& - %od(gi
Xl B Xl g) 1 11 é? —_ éa :
0 Ty 7TX01 71'?21 Vﬂbl/'ll %01
Summing over these two equations, it emerges that:
& & & & &
[7ryo 7ry1] {@1 = iWXo TX, 7Tyo7TX01° + 7TY17TX011 7TY07TX110 + ﬂ'ylﬂXlll ]
Z,
o 2,
& &
3{120 — ‘%008
A A

The statement follows.
(ii) From a simpie rearrangement of the expression of the production of the investment gOO(i,
it is obtained that:

Te Tg Xv v | ° v
— Xo Xl X0X1 1 o o _ (¢] —
92 = { raa—— } [Ty (7rX1 —7TX1) —T%. TX, 7TX07TX1] Z,
X, X, %—1
_ — _ (5"01 o éaoo /
T, % Y%, x, (T - 1) Eor
Tl — o x, tyr qgE _ &
+ R S 8 _ 5%
TR TX IR, % (T X)) Zh = 2o
7Tl _ ,7.(-0 o ﬂ-Xl 7TY1
X, X,
Noticing that the system of first-order conditions para,iieiy impiies
o
X
2] _ | T |,
1| = o
2 T,
1 o
7TX1 - ﬂ-Xl
o g 1 g (o] g11 éa1
&, (5 — 7y 4 oafeo X (ryr —7%?) 4 g0
- P T™x, — P — Tx, pE _ &
+ S 2 S 2 { 8 "@i
o o 11 10 J—
T8, (15 — %) 4o X (mer = 75?) 4 o 25— Zox
Tl — o TX, N — TX,
X, X, X, X,



Equililorium Production Possibility Frontiers

Rearranging, the expressions of the statement become available. A
iii) The differentiation of the equations of the statement — that follow from the assumption

of freely shiftable inputs between the two sectors — uncovers the features of w7 (1),j=o0,1as

respectively:
1 _ _ _
gcu éa11 EX0X1 7TXO7TX1 ZXoXl %‘ % J—
T, TTX, 0 _(1 _ .0 )20 ( o 00)_
XoX, Tx, —TXx,)“X,X,
(Wxﬁxlzxoxl) 2
1 (o] 1 (o]
T™x, — Tx, T™x, ~ Tx,
_ _ o Eor &, /
Tx, 7%, Ux,x, (T — 1) &,
. — 79 T X,y Xeé _ ¢
+ . { 2 4
1 _ )
%, T% Y%, (T ) e L= 2o
) Tx, Ty:*
X, X,

and (20— 20,) = (E}(OXI/E}’(OXI) (20— Zoo), for the expression of 2 that was available
from (ii). A

VIL.2 - Proor or Lemma 2.
Integrating the definition of the equili]orium, the ﬁxed—point to be solved ]:)y the system of

demands expresses as:

_ _ _ éa01 _ é?oo éall _ glo 1
Tx, X, 2%, X, 1 Tx, —Tx, (WXI Tx, )EXOXI s 2 ) —
R W——" 29 + Ty — 7S (7?1 — 79 )20 ( o OO)_
X, X, Xo X, X, X, X, X, XoX,
T, X, 2%, X, " 2
1 o 1 (o)
Tx, —TXx, Tx, —Tx,
Simplifying:
o
Lo — Foo = >, x, 2
10 oo —

(M, = 7%,) + (757 = 780) D%, + (7% = 780) S x,
and integrating that (3%”11 — %”01) = (E)lfoXl/E?(oXl) (%10 — %”00), the statement follows. A

VII.3 — Proor or Levma 3.

Integrating Lemma 2, it is immediate that the matrix that related the outputs to the various
components of the externalities set in Lemma 1 reformulates as a vector that relates these
outputs to the relative price of the capital good. For ¢ = (W}( —T%, ) + (7‘('39@(011 —71'35:—010) 2% x,t

(ﬂf( - 7r_‘§?1°)2}(0 X, the first of its components details as:

_ — _ B é‘701 _ éooo o éﬂll _ é610 1
_ TR, 7K, YR X, L (rx = m0) Dox, + (7% —7x0) Tk, x,
(71‘}( - 7% )7Tyo I r¢
&, o &. 1
+ X% o x, T Yy, x,
_ _ _ _ B éooo (6] d’?10 1 1 (0]
T, Tx, 2%, L+ (5 X% ox, X Tk x,) (Tk, — 7TX1)7TY°]
(W}(I — Wg(l)f'@@mzo I T, Tx, 2%, X,
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Completing the same approach, the coeflicient that relates the equihbrium production of the

capital good to its relative price is similarly available as:

_ — _ 6)01 [¢] (5"11 1 1 . o
T%, X, Y%, X, (T S x, T Skox) (T, — 7 )Ty
1 _ 0 & _ _ _
(rk, = 7%, )4y TXoTX, 2 X, X,

Merging and noticing that the matrix that relative equili]orium outputs to stocks is let
unaffected by the consideration of a competitive equihlorium with externalities, the statement

follows. A
VIL4 - Proor or Proposirion 1.
Solving between the differentiated expressions of Y° and Yt it derives that:

Ty 1’18

— . o)
._1Y1Y1 — B Zéﬂ (7TX1 7TX1),
7TXO7TX
o
=& _ X, —&
—Y1X — —Y1Yy1
S
o
=& X, =&
._4Y1X1 i 1 _ o A—IYIYI
7TX1 7TX1

In paraﬂel to this, noticing that

_ o éaoo [¢] éalo 1
(7%, + 75 2% x, 7% Tk, x,)

(2° &\ —1
o) (") 8, & Z
1—7x, — T L% x, X2, x,
and rearranging, the expression of the matrix M= becomes available. A

VIL.5 — Proor or Lemwma 4.

Firstly restating the principal diagonal components of the Hessian Elasticies Matrix:

&
S A G Ay S
vy Ty, mx, Z6 0 T
(0] (o] Cg)oo o 5)10 1
R TX, (WXl + 7 L%, x, T X, EXOXI)
—XoXo T

B _ _ _ _ 1 (0] é601 (0] é{’11 1 _ _ _ _
Ytz Tx, T, 1= (7, = 7% )1y (7 Exox, T Tkox, )/ X% 7%, 77, )
o o Eoo Y10 E1o y1
—& X, (1 — Tk, ~ T Y%, x, — X, Exoxl)

Eroxmx,rx, 1 (T, — 1% )1y (T Bk, 1% Py x, )/ TR 2. T, TR,

The scope for E}‘gﬁlyl > 0 hence happens to be univocaﬂy associated with the possible
occurrence of I'*Z% < o. Such a conjunction in its turn emerges under two distinct

conﬁgurations:

(7"3(1 - W())(l)m” (

gl (¢] g11 1 &
P — S PTG S S Y%.x,) <0,I® >o,
XX, "X, TX,

a/ Tx, >7Tx,, 1-—

b/ 28>0, (nk, —7%) (7%, —7%.) + (7% — 78°) %ox.

F (e — 70 Shx ] <o

S AD



Equiiiiorium Production Possibiiity Frontiers

In paraiiei to tiiis, the occurrence of E)”?O x, >01s obtained for

Finaiiy, the scope for Ef; x, > O emerges under the occurrence of one of the two foiiowing
conﬁgurations:

(W}(I — 7TX1)7TY1 (

5 - - 1Zj)()( +7T ZXX)<O7
X X.Tx,7X,

a/ Tx, > T, 1-—

o) &, 1
1_7TX —WXOOEX X, 7TX102X0X1 > o,

&
b/ I—W%I—WXOJ-OEE)(OX _T(-XOEXX <O

1 —

(7'('X1 —7TX1)7TY1 (

&, 0 & 1
27 - - - T‘-XOIIEXOXI +7TX1112X0X1) > 0.
XX, TX,TX,

1 — To sum up and for Z¢ < o, the simultaneous occurrences of E¢.y. > o, E}’f—o x, >0 and

E)‘”? x, >0 would be guarantee(i when the ioiiowing inequalities are further satisfied:

(i) (k. = %) (7%, = 7%,) + (7% = 78°) Zxox, + (780 = 7%0) Thox.] > o,

(ii) 1— 7%, —WXOOEXX —WXOZXX > 0.

2 - In opposition to this and for z¢ > 0, E}’?DXO < 0, SO that a convex E.P.P.F. can

iy be oiatained under the simultaneous occurrences of E{gjlyl > o, :}5; x, > O and

‘_’Y1Yl _i’ ‘_’X X, + E)(Q?le > 0, narneiy

(i) (7%, = 7%)[(7k, = %) + (7 = 7%°) T%ox, + (7% = 7%°) Tk, x,] <o,

- 0 &, 1
(n) 1— Ty, —WXOOZX x, —Tx Xy, x, <O

for the two first relations while a sufficient condition for the iioi(iing of the third is available
as the satisfaction of E)O?OXO + E)@?}Xl > 0 that in turn iorrnuiates, under Z¢ > 0, as:

o o & o &y 1 o &1 1
(Hl) %, (T, A0 S x, A7 Tk x,) < (17%,) (-1, — 7 Dk, TR Tk, x,) -

[tems 1 and 2 provi(ie a set of sufficient conditions under which the E.P.P.F. as defined througii
Definition 2 from Té(+-,), [6T(-; . -)/aYl]g, [3T(-; ° -)/('J?XO](ga and [3T(-; ° -)/(f)?Xl]Cga be-
comes a convex equiiibrium function. A
VIL6 - Proor or Lenma 5.
The derivation of Ef—(o X, and XE,y. proceeds from the consideration of:
)/to S;é” ,0
[
L AD. ..

(1 Xl t/Xant)
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that, in differentiated terms, states as:

Ty [y + 7S Jmy Ty [Ty + 7S [Ty
(7%, /7y XI/Y)WXO%O_(XO/Y XO/Y)WX1%1

1 _ (e} 1 _ o
Tx, — X, Tx, — X,

YO - =

TX,TX, 2%, X,
(k, — 7%, )¢

(mk, = %) (7% = 75) Pox, + (7% = 7%7) Pkox ] ]
2. X, Tx,TX,

—(1/7Tyo + 1/7Ty1)

+

and from the Su]osequent consideration of the equﬂibrium coeﬂ:icient that relates q: to the ratio

wi Jwy, namely (7@( —7'('3)(1) + (Wf:- —7TX )EX X, +( —7TX )EX X, that eventually gives

2% cmxomx, = (1%, 7% Tye D%, x, + w;m;( v Sx.x.)
(e, m ) R - ) Sx, (7R - wilf)xkole

(ryomys)  Tx,x,7x,7x,

Y

& _ _
A V5 %X,
yoyr Tyellyr = (771 S )[’éa'
X, X,

An interesting property of the two above expressions states as follows. While it can be shown
that, in a standard convex two—goods World, Yyoy: > Xg %, this inequality can be reversed in
the course of a competitive equﬂibrium with externalities. Already refering to a conﬁguration
that shall reveal as ]oeing at the core of the su]osequent multiphcity argument, one may indeed
notice that for TS, > Tx, and (7‘(‘3(1 — 7rf§<1) + (7'('?;011 — Wf(OIO)E‘j(OXl + (ﬂ'f}; — nglo)Z}(OXI <o,

one o]otalns P >Yg %, >0> Zﬁoyl, namely a conﬁguration where the su]ostitualaility

X, X,
between the two aggregate values of the inputs is increased with respect to its standard

formulation while the two outputs end up as ]oeing complements in place of substitutes in

the benchmark convex case. A

VIL.7 - Proor or Proprosition 2.

(i) This clirectly follows from the definition of the steady state.

(ii)—(iii) The steady state expression of the rate of return on the capital stock reformulates as:
(W)?l)g(nX1/Xo; 1, XI/XO)
(ry+)* (nX2/ X031, X,/ Xo)

Letting 7(-) denote the L.H.S. of this equation and Sr/x,/x.): =T (X, /Xo) x (X1/Xo) /T (X, /X0),
it derives that:

= [1 —0(1— 77)}/577.

Er/x,/x) = (S%, v + Evaya )y + (5%, x, + SVax,) 7%,

(o]
1—Tx, _WXOOEX X, _WXOEX X,

= 1 —

(7%, —7%,) + (Wf( _WX °) 2% x. + (7% _7TX ) X% x,
X (‘:’51)(171-)21 +Sy1y17TY1)
— (1—7TX 12X0X _ﬂ-XlZXX) Ty:

AT
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The statement follows. A

VIL.8 — Proor or Cororrary 1.

(i) In the C.E.S. case and for Co]o]o—DouglaS functions for the spiHover egects, ie., for :

FO(Xoleo) [(1_04)( )( 00)1—1/23(0)(1+aXlo(X10)1—1/E§(0X1]1/(1—1/2§(OX1),
P (Xon X0 = [0 ) (Xon) /705 iy, () TR 07 )
( éa)axl GlO(X(g’ Xéa) ( /X )OzX1

GOO(XG? Xg) o

00?

G01(Xé" Xé") ( 1o/Xoo)aX1 Gll(Xé" Xé") ( fal/Xct)ﬁ"l)O‘xl,

00? o1?

the definition of the steady state boils down to:

fjj; = [1=6(x—n)]/on,

{.OI'
ax,, (X11/X01)1_1/2’1"0X1
(1 — aX11) + ax, ., (Xll/Xol)l 1/2)(0)(1 )

N =M1 (X11/X01)_1 [(1 — aX11) + ax,, (XII/X01)1—1/2;<0X1]
11

X ()(10/)(00)0[?;01 ( 11/X01)aX1 ,
Cax,, (X /X)) TR g (Koo Xee) T PR
1—-aoax,, 1—ox,,

1/(1—1/2’;{0)(1)

Integrating the third equation, the second above equation implies the local holding of
My = [Tk, _O‘X (Z%.x./Zx.x.) —Oéx (25 — 26.).

The L.H.S. of the definition of the Steacly state thus emerges as a function W(X 11/ Xm) whose
slope can be computed to:

§0/(Xs1/Xor) = (1 - 1/2)1<0X1) 773<0 - [773< - O4)( (EX X, /25 XoX, ) @)g(lf]

= _Z;(OXI [7-‘—3(0 (Xll/XOl) - a)(oll Eg(o 1 - aX EX X i|
For 2)1(0 X, # 1, its second-order properties emerge as:

L) (Xor /X0l (Xas [ Xon) = — (1= 1/ D% x,) T, -

Considering then a value of Xr /X that solves §w/(X,,/X0) = O and thus describes the case
for multip]icity. From the expression of §0/(X,1/Xo,)s 1018 necessarily unique in the C.E.S. case
and its expression is given ]oy

ax,, ~(1=1/%%,x,)

5‘701 (6] é011 1
ayt X% x, tax] Yy x,

XL /X5 =
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From the expression of S0/ (Xas /X0 )]/ (Xar/Xor)s 1 respectively corresponds to a minimum and
a maximum of the function ¥(.) for Yxox, <1 and Yx.x, > 1 The details of the statement

follow.
(ii) In the Cob]o—Douglas case for the Capital good industry but when a C.E.S. is retained for

the Spiuover effects stemming from the consumption good industry, ie.,

Goo(Xé" X&E’) [(1 )+a OO(ng’/Xé?)l 1/2X0X1}1/(1 1/2X0X)

007

GOI(Xg Xé°> [(1 aX )—l—aXPI(Xg/X”@)l 1/ 2% 0%, ]1/(1—1/2){0)(1),

007’

the first and third ingredients of the definition of the steady state respectively simplify to

%, = ax,, and axy,, (Xn/Xol)*l/(l —ax,,) = aXm(XIO/XOO)—l/E%Oxl/(l —ax.,) while
the second is modified to

o —1/(1—1 Q - 1_1/200 1

n= ,uu(Xu/Xol) X1a [(1 _OéX?l) —1—04 ( 10/X00) /( /Exoxl)i| ( %o X2 )

E11

( 11/X10)aX1;
that imphes
My, = [1 —ax,, — ”XOlEX X, — aX ](%m 3{01)

The L.H.S. of the definition of the steady state again emerge as a function !P(X 11/ X01) whose
slope and second-order properties can be computed to:

gw/(xll/xol) |:1—OéX11 _WXIEX X, af{lll]’
E0/(Xar / X/ (Xar/Xo) = = (1= 1/ T, x,) 75
The argument, then follows from the same line of reasoning as the one developed in (1) A

VIL.9 - Proor or Proposirions 3 anp 4.

Under the earlier list of assumptions on preferences and the technology and from an application
of the Imphcit Function Theorem in a neighbourhood of the steady state position, for
Y= -1/ — o0, the elasticities of the demand of Y, asa function of Xt and At41 can be
computed from (8a) as: #* = [Ay 1x, Ay X] [ 2 At+1] for = (Y1 Y“)/Yl*,
L= (Xup— X2)/XE, A= (Mg — X)) /A and:

Ay:x, = _[551Y17TX1]_1[551X17TY1]’
Ayiy = —[SV.ymya]

The linearised formulation of the ensued dynamical system defined from (8b-¢) in a neighbour—
hood of a stea,dy state {X* )\*} is then given ]oy:

[Zhass] [ (Grox vyt 6o (@rgen] [
it Axx, Ay ’
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the components of the price equation ijeing coniputeci as:

=& _ =&
A Ex,x,Tx, ~ Sk Ayex,
NX, = ’

[1—38(1—n)]7[0(x —n)] + 5§1y17fY1AY1,\/
=5 |
N = S T PG = )]+ EE oy Ay

Noticing tiiat, taking a(ivantage of P roposition 1, Ay x, = o, a ciiagonai structure becomes
available for the Jacobian Matrix. The eigenvaiues are real and available in the main text.

(i) First, and as this was to be expecte(i from Proposition 2, the component of the Jacobian

matrix that pertains to the stock equation, i.e., v;, remains unaffected ioy the consideration of
a suiooptimai equiiiiorium with external effects in piace of an optimum. Hence, aitiiougii the
pair structure of the Jacobian Matrix is unambiguousiy lost — that v, is an eigenvaiue does
not anymore irnpiy that 1 /v, is also an eigenvaiue — an equiiiiorium conﬁguration with a
greater share of proﬁts within the investment good sector, i.e., for which Tx, > Tk, prevaiis,

is associated with v, > 1 since this latter condition restates as

1— 7%,
o -G = m—>1- (-1
7TX1 _7TX1

It thus erases any area for local indeterminacies.

a/ Consi(ier, e.g., the scope for the sa(i(iiepoint property when I éa(1 —Tx, — 7rX 12} X, ~
7r§111 2x. Xl) > 0. As this impiies the iioi(iing of Vs, > 0, the Sa(i(iiepoint property will then
be available for v, < 1. For "¢ > o, this requires the satisfaction of 1 — Tx, — 7% % x, —
Wf; Xx.x, >0 that holds ioy assumption Simiiariy and for ¢ < 0, comparison w1ti1 respect
to 1 suggests the need for 1 — Tx, — 7TX "%, X "@“ XX x, >0, that holds by assumption.
io/ In opposition to this and for ¢ (1 —Tx, — 7TX ' E% X, ﬂf; E)lfoxl) < o, the requesites for
the iioiding of the saci(iiepoint property are s ilgiitiy more stringent. For v, <o and I'¢ > 0,
tiiey indeed boil down to the satisfaction of

¢ <orf < —[1=0(1—n)(r—7¥%, —7TX°1EX X, —7TX12X x.)

while a related line of reasoning for ¢ < o allows for compieting the statement.
(ii) This follows from the expressions of v, and Vst the first condition ensures that v, €]—1,1].
The steady state will then be indeterminate for v, €] —1,1], ie

Fé"

—1< — - — <1,
r +i1—5(1—77)i(1_77)( _ﬂ-XlEg{X lefzxoxl)

tiiat restates as:

1 01 o 5)11 1
e i1—5(1—77)i(1_7TX —Tx, EXX IEXoXl) <o
e+ —6—m(1—mk, — 782 2% x, — T Tk x.)
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But

1 501 éall 1
[1—0(1— 77)](1 —Tx, — Tx, Eg(oxl —Tx, EXOXI)

Iré4+1—-6(a—n)(— Tx, — Wiof 2x, — Wf?f Ei(oxl)

‘<1

for (1 - Ty, — &’12}’( X, — &12}( X, )F‘g > 0, that establishes a/
For (1 — Ty, — 7rX°1E§’( X, — 7rX“E}( X, )F ¢ <o, a frst necessary condition for the previous
restatement of tile 1n(ieterrn1nacy con(iition lies in the obtention of the same sign for the

numerator and the denominator, that can oniy obtain for

‘F@@’ <[1—0(2 —77)]|(1 — Ty, —7rX12X X, W)(g;llE;(OXl) .

First consider the case 1 — Tx, — % A% x, Wf( Y. x, <O and where I'® > o satishes the
above condition. The previous 1n<ieterm1nacy condition then reformulates to:

—2{T% + 1 - 601 —n)](r — 7k, =7 T x, — T Tkox,) }
> —[1 =60 =) -7k, — 7 S x, — 7 hox,)

)

that rearranges as

Y <-n-4( —77)“(1 —Tx, — 7TX012X X, Wf(lllgifoxl)/2a

that is more stringent than the condition ' < —[1 — §(1 — ml|(1— 7%, — 7'(')@@(011 Y. x,
ﬂ)‘g;lll X, x.) previously raised when ' > o.

Then consider the case 1 — Tx, — 7T§°11 2%.x, — ﬂf( Xx.x, >0 and where I'? < o satisfies
the previous condition. Completing the same line of reasoning gives

—F£<[1—5(1—77)H(1—7r}{ —FXIEXX Ff(lllZ;(OXl)/Q.

that is in turn more stringent than the condition —I"¢ < [1—§(1 —7)] |(1—7k, — 7T§°11 Yox, —
wf; 2%, Xl) previously raised when ' > o.
Merging the two cases establishes b / . The details of Proposition 4 derive from Straigiitiorwar(i

speciaiisations of the above lines of reasoning. A
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