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Let B be a Banach space, A the infinitesimal generator of a bounded analytic
semigroup of operators on B and I = (0, +00) (/ bounded is also of interest). We
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Abstract

In this work, we consider the Cauchy problem for v/ — Au = f with A
the Laplacian operator on some Riemannian manifolds or a sublapacian on
some Lie groups or some second order elliptic operators on a domain. We
show the boundedness of the operator of maximal regularity f — Awu and
its adjoint on appropriate Hardy spaces which we define and study for this
purpose. As a consequence we reobtain the maximal L? regularity on LP
spaces for 1 < p,q < oo.
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Introduction

shall consider the problem

where f : I — B is given. If T} is the semigroup generated by A, then u is given
by

{ u'(t) — Au(t) = f(t), tel,
u(0) =0,

u = [ T f(s)ds.
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For fixed ¢ € (1,4+00), one says that there is maximal L? regularity if for every
f € Li(I,B), v and Au belongs to L(I, B) with

||| ar,y + | Aul|Lar,By < C|l fllLar,B)- (1.2)

When B is an L? space (1 < p < oo) we refer to [, B, [Id], [T, [I5], 7]
etc. When B is an UMD space, [BJ] gives a necessary and sufficient condition for

maximal LY regularity in terms of a notion called R-boundedness. An excellent
survey is [[Lq].

Let us come back to B = LP(Q,du). A classical method to prove maximal
regularity (already in [[LI]) relies on singular integral theory. It is well-known that
maximal L? regularity for one ¢ € (1, +o00) implies the same for all ¢ € (1, +00).
Hence, it is enough to prove ([.4) for ¢ = p, that is the boundedness of the map of
maximal regularity f +— Awon LP(I x 2, dtdu). Seen as a singular integral on I X €
equipped with a parabolic distance and product measure dtdu, one proves this map
and its adjoint have weak type (1,1) and applies interpolation. This method has
been refined so as to relax hypotheses as much as possible on 2 and A. Completing
a theorem in [[[5], this method has been successful for all 1 < p < oo in [[L0] with
a (subset of a) space of homogeneous type and pointwise Gaussian upper bounds
for the kernel of the semigroup and even generalized to a restricted range of p in
[B] under weaker generalized Gaussian estimates.

There exists a criterion for L' maximal regularity on L' (see [[4]) but when A
is a second order differential operator it does not apply. Of course, seen from the
point of view of singular integrals, the map f +— Auw is naturally not bounded on
LY (Ix$) and one should replace L'(Ix€) by a Hardy space and prove boundedness
into L'(I x). (The notion of HP-maximal regularity introduced in [f] is a different
problem.) When A is the Laplacian on R™, kernel representation suggests to use
a parabolic Hardy space of Coifman-Weiss type on I x R"”. Indeed, this is done
implicitly in [P0, Appendix| given H! — BMO duality, where the authors prove
boundedness from L>*(R x R") to parabolic BMO of a dual problem. They also
do this for some time dependent generalization of ([[.1) with the Laplacian on R™.

In the abstract setting of [[[(] and [J], it is not clear which Hardy space is
appropriate !. Here, we restrict ourselves to the Laplace-Beltrami operator A on
some manifolds M or a sublaplacian on some Lie groups, or second order operators
on R” with bounded measurable coefficients with additional assumptions. We prove
that the operator of maximal regularity is not just bounded from a Hardy space
into L' but into itself. We prove a similar phenomenon for the dual operator but
with two different Hardy spaces as source and target. The Hardy spaces on which
we prove boundedness are of course of parabolic type. Interpolation applies to
reobtain maximal L? regularity on L” for 1 < p,q < oo.

The plan of the article is as follows. We give next the notation and then state
the main result in the setting of a Riemannian manifold. We define and study
the parabolic Hardy spaces in Section 3. Then the proof of the main result on

IThis will be done in a subsequent paper by the last two authors.



manifolds is presented in Section 4 and 5. The consequence for the maximal L?
regularity is in Section 6. We give in Section 7 the needed ingredients to prove
the analogous results in a connected Lie group with polynomial growth. We also
present the analogous results for a class of second order operators on domains of
R"™ in Section 8.

2 Main result on manifolds

Let M be a complete non-compact connected Riemannian manifold, pz the Rieman-
nian measure. Denote by || - ||, the norm in LP(M, ), 1 < p < +o00. Denote by
V the Riemannian gradient, |- | the length in the tangent space, A the (negative)
Laplace-Beltrami operator corresponding to V and d the geodesic distance. For
all z € M, all r > 0, B(z,r) stands for the open geodesic ball with center z and
radius r, and its measure is denoted V (z, 7).

Say that M satisfies the doubling property if and only if there exists C' > 0
such that for all » > 0 and z € M,

V(z,2r) < CV(x,r). (D)

A straightforward consequence of (D) is that there exist C', > 0 such that for all
xeM,all r >0andall 6 > 1,

V(x,0r) < COV(z,7). (D)

The hypothesis (D) exactly means that M, equipped with its geodesic distance and
its Riemannian measure, is a space of homogeneous type in the sense of Coifman
and Weiss ([[]).

Say that M satisfies the (scaled) Poincaré inequalities if there exists C' > 0 such
that for every ball B = B(z,r) and every f with f, V f locally square integrable,

/B f — falfdp < O /B V1 2, (P)

where fp denotes the mean of f on B.

The assumptions (D) and (P) guarantee the needed properties on the heat
kernel (size and regularity) in the sequel.

Consider the Cauchy problem

u(t ) — Au(t,x) = T
Now define .
Tf(t, x) :/0 [Ae(t_S)Af(s,-)}(:p) ds. (2.2)



By [}, we know that T is bounded from L*(X) to L*(X), where X = R* x M
and product measure dtdu. Its adjoint is given by

T f(t,z) = /too [Ae(s’tmf(s, )] () ds. (2.3)

We introduce in the next section two Hardy spaces of parabolic type on X with
HYX)c HYX) c LY(X). Our main result is the following.

Theorem 2.1. Assume that M satisfies (D) and (P). Then T is H}(X)-bounded
and T* is bounded from H}(X) to H!(X).

Corollary 2.2. With the hypotheses above, one has

w2 x) + 1Aull a1y < Cl fllazex)-

Proof: If f € H}(X)N L*(X), we have Au = Tf and v’ = f + Au by uniqueness
of the Cauchy problem. Thus this estimate holds for those f’s and we conclude by
density in H!(X) (See Section ). O

We shall also show that a better result cannot hold even in the simplest situation
X =R*% x R™ T is not bounded from H}(X) to L'(X) and T* is not bounded on
LY(X).

3 Parabolic H!(X) and H!(X)

In this section we study the parabolic Hardy spaces H!(X) and H}(X), following
the ideas of [B] and [B] in an elliptic context.

We assume that (E, d, 1) is a space of homogeneous type. Let N be the product
space R x E endowed with the measure v, product of the Lebesgue measure with
1, and with the quasi-distance d defined by

(;lv(t,x; s, y)2 = sup(d(:p,y)Q, It — s]), (t,z),(s,y) € N.

Suppose @@ = {(t,z) € N : d(t,x;s,y) < r} is the ball in N centered at
(s,y) with radius . Then the relation between the volumes of ) and B(y,r) is

v(Q) ~ r*V (y,r), where V(y,r) = u(B(y,r)). One then easily checks that (N, d, )

is a space of homogeneous type and

v(0Q) < COu(Q) (3.1)

for all balls @ and all # > 1 where ¢ is the doubling exponent for E as in (D’).
Thus, one can consider the Hardy space H'(N) = H}y (N) of [[f]. Let us review
some definitions and facts.

Definition 3.1. A classical (1, 00)-atom on N is a measurable function a supported
on a ball Q C N that satisfies

(1) [y adv =0,

(2) llall e vy < w(Q)7



Definition 3.2. An (1,2)-atom on N is a measurable function a supported on a
ball ) C N that satisfies

(1) [y adv =0,
(2) [lallz2v) < v(Q) 2.

An L'(N) function f belongs to H'(N) if it can be written as Y A\gag where
> | Ag| < oo and ag are (1,2)-atoms. The norm is given by the infimum of such
> |Ag| taken over all possible decompositions called atomic decompositions. One
obtains the same space with an equivalent norm by replacing (1, 2)-atoms by (1, 00)-
atoms.

We now introduce two Hardy spaces on X = R x FE.

Definition 3.3. Set H(X) = {f € LY(X) : 3F € H'(N), F|x = f}. The norm
of an element in this space is the quotient norm : the infimum of the H'(N) norms
of all possible extensions to V.

Definition 3.4. Set H:(X) = {f|x: f € HY(N),f =0 on R_ x E}. The norm
of an element in this space is the norm of its zero extension in H'(N).

It is clear that H!(X) C H!(X), but the converse is not true as shown by the
following example.

Ezxample 1. Let
[ L () € (0,1) x B, 1),
ftx) = { 0, elsewhere,

then f is the restriction to X of
1, (La)e(0,1) x B, 1),

F(t,z)=¢ -1, (t,x) € (—1,0) x B(0,1),
0, elsewhere.

It is clear that Fis a (1,00)—atom on N, so f € H}(X), but f ¢ H!(X) because
f does not have vanishing moment.

Definition 3.5. Let a be a measurable function supported in a ball () C X, and
satisfying |[al[r2v) < v(Q)”
(1) a is a type (a) atom if, moreover, 4Q C X and [, adv = 0.
(2) a is a type (b) atom if, moreover, 2 C X and 4Q € X (a does not
necessarily have vanishing moment ).

1
2.

We have an atomic characterization of H!(X). The proof, analogous to the one
in [f], is included for completeness.

Theorem 3.6. Let f be an integrable function on X . The followings are equivalent:
(1) f € Hy(X);

(2) f has an atomic decomposition

f= > AQaq + > 1bg (3.2)

type (a) atoms type (b) atoms



with

> Aol + > gl < oo. (3.3)

type (a) atoms type (b) atoms
Further, the norm on H!(X) is equivalent to the infimum of (B-3) taken over all
decompositions (5.3).

Proof: (2)=(1). Let f satisfy (B.2) and (B.J). As ag is a type (a) atom, then Ag
defined by
— aQ(tax)a (tax) € X,
att) = { 577 (%

is a (1,2)-atom of H*(N). By definition we conclude that ag € H}(X).
As bg is a type (b) atom, then define

(t ZL‘) _ bQ<t7 I‘), (t,l’) € Qu

’ —bo(—t,x), (t,x)e Q_,
where Q_ is the reflection of Q across {0} x M given by (¢,z) — (—t,z), and Q is
a ball such that QQ_ C @ and v(Q) < Cv(Q). For instance, @) is centered at

(s,y) with radius r, the ball @) centered at (0,y) with radius 5r works.
Then we have

[y Badv = [[ Ba(t x)dtdu )+ [Jzas Ba(t, x)dtdp(x)
= [l ba(t, x)dtdu(x) — [ [, bo(t, x)dtdu(z) =0,

By

and
_1 _1 _1
1Bgllz2vy < Nbgllz2vy + [| = bollrzovy < v(Q)72 +v(Q-)"2 < ev(Q) 2.

This means that c‘lBa2 is an (1,2)-atom for H'(N). Now let

F= > et > weBy
type (a) atoms type (b) atoms

then F € H'(N) and F|x = f, therefore f € H!(X).

(1) = (2). If f € H}(X), then there exists FF € H'(N) such that F|x = f. So
F has an atomic decomposition > A\gAg [[]. It suffices therefore to concentrate
on the restriction of one single atom Ag. Restricting Ag to X, then we consider
only those balls () which intersect X and we have the following situations:

If 4Q C X, then ag = Ag is a type (a)-atom.

If 4Q € X, but 2Q C X, then by = Ag is a type (b)-atom.

If 2Q ¢ X, then we can decompose Ag|y into type (b)-atoms as follows. Using
Whitney decomposition on X with respect to R_ x E (see [[J]), one can find
a family of balls ); C X with @ N X C UQ; and bounded overlap. Hence,
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> v(Q)) < ev(Q N X) for some constant ¢ > 0 depending on the metric and the
doubling property of v. Write

A N
A — ZX Z ”XQ] _”f _ v(Q;)) Z)\QJCLQﬁ
J

Or Txe, Al

where the indices j are those for which g, A are not identically 0 and

Ixq,All2 v(Q;)
Q= w4 = X, A
v(Q;) "2 Ixa,All2
Then we have supp ag, € @; and
v(Q; )7% _1
||a’Q1||L2 N) = H JAH ||XQ]A||2 < V(Qj) 2.

It follows that ag, is a type (b)-atom and

S e |—Z”XQJ ke < (Llhve A - (CHQ) S Al@0 X0}
J

As || Al vy < v(Q)~ 2, the series is bounded independently of A and this atomic
decomposition converges boundedly in H!(X). O

For the space H}(X), we have the following characterization, whose proof is
again inspired by [f].

Theorem 3.7. Let f be an integrable function on X . The followings are equivalent:

(1) f € Hi(X);
(2) f has an atomic decomposition f =3, x Agaq with Y |A\q| < +oc, where
ag are (1,2)-atoms with support entirely contained in X.

Proof: (2) = (1) is obvious and we turn to (1) = (2). Let f € H!(X). Then the
function F' defined by

| ftx), (t,x)€ X,

F(t,2) = { 0, (ta)g X
belongs to H'(N). Set f.(t,z) = F(t,z) + F(—t,x) with (¢,z) € N then f. is
even in the t variable, f. € H'(N), f.|x = f. Pick an atomic decomposition

);
fe = 20 AqAq, where Aq are (1,2)-atoms for H'(N). One can rewrite f. as
follows:

fe(t’x):f@x)—'—fe Z)\QAQtﬂf —|—AQ Z)\QAQtI‘
Q

Ag(tx)+Ag(—t,x) .

where ZQ(t, x) = 5




1° If supp Ag C X, then AQ\X = =2 and we define

AQ(t, l‘)
2 )

ag(t,x) = (t,x) € X.

2° If supp Ag CR_ x M, KQ|X(t, x) = AQ(;t’w), and we define

AQ(—t, {L‘)

aQ(t,ZL‘) = 2 ) (t,ZL‘) € X.

3° If neither case occurs, then let Qy = (supp Ag) \ X, and the "reflection” of
Qo is defined by @, = {(t,z) € X : (—t,z) € Qo}. Define ag = /~1Q|X. Clearly,
if @ is centered at (s,y) has radius r, we have |s| < r? and suppag C Q|x U Q..
Hence supp aq is contained in the ball @ centered at (r?,y) with radius r which is
contained in X. Next,

lagllz2v) < ¥(Q)7F = v(Q) 2.

Finally

1
/ agdv = —// Ag(t, x)dtdp(x // Ag(—t, x)dtdp(x)
X 2 QNX T
= 1// Ag(t, x)dtdp(x // Ag(t, x)dtdp(x)
NX Q\X
// Ag(t, x)dtdp(z) = 0.

Thus ag are (1,2)-atoms with suppag C X. So
F=Flx =Y odolx =) Agae.
Q Q

This completes the proof of the theorem. O

Let us make some further remarks. If one uses the reflection (¢,x) — (—t,z)
in N, then we say that a function on N is odd (resp. even) if it is changed to its
opposite (resp. itself).

Proposition 3.8. H(X) coincides with the space of restrictions to X of odd
functions in H'(N). Similarly, HX(X) coincides with the space of restrictions to
X of even functions in H'(N).

Proof: The argument is essentially contained in the proofs of the last two results
and is skipped (See also [@]). O

Remark 3.9. Density of H}(X) N L*(X) (resp. H}(X)N L*(X)) in H}(X) (resp.
H! (X)) follows from the atomic decomposition.



Since (X, d,v) is also a space of homogeneous type, let H!(X) = Hly (X) be
the Hardy space of Coifman and Weiss as defined in [[j]. Each f € H'(X) can be

written as follows:
f=2_ a0,
Q

where suppag C @N X, @ is a ball centered in X, meX adv =0, and ||ag||L2(n) <

v(QN X)"2 and where 3 |Ag| < co. Observe that since () is centered in X, one
has v(Q) < v(Q N X) with implicit constant independent of Q.

Proposition 3.10. H'(X) = H}(X).

Proof: That H!(X) C H'(X) is obvious. To prove the converse inclusion let a be
an atom in H'(X): there exists a ball ) in N centered at a point in X such that
suppa C QN X. If Q C X, then a € H!(X). Otherwise, let (s,y) be the center
of @) and r its radius and observe that 0 < s. Let @ be the ball centered at (r?,y)
with radius r. Then

2

v(Q) ~ 1V (y,r) =

sV ) < 21(QN X),

Clearly suppa C @ and a is up to a fixed multiplicative constant, an (1,2)-atom
supported inside X. This proves that a« € H!(X) and completes the proof of the
proposition. ]

Remark 3.11. One obtains all the above atomic decompositions replacing atoms
with L? estimates by atoms with L estimates. This will be used in the sequel.

We now recall the notion of molecules.

Definition 3.12. Let @ be a ball contained in X.

A function m is called a molecule associated to () if there exists o > 0 such that
(1) [ mdv =0,
(2) for all j > 1, [|m|lr2(,i) < 277°v(2H'Q N X) "2,
where 10nX i=1

BJ(Q) = { (2j+1Q \ 2]@) ﬂX, j > 9.

A function m is called a type (a) molecule associated to @ if 4Q) C X and there
exists a > 0 such that (1) and (2) hold.

A function m is called a type (b) molecule associated to @ if 2Q C X, 4Q ¢ X
and there exists a > 0 such that (2) holds.

Proposition 3.13. Molecules form a bounded set in H}(X). Molecules of type (a)
and (b) form a bounded set in H(X).

Proofs are somewhat analogous to the ones in [[i] but we include them for
convenience.



Proof: Let us begin with the case of H!(X). Let m be a molecule associated to
a cube Q). By Proposition B.1{, it suffices to show that m belongs to H'(X) with
norm independent of Q. Set x4 the indicator of a set A and mp, () the mean value

of m over B;(Q): m fBj(Q)mdy. Write
m=Y mxp@ = Y_(m—mp@)Xs@ + ZmB XB,(Q)-
Jj=1 j=1 j=1

Using (2) in Definition B.13, we obtain that
/ |(m —mBp.0))XB, )|2d1/<4/ |m|2dv < o
2j+1Qr~|X ](Q) J(Q) - Bj(Q) 4-70‘ V(2j+1Q ﬂ X)’

where we have used the doubling property v(2/71Q) ~ v(2/Q) and also the fact
that v(Q N X) ~ v(Q) for all balls centered at a point in X.

Set
1

Aj = 9ja’ aj = )‘jil(m - mBj(Q))XBj(Q)'

We have [;.10,x a;dv = 0,suppa; C 2771QNX, and ;]| z22i+19nx) < Cv(2771QN
X)~2, with C independent of j and Q. So a; € H'(X) and ||a;| g1 (x) is bounded.
Since Zj; A\ < O(a) < o0

im me;(©)) Z)\CLJEHl
j=1

For the second term, we have
- - XB,(Q)
Y —1MBQ) XB;Q) = / mdy ——=—
=1 (@ 5@ ; B;(Q) v(B;(Q))
- XB;(Q) XB1(Q
= mdl/—/ mdy)++</ mdu)i
z; </21+1Q0X 2/QnX v(B;(Q)) 4QNX v(B1(Q))
( / ) { XBi 1@  XBiQ }
QJQmX v(B;1(Q))  v(B;(Q))
XBj-1(Q) XB;(Q)

= dv, b; = _ .
. me”fu@xw v(B,(Q))
Then by (1) in Definition B.12,

Mj:/ de/:—(/mdl/—/ mdu): Z/
21QNX X 21QNX i=;  Bil

w<z/ mldy $ 327 27

1> i>]

Mg

Set

SO
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thus - -
D il £ 279 < oo,
j=1 j=1

On the other hand, suppb; C 27'Q N X,

/ bjdl/ = 0,
29t1QNX

and o
bilPdy < ————

/2j+1QﬂX‘ v < v(2H1Q N X)’
for some C' > 0 independent of j and ). To prove the last inequality, we remark
that v(B;(Q)) is comparable to v(27t'Q N X) for all j > 1. This is obvious for
j =1 and we turn to j > 2. As B;(Q) is contained in 277'Q N X, we obtain one
inequality. Next, write Q = I(to,r*) X B(xg,r) = I x B and remark that B;(Q)
contains the set [tg + (277)% to + (271r)?) x (2971 B). Hence

v(B;i(Q) = (1) (2 B) ~ v(21Q) ~ v(27MQ N X)

where the last equivalence comes from the fact that 2/t1Q) is centered in X.
Thus C~'b; are atoms for H'(X), and therefore 3 °7, y;b; € H'(X).

Clearly the same argument applies for type (a) molecules so they belong to
H(X) c H}X). Tt remains to consider a type (b) molecule m associated to a
cube . According to Proposition B.g, the odd extension m4q is, up to a ‘constant
that depends only on N, a molecule for H!(N) associated to a cube Q of size
comparable to Q (since 4Q ¢ X), containing @ and its reflection across {0} x E.
The same argument as above shows that meqq belongs to H(N). Thus m € H}(X)
and the control of its norm follows from an examination of the argument. O

We finish with a remark on how to prove boundedness on Hardy spaces for an
operator, bypassing any other knowledge such as weak type (1,1).

Proposition 3.14. Let H,, Hy be any Hardy spaces obtained via an atomic de-
composition. Any linear operator mapping the atoms of Hy into a bounded set in
Hy has a bounded extension from Hy into Hs.

Proof: Let S be the subset of H; consisting of finite linear combinations f =
S hiai, n > 1, N € C, a; atoms of Hy with || f|lm, > 15 >, [A:|. We claim that
S is dense in Hy. Indeed, if f € Hy, there is a (possibly) infinite representation
f=>0 Na; with Y700 [N < 2||f]|m,. As the partial sums f,, converge to f in
Hy, we have || f| g, < 5||fullm, for n large enough and

DI <20 fllar < 100 fall oy

i=1

11



This proves that f,, € S for all n large enough.
By assumption, we have a linear operator T' satisfying ||Tal|p, < C for all
atoms a € H;. By linearity and definition of S, we have ||T'f||n, < 10C||f||x, for

all f € S and we conclude by density. O

4 Boundedness of T

Let us come back to the situation where M is a Riemannian manifold and X =
R% x M. Before proving the regularity of the operator 7', that is its boundedness
on H!(X), let us first give some lemmas about the heat kernel p;(z,y). Indeed,
using the definition of T, we can write

nyﬂx)znétﬁétgAf@ﬁ@dSZi/z;ﬁ—J$JHXﬁ>@f@fwd&ﬁ4y%

where p}(z,y) stands for %pt(:c, y). The last equality is a formal one as the integral
may not converge.

Lemma 4.1. ([I9/, Proposition 3.3) If M satisfies the doubling property (D) and
the Poincaré inequality (P), then the heat kernel satisfies the Gaussian upper es-

timate: o
1 o d(ay)?
Yy < —— e ATt G

forallt >0 and x,y € M.
There is also a lower estimate but we do not need it.

Lemma 4.2. ([I0/, Lemma 2.5) If the heat kernel satisfies (G), then the time
derivatives of p; satisfy:

k
e v
forallt >0, z,y € M and all integer k > 1.
Lemma 4.3. If (D) and (P) hold, for all t > 0, x,y,z0 € M, if d(y,z¢) < V1,
then 0 0 1 d(y, o) \" _ ca@w?
o) = goo)] § o () e,
where v € (0,1), C > 0 are independent of x,y, xo,t.

(4.1)

Proof: Following [[3] (see also [I§]), one can write

0 0
E(Pt(% y) — pe(x, 20)) = apt/z(% Z)(Pt/2(2, y) — Pt/2(2>$0))d2
M

and use the the estimate ([J]) together with the Holder estimate of pi(z,y), as
pi(x,y) is a solution of heat equation, from Harnack inequality (see [[d], Proposition
3.2). This is where we use (indirectly) the assumption on Poincaré’s inequality. [

12



Lemma 4.4. Assume (D) and (G). One has for ally € M and s > 0.

Proof: It is proved in [, Lemma 2.3] that there is v > 0 such that

d2(z,y) 1
vmps T,y 267 s d:u T S N/ o\
J,[vatan D VA
for all y € M and s > 0. It suffices to use Cauchy-Schwarz inequality. O

Now we can prove the first part of Theorem P.1], namely that 7" is bounded from
H(X) to itself. By Proposition B-10, we prove that 7" is bounded from H!(X) to
H'(X). To this end, it is enough by Proposition to check that 7" maps atoms
to molecules defined as above, up to a multiplicative factor.

Suppose a € H}(X) is an (1,00)—atom : there is a ball Q = {(¢t,z) € X :
d(t, z;to, x) < r} contained in X such that suppa C Q, ||alle < v(Q)™" and
Joadv =0 Since T is bounded from L*(X) to L*(X),

(/ |Ta|2d1/) ‘<o (/ |a|2d1/) "< Cr(Q) 2 < c(4Q N X) 2.
4QNX p'e

Thus ¢ 'Ta satisfies (2) with j = 1 in Definition [.13.

Now to prove that Ta satisfies (2) with j > 2 in Definition B.13, up to some
multiplicative constant, it suffices to prove that there exists a > 0 such that for
every j > 2 and (t,z) € B;(Q),

|Ta(t,z)| <2772 Q N X))~

Observe that Ta(t,z) = 0if t <ty —r2. Hence we assume t > t, — r? in the sequel
and we have

t
,M@@:/_(/ P (@, y)als,y)dsdu(y).
to—r2 Jd(y,z0)<r

If (t,2) € B;(Q), then 27r < d(t,2;t,20) < 27*'7, and we have the following
two cases:

Case I: 207 < d(x,m) < 2717, [t — to| < (27F17)%
Case II: d(z,2¢) < 27, (277)2 < |t — to] < (27F17)2

Case I: we dinstiguish two subcases.

13



10 If 2r < d(w,20) < 27*'r and |t — to| < (2r)?, then we have that 2/~ <
d(z,y) < 272r, whenever (s,y) € Q. As a consequence,

1 Cd(z.y)?
Ta(t, )| < / / e~ “E (s, y)|dsdu(y)
to_r? yx0<r (t—s)V(x,/t —s)
t—t +r
< V(l‘o, / 0 e . dS
v(@) Jo sV (z \f)

—+00
< V(xo,7) / 1 _Cugy
Q) Ju o uV(x, ZE

)
J(6+2) +oo
< I )/ 7‘/(%’7;) e~ du
4 T

_Cc@in?

(4.2)

< ; —C'Y ;6—0”41
~p(2tQ N X)

The first inequality is obtained by Lemma [L.9, the second follows from the size
2Jr

condition of a, the third is by changing variable: u = , the fourth is by using
doubling property (B.1]) for v and the fifth is by the doubhng property of p:

iy 2 v (1 2220) < (5 22 (120 (45

200 If 290 < d(w,z9) < 27Ty and (2r)2 < |t —to] < (2jJrl )2, then d(z,y) ~ 2ir
and t — s ~ t —to when (s,y) € Q. In this case, using [[ a(s, y)dsdu(y) = 0, write
Ta(t,x) = I + I where

to+r
I = / / (2, y) — P (s 20))a(s, y)dsdu(y),
t d(y,zo)<r

0o—r?
and

to+7r
1= / / (o (0 70) — P yy ol 70) (s, y)dsdp(y).
t d(y,zo)<r

0—r2

14



For I, we have the following estimate:

|M§/mmh@w%mh@wﬂmamﬁww)

d<y7 x(])),y ——Cd(x’y)Q
< t—s d d
~ // t—s)V t—s)(x/t—s ¢ sdply)

( ) 1 _c@@ir)?
e t—tg
Vi—to) |t —to|V(z,/|t — to|)
< 1 < 2y )V (277)*V (20,2'r)  _cein?
- - e —to
T2 (2HQ) \VE—To ) |t —to|V (z, /]t = Lo])
1
271(25H1Q)
< = . ! .
~ 2271 Q N X)

S

N

The second inequality is obtained by Lemma [.J, and the fifth inequality is by
doubling property V'(zo,2'r) < V(z,2""'r) < (= 2 ——)’V (2, Vt — o), and that the
function u — ufe~“" is bounded on R, .

Similarly, for 5, we have

to+r? to+r?
|m<y/ [ o s yydsuty)
s=to—r2 Jd(y,xo)<r Jw=s
fEO to+r? to+r2
— / / D (%, x0)|dwds
s=tg—12

x07 totr? 1 _ Cd(w,30)?
2 e = dwds
—to—r2 Js=to—r2 (t —w)*V(z, vVt — w)

SL’o, /tOM —ty+12) 1 efcfjj)Q dw
o 0 (t —w)2V (z, /T —w)
1 e
< e t—to
~ t—tQ)QV(I‘, \/t—to)
( ) 1 r2(297r)2V (x,277) e_c4jr2
i . t—tq
~ (Q) (ZJT)QV(xO, 2r)  (t —10)2V (z,\/t — o)

<1 1
N Pp(2F1Q) ~ Gu(2HQ N X))

where the third inequality is obtained by Lemma .3, the fifth inequality by subsi-
tution and the fact t —w ~ t —t, the sixth inequality by V(x, 27r) ~ V(x, 2/r), the
seventh by 72V (zq,7) ~ v(Q), and that the function u — u’e~* is bounded on R, ..

Case IT: (277)? < |t —to] < (27717)? and d(z, ) < 27F'r. Then we have t — s ~

15



t — to. Write again T'a = I1 + I5, where I; and Iy are as in Case I. Thus

t0+7'

to—1? /d(qu( t—S) (t—S)V(;\/E)

t0+7' 1

dsdu(y
( to— 7’2 /d(ymo ( t_3> (t—S)V(IE, \/t—s) ( )
L 1 1
277 (2jr)2V(:c 27r) S 20y (2+1Q) ~ 2 (2+H1Q N X)’

Cd<z y>2

e dsdyu(y)

|| <

A

where the first inequality follows from Lemma [£.3, the third inequality follows from
the fact that ¢t — s ~ (27r)?, the fourth from V(x,2/r) ~ V(xq, 2r).
For I, we have

to+r2 to+r2
L] < / / { / |P§'_a($a$0)|d9}|a(8,y)|d3dﬂ(y)
s=to—r2 Jd(y,xo)<r 0=s

to+r? to+r?

1
0V (o) sdnly)

< <1 < 1
(2J7’)4V(:€0,2J7’) N 4y(2H1Q) Y Av(2HQ N X)’

to r2 d(y,z0)<r Js

where the second inequality is obtained by Lemma [f.2, the third one by ¢t — 6 ~
(277)? and V(z,21) ~ V(z0, 277).

Thus we proved that T'a satisfies (2) with a = 7 in Definition B.I2.

We claim that [ v T'adv = 0. Assuming this claim for a moment, we conclude
from Proposition that Ta € H'(X) with ||Tal|zx) < C uniformly with
respect to a. 0

Lemma 4.5. [, Tadv =0 when a € HX(X) is an (1, 00)-atom.

Proof: We give two proofs, each having advantages. The first one is as follows. Let
u be the solution (since a € L*(X)) of (R.]) with data a. Then Ta = Au = ' — a.
Furthermore a € L'(X) and Ta,u’ € L'(X) as we just showed. Fix h a bounded
function with compact support on M. Then integrate the equation against h on X.
Note that u € C([0,00), L*(M)) with w(0,-) = 0 and lim; ... u(t,-) = 0 in L*(M)
(since a is 0 for ¢ larger than some 7, hence u(t,-) = e="2y(7,-) fot t > 7) and
u' € L*(R7, L?(M)). Integrating by parts, one finds

// (t,x)h(z) dtdu(z) = /Ooo<u( ), h > dt =0,
//Tatx ©) dtdp(a // (t, ) () didp().
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Since a and T'a both belong to L'(X), letting h converge to 1 everywhere with
|h]|lco = 1 implies

//Tat:cdtd,u // (t,z) dtdu(x) = 0.

The second argument is more precise: by the previous calculations, we know

that -
Ta(t,z)|dtdu(x) S 279 < 400,
[ iratt.oatanta >

thus Ta € L'(X) and, therefore, for a.e. t >0, Ta(t,-) € L*(M). Tt is enough to
show that for such t’s, [,, Ta(t, :1:) du(x) = 0.

Now let ¢ € C§°([0, +00)), with ¢ = 1 on [0,1], ¢ = 0 on [2,+00) and 0 <
¢ < 1. Fix zg € M and set pr(r) = (R 'n(x)) for R > 0 where n € C>°(M \
{zo}) with n(z) ~ d(zo,z) and Vn bounded. Recall that T'a = Au where u(t) =
[ et=%a(s) ds. Hence

/M Ta(t, 2)on(x)du( / Vult, z) - Vior(a)du(z). (4.3)

Since ||[Veg|lw < %, we obtain

\ [ Tatt.pn(@nto)| <

S 3 [ vuttolduta). (1.4

It follows immediately from Lemma .4 that

IVe gl

~ \/—HQHLl(M

for all g € L'(M) and s > 0, therefore

[ 1Vattiut) < [ lats. ands < 20VEfallr . (45)

where the ball supporting a has radius r. Thus by (£.3), (£4), (E5), we have

=0.

R—o0

jim \ [ Tatto)onteyint

Hence, as t > 0 is such that Ta(t,-) € L'(M), dominated convergence yields

/MTa(t, x)dp(r) = lim Ta(t,z)pr(z)du(z) = 0.

R—o0 M

17



Remark 4.6. The second argument shows that for almost all ¢ > 0, Ta(t,-) is in
L*(M) and has a vanishing integral. Actually, an examination of the proof (left to
the reader) shows that for almost all ¢ > 0, T'a(t, -) is up to a constant depending
on t,ty,r a molecule in M, hence belongs to Hky, (M). Calling ¢, ,(t) its norm
in this space, one can check that fooo ¢ty () dt < 1 uniformly with respect to g, r,
that is uniformly with respect to the atom a. Thus, the maximal regularity map
T extends boundedly from H!(X) into L'(R%, H*(M)). It is easy to show that
HI(R% x M) and L*(R*, H'(M)) are not comparable spaces. This extra regularity
of the map T is thus not shared by the map f +— /.

We conclude this section by observing that the source space H!(X) is best
possible.

Proposition 4.7. If M = R", T is not bounded from H}(X) to L'(X).

Proof: Let f(t,z) =1if 0 <t < 1 and |z| < 1, and 0 otherwise. We have seen
that f € H}. We claim that T'f ¢ L'(X). Note that X = R% x R".
Recall that if p;(z) denotes the heat kernel, then the time derivative is given by

Pe) = (4rt)/2 \ 412 2t ’

i MPN i(2) < -
— < - 2) < ———.
PRE)= T )
Thus, if |z| < %(nt)l/Q, ly| < 1,t>sup(4/n,2) =7 and 0 < s < 1 we have

n
4t(4mt)n/2

hence

pé,s(ﬂf - y) <

It follows that there is a constant ¢, > 0 such that

oo 1
// |Tf(t,x)|dtdz) Z/ / / / p,_ (x —y)dsdy| dtdx
r Jal< o) [ Jyl<1 Jo
/OO dt
Z Cn _
1

= +00.

5 Boundedness of 17"

In this section, we study the boundedness of T* given by (R.3). If we let

v(t,z) = /t h [e(s’t)Af(s, )] (x)ds,t >0,

then Av = T* f and satisfies:

v

5 (t,z) + Av(t,x) = —f(t, ).

18



We now prove the part of Theorem P.1] concerning the boundedness of 7.
Proof: As before, it is enough to prove the boundedness from H}(X) into H'(X)
and for that purpose that H!-atoms are mapped to H'-molecules of Definition B.13
up to a multiplicative constant. There are two kinds of atoms in H!(X): type (a)
atoms and type (b) atoms.

Suppose a is a type (a) atom, with suppa C Q = {(¢t,z) : d(t,x;t0, z9) < 7}
and 4Q) C X. To see that Ta is a molecule we prove (1) and (2) in Definition B.13.
We begin with (2). First, since T is L?(X)-bounded, so is T* and

IT*a|| 2y S QN X) ™7 S w(4Q N X) 72, (5.1)

Next, we show that there exits a > 0 such that for each j > 2 and (¢,z) €

B;(@), - 1
|T*a(t, )| < 277v(2M'QN X) . (5.2)
We observe that T*a(t,z) = 0 if t > ty + r?. Hence we assume ¢ < to + 2. For

(t,z) € B;(Q), we have that 2/r < d(t,z;tg, zo) < 2717, So we distinguish in
addition two cases:

Case I: 27r < d(x,x0) < 270, [t — to| < (20F17)2 .
Case II: (207)2 < [t — to] < (27192, d(z, mp) < 207 .

Case I: 27r < d(x, 1) < 27Ty and |t — to| < (2771r)% If, in addition |t — to] <
(2r)? then

|T*a(t, z)| =

—+o00
/ / P, (. y)a(s, y)dsdp(y)
t d(y,zo)<r

S

1 /0”2/ 1 ’Cd(y’zﬂd ()
———c o+ dsduly
V(Q) d(y,zo)<r (S - t)V(SL’, S — t)

t
t
7’2 .
Vo) [ L eggeov L
SR L GoV oD S LQnX)
where we used Lemma [f.2 and that a is supported in Q. The last inequality is
obtained repeating the proof of (f.3).
If t <tog—(2r)% ast < 1o+ r? we have t <ty — 4r? then

2 .
tot+r 1 Cc49 2

1
jw< t < - T st d
Tha(t, )] < r? /to—r2 (s —t)V(x,s — t)e i

J 2

<V($‘0’7") /t04_m2—t G*Cudu

=~ win2 2ir

AQ) ) e wiw 2

<V(x0,r) /+°° e~ du

~ov@Q) Ju uV(:E,%)
1

~C @O NX)
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where the second inequality is obtained by substitution, the third from the fact
that to — t +r* > r?, and the last one repeating the proof of (f£2).

Case II: (2/1)? < |t — to] < (277'r)2,d(z,79) < 2/r. In this case, using the
vanishing moment condition of a, we can write T*a(t, x) as follows:

to+r2
rato)= [ [ easpdsduty
t d(y,zo)<r

0—r2

t0+7'
/ W) = ) a(s, sty
t T2 x
(2)50+r Y,Xo
2 / (p;,t(ﬂf, SL’Q) o p;2+t0—t<x7 .To))CL(S, y)deM(y) == Jl + JQ.
to—r Y,T0

Following the proof of (£.9), we have the estimation of J; :

2
to+r _c.e)? 1

|1 S

1
dsd
. /d(yymo)g,q (s—t)V(x,\/—s—t)e sdu(y) 5 2 (2I1Q N X)’

For J5, we have the estimation:

to+r? to+r2
| < / / / 1P (@, x0)|dBla(s, y)|dsdu(y)
t, d(y,zo)<r

0—r2

0
/t”* / /to“ dfdsdy - i 1
s=tg—r? d(y$0)<7‘ 0 _t 2V( \/9 t) ~ 4 (2]QQX)’

where we use Lemma [F.J and the fact that § —t ~ (2/r)? to get the last inequality.

Now the argument to show [, T*a(t,z)dtdu(x) = 0 is the same as in Lemma
f.H. This proves that T%a is a molecule.

Now we prove that for type (b)-atoms b, T*b is a molecule. Suppose that b is a
type (b) atom, supported in Q = {(t,z) € X, d(t, z; to, 1) < r} with 2Q C X but
4Q € X, and [|blles < 557-

As for type (a) atoms, we have

1770l 2 agnx) S v(Q)2 S v(AQ N X):2. (5.3)

Next, we establish that for all j > 2 and (¢,2) € B;(Q),
IT*b(t, z)| < v(2QN X)) 2e Y. (5.4)
Fix j > 2 and suppose (t,z) € B;(Q). Observe that T*b(t,z) = 0 if ¢t >

to + 2. As to < (4r)?, this implies that |t — to] < 16r%. Thus the condition
20y < d(t, x; tg, wo) < 27Ty implies d(x, zg) ~ 2/r for j > 5 (we skip the details for
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jlle4 which are not difficult). Like the proof of ({.3), we have

to+r2
T*b(t, 2)| < / / 9@, )l as, y)ldsduly)
d(y,z0)<r

/t0+r / 1 C’d(zy) d d ( )
e sdu(y
d(yaoy<r (s = HV(z, Vs — 1)
to+r2 j
S V(x07 /O 1 e Sftds
v(Q) J, (s —t)V(z,\/s —t)
< 6704j 1
~ v(2Q)

The second argument in the proof of Lemma [ implies that [[ < IT*bdv = 0.
Hence, T*b is, up to a multiplicative constant, a molecule in H*(X). The theorem
is proved. 0

Remark 5.1. As for T', one can check that the proof yields that 7™ is bounded from
H}X) into LY(R%, HY(M)).

Remark 5.2. If X = R% xR™, T* is not bounded on L' (X). Indeed, this would mean
that [[y Xs>e|Pi_i(z — y)| dsdy is bounded uniformly with respect to (¢,z) € X.

But this integral equals ¢ [;° % = 0o as ¢ = [g, [pi(z)|dz > 0.

6 Maximal L? regularity on L7

The well-known maximal L? regularity of the Cauchy problem in our setting (see
[T]) states as follows

Theorem 6.1. Assume that M satisfies (D) and (P). There is maximal L7 regu-
larity property for the Cauchy problem ([2.1):

W | o@yy) + 1T fllLa@ey) S 1 lLoee ),
where Y = LP(M), 1 < p,q < 0.

Let us see a proof as a corollary of Theorem P.]] (as said in the introduction,
[0 gives a proof under weaker assumptions).
Proof: It suffices to prove that 7" is L”(X)—bounded, with 1 < p < oco. To see

this, we construct an operator 1" as follows:
ff(t,l’) :T(Xxf)(t,l’), t>07
Tf(t,z) =0, t<0.

Then by Theorem .1, we know that 7" is bounded from H!(X) to H!(X), therefore
T is bounded from H'(N) to H'(N). On the other hand T is L?(X)—bounded, so
T is L*(N)—bounded too. Then using the interpolation theorem in [, we obtain
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that T is LP(N)—bounded, where 1 < p < 2. Therefore T is LP(X)—bounded,
I<p<2 ~
Similarly, we can repeat the argument for the operator T defined by

{ f*f(t’x) = T*(XXf)(tax)v t>0,
T f(t,2) = 0, t<0.

and obtain that 7™ is LP(X)—bounded, 1 < p < 2.
By duality, we obtain that 7" is LP(X)—bounded, 2 < p < oc. OJ

7 Sublaplacians of connected Lie groups of poly-
nomial growth

First let us recall some properties of connected Lie groups of polynomial growth.
For further informations, see [P3], [[], and the references given therein.

Let G be a connected Lie group. Assume G is unimodular and and fix a (left-
invariant) Haar measure o on G. If A is a measurable subset of G, we will denote
the measure of A by |A|.

Let Xy, -+, X, be left-invariant vector fields on G which satisfy the Hormander’s
condition, i.e. they generate, together with their successive Lie brackets [X;,, [ -,
X, ]+ -], the Lie algebra of G.

Associated with Xi,---, X,,, in a canonical way, there is a control distance p,
which is left-invariant and compatible with the topology on G.

If we put V(r) = |B(e,r)| for r > 0, where B(e,r) = {z € G : p(x,e) < r},
there exists d € N, which depends on the vector fields, such that

V(r)~r% for 0<r <1,
We assume that G' has polynomial volume growth, namely that
V(r)~7r? for 1<r< +oo.

Otherwise, by a theorem of Guivarc’h, G would have exponential growth. By direct
caculation, we have the ”doubling property” : V(sr) < sm@@{dD} (1) where s > 1.
For example every connected nilpotent Lie group has polynomial volume growth.

On connected Lie groups of polynomial growth, associated with the sublapla-
cian A = Z?Zl X ]2 and corresponding heat kernel, Poincaré inequalities also hold
(see [BI], [M9). The heat kernel satisfies the Gaussian upper estimate (G) (see
[BF], Theorem VIIL.2.9). In this setting, the Harnack inequality holds too, see [,
Theorem 3.1. Gaussian estimates ([L.]) of time derivatives of the heat kernel are
obtained in [Bg], Theorem VIII.2.4. Next, as Harnack inequality holds, Lemma [{.3
is valid.

Eventually Lemma .4 is easy. The simple proof is a consequence of the follow-
ing Gaussian estimates of first order space derivatives of the heat kernel.
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Lemma 7.1. (23], Theorem VIIL.2.7) If G is a connected Lie group with polyno-
mial growth, then fori € {1,--- n}, we have

_cple.e)?
t

[ Xipe(2)| SET2V(VE) e :
forallt >0 and x € G.

So far we have recovered all the basic tools used in Section 4. The “parabolic”
Hardy spaces on N = R x G and the z and r Hardy spaces on X = R% x G can be
defined analogously. Consider the Cauchy problem associated with A and define
the operators T" and T™ as before.

Theorem 7.2. Let G be a connected Lie group with polynomial growth. Then T
is bounded on HY(X) and T* is bounded from H}(X) to H}(X).

The proof is the same as before. Details are left to the reader.

8 Second order operators

Let A € L*(R™, M,(C)). Assume that A is uniformly elliptic, which means that
there exists > 0 such that, for almost all z € R™ and all £ € C",

Re A(2)¢.€ > d)¢|”.

Let Q be an open subset of R™. If V(Q) is a closed subset of W12(Q) containing
WO1 ’Q(Q), there is a unique operator L which is the maximal accretive operator
associated with the accretive sesquilinear form

Qf.9) = / A(2)V f(2) Vg(z)dz

for all (f,g) € V x V. We are interested in the Dirichlet boundary condition
(V = W,*(Q)) and the Neumann boundary condition (V = W12(Q)).

Say that L satisfies (G) is the following three conditions hold:
The kernel of e7** denoted by K;(z,y), is a measurable function on Q x  and
there exist Cg, o > 0 such that, for all 0 < ¢t < 400 and almost every x,y € €,

C lz—yl?
G e—a 7

|Kt(x7y)| S tn/2

(8.1)
For all y € Q2 and all 0 < ¢t < +o0, the function z +— K;(x,y) is Holder

continuous in {2 and there exist Cp, i > 0 such that, for all 0 < ¢t < 400 and all

x, o’y € Q,

Cy |z —2|"

/
|Kt($,y) - Kt(x 7y)| < W /2

(8.2)
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For all z € Q and all 0 < ¢ < +o0, the function y — K;(z,y) is Holder
continuous in €2 and there exist Cy, i > 0 such that, for all 0 < t < 400 and all
v,y r €Q,

Culy—y'"

/
|Kt(l‘,y) - Kt(l‘,y )| S tn/2 tu/Q

(8.3)

We assume from now on that € is a strongly Lipschitz domain (see [P for a
definition). Hence 2 equipped with Euclidean distance and Lebesgue measure is a
space of homogeneous type. We set N =R x 2, X =R’ x Q and we can define
the parabolic Hardy spaces H'(N), H}(X) and H!(X) = H'(X) following Section
B. Note that the subscripts r and z are with respect to extension with respect to
the variable t across t = 0, the spatial variable remaining in €.

Consider the Cauchy problem associated with —L on X and call again T' the
map of maximal regularity and T* its adjoint in L?*(X). The result is as follows.

Theorem 8.1. Suppose €2 is a strongly Lipschitz domain and that L satisfies con-
dition (G).

1. In the case of Dirichlet boundary condition, T is bounded from H}(X) into
HYX) and T* from HY(X) into H'(X).

2. In the case of Neumann boundary condition, T is bounded from H!(X) into
HYX) and T* from HY(X) into H}(X).

For example, this theorem applies when A has real-valued entries.

Let us sketch the proof as it is essentially similar to the ones in the case of
manifolds.

First, the four lemmas on p;(x, ) have analogs for K;(z,y). The upper bound in
(G) correspond to the Gaussian upper bound of Lemma [L.T. By analyticity of the
semigroup generated by —L, it easily implies Lemma .2 and Lemma [£.J. Finally,
the estimate on the gradient of Lemma [I.4 is a consequence of [}, Proposition A.4].

This yields that the action of 7" and T™ on appropriate atoms are functions with
same estimates as molecules.

For both boundary conditions the source spaces are the same. What changes are
the target spaces, let us explain why. In the case of Neumann boundary conditions,
one has [, 9,K;(x,y)dz = 0 so one expects Ta and T*a to have mean value zero.
Indeed, this is obtained by mimicking the second argument for Lemma [L.5. In the
case of Dirichlet boundary condition, the first argument for Lemma [L.J applies.
Hence, when the corresponding atom has mean value zero, then the same is true
for its image under 7" or 7*. One concludes with Proposition B.I3. Further details
are left to the reader.

Remark 8.2. One could also consider elliptic operators on manifolds with (D) and
(P) or subelliptic oprerators on connected Lie groups of polynomial growth with
coefficients and appropriate estimates, and develop a similar theory. This is left to
the reader.
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Remark 8.3. All results have local analogs under local doubling, local Poincaré and
local Gaussian bounds in which ¢ is restricted to a finite interval (0, 7). In this case,
R* and R are replaced in X and N by (0,7) and (—7,7) and the Hardy spaces
by their local analogs in the sense of Goldberg (where one relaxes the mean value
zero property for atoms or molecules associated to large balls). This is left to the
interested reader.
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