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Abstract

The thermodynamic formalism allows one to access the ahpaiperties of equi-
librium and out-of-equilibrium systems, by deriving thdsam a dynamical parti-
tion function. The definition that has been given for thistipan function within
the framework of discrete time Markov chains was not suédbl continuous
time Markov dynamics. Here we propose another interpigtadf the definition
that allows us to apply the thermodynamic formalism to qumtius time.

We also generalize the formalism —a dynamical Gibbs enseaubristruction—
to a whole family of observables and their associated lagygation functions.
This allows us to make the connection between the thermadignBormalism
and the observable involved in the much-studied fluctugtienrem.

We illustrate our approach on various physical systemsdaanwalks, ex-
clusion processes, an Ising model and the contact proaesise latter cases, we
identify a signature of the occurrence of dynamical phaaesitions. We show
that this signature can already be unraveled using the ssh@ynamical ensem-
ble one could define, based on the number of configurationgedsaa system has
undergone over an asymptotically large time window.


http://arxiv.org/abs/cond-mat/0606211v2

1 Introduction

1.1 Motivations and outline

In trying to bridge the microscopics of a dynamical systenitsamacroscopic
properties, amenable to a statistical physics treatmieatyiain road is the study
of its chaotic properties. These revolve around such cde@pLyapunov expo-
nents, Kolmogorov-Sinai entropy, and perhaps more refitibdlisat of dynami-
cal partition function. The latter was introduced by Ruéllés also called Ruelle
pressure), and can be sedhds a dynamical analog to the well-known equilib-
rium partition functions of statistical mechanics, exceyat it involves counting
trajectories in phase space rather than microscopic stetesso-called pressure,
in information theoretic language, is not but the Rényi@pyrassociated with the
measure over the set of possible trajectories in configuragpace 23]. It can
then be connected to the dynamical entropies, like the Kgbrav-Sinai entropy,
also viewed as the Shannon entropy over the set of trajestar the topological
entropy, which measures the growth rate of the number oivaliotrajectories.
Back in the seventies, the dynamical partition functiom @ppeared as a conve-
nient tool for characterizing, under prescribed matherahtionditions, NonEqui-
librium Steady-State (NESS) measures, now called Sinall&Bowen (SRB)
measuresd], by means of a variational principle. The general framawwehind

is that of temporal large deviations. A vast body of mathérabphysics literature
has been devoted to SRB measures and large deviations, avitbvbr relatively
few direct spinoffs for theoretical physics, let alone expental physics. Actu-
ally, though these notions were mathematically well esghbl in various frames
(Hamiltonian dynamical systems, maps, Markov chainghysically relevant ex-
plicit results for the Kolmogorov-Sinai entropy are scanvéh a few exceptions
for the Lorentz gas and hard-spher26,[25, 26]. There are also numerical stud-
ies [27] of simple fluids attempting to relate the Kolmogorov-Sieaitropy to
the equilibrium excess entropy, or to the self-diffusiomst@ant. When it comes
to determining the full topological pressure, existingutesare confined to sim-
ple maps 19] or to simple Markov processes in discrete time such as tligcka
Lorentz Gas21]. However, recent years have witnessed the revival of ldeye
ations, both at the experimental and theoretical level.@rthieoretical side, they
appeared as the natural language in which the fluctuatiamrehe of Gallavotti
and Cohen3] was expressed. The latter can be seen as a symmetry praperty
the large deviation function of the entropy current reggltirom driving a sys-
tem into a NESS. Variations around that fluctuation relatguch as the earlier



Evans-Searled], or the Jarzynski nonequilibrium work relatios]] also rely on
the concept of large deviations. The experimental motvdies in the belief that
global .e. space averaged- quantities, rather than local probes,laattes way
to approach and above all compare between themselves systdnof equilib-
rium. However, since the peculiarities of a NESS also rdsuith its microscopic
dynamics, it was suggested to measure time averaged (oasgeatime interval)
guantities, and to build up the corresponding distribufiorctions. More recent
experiments on electric circuits have been used to probbkypetheses underly-
ing the mathematics of those relations (for a nonexhausitvef experimental
references, seé)).

While the above deals with actual dynamical systems, tHeceexist Markov
dynamics counterparts to many of the results mentionedegtas/far as fluctu-
ation theorems are concerned (ségdr [8] for the fluctuation relation, and see
[9] for the nonequilibrium work relation). The motivationg faddressing systems
with Markov dynamics (with continuous time) are to be fourndhoin the greater
ease in performing numerical simulations (as cleverly psagl in [LO]) and in the
analytical insight that can be gained through exadt 2, 13, 14, 15] or approx-
imate calculations[6]. To the best of our knowledge, these explicit calculations
have been attempted only for systems with Markov dynamioser@he successes
of the Markov approach in understanding the various vessadrthe fluctuation
and work theorems, it seemed natural to turn to the more gedgnamical parti-
tion function. As briefly sketched irl[f], by contrast with the existing treatment
of Markov chains 18, 19, 20, 21] there had hitherto been no satisfactory attempt
to force the thermodynamic formalism of Ruelle into the feavork of systems
endowed with continuous-time Markov dynamics. As this wesaaly noticed by
Gaspard?2?2], passing from discrete to continuous time raises spedificulties.

Therefore, our primary purpose in the present paper is todate the dynam-
ical partition function and the related topological (or Relepressure for systems
with Markov dynamics. Note however that our motivation f@termining this
dynamical partition function is not rooted in our quest foe tMarkov analog of
an SRB measure. For finite systems with Markov dynamics sraiull endeavor
since the stationary measure is known to be the unique enltdithe stationary
master equation?d]. Instead, we have in mind gaining physical insight into the
topological pressure. It is often presented as a measurgnafntical complex-
ity, an interpretation which will appear quite clearly inssgms with ergodicity
breaking transitions. Beyond, our general goal is to be tbielate its properties
(convexity, singularitiesetc to those of the system at hand, the latter display-
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ing nontrivial dynamics, and possibly featuring strongemactions. ldeally, we
would like to build up a picture gallery2B] for physically acceptable topological
pressures, but in practice we will have to be more modest andilfocus on a
restricted number of systems that we shall soon describghéfunvestigations
aiming at pursuing this goal, most notably for systems wittsgy dynamics and
for systems with quenched disorder, will be mentioned inamunclusion.

It will turn out that the dynamical partition function can been as the gen-
erating function of a physical observable. This will allow to cast our findings
into the more general framework of temporal large deviaidnm setting up our
mathematical approach, we will see that the latter obsévalconnected to —
but very different from— the one considered by Lebowitz apot$ [B]. They
both are members of a rather general family of observablesath we shall fur-
ther single out yet another one that we now describe. Ovevendrajectory in
configuration space, the simplest quantity of all to consisléhe number of con-
figuration changes that the system undergoes over a givenititerval. While
this is a seemingly trivial observable to consider, we Wliligtrate on specific ex-
amples that much of the difficulties that pave the way to thiedfetermination of,
say, the topological pressure, can already be read off ity €if the statistics of
this event-counting observable. More important, we find tdgnamical phase
transitions”, as defined for example 2], can already be observed on this simple
observable, and not only on the topological pressure. Wpgs® a new tool to
study how the structure of the trajectory space is affecyetthé dynamical phase
transition.

We now describe the various systems that we have chosengtrdte our ap-
proach. We begin with examining the simple lattice randortkwase. We con-
tinue with an interacting lattice gas, namely the one diriared exclusion process
with periodic boundary conditions, for which our analytesults are somewhat
less extensive, but that has in the recent pbkt12, 8, 29| served as a testbench
for many of the ideas discussed in this introduction. In thsecof the symmetric
exclusion process we found that, though there is no firstratgeamical phase
transition, the event-counting observable mentioned alstrows signs of a sec-
ond order dynamical phase transition. Then we turn to twomfiedd models
of interacting degrees of freedom. The first one is the wedvin equilibrium
Ising model, with a second order symmetry breaking phasesitran to an or-
dered state at low temperatures. We have shown that the ddgmamic phase
transition induces a first order dynamical phase transitosignature of which
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can already be found on the event-counting observabledBgsive were able to
give a picture of the structure of the trajectory space thhotlne transition. The
second one is the contact process, for which a supplemeditficylty arises, as
in the thermodynamic limit two stationary states —an acive an absorbing one—
exist.

But before embarking into the study of these physical sysiene devote
Sec. Il to a reminder of the definitions of Lyapunov expongitdmogorov-Sinai
entropy, and also of the state of the d@][concerning systems with discrete-time
Markov dynamics. Sec. lll contains our construction of tly@amical partition
function for systems with continuous-time Markov dynamansd connects to the
existing literature. Secs. IV, V and VI are concerned witl plysical examples.
Conclusions and a number of future research directionsaheed in Sec. VII.

2 Kolmogorov-Sinaientropy in the theory of dynam-
ical systems

2.1 Dynamical systems

Let I'(¢) be the coordinate of a dynamical system evolving accorcting—t:
F(T'). Consider now two infinitesimally close initial poirf$0) andl’(0) +4T°(0)

and follow the evolution of the differen@d’(t) between the two. This will evolve
accordlng to®l = ZL4T. The eigenvalues of the linearized evolution operator
ar , once averaged W|th respect to the stationary measure, apatkee Lyapunov
spectrum{ \;} of the dynamical system. There are as many Lyapunov expsnent
as phase space dimensions. Each of them characterizesrntamidgl instability

of the system along an individual direction. A system withegst one positive
Lyapunov exponent is termathaotic In order to characterize global, rather than
individual, chaoticity, the Kolmogorov-Sinai entropy wasfined. Given a parti-
tion of phase space, within this coarse grained descriptth@ndynamics becomes
probabilistic, and this allows one to construct a measuer tve set of physi-
cally realizable trajectories of the system over some timeerval[0, t| (which we
also call histories). We define the Kolmogorov-Sinai (KSyepy as the Shannon
entropy corresponding to the measure over the set of restori

1 Z histories Prob{history} In Prob{ history}
hKS — _ hm n - from0—t (1)

Z histories PrOb{ h IStO I’y}

from 0—¢




where the supremum is taken over all possible partitionglam@verage is taken
over the initial configuration. The denominator is equal tlor a close system.
From its definition, it is clear thatks measures the dynamical randomness of the
system at hand. It is also connected in a simple way to theuryayp spectrum,

by means of Pesin’s theorem, which states that

hxs = —7 + Z Ai (2)
>0

where~, defined for an open system, is its escape rate (and is odezero).
Note that the KS entropy is defined for a system in a statiostatg, in or out of
equilibrium. Even if one would like to relates, at least in equilibrium situations,
to the standard Boltzmann entropy, there is no direct caiorebetween both, the
latter being an intrinsically static object while the fonniedynamical in essence.
However, Boltzmann'’s entropy variations are relatedge. Finally, we turn to a
definition [1] of the dynamical partition functio (s, t)

Z(s,t)= Y (Prob{history})"* (3)

histories
from 0—t

In practice the so-called thermodynamic limhitery large is understood. We have
also substituted — s for the canonical notatiod which we keep for denoting an
inverse temperature (the reason for introducimgthis way will become obvious
when we shall expresg as a generating function). There is an alternative for-
mulation for the dynamical partition function, which invek the local stretching
factors (see.g.[30] for a physical example). The intensive potential(s) asso-
ciated to this partition function is the topological press(or Ruelle pressure),

Uy (s) = tli)m %ln Z(s,t) (4)

which can also be interpretedd], in information theoretic language, as the Rényi
entropy over the set of histories. It is possible to recaygrfrom the topological
pressurefixs = ¥’ (0) (or hxks = ¢/ (0) — v for an open system, with =
—14(0)), along with other quantities such as the topological gty which
measures the grows rate of the number of possible histasitma is increased,

and is given byap = 14 (1).

2.2 Markov chains

Given the definitions above, there is a natural way, as ex@thby Gaspardl,
31], to extend the definitions of the dynamical partition fuantand of the KS
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entropy to discrete time Markov processes. Consider a Mgskacess governed
by the discrete-time master equation for the probabiity, ¢) to be in statel
aftern steps:

P(C.t+7)—P(C.t)=> [w(C —=C)P([C t)—w(C—C)P(Ct)] (5)
C'#C

wherer is the time step (and = nr is the elapsed time). We have denoted by
w(C — (') the transition probability from configuratiahto another configura-
tion C’. The probability of a historg, — ... — C, taking place betweef and

t = nr reads

Note that successive configuratians C,.1 can be equal in the previous relation.
The corresponding probability of remaining in the same cumétionC during a
time step is
wC—=C)=1-Y wC—C) (7)
C'£C
By definition of the KS entropy we may directly write that
) 1

hys = _’}LH;OECZC P(Cy—...=C)InPCy—...~C,)  (8)

It is easy to see?] that the above expression reduces to
1
ks =~ D Py(C) w(€ = ) Inw(C — C)

e

= _%<Zw(c — C)Inw(C — C'))st 9)
o

where we have introduced the stationary measy(€). Several explicit calcula-
tions of this quantity can be found in Dorfmabd] or in Gaspard 18].

2.3 Taking the continuous-time limit

We now wish to take the continuous-time limit ¢f)( We scale the transition
probabilities between different configurations with thadistepr:

w(iC—=C)=7W({C — (10)
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in such a way that the master equatiéhyfields its continuous time analog when
the limit 7 — 0 is taken, namely

a.P(C.t) =) [W(C' —=C)P(C,t)—W(C —C)P(C,1)] (11)
C'#£C
As done in P2, 32], the KS entropy defined ir3f can be expressed in terms of
the transition rategl’:

hks = — Y _ Pu(C) W(C = C')In (W (C — C')) (12)
c,cr

It is now clear that the limit — 0 in (12) does not exist, since the latter exhibits
aln 7 divergence as — 0. Given that the transition raté® are dimensionful
guantities, and given that apparently the only availalohetscale is-, we cannot
expect to get rid of- without further thoughts. This means that even if we were
tempted to retain in1(2) only the finite contribution as — 0 as the meaningful
KS entropy, we would need to find an appropriate time scalerider this piece
well-defined (the argument of the logarithm must be dimearisis).

The one-dimensional lattice random walk perhaps conestilite simplest ex-
ample of a Markov chain: let (resp. ¢, r) denote the probability of hopping to
the right (resp. to the left, not hopping), then we have that

1
hKS:—;[plnijqlnq—Frlnr] (13)

It appears clearly that in the continuous-time linpigndg become infinitesimally
small, which produces an indefinitgs. Since we have in mind describing as
closely as possible dynamical systems, which evolve inigoatis time, the goal
we set ourselves is to find a consistent approach, intrithgieable for Markov
systems in continuous time.

3 Systems with continuous-time Markov dynamics

3.1 Histories and dynamical partition function

We now consider a system with Markov dynamics, with traositiateiV' (C —
C") from configurationC to configurationC’, in which the probabilityP(C, t) to
be in state evolves according to the following master equation,

0P = WP (14)
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where the evolution operator has the matrix elements

W(C, C’) = W(C’ — C) — T(C)(SQCI (15)
and
r€)=>Y W€ —<) (16)
c'#C

is the rate of escape from configuratién In order to overcome the difficul-
ties encountered in the previous section, an alternatite onsider histories
Co — ... — Cg in configuration space, in the spirit of the study by van Beijg
Dorfman and collaborator80, 33] of the Lorentz gas and the Sinai billiard. To
give (1) or (3) a consistent meaning for continuous time dynamics, weifitst-
pret Probhistory as the probability in the enumerable set of histories in ganfi
uration space. A history in configuration space is a sequépce ... — Cg
of successive configurations. An important difference leetwdiscrete and con-
tinuous time dynamics is that in the latter, the system siimgsich stat€ for a
random time lapse drawn from an exponential distributiopafameter(C) as
defined in (6), which is interpreted as the rate of escape from configumatito
any other configuration. Then the system hops to its nex Statith probability
W) Given the initial stat€,, the probability of the historgy, — ... — Cx

r(C)
is the product of each jump probability

K-1

Prob{history} = [ |

n=0

W(Cn — Cn—i—l)
r(Cn)

(17)

whereK is the number of changes in configuration space.

We argue that in the same way d9 and @) are averaged over the initial
configuration when dealing with deterministic dynamicadtsyns, we similarly
have to average over all possible stochastic time sequegces, tx at which
configuration changes occuk(is a fluctuating number). We know from general
properties of Markovian systen24] that the duratiomAt = ¢,,; — t,, between
configurationg’,, andC,, ., is distributed according to the probability density

7(Cp, At) = 1(C,)e 2 1) (18)

Accordingly, if we take into account every possible histGy — ... — Cx



waiting probability:
e—(t—tK)T(CK)

0 131 t2 157

~

—
1 ! 1
T T T

C() C1 CQ CK CK

Figure 1: One patrticular realization in time of a histaty — ... — Cg of
successive configurations. Betwedgrandi, . ;, the system stays in configuration
Cr.

between, andt, the dynamical partition function writes

+oo t t
Z(S,t|CO,t0) = Z Z / dtl W(Co,tl —to).../ dtK W(CK_l,tK—tK_l)
to

K=0Cy,...Ck b1
KW, —c)]
—(t—tx)r(Cx) n—1 n
e 19
[H (G ] o)

where the last exponential factor(& <)) s the probability not to leave state
Ck in the remaining interval between and¢. We have assumed (Fig). with-
out loss of generality that the system starts from a fixedaintonfigurationC,
(we restrict our study for simplicity to systems which caketa finite number of
energy states).

3.2 Kolmogorov-Sinai entropy

In the same spirit as for the dynamical partition functioe, merpret the defini-
tion (1) for the Kolmogorov-Sinai entropy as

) 1 “+oo t t
fis = _tlgn n Z Z / dty m(Co, t1 — to) - - / dtg m(Cr—1,tx — tx—1)
> K=0Cq,.., Cx to k-1
e~ (t=tx)r(Cx) [Probf history}] In [Prob{history}]
(20)

where we assume that the definition does not depend on tied gonhfiguration
Co. For simplicity, we consider only close systems (excepéntiise stated). Then
we do recover the usual relation betwegg andZ(s, t), i.e.
1 0lnZ(s,t)

hks = lim —
KS ﬁgt Os

(21)

s=0
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An a posteriori justification ofl(9) and @0) is that it yields a finite result, which
does not depend on any external time scale nor on a parthubére of time units.
In fact there is a natural —yet fluctuating— time-scigle(C) for each stat€ which
is occupied. Furthermore, as detailed below (see &ég.the KS entropy which
results from {9) is intimately related to the entropy flow][of continuous time
Markov processes, exactly in the same way as was noted bya@Ga&p discrete
time stochastic dynamic22)].

We should emphasize that the definitions that we put forwalr approach
differ from those classically employed within the dynanhggstems framework.
The original Kolmogorov-Sinai entropy corresponding te theasure over histo-
ries in time and in configuration space is infinil&], as the information needed to
describe the continuously distributed time intervals lestmconfiguration changes
is itself infinite [34]. As such, this point of view cannot be used to compare dif-
ferent Markov processes in continuous time. As explaineval§Sec.3.1), we
instead preferred to focus on the information containedlgah the sequence of
configurations, handling separately the averaging oves tntervals. We exem-
plify below in several examples that, in doing so, the ordspirit and physical
content of the Ruelle thermodynamic formalism is preserved

3.3 Expressions in terms of an observable

Itis possible to express both the dynamical partition fiomcand the Kolmogorov-
Sinai entropy in terms of a history dependent observéhlelefined as

K-1
R (22)
n=0 n

We see that in the configuration space,
Prob{history} = e“+ (23)
Hence, from {9), Z(s, t) can be identified as the generating functiorgf:
Z(s,t) = (e759+) (24)

where(-) stands for an average in both configuration and time seqeepaees.
Further using the resul2{) we also remark that

ks = — Jim ©(Q.) (25)
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3.4 Topological pressure

The moment generating function of the physical observahlelefined in 22) is
preciselyZ(s,t). The functiony (s) defined by

o1
dia(s) = Jim —In Z(s, 1) (26)
is called the topological — or Ruelle — pressure in analogy ). This is also
the generating function for the cumulants(of :

(@) AUy
lim —— = (-1) |,

t—o0 t
The dynamical partition function is expected to grow expuiadly with time as
e+, and the growth rate, (s) is the topological pressure. One immediately
recognizes that the KS entropy can be obtained franthrough

(27)

hys = (28)

ds

s=0

In order not only to mathematically justify the existenceuof(s), but also to
relate it directly to the rates of the Markov process, weenaih evolution equation
for the probabilityP(C, @, t) that the system is in stafeat timet with the value

Q4+
OPC,Qut) = [W(C' —C)P (c', Q. —In w t)

¢ (29)
—W(C —C)P(C,Qy, t)]

Noticing that the averag&?). ) over the configuration and time sequences is the
same a§jacz+ Q+P(C,Q.,t), we have

W(C —C)

30
0 (30)

0 (Qs) =Y PECHW(C —C)n

C.C'4C

Taking the long time limit, we find thdixs can be expressed as the mean value in
the stationary state

s = — <Z W(C - ) In %> (31)
C’ st

12



of (the opposite of) an instantaneous observable

W(C —C')

=0 (32)

Ji(C)=> W(C—C)h
=

Compared with the definitiord] for discrete time, the division by allows to get
rid of the time scale inside the logarithm.

The master equatio29) also enables to have an insighton(s). We can first
point out that the Laplace transform of the joint probapititstribution function

P(Cv Q—H t)

P(C s,t) =) €% P(C,Q4,1) (33)
Q+

obeys the master-equation-like evolution equation

aP(C s t) =) {W(C/ — O (CNP (C s,1)
c'#e (34)
—W(C = C)P(C, s,1)

which can be written as A A

where the evolution operator has the following matrix eletae

W, (C,C") =W (C' — C)'*r(C")* — r(C)decr (36)
Then, as
Z(s,t) = > €% P(C Qut)=) P(Cs,t) (37)
C,Qu C

we conclude that the topological pressure(s) is well defined by 26) and ap-
pears as the largest eigenvalue of the opefétor

Likewise, in the context of deterministic dynamical systéreory, the topo-
logical pressure, (s) appears as the maximum eigenvalue of the Perron-Frobenius
operator 8, section 4.5]. The operatoBf) is the stochastic counterpart to the
Perron-Frobenius operator.
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3.5 Ruelle Zeta function

The Ruelle Zeta functioZ (s, z), as reviewed by Gaspard§, is defined as the
Laplace transform of the dynamical partition functigfs, t) with respect to time

Z(s,2) = /000 dte *Z(s,t) (38)

The Ruelle Zeta function is analytic in the complex variablexcept on some
poles. The topological pressute (s) is the pole which is the closest tp and
there are systems for whiah, is easier to access using that property. From the
explicit definition (L9) of Z(s,t) we remark that the temporal integrals are just
interwoven convolutions which factorize after Laplacaesf@rm to yield

+o0o K _

1 7*(Cp-1) wt (Cpo1 — Cp)
2(s,2) = 39
(s,z2) Kz::och:CK 2+ 1(Ck) }:[1 z+71(Cp_y) (39)

3.6 Topological pressure in special cases
3.6.1 Constant rate of escape

From last section we remark that one situation is especsaihple when deter-
mining the topological pressuie, (s): if the jump ratedV (C — C’) are uniform

in configuration space (we shall assume for definitenessith@& — C’) takes
only two values() or ), the local rate of escape from the configurations visited
by the system(C) = r becomes independent@fand the topological pressure is

Poissonian i
vl =7 |(57) —1 (40)

This result can be seen by directly finding the largest eiglerevof the Perron-
Frobenius operator3g) or by the following line of reasoning. In the defini-
tion (19) for the dynamical partition functiol (s, t), the probability of config-
urational histories Prdhisf = e?+ depends on the histoy — ... — Cx only
through the numbekK of configuration changes:%e = (%)K Thus, &+ de-
couples from the average over time sequeriges ., tx. One can thus compute
separately the probability of this time sequence which israeolution of expo-
nential laws of common parameterwhich all combine to yield a Poisson law:
K tK

t t
/ dtlre"“(“‘tO)..-/ dty rex—te) gt —grtl___

i (42)

to tk—1
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ThenZ(s, t) takes the simple form (independently of the initial confagion):

s = 3 () e |(5) ] - et e
—_——

number of probability
histories of K jumps Prolfhis®—*

It could also have been possible to obtain this result byradeteng the Ruelle
Zeta function 89)

Ly
Z(Saz)—z+r;<z::(]< Z4r ) oz ()1 2= i(s) )

The computation was greatly simplified because all jump$efitistory are
identical and independent.
3.6.2 Random walk with reflecting boundary conditions

To see what happens when jumps are not identical, we candasresiparticle
jumping on a chain of three sites with reflecting boundarydeioons. All jumps
occur athe same rateexcept for one, whose rateus The corresponding Markov
matrix and the Perron-Frobenius operator read

—1 1 0 -1 (w+1) 0
W=|w —-w-1 1 , W,=[w"" —w-1 1 (44)
0 1 —1 0 (w+1)* —1

The topological pressure follows

vi(s) =3 {2 —wtw o AT wpw tw)) (45)

and it does not correspond ¢, being Poissonian.

3.7 Large deviation formalism, time-reversed KS entropy, ad
entropy flow

As explained in Gaspard. g, section 4.2], a variety of dynamical ensembles can
be constructed following a similar procedure as the one Wlevied with the
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variable@.. In fact, any time integrated observabigt) constructed with an
arbitrary function according to

A(t) = a(cm Cn-i—l) (46)

with K the number of configuration changes undergone by the prasesshe
time intervall0, ¢], can be exploited in the same vein. Admittedly, a limited Aum
ber of choices will be physically relevant.

Due to the specific form aofl, a master equation can be written #(C, A, t),
and the Laplace transform%lA(C, s,t) =>4 e *4P(C, A, t) will then evolve ac-
cording tod, Py = W 4 P4, where

WA(C,C) = W(C — C)e*C O — 1(C)dccr (47)

The largest eigenvalug,(s) of W 4, with eigenvectorP,(C, s), is the generat-
ing function of the cumulants ofl, ¢4 (s) = lim,_, 1 In(e™*#). This is a con-
vex function ofs. One can also access the first momentdoih the long time
limit, lim, .o (A)/t = (Ja(C))s, With the related currenf,(C) = >, W(C —
Ca(C,C"), relying on the sole knowledge of the stationary state ihistion.
Besides, given that there exists a master equation gowethim evolution of
P(C, A, t), its positivity is conserved, which means that alRg(C, s,t) > 0 at
all times, and consequently

Jim e V1P (C, 5,t) = Pa(C, 5) (48)
is also positive. This allows, after appropriate normai@a to interpret the
eigenvectorP, as a probability distribution. Direct numerical accessjtgs)
but also tof’A(C ,s), as recently proposed ia(], can be achieved by constructing
an auxiliary Markov process (based ®h,) whose stationary distribution is pre-
cisely the normalized®,. Much physical insight can be gained fraf, as we
shall see throughout the study of the Ising model and theacbptocess.

An interestingA variable that we will spend quite some time on is the one ob-
tained by setting in46) « = 1: this is K (¢), the number of configuration changes
that have occurred ové@, t|. This is certainly the simplest one to consider, which
does not make its properties any trivial at all (at first sigie would be tempted
to seeK as Poisson distributed, which is wrong in most cases). tfuther
be shown to be intimately connectedd@ . We postpone our discussion to the
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treatment of our physical examples.

Another prominent variable is thection functionalintroduced by Lebowitz
and Spohn§], endowed with the meaning of an integrated entropy flowneefi

by

K-1
(Cn Cn-l—l)
:Eﬁ[[ } 49
anﬂnw@ﬂﬁq) (49)

This is the observable whose cumulant generating funetigr) = lim,_, 1 In(e™*%s)
verifies the symmetry propertys(s) = 1¥s(1 — s), which is one of the possible
formulations of the well-known fluctuation theore®5[ 36, 3, 18, 7, 8, 37]. In
boundary or field driven system8,[13, 38, 39, 40, 14], for instance, this entropy
flow is simply proportional to the particle current flowingaigh the system, the
proportionality constant being the force driving the systeut of equilibrium (a
chemical potential or a temperature gradient, an appliéd, #c). It is charac-
terized by a nontrivial large deviation function only formemuilibrium systems
(more precisely those breaking detailed balance but focwii (C — C') # 0
only if W(C'" — C) # 0). In general, this entropy flow is a linear combination
of the various currents (charge, particles, energy, moamenforced by an ex-
ternal drive, weighted with the conjugate forces (or afi@sf. The interpretation
of Qs as an integrated entropy flow follows from the rema8k32, 37] that the
time-dependent entropy(t) = — > . P(C,t) In P(C, t) evolves according to

ds
m = Oirr + 0t (50)
whereoy, is defined by
o1 , , : P(C,HW(C = C)
%—2;NWO%QHQQIWC%QHQmmeﬁWWLw)

(51)
and verifiess,, > 0, with equality iff the system reaches equilibrium (with de-
tailed balancePe,(C" )W (C' — C) = Peg(C)W(C — C')). The second termy
is the entropy flow: it arises from the external forces thatedthe system into a
nonequilibrium steady-state, for whielh = —ay, < 0 and

m:%%@ﬁ:—mn@”

t—soo T

(52)

whereJg(C) = >, W(C — C')In %icc?
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It is of course desirable to make contact between entropytla@dentropy
variation ratess;; or o; and the dynamical entropies. In order to achieve that
goal, we dwell into the presentation of Gasp&d][(carried out for discrete time
evolution) by introducing an additional observaljle describing time-reversed
trajectories,

W(Cn+1 — Cn) T 1n ’I“(CK)

7(Co1) r(Co)
The additional piecén Z((ng appearing in%3) stands for aesthetic reasons: it is
non-extensive in time and could have been dropped withoupagsical conse-
quence. There exists a corresponding cumulant generatimgién_(s) and

related time-reverse KS entropys:
(@-)

e - A (54)

ds |._, t—oo

(53)

R _
hKS_

with 7_(C) = >, W(C — C')In W(f('gc). By construction one immediately
notices that

) Qs =Qr—Q-, (i) Jog=Jp —J_ (55)

and, in the steady state,
(il of = his — his (56)

Equality (iii) in (56) also appears in the dynamical system literaturg; (resp.

—h{) is the sum of the positive (resp. negative) Lyapunov exptsand there-
fore o} is indeed the phase-space contraction rate (the sum of afjuryov ex-
ponents). We have of course no such a microscopic intetpmetavithin the

Markovian framework. Note that equalities (i) and (ii) B5f hold for fluctuating
variables.

3.8 Analyticity breaking of the large deviation functions

In general, for smalk, ¥ 4(s) comes as the eigenvalue of a perturbation of the
(unique) stationary state. The uniqueness implies inqaddr that this function

is analytic in the vicinity of). However, it can happen that fedarger than some
threshold value,, it has to be obtained from the perturbation of a state wrsch i
not the stationary state anymore (we notice that siWces) is not a stochastic
matrix anymore fors # 0, the Perron-Frobenius theorem does not apply and the
maximal eigenvalue oW 4(s) can cross another eigenvalue while varyigin
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that case, we may have to examine the whole spectrum to daterim(s) for
s > 8.

Then, v 4(s) need not be analytic on the whole real line. Such “dynamical
phase transitions” have already abundantly been studitaeicase of)., (s) [23).
But such “dynamical phase transition” can also be obsemedther observables.
An example in the case afx (s) is given in Sec6.

In some cases the situation is even worse: it happens thinsypresent
two stationary states in the thermodynamic limit,absorbingstate and a non-
trivial one (when the number of degrees of freedom beconfesta) the Perron-
Frobenius theorem does not apply either). In that case,lthege of perturbed
state can occur precisely at= 0, and 4(s) may not be analytic at = 0. An
example of such a situation is studied in Séc.

3.9 State-dependent dynamical entropiesgs|P], his[P]

The Kolmogorov-Sinai entropy is intended to represent tyreachical random-
ness of a system when following its evolution in phase spafeen a system
evolves in time starting from an initial stafé which is not the stationary solu-
tion to the master equation, we expect the dynamical ranésmto evolve in
time, or in other words, to depend on the state of the systerpreSsion 81)
strongly suggests to introduce thtate-dependerdynamical entropiedgs|P],
hi&[P] through

el = =W (e -+ ) C D, (57)
=
W
_ _CZ(;P(C)W(C%C)IH% (58)
and similarly
his[P] ==Y PC)W(C —C)In W (59)

c.e

We study the example of an infinite range Ising spin systenem3
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4 Physical example 1: Random walks

This simple example provides an interesting illustratibthe difference between
discrete and continuous time dynamics (Set). When the particle moves on
a lattice with open boundaries, it also constitutes an eXxampa system with
escape (Seéd..2).

4.1 Single random walk on a lattice
4.1.1 Discrete time random walk

We consider a particle moving on an infinitedimensional square lattice. It hops
with probability D from one site to it2d neighbors at each time step of duration
7 of its evolution. The probability of not moving at each tintesis1 — 2dDr.
The stationary state is uniform. The probability of a higtof n = ¢/ steps
with m particle jumps is equal taD7)™ (1 —2dD7)"~ ™. The dynamical partition
function writes

Z(s,nt) = Z (n) (2d)™ [(DT)™(1 — 2dD7')"_m}1_s (60)

m
- ?;;(Dr)l_s + (1 —2dD7)~]" (61)
The topological pressure is
Yy (s) = %m [2d(D7)'~* + (1 — 2dD7)"~*] (62)
and the KS entropy
hks = —2dD1n D7 — %(1 —2dD7) In(1 — 2dD7) (63)

When the time step is adjusted so that the particle moves at each time step
(2dDt = 1), we simply find

Yy (s) = 2dDsIn2d and hks = ¥/, (0) = 2dD1n 2d (64)
When sending the time stepto zero, we have
Yy (s) = —=2dD(1 — s) 4+ 2dD'*77% + O(7) (65)

and
hks = 2dD(1 —In D7) + O(7) (66)

As seen in the general case, the limie 0 is not well defined.
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4.1.2 Continuous time random walk

We consider the continuous time version of the random waiisictered in the
previous section: the particle now jumps with r&t§C — C’) = D to one of
its neighboring sites. The topological pressure can bemddadirectly from the
expressions40)-(42) for a constant rate of escape

Z(s,t) = 2P0y (5) = 2dD ((2d)° — 1) (67)

and
hxs = ¢’ (0) = 2dD1n2d (68)
huop = 1+ (1) = 2dD (2d — 1) (69)

We remark from §4) that even if the KS entropy is the same as in the discrete time
random walk with time step = 1/(2dD), the two topological pressures differ.
The fact that both KS entropies have the same expressiolirgéesconsequence

of the relations §) and 31) and from the observation that in the continuous time
RW, the rates of escap€C) do not depend on the position of the particle. Then,
the discrete and continuous time dynamics are simply r@lajechoosing the
discrete time step to be equal to the inverse of the configuration-independent
rate of escape(C) = r.

On the contrary, we can interpret relatidi) by saying that in the continuous
time approach, the relevant time stegiffers upon each jump and is equal to the
inverse of the configuration-dependent rate of escépe

In any case, one should keep in mind that, thouifl) &nd ©8) give the same
expressions, they were obtained for different definitioins.@.

It can also be noted that, if one defines a Lyapunov exponenh&random
walk through an equivalent one-dimensional map, as destiib[41, 19, 17], we
recover Pesin’s theorerd)(

4.2 Random walk with open boundaries: an example of system
with escape

Consider now al-dimensional lattice, infinite inl — 1 directions and finite of
width 7 in the remaining direction, embedded with absorbing botieda The
Perron-Frobenius operat® . splits in a direct sum of one-dimensional opera-
tors corresponding to théindependent directions of the lattice

W, =W oW g .  ow (70)
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with

—2D  D(2d)* (0)
D(2d)* —2D  D(2d)*
Wi = e (71)
D(2d)* —2D  D(2d)*
(0) D(2d)* —2D
£ elements

and W is the infinite version ofW'”. The topological pressure, (s) is the
maximum eigenvalue o#, . We find

i (s) =2D [(2d)s (cos fi 1~ 1) +d((2d)° — 1)} (72)
from which we get the escape rate
m
v=—1,(0)=2D (1—COS€+1) (73)
expanding for largé to
2
s
v=Dy (74)

Gaspard and Nicolisi?] have shown that such relation holds in the discrete time
approach. Our continuous-time approach preserves thdif)kbetween trans-
port properties and escape rate in open systems.

4.3 Many particle random walk: different points of view for
hks

We now consideN independent random walkers on a lattice.afites with peri-
odic boundary conditions. Each one still hops with r&teso that(C) = 2dN D.
Then, with the same calculation as in S&d..2 we find

¥(s) = 2dND [(2dN)* — 1] (75)

The topological pressure, and the KS entrépy = ¢’ (0) = 2dND In(2dN),

are not extensive itN anymore. It could have been tempting, as the particles are
independent, to rather writéy (s, t) = (Z(s,t))", and then the topological pres-
sure2d DN [(2d)® — 1] would have been extensive. The difference comes from the
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fact that in the first case, the order in which particles jurap been considered as
part of the configurational trajectory, and not in the lastecarl he first approach
seems the correct one, as it can be generalized to inteyguiricles. Besides,
as we shall see in the next section, the non-extensivibkefvas already present
in discrete time with sequential update and is thus not fipeoithe continuous
time limit.

5 Physical example 2: Exclusion processes

We now consider interacting particles, more precisely,napg exclusion pro-
cess, i.e. a gas df mutually excluding particles diffusing on a one-dimensibn
periodic lattice ofL sites. We denote a generic configuration of the system by
n = (ny,...,n), with n; = 1 when sitei is occupied by a particle ot; = 0
otherwise.

5.1 Totally Asymmetric Simple Exclusion Process (TASEP)

We first consider the Totally Asymmetric Simple Exclusioroéass (TASEP)
where particles can only jump to the site on their right. Tdiothe full calcu-
lation of the topological pressure is quite intricaies is much simpler to obtain
via its expressionsj or (31). We calculate it now for various types of dynamics.

5.1.1 TASEP: parallel updating

At each time step = 1, each particle may go forward with probabilityif the
site in front is empty.

Let n. be the number of clusters in a configuratnThere are(’;;) config-
urationsC’ which are obtained fror@ by movingk particles. The corresponding
transition probability isu(C — C') = p*(1 — p)"<=k), Then

hks = —(ne)st [pInp + (1 = p) In(1 — p)] = —Lp(1—p) [pInp + (1 — p) In(1 — p)]
(76)

for large systems.

5.1.2 TASEP: random sequential updating

At each time step- = 1/L, one bond(i,: + 1) is chosen randomly. If;(1 —

n;y1) = 1, the particle jumps forward with probabiligy
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If a configurationC’ can be obtained fron@ by moving exactlyl particle,
the corresponding transition probability(C — C’) = Z. There aren. such
configurations’’. The probability to stay in the same configurationd& —

C) = 1—n.Z. To leading order ir_ we find
s = pp(1 — p)LIn L + O(L) (77)

Thushgs is non extensive though the dynamics is still discrete iretand thus
thoughhs is still defined using9)).

5.1.3 TASEP: continuous time dynamics

For the continuous time dynamics, the transition rate betve®nfiguratiom and
n=0.,1-n,1—n41,...)iIsW(n —n') = Dn;i(1 —n;4q).

In order to find a finite value fotks, we are now using the definitioBY). We
note that, at fixed number of particlés = ) . n;, the stationary state is uniform
and each configuration has probability(n) = 1/(1@). Besides}V In W is equal
to W In D. Thus the KS entropy can be written

rin
hKS = <r(n) In <l) )>st (78)
where the instantaneous rate of escape) = D > . n;(1 — n;11). As the steady
state is perfectly random, we se3] that all £-point correlation functiong’;,
have simple expressions:

G = (=T 79)
- CN(N-1)

C2 = <n1n2>st— m (80)

Cot = (nimg - maghy = SV =D (N2 ML) g9,

LL—1)-(L-M+1)

In the thermodynamic limifV — oo, L — co with N/L = p, we get" s
Dp(1 — p). For finite systems, the mean value of the instantaneousftatxape
r(n) is, taking finite size corrections into account,

N NN - 1)) (62)

(r(n))s = DL (f - m
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Thenr(n) can be split into two parts, its mean value, of ordeand a fluctuating
part defined as

r(n) = (r(n))u(1+¢/VL) from whichwe get ¢ = ﬁr(")r_(7i§>(")>st
(83)

By definition, to all orders irl., we have({),; = 0. Moreover,

€ L<r<n>2<>;€n—)><;;<n>>zt .

Once the expression far(n)?),, = 4L|C, — Cy + (L — 3)(Cy — 2C5 + (14)} is
obtained, we get the exact expression

LN —1)(L—N —1)
N(L - N)(L—2)

(€% st = (85)

which expands in powers df as(¢?);, = 1 + O(1/L). This allows us to expand
hks = (r(n)In "), through

r(n) 1 (%) st
T>st+§<’r(n)>st i +O(1/L) (86)

hKS = <7’(7’L>>st 1Il<

Denotingo = Dp(1 — p) and collecting all terms, we find

hks = Lo ln(Lo) + o In(Lo) + ga + % InL+ O(1/L) (87)
We could also have developedaround its thermodynamic limit(n)) /L —
Dp(1 — p). Then(€). # 0 but(¢?),, = 1+ O(1/L).

For the TASEP model, the number of configuration charfges equal to the
total distance covered by all the particles within a certaire interval. The large
deviation function associated to this quantity has alrdasbn calculated both for
in the large system size limit and for finite systemslif, [12].

5.2 Symmetric Exclusion Process (SEP)

We now consider the Symmetric Exclusion Process (SEP) wbach particle
hops with equal probability per unit tim@ to its right or left — if the target sites
are empty.
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In this case we have calculated not only the KS entropy but #is large
deviation function associated with the observahl&). Though this is a sim-
pler observable tha@ ., , the complexity of the calculations is already present. It
gives a cruder physical picture of the level of activity urgime by the system’s
dynamics thar), .

5.2.1 The Kolmogorov-Sinai entropy

The same expressioB{) as for TASEP holds, but now with = 2Dp(1 — p).
For the SEP, the compressibility and the strength of thelibgum current fluc-
tuations, as defined by Bodineau and Derritig,[are closely intertwined[16].
Thus one may speculate whether for another equilibrium trefdieteracting par-
ticles, and beyond, for a realistic interacting glag can be expressed solely in
terms of the thermodynamic compressibility. This issueictliis reminiscent of
earlier discussion2[/] certainly deserves further investigation.

5.2.2 Number of hops

Let K'(t) be the number of hops performed by the Markov proces® on and
let P(K,t) be the probability distribution function @t (¢). We also introduce the
moment generating functioRx (s, t) defined by

Pre(s,t) = (e7°K) (88)

and the related cumulant generating function

(89)

which turns out to be the largest eigenvalue of the opef@tg(s) defined by (see

(47)).
Wi(s:C,C') = e W(C = C) — r(C)écc (90)

There are a number of ways to obtaig (s) in the regimes of interest— 0+
ands — +oo. The results are summarized here, while technical detailde
published elsewhere. All these results are valid in thetlohlarge systems.

The coefficientsD(p) ando(p) appearing in 13] verify o(p)/D(p) = 2p*ksTx(p), Where
x is the thermodynamic isothermal compressibility &his the equilibrium temperature. For the
SEP one ha®(p) = D ando(p) = 2Dp(1 — p).
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e In the limits — —co

sin?(7p)
2

lim ¢ic(s)/(DL) = 267 =—F — 2p(1— p) =2 +0E) (91
This result relies on a mapping to weakly interacting femsioby means of a
Jordan-Wigner transformation.
e In the limits — 07,

27/2

Jim ic(s)/(DL) = =20(1 = p)s + Z—[o(1 = p)P[s? + O(s?)  (92)
The method that was used in this case — relying on a Bethezansaituld not be
applied to thes — 0" case.

It is not so surprising to find a non-analytic behavior {gf, as the symmet-
ric exclusion process has already revealed non-analyhiawher for the particle
current distribution functiond, 44].

As the first derivative of) (s) is still continuous ins = 0, one could speak
of a dynamical phase transition of order higher than one.

e In the limits — 400

Jim e (2)/D = -2+ 22+ 0(z%) (93)

Thisz — 0 behavior is quite distinct from that found by Derrida and defiz [11]
studying the TASEP, who foundy (z) = —1 + 2 (for N < L/2). This is due

to the strong irreversibility of the TASEP that prohibitsckevard jumps to take
place (if N < L/2, N jumps, instead of for the SEP, are necessary to return to a
single cluster configuration).

6 Physical example 3: Infinite range Ising model

We now turn to our next example, namely a systeniNofsing spins (V > 1)
o; = =1 interacting with infinite range forces and equilibrated la tnverse
temperatured. The Hamiltonian of this infinite range Ising model reads

1 M2
- Ui =
oN 2= 7% TN

Z?]

Hio = {o.}) = (94)

whereM = ). o; is the magnetization. The equilibrium probabili,(o) of
a spin configuratiomr = {o;} is given by the Boltzmann-Gibbs factét(o)
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exp|—FH(o)]. In order to describe its time dependent and chaotic prigsente
endow the system with a continuous time Glauber-like dycarm which each
sping; flips with a rate

W(O’Z‘ — _Ui) = e_ﬁ‘”% (95)

This is precisely the evolution rule considered by Ruijgaoki Tjon B5] who first
studied the dynamics of this system. The rate of escape froonfégguration with
magnetization/ depends only o/ and is equal to

M M
r(M) = N cosh % — M sinh % (96)

The master equation can be cast in the form of an evolutioatequfor the
state vectofV) = > _ P(o,t)|o),

dw)
Tl W) (97)
where
W o= Y [0t —1]e’ % (98)

J

= (M?® — N)cosh pM

z 4

M
+ (M? 4 iMY) sinh P

(99)

Here, the evolution operatdlV is expressed in terms of spiN operators)/©,

a = x,y,2 (3, M*? = N(N +2)), with M* = 3" of (tensor products are
implied for the Pauli matrices$' acting on sitej). Note that this expression is
obtained under the assumption that the probabifity-, t) depends only on the
magnetization, which is the case in particular for the stetry state.

An alternative way to describe the system would be to followtber Markov
variable than the full configuratios, such as the global magnetizatidh. That
M is a Markov variable is of course an artifact of our mean-fielddel. One
is now interested in the evolution equation for the magaétn state vector
WDy = S~ P(M,t)|M). It should be noted that9@) gives the evolution
operator for the state vecto¥()) (with the M taken as operators acting on
magnetization states), only if the statd$) are defined by

M) =) (&)_15 [M—;ai] o). (100)

p 2
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For the somewhat more intuitive definition

M)=>"0 [M—Zai] o), (101)

the evolution operator would rather be

M*—iMY N+M
e PR
5 N_M +2
M +iMY N—M*
et (M 102
5 Niargze " ) (102)

W o=

as the escape rate from a given stgté) is still »(A). In the following, we
shall always refer to the description by the full spin-stdtg except when stated
otherwise.

We now turn to the topological pressure.

6.1 Topological pressure — paramagnetic state

The topological pressure is the largest eigenvalue of tleeatprv . whose ex-

pression reads

(1—s)BM*
N

B(1 —s)M*

W, = M¥ cosh
n coS N

r(M?)® 4+ iMY sinh r(M?)® —r(M?).
(103)
In the high temperature phase, it suffices to resort to the $dotstein-Primakoff

representation of the spin operator as that usedj |
M?® = N —2da'a, MY = —iv/N(a' — a), M* = VN(a! +a) (104)

in order to writeW_, as a free boson operator whose ground-state energy yields
the following topological pressure

V() = N(N* = 1)+ N*(1—(1—-5)8) = N*2\/N*(1 + s5(2 — B)) — (2~ B)

(105)
It is also possible to compute the large deviation functiesoaiated with the
observable

K-1
Qu=> W(M:(]; ‘;W"“) (106)
n=0 n

29



and we find

Yau(s) = Jim Infe- )

t—o00

=(2° = 1)N +2°(1 — 5)(1 — fB) (107)
—22/25(1 = s(1 - B)?) - B(2 - )

We remark that in 105 (resp. (L07)), to leading order, the distribution @p .
(resp. Q) is a Poisson law of parameter N (resp. In 2), which reflects the
completely randomized nature of the paramagnetic statesd results are valid
in the high temperaturg < 1 phase. We now address the ordered state.

6.2 Topological pressure — ferromagnetic state

It appears that below the critical temperature, the togold@ressure shows much
more complex features. The most notable of them is thathebservable ceases
to be Poisson distributed even to leading order in the systeen This is at vari-
ance with what has been observed for the paramagnetic dtarder to gain
some insight into the difference between the high and lowpesature behaviors,
we decompose the fluctuating magnetizatid(¢) into

M(t) = Nm + £(t)VN (108)

This defines the noise strengtlt), which we expect to remain of order unity.
The fluctuating escape rate from a configuration with magagtin M/ given by
(96) is, for N large, given by

r(M)=NV1—m?—¢ — %\/ﬁ+ %g% (6 -7 _sz) + O(1/V'N)
(109)

where the mean-field equation of stat@h(5m) = m was used. FromlQ9 we
see that'(M) shows onlyO(1) fluctuations at3 < 1 (m = 0), rather than the
generically expected(+/N) fluctuations. Fluctuations in the high temperature
regime are thus much lower than in the ordered state. Thisleat to more
tedious mathematics in the ordered phase.

Before tackling these, an interesting way to pinpoint tiifetent nature of the
high and low temperature phases is to inspect first a simpkentify, namely the
numberK (t) of magnetization changes that have occurred over a timevaite
[0,t]. It should be noticed that the value ff is the same, whether we describe
the system by its full configuratiosm or only by its global magnetizatioh/.
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As explained in Se&.7, the large deviation function o, ¢ (s) = lim;_, + +In (e=sK)
is the largest eigenvalue &7 ;, which has matrix elements

Wy (M F2, M) =
(M ¥ )22N

(M)(SM’]\/[¢2, z2=e° (110)

We find, again usingl(04), above the critical temperature, that

Yr(2) = (2 = 1)N + 2(1 = B) — /2(2 — B(2 — B)) (111)
Note that at the critical pointyx(z) = N(z — 1) — y/z(z — 1). The singularity
has moved froms = —Ing(2 — ) tos = 0 (z = e°). Below the critical

temperature, expressiig x in terms ofa anda' as defined in 104) does not
yield a free boson operator. We first quote our results and sketch the route
that has led to them. Retaining the leading termg/inwe find thatyx has the
following implicit expression:

Vi (z) =N [z\/l — m3, — cosh fmy + my sinh Bmyg

(112)
T i LN
1— m%{
where
2
Oxc(2) = [3 = 60— mi)B + 401 — mi) 5]
+B24/1 —m2 [(2 — ) cosh fmyg + Pmy sinh 5mK} [1 —-2(1— m%)ﬁ]
(113)
andmg(f, z) is the solution of
my P cosh fmy + (1 — B) sinh fmy = __TK (114)

V1 —m%

such that)x (z) is the largest. When = 1, equation {14) is of course solved by
the solutionmgg)(ﬂ) of the mean-field equation

mgg) = tanh(ﬂmgg)) (115)
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From that remark, it is possible to expang arounds = 0 in powers ofs by
(0) (1)

searching solutions ofl(4) in the formmy = my’ + m;’s + .... Defining
co(B) = cosh mg) (8), we find
1 1 B2-38)+p5 2
7 ) = o TN @) + O(1/N?) (116)
Lk, =2 S . oanN 117
m( >c—C—O+COW+ (1/N) (117)
1 1 2 1
B0 = = 3ag s [ = (L B)e = AL = 30) = ] + O(1/N)

(118)

An interesting spinoff of thiss — 0 expansion is that it shows that in the low
temperature phasey(> 1), the number of step&’ is not distributed according to
a Poisson distribution, even to leading ordél(if it were so, only thel /¢, term

in the right hand sides of.(L6117,118) would be present in the above cumulants).

The way the parameten (3, s) came out from the formalism is the follow-
ing. In the high temperature phase, the Holstein-Primalegfesentation1(04)

— with no rotation — allows directly to writ&, as a free boson operator. In the
low temperature phase, it is necessary to rotate the spiratmps)/*, MY, M*

by an angle around the, axis, in order thatV ;- becomes a free boson operator,
with sin = mg (5, s) (after a suitable additiondtdependent rotation around the
z axis).

Itis intriguing that by expressing the escape rdtel = Nm ) = N(cosh(Smg)—
my sinh 8)myg as a function op throughm g (p) = /1 — p?, one can see, by ex-
ploiting (114), that to leading ordet- vk (z) = max,{zp — +r(p)} (a property
holding in thes < 1 phase as well).

The physical meaning of this x (3, s) is interesting in itself: in order to arrive
at an expression for the evolution operator involving freedns, one must be de-
scribing its low lying excitations, which requires knowiitg ground-state eigen-
function (the stateé’, (M, s) appearing in48) that has the eigenvalug (s)). In
the high temperature phase, the average magnetizatioictesto histories with
a prescribed value dt is zero, because forcing a given valuefotloes not force
the system into the broken phase. However, in the brokeneptihe nonzero
magnetization is itself a weighted average of average niegiens correspond-
ing to various values oK', and there is no reason for each valuéto contribute
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equally t0m§8> (B). Instead we have that

1

mic(s, ) = lim =" MPy(M,s) #m (5). (119)
M

After all, it is reasonable that histories witti far from its typical value are char-
acterized by different magnetizations. In other words,gtremind state is highly
nontrivial, as opposed to the high-temperature phase.derdo further illustrate
our point, we have plotted — mg (s, 5 = 1.4) in Fig. (2). There it can be seen
that mg (s, 8) jumps from a nonzero value at> 0 to zero ats < 0. On the
one hand, at > 0 one is probing the regime in whick /t is typically smaller
than its average valug-(M)), which we expect to be more frozen than typical
configurations, that is, more ordered: this accounts:/f@f(s, 5) growing with s.
On the other hand, at < 0, one is selecting histories that have a typiéalt
larger than average, so that the corresponding statesssbel#ss ordered. There
is in fact a dynamical first order phase transitiors asries from0* to 0—, where
mg (5, s) jumps from a nonzero value to 0, which corresponds to a payaetz
state. The jump discontinuity of.x (3, s) yields a discontinuity in the deriva-

m[s’(&ﬁ)
—

-0.2 0.2 0.4

Figure 2: Plot of the rotation parametery (s, 5) as a function ok at 5 = 1.4.
The jump discontinuity at = 0, in finite size/V, is smoothened into a continuous
but steep drop centered around a critical value O(N ') < 0.

tive of ¢ i (which itself, being convex, must be continuous) as showrign(3),

33



which reads

—\/1-m®” (120)

Vi (s)
ds L&E’%@ N }

d {lim IDK(S)}

o+ ds [ N>oo

0-

Wheremﬁg) = mg(/,0) is the solution t(m? = tanh ﬁmﬁ?). For finite V, both

. . 2
derivatives are equal tg' 1 — mg? :

TV (2)

L L L L L L
0.9 0.95 1.05 1.1 1.15 1.2

-0.1

-0.2

Figure 3: Plot ofz — limy_, ¥k (2)/N at g = 1.4, with z = e~*. The first
derivative is discontinuous at= 1.

Returning now to the topological pressure, we parallel #ssoning carried
out previously forK in terms of().: we write the corresponding operatér
and perform a rotation of the magnetization operafdrs (the angled involved
is such thatin = m, (53, s)) in order that it can be expressed in terms of free
bosons, and we find that below the critical temperature

U(s) = N (s) + 90 (s) (121)
where the ordeN! and orderN° coefficients are given by
iN)<S> — g — g (122)
s 2s
SP)(S) =q¢ (1-5)(1-p*p) p~ 1+ — \/Ao + (%) A+ (%) A,
(123)
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where we used the notation

p=1/1—m% (124)

q = 2( cosh Smy — m. sinh Sm) (125)

g = 2(sinh fmy — my cosh Sm..) (126)

Ay =— [ﬁer cosh fm, + (1 — () sinh Bm+}2 (227)

A= —pfS [(2 — ) cosh fmy 4+ m, sinh ﬁm+} (128)
2 4

and the rotation parameter, (s, 3) is the solution of

p'™* [Bmy cosh fmy + (1 — B) sinh Sy | = ¢* ' [miq + sq(1 — p*B)]
(130)

such that), (s) is the largest. Again the quantity_. (s, ) has the meaning of an
average magnetization biased, fo# 0, over histories that are more (resp. less)
random than the typical history fer> 0 (resp.s < 0). For that reason we expect
my (s, ) to be a decreasing function ef as is confirmed by plotting:, (s, )
obtained from {30 as a function of for g > 1, see Fig.4). Trajectories split
into two classes, ordered and disordered ones. This agliginot present in the
unbroken phasej(< 1), for whichm (8 < 1,s) = 0 Vs.

6.3 Kolmogorov Sinai entropy and chaoticity

Here we focus on the KS entropy related to the prodess) — and defined as
before from the),, observable —, which is luckily extensive. In the stationary
state,hks (in magnetization space) depends @rthroughc = cosh [5m(f)]
wherem(3) is the solution of the mean field equation

1 n2 if g<1
lim —hys — 131
N NS T Y Lo i g1 (131)
C

To follow how hgs depends o in the high temperature phase & 1) one has
to expand up to order. We find

1+ (In2-1)8(2-05)

hees — NIn2 = —
ks AT 2(1— B)

(132)
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Figure 4: Plot ofs — m. (s, 5) at g = 1.4 in the limit of large systems.

th — N 10g2
L his 3
N __---0
0.8} PP -1
- -2
\ - -3
0. 6| disordered phase R § 4

"~.0 0.20.40560.8
B

ordered phase

0.5 1 1.5 2 2.5 3 A

Figure 5: Kolmogorov-Sinai entropyks in the stationary state, as a function of
B. In the ordered phasé& (> 1), the variations ohs are of orderV, while in the
disordered phase, they are of orddinset).
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Results are shown in Figh). In a stateP of average magnetization, hks|P]
only depends, to leading order M, onm.

1 1—m
—hslPl == — "1 1
NKQ] e’ 5 n[+

1+m

1—-m

In{1+-——"
i

(133)

e 28 m] + e fm

In a similar way

1 1—m 1—m L+ m e
_hR P :eﬁmil 1 7e25m e_ﬁmil 1 76—267;1
il 2 n[+1+m " R
(134)
]N}LKS
hks and chaoticity
0.8+t are decreasing

hks and chaoticity

Cqulh]?rlul"n ' are increasing
magnetization |
0.4¢ 1

Figure 6: Kolmogorov-Sinai entropyks[P] in a stateP of mean magnetization
m at fixedg = 1.2.

6.4 On the extensivity of the KS entropy

Though thehgs associated with the observalddg, and calculated in the previous
section was luckily extensive, in general the defined by 20) is not extensive
in the number of degrees of freedom. Indeed, the dominaet dod/xs = ¢, (0)
obtained from {05 readshks ~ N In N. By contrast, in a dynamical system, the
Lyapunov spectrum, and the KS entropy, are extensive in tingber of degrees
of freedom. The nonextensivity of thes calculated in this paper was already
briefly commented upon in Se€.3. As this was pointed out in S€g.1.2, it is not
specific to continuous time. Still, we wish here to suggestepossible cures. In
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-1 0.5 0.5 1 m

Figure 7: Direct and time-reversed Kolmogorov-Sinai epigs in a state of mean
magnetizationn, in the disordered phasé (= 0.8). Notice that, as expected,
hks < his. These two dynamical entropies are equal only at equilibrisagne-
tizationmeq = 0.

Figure 8: Direct and time-reversed Kolmogorov-Sinai epigs in a state of mean
magnetizationn, in the disordered phasé& (= 2). Notice that, as expected,
hxs < his. These two dynamical entropies are equal only at equilibmoagne-
tizationmeq =~ £0.956 or atm = 0, which is unstable.
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order to obtain an extensive topological pressure, we malg ke probability of
a step fromC — C’ with the number of available degrees of freedom. In the case
of our Ising system, we introduce the observable

H = Z In NW(?(LC_; Cny1) (135)

Note that the associated large deviation functior(s) = lim;_, 1 In{e™*¥), in
spite of remaining convex, wik priori no longer be a monotonously increasing
function of s, which is a defining property of a Rényi entropy. Skippindgcal
details, we have found that in the high temperature phase

() =1-B1—s)— /1 —s)1-B2+s, vu(s) = s—s (136)

which has a trivial thermodynamic limit; /N — 0 asN — oo. On the other
hand, fors > 1, we obtain

wHT(S) = (r(Nm)/N) — p(r(Nm)/N)*, p= V1 —m? (137)

and withm solution to
m(r(Nm)/N)* —mpp cosh fm — p(1 — §) sinh fm = 0 (138)

Combining these results into a single plot, Fi®), (shows that some features
present iny, (such asy, (s > 0) = 0) are unaffected injy(s): both are
monotonous (only to leading order vfor vy (s)), and non-analyticin = 0. We
do not have further argument in favor of using /N as abona fidetopological
pressure but that it is simple and that it seems to be shainmtas properties as
the originak), , at least for the model at hand (yet it can be shown¢ha0) < 0,
i.e. opposite sign tags).

6.5 One dimensional Ising model

We consider an Ising chain df spins in contact with a thermal bath at inverse
temperatures. The energy writes

H=- Z 00441 (139)
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Figure 9: Plot ofs — limy_, ¥y (s)/N ats = 1.4.

We endow the system with periodic boundary conditions araur dynamics
with spin flip rate

1
Wi(o)=1-— 37 oi(0i-1 + 0i11) where v = tanh2( (140)

The Kolmogorov-Sinai entropy is

his = <Z Wi(o) In i) > (141)

Inthe limit N — oo

_ NInN
~ cosh2p

+N[28ytanh? 8 —(1++?)Incosh 23] +2sinh® 3+ O(In N/N)

(142)
which is computed using that the correlations réad,;,,.) = tanh” 5. Itis, as
expected, an increasing function of temperature.

KS
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7 Physical example 4: Contact Process

7.1 Motivations

We now turn our attention to the infinite-range contact psscesach vertex of
a fully connected graph oV vertices is either empty{ = 0) or occupied by a
particle (z; = 1). The system is endowed with a Markov dynamics with rates

{W(ni:1—>ni:0):1
(143)

W(n;=0-—n;=1) = An/N

wheren = ). n; is the total number of occupied sites. This model has regentl
resurfaced in the literature: Dickman and Vidigdb[ studied in detail one of
its defining properties, namely that it exhibits a noneguilim phase transition
from an active to an absorbing state as the branchingvaedecreased below

a critical value)\. = 1, with, in finite size, a single stable state, the absorbing
one. Therefore, the stationary state distribution in the/actate is only quasi-
stationary. The lifetime of the active state, in finite si@s studied by Deroulers
and Monassord[7], who also designed a systematic way to implement finite con-
nectivity effects. Broadly speaking, the contact procdsssp transition belongs to
the directed percolation universality class, and as ssdhgi paradigmatic model
of nonequilibrium phase transitions. Our motivation fookang at the contact
process with our own tools is precisely the existence of a@hensition, un-
like any equilibrium one, that is encountered in many guisdke literature (see
Hinrichsen for a review48]). Interestingly, absorbing state transitions are now
invoked within the framework of the glass transitiagt®[ 50, 51]. At the moment
we do not wish to address refined critical properties, andhad be content with

a mean-field version that will enable us to get the globalypeciof how phase
space trajectories are affected by the presence, in tHersigt state phase dia-
gram, of an absorbing state transition.

Much like the global magnetization in the infinite-rangentsmodel, the total
number of particles(t) = >, n; = 0,..., N is also a Markov process, with the
following rates

{W(n—>n—1):n (144)

Wn—-n+1)=(N—-n)n/N
As a reminder, we first sketch the main properties of thestatly state. For finite
N, there is a single stationary state: this is the absorbiug sthere all sites are
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empty. The time evolution of the mean number of particledsea

% — <(N - n)%" - n> (145)

Given the infinite range of the interactions, the mean fieloldtlyesis will be valid
in the thermodynamic limit:{ and N going to infinity,n/N — p). In the station-
ary state {45 simplifies into

p[A1=p)—1] =0 (146)

We conclude that there exist two regimes according to theevaf \. For\ < 1,
the stationary state is the absorbing state, with all sies®id of particles, and
when )\ > 1, the system reaches almost certainly a quasi-stationaty gtith

mean density
1

p=1 R (147)
else it is trapped in the empty state. From here on, we stalhag\ > 1 and use
p as the only control parameter of the model. In order to cincemmbthe absorbing
state in finite size, it is convenient to add to the originadelcan additional local
injection process with ratg,

W(ni:0—>ni:1):h+)\n/]\7 (148)
or
Win—-n—-1)=n
{W(n—>n+1) = (N —n)[h+ An/N]| (149)

The stationary state becomes unique for— oo, and the steady-state density
is given by

Ap+h=p/(l=p) (150)
For h > 0, explicit results will be expressed in termsoand . We now want
to determine the large deviation functions6ft), the number of configuration

changes that have occurred over a time intej¥al, and of@ (¢), which gives
access to the topological pressure.
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7.2 Special point\ = %

Our first paragraph deals with a special point in parametacesghat, to the best
of our knowledge, has never been commented upon in therexiskerature, but

whose mathematical structure is extremely simple. We deosethe total num-

ber of particles into an average and a fluctuating part,
n=Np+£EV/N (151)

and we express the fluctuating rate of escape from a configaraith » particles,
in the stationary state. In the absence of particle injadtho= 0), and replacing
A by its expressionl(47) in terms of the stationary state densitywe arrive at

r(n) = 2pN + g%\/ﬁ — &2 (152)

L
I—p
hence the special poipt= 2/3 (or equivalentlyA = 3) at which this escape rate
has relative fluctuations of ordé?(N—!) that are much weaker than the generi-
cally expected)(N~'/2). A similar phenomenon occurs féar> 0, using (L50),

r(n) = 2pN 4+ £(1 — p)(A — A)VN — €2 (153)

where 21

A 1= p? (154)
There the special point with low fluctuations is)at= A. Under this constraint
A = A, the interval covered by the stationary state density whervalue ofh is
varied is; < p < 2. TheX = A behavior ofr(n) bears much resemblance with
that already noted for the high-temperature phase of Isiadehin (L09), with
the formal correspondence< 1 <+ A = A andg > 1 < X # A. As will now be

seen, huge calculational simplifications occukat A.

The generating function for the cumulantsift), the number of configura-
tion changes that have occurred over a time intefid] is the largest eigenvalue
of the following operator

Wi (z) = —t(N—) {%” + h} +%z l(M:” +iMY) [%” + h] 4 (M® — iMY)
(155)
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wheren = (N + M~#)/2 is the particle number operator and= e *. Given that

the detailed properties are being studied for the first tiere hwe shall provide
the reader with a few more technical details than in the preyvisection on the
Ising model.

The spectrum oW, can be found perturbatively itV using the Holstein-
Primakoff representation of the magnetization operatdfs In general this con-
sists in rewriting thel/*’s as a carefully chosen rotation of another 5&f spin
N operators for which we will use the following exact reprdaéion in terms of
creation and annihilation operators

L®* =N —2d'a (156)
iLY = al (N — aTa)% — (N — aTa)% a (157)
L? =af (N — aTa)% + (N — aTa)% a (158)

The aforementioned rotation has to be chosen such that igrthend stateq’a
remains small, so that an expansion can be performed. Inélsemt case\(= A),
we shall assume that it is already the case without any cotand we shall
use directlyM* = L*. We expandW in powers of N anticipating that in
the ground state’a will remain of O(1) as N — oo. And because, up to a
constant contributiorilyV c is quadratic in terms aof anda! (with N-independent
coefficients), this is indeed the case and we find that thesagjgenvalue x (s)
of W, has the following expression

Root of a third degree polynomial ifz < z,

qp 2) = 1/2 _
(2) 20(z—1)N —z+ 1Z_p\/p(1 —2p)+2(1 =3p(1 —p)) if z>z
(159)
provided the parameters verify= 22—1.. Note that forh = 0, that is at\ = 3,

(1-p)%*
ze = landyg(z < 1) = 0, while ¢ (z) = 5(z — 1)N — 2+ /2(32 — 2) if
z > 1. Interestingly, to leading order ii¥, the distribution ofK is a Poissonian,
as was precisely the case for the Ising model in the high-éeatpre phasel(1).

For h # 0, we find that forz: — 0 (that is fors — o0)

2—-3p 5 2—3p
+z

(L=p3 2(1—2p)

which describes reduced-activity histories with valuegsofnuch smaller than

Vi (2) =p + 024 (160)
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(K).

In much a similar way, restricting our analysis to the Markogcessi(t) =
>, ni(t), the topological pressurg, (s) is the largest eigenvalue of the following
operator

M
— —f N —p)—
W (s) =n+( n)N
1 A\ VAN
_ T T ANY - o -
2(M +zM)<h+ N) <n+h+ N) (161)

1 A~ S
- §(M:” —iMY) (ﬁ+h+ )\—]\7)
And again expanding thé/*’s in powers of N keepinga anda' of order 1,
leads toW , being quadratic im anda’, with N-independent coefficients. Using
the Bogoliubov-like transformation described in Appendixit is thus a simple
matter to find the largest eigenvalueWt, , which reads

20(2° = )N + 25(1 — s)

1=3p(1 —p) p(1 —2p) -
Yy (s) = - 48[——5 +25— L + O(1/N) ifs>s,
i-pp t—pp O
—hN + O(1/N) if s <s.
(162)
whereh = ((21__35)2,, . The critical values.. that emerges inl62) is given by
B Ap 1 1 o —Tog, A 5
sc—log27 + N2pn2 <—2+log2 Ap + +/Ap — log, Ap) + O(1/N7)

(163)
Whens > 0, the expansion of th&V__ is valid only whens < v/N. WhenN is
(large and) fixed, the asymptotics®f (s) is

2 . s
o (s) ~ VAN (hN i iy)N A) as s—oo  (164)

In Fig. (10) we have plotted . (s) as a function of. The most remarkable feature
is the presence of dynamical transition at the critical peters = s.. The
nontrivial convex branch ceases to correspond to the laeygsnvalue oW, at

s < s., and it is simply replaced by a plateau. This picture, whghbustomary
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Figure 10: Topological pressutém y_, %m(s) on the special line (ap =
0.57). The dashed line is the continuation of the strictly convench fors < s..

in equilibrium phase transitions, reflects the existenca@ofinderlying first order
transition. Ass is decreased from = 0 (corresponding to typical histories) one is
selecting histories with less and less dynamical disor@eis indicates a phase-
separation like mechanism occurring in the space of hitoiiVe now attack the
generic case for which the values/ond\ are unrestricted.

7.3 Generating function of the number of events for any\

The task remains that of finding the largest eigenvalués) of W, as given in
(155. When directly expanded iV, the choiceM® = L* leads to the following
expression for the evolution operatdfy

—Wg(z) = HON + (HWa+ HY e ) VN + HO + O(V/N)  (165)
a at

where H®, H{" | H}) are c-numbers and ) is quadratic ina anda!. While
this seems a perfectly legitimate larfjeexpansion, the presence of nonzérg’

or HC(LP terms in (L65 signals that the ground state W, does not correspond
to the zero boson state, but rather to@dfV) boson state (on the special param-

eter subspace = ) these coefficients of the linear termsdranda’ somehow
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miraculously vanish). Indeed, in order to compute that spetwe need to trans-
late the creation and annihilation operafdry a constant of magnitudgN, but
this mixes the whole expansiof@5) of W (z) in powers of N. In particular,
unlessH" = HC(LP = 0, the truncated expansiof&5) is not sufficient to find
the eigenvalues 0V (z), even to lowest order itN. Given that we wish to de-
scribe—W s low lying excitations, witha'a ~ O(1), we must now find a way
to expand around the ground-state. By contrast to Ruijgrak §on [45], we
must now perform two successive rotations parametrized &ydm (around the
y and thez axes) of the initial Holstein-Primakoff representatid® @ 158). The
evolution operatoWV x (z) then reads

A1 i
S Wr(2) =+ (N — 7)o — o (M® +iMY) 2 4 o= (M — iMY)
N 2 N
(166)
with MY = Lv,
M*\N  (p —m L* B 5 -1<m<1
(MZ)_(m p><Lz)’ p=vizmt and { a>0
(167)

The parameters of the two rotatiomsandm, will now be chosen so thatl) =
HS) = 0 in the truncated expansioig5 of (166). When these equations in
a andm have more than one solution, we have to choose the solutiochwh
gives the highest value af;. ExpandingWx (z) in powers of N and imposing
HY = Héi) implies thato = /2% and yields an expression of the fordt6)
with

1
(2 — 1 N (2o
=) (4292\/2(1 +m)(1—p)—B—-2p—m)(1 +m)> (168)
W _ go_ 1 B 1 - -
H, HaT 201 — p) <Z(3m 1)\/2(1+m)(1 p)+p(l—p m))
(169)
From (169 we see that solving/s" = H'} = 0in m leads to eithern = —1

orm is one of the roots of third degree polynomialnif= —1 is not the correct
solution, this root must be inserted back into the expressid H? and H©) to
getyk (s). With a view to avoiding further technicalities, it is morernvenient to

2for instance, through similarity transformations such@sge=“* = a' + C.
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use algebraic elimination methods so as to find an equatidi @rnitself, and on
the coefficients of/(?). Skipping details, one finds that whem # —1, H® is
one of the roots of the following polynomial

P(X) =X+ X’ + X+ (170)
c3 = 16(1 — p)?
ey = 272" (=14 p)* +122% (=14 p)? (—4+3p) =8 (=6 +12p—Tp* + p%)
e =—122 (=14 p)? (—4+3p) — 2% (96 — 228 p + 184 p* — 53 p° + p*)
F(=2+p)° (12— 12p+ p?)
co=(1—2%) [422(1 = p) — (2= p)*]’

We first consider the case > 0. In that range ofs, we see that by definition
we must havei (s) < 0. However, the solutiom = —1 of H{” = H} = 0
yields ¢k (s) = 0, which is the highest possible value ©f(s). We thus have
Yk (s) = 0in the wholes > 0 range. We now assume < 0. And again by
definition we must havek (s) > 0. The solutionn = —1 still yields ¢k (s) = 0.
We thus have to check whethB( X') has any negative solution. The discriminant
of P(X) has the simple form

1 2 2 2
A:—mz(2+z (=14 p) —p)
{3[2422(1 —p)+p+12p— 12]2 +(6—p)° (—2+3p)}3

(171)

As A < 0 in the ranges < 0, P(X) has three real valued roots. Moreover,
from the coefficients of(70) it is easy to see that the roots Bf X') have a pos-
itive sum and a negative product, which shows tRak ) has only one negative
root, namely,HH®. From Cardano’s formula, setting= (9c;cyc3 — 27coc —
2¢3)/(54¢3) we fincf that in the range < 0

1

W2 (s) =~ 4@ (g iv=B) + e (- iv=h)"  a72)

303

As a remark, we notice that the two rotations of parametend m could
also be understood as the result of suitable similaritysfiamations of the kind

3The expression of i takes real values but can’t be written with algebraic openatinvolv-
ing only real quantities: this is theasus irreductibilisof Cardano’s formula.
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&M (.. )e~"™" performed onWx (z) before expanding irV. In other words,
finding the roots of 170 enabled us to perform an appropriate resummation of
(165 to all orders in order to obtain a series whose truncatidowest order has
well defined spectrum, which makes the lafrgexpansion consistent.

In order to be more explicit, we now provide the limiting betwa of ¢ (s) =
N¢§§>(s) + wﬁ?)(s) + O(N~1) in two limits of interest, namely fos — 0,

$(s) =2p(e = 1)+ (2p — 3) S; _ s +p§ (4+0)

st (432 + p (—1248 + p (1188 + p (—444 +79p))))

12,5 + O(s°)
and fors — —oo,
lim ey (s) = 1 (173)
The remaining)(1) piece inyk is given by
v(s)=C+ VD (174)

where(' is a root from the polynomial

P=22(=2+4p)2 442" (=1+p) —2X3 (=1 +p)*
— X2 (=14p) p+4X> (=1+p) (32 (=1 +p) +2p) (175)

andD is a root from the polynomial

P =256 X%(—1+p)° + 16 X* (=1 +p)® (272" (=1 +p)* +242% (=1 +p) p— 4%
— 2 ((=2+p)° +422 (=1+p)) (1082 (=14 p)* +8p> =922 (=1 +p) (=124 p (12 + p))) +

8X 2% (—1+p)® (=1082" (=14 p)* = 8p° + 922 (=1 +p) (=124 p (12 + p)))
(176)

It is now time to summarize our findings, which we do in thedaling two plots
Figs. (L1) and (L2), showing respectively the full plot afx(s) as a function of
s and that of the density(s) = (1 + m(s))/2 corresponding to the rotation
parametern(s) as a function ok.

On Fig. (L1) we notice thatyk(s) is not analytic at some critical poirs.
which corresponds to the phase-separation like mecharepictéd by the topo-
logical pressure), (s) (see Figl0), but now at the level of the number of events
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Figure 11: Plot ofimy_,, ¥k (s) as a function ok at A\ = 2 andh = 0.3. Note
the presence of a jump in the first derivativesat s. ~ 0.16.

S

Figure 12: Plot ofp(s) = ”%(8) inthe N — oo limit as a function ofs at A = 2
andh = 0.3. Note the presence of a jumpsat s, ~ 0.16.
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K. This result illustrates that this simple quantity — at tédasinfinite-range sys-
tems — already contains much of the information giver¢hyon the complexity
of histories.

This is fully confirmed by Fig.12). In analogy to the Ising cas&19), p(s) =
1+m(s)

—5— represents the mean density in the biased dtate, s):

p(s) = - Pl ) (177)

As usual, ats = 0 we recover the density in the steady statesAt 0 we probe
the regime in which the mean “activityX /¢ of histories is typically larger than
in the steady state. They correspond to explored configunativhere the density
is larger than the steady state dengityOn the other hand, at > 0 histories
with smaller K/t are favored. Increasingleads to a sudden jump in the typical
density, which corresponds to a dramatic change in the kincbofigurations
explored by histories with reduced activily/t.

7.4 Topological pressure:h =0

We begin by attacking thé = 0 case for which the phase diagram possesses
two stationary states, the active and the absorbing one tofjwogical pressure

14 (s) is the largest eigenvalue of the operat®r, (s) written out in (L61). By
techniques similar to those mentioned above, we arrive at

Vi(s) = N (s) + 00 (s) (178)
= = I
W0s) = (11— 5)7 jpm\/@ (180

_ J _4(129_ . 2qs1(1_+pm) n qZSlltT,: (Ao + sA; +s2A,) (181)
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where we used the notations

S (182)

r=3—m-—2p (183)
T2

=S m) ) e
31

A = %(ﬁ —2r(1+m —p)) (186)

(1 4+m)(d+m—2p)?
Bo = 2(1 — m)r? (187)
The rotation parameten is the solution of
2pr(1 —m —p) = v/2(1 — p)(1 + m)g® (s(1 +m)(1 +m — 2p) + (1 — 3m)r)
(188)

such thaty™)(s) has the largest value. The first cumulants can be determined
without toil,

Nit<Q+>=2pln2—ﬁ lfp—z;l;pm +O(1/N?)  (189)
PRY:
@)= plm22+ B s o) (190)

(191)
Fig. (13) shows the topological pressutés) and the corresponding densjiys)
is represented on FigL4).
7.5 Topological pressure (ii):h > 0

Finally we turn toh > 0 for which the explicit formulas read

P(s) = NP (s) + O (s) (192)
Y (s) = 1 (- + 2V ) (193)

60 = Lo T o) sy
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Figure 13: Plot of the topological pressuie y_, %m(s) as a function ok at
A = 5 andh = 0. Note the presence of a jump in the first derivative at 0.

p(s)
O'8L\
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Figure 14: Plot ofp(s) = (%) as a function of at\ = 5 andh = 0 in the large

system limitNV — oco. Note the presence of a jumpat= 0.
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where we used the notations

p=+vV1—m? (195)
r=2(2h+ A(1+4m)) (196)
T=3(1—m)r+2(14m) (197)
g = :? (198)
u=4h + A1 +m)? (199)
A2 R AP +m
Ao =" Tt Tom (200)
Ar=4h(1+m)’ A (=4+ 1 —m)’A) +4h% (=8 + (1 —m)* (1+m) A)
(201)
F(4+m)PA (—4 =2 (1 +m) A+ (1 —m)*\?) (202)
Ay (F—4(1 +_Zz)) u? (203)
4rp*F

andm is the solution of

pr(h+ Am — 1)/r = su (F — 4(1 +m)) + 7 (4hm — A(1 +m)(1 — 3m))

(204)
such that)(™(s) has the highest value.
The values of the first two cumulants read
1 1 1 8Ap(1 — p)? 9
—(Q4)=2pIn2+ — (X — — In2( +O(1/N
(205)
L2y, = pm2)t 4 p (L2 AP : (In2)2+ O(1/N)  (206)
Nt erle =l P\TT 01— pp

(207)

The contact process also raises interég} in related computationally motivated
problems where similar absorbing-state phase transitians been identified. We
believe that not only the KS entropy, but also the piecesfofimation contained
in P, or Py, could shed a new light, with quantitative tools, on dynah@om-
plexity issues.
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8 Outlook

Before concluding, we would like to discuss?] on a simple example, namely
Brownian motion, the difference between the Markov appnose were dealing

with in this paper, and another possible approach which géserated a lot of

literature in the field of dynamical and chaotic propertiesystems.

Let us first adopt the Lorentz gas pictulé]in which a particle is scattered by
randomly placed obstacles. Over large distances, thecfaidiseen to perform a
diffusive motion. Furthermore, two infinitesimally clobg-particles will quickly
follow exponentially diverging routes. This is a chaoticstm. A Lorentz gas
is well approximated by a Markov process. The possibilitglodosing a variety
of infinitesimally close initial conditions, leading to yedifferent trajectories, is
replaced with the drawing of random numbers whose net effgct account for
the chaotic nature of the Lorentz gas. Within this approaabh local characteri-
zation of chaos like individual Lyapunov exponents canmoabcessed.

An opposite approach to Brownian motion is the modelingimteof a Langevin
equation, say for the particle velocity, which evolves urttie effect of an exter-
nal position independent — yet random — force. Within thyie B3, 54, 55,
the random force is viewed as an external field. Two closenliial conditions
will be subjected to the same realization of the random fov¢éihin this picture,
a simple Brownian motion is not a chaotic system. What carsipysmake it
chaotic lies in space-dependent forces due to interactiotesan external field.

The difference in the two pictures lies in the observaticadescompared with
the intrinsic correlation length of the surrounding mediumthe first approach,
the noise source is very short range correlated in spaceyitiutong range time
correlations. In the second approach, this is the exactpsituation. When
computing a Lyapunov exponent, before deciding which pectpplies, one must
compare the typical physical scales of the medium givintpl a chaotic behav-
ior. For times short with respect to the correlation timdeead distances large
with respect to the correlation length, the first approache-Markov one — ap-
plies.

If this is the case, we have shown that the thermodynamicdtism can suc-
cessfully be applied to Markov dynamics with continuousgtjmorovided that the
proper interpretation is used for the definition of the dyi@aipartition function.
In particular, a finite KS-entropy can be defined. This opé&esdoor to explicit
expressions for realistic systems.

Besides, we have embedded this formalism into a more gepietake. In-
deed, the dynamical partition function can be expressetegenerating func-
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tion of an observable. By noticing that other observablegdbe used as well,
we are able to relate the quantities used in the thermodymtonmnalism with
those involved in the much studied Lebowitz-SpoBhfluctuation theorem. We
also show on specific examples that the simplest observalgleauld think of,
namely the numbeK of transitions occurring in a given time, is not as trivial as
one could think and contains already some relevant infaonain the system.
For example, for the infinite range Ising model, the cumuggerterating function
of K already indicates that a dynamical phase transition odoutse low tem-
perature phase. This is confirmed by the calculation of theemsophisticated
topological pressure.

We found also that one can gain some insight into these dysmhase
transitions by looking at a new object: the aforementiona@ahwant generating
function was obtained as the largest eigenvalue of a cesfa@nator. If one also
computes the associated eigenvector, one can build a tyudnati weights the tra-
jectories depending on the value the observable takes #heng In the example
of the infinite range Ising model, this allows to show that tlymamical phase
transition which occurs below the critical temperatureegivise to a splitting of
the trajectories into two families, respectively typicélaodisordered and of an
ordered phase.

The general unifying picture behind all this is that of a Gildmsemble con-
struction carried out over the space of dynamical trajeesomrather than over
microscopic states.

We have illustrated our approach on several physical exasr(ph interacting
lattice gas, a system exhibiting an equilibrium second optkase transition and
one with a nonequilibrium phase transition). Our setup Hiasvad us to pro-
vide an intrinsically dynamical picture to phenomena thataways interpreted
in static terms. This constitutes a powerful tool that lotayise applied to systems
for which no static phenomena has ever been identified, hksd possessing
glassy dynamics. It is tempting to speculate that ageingo#imel dynamical fea-
tures of glasses will be identified with a sharp signature anes appropriately
chosen dynamical potentials like those considered throwighis work. Some of
these ideas can already be founds6,[57]. But before addressing these challeng-
ing issues, many questions remain to be answered for movebonal systems.
As far as lattice gases are concerned, the general dependetiee KS entropy
on the diffusion constant and the compressibility is onéhsygestion. Driving a
lattice gas into a nonequilibrium steady-state (with a lmrlkoundary field) leads
to distinct dynamical features. How do these reflect on theadyical partition
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function? In the vicinity of a second-order transition, thy@amics possesses uni-
versal features, so that the dynamical potentialés) introduced in this paper
will obey universal scaling laws. Which are these? May beesamversal scal-
ing functions as the one found iaZ] could emerge. The influence of quenched
disorder, generically known to slow the dynamics down isrmioee open research
route.

Acknowledgments: The authors wish to thank T. Delattre for his participation i
the early stage of this work, along with J. Tailleur, J. Kuaoland H. van Beijeren
for their many helpful critical comments.

A Non-hermitian quadratic operators and Bogoliubov-
like transformation
Holstein-Primakoff expansions of our evolution operaf@fg for infinite-range

models often lead to a “Hamiltoniarf! that is quadratic in creation and annihi-
lation operators andaf

H=Xd*>+2Zdata + Y (ah)? (208)

We are interested in the lowest energy levekofin order that the latter exists we
shall have to assume that = 72 — XY > 0 andY < 0.
Performing the similarity transformatia (.. .) P, with

Z—A 2

P=e ¢ (209)

does not alter while it shiftsa' according to

Prla'Py=a' — Z ;Aa (210)
Its purpose is to remove thé term in 4:
H =P'HP =Y (a")? +2Adfa + A — Z (211)
We now introduce the operator
Py = e aa(@)? (212)
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It commutes withu™ and shiftsu according to

Y
Py taPy, = a— ﬁcﬁ (213)

Acting on H, it yields
Hy=P;'HP, =2Adfa+A—2Z (214)

As the similarity transformation2(0 and @13 do not modify the spectrum
of H(s), we see that the lowest energy level B{s) is A — Z. WhenH is
Hermitian (X = Y), the Bogoliubov transformation leads to exactly the same
result. However, wheii/ is not Hermitian, the Bogoliubov transformation can-
not be implemented: contrary t810) and @13, it does not transform anda’
independently, which was required here to obtaitvy.
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