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Abstract
This paper concerns the estimation of a function at a point in nonparametric heteroscedastic
regression models with Gaussian noise or noise having unknown distribution. In those cases an

asymptotically efficient kernel estimator is constructed for the minimax absolute error risk.
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1 Introduction

We consider the problem of estimating a regression function S at a given point zg €]0; 1[ under
observations

yr = S(xr) + g9(zk, S)&:, ke{l,...,n} (1)

where the regressors xp = k/n are deterministic, & are independent identically distributed
random variables which will firstly be assumed Gaussian standard then having unknown density.
Notice that the variance of the noises ¢2 is unknown and depends on the unknown regression
function S and the regressors xj.

Heteroscedastic regression models with this type of scale functionals have been encountered in
consumer budget studies utilizing observations on individuals with diverse incomes, in analysis
of investment behavior of firms of different sizes and more recently in medical research. For
example, Goldfeld and Quandt (1972) considered polynomial regression models such that

Yo = o+ g+ u,
E(u}) = a-+bxy + cr},

which is a particular case of our model (1) if we assume the unknown regression function being
like S(z) = a + Bz and ¢*(z,S) = (a — 3) + (b— 2%) T + §S2(:U). Other heteroscedastic
regression models are studied for instance in Efromovich and Pinsker (1996), Galtchouk and
Pergamenshchikov (2005) and Efromovich (2007).

The problem of Hoélder regression estimation has been studied by several authors. For a
regression function belonging to a quasi-Hdélder class and estimated at a point with squared
error loss, Sacks and Ylvisaker (1981) showed that the linear minimax estimator is a kernel
estimator. Donoho and Liu (1991) further found that this estimator is within 17 percent of
asymptotically minimax among all procedures and obtained optimal kernels for Holder classes.
For estimating the whole object or its kth derivative with sup-norm global loss and Holder class,
Korostelev (1993) and Donoho (1994a) proved that a kernel estimator is asymptotically efficient.

This article deals with nonparametric estimation of a regression function belonging to a
Holder ball. We work with the absolute error loss and the corresponding risk. Our aim is to
find an efficient estimator, that is to say an estimator which achieves the sharp asymptotic
behavior of the minimax risk. To that purpose we use the method developed by Galtchouk and
Pergamenshchikov (2006) who introduce the local weak Holder classes to define the risk of an
estimator. So we use the classes U, 5, which allows an arbitrary large usual Holder constant
but has a weak Holder condition based on a weak Holder constant tending to zero (see (2)),
then define the risk RZ0757n(5’) of an estimator S of S (z0) and the minimax risk i%f RZm&n(S’)
(see (11)). In these conditions we prove that a kernel estimator is asymptotically efficient, it
means that the minimax risk attains the sharp asymptotic constant.

This paper is organized as follows. In section 2 we describe the problem in the case of
Gaussian noise with all assumptions needed and define all necessary mathematical objects. Our
main results of this problem are written in section 3. The case of unknown noise is related
in section 4. Theorems are proved in section 5 and appendix A contains useful results for our
proofs.



2 Statement of the problem

Consider model (1) where g : [0;1] x C1([0;1],R) — R* and S are unknown functions, S
belonging to the class
HB) = |J HWMKDPB),

M>0,K>0

where § =1+ « is known, « €]0; 1[, H(M, K, ) is the Holder class defined as

/ e
HOMLK.§) =45 € CU0R) | 8 < s, sup PO ZSTO0 et
z,y€[0;1] ’.CE - y|

with || f ||= sup |f(x)]. We suppose that the noises ({;)1<k<n are independent identically
z€[0;1]
distributed N (0, 1).
As mentioned in the introduction, we will work with a minimax risk taken over the local
weak Holder class at the point zy defined as

1
Usy 50 = {S eHB) || S |<6L; /_1 (S(z0 + hu) — S(zo))du‘ < (W} , (2)

-1
where 0 < d < 1,h = h,, =n2+1 n > 1.
Notice that

/_11 (S(z0 + hu) — S(z0))du = /_11 (/Z:O+uh(s’(t) - S'(zo))dt> du, (3)

so we have for all S € H(M, K, [3)

< 2K 1o
B(B+1)
That’s why the class U, 5, is called a weak Holder class.
Furthermore (3) implies that H(671,9,8) C Uz, s, for any n > 1 and 0 < § < 1.
Let us give the assumptions needed. Firstly we suppose that

‘/_11 (S(z0 + ) — S(z0))du

1
2

lim sup (1262(:% _20)92($k,5)> —9(20,95)| =0, (4)

n—od Seuzg,&n h

with

n
Tk — 20
gn=2_Q(~5—) and Q=TI
k=1
Moreover we assume that there exists g, > 0 and g* < oo such that

* S 1nf lnf x, S S su su T, S S * 5
g 0<z<1 5601([0;1],R)g( ) ()nglgecl([glLR)g( )=g (5)



and that the function g is differentiable in the Frechet sense with respect to S in C1([0;1],R)
uniformly over = € [0;1], i.e. for any S, Sy € C1([0;1],R)

g(z,S) = g(z,S) + Lx750(s —So) + 'z s (S — So), (6)

where the linear operator L, g, is bounded uniformly over z € [0;1] in C1([0;1],R), i.e. for any
Sp € C*([0;1],R) there exists some positive constant Cg, such that

sup sup L5 (S)I/ | 5 ]|< Cs, (7)
z€[0;1] SEC (0:1),R), [|S|£0

and the residual term I'y g,(S) satisfies the property

lim sup I'ys,(S)/ | S|=0. (8)
I1511=0 ze[0;1)

Remark 2.1
Note that hypothesis (4) is verified when for all € > 0, there exists n > 0 such that if |x —zo| <1,

then  sup  |g(x,S) — g(z0,5)| <e.

SeC1([0;1],R)
In particular a function g satisfies this property if it is uniformly continuous with respect to both
variables.

Remark 2.2
Let us give a general example of a function g satisfying hypothesis (4)—-(8) above.
Let V:R — Ry and G : [0;1] x R — Ry two differentiable functions such that

[V ]loe < o0,

G, = inf  G(z,y) >0,
z€[0,1], yeR

!
G, = sup
z€[0;1], yeR

Define
1
#(2.5) = Gl S(@) + [ V(S Q
0
The derivative in the Frechet sense of g is given by

1 0G 1

1
575 g S @) + s [ Vs

so we have

sup sup Las(F)l o GLt VI
zeos1] sect(0:]R), [Islz0  [flle = 2VGx

Writing the Taylor expansion of functions y — G(x,y) at the point (z,S(x)) and V at the point
S(t) to the first order :

Gz, S(z) + f(2)) = G(w,S(x))JrZj(%s(x))f(ﬂf)+f(w)€x,s(f(iv))7

V(S®) + f(1) = V(S®)+V'(S@)fE) + f(t)ens(f (1),

4



we can easily show that

Cus(l _ Gat |V

1fllee = 8G3/2”OO 9% (2,8 + f) = *(, 5)| +

2\/1@ <|€xs |+/ Ees(f |dt>
(10)

Now if we take G(x,y) = ap+ar1x+agsin®y and V(y) = agsin?y for all (z,y) € [0,1] xR, with
ag > 0 and aq, ag, ag € Ry, then the function g defined as (9) is uniformly continuous, bounded
by /ag and \/ag + a1 + ag + az. Moreover by writing explicitly the functions €, g and €, 5 for
this case, we can prove thanks to (10) that g satisfies hypothesis (8). So we have exhibited an
example of function g which satisfies all assumptions needed.

For any estimator S,,(zg) of S(zp) we define the following risk

% 1S5 (20) — S(z0)|
Rzo.6m Sp) = su Espp, ,
os5n(Sn) SGMZE(;,” i 9(20,5)

(11)
s
where Eg is the expectation taken with respect to the law Pg in (1) and ¢,, = n25+1.

3 Lower and upper bounds

In this section we give the lower bound for the minimax risk and show that the kernel estimator
Sn(20), defined by

~ 1 & T — 20
Snlz0) = — > Q(=7—)uk, (12)
L
is asymptotically efficient as we give the upper bound for its risk.

Theorem 3.1 For any ¢ €]0; 1],

5 5 B
liminfinf R 5, (S
I 0 Ren () > 5

where the infimum is taken over all estimators S of S(z).

gNN(()? 1)7

Theorem 3.2 For the estimator Sy(zo) from (12), the following inequality holds:

. E
lim sup lim sup R, 5.1 (Sn(20)) < |§‘

~ N(0,1).
nsup lim su ok 3 (0,1)

4 Case of unknown noise distribution

In this section we suppose that the (£;) in model (1) are independent identically distributed
with an unknown density p belonging to

—+oo “+o0 —+oo
m:{p: [ s =o. [ a1, [ |x|2+€p<x>deL},

—00 —00 —00



with € > 0 and L > 0 sufficiently large to have the density of the standard Gaussian random
variable in P; r.
We define the risk corresponding to this case as
5 & S 20) — S 20
R6n(Sn) = sup  sup Esgan| n(%0) 5 ( )|
pE'PE’L SGUZO,(;,,.L g(’an )

In the following theorems we give the sharp lower bound for the minimax risk over all
estimators and establish the upper bound for the minimax risk for the kernel estimator S, (zg)
of S(zp) defined in (12).

Theorem 4.1 For any ¢ €]0; 1], one has:

NP &~ Elnl
liminfinf R, s,.(S) > —, ~ N(0,1),
minfnt Ry (5) > S, MO

where the infimum is taken over all estimators S of S(20).

Theorem 4.2 The kernel estimator (12) is asymptotically efficient. Indeed it satisfies the in-
equality:

~ A E
lim sup lim sup R, 5.1 (Sn(20)) < ﬂ, n~ N(0,1).
d—0 n—oo \/5

5 Proof of the theorems
5.1 Proof of theorem 3.1
For all v € ]O; H, denote

S.a) = oa' (52,

h
where the function V), is defined by:
1 [T . uU—x
Vi(z) = o) Qu(u)l < > ) du

Ql/(u) = H{|u|§1—2u}+2H{1—2V§|u|§1—u}>

and [ is a non-negative infinitely differentiable on R function such that I(z) = 0 for |z| > 1 and

/1ll(z)dz— 1. 1

One can easily see that for any 0 < v < 1, we have V,,(0) = 1 and / Vi, (x)dz = 2.
-1
Let b > 0 and § €]0; 1[. Denote

_u T — 20
Sl/,u(x) = on V. ( h ) ,

where z,u € R.
Thanks to lemma A.1, if |u| < b there exists an integer nys > 0 such that S, ,, € U, 5, for all



n > Np,s-
Therefore for n > ny 5, one has:

Roposn(S) > sup ————Eg,  0nlS(20) — Syulz
0.6:n(5) U (0B onlS(20) = Svu(z0)]

— | ———Eg, . vq (n(S(20) — Sv du := I,(a,b

35 55y st (2(5C0) = Suazo))) = Lo

where vy(x) = |z| Aa,a > 0.

Write Pg,, the law of (y](cl))kzl,...,na where y,(fl) = Syu(zr) + 9(k, Svu)ék, and P the law of

(y]E:O))kZI,...,’VH Where y’EJO) = g(fﬂk, Sz/,u)gk'

These two measures are equivalent and the corresponding Radon-Nikodym derivative is at the
point (y1,...,Yn):

P, B 1 (k= Svalan) v )
pn(u) = P (y1,...,yn)—exp{—22<<w> _<g(xk,syyu)> )}

k=1
’LL2 2
= exp | USnlln — 5 S

V2 Te— Zo) 1 n v, (ka—zo)
where ¢2 = and n, = h .
" % kzl ﬂfk, ) " nPn ; 92(3%7 Sl/,u)
Under the law P, n, is a Gaussmn random variable with mean 0 and variance
V2 Tp— Zo) ) V2 Tp— zo)
(':Ckv = =1.
<ns0% ; (w5 S) gnso% ; (@k, Sy,u)
We prove in lemma A.2 that
1 2
Vv, (2)
2 v 2
S dz := o3, 13
o [t a2

2.2
So we can rewrite p,(u) = exp {ua,ﬂ]n — % + rn}, where

_ u? 2 2 u? 2 2y. . 2 2
Tn—“nn(gn_au)_?(gn_gu)wjv ?(O—V_gn)’u (Sn—0u)" ).

According to Tchebychev’s inequality one has for all € > 0,
2 _ 2
1@( >e>§“(§”20”) 0.

€ n—oo
2 P
Thus ry, + % (s — 02) —— 0.
n—oo

2

u
rut (2 o)

As we have the following limit: %Z(gz —0%) —— 0, we get 7, X 0.
n—oo n—oo



Denoting 9, (S, Syu) = va(@n(Sn(20) — Syu(20))) and E the expectation for the probability
measure P, one has

b ~
thz;/E%%A&%»

—b 9(z0, Syu) on(u)du + 0p(a, b) := Jy(a,b) + 6,(a,b), (14)

where

By = {|gu| <d} and d=o,(b—Vb),b>1,

u?o?
Qn(u) = €xp (uo'l/rln 2y>’
I Van(S, Suu)
on(a,b) = % 7bEHBd79(ZO,Su,u) O (u)du,

On(u) = pn(u) — on(u).

Remember that n, ~ N (0,1), then 7, N n with n ~ N(0,1).
n—oo
According to Slutsky’s lemma
wlo? 2 2
v

L
UMy — 5 Y 4o, — o uoy1) = 5

Then py,(u) £ Poo(u) = exp (UUVU - u?;g
n—oo

We can easily show that Ep(u) = 1 and we have also Ep,(u) = 1 because p,(u) is a density.
Hence, using theorem 3.6 from Billingsley (1999), {pn(u),n > 1} is uniformly integrable. And
since g, (u) is bounded on By, we obtain that {p,(u) — on(u),n > 1} is uniformly integrable as
well as {I5,%an (S, Syu)0n(u),n > 1}.

2452

Write 6,,(u) = exp (uaunn -5 ”) (e™ — 1) and notice that exp (ua,,nn — uZ; 5) is bounded on

B, and that e™ — 1 P 0. Asa consequence one has
n—oo

]IdeJam(Sy Su,u)en(u) P 0.

g(Z07 Su,u) n—00

]IB ¢a,n(§75u,u) ]Ll ]IB wa,n(gysu,u)
dg(zo,Sy,u) O (u) — 0 and E dg(Zo,Sy,u) O (u) — 0.

But there exists a constant A > 0 such that )Eg(zg%b%@ba,n(g, Spu)bn(u)| < AEle™ — 1].

And since r, ~ N (“72(012, -3, u? (s, — O',,)2>, we have

) w2 W2(c, — o)
B(er) = exp (G (0 = by + )

From here it follows that

= exp(u’oy — u’,0,) < exp(u’or).

Finally bounded convergence yields d,,(a,b) —— 0 in (14).
n—oo

From now on we are interested in the term .J,, (a, b) in (14): first rewrite g, (u) = e~ (4=7n)*/2
with ¢, = e /2 and Nn = n—n, then

v

1 Va(u — ty oﬁ -
Jn(a,b) = % /b EHBanM exp (_2(U - nn)z) du,

8



where t,, = gongn(zo).

Hence if £ ~ N(0,1) and if we denote & = i, (=et"/2, By = {|¢| < d} and E the expectation
Ov
for the probability law of &, we get
1 [ va(u — ty) o2 =9
W(a,b) = — IE}I _ ol tn) _ %,
R TR e b (- Z-87)au
b valu —ty,) ( o2 ~ 2)
= exp | ——(u — du
C 0 9(0.80a) T\ 2 (w=0)

We have the following limit

o2 ~ 1 1
E]IBdC%/ )exp< 5 —(u—=¢§) > <g(20751/,u) - g(zo,0)> du — 0.

Indeed
ey [ teor (o) (i )
SOV O .
< Elg, 2b/ Va(u exp( U;/(u_g)2> ’—Lzo,o(Su,u)g;on,o(Sy,u) du
< EﬂBdc% / aexp< gr) Gl Sen | ol
<

/ Co H Suu H 'HFZO, (SV,U)|
Bd 2b

This allows us to say that

Ua tn) Uz% &\ 2
liminf J,(a,b) = hmlnf]EHBdC% ) 90,0 exp —?(U —§)7 ) du.
0,

But
~ 1 Vg u—tn ag ~
bgvat—t +§) i
= B¢ Qb/ 9(20,0 Xp< 2 )dt
alt —tn +f) oy 2
—Xt7 | dt
Bd<2b/ (20,0 eXp( 2

~ v (t) o2 5
Els (— — Xt | dt
555 /_\/E 9(20,0) P < 2 > ’

v

Y




this last inequality holds thanks to Anderson’s lemma (see Ibragimov and Hasminskii (1981),
Chapter II, Lemma 10.1 and Corollary 10.2).

~ 20,(b— Vb 2
Eventually using the fact that El5 ¢ = M and 02 —— — v, We obtain sequen-
; V2 v=0 g%(20,0)
tially:
s b= [Vt 2
liminf J,(a,b) > g \[/ va(t) exp <_U”t2) dt,
n—00 Ver b J_ys 9(20,0) 2
_ Vb 2
liminfliminf J,(a,b) > o b \/B/ i exp <_U”t2> dt,
a—00 M—00 \/ﬁ b Vb 9(207 0) 2
o o, [ It < o 2> El¢]
lim inf lim inf lim inf J,(a,b) > / exp | —Zt° | dt = —————,
b—oo  a—00 n—00 ( ) V2T J—co g(Z07 0) P 2 GVg(ZOa 0)
E
lim inf lim inf lim inf lim inf J,, (a,b) > ﬂ
v—0 b—oo a—00 n—00 \/5
Then the proof of theorem 3.1 is completed. O

5.2 Proof of theorem 3.2

We begin by rewriting the kernel estimator as gn(zU) — S(20) = B + \/%Cn with

B = =Y Q) (S0~ S(e0) (15)
" k=1
G = V%;Q(x’“fo)gm,&fk. (16)

First we take a look at the term n . By (16), ¢y is a Gaussian random variable N'(0, 02(S5))
dn
1 < —
where 02(9) = — Z Q(mk . Zo)g2(mk, S). Notice that the variance o2(S) satisfies (see lemma
an
k=1
A3)
07 (S) —— ¢*(20, ).
n—oo
If ¢ ~ N(0,1), one has
1 Pn ¥n ES‘Cn‘ Un(S) ¥n Un(s>
sup Eg Ch| = — su = E|£| sup
sett., 5., 9(20,5) | Van n| In setzy 5., 9(20,5) on(S)  V/an € seut., s, 9(%0,5)

IN

on E[¢]
- su on(S) — g(20,9)| + )
N Seuzf,é,n‘ (S) — g(20,5)| + 9«

According to the hypothesis (4) we obtain

. en Gl _ EI¢]
limsup sup Eg < ,
n—oo  Selzp,0,n g(ZO? S) v Aan ﬂ

10



dn dn

since we can easily see that —5 = — —— 2.
2 nh n—oo
- 1
Denote uy, = T - ZO, Auy, = — and rewrite (15) as
By = 2)(S () — S(20))
N
= In Z Q(uk)(S(zo + huk) — S(ZO))AUk
2 pl 2
= 9""/ (S(z0 + hu) — S(z0))du + 22 R,,
dn J-1 dn
with

n 1
Re = S QUui)(S(z0 + hug) — S(z0)) Aug, — / (S(z0 + hu) — S(z0))du
=1

-1

k
k* up,
> / (S(20 + huy) — S(z0 + hu))du
k=k, 7 Uk—1
-1

_ /1 (S(z0 + hu) — S(20))du + / (S(20 + hu) — S(20))du,

Uky—1

where k* = [n(zo + h)] et k. = [n(20 — h)] + 1 and [a] is the integer part of a number a.
We can bound R,, as follows:

k* 1 -1
|Ra| < Z/ h(ug —u)o 1du+/ hé‘ludu—i-/ hé ™ u|du
k=Fk, Y Wk—1 Up* Ukx—1
1
< (3 w—uko7;u1—w»+2e1—wrn)
k=F.
1 2
< hé 1( - — 7)
- (s = up.) + nh * nh
<

Hence 9

limsup sup Eg¢n “n

n— 00 Seuzo,(;’n n

=0.

With regard to the term ('0" / (S(z0 + hu) — S(20))du one has
an J-1
2 1 2
(5”/ (S’(z0+hu)—5’(z0))du’ < %Mm :5%.
n J-—1 n n

11



Then using the definition of U, s5,, we get

limsup sup Eggn
n—oo SEUZO’ts’n

902 ! SOQ
n/ (S(ZO + hu) — S(ZO))dU <limsup —2§ <

n J—1 n—oo ({n

o
3

Finally limiting 6 — 0 yields

- E
lim sup lim sup R, 5. (Sn(20)) < J

§
6—0 n— o0 \/Q

5.3 Proof of theorem 4.1

This is a consequence of the theorem 3.1 which gives the sharp lower bound in the case of
Gaussian errors having expectation zero and unknown variance which depends on the design
point and the regression function. The corresponding risk R, s, is less than our risk 7~QZO,57n
because the density of the standard Gaussian random variable belongs to P. 1. The inequality
in theorem 4.1 is then proved. O

5.4 Proof of theorem 4.2

By writing S,,(z0) — S(20) = By, + Cn//n, With By, and ¢, defined by (15) and (16), we remark
that B,, does not depend on the distributions of the random variables &;. However with the
same model where (§) are standard Gaussian random variables, 3.1 shows that for any ¢ €]0; 1],

limsup sup ¢,|By| <6/2.

n—oo SEZ,{ZO’(;JL

Hence it suffices to prove that

E
lim sup sup sG] —IE|7]|‘ =0,
n—=00 pep, | Selhey 5.n |9(20,5)
because one would then have
Sl _ Elnl

: ¥n
lim sup sup Eg
n—oo PEPe, L SEMZO@TL \/q>n 9(20, S) \/5 ’

with 7 ~ A7(0,1).
- n 1 _
Denote ¢, = (,/g(20,5) = Zuk, where up = Q (xk ZO) g(a:k,S)ék, and rewrite

2 Jan h 9(20, 5)
P06 = 6+ 1. where

& = m&fﬂm'ng - Z((Z:E))E (§1H\£1|3q3/4> ’

& = h(;((g«'il(:g))&k]llfkl>qi/4 a Z(“Z::g))]}g (§1H\§1|>q3/4> '



. . 1 Tk — 20 1 LTk — 20\ 41
Introducing the notations uj, = Q ¢, and u) = Q 1, one gets
Vdn h Vdan h
n n
=Gt Gl=) up+ )y uy
k=1 k=1

Moreover, (u})r>1 is a martingale difference and for all k > 2, we have:

B (1) = 0-Q (™5 ) B ((6021i)

1 zp — 20\ 9 (2k, S)
= q:Q ( > Var (£1H|€1\§q}/4) .

h 92(2075)
Write
. TN R~ zi — 20\ 92 (2, 9) _ Gr(9)
;ES ()1 7) = ;Q n ) 09 (6 ) = m

i T — % 2(x;, S
where G, (S) = ZQ ( . 0) 5222’0 S; and a, = Var <£1H‘£1|<q71/4>.
i=1 ’ a

Gn(S)

k
Hence, if we denote 7,(S) = an and 7, = inf {k: : ZES (uf\}}_l) > rn(S)}, we obtain

n i=1

k
Tn :inf{k : ZQ (%‘;ZO) > qn}.
i=1

Indeed,

n
As we have (%) =0ifn >k > 7,, we can write that 5,’1 = Zmf
k=1

1 Tk — 2o L g 14 _ 09 14
And one has : |u}| = Q( > 1< ——L ggl/t =22 o~ 1/4,
i Vian h &l Van g« " g

“+o0o
By the definition of the set P, we get : lim sup / x2ﬂ|x‘>ap(x)dx =0.

4=+ pep, 1 J -0

+oo +oo

Indeed, denoting K,(a) = / xQ]I‘x|>ap(x)dx = / \33|2+6|J:]_6H|m|>ap(az)d:c, and taking into
— 00 —00

account that if |x| > a > 0, then |z|7° < a™¢, we obtain that sup Kp(a) < Ma °. Hence

pEPE,L

13



lim sup K,(a)=0.
a*)+oopefpe,L P

Let us show that a, — 1 uniformly in p € P 1, and in S € U, 5.
Firstly we have:

lan =1 = Var(&al, ) =1
2
_ 2
= [E <51H\§1|Sq3/“> -k (§1H|51\gq$/4) 1
a 0/t i
< / " p(z)dr — 1| + / s xp(z)dx
—qn —qn
The Cauchy-Schwarz inequality brings us:
' 2 400 2
/ s xp(x)dz| = '/ xp(x)ﬂ|m‘>q71l/4da:
—dqn —00
+o0 9 +o0
< /OO x p(x)]llmbq}/a;dx /OO p(z)dx

< Kp(%llﬂ)'
From here it follows that

sup sup o, — 1] <2 sup Kp(gy?),
pepﬁ,L Seuzo,é,n pepe,L

so the left term goes to zero as n goes to infinity.

Using the assumption (4) and the inequality
Gn(S)

n

Gn(S5)

n

Irn(S) — 1] < ‘ —1’+ lan — 1]

we get on the one hand the convergence of r,,(S) to 1 uniformly in p and in S.

14



On the other hand one has E((”?) — 0 uniformly in p and in S. Indeed:

n 2 n n
E(?) = E (Z u%) =Var (Z u'k’> = Z Var(uj)
k=1 k=1 k=1

k=1
1 - o — 20\ 9%(wp, S) [T,
= . ];Q - 2.5 ) x p(a:)ﬂ|m|2q711/4dx
Gn(S
- q( )KP(Q}LM)-

As a consequence we have:
sup  sup Eg((’?) — 0.
PEPe,1, SEUzy 5.
Applying the lemma A.4 shows the convergence in distribution of ¢/, to N'(0,1) uniformly in
p € Per, and in S € U, 5, because the function p in the lemma A.4 does not depend on the law
of the martingale difference. In fact, if ® denotes the standard Gaussian distribution function,
one has:

Tn
sup sup sup |P (Z up, < :B) — ®O(x)
k=1

PEPe, L SEUZO%;W zeR

< sup sup sup|P (Zn:u;g < 33) - @(w/@)‘
k=1

PEPe, L, Seuz()ﬁ,n z€R

+ sup sup sup|®(z)— @(m/\/rn(S))’.

PEPe I, SEZ/IZOV(;YH z€R

The second term of the right member of this inequality tends toward zero because r,(S) — 1
uniformly in p and in .S and because ® is uniformly continuous on R.

As we have Eg|¢| < \/Es(C"?), we come to sup sup [Eg|¢”| — 0. By using Markov’s
pepe,L Seuzo,é,n

inequality, we show that (") tends toward 0 in probability uniformly in p and in S.

Now we will show that ¢, = ¢/, + ¢/ converges in distribution to n ~ N(0, 1) uniformly in p
and in S. Let z € R, k > 0 et v > 0. As ((],) converges in distribution to 7 uniformly in p and

15



in S, there exists an integer N7 such that for all n > Ny,

s sup [Ps(( <@) - Py <a)| < ok,
pEPG,L Seuzo,&n
sup  sup ’Ps'(dl <z—7)—-Pn<z—7) < &k,
pEPe,L Seuzo,é,n
sup  sup ’Pg(@ﬁm—f—’y)—l?(ngx—i—fy) < K

pEPE,L Seuzo,é,n

As (57’1’) converges in probability to zero uniformly in p and in .S, there exists an integer No such
that for all n > No,

sup  sup Ps(IE] > 9) <k
pGPE,L Seuzo,ﬁ,n

From here it follows that, if n > max(Ny, N2) we have:

supsup [Ps(G < 2) — By < )
pepe,L Seuzo,&n

= sup sup |Ps((+ ¢ <) —P(n < x)‘
pePE,L Seuzo,é,n

< sup  sup |Pg((, <) —P(n < w)‘ + sup  sup ‘Ps(éﬁ <) —Ps({, + () <)
pepe,L Seuzo,é,n pepe L Seuzo s,n
< kit s sup [Ps(() < @) = Ps((, + G < G < )|

pepe L SEZ/IZO §,n

+ sup  sup Ps(( 4G <G> )
PEPe,L SEZ/{ZO §,n

< 2+ sup sup ‘PS <z)—Ps({, + ) <x,|{) !<’7ﬂ
pEPe,L Seuzo,é,n

It is easy to see that we can write the following inequalities:

Ps((, <z) —Ps(, <z —7) —Ps({, <z —7,|¢] > )
Ps((, <@ —7) —Ps((), < x) —Ps({, <z —7,(¢] > )
Ps(C, <z — 7,180 <) —Ps((, < )
(Gn+ o < 2,161 < 7) = Ps((, < )
( <z+7) - PS(&’;LS‘T)'

Pg

IN A

Remark that the lower term in these inequalities is negative while the greater is positive. In
order to obtain the convergence to zero of

Ps((, + G < @, |0 <) —Ps({, < 2)]

uniformly in p and in § it suffices to prove that the lower and the greater terms in these
inequalities converges to zero uniformly in p and in S. To that purpose, we have on the one
hand for n > max (N1, Na):

sup  sup Ps((y <z, |G >7) < sup sup Ps(|G] > ) <
pEPE,L Seuzo,(s,n pepe L Seuzo s,n

16



and

sup sup  |Ps((), <2 —7) ~Ps((, < )
pEPe,M Seuzo,é,n

IN

sup  sup  [Ps((], Sx—v)—ﬂ”(nﬁx—v)’ +[P(n <2 —7) —P(n < z)
pEPC,M Seuzo,é,n

+ sup sup IE”5(~,’Z <z)-Pn< x)’
pepe,M Seuzo,é,n

< 3k,

and on the other hand for n > Ny:

supsup [Ps((, <z +7) —Ps(, < 2)
PG'PE’]W Seuzo,é,n

< sw s [Ps((, <@ +9) ~P(n<a+9)|+ [P0 <2 +7) — P < o)
pepe,]\xf Seuzg,zS,n

+ s sup [Ps(( < @)~ Py < )
pepe,M Seuzo,é,n

< 3k.

Hence for n > max(Ny, N2), one has:

sup sup [Ps(C) + G < @, |G| <)~ Ps((, < )| < 4e.
pepe,L Seuzo,d,n

Eventually for n > max(N1, N3), we get:

sup  sup |Pg(p <) —P(n < ac)’ < 6kK.
PGPE,L Seuzo,é,n

It finishes the proof of the convergence in distribution of (,) to 7 ~ N(0,1) uniformly in p and
in S.
Finally let us show that

lim sup sup |Eg|C.| —Eln|| = 0.
n—oo Pepe,L Seuzo,é,n

2 g*? 2
Let k > 0 and A > 0 such that Zgg—z < k and ZE(U2) < K.
Denote fa(z) = |z| if |z] < A and fa(z) = A if |z]| > A.

*2
Remark that sup sup sup Esg}% < g—z
neN* pePG,L Seuzo,é,n g*

One has:

EslCal - Elnl| < [EslGal - Esfa(Ga)

n ’ngA(fn) —Efa(n)| +|Efa(n) — Eln||.
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However, since f4 is continuous and bounded on R and since (511) converges in distribution to
n uniformly in p and in S, there exists an integer N such that if n > N, then:

sup  sup ‘ESfA(§n> —EfA(n)‘ < K.
pEPE,L Seuzo,é,n

Moreover by using Cauchy-Schwarz and Bienaymé-Tchebychev inequalities, we obtain:

sup sup  [Es|Gal —Esfa(Ga)
pepe,L Seuzo,é,n

= supsup ‘Es\f Lz o4 — AEgI
PEPe,L SEUy 5.m Tlen[>A |Cn|>A

~N\1/2 . -
< swp swp (EsCZ) ' \Ps(Gl > A)+ suwp sup APs(IGal > A)
pepe,L Seuzo,é,n pepe,h{ Seuzo,é,n
* E >9 E 2
< g sup  sup Sg" +A sup sup Sg'”
g* peps,L Seuzo,é,n A peps,M Seuzo,é,n A
*2
< 297
- Ag?
< K.
In the same way we show that
[Efa(n) —Elnll = [EALy,sa —Enllys 4l
< AP(In| > A) + E[n|Lj;>a
En? 1/2
< A+ (B2)' VRG> 4)
2
< ZEn?
S 2 n
< K.

Now we have shown that for n > N :

sup  sup  |Es|Ga| — Eln|| < 3r,
pepe,L Seuzo,é,n

and that completes the proof of theorem 4.2.

A Appendix

Lemma A.1 The family of functions S = {S,,7 v E ]0; % [} satisfies

S C hnrr_lgéfuzmgm = U ﬂ Uzp5.m-
k>1n>k

Proor: First remark that

/WMmﬂm—uwmmllww—wmm=2—2=a
-1 Y Y Pn J-1 Y Y ¥Pn ©n



Moreover one has

1
/ —
‘Sl/(x)’ Spnh

T — 2o 2n5§111 1
v, ( )' < [ i
h 14 -1

_ +oo _ T~z
(5 i ()

For any fixed § in ]0; 1], if we choose n > 1 such that

since

1
< 2/ ()| du.
1

14

28+1
s 1 2 r
w2 [ s e nz (2 o)
v /1 voJ-
then S, € U

ZOv s
Therefore we have the desired result.

Lemma A.2 We have the following limit:

gz /1 VE(Z) dz.
" n—oo [y g%(20,0)

Proor: For sufficiently large n we have

P 1 ) V()
5 = nhZ 225, 5 h/zo_h g%x,sy,u)””(dx)‘/g 720, 5, ) (42)

n
. I heoein
with i, = %Zak/n — and v, = o=k,
k=1
Using hypothesis (6) and (7) to the function g, we can write for all z € [0;1]

92(x70) _92(x7SV7u)
92(96 Svu)g?(x,0)

'92(% SVM) 92($70)

ERNF T

< |20, 0) Lo(Su) + (Lo (Sua))? + (Tao(Sua))?
+29(2,0)T4,0(Svu) + 2L2,0(Sv,u)Da0(Suw)|
1 [, Iy ’

< 2 (2000 S 1463 0 2+ 5 5, e

’PxO( VUN ‘F ( Vu)’
+ 29" —=—= || Svu || F2C0 || S | —75—— || Svu |
| Suu i | H ” | | Suu ll |
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Hence

/01 (gQ(x,lSm) - g%i,o)) Vn(d)

2
I . L2o(Svu
< 2 vatdn) {26°C0 | Suna | 4C2 1| S |2 + [ sup Ezoludl} g o
9% Jo z€[0;1] H SV,u H

| N Lzo(Syu
T T tICIR SN I e LG A S
xz€[0:1] || Sl/,u H z€[0;1] || SV,U ||

As (vy,) weakly tends to 24,, when n — oo, one has

1 1 1 1
lim Vp(dx) =2 et lim < — >Vn dx) =0
n—o0 Jo (dz) n—=oo fo \g*(z,0)  ¢%(20,0) (d)

Then taking into account hypothesis (8) and because || S, || tends to 0 as n — 0o, we obtain
on the one hand

[

= — vy (dz — vy (dz) —— 0.
o \92(z,Suu) ¢*(z,0) 0 \9%(,0)  ¢*(20,0) n—00
On the other hand

1 V2 r—20 1 n V2 Tk —20 1 2
/ g (d!L‘) o V2( h ) / ;/1/ (y) d
o 9%(20,0) nh &= g*(20,0) n—oo J_4 g%(20,0)

Now, if V,* denotes the maximum of V,? on R, one has

i [ O] | [ ) /
" —1 9%(20,0) o 9(z, Suu
I V2R [ Vi), i) [ e,
0 92(x7SV,U) 0 92(2070) ZO7 —1 92(2070)
1 1 1 1 V (13 ZO) 1 V2(Z)
< VV*/ — vy, (dx / YA h Sy, (d / -4 dz| .
o | 7G50~ PG| |y e T L 0
Let n goes to oo and then we have completed the proof of lemma A.2. O

Lemma A.3 The variance 02(S) of (. satisfies

02(5) - 92(2075)'

n
n—oo
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Proor: One has
zo+h

> Q)P =0 [ Pl Shnld)

zo—h

with the measure .
1
fn = — ; Ok/n-

We know that (,)n>1 weakly tends to the uniform measure on [0;1].
Moreover for sufficiently large n,

zo+h

e w8 = [ P Sldo)
k=1

zo—h

. I, —n.

Like this (vy,)n>1 weakly tends to 24,,, the Dirac measure at zp, when n — oco.
dn

—— 2 and that nh = ¢2. O

Then we can conclude as we remember that 5
gpn n—oo

Lemma A.4 (c¢f. Freedman, 1971, pp. 90-91). Let § €]0;1[ and r > 0. Assume that (ug)k>0
is a martingale difference with respect to the filtration (Fy)r>0 such that |ug| < & for all k and

(o] n
ZE(ui|fk_1) > r. Define T = inf {n : E(u?|Fr_1) > r}.
k=1 k=1
Then there exists a function p : |0;+oo|— [0;2] not depending on the distribution of the mar-
tingale difference, such that lin%] p(x) =0 and

€Tr—>

< p(0/Vr),

sup
zeR

P (Zuk < x) — ®(x//T)
k=1

where ® is the standard Gaussian distribution function.
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